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Abstract

We investigate the high-dimensional sparse
linear bandits problem in a data-poor regime
where the time horizon is much smaller than
the ambient dimension and number of arms.
We study the setting under the additional
blocking constraint where each unique arm
can be pulled only once. The blocking con-
straint is motivated by practical applications
in personalized content recommendation and
identification of datapoints to improve anno-
tation efficiency for complex learning tasks.
With mild assumptions on the arms, our pro-
posed online algorithm (BSLB) achieves a re-
gret guarantee of Õ((1 + βk)
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2
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2
3 ) where

the parameter vector has an (unknown) rela-
tive tail βk - the ratio of ℓ1 norm of the top-k
and remaining entries of the parameter vector.
To this end, we show novel offline statistical
guarantees of the lasso estimator for the linear
model that is robust to the sparsity model-
ing assumption. Finally, we propose a meta-
algorithm (C-BSLB) based on corralling that
does not need knowledge of optimal sparsity
parameter k at minimal cost to regret. Our
experiments on multiple real-world datasets
demonstrate the validity of our algorithms
and theoretical framework.

1 INTRODUCTION

Sparse linear bandits are a rich class of models for
sequential decision-making in settings where only a
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few features contribute to the outcome. They have
been applied to various domains such as personalized
medicine and online advertising (Bastani and Bayati,
2020; Abbasi-Yadkori et al., 2012). Recently, the the-
oretical properties of sparse linear bandits have been
explored in data-poor regimes (Wang et al., 2023).
Formally, consider a time horizon of T rounds, M
arms, each with a d-dimensional feature vector, and
an unknown parameter vector with sparsity k, where
T ≪ d ≪ M. In each round, the learner selects an
arm and observes a noisy reward whose expectation is
the inner product between the parameter vector and
the arm’s feature vector. The objective is to design
an algorithm that sequentially selects arms to maxi-
mize cumulative reward. Notably, (Hao et al., 2020)
established tight, dimension-free regret guarantees of
O(T2/3) in this setting. In this work, we study a more
practical variant of sparse linear bandits that better
models real-world, data-poor scenarios.

Concretely, there are three key practicalities: The first
is the consideration of a novel constraint to the sparse
bandit framework: each arm may be pulled only once,
a restriction we refer to as the blocking constraint. Sec-
ond, we address the challenge of model misspecification
by providing regret guarantees that depend on how
close the true parameter vector is to being k-sparse,
thus broadening the applicability of our results beyond
exactly sparse settings. Finally, unlike prior approaches,
we develop an efficient algorithm that does not require
prior knowledge of the sparsity parameter k.

Motivation. The blocking constraint is inherent to
the data acquisition process in data-poor regimes. For
instance, consider personalized applications such as
movie/book recommendations on edge devices. Users
typically consume an item and rate it only once. There
is hardly any point in recommending an item that has
been previously consumed, at least not for some time
- this is captured via the blocking constraint. Exist-
ing theoretical approaches in recommendation litera-
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ture (Bresler et al., 2014, 2016; Heckel and Ramchan-
dran, 2017; Huleihel et al., 2021; Pal et al., 2024) use
collaborative filtering (CF) via multiple users to address
the blocking constraint. However, unlike CF which af-
fects privacy, is limited on edge devices and relies on
multiple users, our approach applies to a single-user
setting while still addressing the blocking constraint.

A second application of our framework, in settings
where labeling is expensive, is to create example banks
comprising of high quality hard datapoints for in-context
learning via large language models (LLMs). LLMs of-
fer strong zero-shot capabilities, making it easier to
prototype solutions for downstream tasks. However,
they struggle with complex domain-specific queries,
particularly when relevant training data is poor or
evolving (Farr et al., 2024). In-context learning with
a few-shot examples has emerged as a powerful ap-
proach, where a small set of high-quality examples
improves model performance (Dong et al., 2022). Cru-
cially, hard examples provide better domain-specific
information (Baek et al., 2024; Liu et al., 2024; Mavro-
matis et al., 2023), but identifying them is challenging.
Heuristic-based selection often leads to noisy, misla-
beled, or outlier examples (Mindermann et al., 2022).
Alternatively, we can leverage domain experts to as-
sign a hardness score while annotating. This data-poor
problem can be framed in a bandit framework, where
unlabeled datapoints act as arms and are sequentially
annotated while hardness scores are modeled as a sparse
linear function of embeddings. Note that blocking con-
straint is inevitable here due to limited (even single)
annotators. In Appendix A.1 to A.4, we present nu-
merical results for these applications and motivate an
application for material design experimentation which
is also a data-scarce task (Fung et al., 2021) .

Overview of our Techniques and Contributions.
We propose BSLB (Blocked Sparse Linear Bandits), an
efficient algorithm in our framework which is a type of
Explore-Then-Commit algorithm. In the exploration
period, we sample a set of unique arms from a carefully
chosen distribution and observe their rewards - the goal
is to ensure that the expected covariance matrix of the
sampled arms has a large minimum eigenvalue. Such
a well-conditioned covariance matrix ensures that the
confidence ball of the estimate shrinks in all directions.
In the exploitation period, we use the Lasso estimator to
estimate the unknown model parameters. The optimal
exploration period depends on the correct sparsity level
of the unknown parameter vector, which is difficult to
set in practice. Therefore, we also present a meta-
bandit algorithm based on corralling a set of base
bandit algorithms (Agarwal et al., 2017) - obtaining the
same order-wise regret guarantees but without needing
the knowledge of sparsity hyperparameter. Below, we

summarize the main contributions of this paper:

1. We propose the high-dimensional sparse linear ban-
dits framework with the novel blocking constraint
to model sequential decision-making tasks in data-
poor regimes. Importantly, the time horizon is much
smaller than the ambient dimension d. We account
for model misspecification where the unknown pa-
rameter vector is close to being sparse with relative
tail magnitude βk at level k (ℓ1 norm of bottom
d− k entries divided by ℓ1 norm of top k ones).

2. We propose a computationally efficient “explore then
commit” (ETC) algorithm BSLB for regret minimiza-
tion in our framework (Theorem 3) that achieves
a regret guarantee of Õ((1 + βk)

2k
2
3T

2
3 ) for fixed

known k but unknown βk - that is, the relative tail
magnitude remains unknown to the algorithm. For
the special case of exact sparsity that is βk = 0, BSLB
achieves a regret guarantee of O(k2/3T2/3) (Corol-
lary 2) which is tight in our setting (Theorem 4).

3. BSLB requires knowledge of the sparsity level k
(which also controls the tail magnitude βk) to set the
length of the exploration period. This is challenging
to establish in practice, especially for vectors that
are not exactly sparse. Hence, we propose a meta-
algorithm C-BSLB that combines base algorithms
with different exploration periods. C-BSLB achieves
same regret guarantees order-wise (Theorem 5) as
BSTB but without knowing the optimal sparsity level.

To validate our theoretical results, we conduct experi-
ments on both synthetic and real-world datasets. For
personalized recommendations, we use MovieLens, Net-
flix, Jester, and Goodbooks. For intelligent annotation
in data-poor settings, we evaluate our method on VOC
2012 image classification dataset and SST-2 text classi-
fication dataset. We also demonstrate our framework
on a materials discovery task. Our algorithm, BSLB,
outperforms baselines across all tasks. We summarize
key results in Section 4 with full details in Appendix A.

Algorithmic Novelty: We consider a naive modifica-
tion of the algorithm proposed in (Hao et al., 2020) and
illustrate why blocking constraint makes the bandit in-
stance non-trivially hard. Their ESTC algorithm in the
sparse linear bandits framework provides tight regret
guarantees of O(k2/3T2/3) when the parameter vector
is exactly k-sparse. Intuitively, one might consider mod-
ifying ESTC to incorporate the blocking constraint. In
ESTC, a crucial initial step is to compute a distribution
over the arms with the objective of maximizing the
minimum eigenvalue of the expected covariance matrix.
Subsequently, during the exploration period, arms are
sampled from the computed distribution. We show that
the sample covariance matrix is well-conditioned (the
minimum eigenvalue of the sample covariance matrix
is close to that of the expected one).
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A naive modification to incorporate the blocking con-
straint involves using rejection sampling. If a previ-
ously pulled arm is sampled again, it is ignored and
re-sampled from the same distribution. However, this
significantly modifies the distribution over arms. For

Figure 1: Simulation illustrating performance gap between
our proposed algorithm BSLB and naive extensions of ESTC,
LinUCB and DR-Lasso to incorporate blocking constraint.
We consider instance with M = 500 arms (l = 5 arms of
unit ℓ∞ norm and rest with 0.5), d = 100, and k = 5.

instance, if the computed distribution in ESTC con-
centrates probability mass on a few l arms (e.g., if l
arms have significantly higher norm than others), the
blocking constraint forces us to sample arms with low
probability mass once those l arms are exhausted. This
breaks the statistical guarantees proved for ESTC re-
garding the lasso estimator. We empirically illustrate
and validate this special setting in Figure 1 where our
algorithm is also benchmarked with similar naive exten-
sions of DR-Lasso and LinUCB (Kim and Paik, 2019;
Abbasi-yadkori et al., 2011) - the latter ones do not han-
dle sparsity in any case. Hence, a naive modification
of ESTC does not work, and the objective itself needs
to incorporate the blocking constraint. However, this
leads to a non-concave maximization problem, result-
ing in technical challenges. Finally, Hao et al. (2020)
does not consider robustness to sparsity or unknown
sparsity level, both of which are important in practice.

Technical Challenges and Novelty. (A) Sta-
tistical guarantees: Both in our setting and in (Hao
et al., 2020), no assumptions are made on the arm
vectors, unlike much of the existing sparsity literature,
which requires the sample covariance matrix to sat-
isfy the Restricted Isometry Property (RIP) (Boche
et al., 2015). A weaker parameterized condition, the
Restricted Eigenvalue (RE) property, has been shown
to provide strong statistical guarantees for the Lasso
estimator in sparse linear regression (Bickel et al., 2009;
Rudelson and Zhou, 2013). Specifically, if the expected
covariance matrix of the arm vectors satisfies RE with
parameter K, then with high probability the sample
covariance matrix of sufficiently large i.i.d. samples

will also satisfy RE with parameter K/2. However, to
the best of our knowledge, existing guarantees for the
Lasso estimator hold only for exactly sparse parameter
vectors when the sample covariance matrix of sampled
arms just satisfies RE and therefore are of indepen-
dent interest. In contrast, offline guarantees for soft
sparse parameter vectors (where there is a non-zero
tail) require the stronger RIP condition (Wainwright,
2019; Boche et al., 2015). Theorem 1 of this paper
bridges the gap and provides general statistical guar-
antees which (a) holds under the blocking constraint
(sampling without replacement from a distribution on
arms) (b) holds for an arm set that satisfies only the
RE condition, and (c) for a parameter vector that is
close to being sparse with a non-zero tail.

(B) Sampling in Exploration phase: In linear bandits
with arbitrary arms, uniform random sampling during
exploration fails to obtain a well-conditioned covari-
ance matrix when arms are distributed non-uniformly.
Moreover, as discussed earlier, a naive adaptation of
ESTC’s sampling technique does not work. To address
this, we optimize the probability distribution over arms
to maximize the minimum eigenvalue of the expected
covariance matrix while incorporating the blocking
constraint. However, this leads to a subset selection
problem, where the distribution must assign equal prob-
ability mass to a subset of arms while excluding oth-
ers. The resulting optimization problem is discrete
and non-concave. To tackle this, we introduce a con-
cave relaxation of the objective and propose a random-
ized rounding procedure that yields a feasible solution
with strong approximation guarantees on the minimum
eigenvalue of the covariance matrix. This contribution
is of independent interest especially for experiment de-
sign literature (Madan et al., 2019), since this is a form
of E-optimal design, which does not arise in (Hao et al.,
2020). Even when working with a smaller search space
using cardinality constraints E-optimal design is NP-
hard as studied in (Allen-Zhu et al., 2021a), therefore
the problem considered in the paper is computationally
intractable and the approximation is novel.

(C) Knowledge of hyper-parameters: Our first proposed
algorithm BSLB (similar to ESTC) requires as input a
fixed sparsity k. However, the algorithm does not know
the tail magnitude βk at that sparsity level k. Impor-
tantly, if k is set too low or too high, then the regret
guarantee will not be reasonable. However, it is chal-
lenging to set the sparsity parameter without knowing
the parameter vector itself. To resolve this challenge,
we use a corralling algorithm based on the techniques
of (Agarwal et al., 2017) that combines several base
algorithms and provides guarantees with respect to the
optimal one. However, a naive application leads to
an additional corralling cost with a linear dependence
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on dimension d, making the regret vacuous (T ≪ d).
We use a covering argument - we only choose a small
representative subset (covering set) of base algorithms
for input to corralling and show that for all remaining
base algorithms, their regret is close enough to a base
algorithm in the covering set.

Summary of differences with (Hao et al., 2020):
In (Hao et al., 2020), (i) the exploration distribution is a
solution to a concave program over the probability sim-
plex; in our setting, the blocking constraint turns this
into a discrete, non-concave subset selection problem
requiring a novel concave relaxation and randomized
rounding (Theorem 2). (ii) Their Lasso guarantees
assume exact sparsity and i.i.d. sampling; ours extend
to soft sparsity under the weaker RE condition with
sampling without replacement, using McDiarmid’s in-
equality (Theorem 1, Corollary 1). (iii) They require
knowledge of k, whereas we introduce a meta-algorithm
with a covering argument that avoids this (Theorem 5).

Note that temporary blocking has been studied before,
where the arm is blocked for a few rounds and then
becomes active again (Basu et al., 2019). However,
our setup significantly differs in two respects - once an
arm has been pulled, it remains permanently blocked,
and second, we look at exact cumulative regret and
not approximate regret as in (Bishop et al., 2020; Basu
et al., 2021). Our permanent single-pull constraint
is also related to mortal bandits (Chakrabarti et al.,
2008), where arms expire over time. Key differences
are: (a) in mortal bandits, the cardinality of the avail-
able arm set is kept fixed by introducing new arms,
forcing continuous exploration akin to restless bandits,
whereas our arm set only shrinks; (b) mortal bandit
analyses are typically asymptotic, while ours provides
finite-sample guarantees. We use the term “blocking
constraint” following (Pal et al., 2024).

We denote vectors by bold small letters (say x), scalars
by plain letters (say x or X), sets by curly capital letters
(say X ) and matrices by bold capital letters (say X).
We use [m] to denote the set {1, 2, . . . ,m}, ∥x∥p to
denote the p-norm of vector x. For a set T of indices
vT is used to denote the sub-vector of v restricted to
the indices in T and 0 elsewhere. λmin(A) denotes
the minimum eigenvalue of the matrix A and diag(x)
denotes a diagonal matrix with entries such as x. We
use Bd∞ and Bd to denote the unit ball in d-dimensions
with respect to the ℓ∞-norm and ℓ2 norm respectively.
We write EX to denote the expectation of a random
variable X. Õ(·) notation hides logarithmic factors.

2 PROBLEM FORMULATION

Consider a set (more generally a multi-set) of M arms
A ≡ {a(1), a(2), . . . ,a(M)} ⊆ Rd. Let a(j) ∈ Bd∞ denote

the d-dimensional vector embedding associated with
the jth arm. We make the same mild boundedness
assumption as (Hao et al., 2020), that is, for all a ∈ A,
∥a∥∞ ≤ 1. We have a time horizon of T rounds. In the
high-dimension regime, we have T≪ d≪ M; i.e., the
horizon is much smaller than the ambient dimension,
which, in turn, is much smaller than the number of arms.
This is a suitable model for the data acquisition process
in data-poor regimes. At each round t ∈ [T], an arm
at which has not been pulled in the first t− 1 rounds is
selected by the online algorithm (decision-maker). Note
that such a selection mechanism respects the blocking
constraint. Subsequently, the arm at is pulled and the
algorithm observes the stochastic reward rt. We model
the expected reward Ert as a linear function of the arm
embedding where θ ∈ Rd is an unknown parameter
vector. In particular, the random variable rt is gener-
ated according to rt = ⟨θ,at⟩+ ηt where {ηt}t∈[T ] are
zero-mean sub-gaussian random variables independent
across rounds with variance proxy bounded from above
by σ2. For any sparsity level k ≤ d we define the tail
of the (unknown) parameter vector θ as, βk :=

∥θT c
k
∥1

∥θTk
∥1

where Tk denotes the set of k largest coordinates of θ
by absolute value and T ck = [d] \ Tk. Note that βk is
unknown to the algorithm.

