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ABSTRACT

We study the problem of aligning the supports of distributions. Compared to the
existing work on distribution alignment, support alignment does not require the
densities to be matched. We propose symmetric support difference as a divergence
measure to quantify the mismatch between supports. We show that select discrimi-
nators (e.g. discriminator trained for Jensen—Shannon divergence) are able to map
support differences as support differences in their one-dimensional output space.
Following this result, our method aligns supports by minimizing a symmetrized
relaxed optimal transport cost in the discriminator 1D space via an adversarial
process. Furthermore, we show that our approach can be viewed as a limit of
existing notions of alignment by increasing transportation assignment tolerance.
We quantitatively evaluate the method across domain adaptation tasks with shifts
in label distributions. Our experiments' show that the proposed method is more
robust against these shifts than other alignment-based baselines.

1 INTRODUCTION

Learning tasks often involve estimating properties of distributions from samples or aligning such
characteristics across domains. We can align full distributions (adversarial domain alignment), certain
statistics (canonical correlation analysis), or the support of distributions (this paper). Much of the
recent work has focused on full distributional alignment, for good reasons. In domain adaptation,
motivated by theoretical results (Ben-David et al., 2007; 2010), a series of papers (Ajakan et al., 2014;
Ganin & Lempitsky, 2015; Ganin et al., 2016; Tzeng et al., 2017; Shen et al., 2018; Pei et al., 2018;
Zhao et al., 2018; Li et al., 2018a; Wang et al., 2021; Kumar et al., 2018) seek to align distributions of
representations between domains, and utilize a shared classifier on the aligned representation space.

Alignment in distributions implies alignment in supports. However, when there are additional objec-
tives/constraints to satisfy, the minimizer for a distribution alignment objective does not necessarily
minimize a support alignment objective. Example in Figure 1 demonstrates the qualitative distinction
between two minimizers when distribution alignment is not achievable. The distribution alignment
objective prefers to keep supports unaligned even if support alignment is achievable. Recent works
(Zhao et al., 2019; Li et al., 2020; Tan et al., 2020; Wu et al., 2019b; Tachet des Combes et al.,
2020) have demonstrated that a shift in label distributions between source and target leads to a
characterizable performance drop when the representations are forced into a distribution alignment.
The error bound in Johansson et al. (2019) suggests aligning the supports of representations instead.

In this paper, we focus on distribution support as the key characteristic to align. We introduce a
support divergence to measure the support mismatch and algorithms to optimize such alignment. We
also position our approach in the spectrum of other alignment methods. Our contributions are as
follows (all proofs can be found in Appendix A):

1. In Section 2.1, we measure the differences between supports of distributions. Building on the
Hausdorff distance, we introduce a novel support divergence better suited for optimization,
which we refer to as symmetric support difference (SSD) divergence.
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2. In Section 2.2, we identify an important property of the discriminator trained for
Jensen—Shannon divergence: support differences in the original space of interest are “pre-
served” as support differences in the one-dimensional discriminator output space.

3. In Section 3, we present our practical algorithm for support alignment, Adversarial Support
Alignment (ASA). Essentially, based on the analysis presented in Section 2.2, our solution is
to align supports in the discriminator 1D space, which is computationally efficient.

4. In Section 4, we place different notions of alignment — distribution alignment, relaxed
distribution alignment and support alignment — within a coherent spectrum from the point of
view of optimal transport, characterizing their relationships, both theoretically in terms of
their objectives and practically in terms of their algorithms.

5. In Section 5, we demonstrate the effectiveness of support alignment in practice for domain
adaptation setting. Compared to other alignment-based baselines, our proposed method is
more robust against shifts in label distributions.
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Figure 1: Illustration of differences between the final configurations of distribution alignment and
support alignment procedures. p(x) is a fixed Beta distribution p(x) = Beta(x | 4, 2) with support
[0,1]; ¢°(z) is a “shifted” Beta distribution ¢?(z) = Beta(x — 6] 2,4) parameterized by 6 with
support [0, 6 + 1]. Panel (a) shows the initial configuration with ;,;; = —3. Panel (b) shows the result
by distribution alignment. Panel (c) shows the result by support alignment. We report Wasserstein
distance Dy (p, ¢”) (7) and SSD divergence DA (p, ¢°) (1).

2 SSD DIVERGENCE AND SUPPORT ALIGNMENT

Notation. We consider an Euclidean space X = R" equipped with Borel sigma algebra 3 and a
metric d : X x X — R (e.g. Euclidean distance). Let P be the set of probability measures on (X, B).
For p € P, the support of p is denoted by supp(p) and is defined as the smallest closed set X C X
such that p(X') = 1. fyp denotes the pushforward measure of p induced by a measurable mapping f.
With a slight abuse of notation, we use p(x) and [f;p](t) to denote the densities of measures p and
fyp evaluated at x and ¢ respectively, implicitly assuming that the measures are absolutely continuous.
The distance between a point z € X’ and a subset Y C X’ is defined as d(z,Y") = inf,cy d(z,y).
The symmetric difference of two sets A and B is defined as AA B = (A\ B)U (B\ A).

2.1 DIFFERENCE BETWEEN SUPPORTS

To align the supports of distributions, we first need to evaluate how different they are. Similar to
distribution divergences like Jensen—Shannon divergence, we introduce a notion of support divergence.
A support divergence® between two distributions in P is a function Dg(-,-) : P x P — R satisfying:
1) Ds(p,q) > 0 forall p,q € P;2) Ds(p,q) = 0 iff supp(p) = supp(q).

While a distribution divergence is sensitive to both density and support differences, a support
divergence only needs to detect mismatches in supports, which are subsets of the metric space X.

Mt is not technically a divergence on the space of distributions, since Dg(p, ¢) = 0 does not imply p = gq.
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An example of a distance between subsets of a metric space is the Hausdorff distance: dy (X,Y) =
max{sup,¢ x d(z,Y),sup,cy d(y, X)}. Since it depends only on the greatest distance between a
point and a set, minimizing this objective for alignment only provides signal to a single point. To
make the optimization less sparse, we consider all points that violate the support alignment criterion
and introduce symmetric support difference (SSD) divergence:

Da(p;q) = Egnyp [d(,5upp(q))] + Egnyg [d(z, supp(p))] - (1)

Proposition 2.1. SSD divergence Da (p, q) is a support divergence.

We note that our proposed SSD divergence is closely related to Chamfer distance/divergence (CD)
(Fan et al., 2017; Nguyen et al., 2021) and Relaxed Word Mover’s Distance (RWMD) (Kusner
et al., 2015). While both CD and RWMD are stated for discrete points (see Section 6 for further
comments), SSD divergence is a general difference measure between arbitrary (discrete or continuous)
distributions. This distinction, albeit small, is important in our theoretical analysis (Sections 2.2, 4.1).

2.2 SUPPORT ALIGNMENT IN ONE-DIMENSIONAL SPACE

Goodfellow et al. (2014) showed that the log-loss discriminator f : X — [0, 1], trained to distinguish
samples from distributions p and g (sup; E,~;, [log f(x)] + Eznq [log(1 — f(2))]) can be used to
estimate the Jensen—Shannon divergence between p and g. The closed form maximizer f* is

f(z) = _pla) Va € supp(p) U supp(q). (2)

Note that for a point « ¢ supp(p) U supp(q) the value of f*(z) can be set to an arbitrary value in
[0, 1], since the log-loss does not depend on f(z) for such 2. The form of the optimal discriminator
(2) gives rise to our main theorem below, which characterizes the ability of the log-loss discriminator
to identify support misalignment.

Theorem 2.1. Let p and q be the distributions with densities satisfying

1 1
o< p(z) <C, Vaz e supp(p); o< q(x) < C, V€ supp(q). 3)

Let f* be the optimal discriminator (2). Then, Da(p,q) = 0 if and only if DA (f*yp, [*4q) = 0.

The idea of the proof is to show that the extreme values (0 and 1) of f*(z) can only be attained in
x € supp(p)A supp(q). Assumption (3) guarantees that f*(x) cannot approach neither 0 nor 1 in
the intersection of the supports supp(p) N supp(q), i.e. the values { f*(z) | € supp(p) Nsupp(q)}
are separated from the extreme values 0 and 1.

We conclude this section with two technical remarks on Theorem 2.1.

Remark 2.1.1. The result of Theorem 2.1 does not necessarily hold for other types of discriminators.
For instance, the dual Wasserstein discriminator (Arjovsky et al., 2017; Gulrajani et al., 2017) does
not always highlight the support difference in the original space as a support difference in the
discriminator output space. This observation is formaly stated in the following proposition.

