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Abstract

We provide a rigorous analysis of implicit regu-
larization in an overparametrized tensor factoriza-
tion problem beyond the lazy training regime. For
matrix factorization problems, this phenomenon
has been studied in a number of works. A par-
ticular challenge has been to design universal ini-
tialization strategies which provably lead to im-
plicit regularization in gradient-descent methods.
At the same time, it has been argued by (Cohen
et al., 2016) that more general classes of neural
networks can be captured by considering tensor
factorizations. However, in the tensor case, im-
plicit regularization has only been rigorously es-
tablished for gradient flow or in the lazy training
regime. In this paper, we prove the first tensor
result of its kind for gradient descent rather than
gradient flow. We focus on the tubal tensor prod-
uct and the associated notion of low tubal rank,
encouraged by the relevance of this model for im-
age data. We establish that gradient descent in an
overparametrized tensor factorization model with
a small random initialization exhibits an implicit
bias towards solutions of low tubal rank. Our the-
oretical findings are illustrated in an extensive set
of numerical simulations show-casing the dynam-
ics predicted by our theory as well as the crucial
role of using a small random initialization.

1. Introduction

Analyzing implicit regularization during Neural Network
(NN) training is considered crucial for understanding why

“Equal contribution 'Department of Mathematics, Northeast-
ern University, Boston, USA ?Department of Mathematics and
Munich Data Science Institute, Technical University of Munich,
Munich, Germany *Munich Center for Machine Learning, Mu-
nich, Germany *Department of Mathematics, Michigan State
University, East Lansing, USA SDepartment of Computational
Mathematics Science and Engineering, Michigan State Univer-
sity, East Lansing, USA. Correspondence to: Anna Veselovska
<anna.veselovska@tum.de>.

Proceedings of the 42" International Conference on Machine
Learning, Vancouver, Canada. PMLR 267, 2025. Copyright 2025
by the author(s).

overparametrization can give rise to superior generalization
capability and lead to strong overall NN performance. Con-
sequently, there has been a recent surge in research aimed at
explaining how gradient-based methods interact with over-
parameterized models under nonconvex losses (see, e.g.,
(Ma et al.l 2018} |[Ling & Strohmer, 2019)). Notably, re-
cent empirical and theoretical studies have suggested that
gradient-based methods with small random initializations
exhibit a bias towards low-rank solutions in a variety of
models.

For matrix factorization models which represent linear neu-
ral networks, a rigorous analysis of implicit bias is available
for both gradient descent (Gunasekar et al., 2018} |Stoger &
Soltanolkotabi, 2021 and gradient flow (its asymptotic limit
for small step size) (Bah et al., [2022; (Chou et al., [2024).
In contrast, for neural networks with nonlinear activation,
there has been a good deal of work done showing that fully
connected layers can be represented by, e.g., tensor train fac-
torizations in (Novikov et al., 2015 Razin et al.|[2021). As
a consequence, it has been argued that tensor factorizations
should be considered instead of matrix factorizations (see,
e.g., (Cohen et al., [2016))). For tensor factorization models,
however, results predating 2024 were only available for the
asymptotic regime, i.e., gradient flow. This is perhaps due to
the many additional complications in the tensor setting be-
yond those in the matrix setting including, e.g, that there are
many different valid notions of tensor rank, each of which
motivates its own equally valid class of tensor factorizations.
For gradient descent applied to the tensor recovery problem,
only a very recent partial analysis by (Liu et al.| 2024)) cur-
rently exists for the tubal factorization model. This analysis
requires that the initialization already well approximates
the solution, only after which the convergence of gradient
descent toward a low tubal-rank solution is shown. Herein
we also focus on the tubal factorization, but establish the
corresponding implicit regularization result without needing
such a strong initialization assumption.

Our work is motivated by recent research showing that the
way neural networks are trained, especially with gradient de-
scent, can lead to solutions with useful structure, even with-
out adding explicit regularization terms. This phenomenon,
known as implicit regularization, has been studied in con-
texts such as sparse recovery (Vaskevicius et al., 2019) and
low-rank matrix completion (Li et al.,2020), where specific
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network architectures are designed to encourage certain
types of structure in the solutions. However, for tensor re-
covery problems, most existing work either focuses only on
gradient flow or provides only partial analysis. To the best
of our knowledge, our paper is the first to analyze implicit
bias under gradient descent with small random initialization
for a tensor recovery problem. We focus on the tubal rank
model, which is particularly relevant for applications like
video representation. This opens the door to a broader in-
vestigation into how implicit regularization can be used for
structured tensor recovery, how network architectures influ-
ence this bias, and what conditions ensure convergence. We
see this work as a starting point for a larger line of research
on implicit regularization in tensor problems.

Related work: In deep learning it is common to use more
network parameters than training points. In such overpa-
rameterized scenarios there are usually many networks that
achieve zero training error so that the training algorithm
effectively imposes an implicit regularization (bias) on the
solution it computes. In practice, training networks with gra-
dient descent is both common and tends to favor solutions
that generalize well, offering the exploration of how gradient
descent implicitly regularlizes in overparameterized regimes
as one avenue for better understanding the success of deep
learning more widely. As a result, a lot of recent work has
been focussed on understanding the implicit regularization
phenomena of gradient descent in multiple settings. The
first theoretical works in this direction (Gunasekar et al.,
201752018 |Geyer et al., 20205 |Arora et al., 20195 Soudry
et al., 2018)) concentrated on training linear networks and
suggested that during training (stochastic) gradient descent
implicitly converges to a linear network (i.e., a linear func-
tion described by a matrix) that’s low rank. Motivated by
specific deep learning tasks, multiple works also investi-
gated implicit bias phenomena in the special cases of sparse
vector and low-rank matrix recovery from underdetermined
measurements via an overparameterized square loss func-
tional, where the vectors and matrices to be reconstructed
were deeply factorized into several vector/matrix factors. In
this setting, these works then showed that the dynamics of
vanilla gradient descent are biased towards sparse/low-rank
solutions, respectively (Chou et al.l [2024; |2023; [Li et al.}
2022} Kolb et al.| [2023).

In the realm of optimization, a substantial body of work has
also emerged that provides guarantees for gradient descent’s
convergence in the nonconvex setting for different problems
such as phase retrieval, matrix completion, and blind decon-
volution. Broadly, these findings can be categorized into
two main approaches: smart initialization coupled with lo-
cal convergence (demonstrating, e.g., local convergence of
descent techniques starting from carefully designed spectral
initializations) (Ma et al.| 2018} [Tu et al., [2016; Ling &

Strohmer, [2019; [Candes et al.,|2015); and landscape anal-
ysis paired with saddle-escaping algorithms which show,
e.g., that all local minima are global and that saddle points
exhibit strict negative curvature so that (stochastic) gradient-
based methods can effectively escape saddles and ensure
convergence to global minimizers (Jin et al., 2017} |Ge et al.,
2015; Raginsky et al.||[2017).

Notably, several studies (Woodworth et al., 2020; (Ghorbani
et al., 2020) have highlighted the importance of the scale
of the training initialization for the generalization and test
performance of modern machine learning architectures. In
fact, a small random initialization followed by (stochastic)
gradient descent is arguably the most widely used train-
ing algorithm in contemporary machine learning. And,
stronger generalization performance is typically observed
with smaller-scale initializations. Implicit bias for low-rank
matrix recovery with small random initializations has been
extensively studied in this setting as a result by, e.g., (Stoger|
& Soltanolkotabil, 2021} |Soltanolkotabi et al., 2023 [Wind,
2023; Kim & Chung, 2024). These studies have shown that
a small random Gaussian initialization behaves similarly to
a spectral initialization in overparameterized settings. Fur-
thermore, they have shown that gradient descent algorithms
with this initialization tend to converge towards low-rank so-
lutions (i.e., that they demonstrate an implicit regularization
towards low-rank solutions).

Recently, numerous connections between tensor decompo-
sitions and training neural networks have also been estab-
lished by, e.g., (Novikov et al.| [2015} |Razin et al., 2021}
2022). These studies argue that low-rank tensor factoriza-
tion helps explain implicit regularization in deep learning,
as well as how properties of real-world data translate this
regularization to generalization. Similar to how matrix fac-
torization can be viewed as a linear neural network (i.e., a
fully connected network with linear activation), tensor fac-
torizations correspond to a specific type of shallow (depth-
two) nonlinear convolutional neural network (Cohen et al.,
20165 Razin et al.l 2021). Additionally, (Novikov et al.|
2015)) demonstrated that the dense weight matrices of fully
connected layers can be converted to tensor trains while
preserving the layer’s expressive power. These findings
have positioned low-rank tensor factorizations as theoreti-
cal surrogates for various neural network learning settings,
thereby enhancing our understanding of implicit regulariza-
tion and overparameterization, and so further motivating
investigation in this area.

Since no unique definition of tensor rank is available, related
literature concerning implicit bias has naturally split with
respect to the notion of tensor rank being considered: CP-
rank, Tucker-rank, and tubal-rank, in analogy to the analysis
of algorithms specifically designed for tensor recovery and
completion by, e.g., (Zhang et al., |2019; Hou et al., 2021}
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Figure 1: A low tubal-rank factorization of a three-
dimensional tensor. Using the (reduced) tubal-SVD, each
three-dimensional tensor 7~ € R™*™*¥ can be decomposed
into a tubal product of three tensors 7 = V* X« W' with
Y € R™nxE Yy ¢ R™*mXE and the frontal slice diago-
nal tensor & € R"*™*%_ Here, the tubal rank of a tensor
is the number of non-zero singular tubes in 3 € R"*"mxk,
For example, in the figure, the tubal rank of the tensor is
equal to six.

Kong et al.| 2018} [Ahmed et al.} 2020} [Liu et al.}[2019; 2020}
Haselby et al.} [2024). For the CP-tensor factorization, sev-

eral results are available for gradient-based methods
et all 2020} [Ge & Ma, [2017). The first theoretical analysis
of implicit regularization towards low tensor rank under
arbitrarily small initialization was provided considering gra-
dient flow in (Razin et al., 2021). In (Ge et al,2013), it has
been shown for the orthogonal tensor decomposition prob-
lem a simple variant of the stochastic gradient algorithm
is able to leverage a low-rank structure from an arbitrary
starting point. In addition, (Wang et all,[2020) shows that
using gradient descent on an over-parametrized objective
for the CP-rank tensor decomposition problem one could go
beyond the lazy training regime and utilize certain low-rank
structures.

Perhaps most closely related to this paper, very recently
analyzed the convergence of factorized
gradient descent for the low-tubal-rank sensing problem,
showing that with carefully designed spectral initialization
the gradient iterates converge to a low-tubal rank tensor.
Although the authors in allow for over-
parametrization, they argue the minimal recovery error can
be achieved when knowing the true rank, thereby leaving
questions concerning the advantages of overparametrization
and small random initializations open.

Our contribution: Motivated by connections between
tensor rank and non-linear neural network representations,
herein we study the implicit regularization phenomenon for
low tubal-rank tensor recovery. Namely, our objective is to
analyze the recovery process of a tensor with a low tubal-

rank factorization (Kilmer & Martin} 2011) (see Fig 1) from

a limited number of random linear measurements. More

specifically, we consider tensors of the form A X T andem-
ploy a non-convex method based on the tensor factorization,
minimizing the loss function using gradient descent with a
small random initialization. To the best of our knowledge,
we are the first to investigate the implicit bias phenomenon
for gradient descent with a small random initialization ap-
plied to a tensor factorization. Namely, we demonstrate that,
irrespective of the degree of overparameterization, vanilla
gradient descent with a small random initialization applied
to a tubal tensor factorization will consistently converge to
a low tubal-rank solution.

Inspired by recent results for the low-rank matrix sensing
problem by (Stoger & Soltanolkotabi, 2021)), we establish
that gradient descent iterates with small random initializa-
tions can be closely approximated by power method itera-
tions in (Gleich et al.| 2013} [Kilmer et al,2013)) modulo
normalization, and deduce that after sufficient time the iter-
ates approach a commonly used spectral initialization from
the tubal-rank literature in (Liu et al., 2024). Along the way
we must also overcome, e.g., a challenging intersection be-
tween the tensor slices during each gradient descent iterate
which forces a non-trivial convergence analysis.

Organization: In Section[2] we define our notation and
present a few basic facts regarding tubal tensors. In Sec-
tion 3] we state our problem and our main result. In Sec-
tiond] we outline the steps of the proof in order to provide
intuition. In Section [5] we show numerical experiments
which demonstrate our theoretical findings. We conclude
the paper in Section[6] The proof of our main result is bro-
ken up into several lemmas, which are stated and proven in
the appendix.

2. Notation and Preliminaries

Every tensor in this paper will be an order-3 tensor whose
third mode is length k. For such a tensor 7~ € R™*"*k we
define a block-diagonal Fourier domain representation by

T = blockdiag(T" ", ..., T e grmkxnk

where the j-th block T9 e ¢ s defined by
?(J)(i, i) = Z_;C/:l T (i, Z-/,j/)ef\/jl%r(jfl)(j’fl)/k. In
other words, we take the FFT of each tube, and then arrange
the resulting frontal slices into a block-diagonal matrix.

The tubal product (or t-product) of two tubal tensors A &
R™*9%k and B € RI*"*k is a tubal tensor A * B €
R™*"XE whose tubes are given by

(AxB)(i,7,:) = ZA(i,p, :) « B(p, i, :).

p=1

Here, * denotes the circular convolution operation, i.e., (& *
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k
V=2
AB.

For any tubal tensor 7~ € R™*"*¥ its tubal transpose
T e R™™%k is given by (T")(4,i,1) = T(#,i,1)
and (T 7)(i,4,§) = T (' i,k +2—j) forj =2,... k,
i.e., we take the transpose of each face, and then reverse
the order of frontal slices j = 2, ..., k. This ensures that
—F =T

T =T .

For any n, the n x n x k identity tensor Z € R™*n*k
is defined by Z(:,:,1) = I,x, (identity matrix), and Z(:
5, J) = Opxn (zero matrix). An orthogonal tensor @ €
R*nxE gatisfies Q% Q' = Q' xQ = Z. An orthonormal
tensor W € R™X"*k with iy, > n satisfies W' * W = T.

The tubal-SVD (Kilmer & Martin, [2011) (or t-SVD) of a
tubal tensor T~ € R™*"Xk ig a factorization of the form

Tj¥i—j (mod k)- One can check that A x B =

T=UxZ*V' 2.1)
whered € R™*™*k and Y € R™*"*¥ are orthogonal, and
each frontal slice of X € R™*"** is diagonal. The t-SVD
of a tensor 7~ € R™*"™*F can be computed as follows: (1)
compute the FFT of each tube of T to get the frontal slices
7'(]) j =1,...,k, (2) compute the SVD of each resulting
frontal slice T ) =U TS (j)V( 2 (3) concatenate the
matrices {U "’ Ui k_, into a tubal tensor U € C™*™** and
take the inverse FFT along mode-3 to obtain U € R™*m>k
(and similarly to obtain X € R™*"*F and VY € R"*"*xF),
The tubal rank of a tensor 7~ € R™*"** i5 the number of
non-zero diagonal tubes in the X tensor of its t-SVD, i.e.,
rank(7T) = #{i : 3(i,7,:) # 0}. For an illustration of
the t-SVD decomposition, see Figure[T} We also define the
condition number (7T") of the tubal tensor T~ € R™*nxk
by
a1(T)

T = .
K( ) Umin{m,n}k(T)

Finally, for tubal tensors 7~ € R™*"*F we define
the tensor spectral norm ||7|| := ||7T|| and the tensor
nuclear norm ||77|. := || T ||+ as the spectral and nu-
clear norm respectively of the block-diagonal Fourier do-
main representation 7, and the tensor Frobenius norm
TN = S S5 Yy T (04,0 = ¢T3 as a
scaled version of the Frobenius norm of the block-diagonal
Fourier domain representation 7.

3. Main Results

Problem Formulation Let X € R"*"** have tubal rank
r < nsothat X + X' € S7*™** is a tubal positive
semidefinite tensor with tubal rank r. Let k = k(X) be
the condition number of X'. Suppose we observe m linear

measurements of X x X’ T, that is

yi = <Ai,X*XT> for i=1,...,m  (3.1)
where each A; € S™"*"*F ig a tubal-symmetric tensor.
We can write this compactly as y = A(X % X ) where
A §nxnxk s R™ is the linear measurement operator. We
aim to recover X « X from our measurements y by using
gradient descent to learn an overparameterized factorization.
Specifically, we fix an R > r and try to find ald € R"*Fxk

suchthat U U = X« X7 by using gradient descent to
minimize the loss function
2
) : = HA (u *uT) - yH 3.2)
2
m 2
=S ((AusuT)—y) . 63

i=1

We will start with a small random initzialization Uy €
R Ak where each entry is i.i.d. N'(0, %) for some small
a > 0. Then, the gradient descent iterations are given by

Ui =U, — Nvg(ut)
= U, + pA* [y—A(ut *uj)] «U,

= [I—i—u(A*.A) (X*XT—ut *L{Z)} * U,

34)

for some suitably small stepsize ¢ > 0. Here
A* i R™ — §nxnxk denotes the adjoint of A which is

givenby A*z = > | 2, A,

Moreover, we say that a measurement operator
A §nxnxk s Rm  satisfies the Restricted Isometry
Property (RIP) of rank-r with constant 6 > 0 (abbreviated
RIP(r, §)), if we have

1L=9)lZ2l% < A3 < A+ )12,

for all Z € S™*"*F with tubal-rank < r. We note that an
RIP condition is a standard condition in the literature, and
is used in similar works such as (Li et al.l 2018; [Stoger &
Soltanolkotabi, [2021). This condition is necessary to ensure
that there is only one low tubal rank tensor for which the
loss function is zero, and that this tensor could be recovered
stably in the presence of noise.

Results We have analyzed the convergence process of the
gradient descent iterates in the scenario of small ran-
dom initialization and overparametrization. Namely, with
the ground truth tensor X € R™*7>k we assume the ini-
tialization Uy € R™EXF js such that each entry is i.i.d.
N(0, o ) with small scaling parameter o > 0 and the sec-
ond d1mens10n R exceeding three timesthe ground truth
dimension r. Below, we present the direct results of our
analysis.
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Theorem 3.1. Suppose we have m linear measurements
y = A(X « X") of a tubal positive semidefinite tensor
X« X' € ST where X € R™ " has tubal rank
r < n. We assume A satisfies RIP(2r + 1,0) with 6 <
ck =42, Suppose we fit a model X * X" =uxu’
where U € R XK with R > 3r and obtain U by running
the gradient descent iterations

Ui = [T+ p(A A (X* xT - u, *uj)] «U,

with a stepsize i1 < cv/kk || X||? starting from the initial-

2
ization Uy € R™* > where each entry is i.i.d. N'(0, % ).
Then, if the scale of the initialization satisfies

- omn(X) (

CQF&Q\/E
a ~Y
x2min{n, R}Vk

—16x>
v/min{n, R}) ’

then after

n 1 Cikn : KT [l x]|
t SJ 1O min ()2 In (min{n,R} min {1’ k(min{n,R}—r) } ko
iterations, we have that

<l — < X7

el ~
21k? 21
a1 33 3 3 k2\/n 16
k327r8k16 (min{n, R} —r)8 {iin{;{;{}] [ﬁ}
holds with probability at least 1 — Cke °E.  Here,

¢, ¢, C,C1,Cy > 0 are fixed numerical constants.

