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Abstract

Previous results have shown that a two time-
scale update rule (TTUR) using different learn-
ing rates, such as different constant rates or dif-
ferent decaying rates, is useful for training gener-
ative adversarial networks (GANS) in theory and
in practice. Moreover, not only the learning rate
but also the batch size is important for training
GANs with TTURs and they both affect the num-
ber of steps needed for training. This paper stud-
ies the relationship between batch size and the
number of steps needed for training GANs with
TTURs based on constant learning rates. We
theoretically show that, for a TTUR with con-
stant learning rates, the number of steps needed
to find stationary points of the loss functions of
both the discriminator and generator decreases as
the batch size increases and that there exists a
critical batch size minimizing the stochastic first-
order oracle (SFO) complexity. Then, we use the
Fréchet inception distance (FID) as the perfor-
mance measure for training and provide numer-
ical results indicating that the number of steps
needed to achieve a low FID score decreases as
the batch size increases and that the SFO com-
plexity increases once the batch size exceeds the
measured critical batch size. Moreover, we show
that measured critical batch sizes are close to the
sizes estimated from our theoretical results.

1. Introduction
1.1. Background

Generative adversarial networks (GANs) have attracted at-
tention (see, e.g., (Thekumparampil et all, P0TY; Tordon
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ef_all, DO19; Xu_ef_all, PO20; Zhu_ef_all, 202T)) with the
development of real-world applications (Arjovsky et all,
201°7; Gulrajani et al), LOL/; Brock et all, 201Y9; Zhang &
Khoreva, 2019). The generator network in a GAN con-
structs synthetic data from random variables, and the dis-
criminator network separates the synthetic data from the
real-world data.

Many optimizers have been presented for training GANs
(see, e.g., (Goodfellow ef all, P0T4; Nagarajan & Koltet,
2017; Hensel _ef_all, POT7; Chavdarova_ef_all, POT9; X
ef all, D02(J; Saner ef all, ZOT)). In this paper, we focus on
a two time scale update rule (TTUR) (Heusel'ef all, DOT7)
for finding a pair of stationary points of the loss functions
of the discriminator and generator. TTUR uses sequences

generated by each of the generator and the discriminator.

For example, let us consider a TTUR based on stochastic
gradient descent (SGD) (Fehrman_ef all, P020; Scaman &
Malherbd, 2020; Chen ef all, D020); let 0,, be the point gen-
erated by the generator at iteration n and w,, be the point
generated by the discriminator at iteration n. The loss func-
tion of the generator L¢ (-, w,,) is minimized by using SGD
with a learning rate & and a mini-batch stochastic gradi-
ent at @,, with a batch of size b. The loss function of the
discriminator Lp(0,,,-) is minimized with a learning rate
aP and a mini-batch stochastic gradient at w,, with the
same batch size b. If oz,cj and o are decaying learning
rates, then TTUR based on SGD converges almost surely
to a pair of stationary points of Lg and Lp (Heuselefall,
P0T7, Theorem 1).

TTURSs based on adaptive methods can be defined by re-
placing SGD with adaptive methods for training deep neu-
ral networks. For example, TTUR based on adaptive mo-
ment estimation (Adam) (Kingma & Bad, P0T5) with decay-
ing learning rates a& and a2 converges almost surely to a
pair of stationary points of the loss functions of the genera-
tor and the discriminator (Hensel ef all, 20177, Theorem 2).
It was shown numerically that TTUR based on AdaBelief
(short for adapting step sizes by the belief in observed gra-
dients) (Zhuang et all, 2020) with constant learning rates
a% and o” has good scores in terms of the Fréchet incep-
tion distance (FID) (Hensel ef all, D(0T7), which is a per-
formance measure of optimizers for training GANs. This
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implies that TTUR based on AdaBelief is a powerful way
to train GANS.

1.2. Motivation

The above subsection described that TTUR with decaying
or constant learning rates can be used in both theory and
practice to train GANs. In particular, the numerical re-
sults in (Heusel'ef all, P0T7; [Zhuang et all, Z020) show that
TTUR performs well with constant learning rates. Hence,
we will set constant learning rates o and o for the gen-
erator and the discriminator.

Meanwhile, the batch size also affects the performance of
TTUR. Previous numerical evaluations (Heusel'ef all, 20T,
Figure 5) have indicated that increasing the batch size used
in TTUR tends to decrease the FID. This implies that large
batch sizes are desirable for training GANs. The moti-
vation behind this work is thus to identify the theoretical
relationship between the performance of TTUR with con-
stant learning rates and the batch size. In so doing, we may
bridge the gap between theory and practice in regard to the
performance of TTUR based on the batch size.

We will use the number of steps /N needed to train the GAN
as the performance metric and examine the relationship be-
tween the batch size b and number of steps /N. Motivated
by the previously reported results (Hensel'ef all, DOT7), we
tried to find a pair of stationary points of the loss functions
of the discriminator and generator that satisfy the varia-
tional inequalities ([) of the gradients of both loss func-
tions.

Previous results (Shallne_ef all, POT9; Zhang et all, 2019,
Liduka, PO?27H; Goyal et all, 20T77; Hofter ef all, DOT; Yo
efall, POT7) on training deep neural networks in practical
tasks have shown that, for each deep learning optimizer,
the number of training steps is halved by each doubling of
the batch size and that diminishing returns exist beyond a
critical batch size. On the other hand, we are interested in
verifying whether a critical batch size for GANs exists in
theory and in practice.

1.3. Contribution

1.3.1. THEORETICAL RESULT ON TTUR WITH SMALL
CONSTANT LEARNING RATES AND LARGE BATCH
SIZES

The theoretical contribution of this paper is to show that,
for TTURs with constant learning rates, the number of
steps N needed to find a pair of stationary points of the
loss functions of the discriminator and the generator de-
creases as the batch size b increases (see also (B) for the
explicit forms of N). To show this, we need to clarify that
TTUR with constant learning rates can approximate a pair

(6*, w*) of stationary points of the loss function L, (6*, )
of the discriminator and the loss function Lg (-, w*) of the
generator.

We define the inner product of z,y € R? by (x,y) =
x "y and the norm of x € RY by ||z| := /{z,z). Let
VoLg(-,w) be the gradient of Lg(-,w) (w € R™) and
VwLp(8,-) be the gradient of Lp(,-) (6 € R®). A pair
(6%, w*) of stationary points of Lp(8*,-) and L (-, w*)
is such that

VoL (0", w”)|| = 0 and [|[Vay Lp (6, w™)[| = 0,

which are equivalent to the following variational inequali-
ties (see Appendix B_IT): for all @ € R® and all w € RW,

(0 —0,VgLs (0", w*)) <0and .

(w* —w,VuLp(0*,w")) <0. W
Let us examine TTURs based on adaptive methods (see
Algorithm 0 and Table B in Appendix ATI) such as
Adam (Kingma & Ba, P015), AdaBelief (Zhuang et all,
2020), and RMSProp (Tieleman& Hinfon, POT7). Let
(6, wy))nen € R® x RW be the sequence generated
by TTUR with constant learning rates o and a”. We will
show that, under certain assumptions, for all 8 € R® and
allw € RY,
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where 0%,0% > 0, Mg, Mp,Dist(6), Dist(w) > 0,
BT, BT A%, yP €0,1), B =187, 3¢ == 1-1C,
BP i=1-p8P 3P =1 - 4P, hg*,hg* >0, HE =
max;cre) HY, and HP := max;c) Hf (see Theorem
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B and Section Bl for the definitions of the parameters).
This result implies that using small constant learning rates
a® and o makes Bg, Cq, Bp, and Cp small and that
using a large batch size b makes B /b and Bp /b small.
Meanwhile, using small constant learning rates o“ and o”
makes Ag and Ap large. Hence, we need to use a large
number of steps N to make A and Ap small when small
constant learning rates are used. Therefore, small constant
learning rates, a large batch size, and a large number of
steps are useful for training GANS.

