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ABSTRACT

Transformers excel through content-addressable retrieval and the ability to ex-
ploit contexts of, in principle, unbounded length. We recast associative memory
at the level of probability measures, treating a context as a distribution over to-
kens and viewing attention as an integral operator on measures. Concretely, for
mixture contexts v = I~ ! Zle £ and a query z4(i*), the task decomposes
into (i) recall of the relevant component £(*") and (ii) prediction from (fix, Tq)-
We study learned softmax attention (not a frozen kernel) trained by empirical risk
minimization and show that a shallow measure-theoretic Transformer composed
with an MLP learns the recall-and-predict map under a spectral assumption on
the input densities. We further establish a matching minimax lower bound with
the same rate exponent (up to multiplicative constants), proving sharpness of the
convergence order. The framework offers a principled recipe for designing and
analyzing Transformers that recall from arbitrarily long, distributional contexts
with provable generalization guarantees.

1 INTRODUCTION

Transformers (Vaswani et al., 2017) have achieved strong empirical performance across natural lan-
guage (Brown et al., [2020), vision (Dosovitskiy et al.,2021), and speech/audio (Dong et al., [2018]).
Two properties motivate our study: (i) content-addressable retrieval of associated information—an
associative-memory view of attention—and (ii) the ability to leverage contexts of variable, in prin-
ciple unbounded, length.

In this work, we cast associative memory at the level of probability measures, treating context as
a distribution over tokens, and develop a rigorous statistical analysis of learned softmax-attention
Transformers in this measure-theoretic setting.

Associative memory provides a unifying lens on how neural systems store and retrieve from partial
cues: from early self-organizing and correlation memories to Hopfield attractors (Amari, [1972;
Kohonen, [1972; Nakano, |1972; Hopfield, [1982; |1984). Transformers recast associative memory or
recall via content-addressable attention, formally equivalent to Hopfield-style associative updates
(Vaswani et al.l [2017; Ramsauer et al.l [2021). Recent studies quantify memory emergence and
capacity (Bietti et al.l 2023 |Cabannes et al., |2024; Mahdavi et al.l 2024; Kim et al., 2023} Jiang
et al.| [2024; Nichani et al., [2025)).

As Transformers are engineered to ingest massive text corpora and long contexts, researchers have
formalized this “context” as a probability measure over tokens, yielding a measure-theoretic handle
on variable-size inputs. Summarizing the text data as one measure by the law of large numbers helps
them to show results that are independent of the text length. A measure-theoretic view of Trans-
formers formalizes attention as a map on distributions, enabling analysis of stability and emergent
structure (Vuckovic et al., [2020; [Sander et al.| 2022} |Geshkovski et al., [2025; [Burger et al.| [2025).
On the expressivity side, Transformers can interpolate between input/output measures (Geshkovski
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Figure 1: Associative recall at the level of measures (informal): the query x4(¢*) selects the rel-

evant component measure uiz(q)) from the mixture v Zfil ui@), followed by prediction from

(,ug’*), Zq). Note that each /17(]()1) is constructed by v(*) € S and a measure p((f) on R%,

et al |2024) and even uniformly approximate continuous in-context mappings where the context is
itself a probability distribution (Furuya et al., 2025).

Recent work has developed statistical analyses of Transformers with infinite-dimensional inputs. Yet
the link to associative memory—arguably a defining feature of attention—remains under-specified.
Prior generalization results in distribution regression typically assume a frozen (non-learnable) at-
tention kernel (Liu & Zhou, 2025)), leaving unclear how learned attention retrieves the associated
measure. Likewise, in a sequence-based in-context setting with infinite-dimensional inputs (Kim
et al.,|2024)), the analysis was carried out under linear attention, whose limited expressiveness makes
it difficult to realize the sharp, spiky weight distributions achievable by softmax attention (Han et al.,
2024} Fan et al.,|2025)). These considerations motivate the central question:

Q. Can a learned softmax-attention Transformer recall an infinite-dimensional (measure-valued)
context and predict from it with provable generalization guarantees?

“Associative memory” at the level of measures (informal). Consider a text corpus composed
of I documents. We model each token as a vector z = (v,z) € R% x R9, where v encodes a
document-level feature (e.g., topic) and z encodes token-level content. For document ¢, the docu-

ment feature is a fixed vector v() € S%, while the content part z is sampled from some distribution
u((f) on R%. In the limit of an infinitely long document, the empirical token distribution of docu-
ment 4 converges to a probability measure /i, () on R+ namely the law of z = (v(*), Z) with
(@)

Z ~ pg . The context seen by the model is then the mixture

I
v = Zwiufjl()i)a wiZOa Zwlzla
i=1 i

representing a whole dataset containing many documents. Given such a mixture v and a query x4 €
R91+42 whose first d; coordinates align with some document feature ol ), the desired “associative
memory” behavior is:

* first, recall the component indexed by ¢* from the mixture v, and

* then predict a scalar quantity that depends only on the associated content distribution Mo (and
possibly on z).

We denote by F* : (v,2q) — F*(v,2q) € R this ground-truth recall-and-predict map: by con-

struction, its output depends on v only through the single component u( ") selected by the query
(Fig.[I). We study learned softmax-attention Transformers (with an integral/empirical measure view
of attention) trained by empirical risk minimization (ERM) to implement this recall-and-predict
pipeline. On the statistical side, we work in a very smooth regime: we endow the space of con-
text measures with a reproducing kernel Hilbert space (RKHS) whose Mercer eigenvalues satisfy
Aj < exp(—cj®) for some o« > 0 (as for Gaussian-type kernels (Scholkopf & Smola, 2002)).
This spectral decay encodes strong smoothness of the underlying densities and induces an effective
dimension that will govern our learning rates.
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Contributions. We now outline the principal contributions of this work:

1. Associative memory at the level of measures. We formalize a general, mathematically rigorous
framework for associative recall over measures: given a measure-valued context and a query,
a recall operator selects the associated measure, and a predictor maps the recalled measure
together with the query to an output. We formalize query-conditioned selection from arbitrarily
long contexts: the model recalls the associated probability measure capturing the relevant content
and predicts from its statistics.

2. Generalization. We show that a shallow (depth-2) measure-theoretic Transformer composed
with an MLP can learn the recall-and-predict mapping at the level of measures (Theorem [IJ).
In contrast to linear attentions (Kim et al., 2024) or frozen kernels (Zhou et al., 2024), soft-
max attention enables sparse and adaptive recall of the relevant measure. For empirical
risk minimization over a bounded-parameter hypothesis class—provided the number of recall
candidates is not excessively large—we establish the sub-polynomial population-risk bound
exp{—06((log n)e/ (QH))}, showing that the statistical difficulty is governed by the kernel’s
Mercer eigen-decay .

3. Minimax Optimality. We prove a minimax lower bound with the same rate exponent
(logn)®/(@+1) establishing the sharpness of the convergence order (Theorem . Thus, un-
der our spectral and mixture-growth assumptions, the proposed measure-theoretic Transformer
is minimax-optimal in the order of the exponent, though multiplicative constants may differ.

The remainder of this paper is organized as follows. Section [2] reviews related work. Section [3|
introduces the problem setting and the student model. Section4] presents our main theoretical results.
Section 5] concludes with discussion. Technical details and proofs are deferred to the appendices.

2 RELATED WORK

Associative Memory and Recall. Associative memory concepts originated in early neuroscience
models (Hopfield, [1982; |Amari, |1972; [Kohonen| |1972; [Nakanol (1972; Hopfield, 1982} [1984)), fol-
lowed by |Graves et al.| (2014); Weston et al.| (2014); |Ramsauer et al.[(2021); Millidge et al.| (2022).
The Transformer architecture is closely related to associative memory by employing self-attention
as a content-addressable mechanism (Vaswani et al.l [2017). Recent work has increasingly focused
on how associative memory emerges and scales within Transformer architectures (Bietti et al., 2023
Cabannes et al.,|2024; Mahdavi et al.|[2024} | Kim et al.,[2023;; Jiang et al., 2024; Nichani et al.,[2025)).

Transformers for Infinite-Dimensional Inputs. A measure-theoretic perspective has enabled in-
sightful analysis of Transformer architectures. [Vuckovic et al.| (2020); [Sander et al.| (2022) formal-
ized self-attention as a map on probability measures. Its Lipschitzness is explored in |Castin et al.
(2024). Building on that framework, (Geshkovski et al.| (2023} [2025); Burger et al.| (2025) modeled
self-attention as an interacting particle system. Geshkovski et al.| (2024) proved a universality result
showing that Transformers can interpolate arbitrary input—output measure pairs, later strengthened
by [Furuya et al.| (2025) to uniform approximation of continuous mappings over distributions and
queries. On generalization, |[Liu & Zhou| (2025) studied distribution regression, though restricted to
a frozen attention kernel. In the context of sequential, infinite-dimensional inputs, Kim et al.| (2024)
studied in-context learning with linear attention, which essentially reduces to averaging behaviors;
hence their analysis assumed relaxed sparsity and orthonormality of the recall candidates, reflecting
the difficulty of achieving spiky one-hot recall in contrast to softmax attention (Han et al.|[2024; [Fan
et al.l [2025)).

MLP Approximations of Functional Mappings. In statistical learning,[Mhaskar & Hahm|(1997)
laid the groundwork by showing that multi-layer perceptrons (MLPs) can approximate continuous
nonlinear functionals over function spaces in a optimal rate that was generalized by [Stinchcombe
(1999). Rossi et al.| (2005) introduced a novel functional MLPs which is applicable to functional
data, followed by variants (Yao et al., [2021; |Song et al., [2023; [Zhou et al.l 2024). On the opti-
mization front, [Suzuki| (2020); |[Nishikawa et al.| (2022) established global optimization assurances
for two-layer networks operating in a infinite-dimensional regime.
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3 PROBLEM SETTING

Notations. For integers N; < N, and v € RY, we write vy,.n, = (vn;,...,Vn,) . Fora
matrix A, ||Al|o denotes the number of nonzero entries and || A||o = max; ; |A; j|. We write A for
the Lebesgue measure on R, and fap for the pushforward of 1 by f. For a measurable space X,
P(X) denotes the set of probability measures and M (X) the set of nonnegative measures. We use
(Q, F,P) for a probability space, || f||L» and || f|| for the usual LP and essential sup norms, and
Px for the law of a random variable X . Expectations are written E[-] or Ex[-] with the law of X.

Our Regression Problem. We now formalize the informal recall-and-predict scenario from the
introduction.

Definition 1. Let X; C R be a bounded token-content space and let X C R% %92 denote the
token space with the decomposition 2 = (v, z), where v € R encodes a document-level feature
and z € X, encodes token-level content.

1. Mixture contexts and queries. Each document ¢ € [I] is associated with a document feature
v € S% -1 and a content distribution ué’) € M4 (Ap). Informally, ,ug’) represents the distribu-
tion of token contents (e.g., words or embeddings) appearing in document ¢. The corresponding
token distribution on X is the product measure

Mq(;l()i) = 5,0(71) X M(()l) = (Embv(i) )uugt),

1()1'()1_> is the
joint distribution of the document feature v(*) and the token content in document . A context is
a mixture of these component measures,

where Emb, ;) () == (v(¥), 2) and f;u denotes the pushforward of x by f, so that y

I
1 i
v o= YZ/,LEJ&) € P(X),
i=1

which represents the token distribution of a whole dataset containing / documents. Concretely, v
is the law obtained by first sampling a document i € [I] at random and then a token z = (v(¥), 2)
from that document. Given such a mixture, a query x4 € X is constructed so as to indicate a
distinguished index i* € [I]. For concreteness, we take

Tq = {v(“)] = Emb, i+ (04,) € R T2,
0d,
that is, the document feature () padded with zeros in the last do coordinates
2. Ground-truth recall-and-predict map. The learning task is to predict a real-valued response
y = F*(v,zq) +€, &~ N(0,0%),

from the pair (v, zq). The key structural assumption is that F'* depends on the context v only
through the single component associated with the index ¢* selected by the query. Equivalently,

there exists a (hidden) functional F* such that
. . s .
F*(v,zq) = F*(/‘E)z )75501)7 V= %Zi:lljﬂ(;()iw
so that the regression map (v, z4) — F* (v, z,) decomposes into the two conceptual stages
( v, xq) recall % /i(()i*) predict F* (/i(()i*), (Eq).

For instance, F™* (v, xq) could be a sentiment score of document ¢*, or the probability that docu-
ment ¢* mentions an entity specified by the query.

In particular, F™* must first associate the query with the relevant component of the mixture context
and then predict a scalar from the recalled component (e.g., in-context learning (Brown et al.| 2020)).
This formalizes an “associative memory” task at the level of probability measures.

"More general queries, e.g. with a nonzero content part, can be treated as well; we fix the zero padding here
for notational simplicity.
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Statistical Estimation Problem. Motivated by the recall-and-predict regression task described
above, We now formulate the associated statistical estimation problem. We observe n i.i.d. samples

n
Sn = {(Vta Ty yt)}tzl
drawn from the joint distribution of (v, x4, y). Let F denote a hypothesis class of measurable func-
tions F : P(Xp) x R4+d2 5 R, Given the training data, we define the empirical risk minimizer

. ~ 2
F = argminper B, [(y — F(v,2q))7],
where &, denotes the empirical expectation over the n samples. Given a hypothesis (regressor) F,
our goal is to learn F™* 50 as to minimize the squared L? loss

R(F*,F) = ESn [HF*(% xq) _F(Va xq)’|i2(pqu)]~

RKHS viewpoint on content measures. Before stating the assumptions, we briefly recall how
the kernel K induces a function space for modeling token distributions. Given a positive definite
kernel K : Xy x Xy — R on the bounded token-content domain X, C R%, there exists a unique
reproducing kernel Hilbert space (RKHS) (e.g., (Scholkopf & Smola, 2002)) H of functions f :
Xy — R such that

K(,z) € Hy and f(x)=(f,K(-,z))n, forallz e Xp.
Intuitively, H is the class of “smooth” functions compatible with K. In the Mercer basis
K(z,2") = 32551 Ajej(w)e; (),
every f € Ho can be written as f(z) = 3,5, bje;(x) with finite RKHS norm [|f[3, =
> i>1 b? /A;. Large coefficients b; in high-frequency directions (small \;) are penalized heavily, so
H, favours functions whose energy is concentrated on low-order eigen-components. In our setting

we represent each content measure u((f) by its density P, on Xy, and we require these densities to
0

lie in a fixed ball of . The rapid eigenvalue decay \; =< exp(—cj®) corresponds to a very smooth
(Gaussian Kernel-type (Scholkopf & Smolal 2002)) regime in which the effective dimension of this
function class is small; this effective dimension will drive our statistical rates.

3.1 ASSUMPTIONS AND TECHNICAL SETTINGS

We now state the high-level assumptions used in our upper- and lower-bound analyses. Full tech-
nical versions are deferred to Appendix [A.T] Throughout this subsection, contexts and queries are
generated as described in the beginning of Section 3]

Assumption 1 (Smooth kernel and regular content measures). Let Xy C R be a bounded token-
content domain and let K : Ay x Ay — R be a positive definite kernel with Mercer expan-
sion (Scholkopf & Smolal [2002)

K(z,2') =) Aej(x)e;(a’).
Jj=1

We assume (i) The eigenvalues decay exponentially, i.e.,\; =< exp(—cj®) for some ¢,a > 0 (a
Gaussian-type smoothness regime), (ii) Each content distribution pgf) is a finite measure on Aj
whose density lies in a fixed ball of the RKHS H induced by K. Informally, the token distributions
are very smooth and their effective dimension is small, since most of the mass lies in low-order
eigen-components. We focus on this exponentially decaying regime as a first step, to keep the
analysis transparent.