Intuitively, this means that if the initialization is sufficiently
small, gradient descent will approximately recover the low
tubal rank tensor X X' after ¢ iterations. Note that the
reconstruction error can be made arbitrarily small by making
the size of the random initialization « arbitrarily small. This
comes at the expense of requiring more iterations. However,
this impact is mild as the number of iterations grows only
logarithmically with respect to a.

Although the above theorem holds for any R > 3r, it is
perhaps most interesting in the case where R > n as then
every n X n X k tubal positive semidefinite tensor can be
expressed as U « U | for some U € R™*Exk_ Hence, the
learner model does not assume that the ground truth tensor
has low tubal rank, yet gradient descent is able to recover
the ground truth tensor instead of any of the infinitely many
high tubal rank tensors whose measurements match that of
the ground truth tensor.

We note that (Zhang et al.| [2019) shows that a random sub-
Gaussian measurement operator A : R?X"XF — R™ will
satisfy the RIP for tubal rank-r tensors with RIP constant §
with high probability if m > O(rnk/§?). To obtain an RIP

constant of § = O(k~*r~1/2), one needs m > O(k8r’nk)
random sub-Gaussian measurements.

Additionally, we acknowledge that the parameter depen-
dence in Theorem [3.1]may initially seem unfamiliar. How-
ever, it aligns well with intuition and prior work: when the
tensor is ill-conditioned — i.e., possesses a small tubal singu-
lar value — gradient descent without regularization naturally
struggles to recover the rank-one component unless the ini-
tialization is sufficiently small. While our bound exhibits
exponential dependence on the condition number, this is
consistent with known results in the matrix setting (e.g., see
Lemma 8.6 in (Stoger & Soltanolkotabi, [2021))). Although
the necessity of exponential dependence remains an open
question, it presents a compelling direction for future re-
search. Moreover, our numerical experiments (see Figure [)
support a polynomial relationship between the test error and
the initialization parameter «, and while the empirical de-
gree may differ slightly, our theoretical exponent % appears
to closely approximate the observed behavior.

4. Proof Outline

In this section, we turn our attention to giving an overview
of the key ideas of the proof.

In our analysis, we demonstrate that the trajectory of gradi-
ent descent iterations can be approximately divided into two
distinct stages: (I) a spectral stage and (II) a convergence
stage described below.

(I) The spectral stage. In the spectral stage, where we show
that the gradient descent starting from random initialization
behaves similarly to spectral initialization, enabling us to
prove that by the end of this stage, the column spaces of
the tensor iterates U and the ground truth matrix X
are sufficiently aligned. Namely, we show that the first
few iterations of the gradient descent algorithm U, can be
approximated by the iteration of the tensor power method
modulo normalization (see, e.g.(Gleich et al.,2013)) defined
as

~ *t
u, = (I+ AT A(X * XT)) «Uy € RM<FXE,

We call this part of the evolution of the gradient descent
iteration the “spectral stage” since, due to its similarity to
the power method, at the end of this stage the iterates U,
will be closely aligned with the classical t-SVD spectral
initialization of (Liu et al., [2024).

(1I) The convergence stage. In the convergence stage, the
gradient iterates converge approximately to the underlying
low tubal-rank tensor X * X' at a geometric rate until
reaching a certain error floor which is dependent on the
initialization scale.

The cornerstone of the analysis of this stage is the de-
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Figure 2: Illustration of (top figure) the two stages of gra-
dient descent algorithm: the spectral alignment stage for
1 <t < 3000 and the convergence stage 3000 < ¢ and
(bottom figure) more details on the alignment phase for
the gradient descent progress. In the ground truth tensor
X e Rk wesetn =10,k =4,r = 3.

composition of the tensor gradient iterates U, into two
components, the so-called “signal” and “noise” terms.
This is done by adapting similar decomposition methods
used in recent works analyzing implicit bias phenomenon
for gradient descent in the matrix setting (see (Stoger &
Soltanolkotabi, 2021} [Li1 et al., 2018))) to our tensor set-
ting. Accordingly, let the tensor-column subspace of the
ground truth tensor X € R™"*"*¥ be denoted by V » with
the corresponding basis Vx € R"*"*¥_ Consider the ten-
sor Vx *U; € RTEXF with its t-SVD decomposition
VaxU; = Vi« W/, For W, € REX™F | we

denote by W, | € REx(n=r)xk 4 tensor whose tensor-
column subspace is orthogonal to those of W;, that is
W/, * W] = 0 and its projection operator Py, |
is defined as Py, | :Wt,L*WIL =T-W.xW,/.

We then decompose the gradient descent iterates (3.4) as
follows

Uy =U + Wi W] +U W1+ W/ | @D

referring to the tensors Uy * YW, * V\itT as the signal term
of the gradient descent iterates, and to the tensors Uy *
Wi 1 * WtT | as the noise term. The advantage of such a
decomposition is that the tensor-column space of the noise
term U, * Wy | * V\itT | is orthogonal to the tensor-column
subspace of the ground truth X allowing for a rigorous
analysis of the convergence process of the two components
separately.

At the convergence stage, we show that symmetric tensor
U« W, xW, U, built from the signal term converges to-
wards the ground truth tensor X * X’ T, whereas the spectral
norm of the noise term ||U; * W, | ||, stays small.

Additional challenges in the tensor setting vs. matrix
setting When coming from the matrix case to the tensor
setting com, there are several important differences and
challenges, which need to be carefully considered and are
described below.

* In contrast to the matrix case, the range and kernel
of a third-order tubal tensor can include overlapping
generator elements (we refrain from using the term
basis, in the sense that knowledge of the multirank
and complimentary tubal scalar of a tensor must be
included to describe the range). Namely, if in the
t-SVD (2.1) of a symmetric tensor X the tensor X
contains ¢ non-invertible tubes — tubes that have zero
elements in the Fourier domain —, then there are ¢
common generators for the range and the kernel of
X, please see (Kilmer et al., |2013) for more details.
With this phenomenon, the decomposition (C.I)) of
the gradient iterates into signal and noise term is not
available for non-invertible tubes, which is why we
need to work with a more intricate notion of condition
number.

* As stated in (Gleich et al., 2013)), running the power
method for tubal tensors of dimensions n X n X k
is equivalent to running in parallel k£ independent
matrix power methods in Fourier domain. However,
running gradient descent in the tubal tensor setting
is not equivalent to running k gradient descent
algorithms independently in Fourier space. This
can be easily seen when transforming the measure-
ment operator part of the gradient descent iterates.
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Figure 3: Outcomes of employing gradient descent to mini-
mize the loss function (3.2)) with different overparametriza-
tion rates. We set n = 10, k = 4,7 = 3 in the ground truth
tensor X € R™*7** and for initialization U, € R**FxF,
we set the over-rank to R = 10,50, 100, 200, 400. For
each R we plot the average over twenty experiments. The

[Uestd] — XX T ||p llor @) =0 (X)]|2
ey (U and oo
semi-log plots.

plots for are

Namely, let as before y=AX*X')ecR™
with y; = <.A1-,X*XT> _ <E,X*XT> _

2521 <E(q)aX(Q)X(Q)H>7 j = 1,...m then
AAX « XT) = A(y) = YL pA €
gnxnxk and  the for j-th slice in the

Fourier domain, we get A*AX+XT)0) =
S Z?Zl A;0) (A, X@X@H) | This means
that in each Fourier slice ;) of the gradient descent
iterates (3.4) we have the full information about the
ground truth tensor X * X' and not only about its
j-th slice. In the spectral stage, this fact does not cause
significant difficulties. However, in the convergence
stage, in order to get the global estimates, it requires a
thorough and vigilant analysis of intersections between
the slices in the Fourier domain.

In particular, this required nontrivial estimations, such
as those presented in Lemmas E.4 and E.5, to control
these interactions and provide the respective bounds,
which require control of proximity of the auxiliary
parameter (A*A(X « X7 — U, U] )) Y to the cor-
responding jth Fourier slice of X « X T U« Ll;r via
the RIP property of the measurement operator .4 and
aligned matrix subspaces. Another important point
is that one need to choose the learning rate p and
the initialization scale « carefully for the noise term
U, x W , to grow slowly enough in each of the ten-
sor slices in order to not allow overtaking the signal
term U, * VW, in the norm, see, e.g., Theorem and
the usage of Lemma[E3|in its proof.

5. Numerical Experiments

To verify our theoretical findings, we set multiple numerical
tests: from showing two phases of the gradient descent algo-
rithm to demonstrating the advantages of overparametriza-
tion. These experimental results showcase not only the
implicit regularization for the gradient descent algorithm
toward low-tubal-rank tensors but also demonstrate the firm-
ness of our theoretical findings.

Our experiments were conducted on a MacBook Pro
equipped with an Apple M1 processor and 16GB of
memory, using MATLAB 2023a software. The cor-
responding code is available in our GitHub reposi-
tory, https://github.com/AnnaVeselovskaUA/tubal-tensor
implicit-reg-GD.git.

We generate the ground truth tensor 7~ € R™"*"*F with
tubal rank r by T = X x X T, where the entries of
X € R™"%F are i.i.d. sampled from a Gaussian distri-
bution A/ (0, 1), and then X is normalized. The entries of
measurement tensor A; are i.i.d. sampled from a Gaussian
distribution A/(0, 1). In the following, we describe dif-
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ferent testing scenarios for recovery of T~ via the gradient
descent algorithm and their outcome. For all the experi-
ments, we set the dimensions ton = 10,k = 4,r = 3, the
learning rate ;1 = 10~°, and the number of measurements
m = 254.

Ilustration of the two convergence stages. To illustrate
the convergence process of the gradient iterates, for the
ground truth tensor X « X' € R"*"*F and its counter-
part Uy * u;r € R™*"*k being learned by the gradient

descent, we consider the training error ¢(U;), the test error
lestd] —x+X 7 || r
[EEERNT

tubes o, (U;),0,.(X) € R¥, W Moreover,
we also take into our consideration the tensor subspace £
spanned by the tensor-columns corresponding to the first
r singular-tubes of the tensor A* A(X * X ) and denote
by L; the tensor-column subspace spanned by the tensor-
columns corresponding to the first 7 singular tubes U * thT .
We note that although Theorem |3.1|bounded a relative error
with || & ||2 in the denominator, we use || X * X || in the
denominator of the relative error for our experiments as it
is a more natural relative error to consider. Furthermore,
since || X * X" ||p > |||, and | X « X || could be
much larger than || X||? in cases where the singular values
of X x X7 vary drastically, the result of Theorem is
stronger than if we bounded the more natural Frobenius
norm error. Besides, the qualitative behavior in the numeri-
cal simulation will be the same for the two error measures
as generically they will just differ by a dimensional factor.

, and the test error for their rth singular

Figures [2| demonstrates that the convergence analysis can
be divided into two stages: the spectral and the convergence
stage. We see that in the first stage (1 < ¢ < 3000), the
first r tensor-columns of U, * Ll;r learn the tensor column
subspace corresponding to the first r singular-tubes of the
tensor A* A(X x X "), i.e. the principal angle between the
tensor column subspaces £; and £ becomes small. Namely,
as one can observe in Figure 2] (bottom), the principal angle
between the two subspaces, HVZJ_ * V¢, ||, decreases where
as the principal angle between X" and L, reaches certain
plateau, see the behavior of ||V . * Vg, ||. At the same
U] — XX T —
llet: \ﬁé*xi H(: Ir and I\Ur(ﬁgj(;)rl‘(f)l\z
stay large. In the second stage, we see that the test error

et —x+x"||p
[EE AN
dient descent iterates U, * Z/ltT start converging to X X'
by learning more about the tensor-column subspace of the
ground truth tensor. At the same time, the test error over
rth singular tube % starts decreasing too and
as a result converges to zero. We also see that in this stage
the principal angle between £; and £ grows, which is also
intuitive as the tensor-column subspace £ does not have
the full information about the tensor-column subspace of

time, test errors

starts decreasing, meaning that the gra-

the ground truth tensor X' * X’ T, and learning more about
X+ X" leadstoa larger error in terms of principal angles
of the two.

Depiction of the alignment stage. In this experiment,
we illustrate that gradient descent with small initialization
behaves similarly to the tensor-power method modulo nor-
malization in the first few iterations, bringing the gradient
iterates close to the spectral tubal initialization, used, e.g., in
(Liu et al.,[2024). Here, as before L denote the tensor sub-
space spanned by the tensor-columns corresponding to the
first - singular-tubes of tensor A* A(X * X ") and L, is the
tensor-column subspace corresponding to the first 7 singular
tubes U; * LttT . Additionally, £; denotes the tensor-column
subspace spanned by the first r singular-tubes of the ten-

sorljlt *i{:,wherea: = (I+A*A(X * XT))*t *U.

In Figure |2| (bottom), we see that U; and Z]t learn the
subspace £ almost at the same rate in the first iterations,
1 <t < 3000. In the same figure, we observe that also
the angle between V x and L;, respectively Zt, decreases
monotonically in the spectral stage. Then at the beginning
of the convergence stage, 3000 < ¢, the angle between V x
and L, starts decreasing gradually and converges to zero, as
expected since U * thT converges to X x X T. Whereas the
principal angle between £ and £; growths until it reaches a
certain plateau.

—§—train-error
—}—test-error

c- q2l/16

Figure 4: Impact of different initialization scales on the test
and the training error. The data are represented in the log-log
plot. We set n = 10, k = 4, r = 3 in the ground truth tensor
X € R**"%F and for initialization Uy = ald € RP*Exk
with R = 200 and different scales of «.. The plot depicts the
averaged value for five runs and the bars represent the devi-
ations from the mean value. For illustration, we also depict
the theoretical test error bound obtained in Theorem[3.1l As
one can see, the numerical error resembles the theoretical
behavior of C,, ks - s,
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Test and train error under different scales of initializa-
tion. In this experiment, we explore the influence of the
initialization scale, denoted by «, on the training and the test
error. With R = 200, we apply gradient descent for various
values of «, halting the iterations at £ = 3500 in each run.
The results, presented in Figure [d] demonstrate a reduction
in test error as « decreases. Notably, the figure indicates that
the test error follows an almost polynomial relationship with
the initialization scale . This observation is consistent with
our theoretical predictions, which also forecast a decrease
in test error at a rate of «, see Theorem [3.1

Impact of different levels of overparameterization on the
convergence. In this numerical analysis, we set a« = 1077
and examined the convergence speed of gradient descent
to the ground truth tensor for various overparameterization
rates R. We run the experiment twenty times for each value
of R and plot the averaged values per each iteration. The
results, shown in Figure 3] reveal that increasing the number
of tensor columns R, that is, overparameterizing, accelerates
the convergence rate, resulting in fewer iterations to reach
the desired error level. Additionally, overparameterization
reduces the test error and the training error by affecting the
spectral stages.

6. Conclusion and Outlook

In this paper, we focused on studying the implicit regular-
ization of tubal tensor factorizations via gradient descent
by showing that with small random initialization and over-
parametrization, the gradient descent algorithm is biased
towards a low-tubal-rank solution. We have shown that the
first iterations of gradient descent with small random initial-
ization behave similarly to the tensor power method, which
leads to learning in these first iterations the tensor-column
spaces close to the tensor-column space of the ground truth.
We also demonstrate that the implicit regularization from
small random initialization guides the gradient descent it-
erations toward low-tubal rank solutions that are not only
globally optimal but also generalize well.
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Supplementary Material

A. Outline of Appendices

For ease of organization, we divide the supplementary material into appendices as follows. In Appendix [B] we define some
additional notation, including the angles between two tensor-column subspaces. In Appendix [C] we decompose the gradient
descent iterates into a “signal” term and a “noise” term, which will aid us in our analysis. In Appendices [D]and [E] we
analyze the spectral and convergence stages, respectively, of the gradient descent iterations. In Appendix [f| we prove our
main result.

To avoid breaking up the flow of our analysis, we put some technical lemmas in the last few appendices instead of in
the previously mentioned appendices. In Appendix [G| we prove some properties of measurement operators which satisfy
the restricted isometry property. In Appendix |[H} we prove some properties of matrices and their subspaces. Finally, in
Appendix I} we prove some properties of random Gaussian tubal tensors.

B. Additional Notation

For a tensor Y € R™ "™k we denote its -SVD by Y = Vy * Xy x W; with the two orthogonal tensor
Vy, Wy € R™"%k and the f-diagonal tensor £y € R™"*k. We will refer to Vy, as the tensor-column subspace
of Y and by V4,1 € R™*(n=1)xk we denote the tensor-column subspace orthogonal to Vy with its projection operator
Vyo # Vg =1 —Vy «Vy,.

We measure the angles between two tensor-column subspaces Y, and Y5 by the tensor-spectral norm ||Vy1¢ * Vy, || which
according to (Liu et al.,|2019;|Gleich et al., 2013 Kilmer & Martin, |2011) is equal to

Vi ¥ Vy,ll = Vs # Vy, || = [ V3 V.||

which means that the largest principal angle between Y; and Y equals to that of these two subspaces represented in the

Fourier domain. In the Fourier domain, since V;f € Cn=mkxnk and Yy, - € C"F*"k are block diagonal matrices, it holds
that
T (1
vy o Yy )
- v, @ Vy. (2) _ _
T 2 T () —
V3.V, || = o . = ma V3OV,

V. ® Vo)
1

C. Signal Decomposition
Recall that the gradient descent iterates are defined in as
Uppr =Uy — pVIUU,)
— U, + pA* [y—A(Ltt *uj)} «U,

= [T uA ) (2T s U] )| <t

For the ground truth tensor X € R™*"**  consider its tensor-column subspace V x with the corresponding basis V x €

R”™*"*k  Consider the tensor Vx * U, € R™F*F with its t-SVD decomposition Vx U, = V; * I, * W, . For
W, € REXxk we denote by W, € REXx(n=r)xk 3 tensor whose tensor-column subspace is orthogonal to those of W,

that is ||W:l * W]l = 0 and its projection operator Py, , is defined as Pyy, , = Wy | * WZL =T-W,+W,.
We then decompose the gradient descent iterates U, as follows

Uy =U s W s W] +U =Wy 1+ W] | (C.1)

We will refer to the tensors U« VW, *WtT as the signal term of the gradient descent iterates, and the tensors U W, | *W: n
will be named as the noise term.

