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ABSTRACT

Diffusion models are one of the key architectures of generative Al. Their main
drawback, however, is the computational costs. This study indicates that the
concept of sparsity, well known especially in statistics, can provide a pathway to
more efficient diffusion pipelines. Our mathematical guarantees prove that sparsity
can reduce the input dimension’s influence on the computational complexity to that
of a much smaller intrinsic dimension of the data. Our empirical findings confirm
that inducing sparsity can indeed lead to better samples at a lower cost.

1 INTRODUCTION

Diffusion models are probabilistic generative models that generate new data similar to those they are
trained on (Song & Ermon, 2019;|Ho et al., |2020; |Song et al.,|2021b)). These models have recently
gained significant attention due to their impressive performance at image generation, video synthesis,
text-to-image translation, and molecular design (Dhariwal & Nichol, 2021} [Ho et al.| |2022; Ramesh
et al., |2022; Xu et al., [2022)).

A diffusion generative model is based on two stochastic processes:

1. A forward process xg — ;1 — - -- — @ that starts from a sample g € R? from a target
data distribution q¢ (o ~ qo) and then diffuses this sample in 7" steps into pure noise
TT € R (e ~ N(Od, Hd))

2. A reverse process yr — Yyr—1 — --- — Yo that starts from pure noise yr € R¢
(yr ~ N(04,1;)) and then converts this noise in 7" steps into a new sample yo € R?
(yo ~ po) that is similar in distribution to the target sample o € R%.

Making the data noisy is easy. Therefore, fitting a good reverse process is the key to successful
diffusion modeling.

The three predominant formulations of diffusion models are denoising diffusion probabilistic models
(DDPM) (Ho et al., [2020), score-based generative models (SGM) (Song & Ermonl 2019), and score-
based stochastic differential equations (SDE) (Song et al., 2021bja). DDPM include two Markov
chains: a forward process that transforms data into noise, and a reverse process that recovers the data
from the noise. The objective is to train a function (usually a deep neural network) for denoising the
data over time. Sample generation then takes random Gaussian noise through the trained denoising
function. SGM, which is the setting adopted in this paper, also perturb data with a sequence of
Gaussian noise but then try to estimate the score functions, the gradient of the log probability density,
for the noisy data. Sampling combines the trained scores with score-based sampling approaches like
Langevin dynamics. While DDPM and SGM focus on discrete time steps, Score SDEs consider
infinitely many time steps or unbounded noise levels. In Score SDEs, the desired score functions are
solutions of stochastic differential equations. Once the desired score functions are trained, sampling
can be reached using stochastic or ordinary differential equations.

Much research efforts are geared toward non-asymptotic rates of convergence, particularly in the
number of steps 7" needed to achieve a desired level of reconstruction accuracy. Typical measures of
accuracy are Kullback—Leibler divergence, total variation, and Wasserstein distance between the true
distribution Qg and the approximated counterpart P,. For example, one tries to ensure TV (Qq, Py) <
7 for a fixed error level 7 € (0, 00), where TV (Qq, Py) := sup 4ga |Qo(A) — Py(A)]| is called the
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total variation (van de Geer,|[2000). The many very recent papers on this topic highlight the large
interest in this topic (Block et al., [2020; De Bortoli et al., 2021; De Bortoli, 2022} |Lee et al.,[2022;
Chen et al.} 2023cja; |Li et al., 2024b; |Chen et al., |2023e; [Liang et al., [2024b). Results like |Block
et al.| (2020, Theorem 13) provide rates of convergence for diffusion models in terms of Wasserstein
distance employing Langevin dynamics, but they suffer from the curse of dimensionality in that the
rates depend exponentially on the dimensions of the data d, that is, the number of input features.
Improved convergence rates in terms of d are proposed by (Chen et al.| (2023c); |Li et al.| (2024b)),
showing polynomial growth in d. Recently [Liang et al.| (2024b) proposed a new Hessian-based
accelerated sampler for the stochastic diffusion processes. They achieve accelerated rate for the
total variation convergence for DDPMs of the order d*-® /7 for any target distributions having finite
variance and assuming a uniform bound over the accuracy of the estimated score function (see our
Section 3] for an overview of recent works). While these results are a major step forward, they involve
a strong dependence on the dimensionality of the data, which is problematic as images, text, and so
forth are typically high dimensional. The key question is whether improving these rates with respect
to d is possible at all.

Contribution This paper aims to enhance the efficiency of diffusion models through the incorpora-
tion of regularization techniques commonly used in high-dimensional statistics |Lederer| (2022).

The contributions of this work are as follows:

* We theoretically demonstrate that /;-regularization can enhance the convergence rates of
diffusion models to the order of s /7, where s < d, compared to the standard order of d? /7
(TheoremI)).

* We validate our theoretical findings through simulations on image datasets (Section []and
Appendix).

* We additionally demonstrate that ¢; -regularization can make sampling more balanced and
avoid oversmoothing (Section [6.3).

Thus, our research is a step forward in the whole field’s journey of improving our understanding of
diffusion models and of making diffusion modeling more efficient.

Paper outline Section [2]introduces score matching and the discrete-time diffusion process. Sec-
tion 3| presents our proposed estimator along with the main results (Theorem ). Section[d]includes
some technical results and Section[5]provides an overview of related work. We support our theoretical
findings with numerical observations over image datasets in Section[6] Finally, we conclude the
paper in Section|/} Additional simulations, technical results, and detailed proofs are provided in the
Appendix.

2 PRELIMINARIES OF SCORE MATCHING AND DISCRETE-TIME DIFFUSION
PROCESS

In this section, we provide a brief introduction to score matching and discrete-time diffusion process.

Notations For a vector z € R?, we use the notation |z]; := Y0, |zi|, |2]2 == S0, (2)2,
d
|z]oo = SUPje(1,...,d} |2, and | z]o := >3, 1(zi # 0).

2.1 SCORE MATCHING

Assume a dataset D,, := {z!,..., 2"} of n training data samples z* € R with an unknown target
distribution qo (x* ~ qo fori € {1,...,n}). The goal of probabilistic generative modeling is to use
the dataset D,, to learn a model that can sample from ¢q. The score of a probability density ¢(x),
the gradient of the log-density with respect to  denoted as V log ¢(x), are the key components
for generating new samples from ¢. The score network sg : R? — R? is then a neural network
parameterized by © € B, which will be trained to approximate the unknown score V log qo ().
The corresponding objective functions for learning scores in SGMs (Song & Ermonl 2019)) is then
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based on|Hyvirinen & Dayan| (2005); [Hyvérinen| (2007)
O € arg min By, () [Ise(x) — Valog go(x)?] , )

which yields the parameters of a neural network sg-«(x) that approximates the unknown score
function V, log go(x). Of course, the objective function in equation entails (i) an expectation over
qo and (ii) the true score V, log ¢o (), which are both not accessible in practice. The expectation
can readily be approximated by an average over the data samples D,,; replacing the score needs
more care (Vincent, [2011}; Song et al., |2020). We come back to this point later in Section @]by
representing a time dependent form of denoising score matching (Vincent, 2011). Once the score
function is trained, there are various approaches to generate new samples from the target distribution
qo employing the approximated score. These include deterministic and stochastic samplers (see|Li
et al. (2024b)) for an overview), Langevin dynamics among the most popular one |Song & Ermon
(2019).

2.2 DISCRETE-TIME DIFFUSION PROCESS

Let z € RY be an initial data sample and =; € R? for a discrete time step ¢ € {1,...,7T} be the
latent variable in the diffusion process. Let Oy be the initial data distribution, that is, the distribution
belonging to the data’s density qg, and let QQ; be the marginal latent distribution in time ¢ in the
forward process. We also use the notation (Q; ;4 as the joint distribution over the time ¢ to ¢ + 1 and
Q := Qq,... T as the overall joint distribution over the time 7. In the forward process, white Gaussian
noise is gradually added to the data with x; = /1 — Byx;_1 + /Brw;, where w; ~ N (04,14) and
B¢ € (0,1) captures the “amount of noise” that is injected at time step ¢ and are called the noise
schedule. This can be written as the conditional distribution

Qte—1(z|Ti—1) = N(2i; /1 = Brxy 1, Billa) -
An immediate result is that
Qi (x¢|x) = N(wt; Vagz, (1 - dt)Hd) )

foro; = 1— B and @y = H§:1 ;. For large enough T' we have Qp ~ N (04,14). We also
denote ¢ (x;|x) as the corresponding density of Q(x;|x) and that ¢;(z;) = [ ¢ (z¢|z)qo(x)de,
in which, gq is the unknown target density for . We also assume that Qg is absolutely continuous
w.r.t. the Lebesgue measure and so the absolute continuity is preserved for all ¢ € {1,...,T} due
to the Gaussian nature of the noise. The goal of the reverse process in diffusion models is then to

generate samples (approximately) from the distribution Qg starting from the Gaussian distribution
xr ~ N (04,1;) =: Pr. Let’s first define
1
’Ult(mt) = \/70[7 (.’I}t —+ (1 — ozt)th IOg qf(a:f)) .
At each time step, we then consider the reverse process (for sampling), specifically Langevin dynamics,
which can generate samples from a probability density using the true score function, as follows:

1 l1-«a

Ty = \/7047(% + (1 — ) Vg, loggi(x:)) + o !
for z; ~ N(04,14) and oy := /1 — /. Let P, be the marginal distribution of @ in the true re-
verse process, which is the reverse process by employing the true scores V, log g+ (4 ), and p; be the
corresponding density. Then, the above statement can be written as P, 1, = N (z¢—1; w¢ (), 0714).
But in practice, one does not have access to the true scores V, log ¢:(x+), instead, an estimate of it
namely sg (-, t), which corresponds to a neural network parameterized with a tuple © € B (tuple of
weight matrices; we consider ReL U feedforward neural networks with L hidden layers and a total of
p parameters), implying

ze = (@) + 012,

da(@1) 1= —— (2 + (1 — an)so(@1, 1))