Example 1 (Heat-kernel RKHS (Grigor’yan, 2006)). Consider Xy = [0, 1] and the Laplace op-
erator A = % with Dirichlet boundary conditions. lIts eigenfunctions and eigenvalues are

ex(x) = V2sin(knx) and ¢, = (k)% for k > 1. The heat kernel, the fundamental solution of
the heat equation describing how heat placed at y at time 0 spreads to x by time t, is

Ki(z,y) = X5 e S en(@)en(y) = ey €™ Flen(x)ex(y),

so the Mercer eigenvalues satisfy \j, = TR = exp(—ck‘2) and Assumption|l|holds with o = 2.
More general constructions on compact manifolds are recalled in Appendix
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Assumption 2 (Separated context vectors). The context vectors v € S%~1 ysed to construct the
mixture (T)) are well separated: <v(i),v(i/)> < 0, foralll <7 < ¢ < I, and we assume I < d;.
This guarantees that different documents are sufficiently distinguishable for the recall ste;ﬂ

Assumption 3 (Lipschitz ground-truth functional). There exists a metric dp.oq on the space of

pairs (0, ), induced by the RKHS structure above, such that the hidden functional F* : { uéi)} X
R%1+d2 3 R is L-Lipschitz:

‘F*(/Lo,x) - F‘*(MG,IIJ/)’ < Ldprod((ﬂOax)v (ME),.’E/))

for all admissible inputs (pg,x) and (y(, z). In the proofs, dproq Will be the sum of an RKHS-
induced distance between densities and the Euclidean distance between queries; see Appendix [A.]
for its precise form.

Assumption 4. Each content distribution uéi) is a probability measure on Xj.

Setting 1 (Probability setting for upper bound (Setting 1)). Contexts and queries are generated as
in Section [3] Assumptions [T} 2| 3] and ] hold. In other words, we consider smooth (Gaussian-
type) content probability distributions in an RKHS ball, well-separated context vectors, and an L-
Lipschitz ground-truth functional with respect to an RKHS-induced metric.

Structured model for lower bound. For the minimax lower bound, we work with a simplified
random model for the content densities, following [Lanthaler| (2024): the density of 1 is generated
by random coefficients in the Mercer expansion of K.

Assumption 5 (Informal structural model for densities). Let (A;,e;) be the spectrum of K as in
Assumption We assume that %(m) = D s A?(l)Zjej (x), where the coefficients Z; are
independent, bounded random variables with unit variance. The full set of structural conditions is
given in Assumption[§]in Appendix[A.1]

Setting 2 (Structured setting for lower bound (Setting 2)). Contexts and queries are generated as
in Section [3] Assumption [I] [2] and 3] hold, and the densities of the content measures follow the
structural model in Assumption [5] In this setting we derive minimax lower bounds under random
Mercer coefficients.

3.2 STUDENT MODEL: MEASURE-THEORETIC TRANSFORMERS

We define our student model as a class of measure-theoretic Transformer architectures following
Furuya et al.| (2025).

Measure-Theoretic Attention. Given a set of tokens X = (z4)%, € R%w=X% and a query
2 € Rt that encodes information about some of the tokens, a single unmasked attention head
with parameters /") = (K", Q", V") in an “in-context” form (Furuya et al., 2025) computes

SAttngon (X, z) =3, Softmax ((Q"z, K" X)) Vha;,

where Softmax((z1,...,2n)) = (exp(2:)/ >_; exp(z;))Y ;. A standard multi-head attention with

H heads is then MSAttng(X) = Y1 W"SAttngm (X, ) with Wh € Rdawnxdaven  In the
unmasked case, attention is permutation-equivariant in the token indices. This allows us to represent
the input set by its empirical measure, in particular, in the form of a mixture measure

vx =1 Zle (w% Yy Oy ® 5u§1,)> € P(Rdatn)  in the limitas w — oo,

where v(*) € R% (group-shared, possibly indicated by the query), uy) € R? (token-specific) for
ie[l:1],0e[l:w), >, w; =w and rewrite attention in a measure-theoretic form, where the
integral replaces the discrete sum in the limit.

2A similar separation/orthogonality structure is used in theoretical analyses of factual extraction in trans-
formers, e.g.,/Ghosal et al.|(2024)
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Definition 2 (Measure-theoretic attention layer (Furuya et al.l 2025)). Let d,, be the embedding
dimension for the attention. The measure-theoretic attention layer Attng : P(R%atn) x Rastn —
Rt s defined by

H
Attng(v, z) = Az + Z wh / Softmax((Q"x, K"y)) V'y dv(y),
h=1

where Softmax((Qz, Ky)) = exp ((Qz, Ky)) / [ exp ((Qz, Kz)) dv(z). Here A € Ratin*daten
applies a learned linear transformation to the skip connection.

When v is an empirical mixture measure vy, this reduces to the standard discrete attention layer
(we do not pursue the discrete case in this work). We expect that the query x indicates tokens in the
i*-th component in vx based on the group-shared vector v(*") and the model can recall them. We
constrain these layers via the following bounded-parameter hypothesis class.

Definition 3 (Attention hypothesis class). For constants By, B/, S,, S, F' > 0, define the class of
H-head measure-theoretic attention layers

-A(dattana Ba,B;7Sa,S;) = {Attng | mha'X{”WhHooa ||Qh||007 ||Kh||007 ||Vh||oo} S Ba7
max {[W" o, [Q" o, 1K [lo, [IV"llo} < Sa, [Alloe < By, [[Allo < S5 [|Attngllo < F},

<B, <
where | M|oo = max; ; |M;;|, ||M]o is the number of non-zero entries, for a matrix M. We

assume W" Q" K" V" are square matrices for simplicity. We write A(dattn, H, Ba, S,) when
B! = B, and S}, = S,,.

MLP Layer. In addition to attention, a Transformer block also includes a feedforward component.
Since this part does not depend on the underlying measure p, we model it simply as a standard
multilayer perceptron (MLP), defined below.

Definition 4 (MLP hypothesis class). Let £ € N be the depth and p = (po, p1,...,pr+1) € NE+2
be the layer widths. A neural network with architecture (¢, p) is any function of the form

fiRPO 5 RPAH . x s f(x) = Weoy,Wi—10vy,_, - - Wioy, Wox,

where W; € RPi+1XPi is the weight matrix of layer ¢ and v; € RP? is a shift (bias) vector applied
through the activation oy, (z) = o(z — v;) with ReLU activation function 0 : R — R. The
hypothesis class of MLPs with architecture (¢, p) is denoted

F(l,p,s, F) = {f of the form above |
max; { | Wjlloo, [vjlec} < 1,55, [Willo + [vjlo < 5. [ flloe < F}

Transformer Hypothesis Class via Composition. To formally describe a Transformer within
our measure-theoretic framework, we introduce the notion of composition for measure-theoretic
mappings, following |[Furuya et al|(2025). This will allow us to view a multi-layer Transformer as
a successive composition of attention and feedforward layers, in exact analogy with the standard
architecture.

The key idea is that such a mapping I' acts simultaneously on a token = and on its generating
distribution p. Given z ~ p, applying I" produces a transformed token I'(y, z) and induces a new
distribution on transformed tokens I'(x, z), namely (I'(p,-))sp. Thus, composing two mappings
means successively applying these joint transformations at both the sample and distribution levels.

o - . . FIe) FIeh) 4@
Definition 5 (Composition of measure-theoretic mappings). Let Ty : P(R% ") x R%1~ — R%

and I's : P(Rdg)) x R%E — RE” with d§2) = dél). Their composition is defined as
(TaoT)(v,x) :=To(p1,T1(v,x)), where pq = T1(v,-))sr.

Remark 1. If we interpret v as a limit of empirical measure vx = limy,—, oo % 27:1 0z, then the
composition I'y ¢ I'; acts by updating both the individual tokens and their empirical distribution. In
this case, the construction is consistent with the standard layerwise composition in a Transformer:
each layer maps the sequence of tokens (z1,...,x,) to a new sequence, while the corresponding
empirical distribution is updated accordingly.
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Building on the notion of measure-theoretic composition introduced above, we can now formally
describe a Transformer as the successive composition of attention and feedforward layers. The
following definition specifies the corresponding hypothesis class.

Definition 6 (Transformer hypothesis class). For parameters
(dj, Hj, Ba,j, B} j; Saj, St j> 45, g, 55)§=1 define TF as the set of mappings of the form

a,j’
Attng, © MLP¢, ¢ --- ¢ Attng, o MLP¢,,
where Attng, € A(dj, Hj, Baj, By j, Sa,js Sq ;) and MLP¢, € F(¢;,pj, s;). MLP layers are

a,j’?

independent of p (i.e. MLP¢, (1, z) = MLPg¢, (2)), and all intermediate outputs are assumed
uniformly bounded.

4 MAIN RESULTS

4.1 ESTIMATION ERROR OF MEASURE-THEORETIC TRANSFORMERS

We begin with the generalization performance of measure-theoretic Transformers in the recall-and-
predict task. Throughout this subsection we work under the Probability Setting (Setting[I)), where
each content measure u((f’) has a smooth RKHS density on Xj and the number of mixture components
is not too large.

Theorem 1 (Sub-polynomial convergence; informal version of Theorem . Let F*(v,zq) =
F *(ugi*), xq) be a Lipschitz recall-and-predict map as in Section |3 and assume that the eigen-
values of the underlying kernel satisfy \j < exp(—cj®) for some o > 0. Suppose that either (i) the
number of mixture components satisfies I < di < (log n)l/(a“), or (ii) F* does not depend on
xqand I < d; = n°N). Then, for a suitable choice of architecture parameters (defining a depth-2
measure-theoretic Transformer class TF,,), any empirical risk minimizer F, over TF,, satisfies

R(F*,Fn) < exp{ — Q((]Ogn)a/(a+1))}
under Setting I

Statistically unifying associative recall and infinite-token regimes. Prior work studied (i) asso-
ciative recall in Transformers (Ramsauer et al., 2021) and (ii) infinite-token / infinite-dimensional
inputs modeled as measures (Vuckovic et al., 2020). Theorem [I| integrate these threads by giv-
ing a statistical theory of measure-level associative recall: a measure-theoretic Transformer with
learned softmax attention can recall-and-predict at the level of measures—sparsely isolating the
query-relevant component of v and basing the prediction on the recalled measure, in contrast to the
universality or approximation results (Geshkovski et al.l 2024} Furuya et al., 2025).

Informal interpretation: effective dimension. The spectral decay \; =< exp(—cj*) means that
only the first few Mercer modes carry substantial signal. After the recall step, our Transformer
effectively aggregates the first D Mercer coefficients

b; ~ fejdugi), j=1,...,D,

so an infinite-dimensional measure is compressed into the D-dimensional vector b = (by,...,bp).
Learning a Lipschitz function of b from n samples behaves like a D-dimensional problem (c.f.,
Schmidt-Hieber| (2020)), with estimation error roughly

Error of D-dim. problem ~ n~©(1/P) ~ exp( — ©((logn)/D)),

while truncating the Mercer expansion after D modes incurs a bias of order exp(—cD®). Balancing
these terms yields an effective dimension Deg(n) =< (logn)'/(**+1) and the sub-polynomial rate

R(F*, F,) = exp( — ©((logn)®/ (1))

stated in Theorem (I} In this sense, the estimator behaves as if it were fitting only Deg(n) degrees
of freedom, despite each component being an infinite-dimensional measure. As a minimal sanity
check, Appendix [D] presents a synthetic experiment whose convergence rate is consistent.
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Figure 2: A geometric illustration of how query x4 and components 1
plified) first layer h;((v, 2)) = (v,¢e;(2)) € R4+92 where e, is the jth Mercer eigenfunction. The
product of the first d; indices of h;(xq) and h;(y) ~ hjﬁuff(),;) tells whether y = (v, 2) is sampled
i)

fj(z» are mapped by the (sim-

from p1 =, or not.

¢

Mechanism: softmax attention as measure-valued associative memory. Given a mixture con-
text v = 1! Zle uff()i) and a query 2, = (v(*"),0), our depth-2 Transformer works as follows.

An initial MLP embeds each token y = (v(¥), 2) into a feature vector h(y) that contains the first
D Mercer features (ej(z))jD:l. Softmax attention then computes scores (Qh(xq), Kh(y)) and is
i*

parameterized so that these scores are large mainly when the document tag v matches v(*") and
small otherwise (Fig. [2).

Softmax attention then computes scores (Qh(xq), Kh(y)) so that, after normalization, the weights
concentrate on samples from ufﬁz) Writing w,, (y) for the resulting attention weight on token ¥,
the value path computes, for each j,

by ~ [e(2)we, (W) dv(y) ~ [e;(x)dpf(2),  j=1,....D,

yielding a D-dimensional descriptor b = (51, b p) of the recalled component measure. A final
MLP maps (b, z4) to the scalar prediction F*(pg ), zq). In this way, softmax attention filters the
mixture down to the relevant component and integrates its Mercer features, so that predicting from
an infinite-dimensional measure reduces to learning a function of D summary statistics. This near
one-hot, query-dependent filtering is beyond the limitations of frozen kernels (Zhou et al.|[2024) and

linear attentions (Kim et al., [2024).

4.2 MINIMAX OPTIMALITY (THE LOWER BOUND).
Next, we demonstrate the lower bound in Structured Setting (Setting[2). We show that the exponent

of the obtained upper bound is essentially tight, albeit in Setting[2] whose technical assumptions are
different from Setting|[T].

Theorem 2 (Minimax Lower Bound). In Setting |2} any L*(P, 5 (Ho))-estimator F satisfies
. o
SUP s c 7o BR(F, F*) 2 exp( —O((Inn) e+t ))

where F* (v, zq) == F*(/,Léi*), xq), ais the decay rate of the eigenvalues of the kernel of H,.
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Optimality of Transformers. Taken together with Theorem 1| our information-theoretic lower
bound in Theorem [2|shows that the statistical rate of empirical risk minimization over transformers
(63

achieves the minimax rate (Inn)o+1 up to multiplicative constants in the exponent. Equivalently,
no method can improve the n—dependence beyond the stated exponent (up to universal constants), so
the learned-softmax Transformer attains the best-possible sample complexity for this problem class.
The optimality continues to hold for a fixed or slowly growing number of mixture components I,
confirming that the learned softmax attention provides the right inductive bias for measure-level
recall. This minimax optimality of softmax Transformers is consistent with statistical results for
simple infinite-dimensional regression (Takakura & Suzukil |2023) and with finite-dimensional in-
context learning scenarios that require retrieval (Nishikawa et al., [2025]).

Technical Contribution—Minimax Lower Bound. We first reduce associative recall to infinite-
dimensional Lipschitz regression by observing that estimating from the mixed input v is no eas-
ier than from the pure measure u(()l ). A truncation of Mercer coefficients plus anisotropic rescal-
ing—modifying prior rescaling arguments (Lanthaler, 2024)) to more general geometry with ex-
ponential decay—makes the induced geometry essentially isotropic, letting us embed the classical
d-dimensional Lipschitz class and import standard packing bounds. Combining these bounds with
the classical result (Yang & Barron, |1999) yields a rate matching our upper bound.

5 CONCLUSION AND DISCUSSION

We introduced the concept of measure-theoretic associative memory (recall) and established that
learned softmax attention can realize sharp recall even in infinite-dimensional, measure-valued set-
tings—something beyond the reach of frozen kernels and difficult for linear attention. Our analy-
sis further shows that the statistical efficiency of Transformers extends beyond finite-dimensional
contexts, offering a principled explanation of their recall ability. While the present results focus on
exponentially decaying spectra under smooth eigenfunctions, they open the door to broader regimes:
extending the rates to polynomial decay and incorporating eigenfunction smoothness into the anal-
ysis represent natural next steps toward a more complete theory.

LLM USAGE STATEMENT

Large language models are used for two purposes: to proofread and polish English writing, to help
us find related works. We did not use any LLM assistant for designing the problem settings and
constructing the proofs.
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A PRELIMINARIES AND NOTATIONAL REMARKS

We begin by fixing notation and conventions used throughout the paper. This includes basic vector
and matrix operations, measure-theoretic notation, and standard identifications between measures
and their densities.

For integers N; < N and a vector v € RY, we define vy,.n, == (vn,,.--,Un,) . For a matrix
A, we define ||A||o as the number of nonzero entries and ||A|lc = max; ;|A;;|. We denote
A as the Lebesgue measure on RY, for a integer N. fyu(-) = u(f~'(-)) denotes a pushfor-
ward of a measure p by a mapping f. For a measurable space X, we write P(X) = {p |
(i is a probability measure on X'}, M (X)) := {u | wisa nonnegative measure on X }.

13
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Unless otherwise specified, we write (£2, F, P) for an underlying probability space. For a measurable

1/p
function f : © — Rand 1 < p < oo, the LP(IP) norm is defined as || f|| rp) = (fQ |fIP dIP’) )

while the L°°(P) norm is given by || f|| () = esssup,cq |f(w)|. When the underlying measure
is clear from context, we simply write || f|| > and || f||oo-

For a random variable X :  — X, we denote its distribution (the pushforward of P under X) by
Px(-) = P(X € -). Expectations with respect to I are denoted by E[- ], and if X is a random
variable with law Px, we also write Ex[ f(X)] for [ f(z)dPx(x).

