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Abstract

The recently proposed optimizer Muon updates weight matrices via orthogonalized momentum
and has demonstrated strong empirical success in large language model training. However, it re-
mains unclear how to determine the learning rates for such orthogonalized updates. AdaGrad, by
contrast, is a widely used adaptive method that scales stochastic gradients by accumulated past
gradients. We propose a new algorithm, AdaGO, which combines a norm-based AdaGrad-type
stepsize with an orthogonalized update direction, bringing together the benefits of both approaches.
Unlike other adaptive variants of Muon, AdaGO preserves the orthogonality of the update direc-
tion, which can be interpreted as a spectral descent direction, while adapting the stepsizes to the
optimization landscape by scaling the direction with accumulated past gradient norms. The imple-
mentation of AdaGO requires only minimal modification to Muon, with a single additional scalar
variable, the accumulated squared gradient norms, to be computed, making it computationally and
memory efficient. Optimal theoretical convergence rates are established for nonconvex functions
in both stochastic and deterministic settings under standard smoothness and unbiased bounded-
variance noise assumptions. Empirical results on CIFAR-10 classification and function regression
demonstrate that AdaGO outperforms Muon and Adam.

1. Introduction

The trainable parameters of neural networks, including those in large language models (LLMs), are
often arranged as matrices. While widely used optimization algorithms such as stochastic gradi-
ent descent (SGD), Adam [15], and their variants treat these parameters as flattened vectors, the
recently proposed Muon optimizer [13] explicitly leverages their matrix structure. By updating
weight matrices with orthogonalized momentum, Muon has demonstrated superior empirical per-
formance [21, 25]. Nevertheless, a fundamental question remains unresolved: what constitutes an
effective learning rate for Muon? More broadly, how should one determine effective learning rates
for optimizers that employ orthogonal updates?
Given a matrix M € R"*"™, its orthogonalization is defined as

Orth (M) := argmin {|O — M| : 00T = I,, or 07O = I,,},
O

eRan

where ||-|| > denotes the Frobenius norm. Equivalently, if M = UX V7 is the reduced singular value
decomposition (SVD) of M, then Orth (M) = UV [4, Proposition 4]. Orthogonalized gradi-
ent descent (OGD) can be interpreted as the steepest descent under the spectral norm [5, 10]. The
key distinction of Muon from other SGD-based methods is the orthogonalization of the momen-
tum. Since computing the exact orthogonalization is expensive, Muon employs Newton—Schulz
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iterations to obtain an efficient approximation in practice [3], whereas theoretical analyses typically
assume exact orthogonalization at each iteration [7, 17, 19, 23, 24, 26]. Existing convergence re-
sults of Muon generally assume a small constant learning rate; in practice, however, considerable
effort is devoted to tuning the learning rate or designing an appropriate learning-rate schedule, as
is standard for SGD-based algorithms. However, Muon fundamentally differs from these methods:
its orthogonalized updates alter the optimization dynamics in a significant way [3]. This raises a
natural question: do the established methods for learning rate selection still apply, or does Muon re-
quire a fundamentally different approach? Empirically, when the gradient norm is large at the start
of training, employing a large learning rate in Muon produces a rapid initial decrease in training
loss but soon leads to plateauing and oscillations as the gradient norm becomes smaller. In contrast,
a smaller constant learning rate results in slower convergence yet ultimately achieves a lower final
loss. These observations suggest that an adaptively tuned learning rate schedule, informed by the
gradients, has the potential to further improve the efficiency of orthogonal updates in the Muon
optimizer.