Proposition 2.2. Let fy;, be the maximizer of sup .1, ry<1 Exnplf ()] — Exnyg[f(2)], where L(-) is
the Lipschitz constant. There exist p and q with supp(p) # supp(q) but supp( f{jVﬁ p) = supp(fi ﬁQ)‘

Remark 2.1.2. In practice the discriminator is typically parameterized as f(x) = o(g(z)), where
g : X — Ris realized by a deep neural network and o(z) = (1 + e~%)~1 is the sigmoid function.
The optimization problem for g is

inf By, [log(1+ e*gw)} + Eang [log(l +et@) “)
g

and the optimal solution is g*(z) = log p(x) — log ¢(x). Naturally the result of Theorem 2.1 holds
for g*, since g*(z) = o~ (f*(x)) and o is a bijective mapping from R U {—o00, o0} to [0, 1].
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3 ADVERSARIAL SUPPORT ALIGNMENT

We consider distributions p and ¢ parameterized by 6: p?, ¢°. The log-loss discriminator g optimized
for (4) is parameterized by 1/: g¥. Our analysis in Section 2.2 already suggests an algorithm. Namely,
we can optimize 6 by minimizing Da ( gwﬁ Y, g%qe) while optimizing v by (4). This adversarial
game is analogous to the setup of the existing distribution alignment algorithms>.

In practice, rather than having direct access to p?, ¢?, which is unavailable, we are often given i.i.d.
samples {7}V |, {27} M . They form discrete distributions p°(z) = & SN | (a: —at),q%(z) =
q
Z

M . N
37 i1 0(z—a]), and [gwnpgl(t) = ¥ 2ic 0(t—g%(2})), [9¥,d°)(t) = 131 Sy 0(t—g" (2?)).
Since g¥;p? and g¥';q” are discrete distributions, they have supports {g* («})} ., and {g¥(z) M,
respectively. SSD divergence between discrete distributions gwu p? and gwuq
M
1
Dalg”s#%, 9% 40" Zd 9" @NNL) + 57 224 (9" @D e @NIL) - )
i=1

Effect of mini-batch training. When training on large datasets, we need to rely on stochastic opti-
mization with mini-batches. We denote the mini-batches (of same size, as in common practice) from
p? and ¢% as 2P = {2}, and 7 = {x}™, respectively. By minimizing Da (g% (zP), g% (z9)),
we only consider the mini-batch support distance rather than the population support distance (5). We
observe that in practice the described algorithm brings the distributions to a state closer to distribution
alignment rather than support alignment (see Appendix D.5 for details). The problem is in the
typically small batch size. The algorithm actually tries to enforce support alignment for all possible
pairs of mini-batches, which is a much stricter constraint than population support alignment.

To address the issue mentioned above, without working with a much larger batch size, we create
two “history buffers”: hP, storing the previous 1D discriminator outputs of (at most) n samples
from p?, and a similar buffer 19 for ¢°. Specifically, h = {g¥i (zo1q,;) }}; stores the values of the
previous n samples 214 ; mapped by their corresponding past “versions” of the discriminator g%
We minimize Da (vP, v?), where vP = concat(h?, g% (a?)), v¢ = concat(h?, g¥ (z?)):

n+m n+m

Da(vP,v?) = - Zdv ,01) +Zdv Py | . (6)

Note that Da (-, -) between two sets of 1D samples can be efﬁcrently calculated since d(v?, v?) and
d(v;?, vP) are simply 1-nearest neighbor distances in 1D. Moreover the history buffers store only
the scalar values from the previous batches. These values are only considered in nearest neighbor
assignment but do not directly provide gradient signal for optimization. Thus, the computation
overhead of including a long history buffer is very light. We present our full algorithm, Adversarial
Support Alignment (ASA), in Algorithm 1.

4 SPECTRUM OF NOTIONS OF ALIGNMENT

In this section, we take a closer look into our work and different existing notions of alignment
that have been proposed in the literature, especially their formulations from the optimal transport
perspective. We show that our proposed support alignment framework is a limit of existing notions of
alignment, both in terms of theory and algorithm, by increasing transportation assignment tolerance.

4.1 THEORETICAL CONNECTIONS

Distribution alignment. Wasserstein distance is a commonly used objective for distribution align-
ment. In our analysis, we focus on the Wasserstein-1 distance:

DW (p7 q) = inf E(w,y)f\/"{ [d($, y)]a @)
Y€l (p,q)

3Following existing adversarial distribution alignment methods, e.g. (Goodfellow et al., 2014), we use single
update of ¥ per 1 update of §. While theoretical analysis for both distribution alignment and support alignment
(ours) assume optimal discriminators, training with single update of ¢ is computationally cheap and effective.
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Algorithm 1 Our proposed ASA algorithm. n (maximum history buffer size), we use n = 1000.

1: for number of training steps do
2: Sample mini-batches {«}72; ~ p’, {a{}2; ~ ¢’
3: Perform optimization step on ) using stochastic gradient

Vo (3 £ [tou(1-+ expl=g*(af)) + lou(1 + expls )] ).

i=1
4: vP < concat(hP, {gw( YY), v? < concat(h?, {g‘/’( Hrm ).

5: Ty < argmin, d(v}, vf), q_>p<—argm1n d(vi,vf).
6: Perform optimization step on 6 using stochastic gradient
n+m
Vo <n+m > {d(v’?,vqi )—|—d(vq,vpi )})
i=1 P

7. UPDATEHISTORY (AP, {g¥(2?)}™ ), UPDATEHISTORY(h?,{g¥(z)}™,).
8: end for

where T'(p, q) is the set of all measures on X' x X’ with marginals of p and g, respectively. The value
of Dy (p, q) is the minimal transportation cost for transporting probability mass from p to g. The
transportation cost is zero if and only if p = ¢, meaning the distributions are aligned.

Relaxed distribution alignment. Wu et al. (2019b) proposed a modified Wasserstein distance to
achieve asymmetrically-relaxed distribution alignment, namely S-admissible Wasserstein distance:

Dyy(p,q) = inf  E(yyen[d(@,y)], (8)
v€l's(p,q)

where I'3(p, ¢) is the set of all measures v on X x X such that [~(z,y)dy = p(z),Vz and
Jv(x,y)dz < (1 + B)q(y),Vy. With the relaxed marginal constraints, one could choose a trans-
portation plan  which transports probability mass from p to a modified distribution ¢’ rather than
the original distribution ¢ as long as ¢’ satisfies the constraint ¢’(z) < (1 4 8)g(x), Va. Therefore,

Dﬁ, (p, q) is zero if and only if p(z) < (1 + B)¢(x), V. In (Wu et al., 2019b), § is normally set
to a positive finite number to achieve the asymmetric-relaxation of distribution alignment, and it is

shown that D%, (p,q) = DW'(p, q) We can extend Dev (p, q) to a symmetric version, which we term
51, B2-admissible Wasserstein distance:

Dyt (p,q) = Dy (9, 9) + Dy (g, p).- 9)

The aforementioned property of 5-admissible Wasserstein distance implies that Da}’ﬁ 2(p,q) = 0if
and only if p(z) < (1 + B1)q(z), Vo and ¢(z) < (1 + S2)p(x), Va, in which case we call p and ¢
“(B1, f2)-aligned”, with 8; and /35 controlling the transportation assignment tolerances.

Support alignment. The term E, [d(z, supp(¢))] in (1) represents the average distance from samples
in p to the support of g. From the optimal transport perspective, this value is the minimal transportation
cost of transporting the probability mass of p into the support of g. We show that SSD divergence can
be considered as a transportation cost in the limit of infinite assignment tolerance.

Proposition 4.1. D™ (p, q) := limg, 8,00 Dg[}ﬁ? (p,q) = Da(p, q).

‘We now have completed the spectrum of alignment objectives defined within the optimal transport
framework. The following proposition establishes the relationship within the spectrum.

Proposition 4.2. Let p and q be two distributions in P. Then,
1. Dw(p,q) = 0 implies D%’BQ (p, q) = 0 for all finite 31, B2 > 0.
2. De[}’[b (p, q) = 0 for some finite 31, B2 > 0 implies Da(p, q) = 0.
3. The converse of statements 1 and 2 are false.

In addition to the result presented in Theorem 2.1, we can show that the log-loss discriminator can
also “preserve” the existing notions of alignment.

Proposition 4.3. Let f* be the optimal discriminator (2) for given distributions p and q. Then,

1. Dw(p,q) = 0iff Dw (f*4p, f*0) =0; 2. D™ (p,q) = 0iff Dy ™ (f*p. f*4q) = 0.
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4.2 ALGORITHMIC CONNECTIONS

The result of Proposition 4.3 suggests methods similar to our ASA algorithm presented in Section 3
can achieve different notions of alignment by minimizing objectives discussed in Section 4.1 between
the 1D pushforward distributions. We consider the setup used in Section 3 but without history buffers
to simplify the analysis, as their usage is orthogonal to our discussion in this section.

Recall that we work with a mini-batch setting, where {z'}, and {z{}7 , are sampled from p and ¢
respectively, and ¢ is the adversarial log-loss discriminator. We denote the corresponding 1D outputs
from the log-loss discriminator by o? = {0}, = {g(z¥)}", and 07 (defined similarly).

