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ABSTRACT

Deep learning models are notoriously vulnerable to imperceptible perturbations.
Most existing research centers on adversarial robustness (AR), which evaluates
models under worst-case scenarios by examining the existence of deterministic
adversarial examples (AEs). In contrast, probabilistic robustness (PR) adopts a
statistical perspective, measuring the probability that predictions remain correct
under stochastic perturbations. While PR is widely regarded as a practical com-
plement to AR, dedicated training methods for improving PR are still relatively
underexplored, albeit with emerging progress. Among the few PR-targeted training
methods, we identify three limitations: i) non-comparable evaluation protocols;
ii) limited comparisons to strong AT baselines despite anecdotal PR gains from
AT, and; iii) no unified framework to compare the generalization of these meth-
ods. Thus, we introduce PRBench, the first benchmark dedicated to evaluating
improvements in PR achieved by different robustness training methods. PRBench
empirically compares most common AT and PR-targeted training methods using a
comprehensive set of metrics, including clean accuracy, PR and AR performance,
training efficiency, and generalization error (GE). We also provide theoretical
analysis on the GE of PR performance across different training methods. Main
findings revealed by PRBench include: AT methods are more versatile than PR-
targeted training methods in terms of improving both AR and PR performance
across diverse hyperparameter settings, while PR-targeted training methods consis-
tently yield lower GE and higher clean accuracy. A leaderboard comprising 222
trained models across 7 datasets and 10 model architectures is publicly available at
https://tmpspace.github.io/PRBenchlLeaderboard/\

1 INTRODUCTION

Deep learning (DL) has demonstrated remarkable potential to drive transformative advancements
across a wide range of industries, such as autonomous driving and medical diagnostics. In such
safety-critical domains, robustness is a fundamental prerequisite for DL models’ pervasive deploy-
ment. Numerous studies have investigated DL robustness, leading to a range of benchmarks that
systematically track the progress in the topic|Ling et al.|(2019); |Guo et al.| (2023)); /Croce et al.|(2021));
Tang et al.| (2021); Dong et al.| (2020); [Liu et al.|(2025)). These efforts have predominantly focused on
adversarial robustness (AR), which emphasizes the extreme worst-case scenarios by evaluating local
robustness based on the existence of deterministic adversarial examples (AEs): subtle perturbations to
inputs that alter model predictions Szegedy et al.| (2014); |Goodfellow (2015); |Papernot et al.| (2016b)).

A more recent and practical perspective, probabilistic robustness (PR) |Webb et al.| (2019); Weng
et al.| (2019); Couellan| (2021); Baluta et al.| (2021)); Zhao et al.| (2021)); Tit et al.| (2021)); Robey et al.
(2022); Pautov et al.[(2022);/Zhang et al.|(2023b)); Huang et al.| (2023); |Dong et al.|(2023)); 'TIT et al.
(2023)); Zhang et al.|(2024a3bj 2025); Zhang & Sun| (2025)); Zhang et al.| (2023a), employs statistical
approaches to answer the question: “What is the probability that predictions remain correct under
stochastic perturbations”. This probabilistic view is arguably more relevant to real-world applications
than AR, as it provides an overall assessment of a model’s local robustness, accounting for scenarios
where AEs may exist Webb et al.| (2019); [Huang et al.| (2023)); Zhao| (2025) and acknowledging
residual risks|/hang et al.|(2023b; 2024a; 2025) that are more realistic to manage in practice.
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Despite its potential, most existing work on PR is restricted to evaluation, with only a few studies
Wang et al.| (2021)); Robey et al.| (2022); [Zhang et al.| (20244}, 2025) exploring training methods
specifically designed to improve PR [Zhao| (2025). Among them, we identify three limitations.
First, they use different sets of evaluation metrics, with none adopting a comprehensive set to
assess the training methods holistically, making it difficult to understand which methods are truly
effective/efficient and under what conditions. Second, an interesting observation is that adversarial
training (AT) that primarily designed to improve AR often enhances PR as a “free by-product”.
However, existing studies assess only a limited selection of AT methods, limiting the understanding
of AT’s potential as a more efficient PR improvement tool. Third, there is no unified theoretical
framework to compare the generalisability of PR-targeted training, making it unclear of their broader
applicability in various context. These gaps and the rapid growth of PR research highlight the need
for a systematic benchmark for PR training methods, which is currently missing from the literature.

To bridge the gaps, we introduce PRBench, the first benchmark dedicated to evaluating training
methods for improving PR. Key features of PRBench include: i) A comprehensive set of metrics,
covering clean accuracy, PR and AR performance, training efficiency, and generalisation error (GE);
ii) A large set of training methods including most common AT methods and all PR-targeted training
methods; iii) Theoretical bounds of GE are derived under a unified framework of Uniform Stability
Analysis [Xiao et al.|(2022b); |Cheng et al.| to conclude comparative insights. Specifically, PRBench
includes 222 trained models based on 7 widely adopted datasets and 10 model architectures. It uses
4 common adversarial attacks to measure AR performance, 2 types of PR metrics (with various
hyperparameters, e.g., distributions of perturbations) for PR, GE metrics for both AR and PR, the
clean accuracy and the training time. While the total number of training methods included is 13,
PRBench code-base is designed to be extendable for future inclusion and comparison of new methods.

Our analysis shows that, in most cases, AT surprisingly outperforms PR-targeted training in improving
both AR and PR. This suggests that PR does generally come “for free’ﬂ when applying AT for AR;
not vice versa. That said, PR-targeted methods offer advantages in, e.g., better generalisability and
clean accuracy. The very recent “hybrid” training method combines the advantages of both, but at the
price of training efficiency. Key contributions of this paper include:

* Benchmarking: After formalizing a general formulation of the PR-targeted training methods, we
develop the first benchmark dedicated for PR, evaluating a broad set of training methods with
metrics of AR, PR, accuracy, generalisability, and efficiency.

* Analysis: Analysis is provided based on both empirical and theoretical studies, highlighting the
strengths, limitations, and trade-offs among training methods in the context of improving PR.

* Open-source repository and Leaderboard: All experimental details are included in the supple-
mentary materials. A public repository will be released after the review process. A public leader-
board is also released at https://tmpspace.github.io/PRBenchLeaderboard/.

2 PRELIMINARIES AND RELATED WORKS

2.1 GENERALISATION ERRORS AND ADVERSARIAL ROBUSTNESS

Consider a classification task where & € X C R? denotes the inputs, and y € Y C {1,2,..., s}
represents the labels. Let D be an unknown probability measure over X’ x ). We define f : © x X —
R" as a DL model, parameterised by 8 € O, and p denote the softmax function. Given i.i.d. samples
S = {(xi,yi)}~, drawn from D and a loss functiorﬂﬁ : [0,1]" x ¥ — R, the narural and
empirical risks can be represented as:

n

R(6) = Beyyn [L(p(f(,60)),9)] and Rs(6) = = 3" Lp(f(@:0) ). ()

i=1

1“For free” is used figuratively (not literally) to indicate that PR gains emerge naturally under AT. Trade-offs
such as reduced clean accuracy still apply; see later sections for details.

2For simplicity, we also denote the composed loss function in Eq. andas L(x + 4,y; 0) in the following
sections, whenever it is unambiguous.
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Figure 1: Comparison of Adversarial (a) and Probabilistic Robustness (b)

Definition 1 (Generalization Error) The GE of f on S is then defined as the difference between the
natural and empirical risk:
GE(0) = R(0) — Rs(0). 2)

Although definitions of robustness vary across different DL tasks and model types, it generally refers
to a DL model’s ability to maintain consistent predictions despite small input perturbations. Typically
it is defined as all inputs in a region n have the same prediction, where 7) is a small norm ball (in a
L,-norm distance) of radius -y around an input . A perturbed input (e.g., by adding noise on x) &’
within 7 is an AE if its prediction label differs from ground truth label y.

To evaluate AR, we normally formulate it as a question of maximizing the prediction loss, cf. Fig.[]
(a), where adversarial attacks are introduced to find such a worst-case AE through perturbation:

0* = arg max L(x + 8,y;0). 3
g max ( y; 0) 3

AT |Goodfellow| (2015); Tramer et al.| (2018); |Gowal et al.|(2019); Madry et al.|(2018); [Balunovi¢ &
'Vechev|(2020) is the most common and effective empirical approach for enhancing AR. It is typically
formulated as a min-max optimisation problem, where the inner max aims at finding the worst-case
AE in Eq. E[, e.g., by FGSM |Goodfellow| (2015)) and PGD Madry et al.| (2018)). Then the model is
trained to minimise the loss over these AEs derived from a training dataset D:

min Bz y)~p max L(z+6,y;0)]. “)

2.2 PROBABILISTIC ROBUSTNESS

PR adopts a probabilistic view, evaluating the overall local robustness in the presence of AEs, cf.
Fig.[T](b). This probabilistic notion of robustness is acknowledged to be more practical than the worst-
case AR, as many applications only require the risk of AEs to stay below an acceptable threshold,
rather than eliminating them entirely Webb et al.| (2019);|Zhang et al.|(2023bj 2024b); [Zhao| (2025)).