Now, we formally define the regret objective in our
online learning set-up, which also respects the blocking
constraint. Our regret definition captures the difference
in the cumulative expected reward of arms selected by
the online algorithm versus the cumulative expected
reward of the T unique arms with the highest mean
rewards. Consider a permutation π : [|A|] → [|A|] of
arms such that for any i < j, we have ⟨θ,a(π(i))⟩ ≥
⟨θ,aπ(j)⟩. We can define the regret Reg(T) as,

Reg(T) :=
T∑
t=1

⟨θ,a(π(t))⟩ −
T∑
t=1

⟨θ,at⟩. (1)

We aim to design an algorithm that minimizes expected
regret E[Reg(T)] in our setting where the expectation
is over the randomness in the algorithm.

3 OUR ALGORITHM AND MAIN
RESULTS

Description of BSLB Algorithm. Our main
contribution is to propose an Explore-Then-Commit
(ETC) algorithm named BSLB which is summarized in
Algorithm 1. BSLB takes as input a set of arms A, the
time horizon T, the exploration budget Texplore, subset
selection parameter û and the regularization parameter
λ. Steps 1-6 of BSLB correspond to the exploration
component in the algorithm. In Step 1, we first com-
pute a good subset of arms G ⊂ A (using the function
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Algorithm 1 Explore then Commit for Blocked Sparse
Linear Bandits (BSLB)
Require: Arms A, time horizon T, Exploration Bud-

get Texplore, Regularization Parameter λ, Subset
selection parameter û

1: G = GetGoodSubset(A, û) // Compute good
subset of arms

2: for t ∈ [Texplore] do
3: Sample uniformly from at ∼ G and get reward

rt
4: G ← G \ {at} // Remove selected arm from

remaining arms
5: end for
6: θ̂ = argminθ

∑
t∈[Texplore]

(rt − ⟨θ,at⟩)2 + λ||θ||1
// Compute estimate using LASSO

7: D = A \ {at| t ∈ [Texplore]} // Arms available for
exploit phase

8: for t ∈ [Texplore + 1,T] do
9: at = argmaxa∈D⟨θ̂,a⟩

10: D = D \ {at}
11: end for

Algorithm 2 GetGoodSubset: Subset selection for
maximizing the minimum eigenvalue
Require: Set of Samples A, Subset selection parame-

ter û
1: Output: Subset G
2: Maximize the objective function defined in (5) with

input û to obtain distribution µ̂ over A.
3: for j ∈ [M] do
4: G = G ∪ {a(j)} with probability ûµ̂j // Add

sample j to G with prob. û · µ̂j
5: end for
6: Ḡ = SubsetSearch(A, d, û) // Algorithm 3 in

Appendix C.7
7: return argmaxH∈G,Ḡ λmin(H)

GetGoodSubset(A, û)) which comprises representa-
tive arms that cover the d-dimensional space reasonably
well. Subsequently, in Steps 2-5, we sample arms with-
out replacement from the set of arms G for Texplore
rounds. The goal in the exploration component is to
select a subset of arms such that the image of sparse
vectors under the linear transformation by the sample
covariance matrix of the selected set has a sufficiently
large magnitude (see Definition 1). As we prove, such
a result ensures nice statistical guarantees of the pa-
rameters estimated using observations from the subset
of arms pulled until the end of the exploration phase.
Since the set of arms A can be arbitrary, note that
sampling arms uniformly at random from the entire set
might not have good coverage - especially when most
arms are concentrated in a lower-dimensional subspace.
Therefore, finding a good representative subset of arms

leads to the following discrete optimization problem

λ∗
min := max

G′⊆A
λmin

(
|G′|−1

∑
a∈G′

aaT

)
. (2)

Algorithm 2: The function GetGoodSubset(A, û)
approximates the solution to this computationally in-
tractable discrete optimization. We maximize a relaxed
concave program in equation 5 efficiently for a chosen
input parameter û to obtain a distribution µ̂ on the
set of arms A - subsequently, we construct the subset
G using randomized rounding (Step 4 of Algorithm 2)
with µ̂ to obtain a feasible solution to equation 2. In
addition, in Step 6, we include a search over all subsets
of size O(d) and identify the one having the highest
minimum eigenvalue. Step 6 allows us to achieve strong
theoretical results but is computationally expensive - in
practice, it can be skipped. As we explain in Remark 3,
skipping Step 6 leads to a slightly weaker regret guaran-
tee, but significantly reduces computational complexity
making Algorithm 2 highly efficient.

In Step 7 of Algorithm 1, we use the Lasso estimator to
get an estimate θ̂ of the unknown parameter vector θ ∈
Rd. Note that the number of samples used in obtaining
the estimate θ̂ is much smaller than the dimension d.
The second part of BSLB (Steps 8-11) corresponds to the
exploitation component of the algorithm, we pull arms
that are predicted to be the most rewarding according
to our recovered estimate θ̂. At every round in BSLB,
no arm is pulled more than once, thus respecting the
blocking constraint. It is important to note that BSLB is
two-shot. We change our data acquisition strategy only
once after the exploration component - thus making
our algorithm easy to implement in practice.

Next, we move on to our main theoretical results. In
Section 3.1, we provide offline guarantees of the Lasso
estimator for sparse linear regression that are robust to
sparsity and hold only with weak conditions. In Section
3.2, we analyze an efficient algorithm for computing
the sampling distribution in the exploration phase of
BSLB. In Section 3.3, using the offline and approxima-
tion guarantees, we provide regret guarantees for our
proposed algorithm BSLB. In Section 3.4, we discuss
guarantees on C-BSLB (Algorithm 4) that does not need
the knowledge of the sparsity level.

3.1 Offline Lasso Estimator Guarantees With
Soft Sparsity and RE condition

To the best of our knowledge, there does not exist in the
literature offline guarantees for sparse linear regression
that is (A) robust to sparsity modeling assumption
and (B) holds only under the mild RE condition on
the sample covariance matrix. Our first theoretical
result fills this gap to a certain extent with an upper
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bound on error rate. We will start by introducing the
definition of Restricted Eigenvalue (RE)
Definition 1. Restricted Eigenvalue (RE):
X ∈ Rn×d satisfies Restricted Eigenvalue property
RE(k0, γ,X), if there exists a constant K(k0, γ,X) such
that for all z ∈ Rd and z ̸= 0,

0 < K(k0, γ,X) = min
J⊆{1,...,d}|J|≤k0

min
∥zJc∥1≤γ∥zJ∥1

∥Xz∥2
∥zJ∥2

.

Here ∥zJ∥1 =
∑
i∈J |zi| denotes the ℓ1 norm of z re-

stricted to the index set J , and Jc = {1, . . . , d} \ J .
Intuitively, RE requires that the design matrix X pre-
serves the energy of all vectors whose mass is concen-
trated on at most k0 coordinates (i.e., vectors in a
restricted cone). (Bickel et al., 2009) showed that RE
is among the weakest conditions imposed in the liter-
ature on the sample covariance matrix to ensure nice
statistical guarantees on the Lasso estimator for sparse
linear regression. We now state our first main result:
Theorem 1. Let X ∈ Rn×d be the data matrix satis-
fying |Xij | ≤ 1∀i, j. Let r ∈ Rn be the corresponding
observations such that r = Xθ + η, where η ∈ Rn
is a zero-mean sub-gaussian random vector with i.i.d.
components having bounded variance σ2 = O(1). Let θ
have an (unknown) relative tail βk at fixed sparsity level
k. Suppose X satisfies restricted eigenvalue property
(Def. 1) RE(k, 4(1+ βk),

X√
n
) with constant K > 0. An

estimate θ̂ of θ recovered using Lasso (Line 9 in BSLB)

with a regularization parameter λ =
√

log d
n , satisfies

following with probability 1− o(d−2),

∥θ − θ̂∥1 = Õ
(
k(1 + βk)

2K−2n−1/2
)
. (3)

Insight 1. Note that in equation 3, for a fixed sparsity k,
the estimator error guarantee decays with the number
of samples n (as n−1/2) and RE constant K, and grows
linearly with k. Existing error guarantees in literature
focus only on exact sparse vectors θ - the data matrix
X satisfies RE(k, 3, X√

n
) with constant K

′
and βk = 0

(see Theorem 7.13 (Wainwright, 2019)). However,
with moderately stronger assumption of RE(k, 6, X√

n
)

on the data matrix, guarantees of Theorem 1 hold for
all βk ≤ 1/2. As stated in Theorem 1, for a larger tail
with βk > 1/2, X, RE needs to hold on a larger cone.
Remark 1. Note that the statistical guarantee presented
in Theorem 1 is an offline error rate that is robust to
sparsity modeling assumption - similar to Theorem 7.19
in (Wainwright, 2019) and Theorem 1.6 in (Boche et al.,
2015). However, the former holds only for the special
case when X has i.i.d. Gaussian rows, and the latter
requires the stronger RIP condition on the data matrix.
Our error guarantee is much more general and holds
for deterministic data matrices X satisfying RE.

Proof Outline: The lasso inequality states, 1
n∥Xh∥22 ≤

ηTXh
n + λ∥h∥1. Using the RE condition, we show

that the norm squared of the approximation error
(h = θ − θ̂) is, K2∥hTk

∥22 = O(∥h∥1∥X
Tη
n ∥∞). Fur-

ther by decomposing the approximation we show that
K2∥h∥1 = O(∥X

Tη
n ∥∞k(1 + βk)

2). Finally, we apply a
concentration inequality for the noise vector η, ∥X

Tη
n ∥∞

scales as O( 1√
n
). Below we derive a corollary for the

case when the rows of the design matrix are sampled
without replacement from a set whose empirical co-
variance matrix has a minimum eigenvalue. The key
step in extending the RE condition to the blocking
constraint (sampling without replacement) is the use
of concentration inequalities for sampling without re-
placement (Bardenet and Maillard, 2015): specifically,
we apply symmetrization and McDiarmid’s inequality
to show that if the population covariance of the arm set
G has a sufficiently large minimum eigenvalue, then the
sample covariance of arms drawn without replacement
from G satisfies RE with high probability. Due to space
constraints, the proof is in Appendix C.2.
Corollary 1. Let X ∈ Rn×d be the data matrix with
n samples and dimension d, whose rows are sampled
uniformly without replacement from a set G ⊂ Rd.
Let Λ = λmin(|G|−1∑

a∈G aaT). Consider the same
setup for observations r as in Theorem 1. Provided
n = Ω(kΛ−4), an estimate θ̂ of θ recovered using
Lasso (Line 9 in BSLB), will satisfy with probability
1− exp(−Ω(n))− o(d−2),

∥θ − θ̂∥1 = Õ
(
k(1 + βk)

2Λ−1n−1/2
)
. (4)

Remark 2. In comparison to the existing statistical
guarantees (Theorem A.3 of (Hao et al., 2020) which is
a restatement of Theorem 7.13 of (Wainwright, 2019)),
the multiplicative factor (1 + βk)

2 arise due to non-
zero tail of the parameter vector and reduce to 1 for
the exact sparsity case (βk = 0). Note in particular
that we do not have the RE assumption in Corollary
1. Instead, it is replaced by a lower bound on n - arms
sampled without replacement from the set G whose sam-
ple covariance matrix has a sufficiently large minimum
eigenvalue. This is possible because a lower bound on
minimum eigenvalue for a positive semi-definite matrix
implies a lower bound on RE with arbitrary parameters
- concentration guarantees imply that the RE condition
remains satisfied when sufficiently large (yet smaller
than |G|) number of samples are sampled from G.

3.2 Subset Selection for Maximizing the
Minimum Eigenvalue

Recall that in Step 4 of BSLB; we sample from a carefully
chosen subset of arms that has good coverage - more
precisely, our goal is to solve the optimization problem
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in equation 2 to obtain a representative set of arms.
Although (Hao et al., 2020) had a similar objective, the
absence of blocking constraint in their framework im-
plied that they could solve for a probability distribution
on the set of arms such that the minimum eigenvalue
of the expected covariance matrix is maximized. Since
their solution space was the probability simplex, the
objective was continuous and concave - implying that
a solution can be found efficiently.

However, in our setting, due to the blocking constraint,
we need to identify a subset of representative arms
from which to sample uniformly at random without
replacement in the exploration component - this leads
to the objective in equation 2 being discrete and there-
fore non-concave. Note that a brute force solution to
our objective implies a search over all subsets of [M]
and will take time Ω(exp(M)). To design an efficient
algorithm for obtaining a good feasible solution to the
non-concave objective in 2, our first step is to obtain
a concave relaxation as described in equation 5 - in
particular, instead of optimizing over a subset, we opti-
mize over probability distributions over the set of arms
such that the probability of any arm is upper-bounded,

µ̂(û) =argmax
µ∈P(A)

λmin

(
Adiag(µ)AT

)
such that ∥µ∥∞ ≤

1

û
,

(5)

Note that A = [a1, . . . ,aM]T ∈ RM×d denotes the ma-
trix with all arms and û is an additional parameter
to the relaxed objective. The solution to equation
5(which is a convex relaxation) need not be a feasible
solution for the original discrete optimization problem
we intended to solve in equation 2. Therefore, we take
the solution of the convex relaxation and use random-
ized rounding (Step 3-5 in Algorithm 2) to obtain an
approximately optimal solution to the discrete opti-
mization problem. Let X ⊆ A be the optimal subset
for which the RHS in Equation 2 is maximized and
let λ∗

min be the corresponding objective value (mini-
mum eigenvalue of corresponding sample covariance
matrix). We present the following theorem on the ap-
proximation guarantees of the solution achieved by our
procedure GetGoodSubset of Algorithm 1 - the theo-
rem says that the minimum eigenvalue of the sample
covariance matrix associated with arms in G (obtained
post randomized rounding procedure) is close to λ∗

min.

Theorem 2. Let A = [a1, . . . ,aM]T ∈ RM×d denote
the matrix of all arms. Consider the concave optimiza-
tion of equation 5 solved at û = O( d

(λl
min)

2/3 ). Let
G be the output of the randomized rounding proce-
dure (Algorithm 2) and λ̂min be the minimum eigen-
value of the corresponding covariance matrix that is,
λ̂min = λmin(

∣∣G−1
∣∣∑

a∈G aaT). Then under the as-

sumption λ∗
min ≥ λlmin, we must have λ̂min ≥ 1

4λ
∗
min

with probability 1− o(1).

Remark 3. Note that the time complexity is polyno-

mial in the number of arms M
O
(
dλl

min
−2/3

)
(refer to

Appendix C.7 for details) which is significantly im-
proved than the trivial brute force algorithm which has
a running time of O(expM). One can further reduce
the time complexity to O(M) and remove the exponen-
tial dependence on d, by choosing û = O((λlmin)

−2d) at
the cost of a slightly worse approximation guarantee
of λ̂min = Ω

(
(λlmin)

2λ∗
min

)
1 (See Appendix C.6).

Several existing techniques in experimental design deal
with maximizing objectives such as minimum eigen-
value; however, they assume submodularity or matroid
constraints (Allen-Zhu et al., 2021b), which the average
minimum eigenvalue of equation 2 does not satisfy (see
Appendix C.8 for a detailed discussion).

Proof Outline: We first show in Lemma 4 (using
concentration guarantees) that the following objective
values are close: (A) value of the maximized concave
objective with distribution µ̂ ∈ P(A) and parameter û
in Equation 5 (B) objective value of the set G (equation
2) obtained via randomized rounding procedure from
µ̂ at û (line 4 in Algorithm 2). Note that the value of
the maximized concave objective in Equation 5 with
parameter g1 is larger than the value with parameter g2
provided g1 ≤ g2. Therefore, we show our approxima-
tion guarantees with respect to objective in Equation
5 with parameter û = O(d). We show that the ap-
proximation guarantee holds with high probability if
|X | > û and do a brute-force search otherwise. Finally,
given that the concave objective with parameter d in
Equation 5 is a relaxation of the discrete objective in
Equation 2, the objective value of the former is going
to be larger than the objective value of the latter.