Distribution alignment. We adapt (7) for {o?}™, and {0} }™,:

Dy (0P, 0° d(oP, 10
w (0P, 07) = WGFO{)O”mZZ% oy, 0%) (10)

=1 j=1

where T'(0?, 0?) is the set of m x m doubly stochastic matrices. Since oP and 0? are sets of 1D
samples with the same size, it can be shown (Rabin et al., 2011) that the optimal v* corresponds to
an assignment 7*, which pairs points in the sorting order and can be computed efficiently by sorting
both sets o” and 0?. The transportation cost is zero if and only if there exists an invertible 1-to-1
assignment 7* such that of = oi*(i). GAN training algorithms proposed in (Deshpande et al., 2018;

2019) utilize the above sorting procedure to estimate the maximum sliced Wasserstein distance.

Relaxed distribution alignment. Similarly, we can adapt (8):

m m

1
DY, (oP,07) = inf )EZZ’yljd(oﬁ),og), (11)

~v€ET'z(oP,04

where I'g(0P, 07) is the set of m x m matrices with non-negative real entries, such that ZT:l Vij =
1,Vi and Z:’;l 7i; < 14 B, V7. The optimization goal in (11) is to find a “soft-assignment” v which
describes the transportation of probability mass from points 0! in o to points o in 0. The parameter
B controls the set of admissible assignments I g, which is similar to its role discussed in Section 4.1:
with transportation assignment tolerance (3, the total mass of points in oP transported to each of
the points of cannot exceed 1 + 3. We refer to such assignments as (3 + 1)-to-1 assignment. The
transportation cost is zero if and only if there exists such an assignment between o” and o9.

It can be shown (see Appendix C) that for integer value of 53, the set of minimizers of (11) must
contain a “hard-assignment” transportation plan, which assigns each point 0! to exactly one point
0?. Then (1 + /) gives the upper bound on the number of points o that can be transported to given

point og. This hard assignment problem can be solved quasi-linearly with worst case time complexity

(] ((6 + 1)m2) (Bonneel & Coeurjolly, 2019), which, combined with Proposition 4.3, can lead to
new algorithms for relaxed distribution alignment besides those proposed in Wu et al. (2019b).

Support alignment. When 3 = oo, the sum ) ;" | ~;; is unconstrained for all j, and each point 0¥
can be assigned to any of the points oj-. The optimal solution is simply 1-nearest neighbor assignment,
or to follow the above terminology, co-to-1 assignment.

5 EXPERIMENTS

Problem setting. We evaluate our proposed ASA method in the setting of unsupervised domain
adaptation (UDA). The goal of UDA algorithms is to train and “adapt” a classification model
M : X — Y from source domain distribution px y to target domain distribution gx y given the

access to a labeled source dataset {z, y?}N'| ~ px y and an unlabeled target dataset {2} | ~ ¢x.

A common approach for UDA is to represent M as C® o F: a classifier C? : Z — ) and a feature
extractor F : X — Z, and train C® and F'? by minimizing: 1) classification loss £ on source

. : ) : : 0 _ 6 R o
examples; 2) alignment loss D,jig, measuring discrepancy between py, = F”ypx and g7 = FY3qx:

I(I;Hl Z&;]S C¢ FG( )) yz) +>\ Ddhgn ({Fe( )}1 13{F9( ) i= 1) (12)
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Figure 2: Visualization of learned 2D embeddings on 3-class USPS—MNIST with label distribution
shift. In source domain, all classes have equal probability % The target probabilities of classes ‘3’,
‘5%, ‘9’ are [23%, 65%, 12%)]. Each panel shows 2 level sets (outer one approximates the support) of
the kernel density estimates of embeddings in source (filled regions) and target domains (solid/dashed
lines). We report the average class accuracy of the target domain, Dy and D between embeddings.

In practice D,j;g, is an estimate of a divergence measure via an adversarial discriminator g?. Choices
of Djjign include f-divergences (Ganin et al., 2016; Nowozin et al., 2016) and Wasserstein distance
(Arjovsky et al., 2017) to enforce distribution alignment and versions of re-weighted/relaxed distribu-
tion divergences (Wu et al., 2019b; Tachet des Combes et al., 2020) to enforce relaxed distribution
alignment. For support alignment, we apply the proposed ASA method as the alignment subroutine
in (12) with log-loss discriminator g¥ (4) and Dilign computed as (6).

Task specifications. We consider 3 UDA tasks: USPS—MNIST, STL—CIFAR, and VisDA-2017,
and 2 versions of ASA: ASA-sq, ASA-abs corresponding to squared and absolute distances respec-
tively for d(-, -) in (6). We compare ASA with: No DA (no domain adaptation), DANN (Ganin et al.,
2016) (distribution alignment with JS divergence), VADA (Shu et al., 2018) (distribution alignment
with virtual adversarial training), IWDAN, IWCDAN (Tachet des Combes et al., 2020) (relaxed
distribution alignment via importance weighting) SDANN-3 (Wu et al., 2019b) (relaxed/3-admissible
JS divergence via re-weighting). Please refer to Appendix D for full experimental details.

To evaluate the robustness of the methods, we simulate label distribution shift by subsampling source
and target dataset, so that source has balanced label distribution and target label distribution follows
the power law gy (y) o o(y)~%, where o is a random permutation of class labels {1,..., K} and «
controls the severity of the shift (o« = 0 means balanced label distribution). For each task, we generate
5 random permutations o for 4 different shift levels « € {0, 1, 1.5, 2}. Essentially we transform each
(source, target) dataset pair to 5 x 4 = 20 tasks of different difficulty levels, since classes are not
equally difficult and different permutations can give them different weights.

Evaluation metrics. We choose the average (per-)class accuracy and minimum (per-)class accuracy
on the target test set as evaluation metrics. Under the average class accuracy metric, all classes are
treated as equally important (despite the unequal representation during training for o > 0), and the
minimum class accuracy focuses on model’s worst within-class performance. In order to account
for the variability of task difficulties across random permutations of target labels, we report robust
statistics, median and a 25-75 percentile interval, across 5 runs.

Illustrative example. First we consider a simplified setting to intuitively understand and directly
analyze the behavior of our proposed support alignment method in domain adaptation under label
distribution shift. We consider a 3-class USPS—MNIST problem by selecting a subset of examples
corresponding to digits ‘3°, °5°, and ‘9’, and use a feature extractor network with 2D output space. We
introduce label distribution shift as described above with e = 1.5, i.e. the probabilities of classes in
the target domain are 12%, 23%, and 65%. We compare No DA, DANN, ASA-abs by their average
target classification accuracy, Wasserstein distance Dy (p%, ¢%) and SSD divergence Da (p%, ¢%)
between the learned embeddings of source and target domain. We apply a global affine transformation
to each embedding space in order to have comparable distances between different spaces: we center
the embeddings so that their average is 0 and re-scale them so that their average norm is 1. The
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Table 1: Average and minimum class accuracy (%) on USPS—MNIST with different levels of shifts
in label distributions (higher v implies more severe imbalance). We report median (the main number),
and 25 (subscript) and 75 (superscript) percentiles across 5 runs.

a=0.0 a=1.0 a=1.5 a=2.0

Algorithm  average min average min average min average min

No DA 71.9729 203329 729747 258318 713723 275373 713739 16.625%
DANN 97.8978 96.09%% 835856 251389 70.07%02 011915 57.889% 00.994¢
VADA 98.0 559 96.29%3 88.28527 489329 782%1 0662% 61954 01493
IWDAN 975375 957322 957938 81.387 86555 152379 744755 07.33%43
IWCDAN 980575 96.6005 96.75;5 851323 913385 665717 77.5 i 222037
sDANN-4  87.4%7 056320 9499312 85757 868821 216397 815531 393382

ASA-sq  93.79%% 89.283% 923938 83585 90921 69.9820 87283 62.52%
ASA-abs 941933 88.9912 928933 789329 925070 82437 904307 684750

Table 2: Results on STL—CIFAR. Same setup and reporting metrics as Table 1.

a=0.0 a=1.0 a=1.5 a=20

Algorithm  average min average min average min average min

No DA 69.9759 498325 68883 472482 66.8572 46.049 658857 43.7418
DANN 75.37%3%  54.6 gg‘;g 699708 44841 64.9 gg;; 349368 63.3%8% 27.0%3
VADA 767157 569352 706150 477438 66.1055 357333 63.2847 255389
IWDAN 699707 50.53%5 68.783% 458392 671813 44.743% 644 gg;g 36.8 379
IWCDAN  70.170-2 47.843% 694831 47133 66.132 39.9398 64584 37.0322
sDANN-4  71.8 721 521338 7117557 49.931% 694709 486750 66459 39.0471

ASA-sq  7L7IH2 529334 707719 516527 69.2893 456329 681552 447350
ASA-abs  71.6717  49.0335 709709 492399 69.65° 432497 67.85%2 409429

results are shown in Figure 2 and Table D.5. Compared to No DA, both DANN and ASA achieve
support alignment. DANN enforces distribution alignment, and thus places some target embeddings
into regions corresponding to the wrong class. In comparison, ASA does not enforce distribution
alignment and maintains good class correspondence across the source and target embeddings.