12
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Lemma C.1. The tensor-column space of the noise term Uy «* Wy | * WfT | is orthogonal to the tensor-column subspace

of the X, namely V} * U x Wy o * WZJ_ = 0. Moreover, ifV} « Uy is full tubal-rank with all invertible singular tubes,
then the signal term

th * Wt * W;r
has tubal-rank r with all invertible singular tubes and the noise term has tubal rank at most R — 7.
Proof. Vi * Uy Wi | *WZJ- =Vislyx (T—WisW/]) =V sU, — ViU s Wy s W/ =0 e RI:ExE

The second part follows fact that if V; * U, is full tubal rank with all invertible singular tubes then all the slices in the
Fourier have full rank. O

D. Analysis of the Spectral Stage
The goal of this section is to show that the first few iterations of the gradient descent algorithm can be approximated by the

iteration of the tensor power method modulo normalization defined as

~ *t
ut:(I+MA*A(X*XT)) *uozzt*UOERnXRXk.

*1
with the tensor power method iteration Z; =: (I + pA*TAX « X T)) € R™*nxk_ Moreover, this will result in the

feature that after the first few iterations, the tensor-column span of the signal term U, * W, * V\itT becomes aligned with
the tensor-column span of &X', and that the noise term L{; * W; | is relatively small compared to signal term in terms of the
norm, indicating that the signal term dominates the noise term.

For this, let us denote the difference between the power method and the gradient descent iterations by

E,=U, —U,. (D.1)

For convenience, throughout this section, we will denote by M the tensor M := A*A(X x X T) e R*nxk g0 that

U = (Z+pM)*xUpand Z; = (T + pM)*.

In the first result of this section, the following lemma, we show that £; can be made small via an appropriate initialization
scale.

Lemma D.1. Suppose that A : S™*"*F — R™ satisfies RIP(2, 6,) and let t* be defined as
£ =min {j € N: [T — U] > [T ]|} (D2)

Then for all integers t such that 1 <t < t* it holds that

~ 3
€011 = 24, — 2L < 801+ 6, VE)yRemin T, B e U701+ M) (D3)

Proof. Similarly to the matrix case in (Stoger & Soltanolkotabi, [2021)), in the tubal tensor case it can be shown that for
t > 1, the difference tensor £; = U; — U; can be represented as

t
Ev=U—U =Y (T+pM)tIE; (D.4)

j=1

with € ;= pAT AU = l/le_l) « U j_1. To estimate ||E,||, we will first estimate each summand in (D.4) separately. First,
we can proceed with the following simple estimation

*(t—j) @ -NDie t=3) g
(T + pM) CDES | < (T + pM)DE; ] < (1+ pll M) 11l
Now, for ||§ 41, using the fact that the spectral norm of tubal tensors is sub-multiplicative, we get that
€51 = pl A" A1+ U_y) ¥ U || < pl A A1 x U || - (U]

13
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Since operator A satisfies RIP(2, d1), by Lemma A also satisfies S2NRIP(6;+v/k), which provides the following
estimate

A AU U | < L+ 0VE) U1+ U = (14 81VE) [U-a [

All this together leads to
. (t /)
1€ = Nt = Ue|l < p(1 +6:vVE) Y (L + pll M) ety |32 . (D.5)
Jj=1

From here, we want to bound ||€+|| in terms of the initialization scale « and the data-related norm || M||. For this, we first
use the fact that the tensor Frobenius norm above can be bounded as |[U;_1||r < y/kmin{n, R}|{U;_1|. Then since for

all 1 < j < t* wehave |U;_1 —U; 1| < |[;_1] the spectral norm of ¢;_; can be bounded as
el < fedsall + U1 = U] < 20U ])-

This gives us the following upper bound

t
€] < 8u(1 + 61 Vk)/kmin {n, R} Z (1 + MDA 1P, (D.6)

As for iterations of the tensor power method, it holds that
21l = (T + p M) 5 Uy || < (T + M) T D[l < (1 + pl MUl = a1 + pllMI) U],
we can proceed with as follows
t
€] < 8p(1 + 61VE)y/Emin {n, Ryo® U > (1 + pl M) +272,
j=1
Now, the sum on the right-hand side can be estimated as

t

t
- i - (1 M-
L4 p| M3 = 1+ p|MIDTEY (1 + p|MIDZ2 = (1 + p M)
Z( 0 (1+ M) Z( M2 = (1 )
LA MDF 1 (1t M
= (1+ p|M]|)* 1 < :
Wl MDA T M S M

which gives us the final estimation for the norm of £ as follows

€| < 8(1 + 61VEk)/k min {n, R}”M” ]P0+ pl M)

and finishes the proof. O

The following lemma provides a lower bound for ¢*, indicating the duration for which the approximation in Lemma|[D.T]
remains valid.

Lemma D.2. Consider tensors M := A*A(X x X ") € R™"** and U, := (T + pM)*! «Uy. Let M € C™*n pe
the corresponding block diagonal form of the tensor M with the leading eigenvector vy € C™, then

In IMI-Nltdo " valley
. 8(1+81Vk)/k min {n,R} o3 |[U||3

D.7
20 (1 + ] M]) 7

14



Implicit Regularization for Tubal Tensors via GD

Proof. Let ZZ € C"kxEk pe the corresponding block diagonal form of tensor Zjlt. By the definition of the spectral tensor

norm, we have ||| = ||ZjTt|| and the definition of the matrix norm gives Hi” > Hljt vy | 4, For the block diagonal

version of Zjlt, the following properties (see, e.g., (Liu et al.,[2019)) holds

= N -t
U = (T+pM)**«Uy = (L + pM)*t - Uy = (T + pM) -U,. D.8)
This allows us to proceed as follows
= —t —\H —yy———_ H JE—
U = ((ZT+pM) Uo) vi =UN T + pM)' o1 = (1 + pl| M) UM vr,
where for the last equality we used the fact that block-diagonal matrix (Z + 1. M) has the same set of eigenvectors as matrix

_ ~ =H _
M. From here, we get [[Uy|| > |[Uy v ||é2 =(1+ ,LLHMH)tHLlOHle&. Then, applying Lemma the relative error in

the spectral norm between Z:lt and U, can be estimated as

0 u /Emin (i, BJo?
Wgs<l+alﬁ> b BY a1+ a2
t

M- (2" o,

Setting the bound above to be smaller than 1 and solving for ¢, we get

M2 |,
n 8(1+61Vk)/k min {n,R}a3|U||3

210 (1 + pl M)

t <

Since t € N with ¢t < ¢* should be such that W < 1, we can choose t* as the floor-value of the right-hand side
t—1

above. O

To show that the tensor column subspaces of the tensor power method iterates and the gradient descent iterates are aligned
after the alignment phase, we use the largest principal angle between two tensor-column subspaces as the potential function
for analysis. Borrowing the idea from (Gleich et al. [2013)), we will show that the power method iteration in the tensor
domain can be transformed to the classical subspace iteration in the frequency domain.

For this, consider the power method iterates U; = (I + uM)** « Uy, the iterates Z; = (I + uM)** and the gradient
descent iterates U represented as Uy = U; + é = Z, *Uy + &;. All these tensors have their counterparts in the Fourier

domain, which we will denote respectively as Uy, Z; and U;.

As before, consider M = A*A(X * XT) € R"*"*F with its t-SVD M = Va4 * Zaq * W o4 and its Fourier domain
representative M € C"**"k_ We denote by £ € R"*"** the tensor column subspace spanned by the tensor columns
corresponding to the first 7 singular tubes, thatis £ := Vaq(:,1: 7,:) € R"*"** Note that L is also the subspace spanned
by the tensor columns corresponding to the first 7 singular tubes of the tensor Z; € R"X"*k,

By £; € R™"™*k we will donate the tensor-column subspace spanned by the tensor columns correspond-
ing to the first r singular tubes of the gradient descent iterates Uy = Z; x Uy + £;. More concretely,
for U; = Zle Vu, (8,:) * Xy, (s, 8,1) * W;—,t (:,s,:) and the corresponding Fourier domain representation U; =
diag(T, V), T;@), ..., T,®), where T;0) = Y, 00w = U =W
sors L£; := Vi, (:,1: 7,:) € R"*"** and their Fourier domain representations

L, = diag(L,"W, L,®, ..., L,™) (D.9)

, we define the corresponding new ten-

Lemma D.3. Consider the tensor iterates Z; = (I + pM)*" with its block-matrix representation
Z, = bdiag(Z,) = diag(Z;"V, Z,?, ..., Z,®). (D.10)
and the tensors
£ =U;, — U, € RWTxF
Uy =ald e RWFExE 4> 0.
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Assume that for each 1 < j < k, it holds that

LT LT 7 ML AL y) 7)) ®.11)
Then for each 1 < j < k, the following two inequalities hold

0, (09) = 0,(ZOTD + BiD) > a0, (Z,)omin(VE +U) = 1€, (D.12)

0r1(T9) = 0,1 (2 TY) + B9 < a0r il (Z D) U + |1 €4 (D.13)

Moreover, the principal angle between the tensor-column subspaces L and Ly is bounded as follows

||‘)Ti *vﬁ H < max QUT+1(Z(j))||uH + ||gt||
L tll =

_ — e L (D.14)
SIEE 0 (ZiD)omin (Vi +U) = a0 (ZO) U] = [1E4]

Proof. For some t € N, consider tensor Z; = (Z + puM)** with its block-matrix representation
Z,V
o o o Z,@
Z, = bdiag(2,) = diag(Z,"V, Z,?,..., Z,®) =
Z, (k)

As we assume the symmetric tensor case scenario, the block-diagonal matrix representation Z; consists of symmetric
matrices Zt(” € C™*™, At the same time, according to (Gleich et al.,2013)), the gradient descent tensors U; = Z;xUy+E,
have their block-diagonal matrix representation

Z0T0 B0
- Z, 20,2 E,®
U =ZxUg+E & ZUG+E; = . +

Z 05 A0
(D.15)

Using Weyl!’s inequality in each block, we have
o (ZOTY + BD) > 0,(Z9T,D) - |ED| > o, ((Vﬁ(j))HZ(j)[To(j)) AGHE
Now, for the singular value above we get the following estimation
UT(@m)HZU)ﬁOm) o (W(j)HZ(j)Véj)Véj)Hﬁo(j))
> o (@(a‘)HZun@m) Oriin ({TE(J’)H[TO(J'))
= 0(Z1 D)o min (W(j)Hﬁo(j)> > 00 (Z9)omin (ijHU(j))

= a0 (Z; 9o min (ITE(J)U(])) > a0 (Z, )0 min (VZ N u)

where in the last line we used that for each tensor it holds in the Fourier domain V(' = XTEU ).

To show inequality (D-13), we can use Weyl’s bounds and then the Courant-Fisher theorem, which leads to
O—T+1(Z(j)[70(j) + E(j)) < JTH(Z(J‘)ﬁO(j)) + ||E(.7‘)H < UT+1(Z(j)[70(.7')) + IE:|l
<0 ()T + 1€ < aorir (ZD) U] + 1€

Now, for estimation of ||Vf: * Vg, |, let us recall that £ is the tensor column subspace spanned by the tensor columns
corresponding to the first r singular tubes of tensor Z; = (Z — uM)*t € R"*"*k and L, is the tensor-column subspace
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spanned by the tensor-columns corresponding to the first 7 singular tubes of the gradient descent iterates Uy = Z; xU + &4,
and consider Fourier-domain representation (D-13) of U,. Here, for each 1 < j < k, the matrices Z;Uy") + E,\9) can
be represented as

ZOTW + B = 2OV, 0 7,0 4 2,07 Oy O g, 4 B0 (D.16)

AG) AG) )

As the telﬁor-column space V. is r-dimensional, each of matrices W(j ) has rank , see (Gleich et al., 2013). Since the
matrices Z; /) can be decomposed as

Z0 = T0s@v 0" 4 v 058 0!

we have that
Z, DV OV 0N 0) = T 0D 70N 0), (D.17)

As Uy € C™*E has rank r, VU )Hﬁo(j ) has rank 7, which means that the product above has rank 7 too. Due to (D.17),
we see that

ZiOVOVO g0 = VO D 2O 7D O ),
which makes V%) to the column subspace of Z,() V)V U )HITOU ). Considering the gap between the singular values
of for matrices AU) and A in (D.16)), namely §) = ¢,.(A)) — 5,1 (AW)), and using Wedin’s sin 6 theorem (Wedin,
1972), foreach 1 < j < k we get

cO)|

||V[{L(J) VLt(])HS e

To conduct a further estimation of ||V )H@(j )||, we analyze lower and upper bounds for the denominator and the
numerator above. We start with the denominator first
6) = 6, (AD) — 5,1 (AD))
- UT(Z(J‘)W(J')‘TL(J‘)H%(J‘)) — 01 (Z D TD) + E,0).

Using properties of singular values of the matrix product for the first term above and Weyl’s bound for the second term, we
get

89 > 6.(Z:D)Tmin (Vﬁm Uom) - U7‘+1(Zt(j)U0(])) B9
> 0, (2 ) omin (VI +Uo) = 041 (Z9ToD) ~ [1€4]l (D.18)
For the norm of C'/), the following upper bound can be established
HC(J)” < ||Zt(J)VLJ_(J)V£J_(]) UO(])H + ||Et(J)H

<N ZDVe e DV i D1 TeD | + (1€l
< a1 (Z) Ul + ||E: (D.19)

Now, combining bounds (D.18)) and (D.19)), one obtains that

H_ a0, (Ze D) U] + || €]
Ve # Ve, | = max [Ver Ve, V) < max —— YTy 706 '
<j< RSVAS UT(Zt(J))Umin(VL *M) — Or41 (Zt(])U(J)) - Hgtll

Using in the denominator the fact that 0,41 (Z;VUy") < a0, 41(Z,9)|UD|| < aoy41(Z;9)|[U4|| finishes the proof
of this lemma. O
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Further, we consider the gradient descent iterates with its t-SVD

zvut 5 S, (5, 5.) + Wi, (i 5.)
and  the corresponding Fourier ~ domain  representation U, = diag(TU,(V,U,), ..., U,"),
Ut(j) — Zf U(J )v(j )w( = Véz )Egt) W((th H and its signal-noise term decomposition

ut:ut*wt*W:+ut*Wt7L*WIL-

We also define the corresponding new tensors

L= ZVL{,,(:, S,1) % Xy, (8, 8,1) % WL(;7 5,:)

N, = Z Vu, (5, 8,:) * Xy, (s, 8, )*W;t(:,s,:)

s=r—+1

and their Fourier domain representations

L, =diag(L;V, L@, . L®), LY=oy =vPuPw"

R
Ni = diag(N,V,N,?,... . N;®), N0 =3 oo wd” = vPsR wPH
l=r+1

Lemma D.4. Assume |V . * Ve, || < 3. Then it holds that

SIS

. Ori1 <Ut(3)>
||W£L * Wl <2 max

1<isk g <Ut(J)>

Ve Vel

where

(D.20)

(D.21)

(D.22)

(D.23)

(D.24)

Proof. Consider |[W . * Wy = max;<j<i IWet 0 7,0) ||l. Foreach 1 < j < k, we can now exploit the results of

Lemma A.1 in (Stoger & Soltanolkotabil 2021), to get that

o SNVE, OVl N (TG)
||(WZL)(J)Wt(J)H < =47 MVar, 7 Ve l and  opin (V2 T,V)) > Tmin (Lt )
! Omin (VX Ut(j)> 2
From here, we can proceed as follows
E(J) VE ()50
||WZJ_ * Wy|| = max HWH W(J)” <2m I Il N, x|
@ 1<5<k 1<j<k a‘n”n(Lt( )
.U IVE ), 6) U@
o .
=2 max +(U) [V, 'V ” < 2 max LM”VZL * Vx|
1<j<k (Ut(a)) 1<j<k UT(Ut(J)) t

. Jr+1(Ut ) T
T gy Ve Vel

which concludes the proof.

Lemma D.5. Assume that |V x Ve, || < % for some t > 1,t € N. Then for each 1 < j < k, it holds that
Or (Ut * Wt(‘])> > §O'T (Ut(]))
o1(Uy * Wt,J_(j)) < 2UT+1(Ut(j))-
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(D.25)
(D.26)



Implicit Regularization for Tubal Tensors via GD

Moreover, the principal angles between the tensor-column subspaces spanned by X and U W, can be estimated as follows

IVt * Vuw, | <7[Vie * Ve, | (D.27)
[Ue =Wy 1 || <2 max o1 (1) (D.28)

Proof. We assume that ||V . * Vg, || < 1, then due to Lemma we obtain that

Trt (Tj(a))

1
T T
< _— < —. .
IWE Wil <2~y VR Vel <5 (D.29)
Now, to estimate o, (Ltt * W, U )>, we see that for each 1 < j < k, it holds that
TR0 (”))H N = o (WO T O T O 7, 0)
O (Ut * Wt ) = 0r<(ut * Wt ) th * Wt ) =0, (Wt Ut Ut Wt ) (D30)

Since U, 0" T,0) = LWL, ) + NN, ), we get that
o, (ut * Wt(])) > g, (Wt(J)HLt(J)HLt(J)Wt(J)) - OT(Wt(J)HLt(J))2
—(nH 2 (i 2 =\ 2
Z O'T(Wt(‘]) WEU)) O'T(Lt(j)) Z (1 — ||W['i_ * Wz—'HQ)UT(Ut(j)) 5

where in the last line we used the definition of the principal angle between tensor column subspaces and the corresponding
properties in their Fourier domain slices, namely

—_,.H 9 . H
UT.(Wt(J) Wft(j)) - 11— HWt(J) Wk )”2 >1—

__ \H T
L,G P [ Wi(.ﬂ =1~ W+ W, [

1

Due to our assumption ||V 4. * Ve, || < %, we can see that in the Fourier domain, the subspaces spanned by ‘7()& and
t

V%t) = V) are close enough. Then, decomposing U;7) into two different ways, namely as
, N , ,
7,0 = Zaéj)vﬁf)wéj) — L, + N,
=1
and as

0,9 = T,0W,0wm0" 4+ LW, Ow, 0",

according to Lemma[H.1} one obtains for each 1 < j < k that

_+ H _ N H_,.
IV Vamomol < I7E T
||[7t(j)Wt,L(j)H < 20,41 (T;9)),

where the last inequality is equivalent to oy (U, * W;_ V) < 20,41 (U;\9)). According to the definition of principal angles
between tensor subspaces, this implies that

—y H — iy H—(s
Vi * Veoow, | = max VY, Voo | < Tmax [V VI = T[Vee # Ve, |

In the same way, |[U; * W, | || = max; H(Tt(j)Wt,l(j) | < 2max; 0T+1(Ut(j)), which finishes the proof. O

Lemma D.6. Consider a tensor T := X X € Sf_X"Xk with tubal rank r < n. Assume that measurement operator A is
such that
M=AAT)=T+E ey
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and for for each 1 < j < k one has |[EW| < 6A.(TY) with § < L. For the same M with its t-SVD M =

\AVEDIVE WL let £L € R™ " ¥F denote the tensor column subspace spanned by the tensor-columns corresponding to
the first v singular tubes, that is £ = Vaq(:, 1 :7,:) € RPXT¥F,

Then, in each Fourier slice 3, 1 < j < k, it holds that

(1= ATV < A (MDY < (14 8)A (TW) (D.31)
A1 (M) < 6(TD) (D.32)
Ar(MD) > (1= 8)A(TY), (D.33)
and
L=)ITI < M| < @+0)IT] (D.34)

Moreover, the tensor-column subspaces of X and L are aligned, namely

Vs * Vel <26 (D.35)

Proof. Consider tensor T := X x X' € SQX"X’“. Due to the definition of tensor transpose and conjugate symmetry of

Fourier coefficients (Kilmer & Martin, [2011)), the Fourier slices of T~ are defined as TU = XU X )H. Ihat is, each feEe of
T is Hermitian and at least positive semidefinite. As we assume that for each j, 1 < j < k, one has || E;)|| < 6\,.(T )
using Weyl’s inequality in each of the Fourier slices, we obtain the first three inequalities.