One widely known adaptive SGD method, AdaGrad, adjusts learning rates based on the cumu-
lative history of squared gradients. Originally proposed in [9], the full-matrix variant of AdaGrad
scales the update direction using the full outer product of past gradients, whereas the more practical
diagonal AdaGrad retains only the diagonal entries of this matrix. A more recent variant, AdaGrad-
Norm [30], scales the learning rate by the square root of the accumulated gradient norms. Whereas
full-matrix and diagonal AdaGrad adaptively rescale the learning rate for each parameter and thus
alter the update direction, AdaGrad-Norm adjusts the stepsize through a single scalar factor while
preserving the original stochastic gradient direction. These AdaGrad stepsizes have been exten-
sively studied in the context of standard stochastic gradients [9, 11, 16, 20, 28, 30, 31]. However,
their behavior under modified update directions, such as those obtained through orthogonalization,
remains largely unexplored. In this work, we bridge this gap by introducing adaptive stepsizes
for the orthogonalized directions. Motivated by the strong empirical performance of orthogonal-
ized momentum in the Muon optimizer, we introduce a learning rate schedule that adapts to past
gradients while preserving orthogonality in the updates. Specifically, we present a new algorithm,
AdaGO, which combines a norm-based AdaGrad stepsize with orthogonalized update directions,
and establish theoretical convergence guarantees for nonconvex functions.

1.1. Related work

The convergence of Muon has been analyzed in [17, 19, 23, 26], which show that Muon converges
to a stationary point at a rate of O(T~'/*) when using a constant stepsize of magnitude O(T~3/4),
where T" denotes total number of iterations. The analysis in [24] covers four practical Muon variants,
with and without Nesterov momentum and with and without weight decay, and derives the critical
batch size. The analysis in [7] interprets Muon as solving a spectral norm constrained problem
within the Lion-K framework and establishes convergence to KKT points at a rate that depends on
the batch size.

Several adaptive variants of Muon have been proposed. AdaMuon [27] combines Muon with
element-wise adaptivity, showing empirical improvements without theoretical convergence guaran-
tees. COSMOS [22] combines SOAP [29] and Muon for memory-efficient LLM training, reporting
practical benefits in stability and memory usage, but also lacks convergence guarantees. Shampoo
[12] precedes Muon and is equivalent to it when momentum and accumulation are omitted. ASGO
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[1] introduces an adaptive one-sided preconditioner, equivalent to Muon when momentum and accu-
mulation are omitted. PolarGrad [18] unifies matrix-aware preconditioned optimizers and proposes
polar-decomposition updates that subsume Muon. For Shampoo, ASGO, and PolarGrad, theoretical
convergence has been established in convex settings.

1.2. Contributions and organization

We propose a new algorithm, AdaGO, which combines a norm-based AdaGrad-type stepsize with
an orthogonalized update direction, bringing together the benefits of Muon and AdaGrad. Unlike
other adaptive variants of Muon, AdaGO preserves the orthogonality of the update direction, while
adapts the stepsizes to the optimization landscape. The implementation of AdaGO requires mini-
mal modification to Muon, with a single additional scalar variable, the accumulated squared gradient
norms, to be computed, making it computationally and memory efficient. Optimal theoretical con-
vergence rates are established for nonconvex functions in both stochastic and deterministic settings
under standard assumptions. Empirical results on CIFAR-10 classification and function regression
demostate that AdaGO outperforms Muon and Adam. The rest of paper is organized as follows.
We introduce the new algorithm in Section 2, and present the theoretical analysis in Section 3, with
proofs deferred to Appendices B—C. Experimental results are reported in Section 4, and Section 5
concludes with a discussion of future directions.

2. AdaGO: A New Algorithm

In this section, we present the new algorithm, AdaGO, combining stepsizes adaptively tuned by past
gradients with orthogonalized updates. The details of AdaGO are summarized in Algorithm 1.
At each iteration, AdaGO updates the training parameters by

min{ || G| m}}’