VOt
Let ﬁt be the marginal distribution of x; in the estimated reverse process implying ]315_1“, =
N(x_1;04(x),0214). For Qq absolutely continuous, we are then interested in measuring the
mismatch between QQp and P, through the Kullback-Leibler divergence

a5 2] -
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3 REGULARIZING DENOISING SCORE MATCHING

A promising avenue for accelerating sampling in diffusion models is high-dimensional statistics (Led{
erer, [2022). High-dimensional statistics is a branch of statistics that deals with many variables. A key
idea in high-dimensional statistics is the concept of sparsity; broadly speaking, it means that among
those many variables, only few are relevant to a problem at hand. There are different sparsity-related
approaches in deep learning, such as dropout (Hinton et al., 2012; |Molchanov et al.,[2017; [Labach
et al.| |2019; |Gomez et al.,2019) or explicit regularization (Alvarez & Salzmann||[2016;|Feng & Simon,
2017 [Hebiri et al., 2025)). The latter approach adds prior functions (“penalties”, “regularization”) to
the objective functions of the estimators. These penalties push the estimators toward specific parts
of the parameter space that correspond to certain assumptions, for example, sparsity in {y-norm
and/or ¢;-norm (Lederer, 2022). The benefits of sparsity are well-documented in regression, deep
learning, and beyond (Tibshirani, 1996} Eldar & Kutyniok! [2012; Hastie et al.,[2015;|Neyshabur et al.,
2015; |Golowich et al.l 2018; Schmidt-Hieber, |2020; |[Hebiri et al., [2025; Mohades & Lederer, [2023;
Golestaneh et al.,[2025]). However, sparsity-inducing prior functions are abundant in statistics and
machine learning, they are rarely employed for generative models (Lin et al.,[2016). In this paper, we
examine the advantages of incorporating regularization into the objective functions of score-based
diffusion models. Additionally, we leverage techniques from empirical process theory |van de Geer
(2000); |Vershynin| (2018]) to analyze regularized objectives and to calibrate the tuning parameter.

3.1 ¥¢;-REGULARIZED DENOISING SCORE MATCHING

Here we propose an /1 -regularized estimator for diffusion models, inspired by the concept of “scale
regularization” in deep learning (Taheri et al., 2021). Consider the parameter space
Bi:={0€eR:|O]: <1, [so(zst))1 <1 Ve, eRLte{l,...,T}}, 2

where sg(-,-) : (R, N) — R? is modeled as a neural network with two inputs, parameterized by
atuple © = (Wy,...,Wr). Here, © collects all the weight matrices of the network, which has
L hidden layers and input and output dimensions in R?. We consider sg (-, -) as a time-dependent
score-based model approximating V, log ¢;(x;), which is crucial for sample generation in the
backward process of diffusion models. The parameter space B, corresponds to sparse networks
and sparse score functions, meaning that both the network outputs and the parameters are sparse.
Motivated by the denoising score matching objective, a scalable alternative to the objective function
in equation (Vincent, |2011)), we define a regularized denoising score-matching estimator as

(@)gl,f%) € argmin B¢y, 1 [580(Xt, 1) — Vx,log a(Xo)|? +re?, 3)
@(6061 ) X ~Qy
re (0,00

where x € (0, co) represents the scale of the score function, r € [0, 00) is a tuning parameter that
balances the penalty between scale and score matching, and Uy ) denotes the uniform distribution
over [0, 7. The fixed constraint © € B; enforces ¢1-norm regularization, while the actual regulariza-
tion concerns only on the scale x € (0, 00). Additionally, we regularize 2 to simplify our proofs.
We will further elaborate in Section[A.4Jon how the objective function in equation [3]can be computed
in practice in terms of expectation and score functions.

Our main contribution in this paper is to theoretically and numerically demonstrate that our proposed
regularized estimator in equation [3|can accelerate the sampling process of diffusion models, specifi-
cally increasing the rate of convergence in Kullback-Leibler divergence from d? /7 (Li et al., 2024b)
or d'-? /7 (Liang et al.,[2024b) to s? /7, where s < d.

We are now ready to introduce some assumptions and present our main theorem for our proposed
estimator in equation

We first set the learning rates to be used for our theory and analyses. For sufficiently large 7', we set
the step size a; as

logT

- <ec , Ve {l,...,T}, @)

for a universal constant ¢ € (0, c0), which we omit in the remainder of the paper to simplify notation.
We then impose some standard assumptions on the true density function.
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Assumption 1 (Finite second moment). There exists a constant M < oo such that Ex,~q, | Xo|? <
M.

Assumption|[l| simply states that the distribution is not excessively heavy-tailed; it is applied in the
proof of our main theorem. The assumption is standard; see |Chen et al.|(2023a), (Chen et al.| (2023d),
Benton et al.|(2024), Liang et al.|(2024b)), and many others.

Assumption 2 (Absolute continuity). We assume that Qg is absolutely continuous w.r.t. the Lebesgue
measure, and thus qq exists.

We then assume that the derivatives of true log densities are regular, that is, they are bounded by a
constant B € (0, 00).

Assumption 3 (Regular derivatives). Forallt € {1,...,T}andl € {1,2,...} and a € [d]P such
that lal; = p € {1,2,...}, it holds that
]EXtN@t|ag IOg (115()(t)|Z < B and EXtNQt‘ag logqt (ut(Xt))|e < B7

Sor a constant B € (0, 00).

The regularity Assumption [3]is required for our analysis in Lemma|I|and also is utilized in previous
works like Huang et al.| (2024). As discussed extensively in |[Liang et al.[|(2024b, Section 5), this
assumption is relatively mild, for example for distributions with finite variance or Gaussian mixtures.
We then push an assumption over the true gradient vectors V, log ¢:(x:) fort € {1,...,T}, that s,
assuming they can be well approximated by some sparse versions. More precisely, we assume that
only a small subset of features or directions in the high-dimensional space contributes significantly to
the score functions. Assumption[d]is well-motivated in high-dimensional statistics and is central to
our main Theorem [T}

Assumption 4 (Sparsity). There is a sparsity level s € {1,2,...} and an accuracy € € (0, 00),
e < 1/T, such that for all t € {1,...,T}, there is an analytic auxiliary function ¢; (x:) and the
corresponding score NV z, log q; (x+) that is s-sparse and e-accurate:

EXtNQt”vXt logth(Xt)"O < s and

T

1

T > \/EXw@t |Va, log q:(Xy) — Va,log ¢i (Xi)[> < €.
t=1

Our sparsity assumption above is formulated as an average over all time steps ¢. It states that,
among the many features of the space, only a small subset has a major impact on the score vectors
on average, while the majority contribute only marginally (s < d). Naturally, the sparsity level s
may vary depending on the dataset and could grow at different rates in different contexts. We refer
the reader to the detailed discussion following Theorem [1|and in Section where we analyze
the worst-case scenario for the scaling behavior of € relative to the rate of the tuning parameter r
and some simple examples that sparsity holds in practice. Also, we refer to Assumption [3]in the
supplementary material for a more relaxed version of our sparsity assumption, which can be used in
place of Assumption 4]

Theorem 1 (Non-asymptotic rates of convergence for regularized diffusion models). Under the

Assumption and and SJorr > r* := Cyxy/log(np)/n, our (in-sample) estimator proposed
g

in equation|3| generates samples with

= M 1 1 T
Dia(@ollPy) < 25+ & max{1,9(sB)°) + Cas® B BT L A (log . log )

T n
. logT' 1 i iy)2 2
b ot {EEST LS Ikso(aht) - Valogalal + e |
k€E(0,00) t=1 1=1
for AT(IOgQaIquS) = Zzﬂ:l(EthQt[EXt_let,ut[IOth_l(Xt—l) - logqts—l(Xt—l)] -

Ex,i~pry, [log qi—1(Xt—1) — log ¢;_1(X:-1)]]), Cx a constant depending on the input distri-

bution, and p denotes the total number of network parameters with probability at least 1 — 1 /n.
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Corollary 1 (Parametric setting). Assume that v = r* and that there exists a pair (0*,Kk*) €
By x (0,00) such that k*se«(xi,t) = Vg, logq(xi) foralli € {1,....,n}andt € {1,...,T}.
Then, under the assumptions of Theorem([I] our (in sample) estimator proposed in equation 3 generates
samples with

max{(sB)?, (k*)*} + Az (log ¢,log ¢*)

z 1 log(nT
Dxr(Qol|Po) < Tmauc{l,g(sB)2}+Cm %ﬁn)

with probability at least 1 — 1 /n.