3.3 Online Guarantees for BSLB

Our next result is the expected regret incurred by
BSLB in the online setting. The key ingredient in the
regret analysis lies in appropriately accounting for the
blocking constraint in the exploitation component of
BSLB. Below, we present the result detailing the regret
guarantees of BSLB when the exploration period Texplore
is set optimally using a known sparsity level k.

Theorem 3. (Regret Analysis of BSLB) Consider
the d-dimensional sparse linear bandits framework with
blocking constraint having a set A ⊂ Bd∞ of M arms
spanning Rd and T rounds (T ≪ d ≪ M). Let
∥a∥∞ ≤ 1∀a ∈ A. In each round t ∈ [T], we choose
arm at ∈ A and observe reward rt = ⟨θ, at⟩+ ηt where
θ ∈ Rd is unknown and ηt is zero-mean independent

1Note that λl
min ≤ λ∗

min ≤ 1 since ∥a∥∞ ≤ 1.
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noise random variable with variance σ2 = O(1). Let
Rmax = maxa⟨θ,a⟩. Suppose θ has (unknown) tail
magnitude βk at fixed sparsity level k. Let λ∗

min for the
set A be as defined in equation 2 and let λlmin be its
known lower bound. Let λ̂min be the minimum eigen-
value of the normalized of the sampled subset from Step
1 of BSLB. In this framework, BSLB with exploration
period Texplore = Õ(R

−2/3
max λ̂

−2/3
min k

2
3T

2
3 ), regularization

parameter λ =
√

log d
n and subset selection parameter

û = O( d
(λl

min)
2/3 ), achieves a regret guarantee

E[Reg(T)] = Õ
(
R1/3

max(λ
∗
min)

−2/3
(1 + βk)

2k
2
3T

2
3

)
.

Proof Outline: In exploration component of the re-
gret decomposition, we use Corollary 1 to obtain error
guarantees of Lasso and Theorem 2 to bound the mini-
mum eigenvalue of the sample covariance matrix of the
sampled arms. We optimize the exploration period to
obtain our stated result (Proof in App. C.3).

Note that when βk = 0 (when the parameter vector is
exactly k-sparse), our regret guarantee has the same
order in T, k, λ∗

min, and Rmax as (Hao et al., 2020,
Theorem 4.2), which operates without the blocking con-
straint. This demonstrates that the blocking constraint
does not impose a statistical degradation in the regret
rate. We note that the regret definitions in the two
settings differ (ours compares against the top-T unique
arms, while theirs compares against the single best arm
played T times), so the comparison is in terms of the
order of the bounds rather than exact constants. It is
reasonable to compare the two since any non-blocking
instance can be mapped to a blocking instance on a
multi-set of arms (see Appendix B.6).
Insight 2. BSLB enables diversity in selected arms by
performing Step 2 in Algorithm 1 which ensures that
λmin of the covariance matrix of the subset used in
exploration is approximately optimal. The exploration
period in Theorem 3 is set to maximize reward but can
be accordingly tuned in practice to increase diversity.
Remark 4. As our lower bounds of Theorem 4 show, the
λ⋆min dependence is information-theoretically unavoid-
able (similar to (Hao et al., 2020)). To mitigate this, our
exploration does randomized rounding for E-optimal
design to obtain G with λmin(G) ≥ 1

4λ
∗
min. In practice,

a valid lower bound λlmin can be obtained by computing
the minimum eigenvalue of the covariance matrix of the
entire arm set A (ignoring the max in equation 2), since
λmin(A) ≤ λ∗

min. Alternatively, one can estimate λlmin

via matrix resampling (e.g., subsampling random arm
subsets and taking the maximum observed minimum
eigenvalue) as explained in Appendix B.5.
Remark 5 (Computational Complexity). We de-
compose the runtime of BSLB into three parts. (i) Sub-
set selection: GetGoodSubset(A, û) runs in Poly(M)

time but exponential in d due to the brute-force search
(Appendix C.7); this is significantly better than the
trivial O(exp(M)). One can remove the exponential
dependence on d by choosing û = O((λlmin)

−2d) (Ap-
pendix C.6), at the cost of a multiplicative factor of
(λlmin)

−2 in regret. (ii) Exploration: LASSO (Step 7)
runs in Poly(M, d,T). (iii) Exploitation: In Step 9,
one computes ⟨θ̂,a⟩ for all remaining arms once and
stores the top-(T − Texplore) arms using a min-heap
in O(Md+M logT) time. Each subsequent round re-
trieves the next best arm in O(logT), giving an overall
exploitation cost of O(Md+ T logT). A linear depen-
dence on M and d is unavoidable for exact search and
is also present in (Hao et al., 2020). For very large
M, one can use approximate Maximum Inner Prod-
uct Search (e.g., HNSW-based methods) to achieve
sub-linear query times with minimal accuracy loss.

Following is the lower bound on regret for high-
dimensional linear bandits with blocking constraint.

Theorem 4. Consider the d-dimensional sparse linear
bandits framework with blocking constraint having a
set A ⊆ Bd of M arms spanning Rd and T rounds
(T ≪ d ≪ M). In each round t ∈ [T], we choose arm
at ∈ A and observe reward rt = ⟨θ, at⟩ + ηt where
θ ∈ Rd, is unknown and ηt is zero-mean independent
noise random variable with variance σ2 = 1. Assume
that the parameter vector is k-sparse, ∥θ∥0 = k. Then
for any bandit algorithm the worst case regret is,

E[R] = Ω(min((λmin(A))−1/3k1/3T2/3),
√
dT)).

Proof in Appendix C.1 For the case when the true
parameter satisfies the exact sparsity condition (the
tail βk is 0), our regret guarantee (see Corollary 2 in
Appendix) achieves the same T2/3 regret dependence
as in (Hao et al., 2020) without the blocking constraint.

Remark 6 (On matching rates under stricter con-
straints). That our regret matches the non-blocking
rate of (Hao et al., 2020) does not diminish the contri-
bution; it demonstrates that new techniques are needed
to maintain optimal performance under a stricter con-
straint. An analogous phenomenon occurs in mean
estimation under heavy-tailed noise: the minimax rate
remains O(1/

√
n), yet the sample mean fails and robust

estimators (e.g., median-of-means) are required. Simi-
larly, the algorithms of (Hao et al., 2020) do not extend
to the blocking constraint (Figure 1), and our tech-
niques (McDiarmid-based RE guarantees, E-optimal
design with randomized rounding, corralling with cov-
ering argument) are essential. We note that (Hao et al.,
2020) does not consider soft sparsity or unknown k.
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3.4 Corralling for unknown optimal sparsity

Note that for any unknown parameter vector θ, we can
fix the sparsity level k and therefore the corresponding
tail magnitude βk - subsequently, we can obtain the
guarantees of Theorem 3 by setting the exploration
period optimally for the fixed k. However, if k is set
too low, then βk will be too high, and therefore, the
multiplicative term containing βk in the regret bound
dominates. There is a trade-off, and therefore, there is
an optimal choice of sparsity k. Therefore, we propose
a meta-algorithm C-BSLB that exploits coralling (Agar-
wal et al., 2017) multiple versions of the BSLB algo-
rithm 1 with different values of k used to set the explo-
ration period Texplore - the meta-algorithm gradually
learns to choose the best base algorithm.

However, naively applying CORRAL with all distinct
base algorithms leads to a linear dependence on dimen-
sion d in the regret making it vacuous. Therefore we
carefully choose log d base algorithms for search within
CORRAL with corresponding sparsity parameters set
on exponentially spaced points - such a restriction
ensures that the overhead in regret is minimal (loga-
rithmic dependence on dimension d). However, we still
prove our regret guarantee with respect to the base
algorithm with optimal sparsity - although the optimal
base algorithm may not be in the set of carefully chosen
base algorithms in the meta-algorithm.
Theorem 5. Consider the d-dimensional sparse linear
bandits framework with blocking constraint as described
in Theorem 3. Let the C-BSLB algorithm (Algorithm 4
in Appendix C.10) run with an appropriate learning
rate on multiple versions of BSLB, using distinct sparsity
parameter k taking values in the set {2i}⌊log2(d)⌋+1

i=0 .
Let the optimal sparsity parameter in Theorem 3 that
achieves minimum regret be k⋆ ∈ {1, 2, . . . , d − 1, d},
and let E[Reg(T)]∗ be the corresponding regret. Then
the meta-algorithm C-BSLB achieves the following,

E[Reg(T)] = O(
√
T log2(d) +

√
k⋆ log2(d)E[Reg(T)]∗).

Note that the first term above and the multiplicative
factor of

√
k⋆ log2(d) corresponds to the additional cost

in combining the input base algorithms by Algorithm 4.
We stress that the dependence on dimension d from
the additional cost is only logarithmic.

Proof Outline: We use (Agarwal et al., 2017, Theorem
5) and our bound from Theorem 3 to obtain Theorem 5.
The key novelty is to establish the following - when
searching with the small curated set of base algorithms
in CORRAL, we do not suffer a significant loss in
the regret even if the base algorithm with the optimal
sparsity parameter does not lie in the curated set. The
crux of our proof lies in a covering argument. By using
a recursive telescoping argument, we can bound the

regret incurred between any base algorithm not used
for the search while corraling versus the base algorithm
with the closest sparsity parameter used in the search.

4 EXPERIMENTS

We demonstrate BSLB for selecting hard datapoints
for annotation on the PASCAL VOC 2012 image clas-
sification dataset (Everingham et al., 2015) with hu-
man difficulty scores from (Ionescu et al., 2016). The
modelM is an SVM head on a frozen ViT backbone.
We compare against random sampling, training on
all data, and state-of-the-art active learning methods
AnchorAL (Lesci and Vlachos, 2024) and SEALS (Cole-
man et al., 2022). Results in Table 1 (averaged over 5
folds) show that BSLB with only T annotations achieves
5–14% improvement over random sampling on hard
validation data, 3.5–7% over active learning baselines,
and matches or exceeds a model trained on upto 12×
more data.

Val.
Type Object AnchorAL SEALS Random All BSLB

ea
sy

chair 94.0±1.7 90.6±1.8 96.4±1.0 96.0±1.1 94.6±1.6

car 94.5±1.6 94.7±4.0 97.7±2.1 98.7±0.1 96.5±1.8

bottle 93.0±2.5 92.8±2.3 96.8±1.1 96.8±1.1 94.8±2.0

bott./chair 91.5±1.1 92.3±1.1 94.8±1.0 94.6±2.1 91.7±2.2

h
ar

d

chair 69.3±3.1 69.6±6.1 66.0±3.8 71.3±3.2 73.3±3.3

car 70.3±4.0 70.0±5.7 60.0±5.4 65.4±4.0 74.0±3.4

bottle 63.1±2.9 63.4±3.4 59.7±4.4 64.8±1.9 66.8±2.6

bott./chair 67.1±3.5 66.3±1.4 68.0±4.0 72.3±2.0 73.0±1.7

Table 1: Test accuracy on PASCAL-VOC for 4 object
detection tasks. BSLB significantly outperforms baselines
on hard validation data while remaining competitive on
easy data. “All” uses 6×–12× more labeled samples.

Recommendation and Materials Discovery. On
personalized recommendation (MovieLens, Netflix,
Goodbooks, Jester), BSLB and C-BSLB consistently out-
perform LinUCB, DR-Lasso, and random baselines
(Appendix A.2). On a materials discovery task (Mat-
Bench dielectric (Dunn et al., 2020), 4764 candidates,
204 features), our method identifies 62% more high-
value materials than random selection while using only
49 of 204 features (Appendix A.4).

5 FUTURE WORK

We studied regret minimization in high-dimensional
sparse linear bandits with blocking constraints, estab-
lishing sub-linear regret for BSLB under soft sparsity
and minimal assumptions, and proposing C-BSLB to
eliminate knowledge of the sparsity hyperparameter.
The linear reward assumption does not capture binary
or non-linear rewards; extending to generalized linear
bandits is a natural direction. Incorporating robust
estimation for heavy-tailed noise is another avenue for
future work.
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A NUMERICAL EXPERIMENTS

A.1 Simulation Study

We first validate BSLB and C-BSLB on a synthetic blocked sparse linear bandit instance with M = 10000, d = 1000,
T = 300, and sparsity k = 10 (tail parameter βk = 3), averaged over 100 random initializations. Figure 2 shows
that C-BSLB achieves sub-linear regret without knowledge of the optimal hyperparameters, outperforming corralling
with ℓ2-regularization (which does not exploit sparsity) and a random policy. The non-monotonic cumulative
regret arises because our comparator (Eq. 1) assigns the ith best arm to round i; during exploitation, the algorithm
may select the jth best arm at round i with j > i, yielding negative instantaneous regret. Performance of C-BSLB
(without knowledge of true parameters)

Finally, we also run a simulation study to study the efficacy of our BSLB and C-BSLB algorithm and demonstrate
how CORRAL can be used to achieve a sub-linear regret without the knowledge of the optimal parameters. We
compute the cumulative regret at time t compared to the top−t arms, and unlike the standard bandit setting,
in a blocked setting, the cumulative regret need not be monotonic. To highlight how our method exploits the
sparsity of the parameter, we also run CORRAL with multiple versions of our algorithm but with a simple linear
regression estimator. We simulate the experimental set-up with the following parameters M = 10000, d = 1000
and T = 300. At sparsity level k = 10, the tail parameter is βk = 3. The experiment is repeated with 100 different
random parameter initialization. We plot the cumulative regret in Fig. 3, for algorithms run with different
exploration period and two versions of the CORRAL algorithm. Our C-BSLB performs better than corralling
with ℓ2−regularization, showing that our method exploits the sparsity and does not require true knowledge of the
hyperparameters. We also benchmark against a random policy and show that our method performs significantly
better showing that the upper bound on regret is not vacuous.

A.2 Application 1: Personalized recommendation with Single Rating per Item

Next we demonstrate our bandit algorithm on real-world recommendation datasets. However, we construct the
recommendation task such that a) each item receives only a single rating from a user and b) we can only use
previous recommendations of a user for recommending content. This is in contrast to the standard collaborative
filtering setting where an item can where the ratings of the other users is used to recommend content to you.
Our setting makes this possible by exploiting the additional information from the embeddings obtained from a
pre-trained network for the text (or image) features of the different items. We argue that our setting is be more
relevant in recommendation scenarios where privacy is a concern.
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Figure 2: Cumulative regret on simulated instance (M=10000, d=1000,T=300). C-BSLB achieves sub-linear regret without
knowledge of optimal hyperparameters.

We perform two sets experiments.

Experiment 1 on MovieLens and Netflix data (Movie Ratings) :

The MovieLens 100K dataset contains 100,000 5-star ratings from 1,000 users on 1,700 movies . For our analysis,
we selected the 100 most active users (those with the highest rating counts) and the 100 most-rated movies. Using
rating data from 50 users, we first applied matrix factorization to complete the user-item rating matrix, then
derived 40-dimensional movie embeddings. To create synthetic high-dimensional embeddings, we extended these
to 120 dimensions by randomly sampling additional coordinates uniformly from [0,1]. Results averaged across 5
test users (shown in Figure 4) demonstrate that our algorithm and ESTC outperform LinUCB and DR-Lasso,
with the performance gap attributable to our method’s effective exploitation of high-dimensional sparsity patterns
. This aligns with theoretical expectations for sparse learning scenarios in recommendation systems. The Netflix
Prize dataset contains 100 million 5-star ratings from 480,189 users across 17,770 movies, collected between
1998-2005. For analysis, we selected the 200 most active users (those with the highest rating counts) and 400
most-rated movies. Using ratings from 100 users, we applied matrix factorization to complete the user-item
interaction matrix and derived 40-dimensional latent movie embeddings. To simulate high-dimensional sparse
representations, we extended these embeddings to 120 dimensions by randomly sampling additional coordinates
from [0,1]. Results averaged across 10 test users (shown in Figure 5) demonstrate that our algorithm and ESTC
outperform baseline methods like LinUCB and DR-Lasso. This performance gap highlights the advantage of
exploiting sparsity patterns in high-dimensional latent factor models.