0, = 0;_1 — o4Oy, with o3 := max {6,?7
Ut

where O is the orthogonalized momentum and « is an adaptive stepsize. Recall that AdaGrad-
Norm accumulates the squared norms of past gradients and scales the stochastic gradient by the
reciprocal of the square root of this accumulation, with its convergence rate established under the
relatively restrictive assumption that the gradient norms are uniformly bounded [30]. For AdaGO,
we remove this assumption and instead accumulate the squared norms clamped by a large constant
v > 0 to obtain v? = Zizo min{HGTH2 ,v%}. Empirically, AdaGO performs robustly across a
wide range of « values. To prevent numerical instability from division by small denominators
in the stepsize computation, we initialize the accumulator v; with vy > 0. Theoretically, Section 3
shows that « and v appear only in logarithmic terms in the convergence error bounds, and thus have
limited impact on performance. Moreover, since the orthogonalized momentum has unit magnitude,
we scale O; by the clamped current gradient norm, i.e., min{||G¢|| ,v}. This ensures that the per-
iteration update decays to zero as AdaGO converges to a stationary point—a property known as null
gradient consistency, which is generally desirable for optimization algorithms [18]. In addition, we
impose a lower bound € > 0 on the stepsizes, thereby ensuring that AdaGO converges at least as
fast as Muon with a small constant stepsize. As shown in the analysis in Section 3, the choice of ¢
depends on the optimization stopping time 7'. The theoretical results in the following section hold
for any choice of matrix norm for the gradients. In practice, however, we use the Frobenius norm of
G in Lines 6 and 8 of Algorithm 1 for computational efficiency.
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Algorithm 1: AdaGO

Require Learning rate n > 0, momentum p € [0, 1), batch size {b;}, v > 0, € > 0;
Initialize My = 0, vy > 0;
fort=1,2,...,T do
Sample a minibatch of size b; and compute stochastic gradient Gy = VL;(0;_1);
Mt — ,th_l + (1 — M)Gt;
vf 4= vy + min{[|G)* 7
O < Orth (Mt);
Update parameters O; < ©;_; — max{e, n%ﬁw} Oy;
end
Return O7;

3. Convergence Analysis

For the convergence analysis of AdaGO, we impose the standard assumptions that the loss function
L(0) is L-smooth and that the stochastic gradient is an unbiased estimator of the true gradient with
bounded variance. With the trainable parameters organized as a matrix © € R"*" | the gradient
VL(©) is a matrix of the same dimensions.

Assumption 3.1 The gradient of L(©) is Lipschitz continuous, i.e., for arbitrary ©,0" € R™*™,
IVE(©) - vL(e)]|, < L]je - e, (1)

for some constant L > 0, where |||, and ||-||, denote the nuclear norm and the spectral norm

respectively.

Assumption 3.2 At each iteration t, the stochastic gradient Gy is an unbiased estimate of the true

gradient, i.e., E[Gt] = VL(O:_1), with a uniformly bounded variance

K2

Fta

where by > 1 is the batch size and ||-||  denotes the Frobenius norm.

E [ - Ve, )2 <

Note that Assumption 3.1 is equivalent to a more commonly used assumption:
IVE®©) = VL@ < [0 - & @

for a different Lipschitz constant L' > 0. Since OGD is interpreted as the steepest descent under
the spectral norm, we assume (1) for the analysis of AdaGO. A detailed discussion on the two
equivalent assumptions are presented in [26].

The convergence of AdaGO is established in the following theorem, with the proof provided in
Appendix B.

Theorem 3.3 Suppose Assumptions 3.1-3.2 holds. Let {©.;} C R™*" be the sequence of iterates
generated by Algorithm 1 and write A := L£(0y) — ming L£(0) and r := min{m, n}. If we set

by = 1,e:T_% 1—u :T_% andn:Tf(gﬂ) for arbitrary q > 0, then, for large T,
T
A+ryr+L L
Z [IVL(©-1)]l,] < < { + f( (2T>+1>>.
— T4 T4 +q UO
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By [2, Theorem 3], the O(T~1/4) rate established above is the best possible convergence rate for
stochastic first-order methods under Assumptions 3.1-3.2.

We also establish the convergence of AdaGO in the deterministic setting without momentum in
the following theorem, with the proof given in Appendix C.

Theorem 3.4 Suppose Assumptions 3.1-3.2 holds. Let {O} be the sequence of iterates generated
by Algorithm 1 using full batch with . = 0. Write A := L(0g) —ming L(©) and r := min{m,n}.
Ife = T2 and n = T"1 for arbitrary q > 0, then, for large T,

S A+L
7 2 EIVE©)]] < o( — )

As shown in [6, Theorem 2], the O(1/+/T) rate established above is the best possible convergence
rate for deterministic first-order methods under Assumption 3.1.