1.3.2. RELATIONSHIP BETWEEN BATCH SIZE AND THE
NUMBER OF STEPS NEEDED FOR AN
€—APPROXIMATION OF TTUR

Let us suppose that the generator and the discriminator run
in at most Ng and Np steps for a certain batch size b,

. Agb
Ng(b) = (&~ Co)b— Bo and .
ND(b) =

(6% *CD)b*BD’

where €g,ep > 0. Then, we can show that TTUR is an
e—approximation in the sense that

Ne
1
JE— — < 2
No EZlE [(0, —0,VoLg(0,,w,))] < ez and

Np
1
n=1

Moreover, Ng and Np are monotone decreasing and con-
vex functions of the batch size (Theorem B2). This result
implies that large batch sizes are desirable in the sense of
minimizing the number of steps for training GANs. A par-
ticularly interesting concern is how large the batch size b
should be.

1.3.3. EXISTENCE OF A CRITICAL BATCH SIZE
MINIMIZING SFO COMPLEXITY

Here, we consider stochastic first-order oracle (SFO) com-
plexities (Iiduka, P077H) defined by N¢(b)b and Np(b)b.
We show that N (b)b and Np(b)b are convex functions
of b and that there exist global minimizers b, and b}, of
N¢(b)b and Np(b)b (Theorem B3). Accordingly, b7, and
b}, are given by
2Bg

626‘ — CG
It would be desirable to use critical batch sizes by, and b},
as it minimizes the SFO complexity, which is the computa-
tion cost of the stochastic gradient. Furthermore, we show
that lower bounds for by, and b}, can be estimated from

some hyperparameters, the total number of datasets, and
the number of dimensions of the model (Proposition BE-4).

2Bp
bg = and b := 5——F—.
¢ b 62D - CD

“4)

1.3.4. NUMERICAL RESULTS SUPPORTING OUR
THEORETICAL RESULTS: ESTIMATION OF
CRITICAL BATCH SIZE MINIMIZING SFO
COMPLEXITY

We use FID as a performance measure for training a deep
convolutional GAN (DCGAN) (Radford_ef all, POT&) on
the LSUN-Bedroom dataset (Yn_efall, DOIS), a Wasser-
stein GAN with Gradient Penalty (WGAN-GP) (Gulrajani
ef_all, 2017) on the CelebA dataset (Linef all, 20T5), and
a BigGAN (Brock—efall, PIT9) on the ImageNet dataset
(Deng et all, P00Y). We numerically show that increas-
ing the batch size decreases the number of steps needed
to achieve a low FID score and that there exist critical
batch sizes minimizing the SFO complexities. The numer-
ical results match our theoretical results in Sections 37
and T33. We are also interested in estimating appropri-
ate batch sizes before implementing TTURs. Hence, we
estimate batch sizes using by, and b}, in (@) and compare
them with ones measured in numerical experiments. We
find that the estimated sizes are close to the measured ones
(see Section E4).

2. Mathematical Preliminaries
2.1. Assumptions

The notation used in this paper is summarized in Table [.

We assume the following standard conditions:

Assumption 2.1.
S LY (w): R® — Rand LYY(6,-): RY — R are
continuously differentiable.

(S2) Let ((6,,, wy,))nen C RO x RW be the sequence gen-
erated by an optimizer.

(i) For each iteration n,

Egs [G&G (Gn)] = VeLg(en, wn) and

n

Eep [Gep (wn)] = Vi Lp (O, wn).
(ii) There exist nonnegative constants o2, and o3, such that

E¢c [[|Gec (0r) — VoLa(0n, wy)|?] < ¢ and
Egﬁ’ [HGE,? (wy) — vaD(9mwn)||2] < U%T

(83) For each iteration n, the optimizer samples mini-
batches S,, C S and R,, C R and estimates the full gradi-
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Table 1. Notation List (The parameters and functions of the discriminator are defined by replacing G, S,,, 8, and w in the generator with
D, R, w, and )

Notation Description
N The set of all nonnegative integers
[N] [N]:={1,2,...,N} (N € N\{0})
|A] The number of elements of a set A
R A d-dimensional Euclidean space with inner product (-, -), which induces the norm || - ||
R RY :={x e R*: z; >0 (i € [d])}
RY R, :={xcR z; >0(ic[d])}
S The set of d x d symmetric positive-definite matrices
D¢ The set of d x d diagonal matrices, i.e., D = {M € R¥*¢: M = diag(z:), z: € R (i € [d])}
E¢[X] The expectation with respect to £ of a random variable X
S A set of synthetic samples 2@
R A set of real-world samples a
Sn Mini-batch of b synthetic samples 2 at time n
Rn Mini-batch of b real world samples 2 at time n
Lg) (-, w) A loss function of the generator for w € R" and 2
La(-,w) The total loss function of the generator for w € RV, ice., La (-, w) :=|S| 7' 3, s L(C?(-, w)
€% A random variable supported on Z€ that does not depend on w € R" and 6 € R
£¢ &5 €8, ... are independent samples and £ is independent of (Ok)r—o C R® and w € RY
fﬁ P A random variable generated from the ¢-th sampling at time n
5[% The history of process £§, €5, . . . to time step n, i.e., f = (¢5,68,...,€59)
Gec(0) The stochastic gradient of L (-, w) at @ € R®
VLe.s,(0n) || The mini-batch stochastic gradient of L (6, wy) for Sp.ie., VLa,s, (0,) :==b"" Y, el G'fff . (6)

ents VLq and VLp as

Vigs, Z Geg,(6n)
16 [b] "~ Algorithm 1 Adaptive Method for Solving Problem ()
i Require: (a$), D R & pP 1
=3 Z VGL(G) (ena w’rb) and eq};lGre/_yD(aél [)Olell\;’ (aﬂ )"EN C ++> ﬂl 751 € [07 )7
{i' #(€Sn} 1: n + 0, (0(), ’l.U()) S Re X RW, mgl =0 € RG,
D _ w
VLpr,( = ZGU) (w,,) mP =0eR
16 ] 2: loop
1 @ 3:  loop
=3 > Vuly (0w 4 m§:=pfmf |+ (1-5Y)VLias, (6,)
{i: 2l’(i)ean} 5: mg = (1 - ,)/G"L+1)—1mg
6: HS € S§, ND®
2.2. Adaptive method 7: Find d$ € R® that solves HSd = —mf
. . . L. 8: 9n+1 = 0 + OZGdG
We will consider the following TTUR-type optimizer, de- 9:  end loop
scribed by Algorithm [, for solving Problem (). 10:  loop
In order to analyze Algorithm [, we will assume the fol- 11

mb = pPmbP |+ (1-BP)VLpr, (w,)
D .

lowing conditions: 12: mP = (1— 42" imD
. D csW. nDW
Assumption 2.2. 13: Hy € S nD .
14: Find dD € RV that solves H?d = —mnD
. 15: w = w, +aoPd?
¢ _ G G D _ n+1 n

(A1) HY 7D diag(h;, ;) depends on §[ny and Hy Gf 16:  end loop

dlag(h ) depends on f[ |- Moreover, hnJrl ;> hy 170 nen+l

and b2\, . > hl hold foralln € N, all i € [6)], and 18: end loop

all j € [W

(A2) For all i € [©)], there exists a positive number HS
such that sup,,cyE[R < HE. Foral j €

?’LZ]
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[W], there exists a positive number H jD such that
SUDP,, N E[hﬁj] < HJD.

Examples of HY € S9, N D® and HY € S¥, nDW
satisfying Assumption 2 are listed in Table B (see Ap-
pendix AT). By referring to the results in (Chen“ef-all,
2019, Lidukd, D0274; Zhuang et all, 2020), we can check
that HTGL and HP in Table @ satisfy (A1) and (A2).

3. Main Results

3.1. Convergence analysis of Algorithm I using
constant learning rates

We will assume the following conditions:

Assumption 3.1.
(C1) af := a%and a? := aP foralln € N.
(C2) There exist positive numbers Mg and Mp
such that E[|[VeLg(0,,w,)|?] < MZ and
2

E[|VawLp (6, wn)|)] < M

(C3) Forall @ = (¢;) € R® and all w = (w;) € RW, there
exist positive numbers Dist(6) and Dist(w) such that
max;e(o] sup{(fn,; — 0;)*: n € N} < Dist(6) and
max; ey sup{ (wn,; — w;)?: n € N} < Dist(w).