Remark 2 (Identification of measures and densities). Let A be a reference measure on X (e.g., the
Lebesgue measure). Given f € H and a constant ¢ € R, we define a probability measure y by

dp v
@)= f@) +e

where ¢ is chosen so that f 4+ ¢ > 0 A-a.e. and u(X) = [ (f(x) + ¢) dz = 1. In this case, we
write 4 € H by identifying p with its density f + ¢. When sampling pg € B(Ho, |||/, ), please
note that we choose ¢ with no randomness and let ¢ = 0 for simplicity, throughout this paper.
Definition 7 (Mercer expansion). Let H( be a reproducing kernel Hilbert space (RKHS) on a do-
main X with reproducing kernel K : X x X — R. By Mercer’s theorem, K admits the decompo-
sition

K(z,2') = Z Ajej()e;(a),

where (\;);>1 are the (non-negative, non-increasing) Mercer eigenvalues and (e;);>1 are the cor-
responding L?-orthonormal eigenfunctions. For any p € H,, its representation in the eigenbasis
is

Pu = ijej, with coefficients b; = (p,, €;) 2.
j=1
Definition 8 (Generalized RKHS norm). Let 7 be an RKHS with orthonormal basis {e; };>1 in

L? and associated eigenvalues {)\;};>1. For a measure y whose associated function in Ho admits
the expansion

d
Pu = Z bjej, where ﬁ(w) = pu(x) + constant.
jz1
we define, for a € R, the generalized norm

2 . 2 —ap2
H/LH”HS = ”p;AHH(‘} = Z/\j ubj.
Jj=1
Special cases include the case a = 0: || - [|39 coincides with the L? norm; a = 1: | - 343 is the

standard RKHS norm; ¢ = —1: || - H,HO—I is the MMD norm.

Definition 9 (Metric balls). Let (X, d) be a metric space. For z € X and € > 0, the (closed) metric
ball of radius € centered at x is

B(z,d,e) :={y € X |d(z,y) <e}.
When e = 1, we simply write B(x, d) and refer to it as the unit ball.

Definition 10 (Lipschitz functions). Let (X, d) be a metric space and A C X be a fixed domain. A
function f : A — R is said to be L-Lipschitz on A with respect to d if

F@) = f@)| < Ld(z,a!) Va2 € A,
The set of all such functions is denoted by Lip; (A, d).
PRELIMINARIES ON METRIC ENTROPY
For the subsequent proofs, we will make repeated use of standard notions from metric entropy. In
particular, coverings, packings, and their associated numbers provide a convenient way to quantify

the complexity of hypothesis classes. We therefore collect the relevant definitions and basic lemmas
here.
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Definition 11 (e-covering). Let (X,d) be a metric space, A C X, and ¢ > 0. A finite set
{z1,...,2n} C X is called an e-covering of A (with respect to d) if

N
Ac | JB(i,d,e),
i=1
where B(x;, d, €) denotes the closed metric ball of radius ¢ centered at ;.

Definition 12 (e-packing). Let (X,d) be a metric space, A C X, and ¢ > 0. A finite set
{z1,...,zn} C Ais called an e-packing of A (with respect to d) if

d(z;,z;) > € foralli# j.
Equivalently, the metric balls B(z;,d, €/2) are pairwise disjoint.
Definition 13 (Covering number). The covering number of A at scale € with respect to d is

N(A,€)q := min{ N | Je-covering of A of size N }.
Definition 14 (Packing number). The packing number of A at scale e with respect to d is
M(A,€)q := max { M | Je-packing of A of size M }.

Lemma 1 (Covering—packing equivalence). For any metric space (X,d), any A C X, and € > 0,
one has

M(Aa2€)d < N(A7€)d < M(Aae)d~

In particular, the covering number and the packing number are equivalent up to constant factors in
the scale parameter.

Lemma 2 (Monotonicity under metric domination). Ler d and d’ be two metrics on X, and let ¢ > 0
such that d(x,y) < cd'(z,y) for all z,y € X. Then, forany A C X and € > 0,
N(A,)a < N(A, €)ear = N(A,cLe)ar.

In words: if d is dominated by cd’, then e-coverings with respect to cd’ are also e-coverings with
respect to d, hence covering under d is no harder.

A.1 TECHNICAL VERSION OF SECTION[3.1]

Now we will introduce two technical settings for the data generation. We begin with the assump-
tions required for establishing the estimation upper bound, and then turn to alternative structural
assumptions that are used for deriving the lower bound.

A.1.1 PROBABILITY SETTING FOR UPPER BOUND.

Assumption 6 (Common Assumptions: The RKHS Structure, the Regularity, and the Lipshictzness:
Technical Version of Assumption|I[2|3). Fix anintegeri* € {1,...,I}. A query vector z, an input

measure v = Y, 6, @ ,uél)

,and an output y = F*(v, z4) + £ are generated as follows:

* RKHS setting: We assume the density of pg ~ IP,,, is in a space H ignoring a constant. H, is
an RKHS on a bounded domain Xy C [~ M, M]92 with Mercer decomposition (e.g., (Scholkopf]
& Smolal 2002))

K(z,a') =Y Aej(@)e;(a’), Ay = exp(—cj®),
j=1

where ¢, > 0 and eigenfunctions (e;),>1 are L?-orthonormal. 110 is nonnegative and % -
lies in the metric ball B(Hy, ||||4,7 ) With 41, > 0, where X is the Lebesgue measure and ¢’
is a global constant without any randomness. Let ¢/ = 0 for simplicity, throughout this paper.
The density is infinite-dimensional, but the informative content is sharply concentrated in low-
order components, with high-frequency contributions decaying exponentially. Similar RKHS
structures can be found in |[Suzukil (2020); [Nishikawa et al.| (2022); [Zhou et al.| (2024); [Liu &
Zhoul (2025)).
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* Smoothness of eigenfunctions in Ho: (a) (ej);>1 are uniformly bounded, and analytic on
[—M, M]%; (b) Xy C [-M + §, M — 6% for some § > 0; (c) Each e; admits an abso-
lutely convergent power series €;() = Yy cnaz k@™ on [—=M, M) The three conditions are
required to focus on the sample complexity regarding the decay rate .

* Distinguishability of sampled context vectors: The vectors (S1—1)®1 5 (v())I_ ~ P, satisfy
<v(i),v(i/)> <0, 1<i<1i <I. Tosatisfy this, we also require I < d. This ensures that
contexts are sufficiently distinguishable for recall.

* Lipschitzness of the target functional: Remember that the output is generated as y :=
Fr(ul7) 2q) +€, € ~ N(0,02). The hidden functional F** : B(Ho, ||[|3gw) X Xy — Ris
assumed to be Lipschitz: Let the metric on the product set B(Ho, ||||7,m ) X Xy be

dprod (1o, @), (1, @) = llio — g llage + llw = a'll2, ¢ <0,

where po, 11, € B(Ho, ||||#,) and z, 2" € Xy We write g € H by identifying 1o with its
density in Hg up to an additive constant (see Remark @ For a € R, the H§-norm on H, is

defined as [|uo||s = H%Hig =51 A; “b] where S = >, bjej. We assume F*isin

Lip; (B(Ho, || ) X Xy, dproa). a set of L-Lipschitz functionals with respect to dprod.

These assumptions specify the analytic and structural conditions of the RKHS and the distinguisha-
bility of contexts, which will be imposed throughout the analysis. We provide an example for our
assumptions:

Example 2 (Rapid eigenvalue decay in Assumption [6). It is known (Grigor’yan| 2006) that on a
compact Riemannian manifold M the Laplace-Beltrami operator has a discrete spectrum satisfying

Weyl’s law: the heat kernel expansion is py(z,y) = > rep e’@(kz/n)tcpk () or(y), where {pg}i
are eigenfunctions, n = dim(M), and t > 0. Settings with rapid eigenvalue decay have been
investigated as a data structure (Nadler et al.| 2005} |Coifman & Lafon| 2006} | Xia & Shi, |2024).
Gaussian kernels, despite being non-compactly supported, are also widely used in ML tasks (e.g.
Scholkopf & Smolal(2002)).

Next, we restrict the input measures to be probability measures:

Assumption 7 (Probability assumption for Setting [3} Technical Version of Assumption [). Let
P(X) denote the set of Borel probability measures on a measurable set X. For pg ~ Py, p1o €
P (X)) almost surely (with probability 1).

Based on these assumptions, we can summarize the probabilistic setting for our upper bound analy-
sis:

Setting 3 (Probability Setting for Upper Bound: Technical Version of Setting [I). Assumption [6]
and Assumptionare satisfied. In short: pg ~ Py, is constrained as a probability measure whose
density is in RKHS ball.

A.1.2 STRUCTURED SETTING FOR LOWER BOUND.

For the minimax lower bound, we relax the probability constraint in Assumption [/|and instead im-
pose structural conditions (following Lanthaler|(2024))) on the coefficients of the Mercer expansion:

Assumption 8 (Structural assumptions for Setting Technical Version of Assumption [3). Let
(€2, P) be a probability space. Instead of constraining py ~ P, to be a probability measure, jg is
generated in Definition [T as follows:

* Random RKHS element: The “density” p,,, : 0 — H associated with 11 has the expansion
duo = _S Nz 0
L@ =P @) = YN Zi@)es (), we D,
j=1

where (e;);>1 is an L?-orthonormal basis on Xy, 7q > 0, and A\J* > AJ¢ > --- > 0 are
summable.
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* Random coefficients: The variables Z; : {0 — R are jointly independent, satisfy E[|Z;|?] =
1, Zj ~ p;(z)dz, and obey the uniform bounds sup; [|p;llc < R, )\1"1/2 < R for some
R >0.
Example 3. Assumption |§] and Assumption @ are compatible: Take p; = %1{_1,1} and \;
Aexp(—cj®). Then, |pollyn < 32, AT always converges if ya > m, and [0l 3470
O(AY 7). Therefore, there exists some A > 0 such that ||po |30 < 1 a.s.

IIA

Finally, we summarize the corresponding setting:

Setting 4 (Structured Setting for Lower Bound: Technical Version of Setting [2). Assumption []
and Assumption [%] are satisfied. In short: the density is sampled in the form of Mercer expansion
dpo/dA =" y A jd Z;e; where Z; are independent r.v.s. and j1o may not be the probability measure.

B ESTIMATION ERROR ANALYSIS (UPPER BOUND)

The overarching goal of this section is to derive a statistical upper bound for transformer-based
estimators in Setting[3] Specifically, we establish that the empirical risk minimizer achieves a con-
vergence rate of the form

R(F,F*) < exp(— Q((logn)®/(@FD)).

This rate can be regarded as the infinite-dimensional analogue of the classical n~®(/%) risk bound
for d-dimensional regression, where the effective dimension scales as d ~ (logn)'/(®*+1) In partic-
ular, although the associative recall task requires handling measure-valued components, our analysis
demonstrates that its statistical complexity coincides with that of a pure infinite-dimensional regres-
sion problem, whose minimax lower bound will be shown in Appendix |[C} The subsequent subsec-
tions establish this result step by step, through successive approximation bounds for the individual
network layers.

B.1 PROOF SKETCH FOR THE ESTIMATION UPPER BOUND

In this part, we will explain how to prove the following theorem:

Theorem 3 (Sub-Polynomial Convergence Corresponding to Theorem |1} A Simplified Version of

Theorems [5| and El) Let F* € Lip, (B(Ho, |||#o7 ) X X, dproa) and assume one of the following
cases:

1
(i) the number of mixture components is bounded as I < dy < (Inn)=+1;

(ii) the hidden target function F* is independent of xqand I < dy ~ ne,

Let F' be the empirical risk minimizer with the transformer class TF(¢) as the set of mappings
Attng, o MLP¢, o Attng, o MLP¢, such that, Hy,B,1,{> = (log e )W), P2, 52 <
exp (O((loge—l)lﬂfl))’ dattn2; Sg2, Ha, By o = 1, 842, Ba g = 0 in both cases, and

1)0(1)

in (i): 617||p1|‘oo,317dattn175a,l = (10g6_ , 5oin (iD): Elv||p1‘|oo:51adattn175a,1 5

exp (O((loge*1 yiHe! )) Then in Sem'ng
R(F*,F) < exp(—Q((Inn)=+1)),
where « is the decay rate of the eigenvalues of the underlying kernel of H,.

We will provide a proof sketch for the first case: (i) the number of mixture components is bounded
as ] <dy < (Inn)ari.

To derive a statistical rate we must calibrate the size of the measure-theoretic transformer hypothesis
class. Concretely, we choose an architecture that grants an e-approximation of F'* while keeping the
covering entropy V(8) := log N(TF(¢); §)oo minimal; the risk bound then follows by balancing
the approximation error ¢ with the estimation term governed by V'(+). In short, the general theory
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in|Schmidt-Hieber| (2020) asserts that the excess risk can be bounded by the sum of approximation
terms and a complexity term: for any § > 0, the L?-risk R is bounded by

2 . A V(8)
R(F*,F) Sinfp ||F — F*H%Q(Pu,xq) +0+ =~
Here the first term quantifies how well the architecture approximates F'*, while the second reflects

the statistical price of searching over a class of size V'(§). Our proof thus first controls V'(-) layer-
wise and then selects e to realize the optimal trade-off.

Our estimation bound relies on two main ingredients: (i) an approximation strategy for representing

the target functional F*(v,zq) = F*(,uém, xq) via a depth-L = 2 transformer, and (ii) covering

entropy bounds for each component of the architecture, combined through a composition lemma for
measure-theoretic mappings.

Step 1: Composition lemma (Appendix [B.2Z). We first state a generic result for the covering
number of compositions of measure-theoretic maps.

Lemma 3 (Composition lemma). Let G;, i = 1,2 be sets of maps T; : P(X") x 2D — x»
such that Xl(Q) C XQ(I), N(Gi; €)oo S Ny, and any Ty € Gy is (Lo 1, Lo 2)-Lipschitz with respect to
the 1-Wasserstein and Euclidean metrics. Then,

N{T2 ol T € Givi = 1,2} €)oc SN (G2 §)oo - NG5 3755757527 ) oo

The proof follows the standard finite-dimensional composition argument: approximate each map I';
by the nearest covering element, and bound the difference of the composed maps using the Lipschitz
constants.

Step 2: Approximation by a depth-2 transformer. We approximate F* (v, x) = F*(ugi*), zq)
using the following architecture, focusing on the first D > (log e™* )0‘_1 Mercer coefficients:

1. First MLP layer (Appendix [B.3). Construct MLP, to augment the input (z1,z2) with
evaluations (e;(z2))2, of an analytic basis {e;} up to O(e;) error. Analyticity implies
log N (Fi; €1)00 < polyloger ™ - polyD.

2. First attention layer (Appendix Apply Attng, to MLP¢, (1) to compute empirical

means [ e;(y2) dpo(y2) up to O(er + €3) error. We approximate a one-hot selection of
measures and compute as, informally,

/ Softmax(MLP; (z4) TQT K MLP; (y)) MLPy(y) dv(y) =~ / MLP; (y)dpl)) (y).
1 [yNNEj(zl ) ] ocd Zl .“'Ef()i)

By the construction of the first layer MLLP; and the product decomposition of ,uii(jz), the
RHS approximates [ e;(y2) dyio(y2). Under sparsity constraints on the attention matrices,

log N (A1 (dattn, H, Ba, Sa); €2)00 S polyD - polylog(Ie; ).

3. Second MLP layer (Appendix [B.5). Approximate a Lipschitz map on RP+41+42 whose
inputs are retained Mercer coefficients ( [ e;(y2) duo(y2)) le and query x4. We also show
D 2 (log 671)0‘71 (this is €, not €;) is sufficient to extract the features. This layer may have
_p 2420
a large Lipschitz constant Lyrp 2 S e—Olec(loge™) 7o) for ce S polyloglog e~ 1, which
constrains €; V €5 to be super-polynomially small via the measure-theoretic composition
discussed in Lemmal[3]

4. Second attention layer (Appendix [B.6). Implemented as a (one-dimensional) skip con-
nection, with O(1) Lipschitz constant, added to fit the formal hypothesis set definition.