Definition 2 (Probabilistic Robustness) For a DL classifier fg that takes input x and returns a
prediction label, the PR of an input x in a norm ball of radius ~ is:

PR(x,7) = Espr(.|2) [ L{ fo(a+8)=y} (T + 0)], (%)
I8l <~

where Is(x) is an indicator function that equals 1 when S is true and 0 otherwise; Pr(-) is the local
distribution of inputs representing how perturbations & are generated, which is precisely the “input
model” used by|Webb et al.|(2019); |Weng et al.|(2019); Zhang et al.|(2024b|).

Def. [2]suggests that PR is the probability that the model prediction remains unchanged from a random
perturbation x’. A “frequentist” interpretation of this expected probability is—it is the limiting
relative frequency of perturbations where the output label is preserved, in an infinite sequence of
independently generated perturbations [Zhang et al.|(2024b). In other words, the “proportion” of
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non-AEs in the infinite set of perturbed inputs. To evaluate PR, one of the earliest works Webb et al.
(2019) introduced a useful black-box statistical estimator, especially for cases where PR is very high.
Later, more efficient white-box statistical estimators were proposed in|TIT et al.{(2023). Additionally,
PR has been extended to applications such as explainable Al|Huang et al.|(2023)) and text-to-image
models Zhang et al.|(2024b). For an overview of PR estimators, we refer readers to Zhao|(2025).

In contrast to the relatively extensive studies on PR estimators, research on training methods for
PR remains scarce. To the best of our knowledge, four studies Wang et al.| (2021); Robey et al.
(2022);Zhang et al.|(2024a; 2025)) explicitly motivated to develop training methods for improving PR.
The first three can be categorized as Risk-based Training (RT) methods, which shift away from the
worst-case perspective towards a training paradigm based on statistical risks induced by distributional
perturbations, incorporating perturbation risk functions into the objective. We formally introduce its
general formulation as:

Definition 3 (Risk-based Training (RT)) Reusing the notations above, RT is to
n}gin Ez,y)~p [Ry (L(x +6,y;0), 6 ~ Pr(- | x))], (6)

where R, is the perturbation risk function that defines some statistical quantities of the loss over a
distribution of perturbations Pr(- | x).

The specific choice of R, in RT methods varies: [Wang et al.| (2021) uses the identity function,
while Robey et al.| (2022); [Zhang et al.| (2024a) adopt functions calculating the Conditional Value-at-
Risk (CVaR) and Entropic Value-at-Risk (EVaR), respectively. Essentially, rather than training on
optimized AEs like AT methods for AR, RT methods train on statistical risks quantified by sampling
stochastic perturbations from the perturbation distribution.

A very recent idea of adapting AT for PR was proposed in|Zhang et al.|(2025), which does not follow
RT paradigm of Def. [3] Instead, their approach aligns with the traditional AT formulation in Eq.[]
Through multi-start PGD attacks and decision boundary exploration, AT-PR identifies an optimal AE
whose neighborhood constitutes the largest all-AE region. Intuitively, training over such an optimal
AE would reduce the overall “proportion” of AEs in the local norm ball and thus improve PR. We
classify it as “hybrid” given it is targeting PR but adapting AT by solving a new min-max problem.
Both RT methods and the “hybrid” method AT-PR constitute the current class of PR-targeted method.
Further details for all four training methods are provided in Appendix [E]

Table 1: Summary of abbreviations used in the paper.

Acronyms Meaning Acronyms Meaning

AR Adversarial Robustness AT Adversarial Training
ERM Empirical Risk Minimization GE Generalization Error
PR Probabilistic Robustness RT Risk-based Training

3 DESCRIPTION OF PRBENCH

All existing robustness benchmarks focus exclusively on AR |Guo et al.|(2023)); (Croce et al.| (2021}));
Tang et al.|(2021); Dong et al.| (2020); Liu et al.[(2025), with more related benchmarks summarized
in Appendix In contrast, our PRBench is the first benchmark dedicated to PR.

The models under evaluation spans 3 types of architectures: (1) plain CNNs; (2) residual CNNs; and
(3) transformer-based models. We train a diverse set of models, including VGG-19, SimpleCNN,
ResNet-18, ResNet-34, WRN-28-10, ViT (Small/Base/Large), and DeiT (Tiny/Small). In total, 222
models are trained on 7 datasets: MNIST, SVHN, CIFAR-10, CIFAR-100, CINIC-10, TinylmageNet,
and ImageNet-50. Model selection and dataset specifications are provided in Appendix

3.1 TRAINING METHODS

As shown in Table 2] PRBench categorizes all training methods into 4 groups: standard training (i.e.,
empirical risk minimization (ERM)), 6 AT methods, 4 RT methods (with corruption training using
uniform, Gaussian, and Laplace noise) and the “hybrid” method AT-PR.
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For AT, we consider the following representative methods. The PGD attack is widely regarded as
the standard approach, which minimizes the adversarial cross-entropy loss L¢g. Building on this,
logit pairing methods |Kannan et al.| (2018), including adversarial logit pairing (ALP) and clean logit
pairing (CLP), augment the objective with a regularization term coupling natural and AEs. TRADES
further introduces a KL-based regularization, defining its objective as a combination of the natural
loss and the KL divergence Lk, between predictions on clean and adversarial inputs. MART follows
the same KL-based regularization but augments it with the adversarial cross-entropy loss Lcg, while
additionally emphasizing misclassified examples through larger penalty weights. Overall, existing AT
methods can be characterized by different uses of Lz and Lg;, either individually or in combination,
for both AE generation and training. We identify a missing configuration and introduce KL-PGD,
a combination that generates AEs using Lg; (as in TRADES) and trains the model with L¢g (as in
PGD). KL-PGD is designed as a diagnostic variant to disentangle the effects of loss functions from
perturbation generation strategies, thereby providing a controlled comparison point for systematically
evaluating the relative contributions of different optimization objectives.

Table 2: Loss functions and AE generation strategies for different training methods.

Type Method Loss Function AE Generation
Standard ERM Lee(p(z,0),y) -
PGD Lex(p(x +6,0),y)
MART Lex(p(x +6,0),y) + M1 = p(ylz)) - L(p(x, 0)|p(x + 6.0)) —a-si
o ALP Lee(p(@ +8,0).y) + - |p(x +8.0) — p(x, 0)|3 0 = - sign (Vo Lep(P(@i-1 + 6-1,0), y))
%I}iiDES 5(‘5(1)(9&, g)ﬁy) +§&P(z+5b‘9) —p(= 1;92‘5
Ko peplm Dt e O)p +5,6) 5, = o sign (VaLxe(p(@i 1, 0) | p( 1 + 8, 1,0)))
Corruption  Lcg(p(z +6,0),y) ~ Pr(-
RT CVaR CVaR:_, (Lp(p(z +6,6),y)) o Pril®
Hybrid  AT-PR Lar(p(@, 0),y) 9 = argmaxye(grany b sLPR(z +8,k) =0

By instantiating the general formulation of RT training (Def. [3), three existing works have been
proposed, corresponding to essentially two distinct approaches depending on how the perturbation
risk function R is realized. A simple augmentation-based strategy is introduced by Wang et al.
(2021), referred to as corruption training, where each input x; is perturbed by a sample drawn from
a distribution (uniform by default) within an /., ball of radius ~. Robey et al.| (2022) proposed
a CVaR-based risk objective that emphasizes the tail of the loss distribution, thereby prioritizing
samples with larger loss values. A similar work by [Zhang et al.| (2024a) replaces CVaR with EVaR,
which leverages the entire distribution while following the same training strategy via samplinﬁ The
“hybrid” method AT-PR targets PR while following the spirit of AT, as summarized in Table 2] It
introduces a new min—max optimization objective (Eq. [2I). Through multi-start PGD attacks and
decision boundary exploration, AT-PR selects a local optimal AE in the norm-ball (§ € {67¢P})
whose neighborhood constitutes the largest all-AE region k, i.e., PR(xz + 0, k) = 0.

3.2 EVALUATION METRICS

Table 3: Evaluation metrics of AR, PR, and GE.