Main results. The results of the main experimental evaluations are shown in Tables 1, 2, 3. Without
any alignment, source only training struggles relatively to adapt to the target domain. Nonetheless, its
performance across the imbalance levels remains robust, since the training procedure is the same.
Agreeing with the observation and theoretical results from previous work (Zhao et al., 2019; Li et al.,
2020; Tan et al., 2020; Wu et al., 2019b; Tachet des Combes et al., 2020), distribution alignment
methods (DANN and VADA) perform well when there is no shift but suffer otherwise, whereas
relaxed distribution alignment methods (IWDAN, IWCDAN and sDANN-/) show more resilience to
shifts. On all tasks with positive o, we observe that it is common for the existing methods to achieve
good class average accuracies while suffering significantly on some individual classes. These results
suggest that the often-ignored but important min-accuracy metric can be very challenging. Finally,
our support alignment methods (ASA-sq and ASA-abs) are the most robust ones against the shifts,
while still being competitive in the more balanced settings (o« = 0 or 1). We achieve best results
in the more imbalanced and difficult tasks (o« = 1.5 or 2) for almost all categories on all datasets.
Please refer to Appendix D for ablation studies and additional comparisons.

6 RELATED WORK

Distribution alignment. Apart from the works, e.g. (Ajakan et al., 2014; Ganin et al., 2016; Ganin
& Lempitsky, 2015; Pei et al., 2018; Zhao et al., 2018; Long et al., 2018; Tachet des Combes et al.,
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Table 3: Results on VisDA17. Same setup and reporting metrics as Table 1.

a=0.0 a=1.0 a=15 a=20

Algorithm  average min average min average min average min
No DA 49.559% 222238 502598 212302 471478 186222 453985 195199
DANN 754157 36.7390 64.183% 25.033% 521223 115124 43.1433  03.6433
VADA 753160 405418 646951 228282 530302 148217 439447 g5ilf
6
2
7
3
0

IWDAN  73.2733 317348 64.48¢ 12127 513288 046397 45189 04.653S
IWCDAN  71.6 ;g;g 27.6358 60.6g55 O0L1gp2 49.7318 02.2 83;; 38.3452  00.6 8¢
sDANN-4 724733 378408 684557 266324 57.2208 186792 50737 18.6390

ASA-sq 649839 35733% 61.8832 314357 578237 26797% 519329 183312
ASA-abs  64.8950 40.63:0 62.0823 273297 571384 26.0312 525200 19.73%2

2020; Li et al., 2018b; Tzeng et al., 2017; Shen et al., 2018; Kumar et al., 2018; Li et al., 2018a;
Wang et al., 2021; Goodfellow et al., 2014; Arjovsky et al., 2017; Gulrajani et al., 2017; Mao et al.,
2017; Radford et al., 2015; Salimans et al., 2018; Genevay et al., 2018; Wu et al., 2019a; Deshpande
et al., 2018; 2019), that do distribution alignment, there are also papers (Long et al., 2015; 2017;
Peng et al., 2019; Sun et al., 2016; Sun & Saenko, 2016) focusing on aligning some characteristics of
the distribution, such as first or second moments. Our work is concerned with a different problem,
support alignment, which is a novel objective in this line of work. In terms of methodology, our use
of the discriminator output space to work with easier optimization in 1D is inspired by a line of work
(Salimans et al., 2018; Genevay et al., 2018; Wu et al., 2019a; Deshpande et al., 2018; 2019) on sliced
Wasserstein distance based models. Our result in Proposition 4.3 also provides theoretical insight on
the practical effectiveness of 1D OT in (Deshpande et al., 2019).

Relaxed distribution alignment. In Section 4, we have already covered in detail the connections
between our work and (Wu et al., 2019b). Balaji et al. (2020) introduced relaxed distribution
alignment with a different focus, aiming to be insensitive to outliers. Chamfer distance/divergence
(CD) is used to compute similarity between images/3D point clouds (Fan et al., 2017; Nguyen et al.,
2021). For text data, Kusner et al. (2015) presented Relaxed Word Mover’s Distance (RWMD) to
prune candidates of similar documents. CD and RWMD are essentially the same as (5) with d(-, )
being the Euclidean distance. They are computed by finding the nearest neighbor assignments. Our
subroutine of calculating the support distance in the 1D discriminator output space is done similarly
by finding nearest neighbors within the current batch and history buffers.

Support estimation. There exists a series of work, e.g. (Scholkopf et al., 2001; Hoffmann, 2007;
Tax & Duin, 2004; Knorr et al., 2000; Chalapathy et al., 2017; Ruff et al., 2018; Perera et al., 2019;
Deecke et al., 2018; Zenati et al., 2018), on novelty/anomaly detection problem, which can be casted
as support estimation. We consider a fundamentally different problem setting. Our goal is to align
the supports and our approach does not directly estimate the supports. Instead, we implicitly learn
the relationships between supports (density ratio to be specific) via a discriminator.

7 CONCLUSION AND FUTURE WORK

In this paper, we studied the problem of aligning the supports of distributions. We formalized its
theoretical connections with existing alignment notions and demonstrated the effectiveness of the
approach in domain adaptation. We believe that our methodology opens possibilities for the design
of more nuanced and structured alignment constraints, suitable for various use cases. One natural
extension is support containment, achievable with only one term in (1). This approach is fitting for
partial domain adaptation, where some source domain classes do not appear in the target domain.
Another interesting direction is unsupervised domain transfer, where support alignment is more
desired than existing distribution alignment methods due to mode imbalance (Binkowski et al., 2019).
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A PROOFS OF THE THEORETICAL RESULTS

A.1 PROOF OF PROPOSITION 2.1

1) Da(p,q) > Oforall p,q € P:
Since d(-,-) > 0, for all p, q,

y~supp(q)

SD(p, q) = Ez~pld(w,supp(q))] = Esznyp [ inf d(afyy)} >0, (13)

which makes Da (p, ¢) = SD(p, ¢) + SD(gq, p) > 0.

2) Da(p,q) = 0if and only if supp(p) = supp(q):
With statement 1, Da (p, ¢) = 0 if and only if SD(p, ¢) = 0 and SD(q, p) = 0.
Then,

SD(p,q) =0 = Ey~pld(z,supp(q))] =0 = p ({z|d(z,supp(q)) > 0}) = 0.

This is equivalent to
Vz € supp(p), d(z,supp(q)) = 0.

Thus, supp(p) C supp(q), and similarly, supp(q) C supp(p), which makes supp(p) = supp(q).

A.2 ASSUMPTION AND PROOF OF THEOREM 2.1

A.2.1 COMMENTS ON ASSUMPTION (3)
Assumption (3) is not restrictive. Indeed, distributions satisfying Assumption (3) include:
¢ uniform p(x) = U(z; [a, b]);
¢ truncated normal;
* p(z) of the form
e W, e supp(p),
plx) =77
0, x ¢ supp(p),
with non-negative energy (unnormalized log-density) function E, : X — [0, 00);

» mixture of any distributions satisfying Assumption (3), for instance the distributions shown
in Figure A.1 top-left are mixtures of truncated normal distributions on [—2, 2].

Starting from arbitrary density po(x) with bounded support we can derive a density p(x) satisfying
Assumption (3) via density clipping and re-normalization

p(z) o clip (p0($)7 [Cl, C'D :

for some C’ > 1.

A.2.2 PROOF OF THEOREM 2.1
First, we show that D (p, ¢) = 0 implies D (f*4p, f*4q) = 0.

Da(p, q) = 0implies supp(p) = supp(q). Then for any mapping f : X — R, we have supp( fyp) =
supp(f4¢), which implies supp(f*4p) = supp(f*4q). Thus, DA (f*4p, f*4q) = 0.

Now, we prove that D (f*yp, f*4q) = 0 implies Da (p, ¢) = 0 by contradiction.

14
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Da(f*4p, f*49) = 0 implies the following:
Ein g, [d(t, supp(f*4q)] =0, Einfe,q[d(t, supp(f*4p)] = 0.

1) Suppose E,,[d(x, supp(g))] > 0. This is only possible if p({z | « € supp(p) \ supp(q)}) > 0.
Since x € supp(p) \ supp(q) implies p(z) > 0,¢(x) = 0, and for any = € supp(p) U supp(q),

p(z) > 0,q(x) = 0if and only if f*(z) = m 1, we have:
Prep({1}) = Pp({z |z € supp(p) \ supp(q)}) > 0,
and therefore 1 € supp(f*yp).

For areal number o : 0 < v <
distribution f*4q:

—Czl ~1> consider the probability of the event (1 —a,1] C [0,1] under

Preg((T = 1)) = By({z | f*(2) € (1 — o, 1]}).
By assumption (3), p(z) < C and g(x) > 0 implies g(x) > &, therefore for z : g(z) > 0 we have

wn D) p(z) c .1
f(x)_p(x)+q(x)<p(x)+%<0+%_ C2+1
Nl-a,1]=o

<1l-a.