A previous study (Heuselef all, Z0I7) used a decay-
ing learning rate O(n~"), where 7 € (0, 1], for TTUR
based on Adam to train GANs. This paper investi-
gates the performance of TTUR based on adaptive meth-
ods using constant learning rates defined by (C1). Con-
dition (C2) provides upper bounds on the performance
measures (1/N) 25:1 E[(6, —0,VeLs(0,,w,))] and
(1/N) S E[(wn — w, Ve Lp (8, w,,))] (see @) and
Theorem B for details). (C2) has also been used to an-
alyze adaptive methods for training deep neural networks
(see, e.g., (Chen_ef-all, P(11Y9; [Zhuang et all, 2020)). Con-
dition (C3) has been used to provide upper bounds on the
performance measures and for analyzing both convex and
nonconvex optimization in deep neural networks (see, e.g.,
(Kingma & Ba, 2019; Reddief all, POIR; Zhuang et all,
2020)). See Appendix AT for remarks regarding (C3).

The following is a convergence analysis of Algorithm [
(The proof of Theorem Bl is in Appendices B8 and B77).

Theorem 3.1. Suppose that Assumptions 21, 22, and B
hold and consider the sequence ((0,,,w,))nen generated
by Algorithm I. Then, the following hold:

(i) For all @ € R® and all w € RY,

lnlgirg]E [(6,, —0,VoLs(0,,w,))]
aC (o2p-1 2 2
logh”_+ Mg )+\/@Dist(0) <"G+ g)ﬁ
Zﬁl 7G2hG b /316'
ng;(f)ﬂi[( —w,VyLp(0,,w,))]
D(.2 p—1 2)
(opb™" + Mp WDist(w) | == D 4 MD 61 ,
26D D2hD b ﬂ
where B¢ :=1-8¢, P .= 1-pP, 7% := 19 3P =

1—-+P, hg* = min;c[g) h((ii, and h{i* = min;ew) h{)?j.
Furthermore, there exist accumulation points (60*, w*) and
(0., w,) of ((0n, wy,))nen such that

E[|[VoLc (6", w")|?]
) ~ o2 BG
+ \/@DISt(9> (bG + Mé) é,

a®(ogb™" + M)
261 chh(?*

E [V L (6.,w.) ||
(0 b + \/WDlst —i—MD)ﬁ1 ,
251 D2h(?* b ﬂ
where 0 = 0* — VoLa(0*,w*) and w = w, —
vaD(O*,w*).
(ii) Forall 8 € R®, allw € RY, and all N > 1,
1
¥ > E[(6, —0,VoLg (0, wy))]
n€e[N]
@Dlst( VHE L a% <O%+Mé)
206N 28956°pG, \ b
2
61 ©Dist(0) (Cbe + Mé),
51
1
N Z E[<wn _wvaLD(an;wn»]
n€e[N]
WDlst HP oP o2
D(D) + D~ D2}, D (Z?+M127>
20P B N 287" hy

D
+5}
D

2
w) <UbD —l—MZD)7

where HG = max;c[e) HE and HP := max;c[w] HJD.

Theorem BI(i) and (ii) indicate that the larger the batch
size b is, the smaller the upper bounds of the performance
measures become. From Theorem B(i), it would be de-
sirable to use small learning rates a% and oP. Meanwhile,
Theorem BZI(ii) indicates that there is no evidence that us-
ing sufficiently small o and o is good for training GANs
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since the upper bounds in Theorem B depend on o, o,

1/ %, and 1 /aP. Indeed, the results reported in (Hemsel
af all, 2017) used small o%, o = 1074,107°.

3.2. Relationship between batch size and number of
steps for Algorithm [I

The relationship between b and the number of steps IV sat-
isfying an e—approximation of TTUR is as follows (The
proof of Theorem B2 is in Appendix BH):

Theorem 3.2. Suppose that Assumptions 21, 2, and Bl
hold and consider Algorithm M. Then, Ng and Np defined
by

Agb Ba
N, = < N, -
¢ =@ =5 = Nefrt> a3 e
Apb Bp
Np(b) := <N b> 5———
D( ) (E%*CD)beD < Np forb> E%*CD
&)
satisfy

Ng
1
o > E[(6,—0,VoLc(0,,w,))] < €2,
. (6)
1 D
— Y Elfw, —w, Vo Lp (B, wy))] < €,
ND n=1

where Ag, Bg, Ca, Ap, Bp, and Cp are defined as in
(B). Moreover, the functions N¢(b) and Np(b) defined by
(B) are monotone decreasing and convex forb > Bg/ (e% —
Cg) and b > BD/(EQD — CD)

Theorem B indicates that Ng and N defined by (B) de-
crease as the batch size increases. Accordingly, it is useful
to choose a sufficiently large b in the sense of minimizing

of the number of steps /N needed for an e—approximation
of TTUR.

3.3. Existence of a critical batch size

A particular concern is how large b should be. Here, we
consider SFO complexities defined for the number of steps
needed for (B) and for the batch size by

Ng(b)b = Agh? d
T @ = Cap—Ba
Ap? (7)
Np(b)b = D

(62D — CD)b—BD'

The following theorem guarantees the existence of criti-
cal batch sizes that are global minimizers of N¢(b)b and
Np(b)b defined by (@) (The proof of Theorem B3 is in Ap-
pendix B79).

Theorem 3.3. Suppose that Assumptions -1, 22, and B
hold and consider Algorithm . Then, there exist

2Bc

by =
¢ €2, — Cq

2Bp
and by = ——"— 8

such that by, minimizes the convex function N (b)b (b >
Bg /(€% — Cg)) and b%, minimizes the convex function
ND(b)b (b > BD/(GQD — CD))

Theorem B3 leads to the following proposition that gives
lower bounds for the critical batch sizes.

Proposition 3.4. Suppose that the assumptions in Theorem
B3 hold and consider Algorithm . Then, b, and b}, de-
fined by (B) satisfy the following that

(1) for Adam,
2 G
bt > ZGa o and
(1 - pr)3 1-5C IS|?
. o2 al
D )
W
(1= BP)° [ 2
(ii) for AdaBelief,
2 G
636(1—51 )3 1-8C [S]?
. o3aP
D ’
W
& (1— Py [
(iii) for RMSProp,
2 G 2 D
5> G0 and by, > 22
3

where 0%, 0% > 0, %, aP eq,ep >0, 8%, 8P € [0,1),
and 5§, B3 € [0,1).

Theorem B3 indicates that critical batch sizes exist in the
sense of minimizing the SFO complexities N¢(b)b and
Np(b)b. We are interested in verifying whether or not a
critical batch size exists for training GANSs as is the case of
training deep neural networks (Shallne ef-all, P1T9; Zhang
ef all, PO19; hiduka, PO27K). The next section numerically
examines the relationship between the batch size b and the
number of steps N and also that between b and the SFO
complexity Nb to see if there is a critical batch size b*
at which N (b)b is minimized. Proposition B4 indicates
that a lower bound for the critical batch size can be esti-
mated from some hyperparameters. Hence, we would like
to check whether the estimated sizes are close to the mea-
sured ones (see Section E4).
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4. Numerical Results

We measured the number of steps required to achieve a low
FID (Hensel ef all, 2017) score for different batch sizes
in several GAN trainings. The experimental environment
consisted of NVIDIA DGX A100x8GPU and Dual AMD
Rome7742 2.25-GHz, 128 Cores x2CPU. The software en-
vironment was Python 3.8.2, Pytorch 1.6.0, and CUDA
11.6. The distribution of £ was a uniform one. The
clean-fid package (Parmar_ef all, P077) was used to calcu-
late the FID. The code is available athttps://github.
com/iiduka-researches/GANs. The TTURs based
on Adam, AdaBelief, and RMSProp used Hff and HE de-
fined in Table B. See Table B for the optimizer hyperpa-
rameters used in the experiment. The learning rate used
in each experiment was determined on the basis of a grid
search of 36 combinations of the generator learning rate o
and discriminator learning rate o” (see Figure @ in Ap-
pendix A73). Appendix B4 indicates that, when a fixed
batch size is used, the FID scores of the TTURSs used in the
experiments decrease sufficiently as the number of steps
increases.

4.1. Training DCGAN on the LSUN-Bedroom dataset

First, we evaluated the performance of TTURs based on
RMSProp, AdaBelief, and Adam in training DCGAN
(Radford efall, P0ITH) on the LSUN-Bedroom dataset. Fig-
ure [ plots the number of steps N needed to achieve an
FID score lower than 70 versus the batch size b. The figure
indicates that the number of steps for TTUR based on any
optimizer is monotone decreasing and convex with respect
to b. Figure @ plots the SFO complexity Nb versus b. The
figure indicates that Vb for TTUR based on any optimizer
is convex with respect to b.