Type AR PR GE
T
; L PRp(7) = i=; PR(z;,7) GEppp(v) = PRD, (7) — PR, (V)
Metric AR = 15/ ZZQID Hgo(ap=uiy (i) ) D EXE;D 0
ProbAcc(p) = 3] Z LipR(w; y)>1-p) (®0) GEsr = ARp,,,, — ARp,,
@.eD

In addition to clean accuracy, PRBench evaluates the models across three core aspects: AR, PR, and
GE, cf. Table[3] AR performance is assessed by classification accuracy under adversarial attacks
(Eq. . PR is quantified using two metrics from the literature: PRp(y) [Webb et al|(2019), the
average probability that correctly classified inputs &; remain correct under perturbations of radius ~y
(cf. Def.]2), and ProbAcc(p) [Robey et al.| (2022), the fraction of inputs & whose PR(x, ) exceeds
a given threshold 1 — p. For the two PR metrics, |D| denotes the number of test samples that are
correctly classified by the model, whereas for AR, | D| refers to the total number of test samples. GE
captures robustness gap between the training and test sets. More details are deferred to Appendix [F}

3Given the conceptual similarity, categorize both EVaR and CVaR under the CVaR category in Table
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4 THEORETICAL FOUNDATIONS OF ROBUST OVERFITTING

While AT is regarded as one of the most promising methods for enhancing AR, empirical studies [Rice]
et al.| (2020); |Gowal et al.| (2020) have shown that it suffers significantly from overfitting. To under-
stand this phenomenon, several theoretical studies have been conducted under different frameworks,

including VC-dimension Montasser et al.| (2019); [Attias et al.| (2022), Rademacher complexity [Khim|
|& Loh| (2018));|Yin et al|(2019); Awasthi et al.[(2020); Xiao et al.|(2022a), and Uniform Algorithmic

Stability [Farnia & Ozdaglar| 1); [Xing et al. 1)); Xiao et al.| (2022¢). Moreover,
(2020) study generalization in standard DL models, focusing on the empirical correlation between
complexity measures such as VC-dimension and norm-based measures. further
conduct a large-scale empirical study of robust generalization under AT, analyzing how margin-based,
smoothness-based, flatness-based, and gradient-based measures correlate with the generalization. A
more detailed discussion of related work on generalization can be found in Appendix[C] Among all
these theoretical perspectives, one of the most notable contributions is by (2022b)), which
introduces the concept of n-approximate S-smoothness, as defined in Eq.[7] This work Xiao et al |
analyses the surrogate loss of the max function and show that generalization is affected by an
additional term proportional to 7).

Definition 4 (Approximate Smoothness [Xiao et al| (2022b)) Ler f : R x R™ — R, then f is
n-approximate 3-smooth, if for all z € R?, and V01, 05, we have:

Ve f(z,62) = Vo f(z, 61)| < B0z — 01 +n. @)

To facilitate comparison between different AT schemes, we make the following assumptions.

Assumption 1 Assume that the machine learning model f(x,0) is Lg-Lipschitz w.r.t. 0 and L-
Lipschitz w.r.t.  such that:

LG é sup ||f(w502)_f($701)” and Lé sup Ilf(mQ,e)_f(xlﬂe)H (8)
027#6, ”02 - 91H T2 AT ||1B2 - :131”
Similarly, we assume the smoothness condition for the gradient of model f w.r.t. 0 as:
Ve e X, |[Vof(w,02) = Vof(x,01)| < Bol6:— 01, ©)
VO €O, [Vof(wz,0)—Vof(w1,0)| < fllay—ai]. (10)

This assumption has been widely adopted and validated in prior work [Farnia & Ozdaglar| (2021);
Xing et al.| (2021); Xiao et al|(2022cib), where it serves as a foundational premise for analyzing

algorithmic stability and generalisation under AT. We show that the GE is bounded in Thm. [I]

Theorem 1 Given the Lipschitz and smoothness assumption in Assumption|l|for classifier f, we
show that the surrogate loss max )< Lce(P(f(x + 9,0)),y) is p-Lipschitz and ¢-approximate
1-smooth, such that

¢=2Lg and ¢ = (4By+2Lg) and = (2B¢+ L) . (11)

We run SGD with learning rate «; < ¢/t for T steps with a constant ¢ such that 1/c¢ > 1. Then, the
GE is bounded as

202 + nped
Y(n—1)

Thm.[T] follows from the results in[Xiao et al] (2022b)), where the authors conclude that the additional
term np¢ contributes to robust overfitting. The complete proof corresponds to the special case A = 0
of Thm. 3]in Appendix[G.2] And the proof for uniform stability is shown in Appendix [G.3}

|R(0) — Rs(0)] < — + (12)

1
n

Theorem 2 Follow the same condition for Thm. I} consider the objective function for contained AT

nax Lee(f(p(z+6,0)),y) + Alp(f(z +6,0)) — p(f(x,0))]3. (13)
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We show that the Lipschitz constant, @, for the objective function is
=2Lg +2\(vB37y + 3v°Lg) = ¢ + 2\(vB7 + 3v°Lg), (14)
and it is a-approxmiate ’lZ-smo()th, such that

¢ = (487 + 2vLg) + 2y (V2B + 2vLLg) = 6 + 2)\y (V28 + 2vLLe) — 2Le(1 —v)  (15)

b = (289 + L3) + 6) (v*Bp + 4vL3) = 3 + 6X (1* B + 4vL3) (16)
where o, ¢ and 1 are corresponding variables for AT in Thm. [[|without constraints and
v = Ip(f(z +8,0)) — p(f(.0))]2, (17)

max
16]l2<~,6€©

denotes the upper bound of the penalty function.

Thm [T] aims to establish the fundamental theoretical basis for our GE analysis: it formalizes the
Lipschitzness and smoothness assumption of the adversarial surrogate loss follows from the results
in[Xiao et al] (2022b), which is the key prerequisite for analyzing robust overfitting. Thm. 2]builds
directly on Thm|[I|by extending these properties to the AT objective with regularization, quantifying
how the added regularizer changes the Lipschitz and smoothness constants and thereby affects the
GE behavior observed in our subsequent empirical results.

5 ANALYSIS AND DISCUSSION

5.1 EMPIRICAL ANALYSIS OF EVALUATION RESULTS

While the complete evaluation results across all models and datasets are provided in Appendix D} we
present representative example in Tables 4] and [ and Fig. 2| for brevity.

AT methods improve PR “for free”. All AT methods consistently improve PR alongside AR.
Within the training perturbation norm-ball, models trained by AT achieve over 99% of PRp(7),
cf. Table The ProbAcc(p = 0.01) metric further indicates that more than 97% of test samples
exhibit PRp(y) > 99%. Moreover, as shown in Fig. [2| (¢) (e), model trained with AT methods
remains stable PR performance as the perturbation radius 7y increases and across different robustness
tolerance levels p, consistently achieving over 93% robustness under both PRp () and ProbAcc(p).
Our results show that AT, although originally designed to improve AR, consistently yields improved
PR as a by-product, without any modification to its training objective. Here, we use the phrase “for
free” to indicate that PR improvements arise naturally under standard AT, without requiring any
modification to its original training paradigm. It does not imply there is no cost in other metrics,
indeed, AT still suffers from a drop in clean accuracy. For example, the clean accuracy decreases
from 94.85% under standard training to 83.83% after PGD training (cf. Table[d). In this sense, the
phenomenon can also be interpreted as a multi-objective trade-off.

RT methods underperform AT methods on PR performance. While RT methods effectively
improve PR compared with ERM, they still lag behind AT methods, as shown in Table[d] Moreover,
their PR performance drops sharply as the perturbation radius increases, cf. Fig.[2](c) (d), showing
limited generalization beyond the norm-ball setting in training. Notably, our analysis of the CVaR
codebase from Robey et al.|(2022) suggests a potential evaluation inconsistency: it includes misclas-
sified original clean samples when computing ProbAcc(p) rather than focusing on the robustness of
correctly classified original samples. We have corrected this in our experiments. This view is also
supported by prior studies, e.g., L1 et al.[(2024), which states: “When considering the adversarial
robustness of a wrongly classified sample x, the robustness should be 0. Similarly, (Chen & Lee
(2024) emphasizes that “AEs must satisfy the constraints: the original examples are classified cor-
rectly while the predictions of the AEs are wrong”. In other words, if a sample is misclassified by
the model initially, its ability to resist perturbations and maintain the wrong prediction (i.e., being
“robustly wrong”) does not constitute meaningful robustness.

AT methods ensure stable and high PR under diverse perturbation distributions. We evaluate the
PR performance of PGD-trained models under three common noise distributions: Uniform, Gaussian,
and Laplace, and compare them with models trained by Corruption method using the same noise
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Table 4: Performance of different training methods on CIFAR-10 (ResNet-18), evaluated by clean
accuracy (Acc.), AR, PR, GE performance, and training time (sec./epoch).