Step 3: Bounding the covering entropy (Appendix [B.7). Applying the composition lemma re-
cursively over the four layers yields

IOgN(TF, 6)OO 5 IOgN(A(d + D7 1a 07 17O7d + D)7 e)oo + 1OgN(f(€27p23 82); Q(G))Oo
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+log N (A(dattn: H, Ba, Sa); QL p 2€))oc
+1og N (F (01,1, 51); U Lyjrp o (Lactn, 1w + Lacen,1,2) " €))oo-

This yields (also carefully bounding the term with respect to d; omitted above):

Lemma 4. The covering entropy of the transformer class satisfies

log N (TF; €)oo < exp (O((log 6_1)(1+min (@,8))/ min (a,ﬁ)))

where « is the decay rate of RKHS # and d; ~ (In efl)ﬁ_l.

Step 4: From covering entropy to risk bound (Appendix [B.7). Applying the regression bound
shown in|Schmidt-Hieber (2020), with V' (§) = log N (TF; §) s, and choosing

min (a,8)
€ ~ exp (—@(log n) min(uﬁ)“) )

where d; ~ (Ine™1)? - , we obtain the sub-polynomial convergence rate:

Theorem 4 (Sub-polynomial convergence, a generalized version of Theorem [I). In Probability
Setting (Setting 3),

sup R(E,F*) < exp (—Q((log n) mrr;'n(fiaﬁﬂl)) ,
FreF

where the eigenvalues are \; ~ exp(—cj®) and the number of mixture components is I < dy S
(Inp)B~ " min (a,)/(min (a,8)+1),

B.2 STEP 1: COMPOSITION LEMMA.

Lemma 5 (Composition Lemma. Restated). Let G;, i = 1,2 be sets of I';, which are maps from
’P(Xi(l)) X Xi(l) to Xi(z) such that Xl(Q) C XQ(D, N(Gi;€)o0 S Nj,andanyTs € Gois (Lo 1, La2)-
Lipschitz with respect to 1-Wasserstein distance and Euclidean distance. Then, we have

€ €
N{T20T1 | Ti € Gi}; €)oo SN (Go; 5)00 -N(G1; m)w

Proof. First, remember that, for standard one-dimensional function classes F, G with covering num-
bers N¢, Ny,

N({foglfeF.geblie) SN(Fie) N(Gie/Ly)
where L is the upperbound of Lipschitz constants of Vf € F. For measure-theoretic map-
pings I'y € G; and I's € G, take I‘ﬁ and I‘é be the (¢; and ey nearest covering elements (i.e.

SUP, Lep(a))xx) IT1 (1, 2) — T4 (p, 2)| < €). Then we bound the difference of compositions as

(D2 0 T1)(p, @) — (T o 1Y) (1, 2))| 4
= |(P2 0 T1)(u, ) — (P2 0 1Y) (1, 2)| + [(T2 0 T9) (w1, 2) — (T3 0 T) (1, )|

< LoaWi(Ty(p)gp, T (1)) + Lo |05 (1, ) = Ta(p, )2 + €2
< (La1 + Lag)er + €.

B.3 STEP 2-1: FIRST MLP LAYER

We begin by formalizing the approximation properties of the first MLP layer, which is responsible
for embedding both the input tokens and auxiliary analytic features into a higher-dimensional rep-
resentation. This layer plays a crucial role in ensuring that subsequent attention and MLP layers can
operate on a sufficiently expressive feature space.
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Lemma 6 (E & Wang (2018)). Let f be an analytic function over [—M, M]* such that X, C
[~M + 6, M — 8] for some § > 0 and the power series f(x) = Yoy ak®® is absolutely

convergent over [—M, M|%. Then, a deep ReLU network f with depth O((log e~ 1)%42) and width
ds + 4 (independent of €) satisfies

sup | f(x) - f(2)] S e

TEXy

Here, the notation 2* denotes the multivariate monomial Hjil xf, and the absolute convergence
condition ensures that the power series uniformly converges on [—M, M|, enabling uniform ap-

proximation on the interior domain Xj.
As a corollary of Lemmal6] we obtain the following result:
Corollary 1. Let d = dy + ds. For a function f such that
z1
()
Fi[-M MR S RED f(ay,zs) = | ©1(%2)

€D(l‘2)

where e; are defined in Assumption@ That is, [ preserves the first di + do coordinates (x1,x2) and
augments them with D analytic feature functions e; that depend only on xo. There exists a network

f € F(ty,p1,51,00), where £y < (log ey 1), py ; S D +d, sy S d+ (log ey )2® - d3 - D, such
that

If = flloo S er

Proof. For the first d; indices, we simulate 71 ; = —ReLU(—e;e/ - z1) + ReLU(e;e, - x1). This
requires O(1) depth, O(d;) width, and O(d;) parameters. The ¢ + d;-th (i = 1,...,dy) indices
require O(1) depth, O(d2) width, and O(d,) parameters. We refer to Lemma [f] for the rest of
indices. O

In other words, each analytic component e; can be uniformly approximated by a ReLU network of
logarithmic number of parameters, and the concatenated mapping f can be represented by a block-
structured network with parameter bounds as stated.

To evaluate the covering number, we use the following lemma:

Lemma 7 (Schmidt-Hieber] (2020)). Ler V = [['_y(p: + 1). Then,
log N(F(4,p, 5, F);0)o0 S (s+1) log(é‘lﬁV).

The covering number is

log N (F(£1,p1,51);€1) 00 S(d + (1og61_1)2d2 -D) - (1ogel_1 + loglogel_1 + (logefl)Qd2 log(d + D)))

<Cp,e, (d+ D(log e ')'®),

where Cp ., < polylog D + poly log d + poly log log efl.

B.4 STEP 2-2: FIRST ATTENTION LAYER

In the preceding section, we have constructed an MLP layer capable of approximating the basis
functions e; (Assumption [6) with high accuracy. The role of the first attention layer is now to
process an input mixture measure vy, identify the associated measure corresponding to a given
query component ¥y ;, and then output the concatenation of the raw query coordinates with the
integrals of e; against that associated measure. Formally, this operation is realized by the mapping
¢9 defined below.
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We now analyze the approximation properties and complexity of the first attention layer in our
architecture. Recall that the attention operator Attng has already been defined in the measure-
theoretic form

Attng : P(R%n) x Raeen — Refaren

where the first argument is a probability measure over token representations and the second argument
is the query vector. The following lemmas show that, under appropriate structural assumptions on
the input measures and functions:

1. the target mapping ¢o can be realized to accuracy e; by a member of the attention class
A(dagtn, H, Ba, S,) (Lemmal|);

2. such attention mappings are Lipschitz continuous with an explicit bound in terms of the
model parameters (Lemma EI);

3. the es-covering number of A admits an upper bound in the parameter regime above

(Lemmal|I0).

We present these results in turn.

Before presenting Lemma|8] we clarify the role of the mapping ¢ in the composition-of-maps view
(cf. Definition [3)). In our construction, the first MLP layer ¢; approximates the Mercer features:

x1

T4
e1(Td,+1:d)

¢1 (ILL? 1’) =~

Lep(Tay+1:d) ]

where {e;};>1 is the Mercer (RKHS) eigenbasis on Xy C R?. Accordingly, the push-forward

measure after ¢; is
M1 = (¢1(M"))ﬁ/1‘ € P(Rd+D)7

and the composition rule yields

(P20 ¢1)(p,z) = ¢2(N17 ¢1(Nv$))~

In the present setting, ¢o preserves the first d coordinates and replaces the last D coordinates by the
(component-wise) integrals of the associated measure against the Mercer basis:

T
Zq

¢2(p1, d1(p, ) = /61 dﬂéi*) ;

/ ep dpg
(i)

where i* denotes the index of the associated component selected by the query. Moreover, if f

(%)
admits a (Borel) density w.r.t. a reference measure \, say dl;o/\ = fu“*) with fu(i*) € LZ()\) (cf.
0 0
Remark |2)), then, writing the Mercer expansion fu(m =y i>1 bje;, we have, up to the immaterial
¢ >
constant term,
/ej dug ) = €j f#‘gi*)d)\ = <€j,fu(()i*)>L2()\) = bj.

Hence ¢- produces, in its last D coordinates, the (truncated) Mercer coefficients of the associated
density.

Lemma (§]shows that, under our structural assumptions on the input measures and the transformation
f, the target mapping ¢ can be uniformly approximated to accuracy €2 by an attention mechanism
with bounded parameters.
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Intuitions of Lemma The key point is in the structure of the first attention layer: For a fixed j,
to extract the associated Mercer coefficient b; = [ e; d,u( "), we construct QK-marix W) such
that, with tokens mapped by the (simplified) ﬁrst MLP layer (xl, x2) = (a1, x2) = (21, €5(x2)),

: >1 0f 0= :
%@MTW&AMM—{<O i for g~ iy = b, @ pgy .
( ) U<2) P (mq)
oy = 9y ®ug & recalled
4 "Z’j(v(m)

.I‘A w]qu( )
.-
|
|
|
|
|
|
|
|
|

'ww%

()

Figure 3: Geometric sketch of associative recall. Components y, ;) are separated along a feature

axis via the first MLP layer fi; the query maps to v;(x,) and ahgns with anchor ¢, (v()) =

¥ (vl OT) ), thereby recalling u( ). The pushforward v);, ufj’;l) provides features used by
F* (N( )v Zq).

Then, the softmax value will be

Softmax(wj(xq)Tngij(y)) ~ 1[i =4"].

The construction is simple:  take Wiy o S % erel such that bi(q) TWhiti(y) o«
(v v®), and multiply a large scalar, where ey, is a k-th one-hot vector, since 9 preserves the
first d coordinates: () = [v(i*)T; T, Y(y) = [v(i)T; %] T, and (v(¥); are distinguishable (i.e.
(v, v() < 0fori # j), as described in Fig. [3| Then, with tokens mapped by the first MLP layer
f1, we have the (d + j)-th output of the jth head is given by

el IV, [ Sottmax(uy ] Whxs) Y 3()dv(y)

7
ed+led+1 ~1[i=i*] €d+1€411

2/1[2 =1 ]ej yd1+1d (Z (SU(L) ®lu’0 ) )
2/%@M%i@%

where we take the parameters as W = V = ed+1edT+1. Finally, the second MLP layer maps
(([e; d,uéi*))i’il, v(#")) to y, and the second attention acts as a skip connection.

Lemma 8. Let Py denote the set of probability measures of the form
I I
1 1
=3t (53,
i=1 i=1
where the measures y1; and the mapping f satisfy the following conditions:
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* p; is a probability measure supported on a bounded subset of R%, where d = dy + dy, and
admits the product form

M’i == 6’[)7j ® ﬂi)
with v; € S C [~B,, By]% satisfying (vi,v;) < 0 foralli # j, and where [i; is a
probability measure supported on a bounded subset of R%2.

o f:R? = RID js given by

Mo

flx) = : )
f(@ay+1,-- ., 7a)
where f :R% — RP is a bounded function.
o I <dj and supp(fypi) C [~ By, Byl P forall i.
Moreover, for each i, define x; = [v; ,0T]T € S% x {04, } and set y;; = f(z;).
Define the mapping ¢o : Py x RIHTD — RITD py

Yfil

yf:i,d
b2(vy,yy.i) = fd<f1)ﬂﬂi )

_fd(]?.D)uﬁi

where f] denotes the j-th coordinate function of f

Then, there exists an attention operator Aftn € A(dattn, H, Ba, Sq) such that

S €2,
o

sup b2(vy,ypi) — Attn(vy, yri)

vi€Ps, Y5 v ERY

where dapen =d+ D, H= D, B, < y/log(I - €, "), and S, = d.

Proof. Fix an arbitrary h € {1,...,H = D}. We first specify the attention weight matrices as
follows:
Wh = Vh = ed+he;1r+h7

where d = dy + ds and e 4, denotes the (d+ h)-th standard basis vector in RIP  Similarly, define

h_ b | ay o
oy o0 ]

for a sufficiently large constant ¢ > \/log (13- 651) pe \/log (1- 6;1).
The corresponding attention weight for a query x; and a key f(y) is given by

Softmax((thi, th(y)>)
eXp (02<$i,1:d1a yl:d1>)
Jexp (02<xi,1:d17 yl:d1>) dry(y)
_ eXp (02<$z‘71:d1, yl:d1>)
I [ (Hriaan yiay) dBu, @ i) (y)
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_ exp <02<$i,1:d17 yl:d1>)
I Zf/ﬂ exp (2 (vir, Y1:a))
_ exp (cz)
7 (exp(e) + (
=1 1{y1;d1:1)i} + O(I_leg),
where the indicator function 1y, , —,,3} arises because the keys yi.4, take values in the finite set
{v1,...,vr} with mutually nonpositive inner products. The last equality follows from the choice
¢ 2 +/log (I “€y 1) , which ensures exponential separation of the correct key from the others.

T 1)) ]l{ylzdlzvi} (Ui 1 Uj, i # j)

Next, applying the value and output projection matrices, we obtain

Wh/SoftmaX((thi, K"y )\Vhydvy(y)

I
= % Z wh / Softmax((thi, th(y)>)Vhf(y) dpir (y)

=1

I
=13 [ (1 Yo + 0L e2)) e (Bl 1) +0@)) 3, @ )0
=1

/N

where eL_hf = fh)

I
= % > (/ (I' Lyray=vip + 0(1_162)) ddy,, (yl:d1)> (/ fh(?/dlﬂzd)dﬂi'(ydlﬂzd)) €dth
i'=1

= (/ Fr(Yay+1:0) dﬁi(yd1+1;d)> earn + O(e2).

Finally, to incorporate the skip connection over the first d coordinates, let

e O
- g
Applying A to the input vector y ; yields
Yr.i1
Ayypi =
Yt,id
Op

Combining the attention output for each head h with this skip connection reproduces the target
mapping ¢s up to an error of order O(e5) in the £, norm. This establishes the desired approximation
property. O

Remark 3 (Why do we need a softmax attention?). We informally demonstrate how linear attentions
struggle with one-hot selection of densities without orthogonality. The main problem is that the
context vectors (v()); may have a negative correlation. For example, we consider I = 2 and

o) = (@)
If we only have access to a linear attention, with the same QK matrices in the lemma,
, - 1 if 1 =1%
LinA he(e) KM ~ (@ )y = )
1 ttn(<Q f(xl)v f(y)>) <U ’U > _1 lf Z # Z*

This implies that it is hard for linear attentions to extract only the ¢*-th measure through integra-
tion [ LinAttn((Q"x;, K"y))V"ydv(y). See Han et al.| (2024); Fan et al[ (2025) for empirical
discussions; see also Kim et al.|(2024), where strong assumptions such as relaxed sparsity and or-
thogonality of recall candidates were required to bypass this difficulty.
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Thus, the first attention layer is expressive enough to implement the “association and extraction” op-
eration: given a mixture, it can select the relevant component and compute the e;-integrals needed
for downstream processing. We next turn to the stability of such an operator with respect to pertur-
bations in both the measure and the query vector.

The following lemma establishes a Lipschitz property of Attng in both arguments. This lemma is
inspired by [Vuckovic et al.| (2020). This quantitative stability will be essential for the subsequent
covering number analysis.

The attention operator Attny computes a weighted average of values using a softmax over inner
products (Q"x, K"7). To bound its change when (i, ) varies, we split the effect of 1 and .

For the measure part, Kantorovich—Rubinstein duality expresses the 1-Wasserstein distance 1/ (the
standard Wasserstein metric) as the supremum of expectation differences over 1-Lipschitz functions,
allowing us to control the change via the Lipschitz constant of the softmax kernel.

For the query part, we directly bound the kernel’s Lipschitz dependence on x and apply sparsity of
the output projection. Combining both yields the stated Lipschitz bound.

Lemma 9. Let Attng € A(dattn, H, Ba, Sa) be the attention operator as defined in Section
Assume that the query inputs satisfy ||€1]|co, ||T2||cc < Ba, and that for each i € {1,2}, every
y € supp(u;) satisfies ||y||cc < By. Then Attng is Lipschitz in the joint variable (i, x) in the sense
that

[[Attng (p1, 21) — Attng (p2, 22)lle
S HeXp(O(SngBbLBy)) . (Wl(,ul,,ug) + ||.731 — 332”2).