Our Theoremreveals that if the true gradient vectors V, log ¢:(x+) can be well approximated by
s-sparse vectors Vg, log ¢7 (x;) and for sufficiently large tuning parameter, the rates of convergence
of diffusion models scale with s, where potentially s < d. The term Az (log ¢, log ¢®) in the bound
of Theorem|I|measures how close the log density log g; () is to the auxiliary log density log ¢; ()
across the entire sample space and time steps. Note that we use the notation P} for the distribution of
the latent steps in the reverse process, utilizing the sparse scores of Assumption](see also Section|[B.1]
for more details). Following the intuition behind score matching, we argue that Assumption @ also
promotes closeness between these log densities. While one might argue that the sparsity assumption
for the score functions at large time steps ¢ and in f| may not always hold, our detailed discussion in
Section[A.3]demonstrates that, due to the carefully chosen order of the tuning parameter, our estimator
performs comparably to standard score matching even in the worst-case scenario—namely, when the
score functions exhibit no sparsity on average. However, when some degree of sparsity is present, our
method can lead to significant improvements by promoting sparse representations while still keeping
the score estimation error small. Put differently, our estimator strikes a balance between the average
score estimation error and the level of sparsity. As a result, it not only achieves low estimation error
but also identifies and leverages sparsity level (or scale) when it exists. Furthermore, our empirical
observations in Sections [6]and [A-3| support the practical validity of our assumptions. Following the
work of [Karras et al.| (2024), we also conjecture that the /;-regularizer may serve as a useful tool
for improving the training dynamics of diffusion models, although a thorough investigation is still
needed Theorem [T] also directly implies a bound on the the total-variation distance between QO

and PO in view of Pinsker’s inequality. Detailed proof of Theoremls provided in Appendlx
Corollary [T| follows directly from Theorem|[I} so we omit its proof.

Li et al.| (2024b)); Liang et al.|(2024b) show that the reverse diffusion process produces a sample with
error roughly at the order of ¢ if Zthr Ex,~o,[8(X: t) — Vx, log ¢:(Xt)|?/T < <. But whether
such accurate estimators are available in practice remains unclear. For example, |Zhang et al.| (2024,
Theorem 3.5, Corollary 3.7) upper bounds the estimation error of the score (using n training samples)
at the order of n~2#/(26+4) assuming the true data distribution g is 1. og-sub-Gaussian and 2. in
the Sobolev class of density functions with the order of smoothness 3 < 2, see also|Wibisono et al.
(2024); Dou et al.| (2024). This result highlights that the original score matching method suffers
from the curse of dimensionality (note that 8 < 2 < d). Thus, regularization not only accelerate the
reverse process but also help in the estimation of the scores directly—compare to |Lederer & Oesting
(2023)). Block et al.|(2020) and |Gupta et al.|(2024) studied the sample complexity of score matching,
providing bounds that scale as O(d®/?(B"?p)“/L/7?) and O(d?(Lp) log B’ /73), respectively. Here,
d denotes the data dimensionality, p the total number of network parameters (each bounded by B’),
and L the number of hidden layers of the network. In contrast, our result in Corollary ] (see
also Remark shows a sample complexity scaling as O(max{(sB)%, (x*)*} log(pn)/7?). This
demonstrates a substantial improvement for our regularized estimator: the bounds now depend on the
effective sparsity s < d and grow only logarithmically with the total number of network parameters,
rather than polynomially. More precisely, the bound can even decrease exponentially with the number
of hidden layers of the network, which we omit here for simplicity; see Taheri et al.[|(2021). In fact,
regularization can reduce the effective complexity of the network space under consideration, thereby
improving the sample complexity of score estimation. This is consistent with the results of Zhu et al.
(2023), who establish convergence rates of order O(dlog N (-, F)/72), where N (-, F) quantifies the
complexity of the network function class.

Remark 1 (Sample complexity). Comllarymstates that once the network space is sufficiently large
(that is, there exists a pair (0%, k%) € By x (0,00) such that k*se~(xi,t) = Vg, log ¢(xk) for
alli € {1,...,n} and t € {1,...,T}), the sample complexity of the regularized diffusion model
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increases by
log(nTp)
2 4 (x4
O(C = max {(sB)*, (v*)*}

in order to achieve

DkL(Qo || Py) <7

We highlight that our regularization technique is motivated by two main considerations: First, it
allows for a more focused search during sample generation by concentrating on the features that have
the greatest influence on the generated samples (see Figure[T). Second, as noted in (Ren et al]} 2025]
Example 4.1), one of the dominant sources of error in the convergence of diffusion models is the
estimation error

T
Eest (©) = By / Ea,rao 150 (1, t) — Viog gyjo(@lao)|?] dt
0

which, in the finite-sample regime, can lead to overfitting. Thus, regularization—being a classical
and effective remedy for overfitting—naturally plays a crucial role to reduce estimation error.

4 TECHNICAL RESULTS

Here we provide some auxiliary results used in the proof of Theorem I}
Lemma 1 (Reverse-step error). Under the Assumptions |3| andd|we have

Gr—1)e(Xe—1|Xt) 1,90 o990 o 5
E ~ log ——M—M————~ B B B B
Z X, Xt—1~Q¢,t—1 g t 1|t(Xt 1|Xt) T( + s +s €+ s 6)

+ Ar(logq,logq®).

Lemma [T] helps upper bounding the reverse-step error for the backward process of diffusion models
and its detailed proof is provided in Appendix [B.3]

We then present a lemma that aids in determining the optimal rates for the tuning parameter.
Lemma 2 (Empirical processes). Under the Assumptiond|we obtain

||’%3®(Xtv t) — Vlogq; ( Xt - - Z "“3@ wta — Vlogg; (wt)”
1
< Cp(i2 + B2 7°g7(1”p)

with probability at least 1 — 32 /n, where Cy, is a constant depending on the input distribution, and p
denotes the total number of network parameters.

Lemma 2]is employed in the proof of Theorem|I]to calibrate the tuning parameter. Its detailed proof
is provided in Appendix [B-4]

5 RELATED WORK

The non-asymptotic rates of convergence for diffusion models established very recently (Block et al.}
2020; |De Bortoli et al.| 2021; De Bortolil, 2022; [Lee et al.,[2022; |Chen et al., [2023c}a; L1 et al., [2024b;
Chen et al., [2023e; |Huang et al., 2024) show the large interest in this topic and are an important
step forward but do not fully explain the success of generative models either. For example, results
like Block et al.[ (2020, Theorem 13) provide rates of convergence for diffusion models in terms of
Wasserstein distance employing the tools from empirical-process theory, but they suffer from the
curse of dimensionality in that the rates depend exponentially on the dimensions of the data, that is,
the number of input features. Recent works then concentrate on improving convergence guarantees
to grow polynomially in the number of input features under different assumptions on the original
and estimated scores (Lo-accurate score estimates, Lipschitz or smooth scores, scores with bounded
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moments) (Lee et al.|[2022;Wibisono & Yang,2022;|Chen et al.,2023d}ciaje} Lee et al.; 2023;|[Huang
et al., 2024). For example, |Lee et al.|(2022) prove a convergence guarantee in terms of total variation
for SGMs, which has a polynomial dependence on the number of input features if the score estimate
is Lo-accurate for any smooth distribution satisfying the log-Sobelev inequality. A very recent work
by [Li et al.| (2024b) proposes improved convergence rates in terms of total variation for DDPMs with
ordinary differential equations and stochastic differential equations samplers that are proportional to
d> /7T, where d is the number of input features and 7 the error in the measure under consideration.
They assumed 1. finite support assumption, 2. Ls-accurate score estimates, and 3. accurate Jacobian
matrices. |Li et al. (2024b, Theorem 3) also provides rates growing by d*/+/7 for an accelerated
ordinary differential equations samplers.

While works like [Li et al.[(2024b) and |Li et al.| (2024a)) concentrate more on improving the rates
in 7,|/Chen et al.|(2023c)) focus on improving the rates in d for denoising diffusion implicit models.
Chen et al.|(2023c)) use a specially chosen corrector step based on the underdamped Langevin diffusion
to achieve their improvements, namely rates proportional to L2v/d /7T by assuming: 1. the score
function along the forward process is L-Lipschitz, 2. finite second moments of the data distribution,
and 3. Ls-accurate score estimates. |Chen et al.| (2023a); [Benton et al.| (2024) then relaxed the
assumptions over the data distribution and proposed the rates of convergence for DDPM proportional
to \/d?/7 and +/d/7 under 1. finite second moments of the data distribution, and 2. Ly-accurate
score estimates. Further research directions may also build upon Chen et al.|(2023b), who assume
that the data lie on a low-dimensional linear subspace. They demonstrate that, in this setting, the
convergence rates depend on the dimension of the subspace.

6 EMPIRICAL SUPPORT

In this section, we demonstrate the benefits of regularization for diffusion empirically. Rather than
relying on large-scale pipelines and data, which are subject to a number of other factors, we study the
influence of regularization in simple, well-explored setups. We present a toy example and the MNIST
family dataset here, deferring additional simulations and setups to Appendix Section|Al where we
study more complicated datasets including FashionMNIST, Butterflies, and CIFAR10 datasets.

6.1 TOY EXAMPLE

We first highlight the influence of regularization on the sampling process of a 3D toy example. We
consider 2000 three-dimensional, independent Gaussian samples with mean zero and covariance
matrix [0.08,0,0;0,1,0;0,0, 1]; hence, the data fluctuate most around the y and z axes. We then train
two diffusion models, with the same data: the original denoising score matching and the same with
an additional sparsity-inducing regularization (as proposed in equation [3)) and » = 0.001. Figure/I]
visualizes the data (first panel) and the sampling process with 7' = 60 for original score matching
(second panel) and the regularized version (third panel). Both models start from the blue dot. The
figure shows that the regularized version provides a more focused sampling.