To show that the tensor subspace V x and V. are aligned, we use first the definition
T G 0
Ve * Vel = max Vel V7| (D.36)

For the estimation of ||V}, (")Vg) || in each of the Fourier slices, we apply Wedin’s sin © theorem. For this, denote

L:=Vm(,1:r:) € Rk and let Vg) denote the corresponding Fourier slices of £ € R™*"*¥_ Since in the Fourier

space, it holds that M) = T + EU) and Vg) encompasses the first 7 eigenvectors of M (7), from Wedin’s sin © theorem,
we obtain

IED]
£
with £0) := X\ (TW)) — X, (MY)). Using estimate (D.32), £/) can be lower-bounded as

||v<” P <

€W .= )\T(T(j)) — >\r+1(]\7[(j)) > )\T(T(j)) _ 5)\T(T(J')) =(1- 5)>\T(T(j))_
Using the bound the the assumptions that || E; ) || < §A,(T)) and § < 1, we get

@ G
Vil VI < 7(5 < 2.
Coming back to equality (D-36), we obtain the stated bound for the principal angle between the two tensor column
subspaces. O

Lemma D.7. Consider a tensor X * X' € SiX”Xk with tubal rank r < n. Assume that measurement operator A is such
that
M=AAX+sX)=X+xX" +&

and for each, j, 1 < j < k, one has [ED| < oA (X XOXNH ) with 0 < ¢1. Moreover, assume that for difference tensor
E,=Uy — Ut it holds that

7 ()
aél]agxk 0r+1(Zt )||U|| + ||gt|| 1

T A0
1I§nj12k O'T(Zt J ) ao’min(vz * u)

-2, (D.37)

v = < ek
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where ¢y, cy > 0 are sufficiently small absolute constants. Then for the signal and noise term of the gradient descent (C.1)),
we have

Vs * Ve, || < 14(5 +7) (D.38)
5—2
[t = We |l < = min, 0 (Z1 D)o min (V£ + U) (D.39)

and for each j, 1 < j < k, it holds that

- . 1 . —_—
Ormin Uz * WD) > 10 min 0 (ZiNGpin (VL xU) (D.40)
<5<
o (U WD) < 520 min 00(Z,9)onin(VE +U) (DAI)
8 1<j<k

Proof. To prove the above-stated properties, we will use Lemma[D.3] Therefore, we start by checking the conditions of this
lemma. Sufficiently small cs and the assumption v < ¢y k2 allows for v < % This means that

allgjaé(karﬂ( )||bl|| + [|E:]] 1 _

A% vieu) ~
12?2#’7( ) aomin(Ve *U)

[N

and in each of the Fourier slices we have

IIEtII

or+1(Z ZD | +— (Z (J))Umm(va *U),

fulfilling the assumption of Lemma[D.3] Hence, from Lemmam we conclude that

007+1(Z(j))||u” + ||5t||

VL% Ve, |l < max — (D.42)
1sis<k ag, (Zt(])>0mln<VE *U) — aor 1 (ZO) U] — |
< a lfélj%cjrﬂ(zt(j))uun + [ €] | D43
Ca min, o (Zy N omin (VL xU) — a max, o1 (ZO) U = 1€
and, moreover, together with Lemmaand the assumption v < % we get
min 0, (09) > o min 01(Z)oin(VE<U) = €] > 5 min 0n(ZD)owin(VEU)  (DA4)
ax o () < o min o,0,(Z ) U] + (1€ < oy min 029 min(VE *U) (D.45)
The last two inequalities, allow extend bound (IE[) as follows
VI + Vel < 12 (D.46)
Now, consider the principal angle between X and £, using its definition
Vs Ve | = max [V VL) = max [PQ. VLN - VEVE"
< 1r£a<x Hv(J V(J)H ‘72 J)HH < rgax ”V(J) V()J()lH V(J H + ”V(J)V(J)H V%BV@HH
< ma [VRLVIE - VRV + mmax VIV V%’BV%'BHH

Vs * Vel + [V + Ve |
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Using the last line above, and inequalities and (D.46), we obtain
[Var < Vel <205+ 7).

From here, allowing ¢ and ~y to be such that ||V;L * Ve, |l < é, we can use Lemma to get

Vs s Vel S TIVis « Ve || < 1465+ 7).
Furthermore, Lemma [D.5|together with inequality also results in

o U x Wi 1Y) < 20,41 (T,9)

<9 o (U9
= lrgfgko +1(UY)

< : 7 (3) . T
< 2ya in, 0 (Z9) omin(V g *U)

@ min 0 (Z 9 omin (V[ + U)
and for the spectral norm of U, * W; | we get

[Uy Wy 1] <2 Joax, o1 (T9)) < =—a min, or(Z:)omin(VE *U).

To conclude the proof, we see that Lemma|[D.3]together with inequality (D.44)) provides for each j, 1 < j < k, the following
lower bound

min 07.(Zt(J))amm(Vz xU).

J— 1 — « — T (e}
Or (ut *Wt(j)) > 50’7- (ut(J)> > Zar(Zt(”)omm(VZ *U) > Z 1<5<k

O

The following lemma shows that for an appropriately chosen initialization, in the first new iteration, the tensor column
subspaces between the signal term U, * VW, and the ground truth tensor X become aligned. Moreover, foreach 1 < j < k
there is a solid gap between the smallest singular values of the signal term and the largest singular values of the noise term.

Lemma D.8. Assume A : S™*"*k — R™ satisfies the S2NRIP(31) for some constant 61 > 0. Also, assume that
M=AAX*X)=XxXT +&

with | ED) || < §Ar()?(j)X(j)H)f0reach 1<j<kand$ <cik2

Denote by L the tensor-columns corresponding to the first v singular tubes in the t-SVD of M, that is, L := YV ap (5,1 :1,:) €
R ¥k and define the initialization Uy = old with the coefficient o such that

S T
~ 12ky/min{n, R}R (U \ c30,mm (VL U)

where vy € C™ is the leading eigenvector of matrix M € CMF*7F,

8Kk
_— __H
) min {omin (Vi «U), U v1lle,} (D.47)

Assume that learning rate p fulfils 1 < c3k2|| X || 72, then after t, iterations with

2
t, = 1 1n< 267l ) (D.48)

pming<j<p o (X0))2 C?ﬂmin(vz *U)

it holds that

Uy, || < 31X (D.49)
Vs *Vu, s, || < (D.50)
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and for each 1 < j < k, we have

1
M) > =
oy (ut* W, ) > <ap (D.51)
—2
. (ut* *wt*,ﬁ”) < %aﬁ (D.52)
(D.53)

_ P 5 1652
where [3 satisfies amm(vz *U) < B < Omin (vz *U) (2"““4”) _

C30min (VZ *u)

Proof. For the proof of this lemma, we want to apply Lemma[D.7] The first condition of Lemma|[D.7]is the following

o (Z. 9N U &
o max o1 (ZO)U] + €]

v = — ! < cor 2,
1213'i2k o (Z7)) A min (VL xU)
By the definition of +, it is sufficient to show that
ax o, (Z9) Ul < 2% min, 02T min(VE +U) (D.54)
and cs ] — s
|E+] < 22 o, 0 (Zi 9O min (V[ * U). (D.55)

Since for Z; = (Z + uM)** the transformation in the Fourier domain leads to the blocks
Z,Ej) = (Id + M]W(J'))t7

this means that inequality is equivalent to

; TN \°
2K2||UH _ 1+U1211]12k0r(M )

C30min (VI xU) T \1+p 121;2{]6 g—r+1(M(j))

)

which can be further modified as

1+ min o,.(MY)
2 m o,
m( 220U\ 15

)

Omin(V xU

1 . M@
+p max o +1(MY)

Hence, if we take t, as follows

14 p min U,,(]T/[(j))

2 ;

t, = |In (W In 1Sk . (D.56)
)

amm(Vz xU 1+pu 1??& ng(M(J))

then condition (D.54) will be satisfied in each block in the Fourier domain. For convenience, we will further denote
2k2(|U
¥ :=1In (“”J) . (D.57)
Omin (vg * u)

For the second part of Lemma [D.7[s condition, inequality (D.53)), we will use Lemma [D.1] To apply this Lemma, the
condition ¢, < t* needs to be satisfied. According to Lemma|D.2

In M- 120" v ey
. 8(1+81Vk)/k min {n,R} o3 |[U||3

D.58
20 (1 + ] M]) (0-%)

23



Implicit Regularization for Tubal Tensors via GD

For ¢, < t* to hold, it will be sufficient to check, e.g., the following condition

n (I MI-lUo " v1lley
) < 1 8(1+61Vk)y/k min {n,R}a3|U||3
In ( 1+pming <;<p 0 (M) ) -2 21n (1 + p||MI))

14+pmaxi<j<k orp1 (M)

. o . 1+pming <j<p 0 (MY)) ) ;
To check this condition let us first analyze the expression In (1 + u||M||)/In <1+u PN —O TG first. Using

T +T <In(1 + z) < z, we can upper bound the above expression as
In (1 + pl M) < | MI|(L + pming <<k 0, (MD)))

1n< 144 ming <<y UT(ML])? ) T minj<j<y O.T(M(j)) — maxi<;<k 0r+1(M(]))
I+pmaxi<j<y orpr (MG))

(D.59)

From here, applylng the PSD of the tensor representatives in the Fourier domain and the assumptions § < 3 Land pu <
3k~ 2||X||~2 and Lemmal[D.6] we get

1 ing <. M) 1 T 2
MU g0 B0 T (1 g (4E0))
ming <;<g UT(M(J)) — maxi<;j<k UT+1(M(3)) (1 — 2(5))\T(T(3)) Ii”X”
2 (1+9) 2
—(1 14+4)) <8
<R gy (L es(140)) < 8%
in the last line, we used the bound on ¢ and that c3 can be taken small enough. This means
In (1
n (1+ pM) < 82, (D.60)

ln< 1+pming <j<p or(MG)) ) =
1+pmax<j<p orp1 (M)

Thus, to show that ¢, < ¢*, it is sufficient to tune the initialization factor « so that

- H
v g2t <Tn M " v |
8(1 + 61Vk)\/kmin {n, R}a3|U|]3

or using the notation for ¢, this is equivalent to

9 32k2 __H
267 |U|| < [M]] - [Uo ville,
Tmin(VE *U) = 8(1+ 6,Vk)y/kmin {n, Rra3|U|3

Since ||LTOH1)1 ey /v = ||17Hv1 |le,» The last inequality is implied if

5 —32k? _H
o2 < 257 U] IIMII 2" v le,
a U’m’in(vz * u) 1 + 51 \/ kmln {n R ||u||3

or if we set o even smaller using the fact that (1 + §,vk)vVE < (1 + VE)VE < 2k and M| > 21|X||* and set the
parameter « so that

—32k2 _H
o? < (’Hlull) 212 & e,
C \omin (VL *U) 24k+/min {n, R}[U*

Hence ¢, < t* is satisfied and applying Lemma[D.7] we get

1€, 1| < 8(1 + 61Vk)/k min {n, R}||M|| 2] (1 + pll M) (D.61)

24



Implicit Regularization for Tubal Tensors via GD

Moreover, using || M| > 2| X||? from Lemmawith § <1/3and (1+ 6,VE)Vk < 2k, we get

3
" (0%
1€, || < 12k+/min {n, R}WIIU\Ig(l + plM])*

Hence, using that Z;9) = (Id + uM"))* inequality (D.55) will be implied if

3
" (6%
126 /min (B} [P+ MDY < 5o min, o0 (14 4+ uBT0) Jomin(VE <),

which is equivalent to

X0 min 1+ pA (M)t
02 < ey |XominVESU) (140 (D)) D6
*12k/min {n, R}r2|[U|> (1 + pllM][)3E
for all 5. To proceed further, let us analyze the last factor from above using the definition of ¢,.. Note that
(1 + pA (MD))t ( <1+Mr(M”)))> 3
=exp|tiln | —————7= | | > exp (=3t In ((1 + p||M]|)
(14 pllAM])3t A+ pllm)? ( ( )
. .. . o 1+pming <j<p O'T(M(j) )~‘ . .
Now, using the definition of ¢,, that is t, = M/ In (1+u s ey o () and inequality (D.60), we get
262U -
exp (—3t* In ((1 + MHM||)3)) > oxp (—48yk?) = (“”') (D.63)
30 min(VL *U)

Inserting this into inequality (D.62)), we get

—48k>2
2o X (VE W) 26 |U] . (D.64)
RENED) ky/min {n, RYR2|U|1? \ e300 (VE +U)

For such «, we have shown that inequality holds, and the condition of Lemma|[D.7]is fulfilled, which gives us
IVEs * Ve, | <146 +7) < ex™2, (D.65)

where the last inequality follows from our assumption that § < ¢;x~2 and p < 3/~ 2||X|| =2 and from setting the constants
c1 and c3 small enough.

Moreover, for each 1 < j < k, from Lemma it follows that

—

O'min(ut * Wt(])) —af, (D.66)

S

E

o (U x Wi W) < a8 (D.67)

where 5 := minj <<y UT(ZU))UW»“(VZ xU).
In the remaining part, we will show that ¢,, 3 and ||{U;, || have the properties stated in the lemma.

Let us start with ¢,. Using the same inequalities for In(1 + z) as above and Lemma one can show

1+ min o,(MY)) p min o, (M)
In = > 1Sk — p max o, (MY)) > 2 min o, (X))?2
Moy | = MO rl 3G
1+ p max o,1(MY) 1+ p min o.(MY)) 1<5<k 1<5<k
1<5<k 1<5<k

and at the same time
1+ i M(j )
H 1r<nj12k Ur( )

In == — <In(14px min o (MY ) <y min o, (MY
1+M1@a§kor+1(MU>) - ( Mlgjgk ( ) u1< i<k ( )
<<
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1 6 m]n o X( 2<1 3 min o X(]) 2
( ) < 7( ) — /l“’ <j<k 7( )

1 2 1 2

- —— < — max — = . _
ln( Lt ming gy <k 00 (M) ) 3u1=i<k 0, (XU))2  3pming <j<p, o (X 0))2
1+pmaxi<j<k ory1 (M)

and on the other hand

1 3

— > =
1n< Ltpming << 0 (MO)) ) dppming <<y 0 (X D)2
I+pmaxi<j<y o1 (MG))

which shows the desired properties of ¢,.

Now, we consider 3 := min; <j<y, 0,(Zz, ) 0min(V £ * U). By the definition of Z; %) and inequality (D.60), we get

(1 + uar(ﬂ(j))>t* = exp (t* In(1+ uar(ﬂ(j)))) < exp (t* In(1 + u||M||))

w2

9 16k
) <exp(16m2):<2“”u> . (D.68)

< exp | 200 max In (1 + pf| M)
C3O—min(vz *u)

1<5<k | 1+po, (MG))
I4pom 1 (M)

Since this holds for all j, we have

2

16K
2 2
C3Umin(v£ *u)

Finally, we come to the properties of U . By the representation U;, = Z;, *Uy + &, , we get
U || < allZe, [+ e, |l-
From (D.53), we get
1€ = 3 aIIZtIIUmm(VcHU) %allztll%m(\TLH)dmam(a) < al| Z|l|je4]],
which allows us to proceed as follows

U || < 20]| 20, U] < 20(1 + pll M) U,

1
22U
= 200 (£ + M) ) 4] < 20 | — 2T
c30min(V g xU)

—_— —8k>
C30min v6isu 2k2||U
< o) ]| — CaTminVe = U) ( ”')) <3)x|.

12ky/min {n, R [U| \ 30,0 (VE *

where for the second inequality above we used (D.68)) and in the last one an upper bound on « from (D.64) has been applied.
O
The results in Lemmahold for any initialization U. Below, we will use the fact that U is a tensor with Gaussian entries.

This yields the following lemma, which shows that with initialization scale o > 0 chosen sufficiently small, the properties
stated in Lemma [D.8|hold with high probability.

Lemma D.9. Fix a sufficiently small constant ¢ > 0. LetU € R"*E** be a random tubal tensor with i.i.d. N'(0, ) entries,
and let € € (0,1). Assume that A : S™*"*F — R™ satisfies the S2NRIP(8,) for some constant 5, > 0. Also, assume that

M= AAXsX)=XxX +&
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with | ED) || < 6AT()?(j)X(j)H)for each 1 < j <k, where § < c1r~2. LetUy = old where

emin{n, R}[| X2 2k2kn3/? “ SR>3
i r
o2 < k2n3/2k2 csmin{n, R}3/2¢ -
el X|? [ 2k%kn3/? m R
12037212\ carl/2¢ ifR<3r

Assume the step size satisfies j1 < cok™2|| X ||%. Then, with probability at least 1 — p where

[ R(Cefrt f kemtR fR > 2r
| ke 4+ ke CR ifR<2r

the following statement holds. After

2
: ! =——1In 2V if R>3r
t, < { pmini<j<p 0, (X0))2 czey/min{n; R}

1 In (2”2 ”) if R < 3r

pming <<y o (X G))2 c3€

iterations, it holds that

Uy, || < 31X (D.69)
[Var *Vu, s, | < (D.70)

and for each 1 < j < k, we have
afB (D.71)

af (D.72)
(D.73)

where
9 2f 16k2
K%\/n
6\/% _ if R > 3r
(c;-,ew/min{n;R}) it =
eVk <2/€2 7"71)16N

C3€

ifR < 3r

and
vk ifR>3r

B2 evk :
== fR<3r

[k R k
Proof. By Lemma [[.3] we have that |U| < kmax{n, R} = 771 with probability at least 1 —
R min{n; R}

O(ke—cmax{n.R}h) = Also, by Lemma we have that ||aHv1H52 = | U" * Vi||r = Vk with probability at least
1 — O(ke™°®). Since U € R™F*F has iid. N(0,%) entries and YV * V. = Z, by rotational invariance,
Vz x U € R™EXE 3150 has i.i.d. N(0, %) entries. Hence, the lower bound on am,-n(vz *U) in Lemmaapplies. If

r < R < 2r, we have
eVk S eVk
ViR~ T

Umin(vz * u) >
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with probability at least 1 — ke2. If 2r < R < 3r, we have

eVE(VR —2r —1) - eVk(R—(2r — 1)) _ eVk
VR T VrWRHV2Zr 1)~

with probability at least 1 — k(Ce)®=2r+1 — ke=<E_If R > 3r, we have

onin(V *U) > emmﬁm) — vk (1 - ﬁ)

with probability at least 1 — k(Ce)B=2r+1 — ge—ck,

Umin(vz * u) 2

> vk

~

Therefore, the above bounds on |[T4]], ||EH'01 ll¢,» and omin(V 2 * U) all hold simultaneously with probability at least 1 — p
where

_ JE(Ce)FH fkem?R if R > 2r

k2 + ke °R if R<2r

Provided that all three of these bounds hold, one can substitute these into Lemma|D.8|to obtain the desired result. O

E. Analysis of Convergence Stage
In this section, we will prove that after passing the spectral stage, U; * thT goes into the convergence process towards
the ground truth tensor X * X T in the Frobenius norm. For this, we will first show that in each of the tensor slices

O'mm(v; * ut+1(j)) grows exponentially, see Lemma whereas the noise terms |[U 1 * Wt+1,L(j) I, 1 <j <k, grow
slower, see Lemma[E.3] Moreover, in Lemma|E.5| we show that the tensor column spaces of the signal term U, * W, and
the ground truth X stay aligned. With this, and several auxiliary lemmas in place, we show that

Lemma E.1. Assume that the following conditions hold

p<cll x|k
24| < 3]
Hv.—;‘i- * vut*WtH < Cﬂil
and B
[(A*A-T) (X« XT —U, «U,)| < co?,,,(X). (E.1)
Moreover, assume that V; * Uy has full tubal rank with all invertible t-SVD-singular tubes. Then, for each j, 1 < j < k, it
holds that

Omin(Vx Ui 119) > 0nin (Vi x Ui s WD) > 0,0 (Vi UD)) (1 + 1#0,2”,-"(9\5) — ot (Vi *L{tu))).

min

Proof. Consider the tensor V} * U1 * Wy, Using the definition of U, in terms of U, we can rewrite it as
Vi # U1 s Wi = Vi s (T+ pA AX « X7 U U] )) Uy Wy

This representation leads to the following representation of the RHS above in the Fourier domain

VM1 4+ (A A 2T Uy U] ) D) TP W = HO.