4. Experiments

Baselines. 'We compare our proposed optimizer, AdaGO, against two strong baselines: Adam [15]
and Muon [14]. Since Muon and AdaGO are designed specifically for matrix parameters, we use
Adam to optimize all scalar and vector parameters in the models. For brevity, we refer to these
hybrid methods simply as Muon and AdaGO.

In our experiments, we use standard hyperparameter settings for the baselines. For Adam, we
set the momentum coefficients to §; = 0.9 and 5o = 0.95. For Muon and AdaGO, the momentum
coefficient is set to 5 = 0.95. We perform a grid search to find the optimal learning rate n for each
optimizer on each task. For AdaGO, we also tune the € hyperparameter. Weight decay is not used.

Datasets and Models. We evaluate the optimizers on two tasks: function regression and image
classification on CIFAR-10.

For the function regression task, we generate a dataset by sampling 10,000 points from a Gaus-
sian random field with 50-dimensional input and 50-dimensional output (10% are used as testing
data). We use a two-layer MLP with GeLU activation and a hidden dimension of 100 to fit the data.
The model is trained for 1000 steps using the mean squared error loss.

For CIFAR-10 classification, we use a convolutional neural network consisting of 3 convolu-
tional layers and 2 fully connected layers. We train the model for 100 epochs using a batch size of
128 and the standard cross-entropy loss. We report both the training loss and the test accuracy.

Results. The optimal hyperparameters obtained from sweeping are as follows: for regression
tasks, Adam uses a stepsize of 0.01, Muon uses a stepsize of n = 5e—3, while AdaGO uses n = 0.5
with e = 0.005; for classification tasks, Adam uses 7 = 3e—4, Muon uses n = 2e—3, and AdaGO
uses 1 = He—2 with e = be—4. Although AdaGO introduces an additional hyperparameter e,
both theoretical analysis and empirical observations indicate that its choice is guided by the value
of 7; specifically, an effective ¢ satisfies ¢ < 72. The regression results (training and test loss)
are shown in Figure 1(a)—(b), and the CIFAR-10 results (training loss and test accuracy) appear in
Figure 1(c)—(d). These results show that AdaGO consistently outperforms Adam and Muon in both
tasks, experimentally demonstrating its superior performance.
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Figure 1: Performance of the optimizers on (a—b) the regression task and (c—d) the CIFAR-10
classification task.

5. Conclusions and Future Work

In this work, we propose AdaGO, a new optimizer that combines a norm-based AdaGrad-type
stepsize with an orthogonalized update direction, bringing together the benefits of both Muon and
AdaGrad. Unlike other adaptive variants of Muon, AdaGO preserves the orthogonality of the update
directions while adapting stepsizes to the optimization landscape. Its implementation requires only
minimal modification to Muon, with a single additional scalar variable, the accumulated squared
gradient norms, to be computed, making it both computationally and memory efficient. We establish
optimal convergence rates for nonconvex functions in both stochastic and deterministic settings un-
der standard assumptions. Experimental results on CIFAR-10 classification and function regression
tasks demonstrate the consistent improved performance of AdaGO over Muon and Adam. Future
work includes testing AdaGO on LLM training, analyzing the algorithm under weaker assumptions,
and developing new adaptive strategies for orthogonalized updates.
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Appendix A. Useful Lemmas
Lemma A.1 The Lipschitz continuity of VL in Assumption 3.1 implies

£(0) gﬁ(@)+<w(@),@’—@>+§H@’—@H;. 3)

Proof For s € [0, 1], define h(s) := L(© + s(©’ — ©)). Then

£(©) — £(6) = /01 W (s)ds
- /01 (VL(O + 5(6' — ©)),0' — 0)ds
= (VL(©),0' — 0) + /01 (VL(O + 5(6' — ©)) — VL(©), 6 — 0)ds
< (VL(0),0/ —O) + /1 VL@ + (e’ — ©)) - ve(@)|, ||’ — o), ds

< (VL(©),0' —0) + = H@’ o|3.