Experiment 2 using Embeddings from Content Information: We run the corralling algorithm using copies = 4
copies of Algorithm 1 each with different exploration periods, Texplore. Each of the instance, we first give Texplore
random recommendations by sampling uniformly without replacement from a suitably constructed subset G
to each user. Given the ratings obtained, we estimate the parameter θuser specific to the user using only their
recommendations. For the remaining Texploit = T− Texplore rounds, we give the top Texploit recommendations
based on the estimated parameter. To benchmark we run the algorithms independently and also against a random
policy which randomly recommends. We next describe the two tasks that we report our results on for experiment
2,

Goodbooks-10k (Book Reviews): We use the Goodbooks-10k for a personalized book recommendation
tasks (Zajac, 2017). For each book we use the title and the author to obtain embeddings using the MiniLM-L6-v2
sentence transformer which we use as the feature vectors for the arms. There are M = 1500 books and we consider
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Figure 3: Regret of different algorithms in a Simulated Blocked Sparse Linear Bandit Setup.

Figure 4: Numerical experiment on MovieLens illustrating performance gap between our proposed algorithm
BSLB and naive extensions of LinUCB and DR-Lasso to incorporate blocking constraint. The performance of
extended ESTC remains competitive.

10 users which have more than 600 ratings. The ratings are between 1 to 5. We consider the exploration periods
as [100, 150, 200, 300].

Jester (Joke Ratings): We use the Jester joke dataset 1 which has ratings on 100 jokes by 24, 983 users (Goldberg
et al., 2001). We obtain embedding for the jokes using the same transformer as above. For experimental purposes
we filter out users which do not have ratings on all the jokes and are left with 7200 users. We run our algorithm
with 10 different random seeds for each of the 7200 users and report the results averaged across all users. The joke
ratings range from −10 to 10. For different algorithm instances Texplore is taken to be [20, 40, 60, 80]. Results:
We summarize the cummulative regret from equation 1 of the algorithms in Figure 7. We add the random policy
as a reference. We see that for the different dataset our the algorithm achieves a sub-linear regret. The reason
the cumulative regret is not monotonic is due to the fact that the regret is with respect to the top-T arms. It can
be seen that our algorithm with Corral achieves a performance close to the performance of the algorithm with the
exploration period, Texplore out of the 5.
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Figure 5: Numerical experiment on Netflix dataset illustrating performance gap between our proposed algorithm
BSLB and naive extensions of LinUCB and DR-Lasso to incorporate blocking constraint. The performance of
extended ESTC remains competitive.

A.3 Application 2: Adaptive Annotation using Difficulty Feedback from Annotators

Below, we demonstrate our methods for annotation in a label-scarce setting for image classification on the
PASCAL VOC 2012 dataset. Additional experimental results on SST-2 (text dataset) can be found in Appendix
A.3.4. Finally, experiments on the MovieLens, Netflix, and GoodBooks datasets in the context of personalized
recommendation with few labeled data using our theoretical framework are in Appendix A.2. Finally, we provide
detailed simulations in Appendix A.1.

We consider the setting where we have a total of M unlabelled samples (with T≪ M) and only T datapoints can
be annotated (sequentially). For each unlabeled datapoint sent for annotation to the expert(s), we receive the
ground truth label and the difficulty score rt corresponding to the difficulty in annotating the datapoint. We
showcase the effectiveness of BSLB (Algorithm 1) in our experimental set-up with real-world datasets. Given a
model M to be trained on a downstream task, to benchmark BSLB, we consider the following set of baselines (to
compare against) to choose subset of datapoints for annotation and subsequent training of the aforementioned
modelM:

1. Random: Subset of T unlabeled datapoints chosen uniformly at random
2. All: All the samples in training data (except the validation fold)
3. AnchorAL (Lesci and Vlachos, 2024): an anchoring based active learning baseline (T samples).
4. SEALS (Coleman et al., 2022): a KNN based sub-sampling active learning baseline (T samples).

τeasy, τhard (thresholds on difficulty score to determine easy/hard samples) and Texplore (exploration rounds) are
relevant hyper-parameters specified for the corresponding experiments 2. We benchmark learning performance on
2 datasets: a) Nvalid hard samples (samples with difficulty > τhard) (hard-valid) b) Nvalid easy samples (samples
with difficulty ratings < τeasy) (easy-valid).

AnchorAL and SEALS are state-of-the-art active learning (AL) algorithms. In general, for a label-scarce
complex task, AL might not be immediately applicable (see cold-start problem in (Li et al., 2024)) - especially for
datapoints close to the decision boundary with noisy/less informative confidence intervals. This is because AL
requires a reliably trained model on an even smaller subset of labeled datapoints - however, on datapoints far from
the decision boundary (easy datapoints), noisy confidence signals are still useful. As we show in our experiment,
this intuition holds, and the AL models, along with the random baseline, perform well on the easy-valid dataset.
It is worth noting that complex (hard) datapoints often tend to be the main challenge in industrial applications.
This is because it is easy to improve performance on easy data (cheaper to obtain) by simply increasing samples
during training, but hard datapoints are difficult to generalize on (Pukowski and Lu, 2024).

2We consider the AL setup initialized with Texplore samples and T− Texplore samples queried in a batch.
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Figure 6: Cumulative Regret for recommendation using only single ratings using BSLB with different exploration
periods and when run with CORRAL (Agarwal et al., 2017) in Books Dataset.

Figure 7: Cumulative Regret for recommendation using only single ratings using BSLB with different exploration
periods and when run with CORRAL (Agarwal et al., 2017) in Jester.
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Validation
Type

Object
Annotated AnchorAL SEALS Random All Our (BSLB)

easy-valid

chair 94.0 ± 1.67 90.6 ±1.8 96.4 ±1.0 96.0± 1.1 94.6 ±1.6
car 94.5± 1.6 94.7± 4.0 97.7±2.1 98.7 ±0.1 96.5± 1.8

bottle 93.0±2.5 92.8±2.3 96.8±1.1 96.8±1.1 94.8±2.0
bottle or chair 91.5±1.1 92.3±1.1 94.8±0.97 94.6±2.1 91.7±2.2

hard-valid

chair 69.3 ± 3.1 69.6± 6.1 66.0± 3.8 71.3± 3.2 73.3± 3.3
car 70.3 ±4.0 70.0± 5.7 60.0± 5.4 65.4± 4.0 74.0± 3.4

bottle 63.1±2.9 63.4±3.4 59.7±4.4 64.8±1.9 66.8±2.6
bottle or chair 67.1±3.5 66.3±1.4 68.0±4.0 72.3±2.0 73.0±1.7

Table 2: Test accuracy of modelM trained on different subsets of data annotated for 4 distinct object detection
tasks in an image (PASCAL-VOC): The test performance of BSLB approach on the easy and hard validation
dataset is at par with the M trained on all samples. We perform significantly better on the hard validation
dataset compared to random sampling and active learning baselines.

A.3.1 Task 1: Image Classification on PASCAL VOC 2012

Our main result is for the image classification task on the public image dataset, PASCAL VOC 2012 (Everingham
et al., 2015). The dataset has 11, 540 unique images and comprises segmentations for 20 objects. In addition to
the image dataset, we use difficulty scores of annotations from (Ionescu et al., 2016) - the authors have provided
the visual search difficulty by measuring the time taken to annotate in a controlled environment. The annotation
task here was to identify if an image contains a particular object, e.g. “Does this image contain a car”. The
authors derive a difficulty score between 0 and 8 by normalizing the time to annotate.

In our experiment, the goal is to train a learning model for image classification - M is a support vector machine
(SVM) head attached to a frozen pre-trained vision transformer (ViT) model pre-trained on ImageNet-21k
dataset (Wu et al., 2020). We present results on the classification task - given an input image, predict if the
image has an object or not. We consider 4 different objects, namely chair, car, bottle, and (bottle or chair). The
last object is an OR conjunction of two labels. We consider the thresholds as τeasy = 3.1 and τhard = 3.9 since the
distribution of the difficulty scores in the dataset is heavy-tailed as shown in Figure 9. The (image, question)
tuple with difficulty scores in the range [3.1, 3.8] are highly noisy and therefore have been excluded. Table 3
contains the hyperparameters T, Texplore(≈ 0.6T) used and the number of samples in the all dataset for the
different object classification tasks, along with the size of the validation datasets hard-valid and easy-valid and
aggregaged accuracies. Table 4 contains results on the effect of varying Texplore.

We present our results in Table 2 averaged over 5 validation folds. For this classification task, our method (BSLB)
efficiently selects datapoints (to be annotated) compared to baselines with an equal number of samples. Regarding
the quality of the final trained modelM, the learning performance of BSLB on easy-valid is within 2% of that
obtained by the baseline random. However, there is an improvement of 5− 14% on the hard validation data
hard-valid. When compared to the active learning baselines (AnchorAL and SEALS), BSLB performs better
by 1− 4% on easy-valid and by 3.5− 7% on hard-valid. Finally, when compared toM trained on all datapoints
(all baseline), which has 6× to 12× more samples, our method does better (0.7% to 8.6%) on the hard-valid
and does decently on easy-valid (< 3% difference). These results validate our theory - in particular, we find that
performance on easy-valid improves if the modelM is trained on more samples (randomly chosen to improve
coverage). However, improving the performance on hard-valid dataset is the main challenge where our simple
approach BSLB with theoretical guarantees does reasonably well.

A.3.2 Validation on Different Hyperparameters

The hyperparameters are presented in Table 3. Note that the reason for selecting different T across different
objects was because the validation datasets had to be big enough (so that the variance of accuracy is informative)
and different objects had different total number of samples. The number of exploration rounds are set with
respect to T(∼ 0.5T − 0.7T) so that the approximation error after exploration is small enough. The active
learning methods are also run with random initialization of Texplore explorations and one round of querying with
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T − Texplore queries. We present the results of a study where we vary only the Texplore for the same value of
T in Table 4 and observe that with decreasing Texplore the estimation of difficulty scores deteriorates, and the
performance on hard-valid deteriorates. The performance on easy-valid improves since samples are randomly
chosen if the estimation is unsuccessful. Note that our method still performs better than AL baselines and random
sampling.

A.3.3 Correlation between model difficulty and human annotation difficulty

In Figure 8, we show that for the chair images, if a modelM is trained on all images, then the fraction of difficult
samples at a certain distance from the classifier boundary goes down as the distance from the classifier body
increases; especially after a certain distance from the decision boundary.

A.3.4 Task 2: Text Classification on SST-2

Next we present a result on text classification task on SST-2 (Socher et al., 2013). However since there were
no human difficulty ratings available for this task, we use rarity of text (Zhang et al., 2018) as a heuristic for
the difficulty ratings. The learning model is a SVM which classifies sentence embeddings obtained from the
MiniLM-L6-v2 transformer. We consider Texplore = 100 samples and Texploit = 200. The normalized rarity ranges
from 0 to 1 and we set τhard = 0.5 and τeasy = 0.2.

We observe a similar trend as the previous task where BSLB method performs better than a random subset
by 3% and as good as the random-large subset on the hard-valid dataset. There is no regression on the
easy-valid. The results on both the validation sets are comparable with mixed dataset which require all the
difficulty ratings (which can be computed for the heuristic but not otherwise). BSLB performs better than both
active learning methods on both the validation sets by 2%. However, since this is a standard sentiment analysis
task, the embeddings are more informative, thereby improving the baseline performance for a random subset.

A.4 Application 3: Material Discovery

In materials discovery, each candidate composition or structure corresponds to an arm and a “pull” means
running a synthesis/measurement or a high-fidelity simulation (Fung et al., 2021). These trials are costly and
non-repeatable in the short term, so a per-candidate single-pull (blocking) constraint is inherent rather than
optional.

Concretely, we demonstrated the framework on a MatBench dielectric task (Dunn et al., 2020): given thousands
of crystalline candidates, the goal is to discover high–refractive-index materials using as few evaluations as
possible. Blocking is unavoidable here—re-measuring the same sample adds cost without information—so we
adopt one-shot pulls and featurize each structure with composition and site/structure descriptors (via matminer).
In this real-world-scale study, BSLB (and its corralling variant C-BSLB for unknown sparsity k) substantially
increased the hit rate of high-value discoveries and lowered cumulative regret relative to random and uncertainty-
sampling baselines, while automatically focusing on a small subset of informative descriptors—illustrating both
sample-efficiency and interpretability benefits for laboratory triage and high-throughput screening.

We evaluated the sparse linear bandit approach for discovering high refractive index materials using the MatBench
dielectric dataset, which contains 4,764 crystalline materials with experimentally measured refractive indices
ranging from 1.0 to 62.1 (mean = 2.43, std = 2.10).

The objective was to identify materials with high optical performance (n > 2.5), representing 28% of the dataset,
using the minimum number of experimental evaluations. The blocking constraint is unavoidable in such a
setting since one does not want to measure the same material twice, each experiment is costly due to acquisition
and experimentation cost.

We extracted 204 high-dimensional features from crystal structures using matminer, including composition-based
descriptors (Magpie elemental properties, stoichiometry, valence orbital characteristics) and structure-based
descriptors (site statistics fingerprints, structural heterogeneity, chemical ordering). After preprocessing to remove
highly correlated and constant features, all 4,764 samples were retained with a final dimensionality of 204 features
that were standardized for analysis. For computational efficiency, experiments were conducted on a randomly
selected subset of 1,000 materials with 253 (25.3%) exhibiting the target high refractive index property.
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Across five independent experimental runs of 200 material evaluations each, the sparse linear bandit algorithm
demonstrated substantial improvements over baseline approaches in discovering high-value materials. The sparse
bandit identified 89.6±6.7 materials with n > 2.5 compared to 55.2±3.3 for random selection, representing a 62.3%
improvement in discovery efficiency. The algorithm achieved an average refractive index of 2.828± 0.103 versus
2.41± 0.041 for random selection, with significantly lower cumulative regret (228.70± 13.26 vs 316.05± 22.77). A
greedy uncertainty sampling baseline that selected materials farthest from known datapoints achieved intermediate
performance (76.2 ± 3.4 high-value discoveries). Notably, the sparse bandit achieved effective dimensionality
reduction by identifying and utilizing only 49 of the 204 available features (24% sparsity), demonstrating
the algorithm’s ability to automatically discover the most relevant materials descriptors for predicting optical
properties while maintaining superior discovery performance.
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Figure 8: Fraction of difficult samples (labelled by humans) against the distance from decision boundary for SVM
trained on all chair images. As the distance from the decision boundary increases the fraction of difficult samples
(difficulty rating from humans > 3.5) decays to 0.
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Figure 9: Histogram shows the heavy-tailed distribution of the difficulty score from (Ionescu et al., 2016) of the
chair object of the PASCAL-VOC dataset. We clip the entries from the middle since they make the difficult
estimation noisier, in practical implementation, one would need to develop a mechanism to flag samples with
ambiguous difficulty and this is left for future work.
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Figure 10: Text Classification on SST-2: The gains are not substantial on the text-classification, but show that
our methods are task agnostic. Although conceptually active learning also does adaptive annotation, our method
performs better (especially on hard-valid) in the label-scarce setting when T ≪ d and the hardness of the
samples considered.

Object
Being

Annotated
Nvalid (hard) Nvalid (easy) T Texplore All BSLB

Num Samples Averaged Accuracies Averaged Accuracies
chair 60 80 100 80 960 (10x) 83.65 83.95
car 70 100 90 60 1227 (13x) 82.05 85.25

bottle 70 100 120 60 822 (6x) 80.8 80.8
bottle or chair 120 120 140 100 1807 (13x) 83.45 82.35

Table 3: Different hyperparameters used for the experiment of Sec∼A.3. The num samples show how our method
achieves a similar accuracy (−1% to 4% improvement over all) by considering substantially less samples.
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Figure 11: Effect of the tail parameter βk on the performance of the BSLB algorithm with Texplore = 80. As the
tail increases in magnitude the cummulative regret worsens (increases). However observe that our algorithm is
still robust to reasonably large tail βk = 75.