Note that here (A*.A(X « X1 — U, * Ll;r ))(j) can not be represented as an independent slice of measurements of
XOXOH — g T a5 it involved the information about all the slices 1 < j < k.

Due to our assumptions on ||U;|| and the tensor spectral norm property, we get
VR TI < IT1 < el < 31
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This in turn is leading to
p <X 22 < éHVmHU(J)H—Q.

This property of i together with the nature of W(] ) and V(J coming along from the signal-noise-term decomposition (C-I))
leads to the fulfilled conditions of Lemmam Applymg Lemma to the matrix H /), the smallest singular value of
matrix H7) can be estimated as

Trmin(HD) > (14 102, (XY = g PO || = | P | = 12 |PS ) 0min (VR T D) (1= 02, VYT (E2)

min (

with

HP(J)” < 4||U(J)W(J)H ”V(J) (“W“)H

IPP) < 4| (A A« 2T — U] )@ - XOXOE L TOTON|
IR < 2 XD PTP WP
Further, we will make the above bounds for ||P-(j ) I, % € {1, 2,3}, more precise using information about the tensor setting.

First of all since [T W) < |TY|| < (i) < 3] X, we get [P < 36]x)2 ||V Moreover,

U(J)w(J) 1.
since V(x)i Vﬁij)Wij) = VX * Vi, «w, () and HVXL * Vi, ow, || < ck ! due to the assumption, it follows that for each
4, 1 < j <k, it holds that HVE@ Vemwoll < ck 1. This allows for the following estimation
t t
() 2 1 >
1P < 36[|&|2er™! < om0 (X),

4 min

where the last inequality follows from the fact that ¢ > 0 is small enough.

(AA-D)( X+ X U +U[ )= (A AX«XT U U ) — (XX U U],

The RHS from above has the following slices in the Fourier domain

(A A) (X + X — Uy +U)D — (XOXOH _ g gty

the norm of which (due to assumption (E.1) and the definition of the tensor spectral norm) can be bounded as

[(AA) (X« XT —Uy «U[)D — (XDXOH _FOTON | < (A A-T)(X 5« X —U U] )| < co2yi, ().

min (

This leads to the following estimation
IPY| < deo?

To further assess ||P§j ) ||, we take into account that matrix ng )

which allows for the next bound

X)

min (

is an orthogonal matrix and the assumption |[U,]| < 3||X|,

1P < 2AXD TP < 20X PIT I < 2012 < 181
Inserting the newly obtained estimates for ||Pi(j ) ,i € {1,2,3}, into (E2), we get

Omin(HY) 2 (14 pop (XD) — X) — dpcor,;, (X) = 18°(| X[ )-

mzn ( min (

e e
(VYT (1= o (VRRTY)
> (L 070 () = G0 () = g1 () = 18087 | X | D0rain (VT TY) (1 = it (VR TP

4 min min (

Now, according to the assumption on u, we get

Tminl ) =2 2 = o
EiE

— _ 0' —
P XN < pen 2| 2] 72 X = x)

min (
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Taking ¢ small enough allows for the following estimation

) 1 N rr
Frin(HD) 2 00in(VE TP (1 5070, (X)) (1= p02in (VR T))
(N H (4 1 N
- ammwé?HU&”) (1+ 510200 (®) (1 = p02, (VR HO) = o2, (V1T

Now, since 0min(VY "UY) < 0min (U) < [Us]| < 3]1X]|, we have that
o ,
102 (VYT < w0l| X < 9er ™2 <

due to the fact that ¢ >0 can be chosen small enough. The last part of Lemma’s proof follows from

Omin(Vx *Urs 1) > 0pin(VE x U s WD) and 0pin (Vi * Uy s WD) = 0,00 (HD), which completes
the argument. O

The next two lemmas will allow us to show that in each of the Fourier slices the noise term part of the gradient descent
iterates is growing slower than its signal term part.

Lemma E.2. Assume that i < c¢min {%0||X||72, [(A*A-T) (X« XT —U, *L{:)H*l} and |[U.|| < 3||X||. Moreover,

suppose that V 3 * U, has full tubal rank with all invertible t-SVD-tubes and ||V;L * Voo, || < ck™1 with a sufficiently
small contact ¢ > 0. Then, the principal angle between'V 5. and Vy, ,  «w, can be bounded as follows

Vs # Vu, ow |l <21V * Vaew, || + 20 (A A) (X« XT U« U]
In particular, it holds that |V} . * Vu, . «w. || < 1/50.
Proof. By the definition of U1, we have
U1+ W, = (I+ pAAX X7 — U, *uI)) f U+ W, e RTXE

which allows for the following representation in the Fourier domain

Ui WD = (1 + p A A+ XT Uy U])D ) U WD eC™r, 1< <k

Consider the SVD decomposition U; * W;U) = Vitow, o) 2w, ) WH____  and denote by Z() the matrix

U W, ()

Z0) .= (Id P A AX X U, uj)@) Vo €C

Since by assumption U, * w, U ) has full rank (due to full-rankness of V} *x Uy, see Lemma , matrix Z(9) has the same
column space as U1 * W;9) and the principal angle between tensor subspaces V x+ and Vi, +w, can be computed
via ZU) as

H
IV * Veow, | = max VIV, | = max IV Vi | = max [V V0]

Now, we will consider each of the terms ||V "V, || separately and bound them as follows

7 z0)

IVREVz0ll S IVREVan a0 Wio I(Ez0 Wie) ™ = 275

(E.3)

Using the definition of Z(/), the norm in the numerator above can be estimated as

FOH (5 7 (HH 7 (HH j
VT2 < VDMV | + ull VA A« X7 — Uy <1 ])D)|
< VOV ol + ul AAX + XT — Uy s u)D)||
< VEe * Vaow, ||+l AAX « X7 — U+ U]
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Using again the definition of Z) and Weyl’s inequality, the denominator in (E3) can be estimated from below as follows

onin(Z29)) = owin(Vigrayen) — il (A A« XT = Uy s UD)D ) Vi |
> 1 A A XT U U D 21— AA X Uy U]
21 p(|(AA =D (X« X7 = U= U+ (X X7 — U U))])
> 1= p([(AA =T 2T s U] )| + X2+ he]?)

> 1 p (A A= D)+ X7 — s t])| +10] X?) > <

where the last inequality follows from the assumption on i:. Now, we can come back to the estimation of HV/TYL Vi, owe ||
which due to the combination of the above-carried estimated reads as

Vs * Vi | < 2V en * Vo, |+ 20| AAX + X7 — Uy «U])|

providing the first result from the Lemma. The second bound stated in the Lemma follows from our assumption on
HVXL * Vg, «w, || and p and the fact that the constant ¢ is chosen small enough to make ||VXL * Vu, W,

|| — oO

O
Lemma E.3. Assume that ;i < ¢; min {%Onxn*?, [(A*A-I) (X« X —U, « uj)n*l} and |U,|| < 3||X||. More-
over, suppose that tensor V * Uy 41 * W has all invertible t-SVD-tubes and that |V x. * Vu,«w, || < c1k™Y, with
absolute constant c; > 0 chosen small enough. Then, it holds that

[ Wi O < (1= SIU WD + 90 Vs Vo, 91 21
+ 20| (A A = D)X+ X7 U+ U] ) [T = Wit

foreach j, with1 < j < k.
Proof. First, we will consider tensor U, 1 * W, 1,| splitting it into two different parts, and then will conduct the
corresponding norm estimations of each Fourier slices.
To begin with, note that for the tensor-column space of X, that is V x, it holds that V » * V; + VoL * V} 1+ =T (see,
for example, (Liu et al., 2019)). Using this, we can represent U1 * W11 | as follows

Ui 1 sWii1, L = Vas Vsl 1 s Wi L+ Va1 x Ve s U1 Wi = Vi sV 4 xUpp 1 s Wi 1 (E4)

where the last equality follows from Lemma due to the property V} *Uip1 * Wigr,1 =0.

Now, we split the term V 5 1 * VI& *U 1% Wiy, 1 into two parts using W, * W: + Wy, * W,IL = Z, which leads
to

VsV sl 1sWin 1 = Vs sV Ui sWoW Wiy 1+ YV p sV 3 U isWe W] Wi

(E.5)
To estimate the norm of V51 * V}L * Uy * W41, 1 in each slice in the Fourier domain, we will use the above-given
representation and estimate each of the summands individually. Let us start with the second one. Its jth slice in the Fourier
domain reads as

(Vxr * Vo Ui * Wi | * Wt LA Wi, )@ V(j) V(J)HUEi)lVV(]) W(j) HWEi_)l 1

Due to the orthogonality of the columns of VEY)L’ it holds that ||V(j) V(J)HUEi)lWEJ_WEJiHWt Vil =

HV(] i §J+)1 WiﬁWijiHW(] )1 || In the Fourier domain, this allows us to focus on jth slices of the last one

VE{»)L UE+)1W(]) WEJ)_ ng)l 1= ng :
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Due to the definition of the gradient descent iterates U, 1, we have the following representation for its blocks Uiﬂ?l in the
Fourier domain

o) = (Id+u(«4*A(X « X U, *u:))(j))ﬁgj)

To upper bound the norm of ng ), we want to apply Lemma Due to the assumptions in this lemma that V/TY * U1 % Wh
has full tubal rank with all invertible t-SVD-tubes and ||V 5. * Vig,«w, || < cx~! in addition to the conditions on £ and
the decomposition of gradient descent iterates into the signal and noise term, the conditions of Lemma [H.3]are satisfied
for the choice Y7 = Ufﬂjl andY = U and Z as Z = (AAX + X" — Uy * UT)) . This allows to upper-bound the

norm of Géj ) as follows

IGE | < TP WILN(1 = wlTP WL + (A A = 2T —thy <)) = (XOXOH - GOTIM)))

o : G
W2 (1T W2+ [(AA 2T —Up s u1) Y = XOXOR TP TP ) T WP

Using now the fact that for each j it holds that

[ A« XT — s u])) Y = (XOXOT - TPTI| < [|(AA =D 2T Uy 1]
and that ||(7§j) || < [[U]| < 3]]X||, we can proceed with the bound for the norm of ng) as below
1G9 < ITEWELN (1= TS WL + (A A=T) (X« X7~ sy +U])])

e (N2 + (A A= D)+ 2T — s+ U] ) TP WL
Further, using the assumption p < ¢y min {1—10||X||’2, [(A*A-T) (X« XT —U, « U:)\\*l}, we get

IGE | < ITEWIL (1= wlTP WL + (A A= D)+ X7 —uy st + S0P WEL|P
= [TEWILN (1= SITPO WL + pl (A A= D)X = 2T —Us])]).

Now, let us return to the first summand in (E.3)), that is V} * U1 x Wy * V\)tT % W1, 1. Using again the fact that
Va «Upp1 % Wiyr 1 = 0 allows us to rewrite it as

V; k thH * Wt * W;r * Wt+1’J_ = —V; *L{t+1 * Wt7J_ * WZJ— * WtJr],J_ (E6)
Moreover, for the same summand, the corresponding jth slice in the Fourier domain reads as
=()H H
V‘(;i')L Ul(fi-)lw( )W(J) W( J_ — G J)
Due to relation (E-6)) in the tensor domain, in the Fourier domain it holds that
=(H=G) 750) 750 Hos (G =()H=() 770 =
VE\{) UEQIW?)ng) W§Q1,J_ = _VEXJ*) U£Q1W§QW§ J)_ W£+)1 1

which allows to represent W( D +)1 L as

— (NVH==(4 7,1{7.7,—17.H .
WM, | = - (VYT W) VORI WO WO,

Note that the matrix on the RHS above is invertible due to the assumption that V; * U1 * YWy has full tubal rank with all
invertible t-SVD-tubes. From here, G 53 ) can be represented as

. S(HHFG) 550) (H()H=G) 550 717,H7.7A7.H7.
ng) = Vfél Ugi)lej)(V(ch) Ug-)lwtj)) Vg]c) Ugr)lwijJ)_WEJJ)_ Wz(fi)l,J_'
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According to Lemma the norm of G gj ) can be bounded from above as

1G9 < 20(I71V, TOWP P+ (A AX < 2T — s+ U] )Y — (RO _TPTOM))-

U(J)W(J) ||H
H
NV wo TP W

Hy, - N - Ny
<2 IV Vo0 o [T + (A A= DX « 2T =t sU))) - [VEE Vi o IITE W |

H * =70
< 201V Voo TP + (A A=)+ 2T = U s UD]) - [V Versrow, 1T

Dueto [V} * Vqu*Wt | < & from Lemma  the fact that ||U || < |||, and our assumption that |[U|| < 3|| X,
the norm of G ) can be further bounded as

161 < n (VD Viormo RN + I(A*A = DX + 2T~y U [T W

= (9 VEr * Vurew ) DX + (A A= D)X + X7~y U] ) TP W

Since due to representation 1; it holds that || (th+1 * Wi, J_)(j)H = (VXL *Urp1 * Wiy, L)(j) |l, combining the
inequalities for |G{|| and |G| together with T\’ )W(j ) = (U * W, 1)V leads to the final result

| Wi )@l < (1= B WD) 1R + 9l Ve Vo) D1

+ 20l (A A= D)X = X7 =ty U | U s Wi )]

O
The next lemma shows that the tensors WW; and W, span approximately the same tensor column space.
Lemma E.4. Assume that the following conditions hold
[l < 3], (E.7)
p < cl| x| 22 (E.8)
Vs # Vuw, | < es™ (E.9)
24+ Wi L D] < 20 (U + WD), (E.10)
I(ATA=T) (X« XT —Uy +U])| < cop(X). (E.11)

Then it holds that

IWEL Wil < 1 (0 () + (U WU Wi ) [V s Voo, 4 Al (A*A=T) (XX T Uit
and Umin(W;r * Wt+1(j)) Z %, 1 S J S k

Proof. To bound the norm of V\)tT 1 * Wit, we will rewrite W: | * W41 in the Fourier domain with the help of Fourier

slices of V} * U,. First, note that due to the decomposition of the gradient iterates into the noise and signal term, it holds
V; *Upp = V,TY *Up1* Wi * W: _1- This allows us to represent the corresponding jth Fourier slices of V} xU11 as

Vg)HUfki)l = VE{;)HU?QI Wiﬂr)l WEQ? lwhichlmeans that for each j, the matrices V(j)HU(j) nd V(j)HUEQl WE£1 Wﬁjﬁ{
have the same kernel, and therefore Ugi)i{ VE{,) spans the same subspace as Wii)l Wgﬂr)fl U EQ? V(] ). Due to this and the
following representation of the matrices

U(J) U(J)w(J)W + U(J)W W(J)H (E12)
H H
Ugi-)l = U££1W§+)1W§i)1 + U£31W§Q1W£i)1 ) (E.13)
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we can apply Lemmato estimate the norm of W ng) | taking Yy = U Ei) jandY =U ,Ej ) and Z as

Z0) = (A AX X7 — Uy U] ).

This gives us the following estimate

w7 1ZPNTSWENN | s am .
IWHE WL < u (1 + pr— L TP WO NTO W NTR Voo | (E.14)
Umin(vx Ut+1)
129 = (XROXOR - TIT 561550
H COHG0) 1T WL
O'min(vx Ut+1)
To proceed further with the upper bound above, we will first show that in each Fourier slice it holds that
—(VH == (4 1 PPNy
onin(VRUZ) > SomnTPWP), 1<5<k. (E.15)

2
First, note that
Umiﬂ(v.(;‘) Ugi»)l) > Umin(Vg-) U,Ei)lwg)l) :Umin(v(]) (Id + Z(j))Ugj)Wz(si)l)

—()H , N
- Umi“(ng) (Id + pz9D)V, DD, v TOwWD, uPwi)

Ui

Y

Omin (V J)H (Id + MZ( ))Vﬁij)wgfl) 'Umin(Vﬁng)WinU(j)ng)l)

Y

(Umin (Vg)HV5§j>Wii)1) MHV j)HZ(J)V (J)Wﬁ/‘z_)l H) 'O'min(V;I(J)W(]) U(j)Wg_)l).

Due to our assumption on the principal angle ||V}L * Vi, «w, || and the properties of the tensor slices, we have that

23
>7a
— 4

—(NH S —
Omin (V(;ﬁ) Vrjgﬂwiﬁ‘:l) > Omin (Vx * Vu,,*le) = \/1 - HVX * VU, oW,

where that last inequality can be guaranteed by choosing ¢ > 0 small enough. Thus, to show that relation (E-13)) holds we
need to demonstrate that ,LLHV()?HZ G )VU<j>W<j) H be bounded from above by i. For this, we will proceed as follows
t t1

WP 29V || < 1290 < 4 20 — (ROXOR _TOTE)| 4 W XOXOH - TOTO). E.16

By the definition of Z (), for the first summand from above we have

HZU) ~(XOXOH _ UE”U?’H)H H (A AX X7 —u, +u; )Y — (XOXOH _gOgH) )H

= |@-aa @ 2T —uul)o|
<|@- a2 —u ol
and for the second summand, it holds that
IXOXOE —TPTIH < 2 27—ty U] | < [ X + |||,
This allows us to proceed with inequality (E-T6) as
W[V 2OV | < ull(T — AA) X« 2T Uy <UD |+ (1 X + [4e]?)