Lemma A.2 For arbitrary nonnegative values, {at}zzl , with ay > 0, it holds that

T Tat
Z s <ln(;a1>+1. )

Proof A similar result is shown in [30, Lemma 3.2]. For completeness, we include the proof here.
Write S; := Zt a-. We first show that

=1

% <1In(Sy) — In(Si_1)

t

for all ¢ > 2. Indeed, by the Mean Value Theorem, there exists & € [S;—1, S| such that

St — St-1 Oy ag

In(S;) — In(S;—1) = 3 525,

Hence,

T
g +3 " (In(Sy) — In(Si—1)) = 1+ In(Sy) — ln(Sl)—1+ln<ST),

a
t=2 1

which is exactly (4). |

= \

10
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Appendix B. Proof of Theorem 3.3

Proof Write )
_ min{[|Gy[[, 7}
Q= —— .
Ut
Let E;[-] := E[-|©:_1] denote the conditional expectation given the previous iterates O, - - - , O;_;.
By Lemma A.1,

Et [£(Ot) — L(©1-1)]

<E;[— (VL(O:-1), max {e,nas } Oy)] + gEt [max {e, nat}Q]

Le? 2L
=E; [ (VL(O;—1) — My, max {e,na;} O)] — E; [max {e, nou } || My, ] + 76 + %Et [af]
Le? 7L 9
<E; [max {€, nai} [ VL(Or-1) = Mill] — By [max {e, nack [[Me].] + == + - Ei [of]

Le  n’L 9
<Ey [2max {e, 700} [ VE(©,-1) — Mill.] — Bi [max {e, nag} [VE©-1)|l) + - + L2 E, [of
Then by the law of total expectation,

T
> Efmax {e,nag} [|VL(Or-1)|,]
t=1
T T
LT n’L
<L(Og) — L +2) Elmax{e,na} | VL(O 1) — Ml,] + 5+ > E[of]

t=1

2
T T T
Le*T  n*L 9
<L(O0) — Li+ 26;1E [1E:ll.] + 277;1E la B+ 5=+ 57 D _Elef],
where E; := M; — VL(O;_1).
By Cauchy-Schwarz inequality and Lemma A.2, the third term on the right side of the above
inequality satisfies

T

T
> Bla B <3 B [IEI) B o]

t=1

<\ > E 1E:02] J >_E|a?]

t=1

<

T
\ ;E [HEtHf] In <Z§T> +1. ©6)
Now write F; := Gy — VL(O;_1) fort > 1. Then
M1 =pMi + (1 — p)Gria
=p (Ey + VL(O—1)) + (1 — ) (Et—i-l + Vﬁ(@t))
=VL(O:) + 1 (VL(Or-1) = VL(Oy)) + pBy + (1 — p) Ery1.

11
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Hence, for t > 0,
Epy1 = p(VL(Oi—1) — VL(O)) + pEy + (1 — p) g

A recursive formula can be derived as in the proof of [8, Theorem]:

t—1 t—1

Eppn=p'BEy+ (1 =) W B +p Y i (VL(Orr-1) — VL(Or-7)). (7)
7=0 7=0

Assuming a minibatch of size b > 0 is sampled independently at each iteration, it follows that

t—1
Ell|Etall,) < wE [ Ell,] + [ "Ei1-- +uLZ;ﬂE [max{e, nay_+}]
7=0
NG [|t=1 _ 1— put t—1
< NG + (L= VB || W, +ples— +/mLZuTIE o]
LIlT=0 F H =0
1
272 .
te/T 1 — yt t
SM\/Z{Jr(l—u)\/?E +uL61_M + LY " pTE oy ]
F H 7=0
t t—1
P rN/T ﬁf
< +(1—p) Z/ﬂ“ruLe +w7LZ/ﬂE ]
\/5 \[ 7=0
t t—1
pENT RA/T —
= +(1-p) +uL6 + LY " pTE oy ]
\/5 \/B 1_ —H 7=0
Therefore,
T T t-1
KA/T r(1—p) TuLe
Ell|Eiall,) £———F=+Tk + + unL E [«
tzzg ([ Et11ll] (1= b b =4 un ;;)M t—r)
T
RA/T r(l — TuLe L
S\[\[JFT“ ( b M)Jrl/i Jrlui ZE[Oét]
(L—p)vb I 1=
1
T 2
KT r(l—p)  TupLe  pnL 2
<S———F=+7T T E
_(1—u)\/l3+ " b +1—u+1_uf ; [o]
1-— TuL L 2
< VT [ro) | Tule | um \/T(ln<72T)+1>. ®)
(1= p)Vb b l—p  1=p v3