This means that Py 4((1 — o, 1]) = 0, i.e. supp(f*4q)

To summarize, starting from the assumption that E,,,[d(x, supp(q))] > 0 we showed that

* 1 €supp(f*yp), Ps-,»({1}) >
* supp(f*yq) N (1 —a,1] = @.

Because DA (f*yp, f*:4) = Eonge,p[d(t,supp(f*4q))] = Pypep({1}) - d(Lsupp(f*yq)) =
Ppep({1}) - @ > 0, which contradicts with the given Da(f*yp, f*yq) = 0, we have

Eo~pld(z,supp(q))] = 0.
2) Similarly, it can be shown E,.,[d(z, supp(p))] = 0.

Thus, Da(f*4p, f*3q) = 0 implies DA (p, q) = 0.

A.3 PROOF OF PROPOSITION 2.2

Consider a l-dimensional Euclidean space R. Let supp(p) = [—3, 2] U [1, 2] with p([—

1 l]) -3
202 1
and p([1,2]) = 7. Letsupp(q) = [~2, ~1]U[~5, 5]U[1, 2 with¢([~2, ~1]) = §,4([~5,3]) = 1
and ¢([1,2]) = l The supports of p and ¢ consist of disjoint closed 1ntervals and we assume uniform
distribution w1th1n each of these intervals, i.e. p has density p(z) = 2,Vz € [-1, 1];p(z) = ,Vz €
[1,2] and g has densitiy ¢(z) = 1,V € [-2,—1];¢(z) = §,Vx 6 [—3.1];q(x) = $, V2 6 [1,2].
Clearly, supp(p) # supp(q)-
The optimal dual Wasserstein discriminator fy;, is the maximizer of
sup  Eop[f(2)] = Eynglf (y)]-
f:Lip(f)<1

Thus, fy;, is the maximizer of

Pl 4</ e d“/f d“‘/ s |

flx)dx — 2 / f(zx )
which simplifies to

sup - / f(x)dx + 2 f d:z:f/ flx
lep(f)<14 -1

Since the optimization objective and the constraint are invariant to replacing the function f(x) with
its symmetric reflection g(x) = f(—=x), if f’ is a optimal solution, then there exists a symmetric

1
2
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maximizer f};, (z) = 1 f'(z) + 3 f'(—x), since f;,(z) = fy;(—2) and Lip(fy;,) < Lip(f’) < 1.
Thus, supp(fyy;p) = supp(fiy4q) as fiy (z) = fiy (—z) forz € [1,2].

Note that one can easily “extend” the above proof to discrete distributions, by replacing the disjoint
segments [—2, —1], [ 3, ], [1, 2] with points {—1}, {0}, {1}.

A.4 PROOF OF PROPOSITION 4.1

From (8), we have

DX(p,q) == lim D2.(p,q) = lim  inf K, [d(z,9)],
w (P, q) = Jim Dy, (p,q) = lim_ ot By yld(z,y)]
where limg_, o ['3(p, ) is the set of all measures v on X x X such that [ v(z,y)dy = p(z), Vz and
J (@, y)de <limgoo (14 B)q(y), Vy.

The set of inequalities
/v(wyy)dx < lim (1+B)q(y), Wy
B—o0
can be simplified to

/'y(:zc7 y)dx =0, Wy such that ¢(y) = 0.

To put it together, we have

Dy (p,q) = inf  E s ld(x,y)],

W(p Q) el (p.a) (z,y) 'y[ ( y)]
where I'(p, q) is the set of all measures v on X x X such that [ vy(z,y)dy = p(z),Vz and
J v(x,y)dz = 0,Vy such that ¢(y) = 0. In other words, we seek the coupling y(x, y) which defines
a transportation plan such that the total mass transported from given point x is equal to p(x), and the
only constraint on the destination points y is that no probability mass can be transported to points y

where ¢(y) = 0, i.e. y ¢ supp(q).
Let y*(x) denote a function such that

y*(z) € supp(q), V; d(z,y*(z)) = inf d(z,y).
yEsupp(q)

We can see that y* given by
7 (2, y) = p(x)d(y — y*(x)),
is the optimal coupling. Indeed, v* satisfies the constraints 7* € I'w, and the cost of any other

transportation cost v € I' is at least that of v* (since y*(«) is defined as a closest point y in supp(q)
to a given point x).

Thus,

DEF(00) =0l Bayonl 0] = B )] = By | i )]
The last equation implies D5y (p, ¢) = SD(p, ¢) (SD(+, -) is defined in (13)). Then,
Dy =(pg) = lm Dy " (p,q) = Di (p, )+ D55 (¢, p) = SD(p, 9)+SD(q,p) = Da(p, q)-

A.5 PROOF OF PROPOSITION 4.2
1. Dw(p,q) = 0 implies p = ¢, which is equivalent to
p(x)

q(x)
Then clearly, for all finite 51, 52 > 0 it satisfies

)

1+ 82 ~ q(x)
Thus, Dﬁ}’ﬁ2 (p, q) = 0 for all finite 31, B3 > 0.

=1, Va € supp(p) Usupp(q).

<1+ p, Va € supp(p) U supp(q). (14)
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2. Dﬁ}’ﬁ? (p, q) = 0 for some finite 81, B2 > 0 means that (14) is satisfied. This implies that
Va € supp(p), € supp(q) and Vo € supp(q), € supp(p), which makes supp(p) =
supp(q). Thus, Da (p,q) = 0.

3. The converse of statements 1 and 2 are false:

(a) For all finite 31, 82 > 0, let supp(p) = supp(q) = {x1,z2}. Let p(x1) = p(x2) =
1/2and q(z1) = (1 + f’)/2 and q(z2) = (1 — 5')/2 where

B’ = min (ﬂg,l - 1-1—151> )

Then, it can be easily checked that (14) is satisfied, which makes Dg}’ﬁ *(p,q) = 0.
However, since 8’ # 0, p # ¢ and thus Dy (p, q) # 0.

(b) Similar to (a), let supp(p) = supp(q) = {z1,x2}. Let p(z1) = ¢(z2) = € and
p(x2) = q(x1) = 1 — € for some £ > 0. Since supp(p) = supp(q), Da(p,q) = 0.
However,

i 28D S,

elo g(xz1) elol—¢
and, thus, for any finite 52 > 0 we can choose € > 0 such that

p(l‘l)_ € < 1
q(z1) 1—e " 148

Therefore, (14) is not satisfied and De‘}’ﬂ *(p,q) # 0.

A.6 PROOF OF PROPOSITION 4.3

Using (2), we first establish a connection between the pushforward distributions f*,p and f*,q.

Proposition A.1. Let f* be the optimal log-loss discriminator (2) between p and q. Then,

/4Pl ()
[f*4p)(8) + [f*4al(2)

Proof. For any point ¢ € supp(f*;p) U supp(f*,q), the values of the densities

=t,  Vtesupp(f*yp)Usupp(f*yq). (15)

_ * oli—e< £+ (z p(x) dx

Pl = g ezl e < @ <) |y Jeteecreeng PO AT
el0 2e €l0 2e

. P ({rlt—e< @) <tte)) o Jahoccrmaria (@) d2

[F75al(®) = lim 2% = lim 2% ‘

Note that forall x : ¢t —e < f*(x) <t + € we have

p()

e )+ @)

<t+e,

which implies
(t —e)(p(x) + q(x)) <p(x) < (t+)(p(x) + q(2)).

Since these inequalities hold for all z : ¢ — e < f*(x) < ¢ + ¢, the similar relationship holds for the
integrals:

(t—2) /{ e ) )

< p(z)der <
{z|t—e<f*(x)<t+e}

(t+e) /{ e ) T @) e
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The ratio [f*,p](t)/([f*4p](t) + [f*4q](t)) can be expressed as

[f*:p](2) — lim Jealt—e< pe (@) <tiey P(T) d2
[f*4pl(8) + [f*4q](t)  <lo f{xlt_6<f*(x)<t+€}(p(:r) +q(x))dx’

Using the inequality above we observe that

f{m\t76<f*(z)<t+s} p(z)dx
f{m\t—6<f*(z)<t+s}(p(x) + q(x)) dx
for all € > 0, and taking the limit € | 0 we obtain

[f*4p](t)
[f*4p](t) + [f*4q](t)

t—e< <t+e,

=t.

— ()

fp)(t)
el =t [f*:a)(t)

[P0+ al®) —

®

Density

[f*pl(tr2)
].fw:’l]“! 2)

Pushforward density
-~
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Figure A.1: Visual illustration of the statement of Proposition A.1. The top-left panel shows two
example PDFs p(x), g(x) on closed interval [—2,2]. The bottom-left panel shows the optimal
discriminator function f*(z) = p(z)/(p(z) + g(x)) as a function of x on [—2,2]. The top-right
panel shows the PDFs [f*,p](t), [f*;q](t) of the pushforward distributions f*;p, f*;q induced by
the discriminator mapping f*. f* maps [—2,2] to [0, 1] and [f*yp], [f*;q] are defined on [0, 1].