A.5 How does the tail of the parameter matter?

In Figure 11, we investigate the effect of the tail parameter in the performance of BSLB with a fixed exploration
period Texplore = 80 and different sizes of the tail in the same setup as the simulation study of Appendix A.1.
We observe that as the tail parameter βk grows, the regret worsens, however we remark that even for a decent
βk = 75, the performance is reasonable.
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Validation
Type

Object
Annotated AnchorAL SEALS Random All Our (BSLB)

Texplore = 80

easy-valid chair 94.5±1.0 93.2±1.5 95.7±1.0 96.0±1.4 92.3±1.4
car 95.8±2.5 95.3±2.0 97.3±1.2 98.2±1.1 95.7±1.7

bottle 95.0±0.9 95.0±1.1 96.2±1.9 96.7±1.8 96.8±1.2

hard-valid chair 72.0±3.0 71.0±1.4 67.0±5.0 69.4±4.1 73.4±2.4
car 66.4±7.9 69.2±5.6 52.6±8.2 58.8±6.8 74.0±2.7

bottle 61.2±1.5 61.8±2.0 51.2±2.9 52.6±3.1 63.2±2.9

Texplore = 60

easy-valid chair 94.8±2.1 93.7±1.7 95.5±2.0 95.5±1.4 94.8±1.8
car 96.2±1.9 95.5±1.9 97.5±1.2 98.3±1.1 97.0±2.3

bottle 95.0±1.2 94.8±1.0 97.2±1.7 97.5±1.7 96.0±1.9

hard-valid chair 70.0±5.5 70.0±3.8 68.0±4.2 69.8±4.0 72.4±1.7
car 65.8±8.7 70.0±7.5 53.2±5.4 60.6±8.1 72.6±3.9

bottle 61.6±1.0 61.6±2.3 53.4±2.6 54.0±2.6 62.6±2.8

Texplore = 30

easy-valid chair 94.8±1.5 94.5±1.2 96.3±1.4 96.7±1.9 94.5±3.2
car 95.3±2.3 95.8±1.9 97.3±1.2 98.2±1.1 92.0±11.6

bottle 95.3±0.8 95.0±0.5 96.2±1.9 96.7±1.8 96.7±1.2

hard-valid chair 69.4±2.1 71.2±2.4 67.6±4.9 69.8±4.0 70.8±4.5
car 64.2±9.5 67.6±7.7 52.6±8.2 58.8±6.8 70.8±6.5

bottle 60.2±1.9 62.0±2.1 51.2±2.9 52.6±3.1 63.0±4.9

Table 4: Learning Accuracies on Different Methods for Image Classification in PASCAL-VOC 2012: Effect of
Texplore with the number of rounds fixed at T = 120 and with 120 easy-valid and 100 hard-valid samples.

A.6 Sensitivity to Problem Parameters

We report the final-iterate regret of BSLB when varying individual problem parameters (βk, k, d), with the
remaining parameters held fixed, in Tables 5–7. These experiments use M = 1000 arms, T = 50 rounds, and
Texplore = 80 exploration rounds.

Table 5: Varying tail parameter βk (d=100, k=5).

Tail βk Regret

0.01 43.00
0.1 48.67
1.0 164.82
2.5 402.35
5.0 823.01

As expected, regret increases with larger tail βk (weaker sparsity), larger sparsity k, and larger dimension d,
consistent with the dependencies in Theorem 3.

A.7 Convergence of CORRAL parameters in C-BSLB

We plot the convergence of the CORRAL parameters of C-BSLB in Figure 12 for the simulated experiment of
Appendix A.1. We observe that the probability of sampling the best algorithm (Texplore = T3 = 80) increases with
rounds. Note that since the experiments were run on a limited resource machine, we could only do d = 1000, and
for our setup T≪ d has to be sufficiently low (500 in this case). This is not enough for the CORRAL algorithm
to truely exploit the best possible algorithm in C-BSLB but as we see in Figure 3, however it still achieves the a
decent performance.



Jain, Pal, Choudhary, Narayanam, Chopra, Krishnamurthy

Table 6: Varying sparsity k (d=100, βk=0.4).

k Regret

5 359.10
10 378.79
20 393.51

Table 7: Varying dimension d (k=10, βk=0.4).

d Regret

50 295.19
100 396.88
200 578.69
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Figure 12: Convergence of the different sampling probabilities for the base algorithms of the C-BSLB (Algorithm 4).
This plot is with respect to the simulation study parameters. We can observe that the probability for the best
algorithm (T3) improves with each iteration and for the worst performing algorithm (T0) decays to 0.

B RELATED WORK

The Appendix comprises three sections: Section B discusses the related work, Section C details the detailed
proofs of the technical results and Section A presents additional numerical results.

B.1 High Dimensional Sparse Bandits

Recent research on high-dimensional sparse linear bandits has focused on developing algorithms that can effectively
handle the challenges posed by high-dimensional feature spaces while exploiting the underlying sparsity. (Hao et al.,
2020) made significant contributions by establishing a novel Ω(n2/3) dimension-free minimax regret lower bound
for sparse linear bandits in the data-poor regime, where the horizon is smaller than the ambient dimension. They
complemented this with a nearly matching upper bound for an explore-then-commit algorithm, demonstrating
that O(n2/3) is the optimal rate in the data-poor regime. Building upon these foundations, (Li et al., 2022)
proposed a simple unified framework for high-dimensional bandit problems, including sparse linear bandits. Their
Explore-the-Structure-Then-Commit (ESTC) algorithm achieved comparable regret bounds in the LASSO bandit
problem and provided a general framework for the contextual bandit setting using low-rank matrices and group
sparse matrices. (Wang et al., 2023) further improved the algorithm of (Hao et al., 2020) for computational
complexity using ideas from random projection. On the other hand, (Chakraborty et al., 2023) has recently
looked at contextual high dimensional bandits with exact sparsity constraints using Thompson sampling with a
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Figure 13: Eigenvalue spectrum of the embeddings of the two dataset show exponential decay in the eigenvalues,
which implies that a uniformly random sample covers the set optimally with high probability because the data
is primarily shaped by a few directions. For the PASCAL-2012 on object chair with ViT Base Patch16-224
embeddings.
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Figure 14: Eigenvalue spectrum of the embeddings of the two dataset show exponential decay in the eigenvalues,
which implies that a uniformly random sample covers the set optimally with high probability because the data is
primarily shaped by a few directions. Balanced Sample (2500 datapoints) of SST-2 with All MPNet Base V2
embeddings.

prior on the sparsity parameter and (Komiyama and Imaizumi, 2024) have studied high dimensional bandits
without a strict sparsity constraint. However both these work give asymptotic bounds on the regret whereas
our work provides finite-sample bounds on the regret. Further the existing work does not explicitly quantify
the effect of the parameter tail on the regret or consider a blocking constraint, which are the two primary novel
considerations in our paper.

B.2 Personalized Recommendation

Related work on privacy-preserving recommender systems highlights the tension between personalization and
user privacy. Traditional recommender systems, such as collaborative filtering and matrix factorization, often rely
on centralized data collection and processing, which creates privacy risks for users. These risks include potential
re-identification of anonymized data and unauthorized access to sensitive information (Ramakrishnan et al.,
2001). To address these concerns, researchers have explored various privacy-preserving techniques, including
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differential privacy, secure multi-party computation, homomorphic encryption, and federated learning (Nikolaenko
et al., 2013). These approaches aim to protect user data while maintaining recommendation accuracy. However,
challenges remain in balancing privacy protection with system efficiency and recommendation quality. Our work
is most closely related to recent studies on context-aware and hybrid recommendation systems that incorporate
privacy-preserving mechanisms explicitly using blocking constraints (Pal et al., 2024).

B.3 Annotation in Niche Applications with limited expert annotators

A second application of our framework is identifying hard datapoints for annotation in expensive labeling tasks.
Large Language Models (LLMs) offer strong zero-shot capabilities, making it easier to prototype solutions for
downstream tasks. However, they struggle with complex domain-specific queries when relevant training data
is scarce or evolving (Farr et al., 2024). In-context learning with few shot examples has emerged as a powerful
approach, where a small set of high-quality examples improves model performance (Dong et al., 2022). Crucially,
hard examples provide better domain-specific information (Baek et al., 2024; Liu et al., 2024; Mavromatis et al.,
2023), but identifying them is challenging. Heuristic-based selection often leads to noisy, mislabeled, or outlier
examples (Mindermann et al., 2022). Alternatively, we can leverage domain experts to assign a hardness score
while annotating. This data-poor problem can be framed in a bandit framework, where unlabeled datapoints
act as arms and are sequentially annotated while hardness scores are modeled as a sparse linear function of
embeddings. In domains with very few annotators—sometimes only one—it is impractical to re-query the same
datapoint, naturally leading to a blocking constraint. Beyond annotation, high-quality hard examples are also
valuable in model training, where they improve generalization and efficiency (Sorscher et al., 2022; Maharana
et al., 2023).

(Sorscher et al., 2022) demonstrated that selecting high-quality data can reduce the power-law association of test
error with dataset size to an exponential law. In annotation-expensive tasks with large volumes of unlabeled
data, the challenge is to select a representative subset of datapoints for labeling. Conceptually our work is
similar to active learning (AL) (Settles, 2009; Lesci and Vlachos, 2024) where unlabeled samples are annotated
adaptively, based on the confidence of a trained model (Coleman et al., 2022). Active learning works well with
good initialization and informative confidence intervals. However, in our label-scarce setting, AL is particularly
challenging with complex data due to the absence of a reliably trained model in the first place - this is more
pronounced for difficult datapoints for which prediction is hard. AL needs an initial set of high-quality labeled
samples to reasonably train a model - also known as the cold-start problem - when labels are scarce, uncertainty
based sampling techniques are unsuitable (Li et al., 2024). Our goal is to identify informative samples with the
help of the expert annotator(s), whom the final model aims to emulate. Coreset selection (Guo et al., 2022;
Albalak et al., 2024; Sener and Savarese, 2018) aims to select a subset of datapoints for training. However, coreset
selection assumes that a large amount of labeled data already exists, and the focus is on reducing computational
costs. In contrast, our setting deals with the lack of labeled data, making existing coreset selection approaches,
which rely on the entire labeled dataset, inapplicable. Our work also aligns with curriculum learning (Bengio
et al., 2009), where a model is trained on samples of increasing difficulty/complexity. Due to the ambiguity in
hardness definition, often heuristics are used to infer the difficulty of samples (Soviany et al., 2022) and can
turn out unreliable and not generalizable. For niche tasks where an expert annotator is available, the difficulty
ratings from the annotator are more informative than heuristics since the goal is to train a model to mimic the
expert (Ionescu et al., 2016). In computer vision, there has been recent work regarding estimating the difficulty
of a dataset for the model using implicit difficulty ratings of annotation. For NLP tasks, (Ethayarajh et al., 2022)
constructs information theoretic metrics to estimate the difficulty of datapoints.

B.4 Applications where the blocking constraint is inevitable

In many personalized-recommendation and annotation settings, such as movie or book recommendations on edge
devices users literally cannot consume the same item twice in immediate succession. On-device privacy-aware
recommenders have no channel to query collaborative signals, so an immediate repeat shows the same item to
the same user which a useless round both for learning and engagement. Likewise, sending an already-labelled
image back to an expert consumes annotation budget without new information. We therefore treat blocking as
an environmental constraint rather than a modelling choice: the learner never observes any reward for a second
pull, so replaying cannot improve regret under the metric we adopt. Blocking constraints has been studied in
different recommendation settings as discussed in the paper [1,2] and we treat blocking as a fundamental modeling
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assumption rather than an optional restriction.

Under this modelling assumption, naively extending standard sparse bandit algorithms to a blocked setting fails
as illustrated in Figure 1. As shown, rejection-sampling adaptations of ESTC, LinUCB, and DR-Lasso break
their statistical guarantees. Once the high-mass arms are exhausted, the algorithm is forced to sample low-value
arms, and regret explodes. In standard linear-bandit regret, the benchmark repeatedly selects the single best arm.
Under blocking this benchmark is infeasible, so we compare against the top-T distinct arms (Eq. 1).

Moreover, under the blocking constraint, the traditional linear bandit regret objective allows pathological behavior,
such as recommending a single high-reward movie repeatedly. Our new regret definition measures performance
against the top T unique arms under blocking, incorporating realistic one shot constraints. Standard algorithms
are not designed to optimize this metric, whereas our BSLB and C-BSLB algorithms are explicitly crafted to
balance exploration, sparsity, and blocking, yielding provably optimal performance in data-poor, high-dimensional
regimes.

Another application is materials discovery exemplifies the blocked regime: synthesizing or testing a candidate
compound is costly, often destructive, and rarely repeated. The goal is therefore to select a small, diverse
panel of candidates whose features well condition the linear model so that one-shot measurements yield an
accurate parameter estimate and strong downstream recommendations. We include a synthetic vignette mirroring
this setting—single-pull, high-dimensional features, sparse ground truth—to illustrate how our design improves
conditioning and accelerates identification.

B.5 Discussion on λ∗
min

On the role of λ⋆min. We denote by λ⋆min the minimum eigenvalue of the empirical covariance of the subset of
arms used for exploration; it coincides with the Restricted Eigenvalue (RE) constant that governs the statistical
error of the Lasso in our analysis. In the blocked, high-dimensional, data-poor regime, both our upper and lower
bounds necessarily depend on λ⋆min: the regret of BSLB scales as Õ

(
k2/3T 2/3(λ⋆min)

−2/3
)

while the information-
theoretic lower bound scales as Ω

(
k1/3T 2/3(λ⋆min)

−1/3
)
. This shows the λ⋆min dependence is fundamental rather

than an artifact of algorithm design and mirrors prior high-dimensional sparse bandit results without blocking.

Algorithmic implications. Because regret degrades when λ⋆min is small, our exploration subset is chosen by
maximizing a convex surrogate for the E-optimal design objective, followed by randomized rounding; this yields
a set G with λmin(G)≥ 1

4 λ
⋆
min w.h.p., ensuring a well-conditioned design and enabling the stated regret rate

under blocking. Under standard ℓ∞-bounded arm assumptions, well-spread arm families (e.g., Hadamard-type
constructions) give λ⋆min bounded away from zero, illustrating regimes where nonvacuous guarantees are attainable.

Estimation and practice. In practice, λ⋆min is unknown; we adopt a simple offline proxy: draw small random
arm subsets and compute their empirical covariance eigenvalues to obtain a crude lower bound used for tuning.
Empirically, even coarse estimates suffice to realize sublinear regret, while recognizing that extremely ill-conditioned
arm sets can render bounds vacuous—an unavoidable limitation in this regime. We emphasize that the dependence
on λ⋆min arises from the underlying RE-controlled Lasso error and therefore persists across algorithmic choices.

B.6 Fair Comparator

Because the learner is prohibited from re-pulling an arm, a principled benchmark must obey the same constraint.
We therefore define regret against the best set of T distinct arms, i.e., the set whose cumulative expected reward
under the linear model,is maximal among all size-T subsets. Comparing to a policy that can re-pull arms would
grant the comparator strictly more information than the learner can ever obtain under blocking, making the
metric both unfair and misleading. This set based benchmark aligns the information structure of the oracle with
that of the learner.

However if one wants, one can construct pseudo-instances to compare the two regimes. However, this is only
useful for analytical purposes since this does not actually resemble the blocking constraint in practice. Our setting
allows for multi-sets (we make use of this in our proof of the lower bound in Section C.1) and one can construct an
arm set with independent copies of the best arm. Let A′ be the extended set of arms with T independent copies
of the best arm. Then over this instance the two comparators have the same expression. Therefore although
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the setting no longer practically respects the blocking constraint, the regret expressions and the resulting regret
bounds are the same.

B.7 Standalone contribution: offline Lasso under RE with blocked sampling

Beyond our bandit application, we establish high-probability prediction and support-recovery guarantees for the
Lasso when data are gathered without replacement under a restricted-eigenvalue condition and soft sparsity. These
results bridge classical RE-based analyses—usually stated for i.i.d. samples and practical design-of-experiments
regimes where points are chosen adaptively and never revisited. We believe this transfer is of independent interest
for practitioners designing one-shot data-collection campaigns.