4.2. Training WGAN-GP on the CelebA dataset

Next, we evaluated the performance of TTURs based on
RMSProp, AdaBelief, and Adam in training WGAN-GP
on the CelebA dataset. The original WGAN-GP code up-
dates the discriminator five times for each generator update,
whereas the discriminator is updated only once when using
TTUR. Figure 3 plots the number of steps /N needed to
achieve an FID score lower than 50 versus the batch size
b. The figure indicates that the number of steps for TTUR
based on any optimizer is a monotone decreasing and con-
vex function of b. Figure B plots Nb versus b. The figure
indicates that Nb for TTUR based on any optimizer is a
convex function of b.

4.3. Training BigGAN on the ImageNet dataset

We evaluated the performance of TTURs based on Ad-
aBelief and Adam in training BigGAN (Brockef all, 20T9)

Table 2. Parameters used to train GANs
Section 211 Section B2 Section B3

© 3.576,704 3,576,704 70,433,795
W 2,765,568 2,765,568 87,982,369
S| 3,033,042 162,770 1,281,167
10° :::\\\ EEE E%:s%:?
O
N
’ 10 b ‘Q.\\\'l%u
. .NI::::Z::::::---:t:__,_.

Batch Size

Figure 1. Number of steps for TTURs based on Adam, Ad-
aBelief, and RMSProp versus batch size needed to train DCGAN
on the LSUN-Bedroom dataset. The average of multiple runs is
plotted.

-~ Adam
-e- AdaBelief -
10° § -@- RMSProp ’:/,

N
N
L)

g

Batch Size

Figure 2. SFO complexities for TTURs based on Adam, Ad-
aBelief, and RMSProp versus batch size needed to train DCGAN
on the LSUN-Bedroom dataset. The double circle symbol de-
notes the measured critical batch size that minimizes SFO com-
plexity. The square symbol denotes the estimated critical batch
size.

. -~ Adam
-®- AdaBelief
-®- RMSProp

Steps
A7
/
P
P
o
#

Figure 3. Number of steps for TTURs based on Adam, Ad-
aBelief, and RMSProp versus batch size needed to train WGAN-
GP on the CelebA dataset. The average of multiple runs is plot-
ted.
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Table 3. Measured and estimated critical batch sizes

Section £

Section 2

Section 3

measured estimated

measured

estimated | measured estimated

21
22
26

2° 2°
25 25
23 27

Adam
AdaBelief
RMSProp

2T 28 28
92 29 29
24 - -

-e- Adam K
-e- AdaBelief

-e- RMsProp

) 2 2 24 2 26 27 2 2 210 o on
Batch Size

Figure 4. SFO complexities for TTURs based on Adam, Ad-
aBelief, and RMSProp versus batch size needed to train WGAN-
GP on the CelebA dataset. The double circle symbol denotes the
measured critical batch size that minimizes SFO complexity. The
square symbol denotes the estimated critical batch size.

. -~ Adam
~ -®- AdaBelief

Steps.

4x10

Figure 5. Number of steps for TTURs based on Adam and Ad-
aBelief versus batch size needed to train BigGAN on the Ima-
geNet dataset. The average of multiple runs is plotted.

-e- Adam
-e- AdaBelief

SFO

Batch Size

Figure 6. SFO complexities for TTURs based on Adam and Ad-
aBelief versus batch size needed to train BigGAN on the Ima-
geNet dataset. The double circle symbol denotes the measured
critical batch size that minimizes SFO complexity. The square
symbol denotes the estimated critical batch size.

on the ImageNet dataset. Figure B plots the number of steps
N needed to achieve an FID score lower than 25 versus the
batch size b. The figure indicates that the number of steps
for TTUR based on AdaBelief and Adam is monotone de-
creasing and convex with respect to b. Figure B plots the
SFO complexity Nb versus b. The figure indicates that N'b
for TTUR based on AdaBelief and Adam is convex with
respect to b.

We can conclude that the results in Sections BT, B2, and
B3 support the theoretical results (Theorems B2 and B3).

4.4. Estimation of lower bound of critical batch size

Proposition B4 indicates that a lower bound on the critical
batch size can be estimated with some parameters. The pa-
rameters used in the experiments are shown in Table [; see
Section A2 for the settings of o, BlG and so on. Figure D
indicates that the measured critical batch sizes minimizing
the SFO complexities of Adam, AdaBelief, and RMSProp
are 2° = 32, 2° = 32, and 23 = 8, respectively. For batch
sizes below 27 = 128, there is no significant difference in
SFO complexity, but it is clear that the measured critical
batch size is less than 27. In the previous studies (Shallué
ef all, PO1Y9; Zhang et al], Z019), the critical batch sizes for
training deep neural networks are large, such as 2'2, while
the critical batch sizes for training GANs are small. Ac-
cording to Figure [, in the DCGAN on the LSUN-Bedroom
dataset setting, the measured critical batch size for Adam
is 2°; using this and Proposition B4(i) to back-calculate
oZlel, gives o2/}, = T88.7. We can use this ratio and
Proposition BA4(ii), (iii) to estimate a lower bound of 47.9
for AdaBelief and 126.5 for RMSProps (see Table B).

Figure B indicates that the measured critical batch sizes
for Adam, AdaBelief, and RMSProp are 2, 22 = 4, and
20 = 64, respectively. As in Figure D, there is no signifi-
cant difference in SFO complexity for batch sizes less than
26 but it is clear that the critical batch size is less than
26 As expected, it is smaller than the critical batch sizes
of deep neural networks. In the same way as above, the
estimated lower bounds on the WGAN-GP on the CelebA
dataset are 1.7 for Adam, 4.25 for AdaBelief, and 20.3 for
RMSProp (see Table B).

According to Figure B, in the BigGAN on the ImageNet
dataset setting, the measured critical batch size for Adam
is 2%; using this and Proposition B4(i) to back calculate
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ollel, gives o2/el, = 530303.8. We can use this ratio and
Proposition B4(ii) to estimate a lower bound of 511.99 for
AdaBelief (see Table B).

Proposition B4I(i) and (ii) indicate that the estimated criti-
cal batch sizes of Adam and AdaBelief strongly depend on
the values of $; and (5. Accordingly, the estimated crit-
ical batch sizes of Adam and AdaBelief were found to be
the same as the measured ones. Meanwhile, Proposition
B-4(iii) indicates that the critical batch size of RMSProp is
completely independent of the values of 31 and 5. In par-
ticular, 5; in RMSProp is always 0 and 85 in RMSProp is
not used to estimate the critical batch size (see the proof
of Proposition B4 in Appendix BT for details). The in-
dependence of 5, and B> may have caused the failure in
estimating the critical batch size of RMSProp.

5. Conclusion

We considered a stationary point problem in a GAN and
performed a theoretical analysis of TTUR with constant
learning rates to find a solution. We evaluated the upper
bound of the expectation of the gradient of the loss func-
tion of the discriminator and the generator and showed that
it is small when small constant learning rates and a large
batch size are used. Next, we examined the relationship
between the number of steps needed for solving the prob-
lem and batch size and showed that the number of steps de-
creases as the batch size increases. Moreover, we evaluated
the SFO complexity of TTUR to check how large the batch
size should be and showed that there is a critical batch size
minimizing the SFO complexity, which is a convex func-
tion of the batch size. We also showed that it is possible
to estimate the critical batch size specific to the model-
dataset-optimizer combination. Finally, we provided nu-
merical examples to support our theoretical analyzes. In
particular, the numerical results showed that TTUR with
small constant learning rates can be used to train DCGAN,
WGAN-GP, and BigGAN, the number of steps needed to
train them is monotone decreasing with the batch size, a
critical batch size that minimizes the SFO complexity ex-
ists, and the estimated critical batch size is close to the ex-
perimentally measured value for DCGAN, WGAN-GP, and
BigGAN.
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A. Appendix

Unless stated otherwise, all relations between random variables are supported to hold almost surely. Let S € Si .- The S-
inner product of R? is defined for all z,y € R? by (x,y)s := (x, Sy) and the S-norm is defined by ||z||s := \/(zx, Sz).
The Hadamard product of R? is defined for all = (z;), € R?by x © = := (2?)L, € R4