6.2 MNIST

‘We now compare original score matching and the regularized version on MNIST dataset (LeCun et al.|
1998)) including n = 50000 training samples. We are interested to time steps 7' € {500, 50, 20}
for sampling and we consider regularization with » = 0.0005 for 7" = 500 and r = 0.003 for
T € {50,20}. In fact, we set the tuning parameter as a decreasing function of 7', let say r = f[T] €
O(c'/T) for a real constant ¢’ € (0, 00). Note that two models are already trained over the same
amount of data and identical settings employing different objectives. For sampling (starting from pure
noise), then we try different values of time steps T' € {500, 50, 20}. That means, for small values of
T, we just need to pick up a larger step size as we always start from pure noise (see Algorithm[2)).
Figure 2] shows the results. While the original score matching fails to generate reasonable samples for
small values of T', our proposed score function performs successfully even for 7" = 20. Let note that
generating 64 samples with 7" = 500 steps takes about 11 seconds, while using 7" = 50 steps can
reduce runtime to under 1 second, a tenfold speedup. In all our simulations, we use the same network
structure, optimization method, and sampling approach with identical settings for both approaches
(see Appendix for detailed settings). The only difference lies in the objective functions: one is
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Figure 1: Visualizing the sampling process for 3D data (first panel) with original denoising score
matching (second panel) versus regularized denoising score matching (third panel). The original
samples are depicted as red circles, blue circles indicate the starting points for sampling, and green
circles represent the latent generated samples. The red arrows illustrate the sampling paths. It is
evident that regularized denoising score matching predominantly adheres to the two-dimensional
sub-manifold (along the Y and Z axes), whereas the original denoising score matching explores the
entire 3D space.

regularized, while the other is not. While it could be argued that alternative network structures or
sampling processes might enhance the quality of the generated images for original score matching,
our focus remains on the core idea of regularization fixing all other factors and structures. We defer
the enhanced versions of our simulations aimed at achieving higher-quality images to future works.
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Figure 2: Image generation using the original denoising score matching (left column) versus the
regularized version (right column) for different time steps, 7' = 500, 7" = 50, and T' = 20 (from top
to bottom). The middle column displays 81 original samples from the MNI ST dataset for comparison
with images of dimensions d = 28 x 28 x 1 = 784.
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6.3 FASHIONMNIST

We follow almost all the settings as in Section with » = 0.0001 for 7" = 500 and r = 0.002
for T' € {70,50} for FashionMNIST dataset (Xiao et al.l[2017) including n = 50000 training
samples. Results are deferred to Figure [3]in the Appendix. Following the generated images obtained
using both approaches, and ensuring that all factors except the objective functions remain identical,
we observe that the original score-matching approach produces samples that appear oversmoothed
and exhibit imbalanced distributions (see the first image of the left panel of Figure[3). In contrast, our
regularized approach with a considerably small tuning parameter, generates images that resemble
the true data more closely and exhibit a more balanced distribution (see the first image of the right
panel of Figure[3). For instance, the percentages of generated images for Sandals, Trousers, Dresses,
Ankle Boots, and Bags are approximately (0.0,0.7,2.0, 3.0, 4.0) using the original score matching,
compared to (8.0,6.0,8.0,10.0,10.0) with the regularized version, highlighting the clear imbalance
in distribution for the original score matching.

7 CONCLUSION

Our mathematical proofs (Section [3)) and empirical illustrations (Section [f)) demonstrate that regular-
ization can reduce the computational complexity of diffusion models considerably. Broadly speaking,
regularization replaces the dependence on the input dimension by a dependence on a much smaller
intrinsic dimension. But our findings might just be the beginning: we believe that types of regulariza-
tion beyond the sparsity-inducing ¢; -regularization applied here, such as total variation, could lead
to further improvements. Finally, exploring sparsity in more structured domains—such as wavelet
or Fourier bases, where many signals are naturally sparse—offers a promising and interpretable
direction for future work.
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A APPENDIX 1: ADDITIONAL SIMULATIONS AND TECHNICAL RESULTS

Here, we present additional simulations and technical results. We provide additional simulation sup-
porting our theories on further image dataset Butterflies in Section[A.T|and CIFAR10 in Section[A.2]
We then provide a detailed discussion over Assumption[]in Section|A.3] We introduce our training
and sampling approach in Section and provide details about network architecture and training
settings in Section[A.5] We also conducted additional simulations to compare the perfomance of our
method vs using other sparsity-inducing regularizers in Section [A.6]

A.1 BUTTERFLIES

We also compare original diffusion and regularized analog on Butterflies dataset (smithsonian-
butterflies) including n = 10000 training samples. We consider regularization » = 0.0001 for
T = 1000 and » = 0.0005 for T' € {200, 150}. Results are provided in Figure Again, our results
show that our approach perform better than the original score matching for small values of 7.

A.2 CIFAR10

We compare original diffusion and regularized analog on CIFAR1 0 dataset with n = 50 000 training
samples. We consider regularization » = 0.0001 for T € {1000, 500, 200}. Results are provided in
Figure[5] As shown in the images, our regularized version with r = 0.0001 generates high-quality
images for 7" = 1000 and still performs better than original score matching for ' = 500 and
T = 200. For our CIFAR10 simulations, we used the original code provided by |Song et al.| (2021b))
as our baseline. However, due to hardware limitations, we reduced the model complexity by using
significantly fewer channels (32 instead of 128 as in the original model). We also used the Fréchet
Inception Distance (FID) as a quantitative measure to evaluate the quality of generated samples for
CIFAR10 data. For T'" = 1000, our method achieves FID,, = 28, compared to FID, = 32 for
standard score matching. For 7" = 500, we obtain FID,, = 65, while the original score matching
yields FID, = 78. These results demonstrate that our approach consistently outperforms standard
score matching, even with relatively large time steps 1'.

We have now repeated the experiments using a larger model with a base channel size of 128. For
clarity of comparison, we report a collection of generated car images in Figure [} Moreover, we
computed the FID scores for both models. The original score-matching setup achieves an FID of 25,

13
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Y

Figure 3: Image generation using the original denoising score matching (left column) versus the
regularized version (right column) for different time steps, 7' = 500, 7" = 70, and T = 50 (from top
to bottom). The middle column displays 256 original samples from the FashionMNIST dataset for
comparison with images of dimensions d = 28 x 28 x 1 = 784. Our regularized version generates
high-quality images for 7" = 500 (comparable to the original denoising score matching) and still
produces good images even for samll 7', while the original denoising score matching totally fails.
Another notable observation is that our regularization results in more balanced image generation, as
evident when comparing our method to the original denoising score matching at 7' = 500, where the
latter produces overly smooth images.
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Figure 4: Image generation using the original denoising score matching (left column) versus the
regularized version (right column) for different time steps, 7' = 1000, 7" = 200, and T = 150 (from
top to bottom). The middle column displays 81 original samples from the Butterflies dataset
for comparison. The dataset consists of images with dimensions d = 28 x 28 x 3 = 2352. As shown
in the images, our regularized version generates high-quality images for 7" = 1000 (comparable to
the original denoising score matching) and still perform better than original denoising score matching
for T' = 200 and T" = 150.
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consistent with the results reported in[Song & Ermon| (2019). While we were able to further improve
the FID to 23 employing our regularized objective with » = le — 4. For T' = 500, our regularized
approach ends with FID = 25, while original score matching drops to 38. For small time budget,
T = 200, the original score matching drops in FID to 160, while our approach ends with FID = 49
for r = be — 4.

Figure 5: Image generation using the original denoising score matching (left column) versus the
regularized version (right column) for different time steps, 7' = 1000, T" = 500, and T' = 200 (from
top to bottom). The middle column displays 64 original samples from the CIFAR10 dataset for
comparison. The dataset consists of images with dimensions d = 32 x 32 x 3 = 3072. As shown in
the images, our regularized version with » = 0.0001 generates high-quality images for 7" = 1000
and still performs better than original score matching for 7' = 500 and 7" = 200.

A.3 DISCUSSION OVER ASSUMPTION[

We consider a worst-case scenario for our estimator and examine the validity of Assumptionfd Accord-
ing to the statement of Theorem let set the tuning parameter as r = r* = max(1/T, y/log(np)/n),
where we omit constants for simplicity here. Then, the objective function seeks a pair (¥, ©) such
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Figure 6: Image generation using the original denoising score matching (left column) versus the
regularized version (right column) for different time steps, 7" = 100 and 7" = 200 (from top to
bottom). The middle column displays 81 original samples from the CIFAR1 0 dataset for comparison.
The dataset consists of images with dimensions d = 32 x 32 x 3 = 3072. As shown in the images, our
regularized version with » = 0.0001 generates high-quality images for 7" = 1000 and still performs
better than original score matching for 7' = 200.
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Suppose (k,, O,) is the estimator from the original score matching, i.e., it perfectly fits the true score
function. Then,
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While our estimator may still yield a smaller objective value compared to the original score matching
implying

T n
; 1 1 i INE * *
n,(lanefBl T ;:1 (n ;:1 |kso(x}, t) — Viog qi(z})] ) + R < k2.

Therefore, for our estimator (Oy, , &) we have
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that implies & < k,. Note that the scale term reflects the sparsity level since it determines the radius
of the optimal unit ball. Despite this reduced scale, the estimator still achieves small score estimation

error:
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These last two points show that our regularized estimator either performs comparably to the original

score matching estimator (if no better (&, 5) ¢,) exists), or it finds a better pair with smaller scale and
only a small estimation error for score functions. In such cases, we may interpret isg, (xi,t) as
‘1

a sparse estimator for V log ¢; in Assumption {4} since & < k,, indicating a smaller radius for the
unit ball, which gives a small estimation error for scores. Although Assumption[]is stated for the
expected error, not the in-sample one, this still gives a meaningful interpretation in practice. We
would also like to highlight the expressive power of the network space ksg(-) with © € By, which,
following the original work by [Taheri et al.|(2021), can approximate the entire network space sq
under some assumptions, where ) denotes an unconstrained parameter space. This is related to how
interpret /%5@21 () as Vlog ¢*(.). Our discussion above shows that our estimator may behave, in the

worst case, similarly to the original score matching. However, it can perform significantly better in
the sense that it induces sparsity (by finding a smaller scale ~# < k,) while still achieving a small
estimation error for the score of the order of max(1/T,1/y/n)4? (note that & ~ sB).