Uniform _ ~ ~ N
Type | Method | Ace. % | AR % | PRYI™ () ¢ | ProbAce(p,y = 0.03) % | GEar % | GEppusi () % | Time
| | | PGD' PGD® CW2 AA | 003 008 01 012 ] 01 005 001 | PGD® | 0.03 008 01 0.12 | skp.
S«d. | ERM | 9485 | 001 0.0 00 00 |97.64 7619 6165 47.07 | 95.04 9348 8982 | 0.0 | 624 398 294 254 | 3
ry | Cor_Uniform | 9417 | 028 005 002 00 [99.12 9092 8232 7048|9778 97.02 949 004 | 483 624 479 231 | 3
CVaR 8991 | 4179 3345 0.0 0.0 |98.67 8775 78.62 6827 |96.63 9549  92.56 113 39 456 39 272 | 6l
Hybrid | ATPR | 8635 | 4822 4653 4739 44.01 | 99.68 98.13 97.01 9546 | 9913 9882 9824 | 2743 | 1169 1181 11.86 12.57 | 160
PGD 83.83 | 50.86 4946  49.18 4634 [ 99.63 97.89 96.59 94.85 [ 99.05 9873  98.01 2502 | 114 1101 112 1203 | 30
TRADES 83.34 | 5409 5315  50.84 4899 | 99.55 97.74 9633 9455 | 98.88 98.68  98.22 1612 | 1029 1022 1008 1027 | 25
AT MART 8226 | 54.83 5384  49.63 4694 | 99.56 97.4 9592 9393 | 98.88 9858  98.04 174 | 684 723 773 807 | 22
ALP 7398 | 5441 5408 5072 4841|9927 9673 9516 9324 | 9855 9829  97.85 844 | 526 593 552 444 | 36
CLP 8147 | 5412 5334 5105 49.05 | 99.53 97.61 9629 94.54 | 98.73 9852  97.88 1532 | 805 794 829 87 | 36
KL-PGD 87.55 | 494 4843 4706 4477 | 99.63 97.86 96.54 9472 |99.07 9873  98.14 1457 | 728 706 746 815 | 27

Table 5: Comparison of ERM, PGD, and Corruption-trained models under Uniform, Gaussian, and
Laplace noise. Reports Acc., PR, and GE at various perturbation radii v on CIFAR-10 (ResNet-18).

" Gaussi Lapl
Type ‘ Method ‘ Acc. % ‘ PR‘lLIJm (1) % ‘ PRT"™(v) % ‘ PR‘DZP:‘“(”/) K ‘ GEpryp(y=0.03) %
| | | 003 008 0.1 0.12 | 0.03 0.08 0.1 0.12 | 003 0.8 0.1 0.12 | Uni. Gau. Lap.
Std | ERM | 9485 |97.64 76.19 61.65 47.07 | 96.16 61.88 442  30.6 | 96.04 6098 4324 29.79 | 624 636 6.3
Corr_Uniform | 94.17 ] 99.12 9092 8232 7048 | 98.69 8246 674 4932 | 98.67 81.85 6629 48.09 | 483 5.03 5.05
RT | Corr_Gaussian | 9332 | 99.41 9622 92.14 85.32 | 99.23 9223 8342 7046 | 99.22 9191 8272 6942|569 5.67 5.6
Corr_Laplace 93.61 | 9945 9632 9197 844 | 993 9209 8209 6642|9929 91.78 813 65.16 | 5.72 5.67 5.63
AT | PGD | 83.83 |99.63 97.89 96.59 94.85 | 99.48 96.68 94.5 9154 | 99.47 96.59 9434 91.29 | 114 1124 1121

distribution. As shown in Table [5|and Fig. 2] (d), PGD-based AT consistently achieves the highest PR
across all distributions, outperforming Corruption in all settings.

RT methods achieve higher clean accuracy but has near-zero improvement on AR As shown
in Table @ models trained with RT methods exhibit smaller reductions in clean accuracy. However,
their AR degrades significantly, with performance dropping to nearly zero under strong attacks such
as C&W and Auto-Attack. Only the CVaR method achieves non-zero AR performance against PGD
attacks, though it still lags behind models trained with AT methods. A similar observation is evident
in Fig. [2| (a), where RT methods consistently appear along the leftmost vertical axis, indicating
near-zero AR performance across all datasets and models. More results are shown in Table [I0]

AT-PR achieves a better trade-off among Accuracy, AR, and PR. As shown in Table {4} i) it
achieves comparable PR performance to AT methods; ii) it achieves AR slightly weaker than AT, yet
still substantially higher than that of RT methods; iii) it reduces clean accuracy less severely than AT.
Overall, although AT-PR is designed as a PR-targeted method, its AT-inspired formulation (min-max
optimization) delivers a more balanced performance across the three metrics.

Training efficiency varies widely. Table 4| shows that Corruption method is highly efficient, generat-
ing only a single random sample per training example, whereas CVaR is computationally expensive
due to the need for multiple samples to approximate the perturbation distribution. Standard AT
methods exhibit intermediate and more consistent training times. AT-PR is the most costly, as it
generates a set of PGD-based AEs and selects the one maximizing the all-AE region, leading to a
substantial increase in training time (as noted by the complexity analysis in [Zhang et al.| (2025)).
To further investigate efficiency-oriented approaches, we additionally integrate the filtering-based
method of [Chen & Lee| (2024) into PRBench as a case study (Table[T2)). This aligns with ongoing
work on efficient robustness, and our extensible design enables inclusion of future methods.

AT methods lead in composite robustness evaluation. To holistically assess training methods
across all key aspects (AR, PR, GE, clean accuracy, and training efficiency), we introduce a composite
robustness score. This score is computed as a (weighted) sum of Min—-Max normalized metric values,
with “lower-is-better” metrics (e.g., GE, training time) reversed for consistency. Fig.[2](b) presents
results under equal-weighting scheme, where AT methods consistently rank highest, corroborating
earlier findings that they generally outperform PR-targeted training methods. Moreover, the KL-PGD
achieves competitive performance, indicating that generating AEs with L, is more effective than
with the traditional £~ . For additional results see Fig. @
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Figure 2: (a) Comparison of training methods (AT and RT) in terms of AR (AA) and PR (PR%niform )
performance across various datasets. (b) Composite robustness scores of different training methods,
aggregated over all test datasets and model architectures. (c) PRZM™ () of ResNet-18 trained with
different training methods on CIFAR-10 under varying . (d) PR=?"*(~) for ResNet-18 trained with
corruption training and PGD models on CIFAR-10 across various . (¢) ProbAcc(p,~v = 0.03) for
ResNet-18 trained with different training methods on CIFAR-10 with respect to different robustness
tolerance level p. (f) GE of PRYM™™ () for ResNet-18 trained with different training methods on
CIFAR-10 with respect to different v. More experimental results are deferred to Appendix E

5.2 GENERALIZATION ERROR ANALYSIS

The empirical results reveal several insights into the GE of different training methods. In this section,
we provide a theoretical analysis to support the empirical findings.

RT methods consistently yield lower GE. As shown in Table ] and Fig. [2] (f), all RT methods
empirically exhibit smaller GEs than AT methods across both AR and PR metrics. We next investigate
the theoretical basis of this generalizability advantage in the Prop [T}

Proposition 1 Let L be the objective loss function for training without adversarial perturbation, and
assume that L is p-Lipschitz and 1p-smooth. Then, the objective function of the CVaR-based training
scheme in Eq.[6is also ¢-Lipschitz and max{¢, ¢}-smooth.

Our Prop. [T shows that RT learning yields a smoother training process than AT, as it excludes the GE
term (¢ in Thm. [1)) associated with robust overfitting, resulting in a smaller overall GE. Training with
corruption can be seen as a special case of CVaR and thus inherits the same Lipschitz and smooth
properties. The proof of our Prop.[I]is in Appendix[G.3]

As shown in Thm. 2] successful training with a properly chosen A can effectively reduce the Lo

distance between softmax outputs, denoted by v. This reduction pushes ¢ =~ ¢ and ¥ ~ 1), and in
cases where v becomes sufficiently small, the training process may become even smoother, potentially
satisfying ¢ < ¢. This provides a theoretical explanation for why AT methods that impose constraints
on the softmax outputs p tend to exhibit smaller GEs. On the other hand, an improperly chosen A can
result in highly non-smooth optimization. The detailed proof for our Thm. [2]is in Appendix[G.2] We
now provide theoretical insights into the following two empirical findings.

PGD has the highest GE among AT methods: Within AT methods (Table. ), PGD results in the
largest GE under the GE 4 g metric. This is due to the absence of an explicit penalty in its objective,
unlike methods such as TRADES and MART, which incorporate additional penalties to stabilize



Under review as a conference paper at ICLR 2026

training and improve generalization. This empirical result corresponds to our theoretical analysis
in Thm. [2] The AT with a penalty over the distance between softmax before and after perturbation
effectively enhance the smoothness for the objective function. Additional results in Appendix.

AT-PR exhibits similar GE to PGD. AT-PR, though designed as a PR-targeted method, is AT-
inspired: it selects AEs from a set of PGD-generated candidates corresponding to different local
optima. Consequently, as shown in Table ] & [I0} its GE aligns closely with that of PGD. A detailed
theoretical analysis with its corresponding algorithm is provided in Appendix [G.4]

Optimization budget explains the GE gap between ALP and CLP: CLP shows higher GE than
ALP, as ALP uses AE:s in its optimization objective while CLP relies on clean inputs. This suggests
that ALP’s higher optimization budget leads to better generalization. According to Thm. [2] the
generalization disadvantage of CLP arises from the choice of A\. To ensure robustness against
adversarial attacks, CLP requires a relatively large value of A, since it is based on Lcg(p(x, 0),y)
instead of Lcg(p(x + 4, 0),y), cf. Table. 2| This leads to reduced smoothness and a larger GE.