A.1. Examples of diagonal matrix in Algorithm 0

Table 4. Examples of HS e SSL_ ND® and H? € Sﬁ_ N DY (steps 6 and 13) in Algorithm [ (85,88 € [0,1))

AT A
RMSPI‘OP pg = VLG,Sn(en) © VLG,Sn (Gn) p?? = VLD,Rn (wn) © VLD,Rn (wn)
(Tieleman & Hinfon, 20172) v8 = GG |+ (1 - BS)pS vP =Pyl |+ (1 - BP)pP
(¢ =+P = B1G =5P) HS = diag(\/vﬁi) HY = diag(\/vﬁi)
Adam Pg = VLG,Sn (an) (O] VLG,Sn (en) pg = VLD,Rn (wn) © VLD,RTL (wn)
(Hensel ef all, DOT7) v = vy + (1 - BY)py vy = BPv) o+ (1-82)py
- - S— — ,UG — ’UD
(Kingma & Bd, 20135) v,? = 1_55,,” v,? — ﬁn?"
(vﬁi < v§+17i) HE = diag( v,?l) HD = diag( vﬁj)

(Ug,i < v7?+1,i)

0% =P =56 — P)

AMSGrad (Reddiefall, 2018) | p¢ =Vigs,(0,) ©Vigs,(0,) pY =VLpr, (w,) ®VLpxr,(w,)
(%

(Chenetar, oTs) of —ggol 11— pgpd ol —aPol (1 P
(¢ =~P =0 'Urcj = (max{ﬁg—l,ivvgi})iezl 7? = (max{ﬁr?—l,mvr?,i})}/zl
HS = diag(,/05;) HY = diag(y/02,)
AdaBelief pC =Vigs, (0,) —m& pP =VLpr,(w,) —mP
(Zhuang et al], 2020) 3¢ = p% o p& sD =pD o pP
(Sg,i < Sg+1,i) s = BFuS  + (1 - pF)sd s = 52Dg£71 +(1—p9)s
(57?,1‘ < Sfﬂ,i) 85 = ﬁ 8P = :T"ZD
(7€ =~P = B¢ = gb) HG = diag(,/35,) HD = diag(,/52,)
A.2. Hyperparameters of optimizers
Table 5. Hyperparameters of the optimizer used in the experiments in Sections BT, B2, and E3.
\ optimizer \ aP \ a® \ BE =P \ B = pP \ B1 and (35’s reference
Adam 0.0003 0.0001 0.5 0.999 (Radford efall, DOTA)
Section 11 | AdaBelief | 0.00003 | 0.0003 0.5 0.999 (Zhuang et all, 2020)
RMSProp | 0.00003 | 0.0001 0 0.99
Adam 0.0003 0.0001 0.5 0.999 (Gulrajani et all, Z017)
Section £2 | AdaBelief | 0.00003 | 0.0005 0.5 0.999 (Zhuang et all, 2020)
RMSProp | 0.0001 0.0003 0 0.99
Section B3 Adam 0.0004 0.0001 0 0.999 (Brock efall, D0OTY)
AdaBelief | 0.0005 0.00005 0.5 0.999

A.3. Grid search

The combinations of learning rates used in the experiments in Sections Bl and B are determined using a grid search.
Figure [1 shows the results of the grid search.

12



Existence and Estimation of Critical Batch Size for Training GANs with TTUR

FID score:DCGAN/LSUN-Bedroom/RMSProp/b=64

FID score:DCGAN/LSUN-Bedroom/Adam/b=64 FID score:DCGAN/LSUN-Bedroom/AdaBelief/b=64
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Figure 7. Analysis of the relationship between combination of learning rates and FID score: discriminator learning rate a” on the
vertical axis and generator learning rate € on the horizontal axis. The heatmap colors denote the FID scores; the darker the blue, the
lower the FID, meaning that the training of the generator succeeded.

A.4. FID decreases sufficiently

We measured the number of steps required to achieve a good FID with different batch sizes. To demonstrate the soundness
of the model used in the experiments, Figure B shows the decrease in FID. We find that, with DCGAN on the LSUN-
Bedroom dataset, the FID score decreases to 41.8, and with WGAN-GP on the CelebA dataset, it decreases to 24.8.

DCGAN on the LSUN-Bedroom dataset WGAN-GP on the CelebA dataset
400 — Adam — Adam
—— AdaBelief —— AdaBelief
— RMSProp — RMSProp

FID

0 50000 100000 150000 200000 250000 0 20000 40000 60000 80000 100000
steps steps

Figure 8. Mean FID (solid line) bounded by the maximum and the minimum over 5 runs (shaded area) for DCGAN on the LSUN-
Bedroom dataset and WGAN-GP on the CelebA dataset for three optimizers. For all runs, the batch size is 64 and the learning rate
combinations are determined with the same grid search (see Figure ) used in Sections Bl and E7.

A.5. Lemmas

Lemma A.1. Suppose that (S1), (S2)(i), and (S3) hold and consider Algorithm . Then, for all @ € R® and alln € N,
101 = li3c] =B [16, — 6l13¢] + S B[4S ¢ |

+2a% Bl]E[(@ 0,,mS )] + =

n Tr

G
10— 6, VoLanw)] b
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where B;G =1-8%and 7% :=1— ~CT

Proof. Let @ € R® and n € N. The definition of 8,,,; implies that
2
161 = Bllfic = 1160 — Bl[fic + 205 (68, — 0,d7 )ng + i ||d7 |[fic-
Moreover, the definitions of d5, m&, and & ensure that

1
(60 = 0.d5) g = 56:(6 — Onym)

—@< - mmn—1>+@<0_0anLG,Sn(0n)>~

Hence,

2 2 2
16511 — Olliie = 1165 — Ollfic + S [|dS [Ae

e[ B¢ ¢ ., B¢ )
+ 2ay,; {ﬁ/ﬁw —0,,m,; )+ %w -0,,Vigs, (0”)} .
Conditions (S2)(i) and (S3) guarantee that
E[E[(6 - 61, VL5, 0.))|00]| =E[(6 - 6., [VLc.s,(6.)[6,])]
=K [<0 —6,, VBLG(BTM wn))] :
The lemma follows by taking the expectation with respect to £ on both sides of (8). O

A discussion similar to the one proving Lemma ATl leads to the following lemma.
Lemma A.2. Suppose that (S1), (S2)(i), and (S3) hold and consider Algorithm . Then, for all w € RWY and alln € N,

2
E[lwns1 = wilfp | = E [llwn — wlifo | + o2’E [, ]

D "D
+ 204,? {,?EE [(w — w,, mf_lﬂ + g—lDIE [(w — wy, Ve Lp(6,, wn)ﬂ} ,

where B;D =1-pPand7P :=1 - WDHH.

Lemma A.3. Algorithm [ satisfies that, under (S2)(i), (ii) and (C2), for alln € N,
o2
E [ImS1P) < 28 + M2,

Under (Al) and (C2), forall k € N,

B [1dS1Rg] < e (2 + M2
n Hn — (1 7"}/G)2h6;:* b G |

where hOC':* = min;ee hoG,i-

Proof. Letn € N. From (S2)(i), we have
— VLG(0n, wn) + VLG (0n, w,)|?(6,]
=E[|VLe.s, (1) = VL (0, w)|?|0,] + E [ VLc (8., w,)]%|6:]
+2E [(VLa.s,(6n) = VLa(Bn, wn), VLG (6, w,))|6,]
=E[|[VLa.s,(0) — VLG(0n, w,)[?|0,] + VLG (05, wn)| %,

E[|IVLc,s,(0.)|6,] =E[[VLa.s,(0n)
)
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which, together with (S2)(ii) and (C2), implies that

o

E[|VLg,s, (0n)]?] < 2

+ ME,. (10)

The convexity of || - ||2, together with the definition of m& and (IW), guarantees that, for all n € N,

B [Im?) < S0 [ImS1 %] + (1~ 590 [V L.s, (017
2
< B [m 1 1P] + (1 - 59) (52 + 1)