Consider point z; € [—2,2]. The value f*(x1) characterizes the ratio of densities p(x1)/(p(x1) +
q(z1)) at z1. For another point z5 mapped to the same value f*(z2) = f*(x1) = t1,2, the ratio
of densities p(x2)/(p(z2) + q(z2)) is the same as p(z1)/(p(x1) + g(x1)). All points z mapped to
t1,2 share the same ratio of the densities p(x)/(p(z) + g(z)). This fact implies that the ratio of the
pushforward densities [f*,p|(t12)/([f*yp](t1,2) + [f*4q](t1,2)) at t1 o must be the same as the ratio
of densities p(x1)/(p(z1) + q(21)) = t1,2 at x1 (or x2). The pushforward PDFs [f*,q](t), [f*4q](t)

satisfy property [f*yp](t)/([f*4p](t) + [f*4q](t)) = t for all ¢t € supp(f*yp) Usupp(f*4q)-

Comment. Intuitively this proposition states the following. If for some = € X’ we have f*(z) =t €
[0, 1], ¢ directly corresponds to the ratio of densities not only in the original space t = p(x)/(p(z) +
q()), but also in the 1D discriminator output space t = [f*yp|(t)/([f*;p](t) + [f*4ql(1)).

We also provide an intuitive example in Figure A.1.
Proof of Proposition 4.3, statement #1.

= If Dw(p, q) = O then p = g, then f*yp = f*,q. Thus, Dw (f*;p, f*4q) = 0.
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—: I Dw (f*yp, f*4q) = O, then f*yp = f*yq.

Consider probability of event {¢ | > £} under distribution f*,p.

Py ({t‘t > ;}) - /]1 {f*(:o > ﬂ (@) da,

where [[] is the indicator function (I[c] equal to 1 when the condition c is satisfied, and equal to 0
otherwise). For all x : p(z) > 0, we have that f*(z) = % and p(z) + ¢(z) > 0. Therefore,
the expression above can be re-written as

P, ({t ‘ t> ;}) = /11 [Wﬁ% > ﬂ p(a) dz = /H[p(x) — q(z) > Olp(z) da.

Similarly, the probability of event {¢ | ¢ > %} under distribution f*,q is

B q <{t ’t > ;}) . /H[p(az) ~ q(@) > Olg(x) da.

I*4p = [~ yq implies that
1 1
o ({ele>)) 2o ({3}

/ Iip(z) — q(z) > 0)(p(z) — q(a)) dz = 0.

Note, that the function I[p(xz) — ¢(z) > 0](p(z) — g(x)) is non-negative for any x. This means
that the integral can be zero only if the function is zero everywhere implying that for any x either
I[p(z) — q(x) > 0] = 0 or p(x) — ¢(z) = 0. In other words,

p(z) < qx), V.
Using the fact the both densities p(z) and ¢(x) must sum up to 1, we conclude that p = ¢ and

Proof of Proposition 4.3, statement #2.

Note that by (2) and (15), we have

or equivalently

fay= 2@ 1)
p

@@ T 0 SR iRt

=—: Suppose Dg[}’[b(p, q) = 0. Then supp(p) = supp(q) = S (by Proposition 4.2) and
supp(f*yp) = supp(f*4q) = T by (Theorem 2.1). Moreover, Dﬁ}’ﬂZ (p,q) = 0 implies

1 p(z)
<L <144, VreS.
1+ 82 ~ q(x) b
Since
@) i)
() = — VY € 8,
p(@)’
p@) +q(@) 14 2
the inequalities above are equivalent to
1 1+ B
< f*(z) < , Vo € S.
2+ﬂ2_f(x)_2+61 !
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Combined with Proposition A.1, the above implies that
1 < [f*¢p](t) < 1+ 5
2+ 8o = [frypl(t) + [frql(t) — 24617

VteT,

or equivalently
Ll
L4+ B2 = [f*4dl(t)
Therefore, Dé}’& (f*¢p, f*4q) = 0.

<1+ p, VteT.

<—: similarly, when Da}ﬁ? (f*np, f*ﬁq) =0,

supp(f*yp) = supp(f*yq) =T = supp(p) = supp(q) = S.
Moreover,

Ll
L+ B2 = [f*4al(?)

§1+617 Vt€T7

I
1 [f*4p](t) 1+ 51
275 PO+ a0 2+ 8 ST
I
1 o 1+h
2+62*f(x)§2+51’ Ve S,
I
1 <p—x)<1+61 Vr e S.
1+62 = qx) — '

Therefore, Da}’ﬁz (p,q) = 0.

B A COMMENT ON “SLICED” SSD DIVERGENCE

Recent works (Deshpande et al., 2018; 2019) have proposed to perform optimal transport (OT)-based
distribution alignment by reducing the OT problem (7) in the original, potentially high-dimensional
space, to that between 1D distributions. Specifically, Deshpande et al. (2018) consider the sliced
Wasserstein distance (Rabin et al., 2011):

Dswipa)= | Dw (f°4p, [*4q) b, (16)
where S"~1 = {# € R" | ||§]| = 1} is a unit sphere in R, and f? is a 1D linear projection
fO(x) = (6, z). It is known that Dgyy is a valid distribution divergence: for any p # ¢ there exists a
linear slicing function f? , € S*~! which identifies difference in the distributions, i.e. feﬁp #* fanq
(Cramér—Wold theorem). By reducing the original OT problem to that in a 1D space, Wu et al.
(2019a) and Deshpande et al. (2019) develop efficient practical methods for distribution alignment
based on fast algorithms for the 1D OT problem.

Unfortunately, the straight-forward extension of SSD divergence (1) to a 1D linearly sliced version
does not provide a valid support divergence.

Proposition B.1. There exist two distributions p and q in P, such that supp(p) # supp(q) but
supp(faﬁp) = supp(f‘gﬁq), Vio(z) = (0, x) with§ € S~ 1.

Proof. Consider a 2-dimensional Euclidean space R? and let supp(p) = {(z, y)|z? + 3> < 2} and
supp(q) = {(=,y)|1 < 22 + y? < 2}. Then, Vf%(z) = (9, x) with § € S*,

supp(f?4p) = supp(f’4q) = [-2,2].

This counterexample is shown in Figure B.1. O
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Figure B.1: Visualization of example distributions for Proposition B.1

C DISCUSSION OF “SOFT” AND “HARD” ASSIGNMENTS WITH 1D DISCRETE
DISTRIBUTIONS

In Section 4.2 we considered the “soft-assignment” relaxed OT problem (11) and claimed that for
integer 3, the set of minimizers of (11) must contain a “hard-assignment” transportation plan, meaning
vi; € {0,1},V4, j. Below we justify this claim.

Note that for 5 = 0 the OT problem (11) is the standard OT problem for Wasserstein-1 distance (10),
since the inequality constraints Z:’;l vi; < 1, Vj can only be satisfied as equalities. For this problem,
it is known (e.g. see Peyré et al. (2019) Proposition 2.1) that the set of optimal “soft-assignment”
contains a “hard-assignment” represented by a normalized permutation matrix. This fact can be
proven using the Birkhoff—-von Neumann theorem. The Birkhoff-von Neumann theorem states that
the set of doubly stochastic matrices

P e RXn . Pij >0,Vi,7, ZP” =1,Yi, ZP” =1,Vj
=1 i=1

is exactly the set of all finite convex combinations of permutation matrices. In the context of the
linear program (11) with S = 0, the Birkhoff-von Neumann theorem means that all extreme points
of the polyhedron I'5(o”, 09) are hard-assignment matrices. Therefore, by the fundamental theorem
of linear programming (Bertsimas & Tsitsiklis, 1997), the minimum of the objective is reached at a
“hard-assignment” matrix.

We argue that a similar result holds for the case of integer 5 > 0. In this case, the matrices in
T's(0”, 07) can not be associated with the doubly stochastic matrices, since constraints on of the
marginals of v are relaxed to inequality constraints. Because of that, the Birkhoff—~von Neumann the-
orem can not be applied. However, Budish et al. (2009) provide a generalization of the Birkhoff—von
Neumann theorem (Theorem 1 in (Budish et al., 2009)) which applies to the cases where the equality
constraints are replaced with integer-valued inequality constraints (recall that we consider integer [3).
Using this generalized result, our claim can be proven by performing the following steps.

Clearly, the polyhedron I'g(oP, 0?) contains all “hard-assignment” matrices and all their finite convex
combinations. The result proven in (Budish et al., 2009) implies that each element of I'5 (0", 09) can
be represented as a finite convex combination of “hard-assignment” matrices. Thus, the polyhedron
T's(0P,07) is exactly the set of all finite convex combinations of “hard-assignment” matrices and
all extreme points of the polyhedron are “hard-assignment” matrices. Finally, by analogy with the
case of 8 = 0, we invoke the fundamental theorem of the linear programming and conclude that the
minimum of the objective (11) is reached at v corresponding to a “hard-assignment” matrix.
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D EXPERIMENT DETAILS

D.1 USPS 1O MNIST EXPERIMENT SPECIFICATIONS

We use USPS (Hull, 1994) and MNIST (LeCun et al., 1998) datasets for this adaptation problem.