B.8 Standalone Contribution

We propose a simple design procedure that targets the minimum eigenvalue (an E-optimal surrogate) by solving
a tractable concave relaxation and then applying independent randomized rounding. Unlike more common
A/D-optimal objectives, which control average or determinant-based criteria, our approach directly improves
the worst-direction conditioning relevant for sparse recovery and regret. The method is easy to implement,
parallelizable, and comes with concentration-based performance guarantees.

C TECHNICAL PROOFS

C.1 Proof of Lower Bound for Regret (Theorem 4)

Proof. We consider the hard-sparsity instance of the high-dimensional linear bandit setting with the blocking
constraint. We prove this in three steps. First we show how one can construct an equivalent bandit problem with
a blocking constraint for any problem without the blocking constraint. Next we use results from Hao et al. (2020)
to show that the result holds true for this transformation. Finally, we show that this is the best

1. For any instance of the bandit problem without the blocking constraint, we can construct a bandit problem
with the blocking constraint. This can be done by considering T copies of each of the arms, i.e. for the
original arm set A = {a(1), . . . , a(M)} we construct the arm multiset A′ as follows,

A′ = ∪Mi=1 ∪Tj {a
(i)
j }

where a
(i)
j denotes the jth copy of the ith arm (such that it is a different arm with the same arm vector).

Since it is a multiset, the union operation double-counts duplicate values. Now the bandit setting with
blocking constraint with arm set A′ is identical to the bandit setting without blocking constraint with arm
set A. Further the regret decomposition becomes identical in the first term, i.e. the top T arms have the
same arm vector.

2. Now for any arm set A without the blocking constraint, the lower bound from Theorem 3.3 of Hao et al.
(2020) holds for any algorithm, and the following bound holds

E[R] = Ω(min(λ
−1/3
min (A)k1/3T2/3),

√
dT)).

3. Now if any algorithm operating with the blocking constraint could achieve the regret of order lesser than
min(k1/3T2/3),

√
dT), then the algorithm would solve the bandit problem with arm multiset A′ (with the

blocking constraint) with regret lower than min(k1/3T2/3),
√
dT). But then we can solve the original problem

with arm set A with the same regret, hence arriving at a contradiction.

In the data-poor regime d ≥ k1/3T2/3, which is the regime considered in the paper, this bound reduces to
Ω(λ

−1/3
min (A)k1/3T2/3), which is the order that our upper bound achieves.
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C.2 Proof of Offline Guarantees of Theorem 1

Preliminaries and Basis Pursuit Program

We need the following definition of a restricted eigenvalue of a matrix X,
Definition 2. (Restricted Eigenvalue) If X satisfies Restricted Eigenvalue property RE(k0, γ,X), then there
exists a constant K(k0, γ,X) such that for all z ∈ Rd and z ̸= 0,

K(k0, γ,X) = min
J⊆{1,...,d}|J|≤k0

min
∥zJc∥1≤γ∥zJ∥1

∥Xz∥2
∥zJ∥2

.

This definition implies,

K(k0, γ,X)∥zJ∥2 ≤ ∥Xz∥2 ∀z,
such that ∥zJc∥1 ≤ γ∥zJ∥1 ∀J ⊆ {1, . . . , d}, |J | ≤ k0.

We now prove the theorem.

Proof. Let h = θ̂ − θ denote the error in estimation of the parameter, w = r−Xθ denote the noise vector, λ is
the Lagrange parameter in Line 9 of Algorithm 1 and n the number of samples.

For the vector h, let Y0 denotes the top-k coordinates by absolute value , Y1 the next top k coordinates and
so on . Let vYi

denote the vector where the Yi coordinates are equal to the coordinates of v and all the other
coordinates are 0. Let α = ∥h(Y0∪Y1)∥2.

The following inequality holds for a Lagrangian Lasso program (w/o any assumptions on sparsity) (See Eq.7.29
Proof of Theorem 7.13 Part (a) of Wainwright (2019); note this holds true without any assumptions on the
sparsity or the design matrix but just by optimality argument of the Lasso program),

1

n
∥Xh∥22 ≤

wTXh

n
+ λ(∥θ∥1 − ∥θ̂∥1) (6)

Now by triangle inequality ∥θ∥1 − ∥θ̂∥1 ≤ ∥θ − θ̂∥1 = ∥h∥1 and therefore,

1

n
∥Xh∥22 ≤

wTXh

n
+ λ∥h∥1 ≤

(
∥X

Tw

n
∥∞ + λ

)
∥h∥1

(The last step follows as a result of using Hölder’s inequality). Let B =
(
∥X

Tw
n ∥∞ + λ

)
, which gives us,

1

n
∥Xh∥22 ≤ B∥h∥1 (7)

We lower bound 1
n∥Xh∥22 using the RE condition and in order to do that we need to show that h lies in the cone

{z|z ∈ Rd, ∥z0Y∥ ≤ 4(1 + βk)∥zYC
0
∥}, which is the subset of the cone the RE condition is satisfied on. Note that

for the vector h the following condition holds,

∥hY0
C∥1 = ∥hY1

∥1 + ∥h(Y0∪Y1)C∥1
(a)

≤ ∥hY1∥1 + ∥h(Y0∪Y1)∥1 + 2βk
(b)

≤ ∥hY1
∥1 + ∥h(Y0∪Y1)∥1 + 2βk∥θ∗

Y0
∥1

(c)

≤ 2∥hY0
∥1 + 2∥hY0

∥1 + 4βk∥hY0
∥1

≤ 4(1 + γ)∥hY0
∥1,

(8)

where (a) follows from the decomposition available in Theorem 1.6 in Boche et al. (2015),

∥h(Y0∪Y1)c∥1 ≤ ∥h(Y0)c∥1 ≤ ∥h(Y0)∥1 + 2βk ≤ ∥h(Y0∪Y1)∥1 + 2βk
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(b) follows from the definition of the tail βk = βk∥θ∗
Y0
∥1

and (c) follows from ∥θ∗
Y0
∥1 ≤ ∥θ∗

Y0
− θ̂Y0

+ θ̂Y0
∥1 ≤ ∥θ∗

Y0
− θ̂Y0

∥+ ∥θ̂Y0
∥1 ≤ ∥hY0

∥+ ∥θ̂Y0
∥1 ≤ 2∥hY0

∥1. The
last inequality holds since θ̂ is a solution of equation 6 and ∥θ̂Y0

∥1 ≤ ∥θ̂∥1 ≤ ∥hY0
+ 0Yc

0
∥1 = ∥hY0

∥1 otherwise
hY0

+ 0Yc
0

would be the solution instead.

Now we can use the RE condition on the design matrix X using the vector h, which is such that ∥hYc
0
∥ ≤

(4 + 4βk)∥h(Y0)∥ the following holds,

K2(k0, 4 + 4βk,
X√
n
)∥hY0

∥22 ≤
∥Xh∥22

n
. (9)

Putting this into equation 7, and letting K = K(k0, 4 + 4βk,
X√
n
),

K2∥hY0∥22 ≤ B∥h∥1 = B(∥h(Y0)∥1 + ∥h(Y0)C∥1)
(a)

≤ B(5 + 4βk)∥h(Y0)∥1

where (a) follows from equation 8. Therefore,

K2

k
∥hY0∥21

(a)

≤ K2∥hY0∥22 ≤ B(5 + 4βk)∥h(Y0)∥1,

where (a) is due to Cauchy Schwarz. So we have,

∥hY0∥1 ≤
Bk(5 + 4βk)

K2

which we combine with ∥h∥1≤(5 + 4βk)∥h(Y0)∥1 to obtain,

∥h∥1 ≤
Bk(5 + 4βk)

2

K2
(10)

Now we bound ∥X
Tw
n ∥∞ using the properties of a bounded zero-mean noise from Wainwright (2019). Consider

the random variables, (XTw)j
n each of which is a weighted sum of independent random variables. Each of

the term of the sum is subgaussian with parameter bounded by σM
n , where M is the ℓ∞ bound. We have

M = 1. Using a standard sub-Gaussian concentration bound P( (X
Tw)j
n ≥ t) ≤ 2 exp(− nt2

2σ2 ). In Set t =

2ζ2σ(
√

log d
n ), then P( (X

Tw)j
n ≥ 2ζ2σ(

√
log d
n ) ≤ 2 exp(−2ζ22 log d) = 2d−2ζ22 . Using a union bound on d on the

probability P(∥X
Tw
n ∥∞ ≥ ζ2(

√
log d
n )) = P(maxj∈[d]

(XTw)j
n ≥ 2ζ2

√
log d
n ) ≤

∑
j∈[d] P(

(XTw)j
n ≥ 2ζ2

√
log d
n ) ≤

d1−2ζ22 . Therefore for a large enough constant ζ2, B ≤ 2ζ2σ(
√

2 log d
n ) with high probability 1− d1−2ζ22 .

Combining this with equation 10 and putting λ =
√

log d
n , we have,

∥h∥1 ≤ (2
√
2ζ2σ + 1)

(5 + 4βk)
2k

K2

√
log d

n

with probability 1− d1−2ζ22 .

C.3 Proof of Corollary 1

The statement of the Corollary basically extends the estimation guarantees of Theorem 1 hold with high probability.

First let us denote the expected covariance matrix as (assume Ĝ is the sampled subset without replacement from
A),

Σ = E

 1

|Ĝ|

∑
a∈Ĝ

aTa

 =
1

|Ĝ|

∑
a∈Ĝ

E{aTa} (a)
=

1

|G|
∑
a∈G

aTa,
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where (a) follows from sampling without replacement. The proof then hinges on the following key fact and using
Theorem 6 stated later.
Fact 1. The minimum eigenvalue defined by Λ = λmin

(
1
|G|
∑

a∈G aTa
)

is such that,

Λ = λmin

(
1

|G|
∑
a∈G

aTa

)
= min
z∈Rd

1

|G|
∥Xz∥22
∥z∥22

≤ K2(k, 4(1 + βk),
X√
|G|

) (11)

We further show using results from Rudelson and Zhou (2013) (Proved in Theorem 6 below.) that the following
holds with probability 1− exp(−ζ5n),

1

2
K(k, 4(1 + βk),Σ

1/2) ≤ K(k, 4(1 + βk), Σ̂
1/2) (12)

Therefore the following holds,

1

2
K(k, 4(1 + βk),

X√
n
) ≥ Λ1/2

with probability 1− exp(−ζ5n).

Therefore,

∥θ − θ̂∥1 ≤ 2ζ2σ
(5 + 4βk)

2k

K2

√
2 log d

n
= O

(
(5 + 4βk)

2σk

Λ

√
2 log d

n

)
,

with probability 1− d1−2ζ22 − exp(−ζ5n).

The only additional ingredient needed to prove the corollary is the following concentration inequality of equation 12,
which shows that if the RE of the covariance matrix of the set which is used for sampling is bounded from
below, then so is the RE of the sampled covariance matrix with high probability. However although the following
theorem is adapted directly from Rudelson and Zhou (2013); to prove it we need to make changes accordingly for
the sampling without replacement case. This introduces an additional multiplicative λmin term in the exponential
in the probability but does not change the order with respect to any other variable.

Concentration Inequality for RE condition to hold on sample covariance matrix given that it holds on the expected
covariance matrix.

We use the following Theorem which is an extension of Theorem 8 from Rudelson and Zhou (2013).
Theorem 6. Let 0 < δ < 1 and 0 < k0 < d. Let Y ∈ Rd be a random vector such that ∥Y ∥∞ ≤ M a.s and
denote Σ = EY Y T . Let X be an n × d matrix, whose rows Y1, . . . , Yn are sampled without replacement from
a set G. Let Σ satisfy the RE(k0, 3γ,Σ

1/2) condition as in Definition 1. Set k⋆1 = k0 + k0 maxj ∥Σ1/2ej∥22 ×(
16RE(k0,3γ,Σ

1/2)2(3γ)2(3γ+1)
δ2

)
. Assume that k⋆1 ≤ d and ρ = ρmin(k

⋆
1 ,Σ

1/2) > 0, the (k⋆1−sparse) minimum

eigenvalue of Σ1/2. Suppose the sample size satisfies for some absolute constant C,

n ≥ CM2k⋆1 · log d
ρδ2

· log3
(
CM2k⋆1 · log d

ρδ2

)
.

Then, with probability at least 1− exp(−δρ2n/(6M2k⋆1)), RE(k⋆0 , γ,X) condition holds for matrix 1√
n
X with,

0 ≤ (1− δ)K(k0, γ,Σ
1/2) ≤ K

(
k0, γ,

1√
n
X

)
.

(The inequality is reverse because our definition of Restricted Eigenvalue has the 1/K compared to the definition
of Rudelson and Zhou (2013) ). We use the Theorem with δ = 1

2

The proof of Theorem 6 is dependent on Theorem 23, which is reproduced below, and Theorem 10 (Reduction
Principle), which is in the paper. Out of these two, only Theorem 23 has elements related to the randomness of
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the design. In the proof of the above theorem, authors use concentration inequality to extend a RIP-like condition
on a general cone (rather than sparse vectors). This concentration inequality results from the following theorem:
an augmented version of Theorem 22 of Rudelson and Zhou (2013) to the sampling without replacement case.

The original proof of Theorem 22 is extremely involved (and mathematically rich). Reproducing the entire proof
would have surmounted to reproducing the entire paper. We only highlight the key difference, it is recommended
that the reader goes through the proof beforehand/side-by-side.

Theorem 7. Set 1 > δ > 0, 0 < k⋆0 ≤ d and Λ0 > 0. Let G be a subset of vectors such that ||Y ||∞ ≤ M , with
Σ =

∑
Y ∈G

1
|G|Y Y T. Σ satisfies RE(k⋆0 , 3Λ0,Σ

1/2). Rows of X are drawn uniformly without replacement from G.

Set k⋆1 = k⋆0 + k⋆0 maxj ∥Σ1/2ej∥22 ×
(

16RE(k⋆0 ,3Λ0,Σ
1/2)2(3Λ0)

2(3Λ0+1)
δ2

)
. Assume k⋆1 ≤ d and λmin(k

⋆
1 ,Σ

1/2) > 0. If
for some absolute constant ζ12,

n ≥ ζ12M
2k⋆1 log d

λmin(k⋆1 ,Σ
1/2)δ2

log3
(

ζ12M
2k⋆1 log d

λmin(k⋆1 ,Σ
1/2)δ2

)

then with probability 1− exp(
−δλ2

min(k
⋆
1 ,Σ

1/2)n
6M2k⋆1

), for all v ∈ C(k⋆0 ,Λ0), v ̸= 0

1− δ ≤ 1√
n

∥Xv∥2
∥v∥2

≤ 1 + δ.

Proof. In the proof of Theorem 22 of Rudelson and Zhou (2013), two arguments require the sampling with
replacement (i.i.d. samples), namely symmetrization and Talagrand’s concentration inequality. We use a sampling
with replacement version of the symmetrization argument and a sampling with replacement version of McDiarmid’s
concentration inequality to obtain comparable bounds. Therefore, to prove this argument, the following two
lemmas.

Lemma 1. (Symmetrization without Replacement)

E sup
x∈F

∣∣∣∣Efj(x, Zj)− 1

n

∑
fj(x, Zj)

∣∣∣∣
≤ 2

n
E sup
x∈F

∣∣∣∑ ξjfj(x, Zj)
∣∣∣

where are i.i.d. Rademacher random variables and Zj are random variables sampled uniformly without replacement
from some set.