Moreover, if dagtn < D, HS D, B, < log(Iegl), and S, < d, By, By S 1, then the Lipschitz
constant is bounded by D exp (O(d2 log (Iez_l) ))

Proof. Bounding the difference in ;.. We first bound the difference in the p-variable while keep-
ing the query fixed. By (P-i) the matrix sparsity bound || Av||» < sb||v||oc When A has at most s
nonzero entries per row and each entry bounded by b, we have

| Attng (pe1, 21) — Attng(p2, 71)| 0o

2 12 yexp ((Q"z, K"y)) B yexp ((Q"z, K"y))
<258 | Topt@ie, Kam@ ™ ] Tow (@, Kt v
Next, Inserting intermediate terms to align denominators and numerators, we obtain,
| Attng (1, 21) — Attng(pz, 71)|0
h h h h
5252 yexp ((Q"x, Ky)) B yexp ((Q"z, K"y))
= ; aBa Jexp ((Q"x1, K"z))dp1(2) H1 Jexp ((Q"x1, Kz))dpus(2) din
/ yexp ((Q"z1, K"y)) _/ yexp ((Q"z, Ky))
Jexp (Qay, K" 2))dpa(2) "~ ) Texp ((Qar, K72))dpua(z) -
2 p2 yexp ((Q"a1, Ky)) B yexp ((Q"z, K"y))
<250, / T oxp (@ s, KPap)dar () ! / Toxp (@ a1, Kh2))dua () 11

(%)
/ yexp ((Q"x1, KMy)) 7/ yexp ((Q"x, Ky))
Jexp ((Qay, Krz))duz(z) '~ ) Texp ((Qhar, K72))dpa(z)

(i)

2

+Y S2B?
h

Bounding the term (i). We have

(i) <> SiB: /yeXp (Q"z1, Ky))dp
h

oo
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1 1
. ‘fexp(<Q”’$1,KhZ>)dM1(Z)  Jexp ((Qrar, K'z))dps(2)

SZSng /yexp ((thhKhy))dm
h

y <min{/exp(<th1’Khz>)d‘ul(z)7/exp (<th1,Khz>)d/L2(Z)}>—2

/exp ((thl,Khz>)du1(z) - /exp ((thl,Khz>)dug(z)

oo

X

(by (P-ii1))

<Y S2B2Byexp(3S:B2B.B,)
h

(by (P-ii)),

/ exp ((Q"z1, K2)) d(jus — p1a) (2)

where we used:

(P-i) the matrix sparsity bound ||Av||co, [[Av|l1 < sb||v||cc When A has at most s nonzero entries
per row and each entry bounded by b;

(P-ii) [(Q"x1, K'y)| < SyBuB. - So B,y B,. Indeed, since [|Q"||o, [ K"||o < S, (total number of
nonzero entries) and |Q", |, | K", | < By, while |21 < B, and ||y|le < By, we have

|<thla Khy>|
<[1Q"z1/loo [ K™yl

<(maoe D7 1Ql el) D I o
k Jik

<(SaBaBg) (SaB.By).

Here the bound ||Q"x1|oc < SaB, B, follows because each coordinate of Q" is a sum of at most
S, terms, each of magnitude at most B, B,; similarly, || K"y||; < ik |K]hk\ ly| < SoB,By since
there are at most S, nonzero matrix entries in total;

(P-iii) the bound
1 1

< AiQ\al —ag|, A <min(ay,as).
aq [6%)

The RHS is bounded as

(1) ) SaB2By exp(3S:B; B, By)
h

/ exp ((Qz1, K2)) (i — o) (2)

SHS,B3B, By exp(4S2B2B, B, )W (1, p2)
using the Kantorovich—Rubinstein duality
Wi(pa, p2) = sup /¢d(,u1 — H2);
Lip(¢)<1
and the fact that y +— exp((Q"z1,K"y)) is S2B2B,exp(S2BZ2B,By)-Lipschitz on
[~ By, Byt because
lexp ((Q"x1, K"y3)) — exp ((Q"z1, Kyu))|

< exp(S; B3 By By) [(Q" a1, K" (y3 — ya))|

<S2B2B, exp(S2B2B,By)|lys — yall2-
for ys, ya € [~ By, B,]%m.
Bounding the term (ii). We have

i 2 B2 :
( )S;SaBa Jexp ((QFa, K2))dpa(2)

H/yeXp (Q"x1, K"y)) d(p1 — p2) (y)H

oo
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<Y S2BZexp(S;B2B.B,) e /yz exp ((Q"w1, K"y)) d(pa — p2) (y)
h

SH(1+ S3B2B,By)S; B} exp(25: By By By ) Wi (11, 12)

using the Kantorovich—Rubinstein duality

Wi(pa, p2) = sup /cbdm H2),
Lip(¢)<1

and the fact that y — y; exp((Q"z1, K"y)) is (1 + S2B2B, By) exp(S2B2 B, B,)-Lipschitz on
[_BZH By]dam"
Finally, we have
[|Attng(p1, x1) — Attng(ua, 1) 0o
SHS?B? (S2B2B,Byexp(4S2B2B,By) + (1 + S2B2B,B,) exp(252B2B, By))
X Wi(pa, piz)-

Bounding the difference in z.  Next, we bound the difference in the query z. For fixed p11, using
similar interpolation and Lipschitz estimates in z,

[[Attng (g1, 21) — Attng (p1, 22) o

o 2 yexp ((Q"z1, K"y)) yexp ((Q"z2, K"y))
<L | o (@hen, K oam () Toxp(Qhas, K )
+ SaBa”:El - x2||oo
<25232/ yexp ((Q"x1, K'y)) / yexp ((Q"z1, Ky)) s (v)
=L Jexp ((QFar, K7z >du1 Jexp ((QPaz, KM2))dpua (2)

ex hl‘l, h ex hl‘g, h
/ yexp ((Q Ky))()dl_/ yexp ((Q"z2, Ky)) s (v)

Jexp ((QMw2, Khz))dp (2 J exp ((QMwa, KMz))dpa (2)
+ SaBa||z1 — 2|2
S(SeBa V HS;ByB, By exp(4S2 BB, By))||z1 — x2]|2.

O

By combining approximation and stability, we can control the complexity of the attention class via
its covering number, as stated next.

We now bound the eo-covering number of A(dagtn, H, Bq, Sq) in the parameter regime of interest.
Lemma 10. The e3-covering number of A(dastn, H, Ba, Sa) is bounded by

N(A(dattm H,B,, Sa); 62)00

< (dattn €xp (O(log(H) + SngBsz)) (651 + 1))O(SGH) .

Furthermore, if doyon S d+ D, H = O(D), B, < log(Iegl), Se S d, and By, By = O(1),
then the covering entropy is

log N (A(datin; H, Ba, Sa), €2) < Cp - Dd®(log I 4+ log ey 1)? -log ey
where Cyq p < poly(log D + log d).

Proof. We define a Q(€)-covering set of A(dattn, H, Ba, Sa) as a set of mappings whose parameters
can be constructed as follows:

* For each matrix W" Q" K" V" ineachh € {1,..., H},

1. Choose S, matrix entries among O(d2,,,) entries.
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2. For each matrix entry,

— Set its value from {(j - € — 1) - B, | j = 0,...,[267 ]} where € >
exp (—Ca(log(H) + S2B2B, By)) € where C, is a sufficiently large constant.

* Set the value of chosen S, entries in A from {(j-é€ —1)-B, | 7 =0,...

, [2¢"]} where
¢ ~ (S,B,) e

Let us prove that the above set of mappings is a Q2(€)-covering. It is clear that for W" h =1,..., H,
there exist matrices W in the é-covering set such that
[Wh =W S H ' exp (~C5(S2B2B,B,)) &, |[W" —W"|, <28,

where Cs is a sufficiently large constant. Similar inequalities hold true for Q" K", V", and A. Let
0= (A, (Wh Q" K" V"),). Then, for all u € P([—B,, B,]%*») and z € [~ B, B,]%,

| Attng (1, ) — Attng (1, 2)

N Viyexp ((Q"z, KMy)) on Vhyexp <<Qh£akhy>)
=2 Texp (@, Krapdu(m) ™~ / e (@hx,m@)dﬂ(z)d“
+[1(A = A)e]l oo
wo [ Viyexp (@', KMy) o [ Viyexp ((Q"z, KMy))
52,} Texp ((@ra, K 2))du(z) ¥ Jexp ((QFa, Kr2))du(z) |
(1)
Viyexp ((Q"z, K"y)) B Vhyexp (<th’, KhZ/>)
*;S“B“ Texp (@, K7 2)du(z) ¥~ Texp (@ Kraydp(s)
(ii)
Vhyexp (@hw, K’Ly>) Vhyexp ((th, f(hw)
+2 58| | ok an( | Tew (@ Kiaaps
(4i)
Vhyexp ((th, ff”y>> Vhyexp <<th, ffhy))
" Xh:SGBu fGXp(<QhI’,KhZ>)dp,(Z) du - / feXp (<Q}L$,Khz>)dﬂ(z) d’u oo
(iv)
Vhyex (th,f(h> Vhyex (th,f(h)
e f oG]y, p ),
: J exp ((Qta, K2) )du(2) Jexp (@, K42))du(z) |
(v)
Viyexp ((Q"a, Khy) Vhyexp ((Q"x, Ky)
+ZSGBQ / Ah( Ch ) du—/ AS h ) du
7 J exp ((Qta, K72) )dp(2) Jexp (@M, K42))du(z) |

(vi)

+ 1A = Dl
—_———

(vid)
<e

Each term is bounded as follows:
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exp ((Q"a, K"y) . T
(). Let w = [ ot U@ G Then, () < (7" — Wwle < (25.)

H'exp (—C5(S2B2B,B,)) € - exp (O(S2B2B,B,)) < H™'e by (P-iii);

(i1). The second term is bounded by

Vhyi

(i1) $SaBa x, K'z))dp(z)

sup
yeEsupp(p)

X (exp ((Qhﬂ%Khy» — &Xp ( "o, Ky) ))‘H
(@, K"y) — (Q"a, K"y)|

<S.B,exp (O(SngBsz)) sup

y€Esupp(p)

$SaBaexp (O(S7B2B.By)) [(Q" = @)l sup  [[|K"y]1]

yEsupp(p)
exp (O(S2B2B,By)) - H " exp (—C5(S:B2B,B,)) €
H™'e

S
S

Note that the second inequality is derived by (P-ii,P-iv) and the fourth inequality is sup-
ported by (P-i).

(>iii). The third term can be bounded in the same way as (ii).

@iv). The fourth term is bounded by

(1v) $SuBg

Vhyexp (@hx, ffhy))duH

1 1
Jexp ((QM, KM2))dp(z) [ exp ((th,Khz>>du(z)

SSaBa

/ Vhyexp ((thm Khy))duH

« (min{ / exp ((Q" 2, K"2))dpu(2) 2, / exp (<th,Khz>)du(z)}>
/exp ((th, Khz>> —exp ((th, K%))du(z)

<Q}L1‘,K’LZ> _ <Q}L$,K}LZ>‘

-2

X

(by (P-iii))

Sexp (O(SZB2B,By)) - sup
z€supp(p)

SH™'g

(v). The fifth term is bounded in the similar way as (iv).
(vi). The sixth term is bounded in the same way as (i).

(vii). Itis easily bounded by H ~!'€ using (P-i).

Please note that (P-1) || Ax||oo, ||Az||1 < sb||z||s Where the number of non-zero entries in a matrix
A is bounded by s, and the absolute value of each entry is bounded by b, (P-ii) [(Q"xz, K"y)| <
SaByB, - SqoB, B, because each coordinate of Q"z is a sum of at most S, terms, each bounded

by B, B, and similarly each coordinate of K hy is bounded by S, B, B,, (P-iii) 1/aq — 1/ =
(a1 — ag)/(aras) < A2Jag — az| when A < g, ag, and (P-iv) y — exp(y) and y — yexp(y)
are exp(O(B))-Lipschitz over [-B, B.

By the construction rule of the covering set, the covering number is bounded by

N(A(dattru H7 Bav Sa); E)OO
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A

4H+1
dittn g—Sa
Sa

22 o\ AHH1
< (( S) exp (O(Sa log(H) + S3B2B, B,)) (¢ + 1) ) .

O

Together, these results give a complete characterization of the first attention layer in the measure-
theoretic setting: it can accurately realize ¢4, does so in a stable manner, and has a covering number
that scales favorably with D and es.

B.5 STEP 2-3: SECOND MLP LAYER

Having established in the previous subsections that the first MLP layer can approximate the Mer-
cer basis functions e; and that the attention mechanism can extract the corresponding coefficients
Jej dut*) associated with the relevant component measure, we now turn to the next stage of the
architecture.

In this step, the inputs to the model are effectively reduced to the finite collection of Mercer coef-
ficients (b1, ...,bp) together with the query vector x. The statistical problem is thus transformed
into the approximation of a Lipschitz function defined over a (D + O(1))-dimensional domain.

Our goal in this section is twofold: first, to determine the appropriate truncation dimension D that
balances approximation error against complexity, and second, to establish approximation results for
Lipschitz functions of D variables using neural networks.

B.5.1 DETERMINING THE DIMENSION D

As discussed above, after the first MLP and attention layers, the effective representation of the input
measure 1 is reduced to its Mercer coefficients with respect to the kernel eigenbasis {e;};>1. In
practice, however, only a finite number of coefficients can be retained. Thus, a key question is: how
many terms D should be kept in the truncated expansion so that the approximation error remains
negligible while the statistical complexity of the model is controlled? The following lemma quanti-
fies the truncation error when approximating po by its projection onto the first D eigenfunctions.

Lemma 11. Let puy € Hg with Mercer expansion

d/l o]
0 _ . .
T ;:1 bie;,

where {e;} are the Mercer eigenfunctions associated with kernel eigenvalues {\;} and X is the
Lebesgue measure. Define the truncated approximation

D
fto = Z bie;.
im1

If v+ < 0 and v, > 0, then the truncation error in the y¢-norm is bounded as

—v+7

HNO*,&O”% < )‘D+21

Proof. The LHS is bounded by

110 — fio ||

= [ > AT
i>D+1

-t
— AT Z Ai b2
D+1 At

i>D4+1 "'D+1
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SR IS AR by Apa 2 A i=D41 and 5> 0)

i>D+1

SYABET by [YONTRE <)

where we used ;\\i_ ' < 1fori > D + 1 in the first inequality, \; "> > X, fori > D + 1 and

—f

D+1
that g is in the ball in the last inequality. O

Having controlled the truncation error of the Mercer expansion, we next turn to the regularity of the
target regression function F™*. In particular, F'™* is assumed to be Lipschitz continuous with respect
to the product metric consisting of the v;-weighted RKHS distance on measures and the standard
Euclidean distance on the query variable. Formally, there exists L > 0 such that

’F*(,U,,.’I,‘) - F*(V7 y)‘ <L (H:u’ - VH?-Lgf + ”aj - y||2) ) VM7V € B(HO’ ||||7'l0"’b)’ T,y € Rdl'
This Lipschitz property ensures that once the infinite-dimensional measure (i is replaced by its trun-

cated D-dimensional approximation, the induced error on F'* can be directly bounded. The follow-
ing corollary makes this reduction explicit.

Corollary 2. Define the truncated regression function

D o0

n d

Fp(po,v) = F*<§ biei, x), —d'li? = E bie;, == [8}
=1 i=1

Ifb; = 0 fori > D + 1, we simply write Fp(by, ... ,bp,v). Then,

_ N —vetp
sup |FD(M03U)7F (ILL(),’U)| 5 AD-‘-Z’i
1o €B(Hollll357b)
Moreover, Fp is Lipschitz with respect to the coefficients (b, . ..,bp) and query v, satisfying

|FD(b,U)—FD(C,’U/)‘ <L m>alx)\;7f b —clla + L|lv —v||2

|:b_c]‘
l
v— 9

where b = (by,...,bp) and ¢ = (c1,...,cp). Note that ¢ < 0, so the multiplicative factor in front
of [|b — ||z is ©(1).

<o)

B.5.2 APPROXIMATING FINITE-DIMENSIONAL LIPSCHITZ FUNCTIONS

Once the Mercer expansion has been truncated to O(d; + D) coefficients, the infinite-dimensional
regression problem reduces to approximating a Lipschitz function f : [0, 1]O(d1+D ) — R with
Lipschitz constant K. We now recall quantitative results on the approximation of such functions by
deep ReLU networks.

Lemma 12 (Schmidt-Hieber| (2020)). For any function f € Lip, ([0, l]D ) and any integers m > 1
and N > exp (D)) . There exists a network
feFW,(D,6(D+1)N,...,6(D+1)N,1),s,00)
with depth ~
0~ (m+1)(1+1log(D+1))
and number of parameters B
5 <(D+1)>"PN(m +6),

such that ~ B ) i
If = fllo~ S (L+1)(1+ D*)6PN2~™ + LN~/
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This lemma shows that deep ReLU networks can approximate any Lipschitz function on [0, 1]°(?)

with an explicit trade-off between network depth, width, and approximation error. The next remark
connects this general result to our Mercer—RKHS setting.