Following Tachet des Combes et al. (2020) we use LeNet-like (LeCun et al., 1998) architecture for
the feature extractor with the 500-dimensional feature representation. The classifier consists of a
single linear layer. The discriminator is implemented by a 3-layer MLP with 512 hidden units and
leaky-ReLU activation.

We train all methods for 65 000 steps with batch size 64. We train the feature extractor, the classifier,
and the discriminator with SGD (learning rate 0.02, momentum 0.9, weight decay 5 - 10~%). We
perform a single discriminator update per 1 update of the feature extractor and the classifier. After the
first 30 000 steps we linearly anneal the feature extractor’s and classifier’s learning rates for 30 000
steps to the final value 2 - 1075,

The feature extractor’s loss is given by a weighted combination of the cross-entropy classification
loss on the labeled source example and a domain alignment loss computed from the discriminator’s
signal (recall that different method use different forms of the alignment loss). The weight for the
classification term is constant and set to A.; = 1. We introduce schedule for the alignment weight
Aalign- For all alignment methods we linearly increase Agjign from 0 to 1.0 during the first 10000 steps.

For ASA we use history buffers of size 1000.

D.2 STL 10 CIFAR EXPERIMENT SPECIFICATIONS

We use STL (Coates et al., 2011) and CIFAR-10 (Krizhevsky, 2009) for this adaptation task. STL
and CIFAR-10 are both 10-class classification problems. There are 9 common classes between the
two datasets. Following Shu et al. (2018) we create a 9-class classification problem by selecting the
subsets of examples of the 9 common classes.

For the feature extractor, we adapt the deep CNN architecture of Shu et al. (2018). The feature
representation is a 192-dimensional vector. The classifier consists of a single linear layer. The
discriminator is implemented by a 3-layer MLP with 512 hidden units and leaky-ReLU activation.

We train all methods for 40 000 steps with batch size 64. We train the feature extractor, the classifier,
and the discriminator with ADAM (Kingma & Ba, 2014) (learning rate 0.001, 5; = 0.5, 82 = 0.999,
no weight decay). We perform a single discriminator update per 1 update of the feature extractor and
the classifier.

The weight for the classification loss term is constant and set to A¢s = 1. For all alignment methods
we use constant alignment weight Agjign = 0.1.

For ASA we use history buffers of size 1000.

Conditional entropy loss. Following (Shu et al., 2018) we use auxiliary conditional entropy loss on
target examples for domain adaptation methods. For a classifier C® : Z — ) and a feature extractor

F? . X — Z where classifier outputs the distribution over class labels {1, ..., K}
K
C?(z) e RE . [C¢(z)]k >0, Z [Cd’(z)]k =1,
k=1

the conditional entropy loss on target examples {xf}fiql is given by

Ny K
Lent = Aent - % > ( =Y [C?(F(2))], Jog [CO(F (21))] k) : (17)
i=1 k=1

Aent 18 the weight of the conditional entropy loss in the total training objective. This loss acts as an
additional regularization of the embeddings of the unlabeled target examples: minimization of the
conditional entropy pushes target embeddings away from the classifier’s decision boundary.

For all domain adapation methods we use the conditional entropy loss (17) on target examples with
the weight Aep = 0.1.
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D.3 EXTENDED EXPERIMENTAL RESULTS ON STL 1O CIFAR

Effect of conditional entropy loss. In order to quantify the improvements of the support alignment
objective and the conditional entropy objective in separation, we conduct an ablation study. In
addition to the results reported in Section 5, we evaluate all domain adaptation methods (except
VADA which uses the conditional entropy in the original implementation) on STL—CIFAR task
without the conditional entropy loss (Aent = 0). The results of the ablation study are presented in
Table D.1. We observe that the effect of the auxiliary conditional entropy is essentially the same for
all methods across all imbalance levels: with A.,; = 0.1 the accuracy either improves (especially
the average class accuracy) or roughly stays on the same level. The relative ranking of distribution
alignment, relaxed distribution alignment, and support alignment methods is the same with both
Aent = 0 and Aepe = 0.1. The results demonstrate that the benefits of support alignment approach and
conditional entropy are orthogonal.

Table D.1: Results of ablation experiments of the effect of auxiliary conditional entropy loss on
STL—CIFAR data. Same setup and reporting metrics as Table 1.

a=0.0 a=1.0 a=1.5 a=2.0

Algorithm A\,  average min average min average min average min

DANN 00 7462351 51550 684802 43247 65760 355352 625646 27.5203
DANN 0.1 753034 546260 60.9700 448451 649071 349308 33648 970285
IWDAN 0.0 704707 472489 68.6%88% 436453 66.7570 447452 639851 36.5373
IWDAN 0.1 69.97207 505395 68.78% 458393 67.1873 447438 644842 36.8372
IWCDAN 0.0 70.1788 50.553% 68.6334 44248 66.08%3 450478 63881 373377
IWCDAN 0.1 701202 47.8%9% 604891 471313 661602 309405 645071 370103
sDANN-4 0.0 694700 465407 606897 491492 630858 4824585 663504 407129
sDANN-4 0.1 71.87%1 521828 711707 499351% 694729 486439 66.4555 39.037%
ASA-sq 0.0 69.9703 48.03%% 688882 473423 681387 454475 65.785¢ 43649
ASA-sq 0.1 71772 5291 707700 516327 692893 456330 681882 44.7332
ASA-abs 0.0 69.8705 457480 684858 443458 679881 466151 663859 41.64%3
ASA-abs 0.1 T7L6IIT 49.0%7 709710 492300 69699 432497 67.8982 40.9 490

Comparison with optimal transport based baselines.

We provide additional experimental results comparing our method with OT-based methods for domain
adaptation. We implement two OT-based methods which we describe below.

* The first method is a variant of the max-sliced Wasserstein distance (which was proposed for
GAN training by Deshpande et al. (2019)) for domain adaptation. In the table below we refer
to this method as DANN-OT. In our implementation DANN-OT minimizes the Wasserstein
distance between the pushforward distributions g;p, g; ¢ induced by the optimal log-loss
discriminator g* (4). As discussed in Section 4.2 (paragraph “Distribution alignment’)
the computation of the Wasserstein distance between 1D distributions can be implemented
efficiently via sorting.

* The second method is an OT-based variant of DANN which uses a dual Wasserstein dis-
criminator instead of the log-loss discriminator. In the table below we refer to this method
as DANN-WGP. This method minimizes the Wasserstein distance in its dual Kantorovich
form. We train the discriminator with the Wasserstein dual objective and a gradient penalty
proposed to enforce Lipshitz-norm constraint (Gulrajani et al., 2017).

We present the evaluation results of the OT-based methods on STL—CIFAR domain adaptation task
in the Table D.2. Note that the OT-based methods aim to enforce distribution alignment constraints.
We observe that the OT-based methods follow the same trend as DANN: they deliver improved
accuracy compared to No DA in the balanced setting, but suffer in the imbalanced settings (o > 0)
due to their distribution alignment nature.

We would also like to make a comment on OT-based relaxed distribution alignment. Wu et al.
(2019b) propose method WDANN-/3 which minimizes the dual form of the asymmetrically-relaxed
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Table D.2: Results of comparison with optimal transport based methods on STL—CIFAR data. Same
setup and reporting metrics as Table 1.

a=20.0 a=1.0 a=15 a=20

Algorithm average min average min average min average min

No DA 699799 498326 68833 472482 66.8572 46.041% 658837 437448
DANN 75.3754  54.6F 2 g 69.970-1 44841 64.9 gg;; 34.9338  63.3875 27.05% 3
DANN-OT  76.0 gg;g 55.2 523 67.7 g?;? 43.0 Egg 64.5 goé 34.4 gg;g 613510 24.3333
DANN-WGP 748731 53524 677809 386410 63381 270324 59.0818 2193222
sDANN-4 71.872-L 521828 71177 499318 694729 486430 66.4855 39.047%
ASA-sq 71719 529534 707710 516327 69.2893 456520 681882 44.7433
ASA-abs 71617 49.053% 709709 492399 69.6897 43.2437 67.882 40.9429

Wasserstein distance. However, they observe that SDANN-/3 outperforms WDANN-/ in experiments.
Hence, we use SDANN-/ as a relaxed distribution alignment baseline in our experiments.

Effect of alignment weight. We provide additional experimental results comparing ASA with
DANN and VADA across different values of the alignment loss weight Ayjign on STL—CIFAR task.
The results are shown in Table D.3. DANN with a higher alignment weight \;g = 1.0 performs
better in the balanced (o = 0) setting and worse in the imbalanced (o« > 0) setting compared to
a lower weight Ajign = 0.1, as the distribution alignment constraint is enforced stricter. VADA
optimizes a combination of distribution alignment + VAT (virtual adversarial training) objectives
(Shu et al., 2018), and we observe the same trend: with lower alignment weight Agjign = 0.01, VADA
performs worse in the balanced setting and better in the imbalanced setting compared to a higher
weight Agjign = 0.1. Weight Agign = 0.1 is a middle ground between having poor performance in the
imbalanced setting (Aqign = 1.0) and not sufficiently enforcing distribution alignment (Agjign = 0.01).