Also, as an extreme and simple case of sparse scores one can consider a two-dimensional dataset,
where the distribution along the x-axis is Gaussian, while along the y-axis it is uniform and x and y
are independent. The score function is sparse, given by V log p(z, y) = (9, log p(x), 0), indicating
no contribution from the y-direction. This toy example can be naturally extended to more complex
datasets, such as images, where includes local regularity like certain regions (e.g., background pixels)
exhibit near-uniform distributions and thus contribute negligibly to the score. Such structure leads
to sparsity in the score function, which is consistent with our assumption, and in fact our empirical
observations already well support that.

Assumption[d|on toy data We conducted an experiment to train a diffusion model for generating
mixed Gaussian—Uniform data in a d-dimensional space. We varied the number of Gaussian features
s, with the remaining d — s dimensions drawn from a uniform distribution independent of the other
features. For each setting, we trained a diffusion model and evaluated the quality of the generated
samples by computing the KL divergence between the generated and original distributions. Results
show that our regularized approach, using a fixed tuning parameter A = 0.001, not only outperforms
standard score matching when the sparsity level is high (i.e., many features are uniform), but also
consistently dominates standard score matching even when the sparsity level is low.
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Assumption 4 on MNIST We conducted an experiment on MNIST to validate the sparsity as-
sumption for a diffusion model trained with standard score matching. We measured score ap-
proximation error across all time steps for sparsity levels {600, 400, 200, 100, 20}, obtaining over-
all errors of approximately {0.05,0.09,0.18,0.30,1.0}. Errors were also computed separately
for early and late time steps: early steps gave {0.01,0.05,0.10,0.17,0.61}, while late steps gave
{0.32,0.46,0.89,2.9,5.1}. Since early steps dominate in diffusion models, these results indicate
that the sparsity assumption holds well in practice, with negligible bias up to moderate sparsity levels.
Furthermore, MNIST image generation with small 7" shows even smaller bias than suggested by the
above errors, likely due to score estimation and optimization effects, and our method performs well
even for high sparsity.

We would note that Assumption [dcan also be relaxed as:

Assumption 5 (Relaxed-sparsity). There is a sparsity level s € {1,2,...} and an accuracy € €
(0,00), € < 1/sT% (a/,a’ € (0,00)), such that for all t € {1, ..., T}, there is an analytic auxiliary
function g (1) and the corresponding score ¥V, log ¢; (x) that is s-sparse and e-accurate:

EXtNQt”vXt logQZS(Xt)"O <s and

T

1

T > \/Exw@t |V, log q:(Xi) — Va,log gf (Xo) > < €.
t=1

Collecting the arguments above, we conclude that by assuming sparsity in the score functions,
we incur a bias term of order 1/s*T ; however, this trade-off allows us to improve the overall

convergence rates to O(s//n + 1/s%T*), in contrast to the O(d/+/n) rates established in Zhu et al.
(2023)). By selecting the tuning parameter appropriately, we ensure that the trade-off between bias
and variance is well balanced.

Recently, regularization has been employed to prevent memorization (Gabriel et al.| [2025; Baptista
et al., 2025). The analysis in Baptista et al.| (2025) highlights the necessity of regularization to
avoid reproducing the analytically tractable minimizer, and in doing so, lays the groundwork for a
principled understanding of how to regularize effectively. Their numerical experiments investigate the
properties of: (i) Tikhonov regularization; (ii) regularization schemes designed to promote asymptotic
consistency; and (iii) implicit regularizations induced either by under-parameterization of a neural
network or by early stopping during training.

Sparsity within scores To quantitatively assess sparsity in the score fields, we compute for each
MNIST and CIFARI10 images the fraction of score coefficients whose absolute value falls below a
small threshold (0.01), for every time step ¢ and for both the regularized and unregularized models.
Concretely, we flatten each score tensor into a vector and measure, per image, the proportion of near-
zero entries (per model per time step). The resulting distributions are summarized using box plots,
which visualize—across the entire dataset—how much of the score field is effectively sparse and allow
for a direct comparison between the baseline model and our sparsity-regularized variant (see Figure|/).
We also obtain score heat maps by computing the pointwise norm of the estimated score field for each
pixel for CIFAR10 and MNIST in Figure[8] This highlights regions where the model assigns high
sensitivity, revealing structural or edge-related features. Our simulations reveal three key observations:
(1) both models exhibit a fraction of near-zero score coefficients, especially at small time steps where
the perturbed image retains meaningful structure; (2) the regularized model consistently produces a
much larger proportion of near-zero entries, demonstrating significantly stronger sparsity; and (3)
this behavior is fully consistent with our earlier discussion of local regularity—such as background
regions and near-uniform pixel areas—which naturally contribute very little to the score field; see
Figure 8] where background pixels exhibit highly sparse scores while structurally important edge
pixels remain distinctly non-zero in early time steps. We also remark that the observed sparsity
depends on the chosen threshold value. In our case, we selected a very small threshold to demonstrate
that even with such a small cutoff, a level of sparsity still appears, while larger thresholds yield
an even higher degree of sparsity. Let us also remark that, as discussed earlier, when there is no
considerable sparsity in the data, our method performs comparably to the original score matching.
This is clearly reflected in the box plots at later time steps (Figure[7).
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Figure 7: Box plot summarizing the distribution of small score magnitudes for original and regularized
model over time for MNIST (left panel) and CIFAR10 (right panel).
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Figure 8: Heat map of pixel-wise score magnitudes, highlighting informative regions where the
model assigns high sensitivity.

A.4 TRAINING AND SAMPLING ALGORITHMS

Here we provide details about how we solve the objective function equation [3]in practice, that is, how
we deal with the expected values and score functions.

Let first define the objective function over a batch of tralnlng examples x;_ (a batch of size bs €
{1,2,...}) and for a batch of random time steps ¢;, € (0, 1]%:

b
1 & , o
(5, O @y, t,) == o > lkse(@),,ti) — Va, log (), |2°)|°] + 7’ )
S =1
with o ‘
Qi |x") = N (2", 04,1a) ()

with oy := (0?* — 1)/(2logo) for ¢t € (0,1] and a large enough o € (0, 00) (we set o = 5 for
Butterflies and CIFAR10 and o = 25 for other datasets). Here x; corresponds to a perturbed
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version of the training sample 2’ (ith sample of the batch) in time step ¢. As stated in equation @
once o is large, 1 (t = 1) goes to a mean-zero Gaussian. And as shown in |Vincent| (2011)),
the optimization objective Ey, (z,|)qo (z) [|£S0 (€1, t) — Vg, log q¢ (2;|)]?] for a fixed variance oy
is equivalent to the optimization objective Eq, (4, [|cSe (2, t) — Va, log ¢:(x;)|?] and, therefore,
satisfies K*sg« (x¢,t) = Vg, log q:(x;). We then provide Algorithm [I| for solving the objective
function in equation [3] Note that we can easily compute the score functions in equation [3]since there
is a closed-form solution for them as densities are just Gaussian conditional on z*.

Algorithm 1 Training algorithm

Inputs: 0, nepochs (number of epochs), bs(batch-size), eps = 0.00001
Outputs: (O, , k)
Initialize parameters (O, , &)
for i = 1 t0 Nepochs do
for x; in data-loader do
ty, = {u[o,l]}bs(l — eps) + eps
One step optimization minimizing f(k, ©, xp_, tp_) in equationemploying arandom batch
of time steps ts € (0, 1]% and updating (©y,, R)
: end for
9: end for

AN A SR o S ey

Parameter eps in Algorithm [I] is introduced for numerical stability and to refuse ¢ = 0. For a
sufficiently large number of epochs, we expect to learn the scores accurately for different time steps.
For sampling process, we employ a naive sampler as proposed in Algorithm [2lemploying Langevin
dynamics (Song & Ermon) [2019] Section 2.2) to align with our theory.

Algorithm 2 Sampling algorithm

Inputs: o, eps = 0.00001, T (Time steps)

1:

2: Output: x

3: & = Tinit = N(0g,Iq)o1

4: t = linspace(1.,eps, T') (make a grid of time steps)
5: n = t[0] — t[1] (set step size)

6: for tint do

7. xm==x+nksg, (@, t) + /210N (04,1;) (update )
8: end for

A.5 NETWORK ARCHITECTURE AND TRAINING SETTINGS

Our model is a U-Net architecture with 4 downsampling and 4 upsampling layers, each comprising
residual blocks. The network starts with a base width of 32 channels, doubling at each downsampling
step to a maximum of 256 channels, and mirrors this in the decoder. A bottleneck layer with 256
channels connects the encoder and decoder. Time information is encoded using Gaussian Fourier
projections and injected into each residual block via dense layers. Group normalization is applied
within the residual blocks, and channel attention mechanisms are included selectively to enhance
feature representations. For training, we used the Adam optimizer with a learning rate of 0.001, and
for sampling, we employed a signal-to-noise ratio of 0.1. We used a batch size of 128 and trained for
2000 epochs on the Butterflies dataset and less than 1000 epochs on the other datasets.

A.6 COMPARISON WITH OTHER SPARSITY-INDUCING REGULARIZERS

We conducted additional simulations to compare the perfomance of our method vs using other
sparsity-inducing regularizers.

1. ¢y-regularization: Although the ¢5-norm helps control the growth of magnitudes, it

does not promote sparsity by design. Our complementary simulations show that using
{5-regularization does not significantly speed up inference time in our experiments.
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2. Group lasso: Our simulations show that applying group lasso on images—considering
groups as p X p pixel blocks (4 x 4)—can also improve inference time and, for some datasets
like MNIST, even outperform ¢, -regularization.