6 CONCLUSION

We present PRBench, the first dedicated benchmark for PR, designed to standardize the evaluation of
robustness training methods and advance our understanding of effective PR improvement strategies.
Through a systematic evaluation of 222 models across diverse architectures, datasets, training methods,
we identify two distinct trade-off frontiers. The first, represented by AT, emphasizes high AR and PR
at the cost of clean accuracy. The second, represented by RT, prioritizes high clean accuracy, PR and
lower GE (supported by theoretical analyses) while trading off AR performance.

Based on our findings in PRBench, we cautiously propose a bold hypothesis: there may be limited
practical need for developing separate PR-targeted training methods, as strong AT methods already
yield substantial PR improvements.

This hypothesis is not intended to claim that PR-targeted methods are obsolete. As noted in Sec. [I]
PR remains an active research area with emerging studies on PR training, highlighting its practical
relevance across different Al tasks. Our statement instead reflects a consistent empirical observation:
strong AT methods (e.g., PGD, TRADES) can naturally deliver surprisingly strong PR performance,
and AT-inspired PR methods such as AT-PR achieve an even more balanced robustness profile. These
results suggest that the AT paradigm may inherently support PR, even without explicit PR-targeted
modifications. At the same time, current AT methods still struggle to balance AR, PR, generalization,
and clean accuracy. Methods such as KL-PGD and AT-PR demonstrate the potential of hybrid
strategies, but they also reveal limitations, including the high computational cost of AT-PR. Therefore,
we argue that future research may benefit more from improving versatile, AT-based approaches that
jointly enhance AR and PR, rather than focusing separately on PR-targeted training techniques.

Our deliberately bold hypothesis is intended to spark constructive discussion and motivate rigorous
future work, whether to validate, refine, or refute it, in line with the core motivation of PRBench,
which is to support the PR research community through systematic and evidence-driven analysis.

10
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7 ETHICS STATEMENT

This work does not involve human subjects, sensitive personal data, or proprietary information. It
does not present foreseeable risks related to privacy, security, fairness, discrimination, or potential
misuse. All datasets and methods used are publicly available and widely adopted in the research
community. We therefore believe this work complies with the ICLR Code of Ethics.

8 REPRODUCIBILITY STATEMENT

All theoretical results are presented with clear assumptions and complete proofs in the Appendix. |G}
For datasets, we rely solely on publicly available benchmarks, with detailed descriptions and pre-
processing steps included in the Appendix. [B.4]along with proper citations. The implementation
code for all experiments is included in the supplementary materials. Furthermore, the Appendix. B
contains detailed descriptions of experimental settings, including hyperparameter choices, training
configurations, and evaluation protocols. Together, these resources are intended to ensure faithful
reproduction and enable further validation of our findings.
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A LLM USAGE

In this work, Large Language Models (LLMs) were used solely as auxiliary tools for grammar
correction and language polishing during the preparation of the manuscript. They did not contribute
to research ideation, experimental design, implementation, analysis, or any scientific content. All
technical ideas, theoretical results, and experimental findings are entirely the work of the authors.

B HYPERPARAMETER SELECTION AND IMPLEMENTATION DETAILS

We provide details on hyperparameter selection and computational setup. All experiments are
conducted using a total of four NVIDIA H100 GPUs. The complete codebase is are included in the
supplementary materials, a public repository will be released after the review process.

B.1 EXPERIMENT SETUP

For the MNIST dataset, we employ a four-layer CNN, consisting of two convolutional layers followed
by two fully connected layers, as described in [Robey et al.|(2022). For the CIFAR-10, CIFAR-100,
CINIC-10 and SVHN datasets, we independently train VGG-19, ResNet-18, and WideResNet-28-
10 on each dataset, and additionally include Vision Transformer (ViT) and Data-efficient Image
Transformer (Deit) for CIFAR-10. For the TinyImageNet dataset, we train ResNet-18 and ResNet-34
using the same training configuration as for CIFAR-10. For the ImageNet-50 dataset, we train a
ResNet-18 model separately. All models are trained using stochastic gradient descent (SGD) with
a momentum of 0.9 and a weight decay coefficient of 3.5 x 103, Training is performed for 100
epochs (200 for ImageNet-50) with an initial learning rate of 0.01, which is decayed by a factor of 10
at epochs 75 and 90, following the setup in|Wang et al.|(2019)); Robey et al.| (2022).

B.2 TRAINING ALGORITHMS HYPERPARAMETER SETTING

* PGD. We set the perturbation radius to y = 8/255 for all dataset except MNIST. During training,
we performed 10 steps of projected gradient descent attack, using a step size of a« = 2/255 for
CIFAR-10, CIFAR-100, CINIC-10, TinylmageNet and ImageNet-50, and a step size of o =
1.25/255 for SVHN. For the MNIST dataset, the perturbation radius is set to v = 0.3 with an
attack step size of a = 0.1, as MNIST is a relatively easier task that requires a larger budget,
particularly for random perturbations.

* TRADES. We used the same step size and number of steps as described above for PGD. Addition-
ally, we applied a weight of A = 6.0 for all datasets, following the approach in|Zhang et al.|(2019);
Robey et al.|(2022).

* MART. We used the same step size and number of steps as described above for PGD. Additionally,
we applied a weight of A = 5.0 for all datasets, following the approach in|Wang et al.|(2019).

* ALP. Follow the original work |Kannan et al.|(2018)), we set A = 1 for all datasets, except A = 0.01
for SVHN, MNIST, ImageNet-50 and TinyImageNet.

* CLP. Following the same setting as ALP, we also set A = 1 for all datasets, except A = 0.3 for
SVHN, MNIST, ImageNet-50 and TinyImageNet.

* CVaR. We set the number of perturbed samples drawn from the uniform distribution to 20,
following the original setup in Robey et al.|(2022).

* Corruption. We perform standard corruption training by sampling a perturbation from a uniform
distribution for each training point. Additionally, we conduct corruption training using two other
perturbation distributions: Gaussian and Laplace for comparison, with all perturbations constrained
within the specified norm-ball radius.

* AT-PR. The number of PGD-based AE candidates is set to 5 while other parameters follow the
original setup in|Zhang et al.| (2025).

* |Chen & Lee (2024). Following the standard efficient parameter configuration, we integrate it into
TRADES with m = 1-8 and k£ = 10 (10-step attack).
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B.3 EVALUATION SETTING

All models are evaluated using three categories of metrics: PR, AR evaluation, and GE.

* PR Evaluation: We evaluate PR using two metrics: PRp(7y), computed at four radii (8/255, 0.08,
0.1, and 0.12) to assess robustness under increasing perturbation levels (for MNIST, the radii are:
0.3, 0.35, 0.4, 0.45), and ProbAcc(p), with three tolerance levels p (0.01, 0.05, 0.1). PR evaluations
are performed by sampling 100 points from the perturbation region for each test example.

* AR Evaluation: We evaluate AR using three main types of white-box attacks: PGD (with two
different iteration steps PG D'? and PG D?°), the C&W attack, and Auto-Attack.

* Generalization Evaluation: We report generalization performance by generalization error under
both AR (GE4g) and PR settings (GEpg,, ().

B.4 MODEL AND DATASET SELECTION

Table 6: Summary of model architectures and training paradigms used in PRBench.

Category Characteristics Model Size Training Paradigm
Normal Pre-trained
Plain CNN Sequential conv layers 4-layer CNN 1.1IM v
VGG-19 137M v
Residual CNN  Residual connections ResNet-18 11.7M v
ResNet-34 21.8M v
Wide-ResNet-28-10 36.5M v
Transformer Self-attention ViT-Small 22M v
ViT-Base 86M v
ViT-Large 307"M v
DeiT-Tiny SM v
DeiT-Small 22M v
Table 7: Summary of datasets used in PRBench.
Dataset Training Size Test Size Resolution Number of Classes
MNIST 60,000 10,000 28x28 10
SVHN 73,257 26,032 32x32 10
CIFAR-10 50,000 10,000 3232 10
CIFAR-100 50,000 10,000 32x32 100
CINIC-10 90,000 90,000 3232 10
TinyImageNet 100,000 10,000 64 x 64 200
ImageNet-50 64,000 2,500 224x224 50

In PRBench, we consider three major model architectures: (1) plain CNNs, such as VGG, rep-
resenting early feedforward convolutional networks; (2) residual CNNs, exemplified by ResNet,
which introduce skip connections to enable deeper architectures; and (3) transformer-based models,
including Vision Transformer (ViT) |Dosovitskiy et al.|(2021) and Data-efficient Image Transformer
(Deit) [Touvron et al.| (2021)), which leverage self-attention mechanisms for image representation
learning. In our experiments, we conduct different training methods (See Table. |2)) across a diverse
set of models: VGG-19, SimpleCNN (4-layer CNN), ResNet-18, ResNet-34, Wide-ResNet-28-10,
ViT, and DeiT, covering various scales such as ViT-Small, ViT-Base, ViT-Large, DeiT-Tiny, and
DeiT-Small. See Table[6] for details.