Proof. Let Z1, . . . , Zn be the random variables sampled uniformly without replacement from set G. Z1− Consider
Z

′

1, . . . , Z
′

n be an independent sequence of random variables sampled uniformly without replacement from set G.
Then 1

n

∑
fj(x, Zj)− Efj(x, Zj) and 1

n

∑
fj(x, Z

′

j)− Efj(x, Zj) are zero mean random variable. Then,

E|| 1
n

∑
fj(x, Zj)− Efj(x, Zj)|| ≤ E|| 1

n

∑
fj(x, Zj)− Efj(x, Zj)−

1

n

∑
fj(x, Z

′

j) + Efj(x, Zj)||

=⇒ E|| 1
n

∑
fj(x, Zj)− Efj(x, Zj)|| ≤ E|| 1

n

∑(
fj(x, Zj)− fj(x, Z

′

j)
)
||

(Since 1
n

∑
fj(x, Zj)− Efj(x, Zj) and 1

n

∑
fj(x, Z

′

j)− Efj(x, Zj) are independent)

E|| 1
n

∑
fj(x, Zj)− Efj(x, Zj)|| ≤ E|| 1

n

∑(
fj(x, Zj)− fj(x, Z

′

j)
)
||

=⇒ E|| 1
n

∑
ξj

(
fj(x, Zj)− fj(x, Z

′

j)
)
|| ≤ 2E|| 1

n

∑
ξj (fj(x, Zj)) ||

(Symmetric random variables Vershynin (2018) since Zj and Z ′
j have same distribution; followed by Triangular

Inequality).
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Lemma 2. (Concentration using McDiarmid’s inequality) If |fj(x)| ≤ ζ13 a.s.. And suppose W =
supx∈F

∑n
j=1 fj(x, Zj), where Z1, . . . , Zn are sampled uniformly without replacement from some set. If EW ≤ 2δn,

then the following holds,

P(W ≥ 4δn) ≤ exp

(
−8δ2n
ζ213

)
Proof. We prove the result by using McDiarmid’s inequality. First we bound the quantity,

sup
Z

′
i

| sup
x∈F

n∑
j=1

fj(x, Zj)− sup
x∈F

 n∑
j=1,j ̸=i

fj(x, Zj) + fi(x, Z
′

i)

 |
≤ sup

Z
′
i

| sup
x∈F

n∑
j=1,j ̸=i

fj(x, Zj) + sup
x∈F

fj(x, Zi)− sup
x∈F

n∑
j=1,j ̸=i

fj(x, Zj)− inf
x∈F

fi(x, Z
′

i)| ≤ sup
Z

′
i

| sup
x∈F

fj(x, Zi)| ≤ ζ13

We use the following version of McDiarmid’s concentration inequality for random variable without replacement
with t = 2δn to obtain the result. The condition that needs to be verified is that W is symmetric under
permutations of the individual fj(x, Zj). This is obviously true since this is a unweighted sum of the individual
fj(x, Zj). We next state McDiarmid’s concentration inequality without replacement from Tolstikhin (2017),

Lemma 3. Suppose W = supx∈F
∑n
j=1 fj(x, Zj), where Z1, . . . , Zn are sampled uniformly without replacement

from some set. Then,

P(W − EW ≥ t) ≤ exp

(
−2t2

nζ213

)
.

The probability is exp
(

−8δ2n
ζ213

)
≤ exp

(
−δ2n
6ζ213

)
≤ exp

(
−δ2nλ2

min(k
⋆
1 ,Σ

1/2)
6M4m2

)
≤ exp

(
−δ2nλ2

min(k
⋆
1 ,Σ

1/2)
6M2m

)
, which is same

as that in the original theorem from Rudelson and Zhou (2013) except an additional λmin(k
⋆
1 ,Σ

1/2) which is
reflected in our Theorem statement.

Comment on Dudley’s inequality : Theorem 23 also uses Dudley’s inequality, but there the Ψ1, . . . ,Ψn are treated
as deterministic and so the proof goes through in our sampled without replacement case as well.

We can now complete the proof by computing the probability of the following event,

E =

{
K(k, 4 + 4βk,

X√
n
) ≥ K(k, 4 + 4βk,Σ

1/2) ≥ (λ∗
min)

−1/2, ∥θ − θ̂∥1 = Õ

(
σ

(5 + 4βk)
2k

K(k, 4 + 4βk,
X√
n
)

√
2 log d

n

)}

has the probability, P(E) ≥ 1− d1−2ζ22 − exp(−ζ5n). which completes the proof.

C.4 Proof of Approximation Guarantees of Theorem 2

For vectors v and z, define Zv(z) = zTvvTz.

Then the minimum eigenvalue for (covariance matrix of) a set of vectors G is given by, λmin(G) =
minz∈Bd

1
|G|
∑

v∈G Zv(z).

Let randomized rounding be run with û, and Ĝ be the sampled set of arms. Of-course |Ĝ| need not be equal to û.
However, we first assume that the denominator of λmin(Ĝ) is equal to û. We later show that this assumption
worsens the approximation guarantees by 2 with high probability. Under this assumption by construction of the
randomized rounding procedure, the expected minimum eigenvalue of the sampled set is equal to the minimum
eigenvalue corresponding to the solution of the convex optimization problem, since, EµZv(z) = µvZv(z).

Step 1: We therefore prove the following result to bound the approximation error between the λmin(Ĝ) obtained
from the randomized rounding solution and the optimal solution (off by a factor of û

|Ĝ| )of the convex relaxation
from equation 5 run using û.
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Lemma 4. Let A be a set of M arms where each arm is a ∈ Bd∞ and let Zv(z) = zTvvTz. Let µ be the solution
of the convex relaxation of equation 5 at û and Ĝ be the set sampled using randomized rounding (Step 18-20 in
Alg. 1). Then for some constant ζ10 the following holds ,

P

∣∣∣∣∣∣ infz∈Bd

1

û

∑
v∈Ĝ

Zv(z)− inf
z∈Bd

∑
v∈A

µvZv(z)

∣∣∣∣∣∣ ≥ ζ10
√
d logM√
|û|

 ≤ 1

logM
(13)

Proof. By symmetrization over the sum of independent random variables {Wi, i ∈ [M]} each of which is Zvi
(z)

with probability ûµvi
and 0 otherwise. It can be seen that E{ 1û

∑
i∈[M] Wi} =

∑
v∈A µvZv(z)

E

 sup
z∈Bd

∣∣∣∣∣∣ 1û
∑
i∈[M]

Wi −
∑
v∈A

µvZv(z)

∣∣∣∣∣∣
 ≤ 2E

 sup
z∈Bd

∣∣∣∣∣∣ 1û
∑
i∈[M]

ξiWi

∣∣∣∣∣∣
 =

2

û
E

 sup
z∈Bd

∣∣∣∣∣∣
∑
i∈[M]

ξiWi

∣∣∣∣∣∣
 (14)

where ξi are i.i.d. Rademacher random variables.

Now using Dudley’s integral inequality on sum of independent RVs,

E

[
sup
z∈Bd

∣∣∣∣∣∑
i

ξiWi

∣∣∣∣∣
]
≤ ζ11Ψ log1/2(

3

ϵ
)
√
d

where Ψ is the constant which satisfies for all z1 and z2,

||
∑
i∈[M]

ξiWi(z1)−
∑
i∈[M]

ξiWi(z2)||ψ ≤ Ψ||z1 − z2||2 ≤
√
2Ψ,

and where ∥ · ∥ is the sub Gaussian norm.

Now w.l.o.g.,

||
∑
i∈[M]

ξiWi(z1)−
∑
i∈[M]

ξiWi(z2)||ψ ≤ 2||
∑
i∈[M]

ξiWi(z1)||ψ ≤ 2||
∑
i

Wi(z1)||ψ.

The last inequality follows since the ξiWi are bounded by Wi. Now from the definition of sub Gaussian norm,

||
∑
i∈[M]

Wi||ψ = inf{t : exp (
∑

Wi)
2

t2
≤ 2}

Now,

exp

∑
(Wi)

2

t2
≤ exp

4M4d

ût2
(a)

(a) follows with high probability from the following argument (using Hoeffding’s inequality on Bernoulli random
variable 1(v) (if v is present or not with probability ûµv) with deviation equal to the mean),∑

v∈Ĝ

(Wi)
2 ≤

∑
v∈A

2E[1(v)](Zv(z1))
2

(a)

≤
∑
v∈A

2ûµv
(zT1vv

Tz1)
2

û2
≤ 2M4d2

û

∑
µv ≤

2M4d2

û
, (15)

with probability 1− exp(−2M). (a) follows from the fact that a ∈ Bd∞, ∥a∥2 ≤ d.

To find inf{t : exp( ·
t2 ) ≤ 2},

exp
4M4d2

ût2
≤ 2 =⇒

√
4M4d2

û ln 2
≤ t

Therefore Ψ ≤
√

4M4d2

û ln 2 and letting ζ10 = 4ζ11

√
log( 3

e )

ln(2) , plugging this into equation 14 we obtain,

E

 sup
z∈Bd

∣∣∣∣∣∣ 1û
∑
i∈[M]

Wi −
∑
v∈A

µvZv(z)

∣∣∣∣∣∣
 ≤ 2ζ10

√
d3M4

û3
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Using Markov’s inequality along with the union bound on the the probability of equation 15,

P( sup
z∈Bd

∣∣∣∣∣∣ 1û
∑
i∈[M]

Wi −
∑
v∈A

µvZv(z)

∣∣∣∣∣∣ ≥ 2ζ10

√
dt√
û3

) ≤ 1

t
+ exp(−2M)

One can can set t appropriately.

Also finally note that showing the bound on the supremum implies the bound we set to show in equation (11).
Note that 1

û

∑
i∈[M] Wi =

1
û

∑
v∈Ĝ Zv Now if,

sup
z∈Bd

∣∣∣∣∣∣ 1û
∑
v∈Ĝ

Zv −
∑
v∈A

µvZv(z)

∣∣∣∣∣∣ ≤ ϵ

is true with probability 1− δ. Then ∀z ∈ Bd,

∑
v∈A

µvZv(z)− ϵ ≤
∑
v∈Ĝ

1

û
Zv(z)

inf
z∈Bd

E
∑
v∈A

µvZv(z)− ϵ ≤ inf
z∈Bd

1

û

∑
v∈Ĝ

Zv(z)

with probability 1− δ. Similar to the other direction, we obtain the desired result.

Step 2: Then, we bound the size of the actual sampled set with respect to û, at which the convex relaxation is
computed. We derive the following result which gives a probability bound on the number of arms sampled.

Lemma 5. Let û be the subset size that the randomized rounding is run with (Line 20 in Alg. 1) and let Ĝ be the
true number of sampled arms. Then the following probability holds,

P(
û

2
≤ |Ĝ| ≤ 2û) ≥ 1− 2(

2

e
)

û
2 (16)

Proof. We prove the following two tail bounds and then take the union bound over them both,

P(|Ĝ| ≥ 2û) ≤ (
e

3
)û,P(|Ĝ| ≤ û/2) ≤ (

2

e
)

û
2

First the size of the sampled subset is the sum of independent Bernoulli random variables, |Ĝ| =
∑

pj where each
pj = Ber(µj û). Using tail bound from Chernoff bound,

P(|Ĝ| ≥ 2û) ≤ inf
t>0

exp(−t2û)E[exp(t|Ĝ|)] = inf
t
exp(−t2û)

∏
j

E[exp(tpj)] (independent rv)

inf
t
exp(−t2û)

∏
j

E[exp(tpj)] ≤ inf
t
exp(−t2û)

∏
j

exp(ûµj(exp(t)− 1))

= inf
t
exp(−t2û) exp(û(exp(t)− 1))

Achieves infinum for t = ln 2,

P(|Ĝ| ≥ 2û) ≤ exp(−2û ln 2 + û) = (
3

e
)û
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Using a similar left tail bound,

P(|Ĝ| ≤ û/2) ≤ inf
t<0

exp(−tû/2)E[exp(t|Ĝ|)]

= inf
t
exp(−tû/2)

∏
j

E[exp(tpj)] (independent rv)

= inf
t
exp(−tû/2)

∏
j

E[exp(tpj)]

≤ inf
t
exp(−tû/2)

∏
j

exp(ûµj(exp(t)− 1)) = inf
t
exp(−tû/2) exp(û(exp(t)− 1))

Achieves infinum for t = − ln 2,

P(|Ĝ| ≤ û/2) ≤ exp(û(−1

2
) + ln 2û/2) = (

2

e
)

û
2

Now for û ≥ 1, ( 2e )
û
2 ≥ ( 3e )

û, and therefore applying the union bound we obtain the required result.

Therefore the above lemma helps us prove the following statement,

P(
1

2
≤

minz∈Bd

∑
v

1
|Ĝ|pvz

TvvTz

minz∈Bd

∑
v∈A

1
ûpvz

TvvTz
≤ 2) ≥ 1− 2(

2

e
)

û
2

Step 3: The above two lemmas help us prove the approximation error of the randomized rounding with respect
to a fixed parameter û. However, the approximation errors need to be with respect to the optimal choice of û, u∗,
which is the size of the optimal subset from equation 2.

We claim the following about the solution of the convex relaxation at û and ζ12d,

λ∗
min(ζ12d) ≤ argmax

µ∈P(A);∥µ∥∞≤ 1
ζ12d

inf
z∈Bd

∑
v∈A

µvZv(z) ≤ argmax
µ∈P(A);∥µ∥∞≤ 1

ζ12d

inf
z∈Bd

∑
v∈A

1

ζ12d
Zv(z)

≤ û

ζ12d
argmax

µ∈P(A);∥µ∥∞≤ 1
d

inf
z∈Bd

∑
v∈A

1

û
Zv(z) ≤

û

ζ12d
argmax

µ∈P(A);∥µ∥∞≤ 1
û

inf
z∈Bd

∑
v∈A

1

û
Zv(z)

≤ û

ζ12d
argmax

µ∈P(A);∥µ∥∞≤ 1
û

inf
z∈Bd

∑
v∈A

1

û
Zv(z) ≤

û

ζ12d
argmax

µ∈P(A);∥µ∥∞≤ 1
û

inf
z∈Bd

∑
v∈A

µvZv(z)

≤ û

ζ12d
λ∗
min(û)

(17)

The last inequality follows from the fact that 1
û lies is in the feasibility set.

Let u∗ be the size of the optimal subset. If u∗ > ζ12d, (otherwise we do a subset search), the convex relaxation at
u∗ is more constrained than the one at ζ12d,

λ∗
min(u

∗) ≤ λ∗
min(ζ12d) ≤

û

ζ12d
λ∗
min(û) =⇒ λ∗

min(û) ≥
ζ12d

û
λ∗
min(u

∗)

Putting Everything Together: We can now combine the two lemmas and the equation above to say that for
an error ϵ = ζ10

t
√
d√
û
3 , to obtain the following,

λ̂min ≥
ζ12d

2û
λ∗
min(u

∗)− 2ζ10

√
d3M4

û3

Set ζ12 to be a large enough constant, û = ζ12d and t = 2,

λ̂min ≥
λ∗
min(u

∗)

2
− 2ζ10

√
1

ζ312
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with probability 1
2 − exp(−2M)− 2( 2e )

û
2 .

If a lower bound λlmin of λ∗
min(u

∗) is known, we set ζ12 to be large enough such that 2ζ10
√

1
ζ312
≤ λl

min

4 , making
the inequality,

λ̂min ≥
1

2
λ∗
min(u

∗)− λlmin

4
=⇒ λ̂min ≥

1

4
λ∗
min(u

∗)

Therefore we need ζ12 ≥ 642/3(ζ10)
2/3

(λl
min)

2/3

To increase the probability of success , we can then run this multiple times and then take the maximum of the
minimum eigenvalues of the different sampled subsets, as is standard when using randomized algorithms.

C.5 Proof of Regret Guarantees of Theorem 3

Proof. The regret bound can be proved in 3 steps. First, we decompose the regret, apply Corollary 1, and then
optimize the exploration period.

Step 1. Regret Decomposition: M = supa∈A ∥a||∞. Define the maximum reward as, Rmax = maxa∈A |θTa|
and a∗ as the corresponding arm. The regret can be decomposed as,

E[Reg(T)] =Eθ

[
T∑
t=1

〈
θ,aπ(t) − at

〉]
= Eθ

[
T∑
t=1

〈
θ,aπ(t) − at

〉]

= Eθ

Texplore∑
t=1

〈
θ,aπ(t) − at

〉+ Eθ

 T∑
t=Texplore+1

〈
θ,aπ(t) − at

〉
≤ 2TexploreRmax + Eθ

 T∑
t=Texplore+1

〈
θ,aπ(t) − at

〉
The decomposition step requires extra care since the regret is with respect to the top-Texplore arms. In the
exploitation stage, the arms are selected such that the top (T− Texplore)−arms are played according to θ̂ and are
indexed by the permutation π̂ (that is at = aπ̂(j)). We next bound the regret for the jth selected arm.