Lemma 13 (Schmidt-Hieber| (2020)). Let V = [, (pi + 1). Then,
log N (F(4,p, 8, F);6)oc S (s+1)log(614V).

This bound shows that the covering entropy grows at most logarithmically with the resolution § 1,
once the architecture parameters (¢, p, s) are fixed. Applying our parameter selection yields the
following implication.

Finally, for later use, we recall a useful estimate on the Lipschitz constant of a ReLU network in
terms of its layer widths.

Lemma 14 (From the proof of lemma 5 in [Schmidt-Hieber| (2020)). The Lipschitz constant of NN
(w.r.t. infinity norm) is Hf:o Ds.
From the above lemmas, we have a specialized approximation results for our Mercer-RKHS setting:

Corollary 3 (Specialization to Our Setting). Under Settingand assume dy ~ (In 6_1)671 so that

D~ (7—%4—%)*1/“(111 eV 4 dy ~ (Inet)Y/min(es)

2c
Letting )
m:O(D~loge§1), N:egD
in Lemmal(I2) there exists a ReLU network with depth
{5 < (polylog(d + D) - (d+ D) -logez ',

width
IP2lloe < (d+ D)ez ™7

and the number of parameters

~ — n e 1)1/min(e. ) s 1/min(a,
S92 < 0(63 o((me ) - ((In e)min(5)yO((ne) (e (poly log(d + D + 63_1)>

that approximates F'p, which was defined in Corollary@] within sup-norm error < €.
Moreover, the covering entropy of the corresponding hypothesis class satisfies

IOgN(.F(é,p,S,F);Gg)OC S E;O(UHE*l)l/min(a,ﬂ)) . polylog(€716g1)7

and the Lipschitz constant of the network (with respect to the £, norm) is bounded as

14 2

—Ofcc(lne H)ymin(a.B) .(Ine;?t
Hpi < g (ectime™) (nes ))7 ce < polylogloge™t.
i=0

Instead of assuming di < (log 671)571, if we assume that F'* is independent of x, then, by adding
one layer RP 32— 24, 1.00p = —ReLU(—Az) + ReLU(Ax) € RP where A = [Opxa; Ip),
the ReLU network that approximates F'p with sup-error < €3 is constructed with depth

ly < (polylog(D) - (D) - log ez,

width
p2 = (d+ D,0(De;?),...,0(De; "))
£ — 1 times
and the number of parameters
- _ n€71 1/ o
2 50(6; 2 L (1m0 /O (polylog(D + 1) + D).
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The covering entropy is bounded as

log/\/'(]-"(ﬁ,p, s, F); 63)00 < ego((lne_l)l/a) - poly log(e_ldegl),

and the Lipschitz constant is

¢ —O(ccime e (ine; V)
Hpi Sdyeg N I ce < polylogloge™,
i=0

where D ~ (Ine~ 1)’

Remark 4. The original lemma of [Schmidt-Hieber| (2020) is stated for functions on [0, 1]?. In our
setting, the domain is [-O(1),0(1)]P. A simple rescaling maps [—~O(1),0(1)] to [0, 1], and this
transformation only modifies the Lipschitz constant by a fixed multiplicative factor. Therefore, the
approximation and covering results above remain valid up to universal constants.

This corollary consolidates the consequences of parameter selection in our setting: the effective

input dimension D grows like (Ine~')/®, the network size scales sub-exponentially in 1/e, the

O((Ine™

covering entropy is controlled by e~ l)l/a), and the Lipschitz constant grows at most quasi-
1, —1

polynomially in ¢!, when egl ~ polyloge™" - €

B.6 STEP 2-4: SECOND ATTENTION LAYER

Recall that the attention hypothesis class is parameterized as
A(dattna H) Ba» B;» Sa» S;),

where d,tn is the embedding dimension, H is the number of heads, B,, B/, are bounds on the
operator norms of the weight matrices, and S,,, S/, are sparsity constraints.

In the present step, we only implement the skip connection of a scalar. We specialize to the case
dottn =1, H=1, B,=0,B,=1, S,=0,5, =1.
That is, the second attention layer belongs to the class
A(1,1,0,1,0,1).

This particular choice corresponds to a degenerate attention operator that is independent of the input
measure and simply implements a skip connection acting as the identity on vectors, thereby ensuring
consistency with the formal definition of the overall transformer class.

Lemma 15. The e4-covering number of A(d+ D, 1,0,1,0,d + D) satisfies

log V(A(1,1,0,1,0,1);6)es = O(polyloges ).

Proof. omitted. O

Lemma 16. Every attention operator Attn € A(1,1,0,1,0,1) is O(1)-Lipschitz with respect to
the Euclidean norm.

Proof. omitted. O

B.7 DERIVING AN ESTIMATION ERROR UPPER BOUND

We now combine the approximation bounds established in the previous subsections to derive an
estimation error guarantee for transformer-type architectures. Let TF denote the hypothesis class
consisting of transformer models with the architecture and parameter constraints described in Sec-
tion[3
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Lemma 17 (Approximation by transformers). In Setting EI for all F* €
Lip, (B(Ho, [[[[3070 ), |33 ). there exists ' € TF such that, for any input of the form

I
(v,zq) where v= %Z uf)( b,  Tq = Emb, i (04,)
i=1
with u%) generated according to Definition
|F* (v, q) = F(r,zq)| S e,

where the parameters (d;, Hj, Ba,j, By ;,Sa,jsSq.5:4js Pjs Sj )J 1 of the hypothesis set TF are de-

a,j’
fined as in Lemma for dl, Hy, Baj, By 1, 8a,1,S,.1, Corollary |l Ifor {1,p1,51, Lemma |15} nfor
do, Ha, B, 2, Ba 2:9a,2 Sa o, Corollary|3 for Uy, P2, So, respectzvely The effective dimension D in
them are determined in Corollaryl 2| Determination of €;, i = 1,...,4 are deferred to Lemmal(I8§]

The above lemma shows that the transformer hypothesis class is sufficiently rich to approximate

any Lipschitz target function F* on the admissible input domain, with uniform accuracy e. Please
note that the output of each layer is uniformly bounded (we can add a clipping ReLU layer for each
layer).

To analyze the statistical performance of ERM (empirical risk minimizer) within this class, we next
require an upper bound on its covering entropy.

Lemma 18 (Covering entropy of transformers). The covering entropy of the transformer hypothesis
class satisfies

IOgN(TF, 6)00 g E—O((ln e~ 1yl/min(e.8)y _ exp(O(ln 6—1)(1+min(a,,8))/min(a7,@)))
assuming that I < dy ~ (In 6_1)571 and ds ~ 1.

Proof. The claim follows from applying the composition lemma (Lemma 5] for covering numbers.
In particular,
log N(TF; €)oo

<log N (A(1,1,0,1,0,1);¢) _ + log AV (f(eg,pg, 5); Q(e))

o0

+log N ({Attnal o MLPy¢, }; Q(Lﬁip,2€)>

Slog/\[ A(l,]wov]'aoﬂ]‘)’\e/

+1log N | F(l2,p2,52); e) | +1ogN | A(daten, H, Ba, Ha); ULyjLp o6)

=€ _
37 oo €2 oo

+log N | F(t1,p1,51); Q(LKAlLP,Q(LAttn,l,Wl + Lattn,1,|]2) " €)

=l€1

oo

SlogN (A(d+ D,1,0,1,0,d + D)se)
+10gN (F(£27p2782);§2(6)) +10gN(A(dattn7H7 BayHa);eXp<_O(CE 1n6_1)2+4r3$2’;—(7‘2v)ﬂ))>

2+42min(a,8)
+ 1OgN (f(‘€17p17 81)7 I_l . eXp(—O(cE 1116_1) min(e ) )) )
where c. < poly log log e 1. Here we used that

() Letting €4 = ¢, the second attention layer is O(l)-Lipschitz (Lemma ;
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(i) Letting es > Q(e), the Lipschitz constant of the second MLP layer is bounded as

~ . 242min(«,B)
Lyvip2 < exp(—O(ce((ln6_1)2/"““("’5))-(lnegl)Q)) = exp(ce(lne_l) min(a,5) ) (ce. <
poly log log e~ 1) (Corollary [3);
2+2min(a,B)
(iii) Letting e 2 exp(—O(cE Ine 1) mnt® ), the Lipschitz constants of the first atten-

tion layer are bounded as Layn 1wt + Lasini . < D exp(O(d*log(Ie;'))) < 100 .
24 2min(a,8)

exp(O(cEdz(lne’l) min(a,5) )) (LemmaH);

242min(a,8)

(iv) We have ¢; > -9 . exp<70(ced2(ln e 1) Tmmna.p) )) for the first MLP layer.

By Lemma|[I5]and Corollary [3]
log V (A(1,1,0,1,0,1);€4) < polyloge™
By Corollary 3] _
log N (F (L2, p2, 52)5 €3) 00 S e~ Olmemhyi/mmiam),
By Lemmal(I0]
log N (A(datens H, Ba, Ha); €2) o < poly(loge ™ +logI) - d®.
By Corollary|I]
log N (F(£1,p1, s1); €1) oo S Polyloglog I-polyloge™-(((log I)+polyloge '-d)*®-D+d).
Assuming that I < d; ~ (log E)B_l and dy = O(1), we have
log N (A(dattn1, Hi, Ba,1, Ha1)s€2) o+ 1og N (F (€1, p1,51)5€1) o0
+ logN (‘F(EQaan 52); 63)00 + IOgN(A(l, ]-7 07 ]-a O; 1)a 64)00
< G_O(Une—l)l/min(a,ﬁ)).

With these ingredients, we can invoke a general statistical learning bound for ERM.

Lemma 19 (Schmidt-Hieber| (2020)). Consider Gaussian regression, and let F be the empirical
risk minimizer over a hypothesis class F C L? (Py,z,)- Suppose ||fl|L~ < Aforall f € F. Then,
Jorany § > 0, if V(§) denotes the covering entropy of F, it holds that

(A% 4+ o)V (4) n

n

ox T : n o |2
ROF*SF) S Bt IF = P, ) + (A + ).

We are now ready to state the statistical rate achieved by transformer ERM.

B.7.1 SUB-POLYNOMIAL CONVERGENCE RATE

Theorem 5 (Sub-polynomial convergence). Let F be the empirical risk minimizer whose hypothesis
set is constructed in Lemmal[I7] In Setting B3] we have

R(F*, F) 5 exp(—Q((lnn)#et5757)

assuming that the number of mixture components is bounded as I < dy < (lnn) ==&+ and

d221.

min (o, 8) . o
Proof. Let e ~ exp(—c’ (Inn) min(a»ﬁHl) for sufficiently small constant ¢’ > 0. Combining Lem-
mas [[7]and [T8] with Lemma[I9] we obtain

R —0((1 —1\1/min(«,B8)+1
R ) < B0 )

n
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exp (O(cl(min(a,ﬂ)—l+1) (ln n))) )

n

Se+

"
C
n

<e+ forsome 0 < ¢’ < 1,

min(a,B)
< exp(—Q((ln n)m))

assuming that the number of mixture components is bounded as [ < d; < (Ine™1)? - O

Remark 5 (Interpretation of Theorem [5). A common statistical learning bound for nonparametric
regression takes the form

R(F,F*) < n=OW9,

where d is the (effective) dimension of the problem. In our setting, however, the eigenvalue decay
assumption A; >~ exp(—cj®) implies that the effective dimension grows only as

d ~ (Inn)¥/(@+D),

Consequently, the bound in Theorem [5] can be interpreted as a direct analogue of the classical
n~®0/9) rate, but with d replaced by (Inn)/(®+1)_ Importantly, this shows that the estimator by-
passes the usual combinatorial difficulty of associative recall tasks. In our framework, each element
to be recalled is not a finite symbol but rather a probability measure, i.e. an infinite-dimensional
object. Despite this intrinsic complexity, the analysis reveals that the statistical behavior is gov-
erned purely by the eigenvalue decay of the underlying kernel, leading to the rate characteristic of
infinite-dimensional regression.

B.7.2 BEYOND LOGARITHMIC CAPACITY

In Theorem[5] we discussed the case that the number of components (the “capacity” in terms of the
associative memory) is bounded as

—1 min(a,B)

8
I <dy £ (lnn) =m@m+T |

which is logarithmic with respect to not only the sample size n, but also the number of “parameters”,
which we consider as the covering number, of our Transformer models. This is because the lipschitz
functions over S 71, not B(H,, ||||2,,7 ), becomes too complex when d; is large. On the other
hand, in Appendix [B.4] we observed that the number of the actual parameters attention matrix is
linear in dy (> I).

Here we consider the following additional assumption:

Assumption 9. The target function F* ( u(()i ), xq) is independent of x, and only dependent of uéi ),
(i.e. we can write F*(ul' ) zq) = F*(ul).)

Then, we have the polynomial “capacity” even in the associative recall task with the infinite-
dimensional measure-valued components:

Lemma 20. Assume that

[<dy~ exp(O((loggl)“Il )), dy = O(1).

In Setting[3|and under the additional Assumption[9}
log N (TF; €)oo S €xp (0(1n 6*1)(14»0()/04))

Proof. The main strategy of this lemma follows Lemma[I8] We only mention the differences from
the preceding lemma.

Let D = d + D ~ d; (consider the case D < d;).
(i) Letting €4 = e, the second attention layer is O(1)-Lipschitz (Lemma|[16));
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(ii) Letting e3 2> Q(e), the Lipschitz constant of the second MLP layer is bounded as Lyip 2 S

dy exp(—O(ceD? - (Ine1)?)), (ce < polylogloge™) (modifying Corollaryto ignore the first d
indices );

(i) Letting €2 2 dyexp(—O(ceD?- (Ine™')?)), the Lipschitz constants of the first at-

tention layer are bounded as Laniw: + Lawni), < D exp(O(d®log(Iez'))) <

1

exp(O(ced%(ln d)OW (In e 1)2+2e” )) (LemmaHandI <dy);

(iv) We have €1 2 exp(—O(ced%(ln d1)°M (In 5*1)2+2a—1)> for the first MLP layer.

By Lemma|[I5]and Corollary
log N (A(1,1,0,1,0,1);€4) < polyloge™*
By modifying Corollary [3|to ignore the first d indices (corresponding to the query),
log N (F (£, 2, 52); €3)o, S € O ™),
By Lemma(I0]
log ' (A(datnt, H1, Bas, Han)s €2) S poly(log(e'dy)) - d.
By Corollary I
log N (F (€1, p1,51); 1), S polyloglog I-polyloge™ - (((log I)+polylog e *-d)**2- D+d).

a+1

Assuming that I < d; ~ exp (O((log €)“a )) and ds = O(1), we have

logN(A(dattnl7HlaB(L,17H(l,1);€2)oo+10g-/\/(f(£17p1751);61)00
+10gN(]:(£2ap2782);63)00 +1OgN(A(1a17071307 1)764)00
5670((1“-1)1/@)'

In the same vein, we obtain the similar result as in Theorem 3

Theorem 6. Let F' be the empirical risk minimizer whose hypothesis set is constructed in Lemma
Assume that
I <d; ~ exp(o(logn)) = n°L

and the target function F*(uéi*), xq) is independent of x (Assumption EI) In Setting we have
R(F*, F) < exp(—Q((Inn)a+1)).

Proof. The proof is the same as in Theorem [5] O

C MINIMAX LOWER BOUND

C.1 PROOF SKETCH

The goal of this section is to establish an information-theoretic minimax lower bound for the asso-
ciative recall problem in Setting[d Our proof strategy consists of two main steps: a reduction to a
pure infinite-dimensional regression task, and the derivation of covering/packing entropy bounds for
the corresponding Lipschitz functionals.

Step 1: Reduction from Infinite-Dimensional Regression (Appendix [C.2). We first reduce a
regression problem on measures to the associative recall problem. Let

F* = Lipy (B(Ho, [[llom) X Xq,dproa),  F* = LipL(B(Ho, 4o ), [ - ll330)

where F* is the full class of Lipschitz functions depending on both (p, z), and F* C F* is the
subclass depending only on .
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Here, the key observation is that each v can be written as an average of pushforward measures

1 I
2 : O]
vV = f /“Lv(i) =
=1

Therefore, estimating F' (,uéi ), ) with the “noisy” input v is at least as hard as estimating with the
“pure” input 11 .