Table[/| presents the seven widely used benchmark datasets used by PRBench, each representing a
different level of complexity and image characteristics.

* MNIST Deng (2012) is a classic dataset of handwritten digits, consisting of 60,000 training images
and 10,000 test images. Each image is a 28x28 pixel grayscale image, and the dataset is categorized
into 10 classes (0-9).
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¢ SVHN Netzer et al.| (2011) (Street View House Numbers) is a real-world dataset derived from
Google Street View house numbers. It contains 73,257 training and 26,032 test images, each sized
32x32 and labeled into 10 digit classes. Compared to MNIST, SVHN is more challenging due to
background clutter and variation, making it suitable for evaluating robustness under real-world
conditions.

* CIFAR-10 Krizhevsky et al. (2009) is a widely used image classification dataset with 60,000
32x32 color images across 10 classes. The dataset is split into 50,000 training images and 10,000
test images. Compared to MNIST and SVHN, CIFAR-10 presents greater variability in content and
background, making it a standard benchmark for evaluating generalization across diverse object
classes.

* CIFAR-100 Krizhevsky et al.| (2009) extends CIFAR-10 by increasing the number of classes
to 100, with each class containing 600 images. The dataset is also composed of 60,000 images
(50,000 for training and 10,000 for testing) with 32x32 size. Its finer-grained classification task
poses a greater challenge, requiring models to generalize across a broader and more diverse set of
object categories.

* CINIC-10 Darlow et al.| (2018) is derived from CIFAR-10 and downsampled ImageNet, with all
images resized to 32x32 resolution. It contains 270,000 images evenly split into training, validation,
and test sets (90,000 each). Like CIFAR-10, it has 10 classes, but the larger scale and more diverse
image sources make it a more challenging and realistic benchmark.

* TinyImageNet Le & Yang| (2015) is a subset of the ImageNet dataset, containing 100,000
training, 10,000 validation, and 10,000 test images, all resized to 64x64 pixels and spanning 200
object classes. With higher resolution and a larger number of categories, TinylmageNet poses a
more complex classification challenge, making it well-suited for evaluating model scalability and
robustness in realistic settings.

* ImageNet-50 Deng et al. (2009) is a 50-class subset of ImageNet for efficiency. It consists of
approximately 65,000 training images and 2,500 validation images at 224x224 resolution. Despite
being smaller than full ImageNet, ImageNet-50 retains considerable diversity and complexity,
serving as a scalable benchmark for robustness evaluation.

B.5 RELATED BENCHMARKS

Several robustness platforms have been developed to support AR evaluation by implementing popular
attack methods, such as FoolBox [Rauber et al.| (2017), AdverTorch Ding et al.| (2019), Cleverhan
Papernot et al.|(2016a), AdvBox|Goodman et al.|(2020), ART [Nicolae et al.| (2018)), SecML |Melis et al.
(2019), DeepRobust Li et al.|(2020), etc. In addition, some AR benchmarks have also been established
Ling et al.[(2019);|Guo et al.| (2023)); |Croce et al.|(2021); Tang et al.| (2021)); Dong et al.| (2020)); Liu
et al.| (2025). Despite these efforts, existing work remains confined to AR evaluation, overlooking
the more practical perspective of PR. Consequently, they fail to reveal the inherent relationship
between AR and PR, thereby hindering the establishment of a holistic and unified understanding
of robustness progress. Compared to the aforementioned benchmarks, PRBench provides a more
comprehensive framework in several key aspects: (1) it is the first benchmark to emphasize the PR,
providing a formalized definition of PR along with a summary of commonly used evaluation metrics
and associated training methods; (2) it includes an extensive evaluation of widely used models and
datasets, covering representative training methods designed for both AR and PR, enabling direct
comparisons under PR metrics and revealing the performance of these methods in both adversarial and
probabilistic scenarios; and (3) it presents in-depth analyses of the generalization error for PR from
empirical and theoretical perspectives, which, to the best of our knowledge, has not been explored
in prior benchmarks. These insights help improve DL model robustness in practical applications by
offering a more complete view from both adversarial and probabilistic perspectives.

C RELATED WORK ON GENERALIZATION AND ROBUST OVERFITTING
Several lines of research have studied robust overfitting and generalization error in DL models. We
compare our work with four relevant studies that examine generalization from different perspectives

and theoretical foundations.

* Scope and goal:
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1.

(2020) investigate generalization in standard deep learning models, focusing on
the empirical correlation between complexity measures (e.g., VC-dimension, norm-based,

PAC-Bayes) and generalization. Their goal is to uncover potential causal relationships between
these measures and generalization, and to examine how reliably these measures can predict
generalization behavior.

(2023) conduct a large-scale empirical study of robust generalization under AT,
analyzing how margin-based, smoothness-based, flatness-based, and gradient-based measures
correlate with the GE.

Yin et al. study adversarial robust generalization through Rademacher
complexity, providing theoretical insights into why robust generalization is more challenging.

Dziugaite et al.| (2020) examine how evaluation methodologies, such as those used by
et al.[(2020), can obscure the successes and failures of different generalization measures,
proposing a distributional robustness framework for more comprehensive assessment.

. In contrast, our study focuses on PR, aiming to evaluate improvements in PR achieved by

various robustness training methods and to provide theoretical analysis of the GE across
different training objectives.

¢ Theoretical foundation:

1.

2.

3.

4.

Jiang et al| (2020) base their analysis on a broad set of theoretically motivated complexity
measures from generalization theory (e.g., VC-dimension, norm-based, PAC-Bayes).

extend this framework to AT by examining margin-based, smoothness-based,
and flatness-based measures to study their relationship with the robust generalization gap.

(2019) employ Rademacher complexity to theoretically analyze adversarial robust
generalization.

Dziugaite et al|(2020) complement Jiang et al | methodology by using a distributional
robustness framework to evaluate generalization across diverse experimental settings.

In our work, we leverage the concept of n-approximate /3-smoothness Xiao et al.| (2022b)) to
analyze how optimization objectives of different training methods affect GE, highlighting
connections between optimization and generalization under various robustness regimes.

* Model and dataset coverage:

1.

2.
3.
4.
5.

(2020) evaluate convolutional networks trained on CIFAR-10 and SVHN.
(2023) examine ResNet-18, WRN28-10 and WRN34-10 on CIFAR-10.
analyze linear classifiers and a four-layer ReLU network on MNIST.
[Dziugaite et al| (2020) also examine convolutional networks on CIFAR-10 and SVHN.

In contrast, our work covers three families of model architectures: (1) plain CNNs, (2) residual
networks, and (3) transformer-based models. We train a diverse set of models, including VGG-
19, SimpleCNN, ResNet-18/34, WRN-28-10, ViT (Small/Base/Large), and DeiT (Tiny/Small),
across seven datasets: MNIST, SVHN, CIFAR-10, CIFAR-100, CINIC-10, TinyImageNet,
and ImageNet-50.
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Figure 3: PR%“if‘“m(fy) for different models (ResNet-18, ResNet-34, WRN-28-10, VGG-19 and
SimpleCNN) trained with various training methods both AT and PR-targeted on different datasets
(CIFAR-10, CIFAR-100, CINIC-10, SVHN, MNIST, TinyImageNet, ImageNet-50), evaluated under
varying perturbation radii .
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Figure 4: ProbAcc(p,~v = 0.03) for different models (ResNet-18, ResNet-34, WRN-28-10, VGG-19)
trained with various training methods both AT and PR-targeted on different datasets (CIFAR-10,
CIFAR-100, CINIC-10, SVHN, MNIST, TinyImageNet, ImageNet-50), evaluated under varying
robustness tolerance level p.

Some recent works have focused on designing training techniques specifically to improve PR.
proposed a simple augmentation-based approach referred to as corruption training,
where the model is trained on randomly perturbed examples. This process is equivalent to standard AT
training, except that each input x; is perturbed by a sample drawn from a uniform distribution within
an /., norm ball of radius +, rather than using worst-case AEs. They show that corruption training
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Figure 5: GE of PRIM™ () for different models (ResNet-18, ResNet-34, WRN-28-10, VGG-19 and
SimpleCNN) trained with training methods both AT and PR-targeted on different datasets (CIFAR-10,
CIFAR-100, CINIC-10, SVHN, MNIST, TinyImageNet, ImageNet-50), evaluated under varying
perturbation radii .

improves PR and reduces generalization error under PR evaluation settings. The corresponding
optimization objective is formalized as:

Later, [Robey et al|(2022) introduced an optimization objective based on the Conditional Value-at-Risk
(CVaR) to improve PR. Specifically, for a loss function £ and a continuous distribution Pr, CVaR
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Figure 6: Composite robustness scores of different training methods, aggregated over all datasets and
model architectures, with varying weight assignments for 7 metrics: clean accuracy (Acc.), ARpgp20,
PRYRI™ (o — 0.08), ProbAcc(p = 0.05) , GEpgp2o, GE ppusitom (—0.08)» and training time (s/ep.)
(In practice, task-specific priorities may vary—e.g., safety-critical applications may emphasize AR,
while consumer-facing systems may prioritize clean accuracy—thus motivating unequal weightings
across metrics).