— 1
<ul(Z - AA)N (X X7 = Uy U|| + 104 X|?) < oy, () + 114] X < 3,
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where in the first line we used assumption (E.7), and in the second assumption(E-TT)). The third inequality above follows
from our assumption on y and sufficiently small constant ¢ > 0. This, in turn, shows that relation (E.I5) holds and we can
proceed with (E.14) in the following manner

1ZONTEWN |~ o ) 1 GH
||WMWH1<u(1+2uam(U(j)W(j)) TP NTETANTL Voo woll

||Z(J) — (XOXOH _ggdy)
O'mm(U( )Wij))

+2 1TPw .

Now, using assumption (E.I0) and the definition of Z(7), we have

. o
W WEL < plVR I Vowmo TP WONTE W |

+Ap| (A A« XT — U, «uU]))Y — (XOXOH _ggHy
+ 42| (ATAX + XT U+ UY)) j)||||U W2 ||V(J)H

U(J)W<J) ”
< V(J) Ve U(])W U(J

ull 7w |l I al
+4p|(A*A - (X « X T —U, * UT)||

+ 4p? | A A = X T = U < UDNTO TP IV Vo0 o -

In the last inequality, we used the tensor norm as the maximum norm in each Fourier slice. Note that, similarly to one of the
estimates above, we get

[A*AX « XT U« U || < | X+ XT U U |+ |(ATA-T)( X« XT —U, U,

XN + Ul + comin(X) < 11[1X]J2 (E.17)
where the last line holds due to the assumption [L4:]] < 3||X|| and that ¢ is small enough.
Now, since 1 < ¢|| X[ ~2x2 ||U<J D < 1yl < 3] x| and HU&“W(JLH < |l4y]| < 3||X]|. constant ¢ > 0 can
be chosen so that 4y - 11]|.X H2 < 555 aim(é\f ), together with (E-I7) and (E-TT) we can proceed with the estimation of

W%{,J_Wi(&i)l as
H 7(7)H 3
W WL < 1 (gomn(X) + 012 12) [V V@J>W§j>|\+4ucoim<x>.

Using the assumption p < c||X|| ~2 and choosmg ¢ > 0 small enough, we obtain that HW%JiH t+1 | < 3. Note that this

implies that amm(Wt * Wi ) \/ 1-— HW Wﬁi)l |2 > %, which finishes the proof. O
Lemma E.5. Assume that the following conditions hold

I x Wi L 9| < 20, U+ W), (E18)

[l < 3] X, (E.19)

Vie*Vuow,| <é (E-20)

p< x| 2R (B.21)

lede = Wi 1| < 2|1 X (E22)

[(A*A - X« XT —U «U])| < co?,,, (X). (E.23)

Then the angle between the column space of the signal term Uy x VW, and column space of X stays sufficiently small from
one iteration to another, namely

T H > T
Ve * Vel < (1= 502,3)) [VEs < Vi |

+ 150p||(A*A—T)(X « X T — U, « U] )|+ 50002 | X « X T — U « U] ||
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Proof. To estimate the principal angle HV; 1+ % VU, W,y || we first investigate the tensor-column subspace of U1 *
W;1. By the definition of U; 1 and W; * V\JtT + Wy, * WL_ = 7, we have

Upir Wit = (T4 p(AA(X + X7 U+ U])) Ui+ Wi
= (T4 pZ) Uy s Wi s W] s Wi + (T + pZ) Uy s Wy L x W, |« Wiy,

where we use notation Z := (A*A)(X « X T—u, *I/{;r ). This allows to represent jth slice of U1 * W1 in the Fourier
domain as

OLAW ), = (d+ 2O TP WP WRWE + (14 pZ )T W W W,

with Z() = (A*A) (X « X" —U, U, ). Because of this representation and decomposition @D to bound the
principal angle between U1 * Wy and X we want to apply inequality (H:3) from Lemma[H.4] but for this we first
need to check whether for

U(J)W(J)

o NP
PO = OOWOL WO, (VE, o DO WOWIRwE,) v

the following applies
||,uZ(j) + pl) 4 MZ(j)P(j)H <1.

For convenience, we denote BU) := ;,.Z0) 4 PU) 4 1,7 PU), Using the triangular inequality and submultiplicativity of
the norm, we bet the first simple bound on the norm of B(/)

IBON <l Z9] + 1+ pll 29| P (E.24)
Note that PU) can be rewritten as
PO = GO 7T (W<J>HW§J+>1) (V%j)w)ggﬁmj)) 1VU(J)W(J)’
which allows for the following estimate of its norm

IPY)

IN

o
(TN |

(W(] Wﬁ%) HH( (J)W(J)U W(j)) H” (J)W(J)H
o
NTOW I W) )
< . verl
Tuin(WHWI) - 0in TP W)

From here, using assumption (E.I8) and a lower bound on amm(W,Ej )HW,EZF)I) from Lemma we get
IPD) < i WL (E.25)

Using this and the definition of Z(), we have

IBO) < pll(A A 5+ 2T =ty «U D)D) +4(1+ pll (A A) (X XT = Uy s UDDN ) [WETE . E26)

Due to the assumption on z1, we can bound p|(A*A)(X * X — U, x U] )9 || as follows

p(A AN (X« XT Uy« UDD | < pl|(AA) (X = X T U <UD
< - AAX«XT — U« U +p)| X« XT —U « U] |
< (o (X) +10[1X() <1

where in the two last inequalities we use assumptions (E.23), (E.19) and (E.2T)) with the fact for the learning rate constant
¢ > 0 can be chosen sufficiently small.
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This, in turn, allows us to proceed with inequality (E.26)) as

IBDY| < ull (A A) (X« XT — Uy U )D |+ 8| WD (E.27)

Now, applying the bound on ||W£31HW§J+)1|| < HVV;r 1 * Wiy1|| from Lemma and similar transformation for
[(A*A)(X « XT —U, «U/ )| as above, we come the following result in (E227)

1B < & 5 27 =ty U] | + (5 omin(B)? + 8ty Will U+ We sV * Virow, |
+33u|(AA-T) (X« X —U U]

To show that this bound above can be made smaller than one, we use assumptions (E.22)), (E.23) and that |[U; * W,|| <
4] < 2]]X||, which leads to

mm(X)

IBON < & « 27 = Uy U] || + o hyomin(X)? + 8¢ BV Es Vet | + 330, (%)

< N]-O”XHQ + H’C%Umm(x) + 33MCJmln(’T’)

with the last inequality following from the assumption on 1. In such a way, we check the conditions of Lemma[H.4]to be
able to apply inequality (H:3). This gives

vy, (X)) + TP W)

Voo wo | < IVE Voo mo (1 - S0k
e
2 W W NTO W)
MANTMASZ il
Umin(ngJ) ng-)l)amin(Uij)ng))
— (VH==(4 N 2
WP NTOW) | )
Umin(W:(sj)HW:E-q-)l)Umm(Ugj)Wﬁj))

Ful|Z2® - (XOXOH _gOgdiy 4 (1 n MHZ(J)”)

+57 (ullZ(j)H +(L+pllZ9)
. : . i (DHT () . .
Applying again assumption (E-I8) and a lower bound on oy (W;”" W3/, ) from Lemma|E.4{as for (E:23)), in addition to
(E.22), we get
IV Voo, o, | < W Vowmo | (1= §omn(X9) + 429 — XOXO -0 T0M)|
; Hir
£ 8(1 4l 29 )W 457 (ul 20+ 4(1 + ul 29N W)

Now, making (1 + u||Z ||) < 3 by choosing ¢ > 0 small enough and using the properties of the terms involved, the above
inequality gets the following view

VR Voo o | < IV Voo ol (1= £o2a(®)) + ull(Z — A A) (2 « 2T — U]
£ 32 WO+ 57 (ull 20 + 12 WO W) (E28)

To proceed further with @) we will first do several auxiliary estimates. We start by bounding the norm || W(] )HW(] )1 IE
Since it holds that HW(”H t+1 | < ||Wt 1 * W], from Lemma | one gets

IWEWEL < b se50in () + U+ Wil = Wi ) Ve * Voo |
HApl(ATA-T) (X« XT U U] )|
< 720 () + 30020 (B)) IV e Vatoww, | + 4ll(A°A = T)(X + X — sy ]|
< 3100 1min () |V # Vupsw, ||+ 4l (A A = D) (X + X7 — Uy U] )| (E29)
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where we use in the second inequality that [T « Wy|| < [[Uy|| < 3||X|| and |[Uy «* Wy 1 || < cx™2|| X || by assumption,
and in the last line that ¢ > 0 can be chosen small enough. Using this estimate, let us bound from above the squared term in

(E-28) as follows

. - . 2
W29+ 2T < 20 + 2ol vut*wt||+48u||<A*A DX X7 Uy 51|

SMH)?(J’))?(J’)H_U(J ])H” +u mén00 HV x5 Vo, |
+A9ul|(AA-T)( X« X" U, «U])|.

From here, using Jensen’s inequality, we obtain

ot

H mm(X)
(2] + 12 L) <32 | XKOXON TP TP 4 35> B0 SV s Ve, |

+ 34942 (A A —T)(X « X — Uy« U2

Now, we can come back to bounding (E.28)) proceeding as follows

V2 Vi i, | < VR < Vi, | (1= 502 () + 30 ok())

+129u||(A*A—T) (X« X" —U, x U]

. (Y (s 5171 X
TR XOXOE _gWOgf 2 L, %“;)HVL * Vw2
171 4922 (AT A — T) (X « X — Uy « U] )2

Iz = 4M = 171 _
< Ve Vel (1 52 (E) 4 o2l + oo T k(X))

171X« X T U U, |
+ (1294171 - 4922 (A A-T) (X« X T —U U],

where for the last inequality we used assumptions (E.23), (E.20) and (E.21)), and the properties of the tubal tensor norm.
Now choosing constant ¢ > 0 sufficiently small, we obtain that

IV Voo o | < (1= 502@)) IVE Ve, ||+ 2000212 5 27—ty 2] |
FI50|(ATA - T)(X « X —U, «U))|.

Since the right-hand side of the above inequality is independent of j, we obtain the lemma statement. [

The following lemma shows that under a mild condition the technical assumption
U]l < 3]|X]]

needed in the lemmas above holds.
Lemma E.6. Assume that |[Uy| < 3| X||, p < 5=||X|| 2 and that linear measurement operator A is such that

I(AA-D) (X X7 —U U] < |1 2]
Then for the iteration t + 1, it also holds ||U4++] < 3|| X

Proof. Consider the gradient iterate
U1 =U; + pAAX « XT U +U ) U,
=U +p(X X7 — U+ U ) x U+ (A AT X+ X7 —U + U ) * Uy
= (T — Uy » U ) s Uy + pX 5« X7 s Uy + p(AA—T)( X« XT —U + U] ) U,
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To estimate the norm of U1, we will bound each summand above separately. Due to the assumption on y and the norm of
U, we have pu < 5-|| X|| 72 < £[[td,]| 2. This allows us to estimate the tensor norm of (Z — pild, * U/ U, via the norm
of matrix block representation in the Fourier domain. Namely, assume that matrix U, has the SVD U; = VYW, Then for

matrix (Z — pldy *U,) * Uy, we have

Z— Uy «U ) s, =vEWH — pvswiwsvivewt = vewt — pvedwt = vz — px®)ywt,
t

< s it holds that

(T — pulhy « U] ) « Uy || = U — pllU))? = || UI(1 — pl[t))?). Besides, from the submultiplicativity of the
tensor norm and the triangle inequality, we obtain that

From here, since < g | X2 < U2 and U || = U,

hesrll < (1= plUel® + pll XN + pll (AA = T)(X + X7 — Uy« U] |Ue| (E.30)
< (1= plltdell* + 240l %)) [2de (E.31)

where in the last line we used the assumption on ||(A*A — Z)(X * X —U, «U,)||. By combining inequality (E31)) with

the assumption (1 < 5o < grgpz. We obtain that Uy || < 3] X||, which finishes the proof. O

The following lemma shows that Tf; * W; * W: * thT converges towards X * X”, when projected onto the tensor column
space of X.

Lemma E.7. Assume that the following conditions hold

[T < 3] X]] (E.32)
1

<c- o | E.33
pe s X (E:33)

- 1 o
min U, * W Z ~—7—Umin X E.34
Omin(Us t) \/EU (X) (E.34)
IV xs # Vuow, | < e (E.35)

and

max { ||V * (A" A= D)

’v;t*wt * (A*A - I)(yt)HF’

(A A=)} < w72 Pillr

with Y, := X % xT - U, * U;r. Then it holds that

Var s U v U |[p <3| Vir # (X XT = U« U )|p + [Us » We s W+ U/ (E.36)
as well as
X« X7 Uy« U |[p <AV 5 (X5 XT U« U ||p + [Us s We W]+ U] (E.37)
and
IVar (X s 2T —Uppr s Ul e < (1= 5520%,(2) ) Vi # (X 2T —Uy <))l
+ u%llut F Wi s Wi s U (E.38)

Proof. We start by proving the first inequality (E.38). For this, let us decompose V; Lok Uy L{;r as follows
Vi sUp s U =V sUix U] s Vs Ve + Vo s U 5 U ¥ Vi sV 3o,
then using the triangle inequality and submultiplicativity of the Frobenius and the spectral norm, we obtain

Vi sUs s U |5 < |[Vio sUs s U s Vxllp + [V * Uy« U *V 1| p
S Vae x (X« XT —U U ) # Va|p + [[Vir U s U] +V pi]|F
<IVE* X+ XT U+ U )|k + [Vier U 5 U 5V rr||F, (E.39)
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where in the second line, we used the orthogonality of the decomposition. Now, we will work additionally on bounding the
norm of V} L # Uy % U] % V4. to obtain (E38). Here, we will use the orthogonal decomposition with respect to W; and
W;. 1, which leads to

[Var s U s U Vi |lp < [Var U s Wik W s U] « Vi |[p + [V ar U s Wi L s W/ U * Vai||p
< Vie sUi s Wes W] s U] =V poi|lp + U s Wi« W] U] |p

Now, for the first term above, we get

Vi x U s Wi s W] U] #V xi|lp = [Viar * Vo, * Vi, *Us s Wi s W] 5 U] «V i |5

k
=D IVt * Vuow, * Vigaw, *Us s Wi s W] U «V 2.0 p
j—l

_ Z ”V(])Hvl(it)*w,Vl(j,)*HWtUgj)WEj)WEj)HUi(&j)HVg)L ||F
H NHee (i —1_ o N H (Y (4

< max ||V(J)HVZ(}3*WJ\ max V(J "V o VI TOWOWINTINVD), |

7 (HT7()
1<j<k (Vf"L Vidaow, )

_ ||VXL*Vu,*th Z”V(])H u,*wfvz(j,)i{ U(j)W(J)W(j U)Ej)HVg)J_HF
O—mm(vXJ- *VUf*Wf) j=1

_ _IVae = Vuowll ZIIV(J)H TOTOTORGORTO), |,
Umm(vxL*vut*Wt)J 1

||\).X'L * vlf{t*wf, H

||VXL * Uy x W, *W;r >f<1/l;r *VXLHF
=
Umin(vXL *Vut*wf,)
ViV
= W Vuewl v ] v
O'min(vXL *vut*Wt)

Vi «Vy,.
_ Was Vuewdll e T U] ) eV |

Omin (v;J- * Vut *Wi )

< ||‘);L *th*WtH

Y )||vxi (X XT U AU P <2Var x(XxXT U U] )P
Omin xL X Vugsw,

where in the last line we used the assumption (E-33)). Them, using just established bound together with (E-39), we get
Vi s U s U e < 3[Vier (X6 X7 U s U )r + U x Wi s WL 5 U

To get inequality (E.37), we use the orthogonal decomposition of X % X | — U, * L{tT with respect to YV x and V 51, which
leads to

X« XT — Uy U ||p=|[Vax (XX U +U)|lp+ |[Vrr *(XxXT —U+U))||F
= [Vex (X XT —U U )|+ Vi sU + U] | F
SAVE* (X« XT U« U)|p + U« Wit s W] U] 5.

Inequality (E-38) follows from the two inequalities proved here and Lemma 9.5 in (Stdger & Soltanolkotabi, 2021)). The
building stones for this are the properties of the tubal tensor Frobenius norm. Namely, the Frobenius norm of any tubal
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tensor 7~ can be represented as the sum of Frobenius norms of each slice in the domain, that is
k
1Tl =Y 1T r
j=1
and [|T||F < Vn - k||T. Besides, the Frobenius norm of the product of two tensors 7 and P can be bounded as below

k k
— TGO PE)| . < 7(3) PO . < _
1T+ Pl = 3 ITOPD e < max (TN 1PV r < | TIIPr

Jj=1 Jj=1

Now, we have collected all the necessary ingredients to prove the main result of this section, which shows that after a

sufficient number of interactions, the relative error between U, * Ll;r and X * X" becomes small.

Theorem E.1. Suppose that the stepsize satisfies p < c1vVkx™*|| X || =2 for some small ¢; > 0, and A : S>>k — R™
c

satisfies RIP(2r + 1,0) for some constant 0 < § < —; L

KA1

such that oin(Uy, * Wy, ) > . Also, assume that Uy, * Wy 1 || < 27,

s

Set v € (0, %), and choose a number of iterations t,

C20 min (X)

_20min ") and
k2 min{n, R} an

U,

<3|x

» Y=

[V xr * Vi, sw,. || < car™2 for some small cy > 0. Then, after

t—t, < ————In|min<1 o 1]
™~ O pin(X)? " k(min{n, R} — ) ¥

additional iterations, we have

Uz UL — X X7 |p
X

f, k5/47’1/8/<f3/16(min{n, R} o T)3/8721/16HXH721/16.

Proof. First, we set

£, = min {t >t omin(Vh Uy > ﬁamm(?)} ,
and then aim to prove that over the iterations ¢, <t < ¢, the following hold:

t—t4

M O—min(v; *ut) 2 %’Y (]- + %No—min(x>2)

t—t.
Uy =W, 1| < 27 (1 + 80uc2\/Eamm(X)2)

2] < 3]l

HV;-L *an*WtH < CQK_Q.

Intuitively, this means that over the range ¢, < ¢ < t1, the smallest singular value of the signal term V; * Uy grows at a
faster rate than the largest singular value of the noise term U, * W; | .

For t = t., these inequalities hold due to the assumptions of this theorem. Now, suppose they hold for some ¢ between t.
and ¢1. We’ll show they also hold for ¢t + 1.
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First, note that we have:

[(AA-D) (X« X" —U « U]
[(AA-T)( X« X" —U, « W, *WtT *letT —Ux Wy | *WZL *L{tT)H
A A-TNX+XT —U W s W] U ||+ [(A*A = T) (U Wi L+ Wi+ U]
(@) <OVEr|X + X7 —U x Wi s W] U || + 0VE[U « Wi 1 s Wiy + U]
<oV (112 27| + [t W s WU )+ 0VERIU = Wi+ We o U] |l

=5VEr (| X]° + U * Wil?) + 6VEIU * Wi+ Wi 15U
<SVEr (| &) + [U?) + SVE[U « Wy 1+ Wi L+ U] .
() <oVEr (| ] +9]1X|?) + 0VEk(min{n, R} — r)|[Us * Wy 1« W, 1+ U] ||
<100VEr| X || + 6VE(min{n, R} — )|t * Wy 1 ||
<106V Er£20min(X)? + 6VE(min{n, R} — r)||U * W, 1|2
(¢) <10c1VER 20min(X)? + 46VE(min{n, R} — )7 (1 + 80pc20min(X)?)
(d) <10c; \/E;/fdamm(X)z + 85\/E(min{n, R} — r)’y7/4amm(X)1/4
(e) <40c1VER 20min(X)2.