3. Combination of norms: Employing a combination of norms, namely group lasso plus
{1-norm, performs comparably to individual regularizations for the MNIST family, but we
do not observe any considerable improvement over using either group lasso or ¢;-norm
alone.

A.7 RUNTIMES

We measured the optimization time for training the regularized and the original diffusion models on
MNIST over 50 epochs using Adam on the same device. The training time for the original DFM
is approximately 20 minutes in total, while the regularized version takes about 21 minutes. Both
objectives converge after about 20 epochs. This shows that adding regularization has only a minor
effect on the training time. Similar behavior also observed for other datasets.

B APPENDIX 2: AUXILIARY RESULTS AND PROOFS

In this section, we first provide two auxiliary results and then, we present detailed proofs of our main
results. Note that throughout our proofs, we will omit the index x; from V5, log ¢:(+) for simplicity
in notations and simply write V log ¢;(+).

B.1 AUXILIARY RESULTS

We denote the distribution of the latent steps in the reverse process, utilizing the sparse gradient

vector, as P, 1= N (@—1; ui(a¢), 0714) with

1
ui(x) = \/707,5(% + (1= a¢)Vag, IOthS(mt)) . @)

We then connect the conditional distributions q;—1(@:—1|2¢) and p;_, (@1 |®) using the follow-
ing lemma inspired by proof approach of |Liang et al.[(2024b):

Lemma 3 (Tilting factor). For a fixed x; we have
Qt71|t($t—1 |s) o pf,1|t($t—1 |+) eXP(Ct,t—l (¢, $t—1))

with Ci—1(xi, 1) = logqi_1(xi—1) — Jouxl_ 1 Viogqg(xy) + f(xy), where f(x;) is an
arbitrary function of .

The notation o in the Lemma [3] means proportional. Lemma [3]is employed in the proof of our
Lemmal|T]and its detailed proof is presented in Section [B.3]
Lemma 4 (Log-density of the backward process). We have

SE g o150
Xt7X,—1N t,t—1 ~ v v
— e D1t (Xe—1|Xt)

<

M=

(1= a0 (B~ Vo (X0) — ¥ log (X PEx~a, IV okt (X) — s, (Xe. O
t

+

l\')\»—lﬂ.

Eximaliss,, (X00) - Vioggi (X))

Lemma % is employed in the proof our main Theorem [I] and its detailed proof is presented in
Section
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B.2 PROOF OF THEOREM/[I]

Proof. The poof approach is based on decomposing the total error using the Markov property of the
forward and the backward process. We then, employ our Lemma [I]and Lemma[2]to handle individual
terms.

Following the proof approach proposed by |Liang et al.| (2024b, Equation 13) (based on Markov
property of the forward and the backward process), we can decompose the total error as

T
Dxr(Qol|Po) < Dku(Qrl|Pr) + Y Ex,ng, [Prn (Quiye (1X0) | Pioype (1 X2))] -

t=1

We then employ the auxiliary function ¢; (-) that satisfies our Assumption (it doesn’t need to be
necessarily unique). We also use the notation pg (-) for the reverse counterpart of the auxiliary function
q; (-) (see equation [7). We then rewrite the previous display employing p;(-) and the definition of
DKLZ
T
DxL(QollPo) < Dxu(Qrl|Pr) + Y Ex,ng, [Dkr (Qu—11 (1 X o) Proyje (1 X0))]

t=1

T
= Dxu(QrllPr) +) Ex, xi ini. s
—_——

t=1

[l Q1 (Xe—1]Xe)
pf_1|t(Xt71|Xt)

Term 2: Reverse-step error

T s
pt—1|t(Xt1|Xt):|
+ E £, Xt—1~Q¢ ¢ — |:10 ~ :
Z KXo Qee gpt71|t(Xt—1|Xt)

t=1
Term 3: Estimation error

Term 1: Initialization error

We now need to study each term specified above individually.
Term 1: Initialization error

Under the Assumption[I]and the assumed step size in equation[d, we have with Liang et al.| (2024b|
Remark 1)

~ M
Dxr(Qr||Pr) < T2
As stated by (Liang et al.| [2024al Definition 1), there exist cases that verify our step-size assumption,
which in turn implies that a7 < ¢/T? for a constant ¢ € (0, 00).

Term 2: Reverse-step error

Under our Assumption ] and Assumption [3|and with Lemma|[I| we have

Qe—1)t(Xe-1]X4)

T
Ex, x, 1~Q.. . |10g =
tz_; ! o pt,1|t(Xt71|Xt)

< —(s*B*+ s’B* + s°B%¢ + sBe) + Ar(log ¢,1og ¢°) .

N~

Term 3: Estimation error

We employ 1. Lemmal] 2. adding a zero-valued term, 3. triangle inequality, and 4. the definition of
our estimator and some linear algebra to obtain

XT: E {mg Piap (X1 Xe)
Xt7Xt71N t,t—1 A
— ¢ Pe—1)e(Xe—1]Xt)

T

1-— Qg ~ s

<Y~ Exealkss, (Xi1) = Vieg gl (X)|”
t=1
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T
+) (- at)\/Ewat [V1og g:(X¢) = Viog ¢i (Xo)[*Ex,~q. [V 10g 4; (X:) — g, (X, 1)[?
t=1

-« S
t ( Z ”’is mt’ — Vlogg; (z)|? +EXr~Qr”"°'5 (Xtat) — Vloggi (X,)|?

[
Mj

~

S| A

NE
=
o

. (@h0) - Viogi )

Il
—

+
-

(1- Oft)\/EXth [V1og gi(X¢) — Viog ¢i (X)[*Ex, g, [V10g ¢ (X:) — g, (X, 1)[?

—

n

—« 1 i (0
(3 Znns@ (@}, 1) ~ Viog au()I” + = 3 IV log an(ef) — Vlog g ()|

=1

IA
M*w
~

~
Il
-

. . 1 , o
+Ex,~qulisg, (Xit) — Viegg (X = -3 lisg, (@),t) - Viogg; <w1>|2)

i=1

n
=

(1- Oét)\/EXth [V1og g:(X¢) — Viog ¢i (Xo)[*Ex,~q. [V 10g ¢ (X:) — g, (X, 1)[?

—

IA
M*w
~

-« St
t( ZIIHS@ ay,t) = Viog g (@) |* +rr® —ri® + — ZIIVloth(wt) Vlog g; (x3)[

=1

~
I
=

P s 1 - P A St
+ [Exina |85, (Xe,t) = Viog i (X0)|* = — 3 |fsg, (@l,t) — Viogg; (wt>||2\)

i=1

n
M=

(1- Oét)\/EXth [V1og g:(X¢) — Viog ¢i (X¢)[PEx,~q. [V 10g ¢ (X:) — g, (X, 1)[?
1
for arbitrary function sg (-, ) with © € By and x € (0, 00).

&~
Il

Now, by collecting all the pieces of the proof we obtain

~ M 1
Dxr1.(Qol|Po) < T2 + T(SQB2 + s2B% + $?B%c + sBe) + Ar(logg,log¢®)
T
1
2
t=1

1 & ) .
+ > IVilogai(x;) — Viog g (a})|?

i=1

( Z |kse(xh,t) — Vlog qi(@!)|? + r&® — ri?

1 " IS i s i
+ Sup |Ex,~q.lise(X:,t) — Viog g (X)I* =~ lise(xi,t) — Viogg; (wt)\lz‘
€By =1

+2/Bxa [V loga(X,) — ¥ logaf (X0 PEx.~q. IV oz ¢ (X:) ~ iss,, (X0 OF ).

A high level idea now is choosing the tuning parameter r in such a way that the term —r&? can
dominate the terms in the absolute value that are dependent over 4. The point here is that the terms
in the absolute value are growing in the sparse function space. Employing Lemma 2] we obtain for

r > Cg+/log(np)/n that

~ M 1
Dxr(Qol[FPo) < T2 + = ( 2B? + s*B? + s*B?%c + sBe) + Ar(log q,log ¢°)

T
. O[t 9
f —~ ) — V1
* 9661;126(0,00){2 Z ks (.t 0g gt (xf)|* + rr }
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N

+2/Bx,a [V loga(X,) — ¥ logaf (X0) PEx.~, IV oz ¢ (X,) ~ &ss,, (Xc.OF

T n
1-— Qg 1 7 s 7 log(np)
+; 2 (n;”VIOth(%)—VIqut (wt)"2+0x52327

with probability at least 1 — 32/n.

Using Assumptiond] equation[d] and equation 2] we also obtain
T

Y (1—a) \/Ewat [V1og g:(X¢) — Viog ¢i (Xo)[*Ex,~q. [V 10g ¢ (X:) — Rsg, (X, 1)[?
t=1

s _ e~ 2
< (jmax . \/Exinq [ Viogai (X) —sg, (X 0IP)

T
z (1 - a0)\/Ex, 0,V log gu(X0) — Vlog g (X,)|?

< €<teglax \/EXwa (2]V log g5 (X1)|? + 2[#sg (Xt,t)H?))