The role of VAT (similarly to that of conditional entropy loss) is orthogonal to alignment objectives.
Thus, we provide additional evaluations of combining support alignment and VAT (the “ASA-sq
+ VAT” entry in Table D.3) with alignment weight Agign = 1.0. The good performance of such
combination shows that:

* One could improve our current support alignment performance by using auxiliary objectives.

* Support alignment based method performs qualitatively different from distribution alignment
based method, since the performance holds with stricter support alignment while distri-
bution alignment needs to loosen the constraints considerably to reduce the performance
degradation in the imbalanced setting.

Table D.3: Results of comparison of ASA with DANN and VADA across different values of the
alignment loss weight Ayign on STL—CIFAR data. Same setup and reporting metrics as Table 1.

a=0.0 a=1.0 a=15 a=2.0

Algorithm Aalign ~ average min average min average min average min

DANN 001 723727 495328 706732 489512 68587 46.1323 659859 367353
DANN 0.1 753734 546 i?; g 69.9 701 448 33 1649871 349388 63388 27.0%3
DANN 1.0 77272 585304 663558 37.94¢ 628833 275330 587337 185203
VADA 001 74.47%% 5423% 717717 516520 69587 47535 6598%1 372324
VADA 0.1 767787 56923 706739 477388 66.188% 357333 63287 25529
ASA-sq 0.1  7L7THZ 52937 707750 516531 69.2893 45.633% 68.1973 44.7 353
ASA-sq+ VAT 1.0 742748 522223 722732 53550C 70.670% 48.932¢ 674507 43.0359
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D.4 VISDA-17 EXPERIMENT SPECIFICATIONS

We use train and validation sets of the VisDA-17 challenge (Peng et al., 2017).

For the feature extractor we use ResNet-50 He et al. (2016) architecture with modified output size of
the final linear layer. The feature representation is 256-dimensional vector. We use the weights from
pre-trained ResNet-50 model (t orchvision model hub) for all layers except the final linear layer.
The classifier consists of a single linear layer. The discriminator is implemented by a 3-layer MLP
with 1024 hidden units and leaky-ReL.U activation.

We train all methods for 50 000 steps with batch size 36. We train the feature extractor, the classifier,
and the discriminator with SGD. For the feature extractor we use learning rate 0.001, momentum 0.9,
weight decay 0.001. For the classifier we use learning rate 0.01, momentum 0.9, weight decay 0.001.
For the discriminator we use learning rate 0.005, momentum 0.9, weight decay 0.001. We perform a
single discriminator update per 1 update of the feature extractor and the classifier. We linearly anneal
the feature extractor’s and classifier’s learning rate throughout the training (50 000) steps. By the end
of the training the learning rates of the feature extractor and the classifier are decreased by a factor of
0.05.

The weight for the classification term is constant and set to A¢s = 1. We introduce schedule for the
alignment weight Ayjien. For all alignment methods we linearly increase Ayjign from 0 to 0.1 during
the first 10000 steps. For all methods we use auxiliary conditional entropy loss on target examples
with the weight Aep = 0.1.

For ASA we use history buffers of size 1000.

D.5 HISTORY SIZE EFFECT AND EVALUATION OF SUPPORT DISTANCE

History size effect. To quantify the effects of mini-batch training mentioned in Section 3, we explore
different sizes of history buffers on USPS—MNIST task with the label distribution shift o = 1.5.
The results are presented in Figure D.1 and Table D.4. Figure D.2 shows the distributions of outputs
of the learned discriminator at the end of the training. While without any alignment objectives
neither the densities nor the supports of g“/’up(’z and gd’uq% are aligned, both alignment methods
approximately satisfy their respective alignment constraints. Compared with DANN results, ASA
with small history size performs similarly to distribution alignment, while all history sizes are enough
for support alignment. We also observe the correlation between distribution distance and target
accuracy: under label distribution shifts, the better distribution alignment is achieved, the more target
accuracy suffers. Note that with too big history buffers (e.g. n = 5000), we observe a sudden drop
in performance and increases in distances. We hypothesize that this could be caused by the fact
that the history buffer stores discriminator output values from the past steps while the discriminator
parameters constantly evolve during training. As a result, for a large history buffer, the older items
might no longer accurately represent the current pushforward distribution as they become outdated.

—e— ASA — = DANN  -eeeee No DA

-1
102
02| et
0 100 500 1000 2000 5000 0 100 500 1000 2000 5000 0 100 500 1000 2000 5000
ASA history size ASA history size ASA history size

Distribution distance
= =
Support distance
=

Minimum class accuracy (%)

Figure D.1: Evaluation of history size effect for ASA on MNIST—USPS with the label distribu-
tion shift (&« = 1.5). The panels show (left to right): minimum class accuracy on target test set;
Wasserstein distance DW(gd’ﬁ pQZ, gwﬁq%) between the pushforward distributions of source and target
representations induced by the discriminator; SSD divergence Da (gwﬁ pHZ, gwﬁq%) between the push-
forward distributions. In each panel the dashed lines show the respective quantities for “No DA” and
DANN methods.
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Direct evaluation of support distance. In order to directly evaluate the ability of ASA (with history
buffers) to enforce support alignment, we consider the setting of the illustrative experiment described
in Section 5 (3-class USPS—MNIST adaptation with 2D feature extractor, a = 1.5). We compare
methods No DA, DANN, and ASA-abs (with different history buffer sizes). For each method we
consider the embedding space of the learned feature extractor at the end of training and compute
Wasserstein distance Dy (p%, ¢%) and SSD divergence Da (p%, ¢%) between the embeddings of
source and target domain (note that we compute the distances in the original embedding space directly
without projecting data to 1D with the discriminator). To ensure meaningful comparison of the
distances between different embedding spaces, we apply a global affine transformation for each
embedding space: we center the embeddings so that their average is 0 and re-scale them so that their
average norm is 1. The results of this evaluation are shown in Table D.5. We observe that, compared
to no alignment and distribution alignment (DANN) methods, ASA aligns the supports without
necessarily aligning the distributions (in this imbalanced setting, distribution alignment implies low
adaptation accuracy).

Table D.4: Analysis of effect history size parameter for ASA on USPS—MNIST with class label
distribution shift corresponding to o = 1.5. We report distribution and support distances between the
pushforward distributions g% ;p% and g% ,q%. as well as the value of discriminator’s log-loss.

Target accuracy (%) Distribution distances

Method  History size average min DW(g‘l’up%, gwquz) DA(gwjpgz, gwuq%) Log-loss
NoDA  — TL287H5 27463130 307.56 32248 40.35 5595 00.05 56:07
DANN  — 69.96 {325 01.1198:53 00.11 3314 00.00 33-38 00.65 39-82
ASA-abs 0 62750433 10362583 01070440 00.010900  00.57 0038
ASA-abs 100 80.58 8173 35.09 4337 02.64 379 00.00 3959 00.53 3923
ASA-abs 500 92.02 3276 76.96 83-72 06.21 J5-28 00.00 J9-93 00.45 99-42
ASA-abs 1000 92.54 9253 82.41 8743 08.06 832 00.01 39:52 00.41 943
ASA-abs 5000 86.03 8730 62.19 71-52 29.23 33-82 00.05 J9-98 00.29 99-39
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Figure D.2: Kernel density estimates (in the discriminator output space) of gd’ﬁ pGZ, gwﬂq% at the end
of the training on USPS—MNIST task with o« = 1.5. n is the size of ASA history buffers.
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Table D.5: Results of No DA, DANN, and ASA-abs (with different history sizes) on 3-class
USPS—MNIST adaptation with 2D feature extractor and label distribution shift corresponding
to o = 1.5. We report average and minimum target class accuracy, as well as Wasserstein distance
Dy and support divergence D between source p% and target g% 2D embedding distributions. We
report median (the main number), and 25 (subscript) and 75 (superscript) percentiles across 5 runs.

Algorithm ~ History size ~ Accuracy (avg) Accuracy (min) Dy (p%,4%) Da(®%,q%)

No DA — 63.0 895 45.3 33§ 0.78 5982 0.10 318
DANN — 75.6 337 54.8 356 0.07 8:08 0.02 §:65
ASA-abs 0 739851 61.8 724 0.23 947 0.03 9:03
ASA-abs 100 88.5 921 71.4 933 0.54 -3¢ 0.03 593
ASA-abs 500 94.5 347 89.0 393 0.59 §:82 0.03 893
ASA-abs 1000 91.1 939 85.6 502 0.59 §:82 0.03 §:03
ASA-abs 2000 94.0 947 88.6 503 0.62 9:8 0.03 9:93
ASA-abs 5000 82.1 832 68.9 £2-2 0.64 8% 0.04 §-04
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