Table 8: Evaluation results of ViT models trained with different training methods on CIFAR-10,
reporting clean accuracy (Acc.), AR (PGD / C&W / Auto-Attack), PR (PRYM™ (~) /ProbAcc(p,y =
0.03)), GE4g, GEPR%miform(,Y), and per-epoch training time.

Model Method Acc.% I AR% I PRO™™ () % [ ProbAcc(p,y = 0.03) % | GEar % | GE pguniorn ) % [ Time
[PGD™ PGD™ CW™ AA | 003 008 01 012 ] 01 005 00l | PGD™ | 003 008 0. 012 | skp.

ERM 9592 | 0.0 0.0 00 00 |9823 8739 8072 73.07 | 959 9482 9224 0.0 53 495 343 296 | 13
Corr_Uniform | 9558 | 0.01 0.01 001 00 |9926 9239 8607 7807|9804 975 958 0.0 528 634 52 413 | 13

& PGD 778 | 47.26 4657 4495 4271 | 99.68 9833 9747 9643 | 99.06 988  98.24 731 621 564 594 595 | 120
g TRADES | 7894 | 48.15  47.81 443  43.68 | 99.54 98.02 9699 9565 | 98.83 98.63  98.08 735 | 582 559 574 597 | 116
a MART 7234 | 4828  47.85 434 4191 | 9963 98.16 97.34 9631 | 98.93 98.67  98.22 6.67 58 588 577 554 | 114
CLP 7203 | 4633 4606 4336 4252 | 99.69 98.57 97.81 96.81 | 99.11 98.81  98.4 451 533 543 54 536 | 136

KL-PGD 86.99 | 454 4459 4344 4178 | 9974 985 97.58 9638 | 9933 99.08  98.41 1808 | 957 931 913 89 | 136

ERM 9728 | 0.23 004 006 00 |9891 929 8876 83.65| 97.5 967 9475 0.0 265 377 343 302 | 14
Corr_Uniform | 96.69 | 0.51 006 003 00 [9942 958 926 88.06 | 9841 9793  96.69 0.0 292 439 455 416 | 14

@ PGD 86.16 | 4524 4374 4457 4190 | 9973 9856 9775 96.63 | 99.21 9894 9833 | 4125 | 128 1332 134 138 | 178
5 TRADES 81.66 | 5059 5015 4745 4649 | 99.64 9812 9694 9555 |99.12 989 9842 1814 | 1099 1129 1142 1156 | 162
a MART 79.53 | 5129 5055 4701 4532 | 99.68 9857 97.76 9674 | 99.16 9892  98.4 138 | 618 638 687 738 | 152
CLP 80.63 | 5124 5065 4879 4725 | 9972 98.66 97.92 9691 | 99.48 99.32  99.01 1398 | 709 768 785 79 | 208

KL-PGD 8823 | 4623 4488 4455 4273|9974 986 9776 9654 | 9925 99.01  98.56 300 | 1037 108 1072 1087 | 188

ERM 95.1 0.04 0.01 001 00 |9883 9308 8973 8592 ]97.07 9608  93.68 0.0 472 636 584 495 | 24
Corr_Uniform | 94.76 | 0.14 002 004 00 | 992 9494 9202 884 |97.72 97.04 9535 0.0 454 629 651 621 | 24

@ PGD 82.62 | 4159 4055 4074 38.49 | 997 9872 98.1 97.18 | 99.07 98.86 98.16 39.58 | 14.68 14.61 1477 15.15 | 304
= TRADES | 7697 | 4635 4607 4283 4223 | 99.65 9845 97.73 9681 | 9896 987  98.24 1871 | 1357 1348 1348 13.76 | 280
< MART 7238 | 47.51 4697 4289 4120 | 99.67 986 97.96 9723 [99.02 9877 982 956 | 825 838 838 819 | 256
CLP 7454 | 470 4675 4283 43.63 | 99.62 98.62 9808 97.35 | 98.85 98.64  98.13 975 | 797 838 846 845 | 360

KL-PGD 8522 | 4178 4042 4054 3877 | 99.68 98.69 98.02 97.19 | 99.03 9877 9831 363 | 1317 1392 1425 1457 | 324

ERM 98.3 0.6 0.9 002 00 |9892 9238 87.54 8172|9751 9672 9457 0.0 136 0.67 087 113 | 40
Corr_Uniform | 98.04 | 0.62 0.5 017 00 [9951 9588 9247 87.96 | 98.61 9803  96.72 0.0 168 213 215 21 | 40

m PGD 87.38 | 4628 447 4542 4262 | 997 9855 97.81 96.8 | 99.08 98.87  98.41 3582 | 1023 999 1002 1056 | 330
& TRADES 83.99 | 5203 5104 4829 46.95 | 99.62 97.92 96.84 9546 | 99.06 98.86  98.5 1087 | 477 44 462 513 | 295
> MART 7612 | 5073 5028 4574 4399 | 997 983 9749 9647 | 9922 989  98.61 574 | 377 415 426 404 | 278
CLP 7745 | 49.07 4869 4609 4497 [ 9975 98.62 979 96.89 | 9929 99.1 9855 6.17 | 457 467 471 478 | 390
KL-PGD 80.64 | 47.92 4604 4492 4137|9978 9878 98.03 971 | 99.38 99.12 98.73 1996 | 754 782 77 771 | 324

ERM 9846 | 2.12 067 042 00 | 993 9523 9213 88.07 | 9843 978 9634 0.02 165 231 192 126 | 82
Corr_Uniform | 98.04 | 3.49 1.36 L1700 |99.67 97.11 9458 9092 |99.11 9881  97.93 0.0 154 257 277 267 | 8

a PGD 87.85 | 4627 4524 4582 43.05 | 9975 98.86 9827 97.46(99.32 99.11 9846 | 5155 |10.88 1132 1151 121 | 950
[ TRADES 8535 | 5112 4971 4935 4689 | 99.77 9878 98.09 97.18 | 9934 99.13  98.65 3497 | 13.82 1396 1392 1395 | 845
- MART 5145 5009  47.84 456 | 9972 9889 9823 97.33 (9928 99.08 9874 | 2435 | 833 823 837 847 | 800
CLP 51.00 4987  49.85 4754 | 9978 98.97 98.43 97.69 | 99.38 99.1 9855 | 2015 | 115 1129 1137 1144 | 1124

KL-PGD 86.24 | 4421 4304 4273 4109 | 9971 98.65 97.94 9697 | 99.13 9896 9842 | 2685 | 1242 1216 1194 119 | 918

can be interpreted as the expected value of £ over the tail of the distribution. It admits the following
convex, variational characterization, which allows it to be optimized via stochastic gradient-based
methods. Based on this, they formalized the training objective as:

mein E(z,y)~p [CVaR1_, (L(x +6,y;0);0 ~ Pr(- | x))];

Es~pr(|z L d) — (19)
CVaR,(L; Pr) = inf |+ s~ Pr(| )[(1 (wp+ ) —a)y]
[e1S -
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Table 9: Comparison of standard training (ERM), corruption training with Uniform, Gaussian, and
Laplace perturbations (PR-targeted method), and PGD training (standard AT) models. Evaluation is
conducted in terms of clean accuracy (Acc.), PRp(7y) and GEpgyp (y=0.03) under various perturbation
distributions (Uniform, Gaussian, Laplace).

pata | Modet | Methoa | Ace. % | PRE™™() % \ PRE™(7) % | PRE™(7) % | GEmoi-nm %
| | | | 003 008 00 002|003 008 00 012005 008 0l 012 | Uni Gau Lap.
ERM 9312 9715 77.65 6533 5222 | 955 654 4926 3562 | 9538 6466 4832 3481 | 634 648 652

2 | Corr_Uniform | 9294 | 9887 8938 7927 670 | 9833 7938 6387 4829 | 983 7867 6293 4734 | 551 582 587

Q| Com Gussian | 9218 | 9926 9534 9044 8266 (9905 90.56 804 6689 | 9902 90.19 7966 6584 | 685 672 669

€ | comLaplace | 9196 | 9935 9536 9042 8§25 |99.09 9052 802 6676 | 99.08 9013 7952 6569 | 659 647 647

PGD 8043 | 9951 9771 9647 9479 | 9935 9655 9452 92.05 | 9933 9648 9435 9183 | 1354 1362 138

= ERM 9485 | 9764 7619 6165 4707 |96.16 6188 442 306 | 96.04 6098 4324 2979 | 624 636 63

T | Com_Uniform | 9417 |99.12 9092 8232 7048 | 98.69 8246 674 4932 | 98.67 BI85 6629 4509 | 483 503 505

2 | Com Gaussian | 9332 | 99.41 9622 9214 8532 |99.23 9223 8342 7046 | 99.22 0191 8272 6942 | 569 567 56