2(t—t.)

In inequality (a), we used the fact that A satisfies RIP(2r + 1, §) (and hence, RIP(r 4 1, ) and RIP(2, §)), and thus, by
Lemmas and G.3| also satisfies S2SRIP(r, 5v/kr) and S2NRIP(5v/k). Inequality (b) uses the assumption ||L|| < 3||X||
and the fact that U, x W, | * W;r Lk Z/ttT has tubal rank at most min{n, R} — r. In inequality (c), we used the assumption

C1
0 <
_f<;4ﬁ

definitions of ¢; and ¢, and the fact that ¢, <t < ¢;. Finally, inequality (e) holds due to the assumption v <

along with the second bulleted inequality assumed by the inductive step. Inequality (d) holds due to the

CZUmin(X)
k2 min{n,R}"

If ¢; is chosen small enough, the above bound is less than || X||. Then, along with our other assumptions, we can use
Lemma [E.6]to obtain ||t < 3] X|.

Next, we can use Lemmaalong with the bound oin (VX * U;) < \/%foomin(f) to obtain

Umin(v} *Upp1) > Umin(v; * U1+ W)

1
> Umin(v; *ut) (1 + Z,U/O'min(X)Q - Ma'min(v; * ut)Q)

1 1
> O'min(v; *ut) (1 + Z,U/O-min(X)2 - mﬂamin(x)2>
1
2 Umin(v; *ut) (1 + SMO—min(X)2>
1 ot 1
> = (1 + 8N0min(x)2) . <]- + SNUmin(X)2>

N~ DN

1 t—t.+1
v (1 + 8N0min(x)2>

Since omin(Vx * U1 * Wi1) = omin(V * Uysy1), which is positive by the above bound, all the singular tubes of
V} * U 4+1 * Wy are invertible. Hence, we can apply Lemmato obtain
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ey s Wit 2O < (1= S WL D12 + 901V s+ Voo, 912

+ 20l (A" A= D)X+ X~ U+ U])| ) [ Wi V)|

2(t—t.)
< (1 - g - 4y? (1 + 80;102\/%@“(2()2) +9uear | X7

tou- 40c1\/En-2amm(X)2) [T+ W LD
2(t—t.)
< (1= 549 (1 + 80ucVkomn(X)?) + 912 Omin(X)?
+ 801V 2omin(X)?) [T s Wit |

< (1 + 801 puVEk ™ 20min (X )2)HLT*W,5,LU)||

/N N

1+ 80c1 v Frin(X)2 ) [T+ Wi, 19|
t—t.+1
2 (1 -+ 8001Nf0m1n( )2) 5

where we have used the inductive assumption that the inequalities hold for ¢ along with the fact that kK = || X||/omin (X)) > 1.
Next, we will bound the term using Lemma E.3|

||v;i * vut+1*Wt+1 ”
< (1= L02u()) VR + Vi, ||+ 1500l (A" A = T)(X « 2T~ Uy 2] + 50002 X+ X7 — Uy 24 |

4 Jmln

< (1 o2 ( ) )) cor™2 + 1504 - 40e1 VEK ™ 20min (A)2 + 50002 - (| X |2 + |Uhe|?)
<(1- g 2n(3)) e + 6000pe1 VER 2 omin(X)? + 5002 - (|| X]2 + 9] X)?

- (1 % o2 (X ) )) c2k=2 + 60001 VER ™ 2omin(X)? + 5000042]| ||

< (1 % o2 (X ) )) car™2 + 6000uc1 VER 2 0min(X)2 + 50000 - c1 4| X2 - || &|*
- (1 % o2 (X ) )) car™2 + 6000pc1 VER ™ 20min(X)? + 50000y - ¢k~ 4| X2

- (1 % o2 (X ) )) car™2 + 6000pc1 VER 2 0min(X)2 + 500004 - ¢15 2 0in (X))

- (1 Z o—;m(;v)) eak ™2 + 5600071 VEK 20 min (X)?

Here, we have again used the inductive assumptions along with the fact that k = || X||/omin (X). If we choose ¢; sufficiently
small, we will have ||V 31 * Vi, o, || < con™2.

Therefore, the four bullet points hold for ¢ + 1, and thus, the induction is complete.

With the above bullet points in mind, we note that

1 1 1 s
\/T»OUmin(X) > Umln(vx * utl) 5 (1 + 8N0min(x)2) 5
and so,
g (s omn(20))
———7—O0min
16 2
t—t. < V10 < > log ( o—mm(é\f)> :
HOmin (X)) ’Y\/E

1
log <1 + 8,u0min()()2>
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where we have used the inequality m 2 - for 0 < x < 1. Furthermore, we can bound the norm of the signal term at
iteration t; by

t1—ts
ey Wi sl < 2 (1 80pea (%))

. 1280C2
< 27( 2 Umm(X))
0 7
<2 (L <X>)/
0 7

S 3,)/63/640,min(x)1/64
< 377/80min(x)1/8

)

where we have used the previous bound on ¢; — ¢,, the fact that co > 0 can be chosen to be sufficiently small, and the fact

that opmin (X) > 7.
- ( i/ i ||x7/4>J
/fw'mm mln{n R} — ’r) 77/4

t3 = min {t >ty <\/k min{n, R} —

Next, we set

1) et s We s W std]|| > 2 2T Ut |5}
%\Z Inil’l{tg7 tg}

We now aim to show that over the range ¢; <t < tA, the following inequalities hold:

1

M Umin(ut * Wf) Z Umin(v; *ut) Z \/Tio

Umin(X)

t—t1
2= We sl < (14 80pcavEomin (X)) Uy, = Wiy 1 |

24 < 3]

-2

HV}L * Vusw, || < ek

Vi (X« XT U« U r < 10VEF (1 — 2o pomn(X)2) (| X2

For t = t1, the first four bullet points follow from what we previously proved via induction. The last one holds since we
trivially have
Vs (X x X7 — Uy, 5 Ul < VAV = (X« X7 — Uy, +U))|
<V X« 2T — Uy, + U] ||
< V| X« X7+ Varud, < Ul |
< Vhr||X|? + Vir|uy, |)?
< 10vVkr|| X[,

Now suppose all the bullet points hold for some integer ¢ € [¢1, t— 1]. Again, we aim to show they all hold for ¢ + 1. Ina
similar manner as done before, we can bound ||(A*A — Z)(X « X T —U, «U])|| < 106vEr|| X|]? + 6vE(min{n, R} —
7)||[U: * W 1 ||?, and then continue as follows
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[(A*A-T)( X« XT U+ U] )|
<106Vkr || X% + 6vVE(min{n, R} — r)|[Uy * W1 |2

2(t7t1)
<10 - 5467\1/; NEr - K200 (X)? + 6V E(min{n, R} —r) (1 + 80u02\/Eamin(X)2) Uy, * Wy, 1|7

2(t—t1)
<1061 VEE 2 0min(X)? 4 0VE(min{n, R} —r) (1 + 80/102\/Eamm()()2) 9y A i (X4

2(ta—t1)
<10¢1 VEE " 20min (X)? + 96VE(min{n, R} —r) (1 + 80uc2\/Eo—mm(x)2) T ()Y

<101 VEE ™ 20min(X)? + 90VE(min{n, R} —r) > Kl/4 4 || 0(62)77/40 in ()14
= e ’ 18" k(min{n, R} —r) ~7/4 i

§4001\/En_2amin(2¥)2

where we have used the bounds § < —&-,
wiyr

inductive assumptions and the definition of ¢;.

* Wi, 1| < 37780 (X)"/8, along with the

X|| = komin(X),

Next, we note that if amin(V; xU;) < %amin(éf ), then we can use Lemma along with the inductive assumptions to
obtain

Umin(ut+1 * Wt+1) > Umin(v;' *ut+1)
> O'min(v;' * Uy * Wt)
1
> Umin(v;' *ut) <1 + iﬂamin(x)z - Uo'min(v} * ut)z)

1 1
> O'min(v,—l;;' *ut) (1 + iﬂomin(X)Q ' 4Umin(X)2>

= o'min(v,—l);‘ * uf)

1
> ——opmin (X
= \/E mm( )

Alternatively, if Jmm(V; «Uy) > %Umin()(' ), then we can again use Lemma along with the inductive assumptions and
the fact that 1 < 17 2(|X||? for sufficiently small ¢; to obtain

Omin(Uit1 * Wig1) > Umin(VIg *Upy1)
> O—min(v,—lx—‘ *ut+1 * Wt)

1
> Umin(v; *ut) (1 + Z/fﬂ'min(/‘t’)2 - Namin(v} * ut)Q)

1
> 20m1n (1 HOmin ut )
1
> 2Um1n (1 :u”ut” )
1
> 2Umm (1 - 9:U’HXH )
1
Z 20m1n (1 - 961"@ )
1
> — min X

In either case, we have opin (U1 * Wit1) > Umin(V; «Upyp1) > \/%amin()().
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Again, since crmin(V} « Ui * W) > ﬁamin(X) > 0, we have that v; « U1 * VW, has full tubal rank with all

invertible t-SVD singular tubes. Hence, by Lemma|E.3] we again can bound

t+1—t1
U1+ Wi, ol < (14 80pcovhown(X)2) " [ths, = Wiy o]

In the exact same way as before, we can use Lemma E.6|to establish [|U;41] < 3| X, and use Lemma[E.7]to establish
Hvxl * Vut+l*wt+1|| < cor 2

Tobound [V * (X« X1 —Uu 4 * thTH) |7, we will aim to use Lemma By the inductive assumptions, we already
have |U¢|| < 3||X||, Omin (U * Wy) > ﬁomm(.l’), and ||V 3. * Vi,ew, || < car~2. To derive the remaining condition
of Lemma|[E.7] we first split

[Vis (T —-AADX«XT —UxU)|p
[V * (T - A X« XT —U s WW] U —U « W, W] U] )||r
Ve +(T—-A A XX U s Wis W] sUDIp+|[Va * (T — A AU = Wi L« W] | =U])||p.

To bound the first term, we note that X « X | — U, * W, * W: * U: is tubal-symmetric with tubal rank at most 2r, so
we can write it as the sum of two tubal-symmetric tensors Z1, Z, € S™*"*F with tubal rank at most 7, and then apply
Lemma[G.4lto obtain

Vi (T - A AX+ X7 U s Wi s WU = Vi * (T - AA) (21 + 22)|r
< Vi (T —AA)(Z)|lF+ Vi = (T — A A)(Z2)||F
<O([|Z1]lF + (1 Z2]lF)
< O0V2(| 21 + Za|p
=0V2)| X+ XT U x Wi s W] «U] ||
<V2X X" U+ U] || F

For the second piece, we use the symmetric t-SVD to write U, * W; | * WfT L * U: =, Vixs;* VqT Then, we can
bound

[V * (T — A*A) U+ Wh 1 *WtT,J_*ut)”F_HvX* (Z-A*A (ZV *8; %V, )

F

I
< Z(SHVZ‘ * 8
=Z5H3z‘||2

=0 ‘Z/It*Wt,L*WL_*L[tT

*

< 6y/k(min{n, R} —r) Hut * Wi L * W;I,—J_ «U, r
< X=X —U U/ ||F,

where we have used the fact that U, «+ W; | * Wj | U, has tubal rank < min{n, R} — r along with the definition of ¢3.
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Hence,
Vs (T —-AADX«XT —UxU)|p
Vi s (T - AA(X =X U s Wis W] U l[p + Vi * (T = A AU s Wi« W/ 5+ U | e
<OV X+ XT U U] | p+ 0| X X —U U || P
CH72|‘X « X —U, *UTHF,

where we have used the assumption that § < f -2,

Similarly, we can bound
IV o, * (T — A AN X+ X7 U U ||p < cn 2|X X7 —U U] ||F,

and
(- A A(XxXT U +U)|| < exX X —U U] || F.

Then, by Lemmal|E.7| we have

IVEe (X X7 = U U )le < (1= 555020(X) ) IVEL = (X X7 — Uy s U ||x

200
Tain(X)

TE 00

[Ue Wi 1 *th *ut F
By the inductive assumption,
[V (X + X7 —U U < 10VEr (1 — g510mi0(X)?)
Also, using the inductive assumption and the bound from the previous part, we can bound
U« Wy 1 x WL_ *L{:HF < \/k:(min{n,R} —r)|[Us * Wy 1 *WL_ *U:H
< Vk(min{n, R} — r)|U; « W, 1 |]?

t—t1

1%

2(t—t1)
< /k(min{n, R} —7) (1 + 80uc2\/Eamm(X)2) [Us, * Wi, 1|12

2(t—t1)
< k(min{n, R} —r) (1 + 80,u02\/E0min(X)2) v 977/ 4 0in (X)) /4

Since t < t9, we have
300 5 T | x||7/4
t—t1 <to—t) < ————In( —=x'/* ,
e A KO min (X)2 " (18K min{n, R} —r ~7/4

2(t—t1)
[Ty« W, 1 = WZJ_ *L{:HF < \/k(min{n, R} —1) (1 + 80,u02\/E0min(X)2) e 9'77/4Umin(X)1/4

X 2 t=t X 2
somn(X)2) X

and thus,

A
[
I
=
~—
—
I
=

Combining these inequalities yields

Ve (s 2T U w U3 < (1= os02(X) ) [V # (X« XT — sy ]|
iy m;;)(o)||ut*wtuwu*uT||F
t—t1
(—%amm %)) 10V (1= qomom@) 2
(X) 5 M 2\ 2
mm . _ = .
A 00 2\/5(1 4000m‘“(x)) Il
1 t+1—t1
< 10Vkr <1 - Ouamm(X)Q) X2
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Hence, by induction, the five bullet points hold for ¢ + 1.
Iff = to, then, we can use Lemma the previous bullet points, and the definition of ¢, to bound

1+ X7 —Upx U ||p < 4[Vaer # (X x X7 —Ups U] )| p + Uz We | xWE | = U ||
T—t1

<40f<1— L uamm(x)“‘) uamm(«’\f)Q)A x|

1
X2—|— \/ 1-—
400 Il kr(

400

85 1 =
= ? kr (1 — 40()Mo'min(x)2) ||XH2
—-3/4

° " |
< VEr [ Z1/4 x|
= Vkr (18n k(min{n, R} —r) ~7/4 | X]]

S/ k5/4,r1/81173/16(Inin{n7 R} o T)3/8’}/21/16||XH11/16

If instead we have = ts, then

X« XT —Uz«U] ||p

<4||VXL (XX —U;*U;T)HF + [ Uz Wy | * W;TL *U;THF

<AX = XT —Up UL ||p + [Upx Wy | W <UL ||r

<4(v/k(min{n, R} —r) + 1)|U; * Wr | * VVT « UL ||F + Uz Wr | * W;{L « U ||F
=4(y/k(min{n, R} —r) + 5)|Us W; | * W?,L *thATHF
<4(y/k(min{n, R} — r) 4+ 5)y/min{n, R} — r|[Us* Wi | * W?T,J_ *utfn
<4(v/k(min{n, R} —r) +5)\/min{n, R} —rltds+ Wy, ||°

<A(y/Rlmin{n, B~ )+ 5)y/FGminn, B~ ) (14 80menhon(202) " [t + Wi, 2

<4(y/k(min{n, R} — r) + 5)y/k(min{n, R} — r) (1 + 80u02\/E0min(X)2)2(t7t1) L 9~03/325, ()32

O(cz)
. 5 r 1]
< _ 9O 1/4 63/32 1/32
Sk(min{n, B} —7) <18H \/k(min{n, R} —r) ~7/4 7 Tmin (%)
O(e2) 1/32
: 5 14 r |74 21/16 21/32||X||
Sk(min{n, R} —r) <18 \/k:(min{n, R} —r) ~7/4 1 1/32
O(e2) 21/32
<k(mingn, B — 1) [ 2 w1/t ] [ A VA . 1
~ ’ 18 k(min{n, R} —r) ~7/4 min{n, R}x3 K1/32
. O(e2)
_klmin{n, R} 1) (5, .1 e RSP
~ min{n, R}21/32 \ 18 k(min{n, R} —r) ~7/4

§k5/47,1/8ﬁ73/16(1nin{n’ R} _ 7,,)3/8,}/21/16||X“11/16.

So in either case, we have
||X % XT _ u?*u;[”F 5 k5/4rl/8K73/16(min{n7R} _ T)3/8721/16HXH11/16)

and thus,
| %+ X7 — U U] ||

X2 hS k5/4r1/8li_3/16(min{n,R} _ T)3/8721/16‘|X|‘_21/16'
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Finally, by the definition of t, we have that

t—t, <ty —t.
< (ta—t1) 4+ (1 —ty)

IN

om0 " (mm {1’ i 7] r>} lf)

N

F. Proof of Main Result

300 5 1 T | x| 7/ 16 2
———In{ =<k - vl s 5 log
2V kO min (X)2 18 k(min{n, R} —r) ~7/ O min (&) /10

Umin(X))

Now that our analyses of the spectral stage and the convergence stage are complete, we are ready to combine these pieces to
obtain the proof of our main result. Since A satisfies RIP(2r + 1, ), by Lemma A also satisfies S2SRIP(2r, v/ 2krd).

Hence, £ := (Z — A*A)(X * X ") satisfies

1€ = I(Z — A* A (X « X T)|| < V2rd|| X « XT|| < V2kr - e V2| X2 = eVEE 20min(X)2.

Then, by applying Lemma with e = Le~3%, we have that with probability at least 1 — k(Ce)fi—2r+1

C
- - ~ 1 - -
1 — ke 30(R=2r+1) _ pe—CR > 1 _ e33R _ pe=CR — 1 _ O(ke %), after

b < 1 1 2K2\/n
* S | - -

O min(X)? ésy/min{n; R}
iterations, we have

e, || < 3] x|l

Vs *Vu, ow,, || < v

and for each 1 < j < k, we have

where (since R > 3r and ¢ is a constant),

min{n; R
By choosing
—16r>
< 4coTmin(X) 2k2\/n
« )
~ k2min{n, R}k \ é+/min{n, R}
we have

CQUmin(X)
= -« —_—
TR S min{n, R}

-2

Also, =F—af = ﬁv < 27 holds. Therefore, we can apply Theorem which gives us that after

B
~ 1 . KT |X||)
t—te < ————In(min< 1, .
Mo'min(‘xv)2 < { k(mln{nv R} - T) } Y
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iterations beyond the first phase, we have

Uz UL — X X7 |5
X

§ k5/4r1/8H73/16(min{n’R} o 7n)?)/B,)/21/16H/YH721/16.