1. If θTa(π̂(j)) ≥ θTa(π(j)), then the regret for the jth selected arm is negative.

2. If not i.e., θTa(π̂(j)) ≤ θTa(π(j)), then there exists an arm index, j1 in the permutation π such that j1 is
shifted to the left in π̂. This implies that θTa(π̂(j1)) ≥ θTa(π(j1)). Note that by our estimation guarantees of
estimating θ upto ϵ accuracy with high probability, (θ̂Ta(π̂(j)) − θTa(π̂(j))) ≤ ∥θ̂T − θT∥1∥a(π̂(j))∥∞ ≤Mϵ
with probability 1− 1

dζ2−1 (ζ2 is a large enough constant). We decompose the regret for this case with respect
to this index and bound the error:

θTa(π(j)) − θTa(π̂(j)) = (θTa(π(j)) − θTa(π̂(j1)))︸ ︷︷ ︸
≤0

+(θTa(π̂(j1)) − θ̂Ta(π̂(j1)))︸ ︷︷ ︸
≤Mϵ

+ (θ̂Ta(π̂(j1)) − (θ̂Ta(π̂(j)))︸ ︷︷ ︸
≤0

+(θ̂Ta(π̂(j)) − θTa(π̂(j)))︸ ︷︷ ︸
≤Mϵ

≤
〈
θT − θ̂T,a(π(j))

〉
+
〈
θT − θ̂T,a(π(j1))

〉
≤ 2Mϵ

with probability ν = 1− 1
d1−ζ2

− exp(−ζ5n).

We therefore obtain the following,

E[Reg(T)] ≤2MTexploreRmax + 2(T− Texplore)νϵ+M(T− Texplore)(1− ν)Rmax,
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For a high enough ζ3, 1 − ν = o(1) and the last term is very small. Further T ≫ Texplore (the number of
exploration rounds is sublinear in T) we obtain,

E[Reg(T)] =Eθ

[
T∑
t=1

〈
θ,aπ(t) − at

〉]
= Õ

(
RmaxTexplore +M∥θ − θ̂∥1T

)
Step 2. Fast Sparse Learning: We use Theorem 1, which is proved in the appendix, to obtain an estimation
guarantee in terms of the number of exploration rounds. And we now apply the bound from Corollary 1 and obtain
the following (Making an assumption similar to Hao et al. (2020) on the exploration rounds Texplore > O(kλ−4

min).

Step 3. Exploration Period Optimization: ( The probability of error terms (1 − ν) are left out in the
expression.) ϵ = Õ

(
σ (5+4βk)

2k
λ∗
min

√
1

Texplore

)
equation ?? can then be bounded as,

E[Reg(T)] = Õ

(
RmaxTexplore + T(σM

(5 + 4βk)
2k

λ∗
min

√
1

Texplore
)

)

Setting Texplore = R
−2/3
max

ˆλmin
−2/3

k2/3T2/3 we obtain the following,

E[Reg(T)] = Õ

(
R1/3

max

(
1

ˆλmin
−2/3

+ σM
(5 + 4βk)

2 ˆλmin
1/3

λ∗
min

)
k2/3T2/3

)

Further using guarantees from Theorem 2, we use ˆλmin = Ω(λ∗
min) with high probability and M = 1,

E[Reg(T)] = Õ
(
R1/3

maxσ(5 + 4βk)
2λ∗

min
−2/3k2/3T2/3

)
.

We can also obtain a regret bound for the case of hard sparsity which is of the same order as Hao et al. (2020).
Corollary 2. Let θ be k-sparse, ∥θ∥0 ≤ k in the sparse linear bandits framework of Theorem 3. Let λ∗

min be
the minimum eigenvalue from equation 2 with the same assumptions as Theorem 3. Then Algorithm BSLB with
exploration period Texplore = O(k

2
3T

2
3 ), achieves a regret guarantee of E[Reg(T)] = O((λ∗

min)
−1k

2
3T

2
3 ).

C.6 Alternative to Subset Algorithm

We can reduce the time complexity of Algorithm 2 by considering a bound on the eigenvalue of the sampled
vectors in terms of a lower bound. The tradeoff here is in the regret gaurantee - the denominator gets an additional
factor of (λlmin)

2. First note the following decomposition,

λmin(G∗)
ζ12

≤ dλmin(G∗)
ζ12d

≤ u∗λmin(G∗) + (û− u∗)λmin(J )
û

≤ λmin(G∗ ∪ J ) ≤ λ∗
min(û)

(a)

≤ 2( ˆλmin + 2ζ10

√
d3

û3
)

=⇒ λmin(G∗)
2ζ12

− ζ10

√
1

ζ312
≤ ˆλmin

where (a) follows from the approximation guarantees of the previous section.

Now plugging in ζ12 =
16ζ210

(λl
min)

2 we obtain,

λ∗
min(u

∗)(λlmin)
2

32ζ210
− (λlmin)

3

64ζ210
≤ ˆλmin

=⇒ ˆλmin ≥
(λlmin)

2(2λ∗
min(u

∗)− λlmin)

64ζ210
≥ (λlmin)

2(λ∗
min(u

∗))

64ζ210
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Therefore this choice of ζ12 (and hence û, leads to a linear time algorithm however the regret bound is now
(λ∗

min)
−1(λlmin)

−2 instead of (λ∗
min)

−1.

C.7 Subset Search Algorithm for Searching the Optimal Subset

From the previous previous proof we can set û = ζ12d, and then search for subsets in the range [d, û] to obtain a
minimum eigenvalue ˆλmin. We obtain the approximation guarantee, ˆλmin ≥ 1

2λ
∗
min w.h.p., since we are only using

the approximation guarantee from Lemma 4 and Lemma 5, and not from equation 17 because we are already
searching the space < û. Since the search space is dependent on Poly(d), the time complexity of the subset search
algorithm, Algorithm 3 follows. This time complexity is substantially smaller than the complexity over the search
over all arms which is of the order O(exp(M)).

Algorithm 3 SubsetSearch : Subset Search for Optimal Subset
Input Approximation Factor ϵ, Search Bound û
Output Subset Ḡ
Set ¯λmin = 0, Ḡ = ϕ
for d̄ in {d, . . . , û} do

for G′ in {G ⊆ A; |A| = d̄} do
if λmin(

∑
a∈G′ |G′−1|aaT) > ¯λmin then

Set ¯λmin = λmin(
∑

a∈G′ |G′−1|aaT), Ḡ = G′
end if

end for
end for

What if the maximum minimum eigenvalue λ∗
min is not known ? We can use a lower bound on the λ∗

min. This is
easy to obtain: Randomly sample subsets of the arm set A and compute the objective value in Equation 2 for
each subset - the lower bound can be the maximum objective value across the sampled subsets.

What can the practitioner do to select a good subset size empirically? Additionally, if a practitioner wants to test
out a particular choice of û, the worst-case error can be empirically calculated (the difference between the convex
relaxation at d and averaged across multiple randomized rounding runs for different values of û). This is possible
because the randomized rounding in GetGoodSubset(A) can be run offline.

C.8 Why Does the Average Minimum Eigenvalue Constraint Not Satisfy Matroid Constraints

Existing work in experiment design work with objective functions which often satisfy the matroid, submodularity
or cardinality constraints to perform experiment design Allen-Zhu et al. (2021b); Brown et al. (2024). However we
need to optimize the minimum eigenvalue averaged across the subset (because we want to avoid dependence of M
in the regret term and also use the RE condition). Our objective clearly does not satisfy the cardinality constraint,
and the feasible sets don’t satisfy a matroid constraint (since removing a vector might improve the minimum
eigenvalue averaged across the set, so there is no clear partitioning/structure to the feasible set). Finally, we tried
to prove submodularity but were unable to do so for our objective function especially because the denominator is
dependent on the subset size.

C.9 Details on corralling

Brief Overview on Corralling: The algorithm CORRAL Agarwal et al. (2017) is a meta-bandit algorithm that
uses online mirror descent and importance sampling to sample different bandit algorithms that receive the reward.
Using the rewards updates the probabilities used for sampling. The main objective is to achieve a regret which is
as good as if the best base algorithm was run on its own.

To setup the context, we exactly reproduce the following excerpt, definition and theorems have been taken
from Agarwal et al. (2017):

For an environment E, we define the environment E ′ induced by importance weighting, which is the environment
that results when importance weighting is applied to the losses provided by environment E. More precisely, E ′ is
defined as follows. On each round t = 1, . . . , T ,
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1. E ′ picks an arbitrary sampling probability pt ∈ (0, 1] and obtains (xt, ft) = E(θ1, . . . , θt−1).

2. E ′ reveals xt to the learner and the learner makes a decision θt.

3. With probability pt, define f ′
t(θ, x) = ft(θ, x)/pt and θ′t = θt; with probability 1− pt, define f ′

t(θ, x) = 0 and
θ′t ∈ Θ to be arbitrary.

4. E ′ reveals the loss f ′
t(θt, xt) to the learner, and passes θ′t to E.

Definition 3. Agarwal et al. (2017) For some α ∈ (0, 1] and non-decreasing function R : N+ → R+, an algorithm
with decision space O is called (α,R)-stable with respect to an environment E if its regret under E is R(T ), and
its regret under any environment E ′ induced by importance weighting is

sup
θ∈Θ

E

[
T∑
t=1

ft(θ, xt)− ft(θ, xt)

]
≤ E[ρα]R(T ) (2)

where ρ = maxt∈[T ] 1/pt (with pt as in the definition of E ′ above), and all expectations are taken over the
randomness of both E ′ and the algorithm.

Similar too most reasonable Base Algorithms it can be seen that the BSLB algorithm satisfies is (1,E[Reg(T)])-
stable by rescaling the losses.

We
Theorem 8. (Theorem 4 in Agarwal et al. (2017)) For any i ∈ [M ], if base algorithm Bi (with decision space Oi)
is (αi, Ri)-stable (recall Defn. 3) with respect to an environment E, then under the same environment CORRAL
satisfies

sup
θ∈Θ, π∈Π

E

[
T∑
t=1

ft(θt, xt)− ft(θ, xt)

]
= Õ

(
M

η
+ Tη

|Oπt |
η

+
αi
ηβ

Ri(T )

)
, (3)

where all expectations are taken over the randomness of CORRAL Algorithm, the base algorithms, and the
environment.
Theorem 9. (Theorem 5 in Agarwal et al. (2017)) Under the conditions of Theorem 7, if αi = 1, then with η =

min
{

1
4θRi(T ) lnT ,

√
1
T

}
CORRAL satisfies: supθ∈Θ,π∈Π

[∑T
t=1 ft(θt, πt)− ft(θ, πt)

]
= Õ

(√
MT +MRi(T )

)
.

C.10 Proof of Corralling Guarantees for Theorem 5

Algorithm 4 Corralling with Blocked Linear Sparse Bandits (C-BSLB)
1: Input: Dimension d, Total Number of Rounds T, Regret Bound of Best Algorithm Rbest

2: Set Learning rate η = min

(
1

40TRbest
,
√

⌊log2(d)⌋
T

)
3: Set Exponential Grid k ∈ [1, 2, . . . 2⌊log2(d)⌋]
4: Initialize ⌊log2(d)⌋+1 Base Algorithms one for each sparsity parameter on an exponential grid, BSLB(Texplore =

ζk1/3T2/3)
5: Sample Msampled = ζd1/3T2/3 arms without replacement to be used as proxy samples.
6: Run Corral(⌊log2(d)⌋+ 1 BSLB algorithms, η) from Agarwal et al. (2017) with Base Algorithms and time

horizon T. If an arm is suggested which is already pulled, pull an arm from the remaining set of arms
uniformly at random.

Before presenting the proof, we clarify what we mean by the exponential scale with an example. For dimension
d = 1024, the exponential scale will be k ∈ {1, 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024}, and we initialize a base
algorithm each with the exploration period set according to the k.

Remark: Also Step 5 and Step 6 in Algorithm 4 needs explanation. Note that the CORRAL algorithm as a whole
has to respect the blocking constraint. Even though CORRAL does not require the bandit algorithms to be run
independently, we want to avoid changing CORRAL or the base algorithm. Instead we just change the arms that
are available to sample by exploiting the fact that our base algorithm is a two step algorithm and each of the
steps can be performed offline. For each base algorithm:
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1. For the explore phase of the base algorithm we take arms from the intersection of the subset sampled in step
5 and the subset of arms which have not been sampled.

2. For the exploit phase if the chosen base algorithm provides an arm which has already been sampled by
CORRAL. Then we provide the feedback corresponding to that arm. And then we pull an arm from the
remaining set of arms without replacement.

Note that with this modification, the exploration phase of each of the algorithm runs as if the algorithm was
being run independently. Hence the regret bounds for each individual base algorithm still holds. We can now
prove Theorem 9.

We now use Theorem 9 with M = log2⌈d⌉+ 1 algorithms. However if we simply apply the theorem we can bound
with respect to the sparsity parameter which lies on the grid, s ∈ {2i}log2⌈d⌉

i=0 ,

E[Reg(T)] ≤ Õ(
√
log2⌈d⌉T+ log2⌈d⌉E[Reg(T)]s)

But the optimal sparsity parameter k⋆ may not lie on the grid and we need to bound E[Reg(T)]k⋆ in terms of
E[Reg(T)]s. To that end we prove the following lemma,

Lemma 6. Let k⋆ be the sparsity parameter at which the regret bound of ?? is minimized. And let s ∈ {2i}log2⌈d⌉
i=0

be the parameter on grid which is closest to k⋆ in absolute distance. Then the following holds (where ν is the
probability of exploration round succeeding at sparsity level k⋆),

E[Reg(T)]s ≤
√
2k∗E[Reg(T)]k⋆ + log2(2k

∗)O(1− ν)

Proof. Let the bound on the expected regret for sparsity level k be given by E[Reg(T)]k.

From the statement of the theorem, we assume that for the optimal sparsity parameter k⋆, the nearest parameter
(on the exponential scale) is s. k⋆ lies in the interval [⌈s/2⌉, 2s]] (otherwise s would not be the closest parameter on
the exponential scale.). Therefore if we were perform a binary search for k⋆, we would need at most Y = ⌊log2(4k⋆)⌋
queries to search for k⋆. Let k∗1 , k

∗
2 , . . . , k

∗
Y be the mid-points of these queries, where k∗Y = k⋆. Now each of them

is such that k∗j = αk∗j−1, where α ∈ [0.75, 1.25].

First consider the case when α ∈ [0.75, 1], then by substituting k = ⌊αk⌋, in the regret bound of Theorem 3, the
following inequalities can be obtained ,

E[Reg(T)]⌊αk⌋ ≤ (
1

α
)1/2E[Reg(T)]k + (1− ν)O(T) ≤

√
2E[Reg(T)]k + (1− ν)O(T).

Now for the case, α ∈ [1, 1.25], we substitute for k = ⌈αk⌉

E[Reg(T)]⌈αk⌉ ≤ (α)1/3E[Reg(T)]k + (1− ν)O(T) ≤
√
2E[Reg(T)]k + (1− ν)O(T)

The probability of success of each of them is 1− o(1) and log(4k∗) times the probability of error is still o(1).

Now we can take a cascade of products by decomposing E[Reg(T)]k∗ using the above inequality in the direction
of k∗1 , k∗2 , . . . , k∗Y . (i.e. we can decompose k⋆ = α1α2 . . . αY k,

E[Reg(T)]s ≤ αE[Reg(T)]k∗1 +O(1− ν) ≤ · · · ≤ (
√
2)Y E[Reg(T)]k⋆ + Y O(1− ν)

E[Reg(T)]s ≤ 2
√
k⋆E[Reg(T)]k⋆ + log2(4k

⋆)O(1− ν)
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