< 5esB

< €e(\/2(sB)? + 2A?)

where for the fourth inequality we can follow the same approach as in|Taheri et al.| (2021, Page 155)
to conclude that for large enough tuning (just double it), &~ < 3x* (where k* ~ sB) that gives us the
space to remove & from our bounds. Let’s also note that under the Assumption[dand equation[d] we
can also conclude that

T n
1 [ ] 7 1
S (- a)- S [Vlogar(e)) — Viegai (@))I> S e < .

t=1 i=1

Finally, collecting displays above, some simplifications, and keeping the dominant factors gives us
the desired results

~ M 1
Dxr1.(Qol|Po) < T2 + T (3232 +s2B% 4+ $?B?%c + sBe) + Ar(log q,log ¢%)

. O(t 5
inf -~ 1) — V1
+ 0eBy; ne(o oo){z Z 5o (i, t og ()| + rw }

1 9 2V log(np) sB
B
+ T + s NG 5 T
M 1 T
< T2 t7 rnax{l 9(sB)?} + Cys og\/(gp) + Ar(logg,log ¢°)
+ inf logT Z Z |kse(xi,t) — Va,log g ()] + rk?
0B, ol(x;,t V., log qi(x; :
KE(0,00) t= 1
O
B.3 PROOF OF LEMMA/[T]
Proof. 'We start the proof with Lemmathat relates g1 (@¢—1|@¢) and p;_, |, (@:—1]x:) by
Qt71|t($t71|$t) & Pff1\t($t71|$t) eXp(Ct,tfl(mtywtfl)) ®)

with ¢ 11 (s, ®i—1) = log qi—1(2i—1) — Jouxl {Viog g (z:) + f(x:), where f(x;) is an arbi-
trary function of x;. Now, let’s progress with adding a zero-valued term to the ; ;—1 (s, 1—1)
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Cri1 (@, @ 1) = log g (w1-1) — Vara[_ Vg g} (1)
+loggi—1(zi-1) —loggi_i(zi—1) + f()
and set f(xz;) = —log ¢i_; (u) + /o (uf)? Vlog ¢; (x+). Then, we have
Ce—1(xt, Te—1) = log /1 (ze—1) —log gi_1 (uf) — (@11 — Uf)T\/OTtV log ¢; (+)
+loggi—1(xi—1) —logq;_1(®1—1)-
For a fixed x;, then we have (the denominator is for normalization reason)
Pf_l‘t(fctq £ eXp(Ct,t—l(wh Cl?t—l))
[exp (Ct,t—l(wt, thl))] '
We then use the above display and Jensen’s inequality to obtain

Ex x {log Qt—lt(Xt—lXt)}
£ Xe—1~Qp -1 Pf_1|t(Xt71|Xt)

Qt—l\t(mt—l\ﬂft) =

EX"*lAJPtS—Ut

= EXt7Xt71NQt,t71 |:<t7t—1(Xt7 Xt—l) - 1OgEXf,71NPS

t—1|t

[eXp(Ct,t—l(Xh Xt—l))]:|
=Ex, x,_1~Qec1 [Ct.t—1(Xe, Xi—1)] — Ex,~q, [log Ex, 1~ps [exp (Cee—1(Xe, thl))]]

§ EXt,Xt—l’VQt,t—l [Ct,t—l(Xta Xt—l)] - EXtNQt [EXt—lNPtS [Ct,t—l(Xt; Xt—l)]] .

t—1]t
Now, let’s rewrite
Ci—1(ze, @e—1) = logqi_y(ze—1) — logqi_y (uy) — (Te—1 — uf)T\/OTtv log ¢; (+)
+logqi—1(xs—1) —logqi {(T1—1)
=iy (®, 1) +log g1 (xi—1) —loggi (@-1).
We are now left with three terms: Lo Ex, x, y~Q o1 [Gyo1 (X, Xeo1)], 2
EXt~@t,Xt71~Pf,1‘t[Ctl,tfl(Xt’thl)L and 3. Ex,~q[Ex, ;~0, ,,[logg—1(Xi—1) —
logq; 1 (X:—1)] — Ext,thiw[IOth—l(Xt—l) — logg; 1(X¢-1)]] and we need to study 1.
and 2. in details:

Term 1: ]EXtNQtth—lNP'? [Ct/,t—l(XtaXt—l)]

t—1|t

We 1. use the definition of (; , (X, X;—1), 2. (Second order) Taylor expand log g;_; (X;—1) around
uj, 3. use Liang et al. (2024b, Lemma 7) that implies Ex,_,~p: (Xi ;= (u®)HP] =0 Vp >
1 odd (we use the notation Xti to referenec to the ith feature of the vector X;), 4.using the fact that

X! _, is conditionally independent of X7 | fori # j and again Ex, ,~ps | [(X{_y — (u*)))P] =

] _ t—1|t
0 Vp>1lodd and5. Ex, ,~p; , [(Xi ;- (u®)$)?] = (1 — ay) /v (see equation j

EXtNQt7Xt71NPt571‘t[Ct/,t—l(XhXt—l)]
[log ;1 (Xi—1) —log g 1 (uf) — (Xe—1 — uf)" /a; Vg g; (Xy)]

|Viog g7y (i) (X1 = u) = (Xim1 — u)T VeV log g7 (X;)

= Ex,~Qu, X, 1~Pr

~ Exng, X Py,

1
5 (Xeor = )"V log i (uf) (X1 — )]

1

= ExinquXimrr |5 (Xem1 — ) V2 log gl (uf) (X1 — )|

d
1 . )
= 5 E :]EXtNQt [(v? IOg qts—l(uf))iiEXt,leptil‘t (th—l - (uf)Z)Q]

i=1

d
11—«
=0 S o (VP ogaia(u) ]

i=1

26



Under review as a conference paper at ICLR 2026

Note that here (as well as for the Term 2), for keeping the proofs simple and tractable, we use a
second-order Taylor expansion and employ the notation ~. However, higher-order expansions can
also be applied without affecting the dominant rates. As we extend to higher-order Taylor expansions,
the dominant factor remains O((1 — a;)/cy)?, so we omit those terms for simplicity.

Term 2: EXt7Xt71N@t,t71 [Ct/,t—l(Xt’ Xt—l)]

Following the same approach as in previous step and some further linear algebra we obtain

EXtht—l"‘Qt,t—l [g,t—l(Xtv Xt—l)]
= EXnXt—1~Qt,t—1 [1Og qffl(thl) - IOg qffl(ui) - (thl - u;)T V atv IOg q;(Xt)}
~ EXhXt—lNQt,t—l |:V IOg qffl(uf)(thl - ’U,:) - (thl - u;)T Vv atvlog qtg(Xt)
1
5 (X1 = ) V2 log i (uf) (X1 — ;)]
= (1 Y at)EXtNQt [V lOg qts—l(uf)EthlNQt—l\t [(Xt—l - ’U,f)H

1 3 s s s
+ iEXt,Xt—l"'Qt,t—l [(thl - ,u,;)Tv2 logqtfl(u;f)(thl - ut)] .

Employing Liang et al.[(2024b, Lemma 8; first claim), we have Ex, ,~q,_,, [X¢—1] = u;. That
implies

Ethlfv@t—l\t[(Xt*l - u;)] = EXt71~@t—1u[Xt*1] - u;

=y — \/10(7(93 + (1 — ay)Viog g ()
_ “‘\/gﬂ(v log qy(@:) — Vlog g} (1)) -

Collecting the pieces above together with Cauchy—Schwarz inequality we obtain
EXtth—l"‘Qt,t—l [Ct/,t—l (Xta Xt—l)]

11—«
< (\/OTtt)(l - @)\/EXtNQt ||VIqu(tS71(u?)H2EXtNQt ||VIqut(Xt) - VIOg th(Xt)HQ

1 X . . .
+ SEx i~ | (o1 — ) T2 log gl (uf) (X1 — )

Now let treat the second term in the inequality above by 1. adding a zero-valued term, 2. expanding
the product, 3. using|Liang et al.[(2024b, Lemma 8; second claim) and the fact that terms two and
three goes to zero and some rewriting

Ex,~ng, [Ex, i ~@y, [(Xeo1 — we +up — uf) (X1 — g+ ug — )]

= Ex,~q, [EXt 1~Qi - 1|,[(Xt71 - Ut)T(th - Ut)H

+Ex 0 [Ex, i, g (1 —ue) T (u —uf)]]

+Ex,ng [Ex, i~y [(we — )T (X1 — Ut)ﬂ
[ [ ) (Ut )]]

+Ex,~o |Ex,1~Q, l\t

- 1-— — O[t) 2
= By [0+ S w1054,
L Ex, [ (V1o 2 (X,) — Vlog ar(X0)) " (V log ¢f (X1) — Vlog au(X,)

€))

Above results state that our term involving (1 — oy )Iz/ can be canceled out by the terms from

Step 1. We then need to study the remaining terms that all involve the nice factor (1 — ay)?2.