~| =

I
> (Bmb, ) gl
1=1

Formally, the two observation models differ as follows:
Sn = {(Vt7 (xq)hyt)}?:la Yt = F*(/’(‘(()Z )7 (Iq)t) +£t7 F* S ]:*7

U = {15y Yy, o= F*(ul )+ &, F*eF cF-

That is, under S,, we observe outputs of a general Lipschitz function F* € F*, whereas under U,
the outputs are restricted to the subclass F*.

)

Consequently, remembering that F* (v, x) == F* (ug* , ), the minimax risk satisfies

inf sup Es,[|F(v,x) = F*(v,2)|°] > inf sup Euy,[|[F (1) = F* (o) %].
F fecr+ F fpecF+

In words: the associative recall problem with dataset S,, and hypothesis class F* is at least as hard

as the reduced regression problem with dataset I/, and restricted class JF*. This reduction allows us
to focus on an infinite-dimensional regression setting.

Step 2: Entropy Bounds for Lipschitz Functionals. The minimax lower bound is based on the
general Gaussian regression minimax bound in|Yang & Barron|(1999): in short,

1OgM(}—*§6)L2(P“0) ~ ne? = ir}fsupR(F*,F) > €2
F Fx

where M (F*;¢) £2(p,,) denotes the e-packing number of the function class F * with respect to the
L?*(P,,) metric. Thus, to obtain a lower bound it suffices to evaluate the packing entropy (i.e.,
the metric entropy log M (=~ log N)) of the set of Lipschitz functionals G* under L?(P,,). To

apply the classical information-theoretic results, we derive both upper and lower bounds for the
covering/packing entropy of the relevant Lipschitz functional class.

STEP 2-1: UPPER BOUND (APPENDIX[C.3)). It is known (see Boissard| (2011)) that for a Lips-
chitz class,
log NV(Lip(A,d); €)p < N(A;€)q- (polyloge™t),

where A is the input set and d is the underlying metric. Applying this principle, we show that

at1

log N (B(Ho, ||| ); €) < exp(culoge™) ™, ¢, < oo.

N s
Illye

The proof relies on the following isometric transformation: for f = Y -, b;e; and parameters
a,b,c,

Y
fe Gapelf) =D N7 bie,
i=1
which is an isometric bijection from (B(Ho, || - [[#g) | - l3) to (B(Ho, [| - lyga—v+e), [ - lg)- We
0

apply this with a = 4, b = ~¢, and ¢ = 0. Then, we employ a standard argument of covering an
infinite-dimensional ellipsoid endowed with ¢? metric.

STEP 2-2: LOWER BOUND (APPENDIX[C.4). The key difficulty is that the Lipschitz constant is
anisotropic: differences along low-index directions (small 7) are heavily penalized, while directions
with larger j are effectively much smoother. Formally, for I in our class one has

F( bey) = F( ejep)] < L\/wajcj)a <0,
J J J
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which clearly shows that directions with larger eigenvalues A; (small j) contribute far more to the
Lipschitz bound than those with smaller eigenvalues (large 7). In other words, the geometry of the
function class is highly distorted across coordinates.

To make this structure explicit, we construct a rescaling map that embeds the standard cube [0, 1]¢
into our measure-input space. After rescaling each coordinate according to the eigenvalue decay
{\,} a Lipschitz function on [0, 1]¢ becomes a function on B(H,, |||, ) with Lipschitz constant
proportional to
A(retra)/2
d .

This shows that our class contains an embedded copy of the d-dimensional Lipschitz ball, up to a
rescaling factor.

Consequently, the packing entropy of our class is at least as large as that of Lip, ([0, 1]%,]| - ||¢=)
at resolution Re/ )\E[Vﬁw)/ 2, By combining this rescaling argument with known packing lower

bounds for Lipschitz functions on [0, 1] and the Yang—Barron information-theoretic inequality, we
obtain the desired minimax lower bound for the associative recall problem.

Remark 6. In Setting we assume that the density dd’—g" is nonnegative, which can always be en-

sured by adding a sufficiently large constant shift. We then relax the additional constraint that f

must be a probability measure, and instead only require that (%f’ belongs to a bounded ball in the

ambient function space. This modification does not affect the minimax difficulty of the problem,
since the essential hardness arises from the infinite-dimensionality of the domain, whereas the nor-
malization constraint corresponds merely to a finite-dimensional restriction.

C.2 STEP 1: REDUCTION FROM INFINITE-DIMENSIONAL REGRESSION

By Lemma we will show that the associative recall problem is at least as hard as a Gaussian
regression problem where the input variables are measures. Remember that a standard Gaussian
regression problem is defined as follows: we observe i.i.d. random variables (X, Y;)7; such that

i/t:F*(Xt)+€t7 t:17"'7n7

where &; are i.i.d. Gaussian noise, independent of X;. On the other hand, in our recall-and-predict

problem, the observed input v is noisy: (M%) )izi~ are mixed in v, but they are irrelevant to the
output y. We will show that we can obtain a better estimator when we “eliminate” the noises in the
inputs. Formally, we obtain the following corollary:

Corollary 4. Let

F* = Lip (B(Ho, [[llsgw ) X Xq, dproa),  F* = Lipg (B(Ho, [[[l207 ), | - ll340)-
Here, F* denotes the class of L-Lipschitz functions in both (1, ), while F* denotes the subclass of
L-Lipschitz functions depending only on . Note that F* C F*.

Consider datasets
Sn={, @e)o v e, w=F*(uy ), (zg)e) + &, F* € F*,

Uy = (1§ )Yy, ye=F*(ul ) +&, FreFrcF

sampled as in Setting Then, remembering that F* (v, z4) = F*(u(()i*), zq), we have

_inf sup Esn[||F(V,$) —F*(V,x)HQL?(IPM )]
Sn—FeL?(Py o) FreF* -
> inf sup Eo,[[|F(10) = F*(10) | 72e,, )]

T Uy FEL2(Puy) freFr

In words: the estimation problem with query-dependent target functions is at least as hard as the
restricted problem where the target depends only on u. Hence, establishing a lower bound for the
latter suffices.

To prove Corollary [} we state the following lemma.
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Lemma 21. Let S,, = {(vt, Tt y1) } 1o ., and S, = {(,uo s T, Ye) =1 be datasets sampled as in

Deﬁmtlonl Then, for any estimator F .S, — F, there exists an estimator Fy : S,, — Fy such
that

Es.[|Ew,2) — F*0,) 2, )] 2 Es, [1F(0,) = B (o, 0) 2o, )]

Moreover, if F* is independent of the query z, i.e. *(p,x) = 152* (1), then there exists an estimator
F depending only on {(/QLE)Z ), yi) Y&y such that

Es[IE@, ) = B (uo)l32] > B gm0, [1Falio) = B (o)l13:]-

Proof. Remember that
1 i 1 i 3 iid. :
v=2 2 mh =7 2 Embyo)iug’s ug K By, () ~ P
We want to eliminate the dependency of /,L((f) and v(") for 4 € [1 : I]\ {i*} from the original estimator
and make a better estimate. We will construct a Bayes-estimated mapping

S, —> {(/ig)l ),xq) = E, 7, [an<1/7 xq) | :u(()l )quvsn] = ﬁ‘l(,“éZ )75501)} € L2(Puo,zq)v

where 7, = {(u{)e, (@), | forVie[1:1]\{i*}andVt € [l,n]} and S, =
((ué ))t, (xq)t,yt)?zl. This estimator S,, — F) is well-defined as the mapping from S, toa
function in L (P, xq) because (i) we can deterministically construct S,, from S,, and 7,, be-

cause v = + U( )y = 1> ,(Emb, ))W( ") and (ii) v only has the randomness of the noises
{( (()Z), o0 ))}i#*, given (u(() ), zq). Note that the above estimator does not use the oracle of sam-

pling an input/output pair. In short, F} is not cheating in the context of the standard Gaussian

regression: To take the expectation with respect to v/| ,uéi ) and T, we are additionally observing
only the noises of the input v, which do not exist in the standard Gaussian regression. From now,

we will explicitly write F' = an. The loss is lower bounded as

Es, [|Fs, (v, 7q) = F*(v, 2|32z, )]

=Es, [II(Fs, (v, 2q) = Bu.7,, [Fs,, | 1, 24, Sa))
+ (B, [Fs, | 16 20, Sl = F* () 2o, )

=Es, [[|Bs, (v, 2q) = B 7 [Fs, | 4,200, Sall2ee, )] - ()
+2Es, [(Fs, (v,2q) — Eu1 [Fs, | 1§24, Snl,
7 [Es, | 1§ 00 Sal = F* () o)) 2, 0] - (i)
+ B, 1By, 7 [Fs, | 4,04, Sal = F* (1 2)) R 2o, . )

>Es, [|(F1 5, (10, q) = F* (1o, 29)) | Z2e,,, .. )

For the term (i), this is greater than zero. As for (ii), we have
(it) =Es, [(Fs, (v, 2q) — o7, [Es, | 1), 2q, Sal,
Ey7 s, | 1§ ) wq, Sl = F* (g, Tq))12(®, 00)]
=Es, [E7, [(Fs, (v,7q) = Bu 7. [Fs, | 15,24, S],
Ev 7 [Fs, | 1) 20, 8] = F* () 20)) 12e, ., | Sl
=Es, [(E7, [Fs, (v.20) | 1,20, 80] = Eu, 7 [Fs, | )12, Sul,

By [Fs, | 1§ 2q, 8] = F* (1§ wa)) 12, )]
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(E..7, [Fs, | u((f , Tq, Sp] and F* (g (") , Tq) are independent of Ty, | S,, if S, is given)
B, [ {( [ B, 1B, (:20) | 70 80] = B s, | 167,20, )P (1)
x (EurBs, | 2 8] = B, ) FaPe, )]

B, [ {( [ @, (B, (0:20) |0, 80] = Buy [Fs, 11”20, SR, o ()8, 0 ()

x (EvrBs, | 2 8] = B, ) faPe, )]
=0.
In the same vein, we can omit the dependence of x if F™* is independent of z,. We give an estimated
mapping as
o = Ea(ayory [Frs, | oy ()6 o))

that can be constructed only with the observation ((u(() ))t, y+)¢- We omit the details for the second

statement. O

C.3 STEP 2-1: UPPER-BOUND OF THE ENTROPY

Thanks to Corollary H] the lower-bound analysis reduces to a Gaussian regression problem in which
the inputs ,ué ) ~ P, are generated according to Setting 4} The key step is to control the cov-
ering/packing numbers of the underlying function class so that we can apply the general minimax

bound of [Yang & Barron|(1999).
Lemma 22 (Yang & Barron| (1999)). Let F* := Lip; (B(Ho, |||, ), || - ll¢zr). Consider the

dataset Uy, = {(,u(()i*)7 yt) }7— generated as in Setting Suppose there exist 0, ¢ > 0 such that
2

1Og2./\/(./—" )L2 < 2% 5. 927

2 2
logy M(F*;8) 12 > o 4+ 2log 2.
g

Then
inf  sup Eun[HF—F*H?Lz(P )} > 52,
Un—F pxcFx 1o

Remark 7. For lower-bound analysis, we adopt the L? norm when defining covering and packing
numbers.

Goal of this subsection. To apply Lemma[22] we need tight control of the covering entropy of the
Lipschitz function class. Specifically, we aim to establish an upper bound on

tog A (Lib (B(Ho, ey ), || lrgge)se)

A lower bound is deferred to Appendix

By proposition B.2 in Boissard| (2011)), the covering entropy of a (1-)Lipschitz class can be con-
trolled by the covering entropy of its input set:

log N (Lip(A, d); €) o < N(A;€)q - polylog(e™),

where A is the input domain (under some weak assumptions) and d is the underlying metric. Thus,
our task reduces to bounding the entropy of the input set A = B(Hy, ||||2, ) equipped with the
metric || - \\Hgf.

L2(IP’,L0)

To this end, we establish an isometric correspondence between balls in weighted Hilbert spaces,
which allows us to switch to the standard L? metric.

Lemma 23. Let a,b,c € R. A mapping ¢qp,c:

F=3biei = o) = SN bies
i=1

i=1
is an isometric bijection from (B(Ho, |[[|#g). | l2¢) to (B(Ho, || Ilngberc), [l []225)-
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Proof. First, for all f € B(Ho, |||l4,)
e 5\ —cte—by2
16Nl = 3N (A7 bi) = oA = | fllg.

This implies that ¢ is isometry and injective. Next, ¢ is also a surjection because

f=" bie; € B(Ho, ||llz)

i=1
S A<

c—b
2

<:>Z>\i—a+b—0()\i bl)Q <1

©o(f) =D A7 biei € B(Ho, [[lye-r+)

i=1

O

Using the above isometry and eigenvalue decay properties, we obtain the following upper bound on
the entropy of the input set:

Lemma 24. The covering entropy of B(Ho, |||l3v) endowed with the distance |||+, is upper

bounded as "

log N (B(Ho, [lll2tom ): )i, Shn(e™!) =

Proof. By Lemma[23] letting a = ~p,, b = ¢, ¢ = 0, it is sufficient to show that

log N'(Bg;€)rz SIn(e™!) @

where By = B(Ho, [[ll;-)- We construct a J.-dimensional set &; =
0
{(b1,...,bs.) | f=>_,bie; € By} such that, forall f =" be; € By,

z v < 362.

Jj2Jde+1

i S A

This can be satisfied if J. ~ (¢! (y, — 7¢) Ine ")/ because 3= 5 ;1107 < D.s ;g A
with exponential decay and use A; ~ exp(—cj®). To construct a %e-covering on £;_, we need at

u . . . .
most O(1V (A; *  /e)) patterns for each dimension, so the covering entropy is bounded as

Je )\?{b%
1 < J
og N () S _log =

j=1

J

A

e -1
(_(% 7f>ja n (Vb %) %)
1 c Cc

-1
Yo — Yt
) e

<.
Il

A

1
A~ N

-1

=) (Ine1)(@tD/o
C

O

Finally, results in[Boissard| (2011) and Lemma [24] yield the desired entropy bound for the Lipschitz
class.
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Lemma 25 (Based on Boissard|(2011)). The metric entropy of Lipy (B(Ho, ||#,7)); [l ) with
respect to the Bochner L*(PP,,, )-norm satisfies

. 1y atl
Log N (Lipy (B(Ho, e ) e ): i, S 00 (caine) )
for some c,, > Q.

a+1

Proof. By Lemma log N'(B(Ho, ||| ); e)”Hwa <1In(e7!) = . Then, by Proposition B.2 in
0
Boissard (2011) and ¢! = exp(Ine~!) = o(exp ((ln e_l)aTH>) for any o > 0, we have
. 1y ettt
log AV (Lipy (B(Ho, 1370, )i e S exp (cullne) %),

By the inequality /P, (B(Ho, [[llxe )l - oo > || - [I22(,,) and /P, (B(Ho, [[[l#,m)) = 1,
we obtain the desired bound. O

C.4 STEP 2-2: LOWER BOUND OF THE ENTROPY

To apply the general minimax bound in Lemma[22] We will provide the lower bound of the infinite-
dimensional lipschitz class.

The main difficulty lies in the anisotropic nature of the Lipschitz constant: for F' in our class, one

has
1P bie;) = FOO_cies)| < L\/Z A =)t = >0,
J i i

which implies that the functional is significantly smoother in directions corresponding to high-index
coefficients e;. To capture this effect, we construct the following embedding:

0s DO 5 D). )0 = o ) oonna( ) )

where -
Fu=Y_N1"Zje;,  dp(a) = fu(x)da,
j=1

with independent coefficients Z; ~ p; and cumulative distribution functions ®;(z) =
IZ . pj(w)du.
We prove that

ta(Lipy ([0,1]9) € Tip etz (B(Ho, [l ), lllage),

and hence obtain a packing lower bound

o8 M(LiDy (B ) ) ) = 100 (Lipy (0,11 - o). 5ol )
d Lp

Combining this rescaling argument with standard Lipschitz-packing lower bounds and the
information-theoretic results of Yang—Barron yields the desired minimax lower bound for the as-
sociative recall problem.

First, we construct an embedding ¢4. This construction suggests that, after a suitable rescaling of
coordinates, functions on [0, 1]¢ can be embedded isometrically into our measure-input space. The
next lemma formalizes this embedding and quantifies how the Lipschitz constant is rescaled.