Induction thus ensures that, for all n € N,
G2 G 2 % 2 o 2
E [[[m;/|?] gmax{||m_1|| ab+MG}:b+MGv (1)
. o . . .. oG O
where m®, = 0 is used. For n € N, HS € S9_ guarantees the existence of a unique matrix H,, € S9, such that

J— 2 p—
HE = HS (Horn & Tohnson, T98S, Theorem 7.2.6). We have that, for all € R®, ||z||2c = ||HSCI:||2 Accordingly, the

definitions of d& and & imply that, for all n € N,

2 2
a1 1 -1
ELﬁﬁ4=E]%S+ﬁ¢f]<~@EMmf nmﬂﬂ
" Tr
2
1 o G2
<———FE||H
< ot | [F mnnn],
where
—a! _1
HHS = Hdlag (hgzz)H = max hy;
’ 1€[0] ’
and ¢ =1 — 7Gn+1 > 1 — . Moreover, (A1) ensures that, for all n € N,
hE ;> hS, > h§, = min hS,.
, , , i) 0
Hence, () implies that, for all k£ € N,
E [||dG||2G} < L% g
n IHY | = (1— ’YG)zhoa,* b G|
completing the proof. O

A discussion similar to the one proving Lemma A3 leads to the following lemma.
Lemma A.4. Algorithm W satisfies that, under (S2)(i), (ii) and (C2), for all n € N,

2
E[llm?|?) < 22 + M.
Under (Al) and (C2), for all k € N,
1 o?
E (4213, ] g<D+M2>,
H n ”HE (1 — WD)2h€* b D

where hg* = mingew) hgi.
Lemmas AT and A3 lead to the following:
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Lemma A.5. Suppose that (S1)~(S3), (Al), and (C2)~(C3) hold and define X (0) := E[||0,, — 0||ac]for alln € N and
all @ € R®. Then, forall 8 € R® and alln € N,

. aC” o2
Xr?Jrl(G) < X;/(6) + Dist(6)E Z (hg+1,i - hgz) + W (bG + Mé)
1€[O)] )

+20¢G{61G\/G)Dist(9) <(%+M2>+6~1GE[<0_6 VoLa(0 w))]}
"\ 3¢ b TMe) T 5e SR

Proof. Lemma B3 and Jensen’s inequality guarantee that

2
E[llmg1] < /% + M2.

16n = 6]> = > (6n; — 0;)* < ODist().
1€[0]

Condition (C3) implies that, for all @ € R®,

The Cauchy-Schwarz inequality thus ensures that

2
E[(6 —6,,mS )] <E[]0—0,]|m5_|] < ¢®Dist(0) (? + Mé)- (12)

We define X$(0) := E[||0,, — 0||%¢] forall n € Nand all & € R®. Then, we have

X§11(6) —E (10011 — 0l | =E | 3 (hG11; — hG ) (Ontri — 07 |
1€[0]

which, together with (C3), implies that

XG01(0) —E[[6,41 — Ol | < Dist(O)E | Y- (h5,; — hE)
1€[O)]

Hence, Lemmas A1 and [A~3 lead to the assertion in Lemma BAS. O

A discussion similar to the one proving Lemma B3, together with Lemmas A7) and A=, leads to the following lemma.

Lemma A.6. Suppose that (S1)~(S3), (Al), and (C2)—(C3) hold and define X P (w) := E[||w, — w||},] for all n € N
and all w € RWY. Then, forallw € RY and alln € N,

D? 2

. o o
XfL)H(w) < Xf?(w) + Dist(w)E E (hf_s_l’i - hﬁi) + 4(1 — WE)QhD < D M,%)
ie[W] 0,%

+2aD{ﬁ1D\/WDist(w)(U%+M2>+ﬁ~{3E[<w’w Ve Lp (6, w )H}
"\ 3D b D) T ED R

n n

A.6. Proof of Theorem B.I(i)

The following is a convergence analysis of Algorithm [I.

16
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Theorem A.1l. Suppose that Assumptions U0, P2, and B hold and consider the sequence ((0,,,w,,))nen generated by
Algorithm 0. Then, the following hold: For all @ € R® and all w € RY,

liminf E (8, — 8, VoL (0, w,))] < aPlogh™! + M§) | \/®Dist(0) ( Gy MG> il

n—+o00 2BG G2 hG’ b ﬂ%}’
D2 b 1 M 2 D
liminf E [(wy, — w, Ve Lp (0, w))] < & (opb” + Mp) \/WDlst 7D 4 M%) b ,
n—+o00 261D5/D2 hO?* b BP
where 61 =1-8¢, 8P :=1-8P, 3% =179, 4P :=1 4P ho « '= Mince hgi, and hOD,* = minj e hgj.

Furthermore, there exist accumulation points (0*, w*) and (9*, W) of((Hn, Wy,) ) nen Such that

aC(o2b~1 + M2) \/ i) (7 2 B
E [|VeLo(6",w")|?] < + /oD t(0)< : +MG) -

2ﬂG Gth 1G
D Qb—l M2 b
E [|VaLp (0., w.)|?] < @ (UP + \/Wlet w) +M123> =,
28757 he. v

where 0 := 0* — VoL (0%, w*) and W := w, — Vo Lp (0., w.).

Proof. Let us assume (C1), i.e., af := % for all n € N. Then, Lemma B3 ensures that, for all @ € R® and all n € N,

G2 2
. (6% o
XE,1(6) < XE(60) + DistO)8 | 3 (hs = )| + Ty (52 + M%)

i€[O] (1 )

+ 20 {Bl \/@DISt(9)< bG+MG> Bl el HmVoLG(Bmwn))]}-

n

. ~ n+1
Since we have that 7 = 1 — ¢

for all n € N, we also have that

< 1,79"(XG(0) — X5(0) <A XE,1(0), and hG .y, > hG, (by (A1)

XS,1(0) < X5(0) ++%" XG1(0) + Dist(O)E | S (hS,,,; — hS,)
1€[O]
G? 2
(0% O'G« 2
& (%N (13)
+(1—vG)2h8f*(b * G)

G {5f\/®Dist(0) <Ubé + Mé) + BlGE [(6 —0,, VgLG(On,wn))]} .

Let us show that, for all @ € R® and all € > 0,

lminfE [(0,, — 0,VeLg(0,,w,))]

n—-+o0o
G 2 2 G (14)
< ¢ <"G+Mg) + \/@Dist(e) <%+Mé>ﬁ}+e.

288 (1 —79)2h5, \ b b leig

If (Id) does not hold, then there exist 6 € R® and €0 > 0 such that

liminf E {<0n -, VeLG(Bm'wn))}

n——+00

oG o2 . o2 G
> — (G + Mé) + 1/ ©Dist(0) (G + Mé) =+ +¢.
200 (1 —7©)2h5, \ b b ge

1

17
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Then, there exists ng € N such that, for all n > ny,

E[(0, ~ 6,VoLa (0, w))]

G 2 . 2 G
>— ¢ <”G+M5> +\/®Dist(0) <0G+Mg,>5}+€°.
280 (1 —~9)2h5, \ b b se 2

Meanwhile, the conditions ’yG € [0, 1), (C3), and (A1)—(A2) guarantee that there exists n; € N such that, for all n > n4,

GG (h it (0 G G a%pfe
Y Xn—i—l(g) + DISt(O)]E Z (hn-‘rl,i - h’n,z) < T
1€[O]
Accordingly, from (I3), for all n > ng := max{ng, n1},
G 3G G? 2
XC_,(6) < X6 (@) 4 2P a 76 4 M2
n+1( )< n( )+ 2 (1_,)/6‘)2]18* b + G
+2a%35, [ODist () % + M2 ) — 22986 a® % + M2
1 b g —aopemg, 0T
A 2 G
L JeDist(@) (% + a2 )L L
b BG 2
1
) GG
= x%(9) -2 ﬁ; €0
GG
G(p o~ By €o
< X, (0) - ———(n+1-n2).