27



Under review as a conference paper at ICLR 2026

So, collecting all the pieces of the proof, we 1. use the results from Term 1. and Term 2., 2. implying
some linear algebra to expand the product, 3. use equation [9] and cancel out terms involving the
multiple (1 — o) (for simplicity we have ignored the last term in equation@since it has a minor affect
on our final rates), 4. using our Assumption[d] Ex,~q, [V 1og i, (uf)[* < 5B, 5. once again use
the Assumption [|that implies s sparsity between entries of V log gf_; (uf), that also implies sparsity
for the second order derivative (it causes that just a fraction of entries get involved in those sums)
(also note that the last term is appeared regarding the term that we neglected in equation[J), and 6. use
our Assumption over the step sizes equation []to obtain

XT:]EX . [l th 1\t(Xt 1|Xt)}
— £ Xt—1~Q -1 pi_ 1\t(Xt 1‘Xt)

T
(1 —« ) S S S
< 30— v B IV gy () P, IV o050 — Vo (P

B, X, (X1 = u)) V2 log giy () (Xo1 — u)]

,Z]EXWQt(v log ;4 (u;)),; (1_%))

[
i=1 t

_|_

= N =

Mﬂw

+ (]EXtNQt [Extfl’\’@tfl\t [IOg dt—1 (Xt—l) — log qts—l (Xt—l)]

1

~
I

—Ex,_,~ps  [logq-1(Xe—1) —logq;_1(Xi—1)]])

t—1|t

T
l1—«
< g((ﬁ(l ~ V@) Ex,na, IV 1og i (u) PEx g, IV Iog au(Xe) — V log g7 (X))

d
+ %Ext,Xﬁth,hl L‘Z;(Xt 1 —Ut) (VQ log g; 1(Ut))
d d
-I-Z Z (X1 —uf)i( X1 — uf); (VQIOth 1(“15)) J]

2
T
+ Z(]ExtNQt [Ext—INQt—l\t [IOg (_thl(Xt—l) - 10g qgfl(thl)]

—Ex, P Nogq-1(Xe—1) —logq; 1 (Xi-1)]])

t—1]t

T
(1 — Qi A - -
< ;(\/a—t(l - @)\/Ext~Qt |Vioggi_ i (ui)|”PEx,~q,|Vlogq:(X:) — Viog ¢i (Xy)|?

d
1
+§EXt,Xt—1NQt,t |:Z vgloth(Xt)) (v loth l(u’t))
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T
(1—oy)
< Y (F520 - va B e IV loga (X,) = T loggf (X,

t=1
d
1 1— )
+ §EXt,Xt71NQt,t—1 |:l_21 % (vg log Qt(Xt))u (V2 log fol(uf))“
d d (1 —a )2
> > o (Vlera(Xy), (V108 q%(%‘?))UD

T
+ Z(EXtNQt [Extfl"’@t—l\t [IOg Qtfl(thl) - log qffl(thl)]

t=1
—Ex,_i~pp 08 qi-1(Xe-1) —loggi_y (Xe-1)]])
T
(1—oy) (1—0%)2 2 2 (1_at)2 2 2 (1_0415)2 2 2
< — (1 - B —~ (s*B ——~ (s*B -—— (s*B
_Z( Tar (L Va(sB + S5 (P + SRS (B 4+ S (B
t=1
T
+ ) (Bx,ng [Ex,_ ng,_ .y [l0g g1 (Xe—1) — log gi 1 (Xi-1)]
t=1
—Ex,_,~ps  [logq—1(Xi—1) —logq;_ (Xi—1)]])

t—1]t

< sBe $2B? $2B? s°B%

T + T + T + T
T

+ Z(]EXtNQt []EXt,—lNQt—l\t [log Qt—l(Xt—l) - IOg qf—l(Xt—l)]
t=1

—Ex,_,~py,, logg—1(Xi—1) —log g1 (X)) s

as desired.

B.4 PROOF OF LEMMA[Z]

Proof. Our proof approach is based on the tools from empirical process theory and our sparsity
assumptions over the network space and V log ¢} ().

Let start with the application of symmetrization of probabilities with ¢; for¢ € {1,...,n} as i.i.d.
Rademacher random variables that are independent of the data (van de Geer, 2016, Lemma 16.1),
and employing Contrcation principle (Ledoux & Talagrand, 2013, Theorem 4.4) to obtain

Pr <sup
ecB;

1 - - 7 Sl 2t
Eximaulise(X ) ~ Viogai (X0 O = &3 lisa(eht) - Viogai(a)?| > 47y 2 )
=1

1~ . ; o [2t
< 4Pr< sup - E Cilkse(xy, t) — Viog g; (mt)||2‘ >R n>
i=1

0cB:
< 521 sup [ 23" 26 (sa(of. 01 + 1V g (w)?) | 2 Ry 2 )
eecB;, ! 1 i=1 n

RS , R [2t
<8P =D 2 ([se(xt,t 2‘> \/72:15’
= f(ggglni 2 (Ise (@ ) = 551/
2%
§ j2g (IV log g ()] ’ \/;: t//>.

So, we need to find tail bounds for two concentration inequalities above: For the first one, we use our
definition that ||©|; < 1and supgcp, [se(x},t)]1 < 1 thatalso implies supgep, |so(xf, t)|* < 1.

+8Pr(sup

ocB;
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Following a similar uniform bound as proposed inTaheri et al.[ (2021 Proof of Theorem 5) for ReLU
and regularized neural networks, we can obtain

R |2t 1
E a—— < =
(Sugl i=1 Q|86 wt7 " ‘ A2 n > =

fort = ((k? + (sB)?)(2/L)*! log(n)\/L%log(p) > i, [x:[*/n/R)?/2, where p stands for total
number of network parameters and L number of hidden layers of ReLU network. For simplicity, we
can simplify the notation and shortly set t = ((#? + (sB)?)Cy+/log(pn)/R)?/2, where Cy, absorbs
factors related to the input and all constants and we also used the fact that (2/L)?*L < 1 for L > 3.

For the second concentration inequality, we use Hoeffdlng s inequality (Vershynin, 2018, The-
orem 2.6.3) for y; = Q||Vlogq (x)|?, that is y; = (;|Vlogg;(xi)|? are zero-mean random
variables and bounded |V log ¢; (z1)[* < 52|V log qt ‘(})]5, < s*B?, where we have used Assump-
t10nE]and Assumption [3|to conclude that |V log ¢} (z%)] oo = [V 10g ¢:(}) ]| < B. Now, we can
progress as following:

i S 1 - A 7 s i 2t
pr( Jisa(Xi.t) = Viogai (X - 3 lisa(z0) - Viogat el 2| > 7y /%)
0cB; n i=1 n
1o ; R [2t
- i l,t 2’ > i t/
o alsieior]z g5y
1< o i R |2t
+8Pr(\n;ci(llwogq;(wm?\ >\ = t”)

< 16 416 nt'?
— exp| ———— ).
~n P c's4B4

< 8Pr< 5
ocB

And using our assumptions we have

R2 < sup —ZEXWQt lise (X, t) — Vg g (X})]*
@EB] i=1
<4(&"+s'BY).

That leaves us with

Pr (sup
och;

Ex,~q.[#se (X, t) — Viog gf (X;)|* — *ZHRS@ x;) — Vlog g} (})]?
> 8V k* + 5By )

16 nt'"?
< —+16 - .
=t exp( 0’3434)

For t = ((A% + (sB)?)Cg+/log(pn)/R)? /2, we then reach

Pr <esup Ex,~q.[fse (Xt t) — Viog g (X¢)|” — — E |ise(xf,t) — Vlog g; ()]
€B;
I
> (,%2 +S2BQ)CE og(pn) )
n
_ 32

B.5 PROOF OF LEMMA[3]

Proof. The proof is based on some simple linear algebra and the definition of forward and backward
processes.
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We 1. use Bayes’ rule, 2. consider a fixed x; (¢;(;) is omitted since x; is fixed), 3. definition of the
forward process, and 4. multiplying with a one-valued factor and some rewriting, and 4. and some
further rewriting

Qt\t—l(mt\%&4)%4(%4)
Qt—l\t(xt—l\wt) =
Qt(wt)

X Qt\tq(wt\%—1)%—1(%-1)

me — Vo |?
2(1 — Olt)

X qtfl(wtfl) exp(

gz —ui? e — Varmea|?
2(1 — Ozt) 2(1 — at)

agle —ui]®  arin — (®/ /)|
2(1 — o) 2(1 — )

X pf—l\t(wtfl |z ) exp <log qi—1(xe—1) +

= pffl\t(wtfl |x+) exp <log qi—1(Te—1) +

using the fact that (see equation

o Uf||2>

S —
Py (®i—1fwy) o exp< 201 — o)

‘We then use the fact that
|1 — i = |21 — (/o) P = |lzi1 — (@0/Var) + (e /var) — ;P = |1 — (@) Var)|?
T S S
= 2("%71 - (wt/\/at)) ((wt/vat) - Ut) + [(ze/v/ar) — uj ||2~
We then use equation [7]to obtain

2i1 — (@ /) (@) yar) - uj)

(1 - ar)/a = (@1~ (@/van) ViV log g ()

= —oww/{ | Vlog q; (x;) + o] Vog q; ().

Collecting all the pieces above we obtain for a fixed x
Qt—1|t(mt—1|mt) & pf_1\t(:13t—1|mt) eXp(Ct,t—l(mtamt—l))
with G —1(2s, @i—1) = logq—1(xi—1) — Jouxl_ 1 Viog g (x:) + f(x:), where f(z;) can be

considered as an arbitrary function of x;, since ; was fixed (let’s also note that the term || (x;//cz) —
u;|? is omitted since it is just dependent over ;). That completes the proof.

O
B.6 PROOF OF LEMMA 4]

Proof. We employ the fact that p and p® are both Gaussian with the same variance, ﬁt,m =
N (@i—15 0 (2), 0714) and Pts_l\t = N(@i—1;ui (), 07La) with

1

Jar

ﬁt((llt) = (IEt + (1 — at)/%séel (IEt,t))

and

uj(wt) = \/10[7(wt + (]- - at)vmt log q:(ivt)) :

We use 1.the Gaussian property, 2. rewriting, 3. add a zero-valued term, 4. use the property that
Ex, 1~Q,_1 [Xt—1|®t] = us(xt), 5. definitions of u;, u®, and 4; and Cauchy-Schwarz inequality
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to obtain

]E log W}
XoXeoinQuees |08 57 0T IXG)
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1-— (677

+ Ex,~0, ||IA€8(:)£1 (X, t) — Viog qi (Xo)|?.

2
That implies

S E o pf_ut(Xt—llXt)}
Xt7Xt7 ~t,t— ~ I ~r I~ N
=1 1@ Pr—1)e(Xe—1]Xt)

T
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T

1— (673 R s
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as desired.
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