12
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Also, by (7),

t—1

E[IBll3| =o*E [ Bill}] + 6 Y W B [(Br, VEO-r-1) — VE®,-))]

7=0
t—1 . 9 t—1
+(1—p)?) uE [HEtHT F} + 1’
=0 =0
TS t+1 - T
<B4 LY WE[|[By | p ma{e, nar—r )
=0

9 t—1 t—1
K
+(1- #)2? ZMQT +1’E (Z 1 I VE(Or—r—1
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Then by Cauchy-Schwarz inequality,

2t .2 t+1 ¢ t+1 t—1
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H t—HHF b \/B 1_/1/ \/B TZO:U [ t 7'] b

t—1

2 : 2
Qo
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t—1

1— 2t
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b Vb 1-p Vb 1= p?
1_,u2t 1_'“215
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i M€<1—u2>+n AT

Applying [30, Lemma 3.2] gives

T

)

2
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T ¢ T
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Therefore, it follows from (9) that
T
1 K2 Lk 1—pur?T  n?L%u? 2
ZE [HEHIH%} <o——5—+ 62 o # + iy (ln <<’Y2T> + 1>>
o L—p2b  (1—-p2vb 1+p b 1 — p2 w2

L2 T T t—1
1 2 L 1— 2T 2L2 2 2
P L R L Tl A “T(l <<’Y2T>+l>>
1—p2 b (1—pw2vb 14+p b 1 — p? v§

L2 2 2T L 2
+ ”62 SN o/ b T1n<<’Y2T>+1>. (10)
1=p (1— )V Y

Then by (5) and (6),

T
> Efmax{e,nar} [|VL(Or-1)].]

t=1

<L(Op) — Ly +2 L Lop, L o
<L(0) — L+ 21 ZE[rEtu] 1) +1+2 3 (BN + T+ 5 > Elof]
t=1 t=1
€2 27 T
<L(Og) — Ly + 21 ZE[HE)&H [y/m < >+1+2eZEHEt|] %JF%ZEM],
t=1

where r := min{m, n}. Combining the above with (8) and (10) gives

1 T
> E[IVL(O-1).]

A Le n? & 2 o 2n d v
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In particular, if choosing b = 1, € = T_%, 1—p= T_%, andn = 7= (5+9) for arbitrary ¢ > 0,
then by (11),
1 Z
7 2 ElIVE©-)I.]
t=1

2
<A L L (1nT+1)+2<”‘/F+“ﬁ+ L _L <1n<’V2T)+1>

—T1/4 9T3/4 2T1+2q T1/2 T1/4 ° T1/4 © T3/8+q v}
1
vV Lkr Ly/r 2/1[ L\/r VrLk 72 1
2 (V InT + 1) <T1/2+q + T5/8+q + T3/8+q T1/4+ VinT'+1+ T5/16+3q/2 <ln <03T> + 1)
A (A+RTH+L  Lyr
_(’)< T/ +T1/4+‘1 In UoT +1
for large T'. The proof is thus completed. |

Appendix C. Proof of Theorem 3.4
Proof By Lemma A.1,

L
L(Oy) — L(O—1) < — (VL(O;_1), max{e,nag }Or) + 5 max{62,172af}
Lé2 2L
< — max{e 770@} "V£(®t 1)H + 76 + T ?

Hence, by Lemma A.2,

T
LET 0L 2
3" max{e, na} [IVL(O,1)], < A + 62 + ”7 <ln (Z T> + 1>
t=1 0

It follows that

fZHv,c (©4_1) Zmax{e nas} |VL(©:-1)|,

A Le n?L 72
<2y T () +1).
ST T3 +2Te<n<v8 >+ >

In particular, if choosing € = T2 and n = T~ for arbitrary ¢ > 0, then

T
1 2A+ L L 72
7 L EIVE@)I) < D + <ln <03T>+1>.

t=1

For large T" > 0,

’ﬂ

i Vel < 0 (S2F)

The proof is thus completed. |
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