Note that the right-hand side of the above inequality approaches minus infinity as n approaches positive infinity, producing
a contradiction. Therefore, (I4) holds, which implies that, for all 8 € R®,

liminfE [(0,, — 6, VgL (6, wy))]

n—-+oo

G 2 2 G (15)
<—° (UG + Mé) + \/®Dist(0) ("G + Mé) br.
28¢(1—7%)2h§, \ b b B¢

A discussion similar to the one showing (¥), together with Lemma A8, leads to the finding that, for all w € RW,
liminf E [{(w,, — w, V4 Lp(0,, w,))]

n—-+o0o

D 2 2 D (16)
< ¢ (UD + M%) + \/WDist(w) (“D + M%) b
28P(1—yP)2hp, \ b b P

Let @ € R®. From (I3), there exists a subsequence ((6,,,, Wy, ))ien of (0, wy,))nen such that
lim E[(0,, — 0,VeLg(0n,, wy,))]
1—+00
G 2 2 G
<—12 (UG + Mé) + \/®Dist(0) (JG + Mé) br
260 (1 — %)%, \ b b B¢
Conditions (S1) and (C3) guarantee that there exists ((Omj7wmj ))jen of ((6n,,wy,))ien such that ((onij,wnij))jeN
converges almost surely to (8%, w*) € R® x RW. Therefore, for all § € R®,

E[(0* —6,VeLc(0",w"))]

af

02 0.2 G
< — (G - Mé) + 1/ ©Dist(0) (G + Mé) 2L
288 (1 —7%)2h§, \ b b B¢
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Hence, letting @ = 0 := 6* — Vo Lo(0*, w*) implies that
E [[[VoLa (6", w*)|?]
< — o (Ué + Mé) + \/GDist(é) (Ug’ + Mé) il a7
260 (1 —79)2h, \ b b B¢
A discussion similar to the one showing (I(4), together with (IH), implies that there exists (0., w.) € R® x RW such that
E [IVwLp(0., w.)|?]

D 2 2 D
< ° (”D + M,%) + \/WDist(zb) ("D n M,%) iy
28P (1 —~P)2hP, \ b b sP

where W = w, — V4 Lp (0., w,). This completes the proof. O

A.7. Proof of Theorem B(ii)

Lemmas ATl and A7 lead to the following lemma:

Lemma A.7. Suppose that (S1)—(S3), (Al)—(A2), and (C2)—(C3) hold and consider Algorithm [, where (ag)neN is mono-
tone decreasing. Then, for all 0 € R® and all N > 1,

1
= > E[(6, — 0,VeLg(0n,wy))]
ne(N]

: G G 2 G 2
< ODBUOHT | 1 3 “n ("G + Mé) + 6}\/ ODist(0) (‘;G + Mg),

20§ /YN N ne[N] 287 (1~ ’YG)%S':* b sy

where HY := max;c(o) HE.

Proof. Lemma BTl implies that, for all @ € R® and all n € N,

E[(6n — 0,VoLg(0n, wy))]

o GG G
B A8 B 2 _ . 2 Ay T G2 61 _ G
- [E[10, — 0] ~E[10,01 - 03]} + n E [Ild 15 | + B0 -0 mE)],

which implies that, for all 8 € R® andall N > 1,

1
5 > E[(6, — 0,VoLg(0n,wy))]
n€e[N]

1 il 1 aG:}/G
S 20;5 {E [Hon - o\lﬁg] ~-E [||an+1 - onag} } +5 Y kg [\Idf\lﬁg]
n€[N] n M1 oy ¢

ON AN

BG
+ > —B}GIE (6 —6,,mT })].
n€[N] ~1

By

Let G := 55 /(206 8F) for all n € N. Then, we have that

O = o2 [10, — 013 ] + 3° {555 10, — 012] ~5¢ & [l0, 013 ]}

n=2

ON

~ 6GE [I6x+1 — O3 | -
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Since ﬁf € S, exists such that HS = A, we have (E9I o= ||ﬁf:c\|2 for all z € R®. Accordingly, we have

n

N
Oy =E lz {5,? H (6 9)”2 a5 ||F 6, - 9)H2}
n=2
Hence, for all N > 2,
N ©
- ZZ (6GhS ;=05 1hS_1,) (97171-—91-)2]. (18)

Since (« G)neN is monotone decreasing, we have that 5n 1> 5,? (n € N). Hence, from (A1), we have that, foralln > 1
and all 7 € [©)],

6¢ne ., — 69 |hS

n nz

> 0.

n—1,9 =

Moreover, from (C3), max;¢(e] sup,en(0n,i — 6;)? < Dist(8). Accordingly, for all N > 2,

N ©
(:')N S DiSt [Z Z 5Gh§72 - 5?’?—1h§—1,i)‘|

n=21=1
= Dist(6 lz (655 — 5%%})1 .
i=1

Therefore, 67E[[|61 — 0]|%c] < Dist(@)échE[Z?zl h$.], and (A2) imply that, for all N > 1,
¢ ;

On < 65Dist(9)E

(C]
2

©
+ Dist(0)E lz (05nS.; — 5%5’}-)1
i=1

Dlst Z h ]
S
< 6§ Dist(0) Y HY
i=1
65 ODist(9)HC,
where H® = max;¢(g) HC. From 05 := =36/(2a68%) and 3¢ =1 —7¢" ™" < 1, we have
Dist(0)H®
Oy < % (19)
20587
Lemma B3 implies that, for all N > 1,
N = HG > = e G |-
ne[N] 251 n€e[N] 259(1 - VG)2hoG,* b
From (), we have
51 BYN : e 2
Byi= Y =E[(6-6,m )| < —\/ODist(8) | 7% + MZ ). 1)
ne(N] BY By
Therefore, (I9), (Z0), and () lead to the assertion in Lemma A™2. This completes the proof. L]

A discussion similar to the one proving Lemma A7, together with Lemmas A7 and A4, leads to the following lemma:
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Lemma A.8. Suppose that (S1)—(S3), (A1)—(A2), and (C2)—~(C3) hold and consider Algorithm I, where (« )nEN is mono-
tone decreasing. Then, for all w € RWY andall N > 1,

% Z E[{(w, — w,VupLp(0n, wy))]

n€[N]

< Whstbo)7 L 5 o (0% + M};) i
2aN51DN N 260 (1 —4P)2pP, \ b Bb

2
w) (?+M%>,

where HP = max;e[w] HJ-D.

Proof of Theorem BZ(ii). Let ozf = % and ozf? := oP for all n € N. Lemmas B2 and AR thus guarantee that, for all
0 cR®andall N > 1,

% > E[(6,— 0,V0Lc (0, w,)))

Dist(0) HC “ ¢ e
@ ist(0) L@ (UG +Mé) 61 \/@Dlst(O) (UG +Mé)7
2a6510N 288 (1—~9)2h§, \ b B¢ ’
N Z Wy, — W, Ve Lp(0,, w,))]

n€[N]
D HD b i v L

< W ist(w) ¢ (UD +M,23> + ’6} \/WDist(w) <0D +M%)7
2aPBPN  28P(1—4P)2h, \ D By ’

which completes the proof. -

A.8. Proof of Theorem 3.2

Proof of Theorem B2. Condition (8) implies that TTUR achieves an e-approximation. We have that, for b > Bg /(€2 —
Ca),

dNg(b) —AgBg <0,
db o {( Cg)b— Bg}2 -

d*Na(b) _ 246Bo(g —Ca)
db? {(e& = Cg)b—Bg}> —

Hence, N¢ is monotone decreasing and convex for b > Bg/(e% — C). We also have that Np is monotone decreasing
and convex for b > Bp /(€% — Cp). This completes the proof. O

A.9. Proof of Theorem 3.3
Proof of Theorem B3. We have that, for b > Bg/(eZ, — Cq),

Agb?
(€2G — Cc)b — BG ’

Ne(b)b =

Hence,

ANg(D)b  Agb{(¢% — Ca)b — 2Bg}

db {(e£,—Co)b—Bg}?
d2Ng(b)b 24 B2 -
d?  {(Z —Ce)b— By ~ 7
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which implies that N¢ (b)b is convex for b > B /(€2 — C) and
<0 ifb<bg,
=0 ifb=0bg=F58

Cg’
S0 ifb> b

dNg(b)b
b

The point bf, attains the minimum value N¢ (bf,)bg; of N (b)b. The discussion for N is similar to the one for N¢. This
completes the proof. O

A.10. Proof of Proposition 5.4

Theorem and the definitions of Bg, Cg, ﬁ;G and f?G ensure that

b 2Ba S 2B¢g 2 aéaG aéaG
o — — = .
%-Cc & <& 28055°ng, &1 BF)1—79)%hg,

Moreover, (I0) and the definition of L(6,,, w,,) ensure that

2
|51

1 i
STVLE (00, wy)||
i=1

2
g
IVLe.s, (01" < =& + [ VLa(On, wa) | ~ VLG (80, wa)|* = 1S

b
where o2, /b = 0 holds when b is sufficiently large. We define Ziill VLg) (0, wy,) := G, forall n € N. Then, we have

2
S

= I VLE (8,,w, s max G2 .
57 || 2 Ve (Bnon) ED) Z S o
Proof of Proposition B4(i). The definition of v& implies that

ﬂ Up—1 )i (1 - 62 ) < mann Pt 93*,1 = HVLG,SH* (971*) ?