The total amount of iterations is then bounded by

t=t,+(t—t.)

S @ (J%) o (o {5

1 In 2K2\/n i {1 KT } [1X]|
¢sy/min{n, R} "k(min{n,R} —7r) ) ~

~ /~L‘7min(‘)€)2
< 1 In 2K2\/n -min{l KT } 4)|x||
~ /~L0min(x’)2 63\/ min{n, R} ’ k(mln{nv R} - 7") Olﬁ

< 1 In Ch1kn min 1 KT 1xI
™ Uomin(X)2 min{n, R} "k(min{n,R} —7) | ka )’

where we have used the choice of v = iaﬁ and the fact that 5 > /k. Finally, the error is bounded by

||U;*U?T—X*XTHF

EIE < B/4/8,73/18 (min (i, RY — 1)/8421/16]| ¢ || ~21/16

5 k5/4r1/8m_3/16(min{n, R} . r)3/8(aﬁ)21/16||X||_21/16

2k%\/n A a \*
5 k5/4741/8,€—3/16(min{n, R} _ 7“)3/8]{721/32 () <m>

&\/min{n, R}
21K2
N o\ 21716
< k61/32T1/8H—3/16(min{n’ R} — r)3/8 <2> ( ,
~ V/min{n, R} x|l

as desired.

Remark: One could obtain similar results for the cases where » < R < 2r and 2r < R < 3r by choosing the parameter
e € (0,1) appropriately.
G. Restricted Isometry Property

In this section, we show that a measurement operator which satisfies the standard restricted isometry property also satisfies
two other variants of the restricted isometry property - a fact which we used in our analysis of the convergence stage.

We say that a measurement operator A : S"*"** — R™ satisfies the spectral-to-spectral Restricted Isometry Property of
rank-r with constant § > 0 (abbreviated S2SRIP(r, §)) if for all tensors Z € S™*"** with tubal-rank < 7,

I(Z - A A)(2)] <3| 2]
We say that a measurement operator A : S"*"** — R™ satisfies the spectral-to-nuclear Restricted Isometry Property with
constant § > 0 (abbreviated S2NRIP(§)) if for all tensors Z € S™*"** with tubal-rank < 7,

I(Z - A" A)(Z2)| < 4] 2]

Lemma G.1. Suppose that A : S™*"*k — R™ satisfies RIP(r + 1',0) with 0 < § < 1. Then, for any Z,y € S"*nxF
with rank(Z) < r and rank(Y) < 1/, we have

(Z = A A)(2), V) <3| Z]FlIY]F-
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Proof. LetY' = Hi“Fy so that |||z = || Z||r. Note that Z + Y’ € Sk and Z — Y’ € S>>k both have tubal
rank < 7 + 7/, Then, by using the identities ||@ + b||?> — ||a@ — b||?> = 4 (a, b) and ||a + b||? + ||a — b||*> = 2|a||® + 2||b||?

(which both hold over any inner product space) along with the fact that A satisfies RIP(r + 77, §), we have:

(- A X)(2).Y) = (2.Y) — (A A2).Y)
V) = (A(2), AY")

Y) - Az + I3 + 1A - I
y)-

1 1 )
1( HZ+YNr+-0+0)2 -V

4(
/ / / 1 / /
z,y>_1 12+ Y15 = 12 -YNF) + 30 (12 + VIE+ 12 = V'E)

1
S8 (1213 +112)
=31 21¢13 1

In a similar manner, {((Z — A*A)(Z),Y") > —6| Z||¢||Y'|| r. Hence,
since ) is a scalar multiple of )', we have

(Z-AA)(2),Y)| <8 ZllF|Y||r Then,

(T = A"A)(2), D) = {FI= (2 - A A)(2), V)

O

Lemma G.2. Suppose that A : S"*"** — R™ satisfies RIP(r + 1,61), where 0 < §; < 1. Then, A also satisfies
S2SRIP(r, v kroy).

Proof. Suppose Z € S™*"* has tubal-rank 7. Since (Z — A*A)(Z) is symmetric, its t-SVD is of the form
(T - A"A)(Z) = Vz-a-a)2) * Ba-aa)2) * V(1-a-4)(2):

Now, define V = V(z_ a-4)(2)(:, 1,:) € R™** and let s € R*'** be defined by s(1,1,¢) = 1 eV 1273t where

J = arg max,, |(1,1, /). With this definition, one can check that ’<(I —A*A)(Z),Vxsx VT ||(I A* A (Z2)].
Then, since A satisfies RIP(r + 1,4, ) and rank(Z) < 7 and rank(V * s * V) = 1, by Lemma

3

1} we have

1T - A @) = (T - A A)(2), Vx5 VT)]

<&[[Vs«V|p|Z|r
=0Z|r

< & Vkr| Z|.

Since the bound ||(Z — A*A)(Z)| < §1Vkr||Z|| holds for any Z € S™*"** with tubal rank < r, we have that A satisfies
S2SRIP(r, Vkrdy). O

Lemma G.3. Suppose that A : S"*"*k — R™ satisfies RIP(2,55) where 0 < & < 1. Then, A also satisfies
S2NRIP(Vkd2).

Proof. Since A satisfies RIP(2, §3), by Lemmafor r = 1, A satisfies S2SRIP(1, v/kd). Now, suppose that Z €
Snxnxk Since Z is symmetric, it has a t-SVD in the form

ZZZVi*Si*ViT~

i=1
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Then, since each term V; * s; * VZT is symmetric with tubal rank 1, we have

(I —A*A) (ZVZ*SZ*V;F)H
i=1

Zn:(I — A*A) (V@ * 8 % Vj) ||

=1

I(Z - A" A)(2)

SiH(I—A*A) (Vl*sl*VzT)H

< é\/@(& HVZ * 8; *V:

= Vb |si
1=1

Since the bound ||(Z — A* A)(Z)|| < Vkds||Z||. holds for any Z € S™*"** we have that A satisfies S2NRIP(v/kd). O

Lemma G.4. Suppose A : S™*"*F —s R™ satisfies RIP(2r, §3), where 0 < 63 < 1, and V € R"*"*k satisfies Vviky =1
Then, for any Z € S™"** ywith rank(Z) < r, we have

Hv—r (T~ A*A)(Z)]HF < 33 2] F.

Proof. Let Z € S™*"*F andlet)y = H\))TT*T([(II—_X}‘:L;)((ZZ)])%IF € R™"*k Trivially, | Y||r = 1, and so, |V * V|2 =

(VY VxY) = <37, VsV )7> = (¥,Y) = ||Y||% = 1. Then, by using Lemma we have that

Ve -an@)| = (VT iz - A @) )

=((ZT—-A"A)(2)],V*Y)
<&l ZlFIV*Ylr
= 6| 2] F

H. Properties of Aligned Matrix Subspaces

In this section, we collect some properties of matrices and their subspaces, useful for the proof of the results in the tensor
Fourier domain.

Lemma H.1. ((Stoger & Soltanolkotabi, |2021)) For some orthogonal matrix X € C"™*" and some full-rank matrix
Y € C"™E consider XUY = VEWH, and the following decomposition of Y

Y =ywwi+yw, wh (H.1)
with its SVD decomposition Y = Zil ou;v! and the best rank-r approximation Y, = 22:1 ou;vil . Then if the distance
between the column subspace of Y, and the subspace spanned by the columns of X is small enough, that is || X 1Vy. || < %,

then the decomposition (H.I)) follows some low-rank approximation properties, namely

XMV | < 71XV | (H.2)
YW | < 20,11 (Y). (H.3)
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Lemma H.2. For a matrix X € C"*", r < n, with its SVD-decomposition X = VxXx W)I({ and some a full-rank matrix
Y € C*E, consider VY = VEWHY, and the following decomposition of Y

Y =YywwH +yw, wi. (H.4)

Let matrix H € C™*" be defined as
H=V3(Id+ pu2)YW

with some Z € C™*", parameter p < %HVHYH’2 and |VEVyw || < co with sufficiently small constants c1,co > 0.
Then H can be represented as follows

H = (Id + pX% — pPy + pPy + (2 P)Vx YW (Id — pWHY RV VYY)
with matrices Py, Py, Py € C™™" such that
P = VY YRV VI Ve (VA ) H(Id — VY Y V) !
Py:=VHZ - XXT + YYDV (Vi V) 71 Ad — VY wiwHyHyy )=t
Py =23 VAYW(Id — pWHY RV VYW Tty Ry
with
1P| < 4)YWP(IVis Vw12
1P|l < 4)1Z = XX + YYH|
1] < 21 X2y w2

Moreover, it holds that

Tmin(H) > (14 1075, (X) = pllPr]l = wl Poll = 12| Psl)) omin (VK'Y ) (1 = pogin (VXY)).

Proof. The proof of this Lemma follows from Lemma 9.1 in (Stoger & Soltanolkotabi, |2021)) by using an independent matrix
Z € C™ " instead of the matrix A* A(X X" — YY), omitting the assumption ||Y|| < 3|| X|| and updating respectively
the transformation steps. O

Lemma H.3. For a matrix X € C"*", r < n with its SVD-decomposition X = VxY.x I/V)}(I and some full-rank matrix
Y € CEand Yy = (Id + pZ)Y consider VEY = VEWH VY, = ViSiWH, and the following decomposition of Y
and Y1

Y =ywwHi +yw, wh
Yy = ViWW + viWwy W

Assume that VY1 W is invertible, which also implies that YiW is has full-rank, and that ||V)]gI TVvwl < % and p <

min {%HV}({LYVVLHﬂ7 é||X||f2} and moreover, u is small enough so that 0 < Id — pVE YWWHYHV L <1d.

Consider two matrices

Gp:= fV)?LYlw(V§Y1W)71V§Y1WLWEW1’L
G2 L= )I;ILYIWJ_WJI:IWLJ—'

Then these matrices can be represented as
G1 = Wi Vew (ViVayw) P ML VLYW Wi
with My = VI(ZVx 1 — X XUV 1) and
Gy = (Id — uMy 4+ pM)VE YW, (Id — pWHYRY W) — p?(My — Mg)V)?LYWLWfYHYWL)

SwWhHwW
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with My = V)I({L YWWHYHV\ and Ms = V)I({i (Z — (XX" -~ YYWN))Vy.. Moreover, the norm of G and G can be
bounded respectively as

1G1 < 2u(IVE Ve wllIIY W2 + 12 — (XXT = YYE)DIVE Vi [ Y W
1Gall < IYWLI(1 = pllY WL + ) Z = (XXT = yYH)))
2 (W2 412 = (XXT =Yy ™)) [y w .
Proof. The proof of this Lemma follows from Lemma 9.2 in (Stoger & Soltanolkotabi| [2021)) by changing the matrix

A*A(X XT — YY) to the independent matrix Z € C™*" and taking into account the respective changes without having
the condition ||Y'|| < 3| X . O

Lemma H.4. For a matrix X € C™"*", r < n with its SVD-decomposition X = VxXx W)Ig and some full-rank matrix
Y € CEand Yy = (Id + p2)Y consider VEY = VEWH, VY, = ViSy W, and the following decomposition of Y
and Y1

Y =YWWH +vyw, wi,

Vi =ViWiW 4+ viwy W

Then it holds that

IZI[I[Y W]
CTmm(V)?Y)

1Z — (XX" - yYH)

I
YW H.5

IWEWA < u (1 tu ) YWY WL IVE Vew] + s

Moreover, if for P .= YW WHW, (VE, YWWHW) =1V the following applies
|nZ + P+ pZP| <1,
then it holds that

7!
VAL Vaaws |l < IV (1= £02,(0) + ulY WL ) + 4l 2 = (XX™ - yY )|
2 WHWA [ YW |
Umin(WHWI)Jmin(YW>
2
W Wy W |
Umin(WHWI)Umin(YW)

+ (1 + pllZ]]) (H.6)

T 57 (uZI L4zl

Proof. The proof of inequality (H.5) follows from the first part of the proof of Lemma B.3 in (Stéger & Soltanolkotabil
2021). For this one needs to change the matrix A* A(X X H_ YYH) in (Stoger & Soltanolkotabi, [2021) to an independent
matrix Z € C™*" and take into account the above-given decomposition of matrices Y and Y7 and lack of assumptions on p
and the norm of matrix Z. Inequality (H.6) follows from the proof of Lemma 9.3 in (Stger & Soltanolkotabil 2021). O

1. Random Tubal Tensors

In this section, we derive bounds on the minimum and maximum singular values as well as the Frobenius norm of a random
tubal tensor with i.i.d. Gaussian random entries. In our analysis of the spectral stage, we applied these lemmas to the small
random initialization.

We start with the following proposition from Rudelson and Vershynin (2009), which bounds the smallest singular value of
an r X R random real Gaussian matrix.

Proposition I.1 ((Rudelson & Vershynin, 2009)). Let G € R™*¥ with r < R have i.i.d. N'(0,1) entries. Then, for every

€ > 0, we have
Omin(G) > 6(\/§ —Vr—1)

with probability at least 1 — (Ce)®~"+1 — e=°R_ The constants C,c > 0 are universal.
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Also, the following proposition from Tao and Vu (2010) bounds the smallest singular value of an r X r random complex
Gaussian matrix.

Proposition 1.2 ((Tao & Vu,[2010)). Let G € R™" have i.i.d. CN (0, 1) entries. Then, for every € > 0, we have

O min (G) 2

=

with probability at least 1 — €2.
Using these propositions, we can obtain a bound on the smallest singular value of an  x R random complex Gaussian

matrix, provided that r < R.
Lemma L1. Let G € C"™*F withr < R have i.i.d. CN'(0, 1) entries. Then, for every € > 0, we have

e(WR—V2r—1) ifR>2r

W ifr<R<2r

O min (G) Z

with probability at least
1— (Ce)F=2rtl —e=¢R ¥R > 2r
1 — €2 ifr<R<2r '

The constants C, ¢ > 0 are universal.

Proof. First, suppose R > 2r. Let G = UXVH be the SVD of G where U € C"™*" and V' € C*® are unitary and
3 € R™*%, Then, the following real 2r x 2R matrix has a real SVD of

[Re (G} —Im {G}}

el i = et T 8 e ~tm (V)]

Lm{U} Re{U} | [0 2| |Im{V} Re{V}

By using the fact that for any A € RP*? with p < q, opin(A)? = mg}, | AT x||2, we have
EAS
llzl2=1

@ = ([518] (@)Y

min
zeR?"
lz|l2=1

Re{@” (x| |
I {&)" Re{a)"|”

2

weRQr
llzl2=1

-y [Jfreter iy el [ weier]of]

2 2
> min H [Re{G}T Im {G}T} a:H2 + min H [Im{G}T Re {G}T] wH2
zER>" zER?"
llz|2=1 lz]l2=1

oo ([ fEl]) e ([R565])
e ([fE)])

where the last line follows since reordering the rows of a matrix or flipping the sign of some rows doesn’t change the singular

values.

Since G € C"™ % has i.i.d. CN(0,1) entries, v/2 Re {G}
Im {G}

tion [T} we have that

} € R?% has i.i.d. N(0,1) entries. Therefore, by Proposi-

Gin(G) > Omin (x/i Eﬁ}gﬂ) > (VR — VI —1)
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with probability at least 1 — (Ce)F=2r+1 — ¢=¢E a5 desired.

Next, suppose r < R < 2r. Let G-« be an r X r submatrix of G. Then,

omn(G)” = min |G%l3 > min |IGrG#(} = omin(Grer)”
l&2=1 llzl2=1

Hence, by Proposition[[.2] we have
Umin(G) > Umin(err) >

=

with probability at least 1 — €2. O

Using the above lemma, we can bound the smallest singular value of an r» X R X k tubal tensor.
Lemma L.2. Let G € R™%% with r < R have i.i.d. N'(0, %) entries. Then, for every € > 0, we have

eVE(VR —2r — 1)
VR
eVk

VIR

if R >2r
Umin(G)

Y

ifr<R<2r

with probability at least
1 —k(Ce)F=2r+l —ke=°R fR > 2r
1 — ke ierR§2r'

Proof. Since the entries of G are i.i.d. NV'(0, %), the entries of G areii.d. CN(0, £). Hence, each scaled slice \/éé(j) €
C™>Fforj=1,...,khasiid. CN(0,1) entries. By Lemma each scaled slice satisfies

oy e(VR—+2r —1) ifR>2r
Omin <\/EQ(J)) 2 ( )

- ifr < R<2r

\/77

with probability at least
1— (Ce)f=2r+l =R if R > 2
1—¢ ifr <R<2r’

Then, by taking a union bound, we have that

eVE(WR - 2r —1)

; if R>2r
. ~ ()
Gun(9) = min oy (g ﬂ ) > VR
1<j<k eVk .
ifr <R<2r
VIR
with probability at least

1— k(Ce)fti=2rtt —ge=R if R > 2r
1— ke? ifr<R<2r’

The following proposition bounds the operator norm of an » X R random Gaussian matrix.
Proposition 1.3 ((Vershynin, 2018). Let U € C™ 2 have i.i.d. CN (0,1) entries. Then, with probability at least

1— O(e‘cmax{”’R}), we have
U]l £ vmax{n, R}.

Using the above proposition, we can bound the norm of an n x R x k random Gaussian tubal tensor.

56



Implicit Regularization for Tubal Tensors via GD

Lemma L3. Let U € R"* %% have i.i.d. N'(0, L) entries. Then, with probability at least 1 — O(ke=¢™2{"B}) ye have

1
'R

kmax{n, R}
< 2R Y
Jua) 5 /et A

Proof. Since the entries of U are i.i.d. N'(0, %), the entries of U are i.i.d. CN(0, %) Hence, each scaled slice 4/ %Zjl(]) €
Cr*f forj=1,...,khasiidCN(0,1) entries. By Proposition each scaled slice satisfies

H \/%Ijl(j) < vmax{n, R}

with probability at least 1 — O(e‘“n‘“{”’R}). Then, by taking a union bound, we have that

< |k max{n, R}
~ R

with probability at least 1 — O (ke~¢max{n.R}), 0

| = max 27"
1<<k

Lemma L4. LetU € R™ % have i.i.d. N'(0, %) entries. Then, for any fixed V1 € Rk with |[V1|| = 1, we have

U «Vi|r < VE

with probability at least 1 — O(ke™°E).

T
Proof. Since the entries of U are i.i.d. N'(0, %), the entries of U are iid. CN(0, %), and thus, the entries of U  are
—=(9)
also i.i.d. CN'(0, £). Then, for each slice j = 1,.. ., k, each entry of the matrix-vector product u'’ ng) € CRisiid.
CN(0, |V§j) ||%). Hence, the quantity
—0) )|
u' v,
on H F
L NTE
vij)
F
has a x*(2R) distribution. It follows that
(@) ~
s ]
F F

holds with probability at least 1 — O(e~“?). By taking a union bound over all j = 1,..., k, we get that
k
=3[
F j=1

ie., U« Vi||p =< VE with probability at least 1 — O (ke F). O

o owif, g o - T
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