Lemma 26 (An extension of Lanthaler|(2024)). Let P,,, be a probability measure on B(Ho, |||, )
in Setting Forany p € [1,00) and d € N, there exists an isometric embedding

d - Lp([ov l]d) — Lp(]P)Mo)a
such that 14(Lip; ([0,1]%; |[|o0)) C LipR/(A;ﬂfﬂdw)(B(Ho, 207 ); ll33¢)), where the Lips-

chitz norm on [0,1]¢ is defined with respect to the co-norm on [0, 1]%.

43



Published as a conference paper at ICLR 2026

Proof. By Assumption|[8] yu ~ P, is sampled as
od du
fa=2_2 Ziegs 35 = fw
J

where Z;, j > 1 are independent and Z; ~ p;(z)dz. We define the cumulative distribution ®;(z) =
/ foo pjdz. We know that F} is Lipschitz, whose Lipschitz constant is bounded by sup; ||p; |l < R.
We define f,, ; = (f,., e;). We will show that the mapping

s P01 = I (Pug), (ag) () = 9(@1 (M), @alfwa/ A )

is the isometric embedding that we want. For g € LP([0,1]%), the LP(P,,, )-norm of ¢4g is equal to

By (0ag) (fu) P = By [g(®1(Fur /N )s - @l fa/ g DI
=Ey, |9(®1(Z1), ..., Pa(Za))|"

— /[0 1 \g(ml, . ,$d)|pdx ((I)j(Zj) ~ Unif[o7 1})

= 191, 0.
which shows that ¢4 is isometric embedding. Next, we evaluate the image of ¢4. A mapping
ha = (B(Ho. o). M) = (0.1 Mlse)s F = (@2(Fun /A, @alfwal A )
is lipschitz because
1P (fur) = Pa(fuz)lloo
<max {12 (Fus /A F) = 0 (a/ 2]}

—ad
Llp(q)j)Aj 2 g — fu2,j|}

Jf—7d it 3
§max{Lip((I>j)>\j PV |fu1,j_fuz,j}

}Z(Aﬂfm,j )
J

and thus
R

=TT
2
d
Therefore, Vg € Lip, ([0, 1]%, 00), Lipschitz constant of ¢4g is bounded as

. . . . R
Llp(Ldg) = Llp(g © hd) < Llp(g) : Llp(hd) < T
2

Ad

Lip(hd) <

Furthermore, we also have ||Ldg||C(B(H0aHHH'Yb) <1 O
0

Lemma [26| ensures that the Lipschitz class on [0, 1]¢ can be viewed as a subclass of our infinite-
dimensional Lipschitz class, up to a scaling factor depending on \;. This immediately yields a
lower bound on the packing numbers of our class in terms of the well-studied packing numbers of
Lip, ([0, 1]%).

Corollary 5. Under the assumptions of Lemma 26| we have

Re
T
2

Ad Lo ([0,1]4)

log M(Lipy (B(Ho, 3407, ll32¢)s €) 1o (e,g) 2 log M| Lipy (0, 1] [[]|c0),
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Proof. By rescaling the function, we have

M (Lipy (B(Ho, [l[l#67), ll330); €) e

. Re
=M (LIPR/(/\<w+wd>/2)(B(H07 7070 ) [H3¢0); WW)
a ()\d ) Lp

_ - Re
>M (ad(Llpl([O, 1% ¢ ));('M'M)/Z>
(Ag )/ o

. oo RE
>M (Llpl([o,l]d;ﬁ );<—w+m/z> '
(A )/ Lo (o,179)
O

Thus, the problem of estimating the packing entropy of the infinite-dimensional class reduces to that
of estimating the entropy of finite-dimensional Lipschitz functions on the cube. Fortunately, sharp
lower bounds for the latter are available in the literature. Note that packing and covering are almost
equivalent when € — 0.

Lemma 27 (Lanthaler|(2024)). Forp € [1,00) and d € N, there exists a constant ¢ > 0 independent
of d such that

tog M(Lipy (10, 11, l): 1,0 2 ()" e (0,c/dl

Combining the embedding argument with the finite-dimensional lower bounds above, we arrive at
the following result, which provides the desired exponential lower bound on the entropy growth.

Lemma 28 (Parallel to Lanthaler| (2024)). Let P, be a probability measure on B(Ho, ||||2,™ )
in Setting The packing entropy of Lip, (B(Ho, |||l 2 )s HHngf) with respect to the Bochner

LP(P,,)-norm, satisfies

a+1

log M(Lipy (B(Ho, llleg ) g ) €)22(,) 2 exp (c(lne™) )

for some constant c; > 0.

Proof. Combining Corollary [5|and Lemma

—v¢+7d d

. A, ?
log M(Lip, (B(Ho, o) g )s ) 2 | 0

—vet+
where ¢; > 0 is a constant, provided ¢ < %. Then, by Ay = exp(—cd®), the RHS is lower
bounded by

c1 exp(—c'd®)) 4 1 /
(log M 2) B — if € < cod™ " exp(—c'd®),
where ¢/ = w and ¢y > 0 is another constant. Assuming that e is sufficiently small, let us

take d as

1/«
lOg(Cgé_l) —1\1/«
d: <C/_~_1 (E (1116 ) / ).
By rearranging the above inequality, we also obtain

€ = caexp(—(c + 1)d%),

which can satisfy € < cod ™! exp(—c’d®) asymptotically, because exp(—d®) < d~' where d ~
(Ine~ 1)1/ — o0 as € — 0. Then, we have

log M(Lip; (B(Ho, [[I#070), [lll3¢¢)> €) e
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Vv

<cl exp(d;c’do‘)) ) ¢

exp (—c'd® + (' +1)d* — Ind + O(1)))"
exp(Q(do‘+1))

exp (Q((ln 6_1)T)>7

where we used d* ~ In e~ in the fourth inequality. O

VRV RV

C.5 PROOF OF MINIMAX LOWER BOUND
Theorem 7 (Minimax Lower Bound). Under Setting[d] we have

inf sup B, |[1F = Flia, )| 2 o (-0((nn)=H)).
Snb—)Fﬁ‘*e]:* d

Proof. By Lemmal[21] it is sufficient to evaluate

inf sup B[l (o) — F* (i)l 3ae, )
U FEL2(Pyy) frefr

where U, = {( )y y¢)}7, sampled as in Setting mstead of the original
problem. Let V(en) = log./\/(Llpl( (Ho, 407 ), ||| )€z and M(d,) =

log M(Lipy (B(Ho, [[1#67); [0 )3 €) 2

First, lete,, = C1 » exp(ch(ln n)%) where cg = (i> o Then, by Lemma ,

2
2c?

VE; n) Sexp (cu(log 6;1)%“ + 2c¢g(In n)%ﬂ)
<exp (cu(cE(ln n)a+i ) " 2cg(Inn) =+t )
Sexp (; Inn+ O((lnn)ail))
Sow
Note that o = ©(1). Next, we lower bound the packing entropy. Taking §, =

210g2

C, exp(—cd(ln n)%ﬂ) where cq = c;?“ and C, 2 02 + is a sufficiently large constant

only dependent of o = ©(1), using Lemma 28]

M atl a 2 2log2 2 2log2
MZexp(cl(cd: lnn)+O((lnn)<><+1))-<+ Olg )Zn(—i— o8 )

o2 o2 n

Finally, applying Lemma[22} we have

inf sup IE{HF - F||%2} > 62 > exp (=O((Inn)a+1)).
Sp—F FeFe°

D SYNTHETIC EXPERIMENT ON MEASURE-VALUED ATTENTION

To provide a minimal empirical sanity check of our risk bounds, we design a simple synthetic ex-
periment where the input is a measure-valued context on [0,1] x {—1,+1} and the model is a
single MLP—Attention—MLP block. The goal is to recover a scalar functional of an underlying
“associative” measure from a mixture of associative and non-associative components.
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Data-generating process. Fix a truncation level M/ = 16 € N and an orthonormal trigonometric
basis on [0, 1],
do(z) =1, ¢j(z)= V2 sin(rjz), j=1,...,M —1.
For a smoothness parameter o > 0 we define eigenvalues
Aj =exp(—j9), j=1,...,M—1.
For each training example we sample two sets of coefficients Z, Z5 ~ N (0, I;—1) independently,
71,0, Z2,0 = 0, and form the (unnormalized) densities on [0, 1]

M—-1
(@) = Y N Zijoi(x),  ke{l,2}.
=0

We discretize [0, 1] on a uniform grid {z;}7_,;, T = 32, clamp the density to be nonnegative, and
normalize to obtain a probability mass function (py(¢))L:

raw ~ + raw N“z(xt)
P (@) = f(xe), il (20) = max{pi™ (z,), e}, pelt) =

Dosm1 M ()

with a small cutoff ¢ > d”_r]

Independently, we sample a “query label” v(*) € {—1, 41} uniformly and set v(®) := —v(1). We
then define a product-measure mixture on [0, 1] x {—1,+1} by

v = 40 80) + (e @ ).

where i, is the discrete measure assigning mass py (t) to ;. To construct the input token sequence,
we draw nyokens = 5000 i.i.d. Monte Carlo samples (X;, Q;) ~ v:

(Xi, Vi) = {

Finally, we append a single “query token” (0,v(!)) at the end of the sequence, so that each input
example is a sequence

(X, Vi) Yo U {(0,0M)) € ([0,1] x {=1, +1})" ",

(zry, ™), with prob. 3, T} ~ py,

i 1=1,....,n ..
(xT27’U(2))7 with prob. %, T2 ~ pa, tokens

The target output Y depends only on the associative measure z11 (and is independent of i5 and v(?)):

M-—1
Y oo F*(p1, Xoypmatr) = 011 Z N 23 .
——— iz

query token

Intuitively, the model must use the final query token (0, v(l)) to attend to tokens consistent with ¢;
and recover information about the hidden coefficients Z; from Monte Carlo samples of p;. Note
that we add a small Gaussian noise with std = 0.01 in training.

Model and training. We use a minimal architecture that mirrors the theoretical measure-attention
operator:

context/query MLP — measure attention — MLP HEAD.

For each example we construct a sequence of Ty context tokens (x¢, v¢) € R? together with a final
query token (0, vquery ). The context tokens and the query token are embedded by separate two-layer
MLPs into R%medel with d,,oqe1 = 8 and hidden width dpigqen = 8. The resulting query embedding
provides the () vector, while the context embeddings provide the K and V' vectors for a single 4-
head softmax attention layer. This “measure-attention” layer outputs a single dy,ode1-dimensional
representation, which is fed into a final two-layer MLP head to produce the scalar prediction Y.
We train with the squared loss /(Y,Y) = (Y — Y)2 using Adam with an exponentially decaying
learning rate for 20 epochs.

For each a € {ay,...,ar} we generate independent training sets of sizes n € {nmin, - -+ , Pmax }
(n = 2 for k = 2,...,6) and measure the empirical risk L(n) on a held-out validation set
(Nval = 2000).

3In our theory, we did not explicitly investigated such an cutoff or the normalization for simplicity.
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Empirical Risk for the Synthetic Experiment

—&— alpha=0.75
fit @=0.75, C=3.36

—&— alpha=1.0

=== fita=1.0, C=2.25

10-14

val MSE (log)

T
10!
n_train (log)

Figure 4: Empirical risk L(n) for the synthetic measure-valued experiment, plotted on a transformed
axis (logn)®/ (@1 together with the fitted curves. Each risk was calculated with 2000 unknown
samples.

Risk scaling. Theory predicts that in this setting the minimax risk decays as
L*(n) = exp(—c (logn)®/(@+1)),

up to multiplicative constants. To compare with this prediction, for each o we fit the parametric
form

log L(n) ~ Aq — Cq (log n)a/(aﬂ)
by least squares over (A,, Cy) using the measured pairs {(logn;,log L(n;))};. Figure [4| shows
log L(n) against (logn)®/(“+1) together with the fitted curves.

As a minimal sanity check, this synthetic experiment (Fig. d) in which varying the spectral decay
parameter « systematically affects the convergence speed: heavier-tailed spectra (smaller «) lead
to visibly slower decay of the empirical risk. This is qualitatively consistent with the theoretical
prediction, although we do not attempt to match the precise asymptotic rate.

Attention-weight analysis. To check whether the attention layer actually uses the query tag, we
inspect the softmax attention weights of the trained model on the validation set. For a given example,
let

T
{(Xe, Vi) oy € ([0,1) x {-=1,+1})
denote the 7" context tokens, and let

(Xqv Vq) = (0, U(l))

be the query token appended at the end of the sequence. For each attention head h = 1,..., H we
write

a™ e 0,1]7

for the softmax attention weights from the query to the 7" context positions, so that
T
Z agh) =1
t=1

We are interested in how the query token redistributes its attention mass over tokens whose tag
matches the query versus those with the opposite tag. Accordingly, we define the index sets

Ssame = {1StST:Vt:Vq}7 Saig = {IStST:Vt#Vq}a
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that is, we only consider the context tokens and exclude the query token itself from both sets. For
each head h we then compute the average per-token attention weight assigned by the query to same-
tag and different-tag tokens,

1 1
—(h . (h _(h) . h
wgar)ne T |Ssame| Z ay )a w((iif)f T |Sdiﬂ?‘ Z af(: )a

t€Ssame t€Saisr

as well as the total attention mass
h) . (h) (h) ._ (h)
méar)ne = E a; Myg = E a; .

t€Ssame t€Saite

In practice, we implement this by adding a flag to the attention module that, when enabled, stores
the last softmax attention tensor A € RE*H>*1XT on the CPU after a forward pass (where B is the
batch size), and we extract a(™ as the length-T" vector Ap 1, corresponding to the query-to-context
weights for each example b and head h.

We report in Tablethe mean and standard deviation of mﬁfl,)ne and m((;:f)f over 1000 validation exam-

ples for each attention head h. On this synthetic task, two of the four heads concentrate essentially
all of their attention mass on tokens whose tag matches the query tag, while another head exhibits
the opposite preference and one head remains nearly symmetric. Averaged across heads, the query
token assigns a larger total mass to tokens with the same tag than to those with the opposite tag,
indicating a net bias toward tag-conditioned retrieval.

The absolute scale of the averaged weights Wsame and wgq;g is small (on the order of 107%) simply
because the attention distribution is normalized over a long context of Teix & Ntokens = 9000
positions. Under an approximately uniform baseline, we would have

_ 1 _4

Wunif ~ Tctx ~ 5000 ~ 2x10 s
so the reported values should be interpreted relative to this 1/T,;, scale rather than as absolute
probabilities. In our construction, each context token independently comes from zi; ® d,,1) or pg ®
d,2 with probability 1/2, so typically |Ssame| = |Sait| & Tetx/2. Consequently, values around
W ~ 2x10~% correspond to almost-uniform attention over all context tokens, whereas values around
Weame ~ 4 x 10™* and wyig ~ O indicate that a head places essentially all of its attention mass on
the same-tag subset (and analogously for the opposite tag).

As a sanity check that the model genuinely uses the query input, we perform a “query shuffle” exper-
iment at evaluation time: within each mini-batch we randomly permute the last (query) token across
examples, while keeping the context tokens and targets fixed, and recompute the validation loss (the
bottom of Table[T). On this synthetic task, shuffling the query tokens increases the validation MSE,
confirming that the model relies nontrivially on the query input.

This minimal experiment is not intended as a thorough empirical study, but it provides a sanity check
that the qualitative order of the risk predicted by our theory is reproducible in a simple measure-
valued attention setting.
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Table 1: Average attention weight from the query token to same-tag vs. different-tag context tokens
(mean and standard deviation over 1000 validation examples, with 64 training data and o« = 1.0).
With T.x = 5000 and roughly half of the tokens sharing the query tag, the uniform baseline is
W ~ 2 x 104, while a head that focuses almost exclusively on same-tag tokens reaches Wgame ~
4 x 10~*. We also report the validation MSE with the original queries and after shuffling queries
within 1000 data for validation.

Head Wsame Wiff Std(wsame) Std(wdiff)

0 1.96 x 107* 204 x107* 2.80x107* 2.85x107*
1 144 x 107 4.00x107* 210x 107" 4.00x 104
2 400x107% 1.17x107' 4.00x107* 1.70x 1074
3 4.00x107% 286 x 10727  4.00 x 10~* 0 (too small)

mean 2.49 x 10~4 1.51 x 1074 270 x 10~*  1.71 x 1074

original queries  shuffled queries
valMSE ~ 1.44 x 1072 7.75 x 1071
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