IA
iMe

where the first inequality can be shown by induction. Therefore, for all n € N and all ¢ € [O],

G
'Un7§ |S|2 ?;%(G )40

From the definition of ETC{: ;and B € [0,1), we have

G

G — vn,i
e = i s < o = \/1 G”—\/1—5G~
- 2

Hence,

2 G
oo

(1= A7) (1 =92, 75 g maxicie) G2 4

be >

Accordingly, using 7% = 3 and max;e (o) G7. ; ~ € implies that

b %0 |
(1_ﬂ1)1/1 5G|Sl‘2
The discussion for b7, is similar to the one for bf,. This completes the proof. O
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Proof of PropositionB4(ii). The definition of s& implies that

Si = B v 1+ (1= B5)(gni — M) < max(gni = mni)? =t (gue oo — e 5+)°

2

)

<D (gnmi = mn)? = ||VLg.s,. (6nr) — mi.
i=1
where the first inequality can be shown by induction. Hence, we have

2
<2||VLas,. (0n)|

G 2 402G 2
IVLc.s,.(On-) —m < =+ 4| VL8, w )|

+2[|mg.

Therefore, for all n € Nand all ¢ € [©)],
c 40

2
s < maXG . i
’I’LZ —_— |S‘2 ’LE ] n ,

From the definition of 55, and 8, € [0,1), we have

G

S
S, = min h§; < /3G, = = s
0,% ° mln 0,7 n,i 1— G - 1— BQG

Hence,

2 G
ofele

(1= AF)(1 =92, /1255 g maxicie) G2 4

be, >

Accordingly, using 7% = 3 and max;e (o) G7. ; ~ €& implies that

b, > oZa®
G T
(1 - 61 ) BG |S\2
The discussion for b7, is similar to the one for bf,. This completes the proof. O

Proof of Proposition B4(iii). From the definition of vfj and a discussion similar to the proof of Proposition B-4(i), we have

G 2
v < maxG2. ..
nt = |S|2 icle] "t

From the definition of v& i» we have
h§ . := min b, < \/v&
0,% icio] 0,0 —
Hence,
2 G
UGa
b >

&L= BE)(1 = 9)? /1§ maxicio) G2

Accordingly, using v = B¢ = 0 and max;e(e) G2. ; ~ €2 implies that

n*,t

2 G
pr. > G

o> — .
3 [©
G\ ISP
The discussion for b7, is similar to the one for bf,. This completes the proof. O
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A.11. Relationship between stationary point problem and variational inequality

Proposition A.1. Suppose that f : R* — R is continuously differentiable and x* is a stationary point of f. Then,
V f(x*) = 0 is equivalent to the following variational inequality: for all z € R?,

(Vf(x"),x —x*) > 0.

Proof of Proposition Bl Suppose that z € R? satisfies V f(x) = 0. Then, for all y € RY,
(Vf(z),y —x) = 0.
Suppose that ¢ € R? satisfies (Vf(x),y — x) > 0 forall y € R%. Lety :=  — V f(x). Then we have
0<(Vf(z),y —z) =~V ()|
Hence,

Vf(x)=0.

A.12. Remarks regarding (C3)
‘We make the following remarks regarding (C3).

(C3)(d) Let Lg)(~,w): R® — R (i € S) be convex and Vng)(~,w): R® — R® be Lipschitz continuous with the
Lipschitz constant [;. Let Lt) (8,-): RW — R (i € R) be convex and V, LV (6, -): RW — RY be Lipschitz continuous
with the Lipschitz constant [p. Then, the sequences (8,,)nen and (w,,)nen generated by SGD with % < 1/Ig and
ap < 1/1p satisfy (C3).

(C3)(ii) Let Lg)(',w): R® - R (i € S) and Lg)(G, ): RW — R (i € R) be nonconvex. Let B¢ ¢ R® and BP ¢ RW
be closed balls defined by B¢ := {6 € R®: ||0—c%|| < 7%} and BY := {w € RV : ||w—cP| < rP}, where & € R®,
cP? € RY, and 7%, rP > 0 are large radii of B¢ and BP. We replace 8,, 11 := 0,, + a$dS and w,,,; = w,, + a2d?
in Algorithm 0 with

011 := P (0, +a5dS) and wy, 41 = Pp (w, +ald?), (22)

where Pg is the projection onto B“ and Pp is the projection onto BP. Then, the sequences (8,)nen C B¢ and
(wy)neny C BP generated by (Z2) are bounded. Thus, the nonexpansivity conditions of P and Pp guarantee that
Algorithm [0 using (2) satisfies (B) without assuming (C3).

Proof of (C3)(i). Letn € N. We define ¢, : R® — R forall § € R® by
1
(bn(e) = LG,S,L(an; wn) + <VLG,S7L(071),0 - 0n> + 2&76"‘0 - BnHZ

The convexity of Lg s, (-, w,,) implies that, for all @ € R®, Lg s, (0, w,) > Lg.s, (0n,w,) + (VLg.s, (0,),0 — 0,,).
Hence, we have that, for all 8 € R®,

1
¢n(0) < LG7Sn (0, wn) + 20[7(;”0 - 9n||2- (23)

Moreover, from Vg, (8) = VLg.s, (0,) + (1/a%)(0 — 0,,), ¢,, is strongly convex with a constant 1/a. Accordingly,
there exists a unique minimizer 8,, of ¢,, such that

~ 1
0= v9¢n(0n) = VLG,Sn (on) + aiG(O - 071);
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i.e.,
0, =06, —aVigs, (0,) =: 0,11

The strong convexity of ¢,, and Vg¢,,(6,,1) = 0 imply that

1
(;5”(0) > ¢n(0n+1) + <v0¢n(0n+l)a 0 — 0n+1> + 207;||49n+1 - 0”2

. ) (24)
= ¢n(0nt1) + 2(7;H0n+1 - 0.
The condition “ < 1/l and the Lipschitz continuity of VL¢ s, (+) ensure that
1
¢n(0n+1) = LG,Sn (0n7wn) + <VLG,Sn (On), 0n+1 - 0n> + 20{7”0714-1 - 0n||2
(25)

l
> LG,S,,, (envwn) + <VLG,SW, (en)a 0n+1 - 9n> + §||0n+1 - 0n‘|2
> LG,STL (0n+17 wn)

From (23), (£4), and (23),
1 2 1 2
Lgs, (0, w,) + 2(7;”971 -0 > Lg.s, (Ony1,wn) + ﬁ||0n+1 - 0|,
which implies that, for all € R®,

1
La(6, wy) 0, — 6] ZLG(0n+1awn)+mT||0n+l - 0.

+ ! |
206G
Let 8* € R® be a minimizer of L (0, w,,). Then, we have

1 * * *
200 (H9n+1 —6°|* -6, — 0 ”2) < Lg(0",w,) — Le(0n41, wn) < 0.

Since (||, — 0*]|?)nen is monotone decreasing, the sequence (||0,, — 8*||?),cn is bounded. The discriminator can be
defined by replacing G, S,,, 8, and w in the generator with D, R,,, w, and 6. O

Details of (C3)(ii): Let @ € B € R® and n € N. The definition of 6,,,; and the nonexpansivity of Pg (i.e., | Pg(81) —
Pg(eg)HH < ||01 — BQHH (01,92 S RG, H e S?Jr)) imply that

1641 = Bllic = | Po(0n + a5 dS) — Pa(0)llie
< (80 — 0) + afdS B = 10, — Ollic + 205 (0 — 0,d5 g + o [1dS |-

Hence, a discussion similar to the one proving Theorem Bl ensures that Algorithm [ using () satisfies () without
assuming (C3).
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