% | Corr Laplace | 0361 | 9945 0632 9197 844 | 993 9209 8200 6642|9920 0178 8§13 6516 | 572 567 563

= PGD 8383 | 9963 9789 96.59 9435 | 9948 96.68 945 9154 | 9947 9659 9434 9129 | 14 1124 1L21

ERM 9555 | 97 7899 6755 5555 9515 6793 5333 4102|9505 6712 5251 4035 | 527 591 586

| Cor_Uniform | 9511 | 992 OL63 835 7289 | 9881 8379 7062 5652 | 9879 8325 6977 5554 | 396 423 42

2 | Co Gaussian | 9483 | 99.45 9678 9348 8771|9925 9364 8627 756 | 9925 9336 857 7476 | 507 508 501

B | ComLaplace | 9469 | 9945 9676 9331 8738 | 9929 0345 859 5.0 | 9927 932 853 7428 | 414 431 422

- PGD 86.66 | 99.6 98.14 9694 9534 | 99.48 97.03 95.06 9236 | 9947 9694 9491 9211 | 1175 1174 1169
o ERM 9592 9823 8739 8072 7317|9727 8101 7157 6l4 9717 8061 7105 6071 | 53 584 582
£ | & | ComUniform | 0558 |9926 9239 8607 78.07 | 9892 8622 7618 6473 | 989 8577 7551 6392 528 536 533
€ | % | ComGussian| 9386 |9942 9657 9323 8771|9922 9335 8634 7678 | 992 931l 8583 7606 | 66 654 648
8 | ComLaplace | 9390 |99.45 9658 933 8803|9929 934 8677 769 | 9929 0317 863 7613 | 57 561 554

PGD 775 | 9968 9833 9747 9643 | 9956 97.6 9638 9471|9955 9755 9629 9461 | 621 627 627

ERM 9728 9891 929 8876 8365 9839 8594 825 7464 | 9834 8866 8200 7407 | 265 294 30

% | Cor_Uniform | 9660 |99.42 958 926 8806|9919 0269 8694 7935 | 99.17 9247 8654 7873 | 292 291 294

% | Co Gaussian | 9648 | 99.6 9761 0547 92.16 | 9945 9557 9128 8517 | 9944 9541 9094 8467 | 311 306 305

8 | Com_Laplace | 9651 |99.53 9753 9552 9217|9939 9562 9131 8513|9938 9544 9098 8462 | 335 338 335

PGD 86,16 | 9973 9856 9775 96.63 | 99.63 9782 9642 9449 | 9962 9777 9633 9434 | 128 1281 1275

ERM 95.1 | 9883 93.09 §9.74 859 | 983 8993 853 8008 | 9827 8972 8501 79.66 | 472 505 502

| Com Uniform | 9476 | 9922 0498 0199 8844 | 989 9218 8778 826 | 9887 919 §1.53 8227 | 454 472 468

£ | Com Gaussian | 9458 | 99.44 9693 0475 91.89 | 9026 9489 9132 8693 | 9926 9474 OLI 8661 | 48 475 476

% | CorrLaplace | 9443 | 9944 9695 0472 9183 | 9925 0484 9122 §697 | 9923 9463 OL04 8662 | 507 493 488

PGD 8262 | 99.69 9874 9808 97.9 | 9959 9814 97.05 9568 | 9955 9509 9697 9559 | 1468 1471 147

ERM 983 | 9892 9238 §754 8172 | 954 8768 8036 7234 | 9837 8738 7993 7168 | 136 134 133

@ | Com Uniform | 9804 | 9951 0588 9247 8706|9928 9262 7.0 8016 | 9926 9239 8661 79.67 | 168 178 175

£ | Com Gaussian | 9771 | 9957 9773 0541 9143 | 9944 9556 9048 8316 | 9944 954 0007 8257 | 189 183 187

> | Com_Laplace | 97.55 |99.65 9785 957 9215|9952 0584 9142 8§52 | 9952 9566 9109 8466 | 176 175 171

PGD §738 | 997 9855 9781 968 | 9957 9789 96.64 9499 | 9956 9785 9654 9484 | 1023 102 1047

ERM 7386 | 8861 5086 3837 2906 | 8348 3847 275 2037 | 8316 3779 2702 200 [2533 2279 2262

2 | Corr_Uniform | 7188 | 9685 7226 5822 45.3 | 9505 5829 4235 3025 | 9493 5151 4159 295 |27.08 2723 2712

$ | Com Gaussian | 6985 | 9806 8684 7543 6144|9742 7555 S833 4213|9730 748 573 410 | 290 2901 2897

€ | ComLaplace | 7008 |98.08 865 7421 6048|9738 7444 5734 4198 | 9733 7371 5632 4106 | 2845 2858 2862

PGD 4876 | 9934 9643 944 9163 | 99.07 9454 9104 8648 | 9904 9438 9081 8608 | 15.64 1558 1556

8 ERM 7603 [ 8501 4508 317 2219|7956 3179 2053 1382 [ 79.01 3L16 2005 1344 [ 2317 2078 2056
Z | = | ComUniform | 7493 |97.00 7169 S541 4053 | 9555 5557 3173 2517|9545 5465 3686 2447 | 2484 250 2495
Z | % | ComGussian| 7336 |9823 87.51 754 6052|9762 7555 5721 4043 | 97.59 7476 5605 3935 | 2663 2651 2645
E | & | comlLuplce | 7318 |0815 8712 7506 60.00 | 9759 7537 5686 3963 | 9756 7451 5567 386 | 2554 2566 25.50
PGD 5800 | 9916 9552 9308 890 | 959 9335 8831 8139 | 9889 9312 §7.9 8072 | 3186 3175 382

ERM 7943 8768 5379 4087 30.16 | 831 4139 2855 1983 [ 8282 4068 2789 1933 2213 2197 2204

| Cor_Uniform | 7901 | 9731 795 6672 5357 | 9.1 6693 5093 3701 | 9601 6622 5009 3618 | 204 2063 2058

€ | Cow Gaussian | 7724 | 9839 9028 8216 7055 | 9783 8246 6797 5219|9779 8183 67.04 51.09 | 2297 2289 2288

B | ComLaplace | 7699 | 9853 9048 5249 7142 | 95.04 8283 6896 5402 | 9802 8223 6806 5305 | 227 2261 2263

PGD 6LIL | 992 9601 9345 8959 | 98.93 9362 8835 8186 | 9892 9337 8847 8127|3503 350 3498

ERM 9578 9943 9741 9604 41 [9926 9604 937 9066 | 924 9596 935 904 | 468 47 471

2 | Cor_Uniform | 9579 | 99.63 9845 97.6 9645 | 9952 97.66 9616 041 | 9951 9757 9605 9394 | 435 494 494

Q| Com Gussian | 9571 9971 9897 9842 977 | 9964 9847 9755 9617|9963 9844 9747 9605 | 507 512 513

€ | ComLaplace | 9584 | 997 0859 9832 97.53 | 996 9836 9733 9589 | 9959 9832 9727 9576 | 489 495 492

PGD 8976 | 99.64 99.04 9863 95.1 | 9954 9868 950 9681 | 9954 9865 9794 96.67 | 911 909 9.5

. ERM 9626 |99.18 9692 9535 9331 |98.97 9542 9288 8§9.6 | 98.97 9534 927 8934 | 468 474 47
£ | = | ComUniform | 9622 |9954 9844 9766 9652|9942 97.69 9625 9426 | 9941 97.62 9616 9403 | 498 503 504
Z | % | ComGussian| 9623 9974 0898 9844 9776 | 99.65 985 97.59 9633 | 99.65 9845 OS2 9615 | 479 486 489
& | CorrLaplace | 9624 | 99.67 9892 0839 9774 | 9959 0845 076 9633 | 99.50 984 0752 0622 | 471 477 476

PGD 9022 | 99.67 9907 9852 9761 | 99.61 9855 9745 9551 | 996 985 9734 9538 | 10.61 1048 1049

ERM 9616 9921 9645 9461 923 9894 9468 O8I 8827 | 9894 0454 9159 8799 | 418 416 412

| Cor_Uniform | 9656 | 9957 9838 97.52 9632 | 9945 O7.55 9604 9394 | 9944 0749 9557 938 | 433 438 436

Z | Com Gaussian | 9669 | 99.72 0894 9844 97.74 | 0062 9846 97.6 9629|9962 9845 9755 962 | 422 422 42l

B | ComLuplace | 9672 | 9975 9901 985 7.8 |99.67 9851 9764 9628 |99.67 9849 976 9617 | 411 413 417

PGD o191 | 9973 9931 9895 9833 | 99.8 9899 9818 96.74 | 9968 9895 9815 9659 | 823 821 814

ERM 6592 9653 8418 7728 934 9535 7792 6829 5786 | 9529 7749 67174 ST12 3376 342 3417

© | Corr_Uniform | 65.53 | 9768 8518 8171 7434 | 97.00 8239 7346 6337 | 9701 8201 7284 6267 3479 348 3439

5 | % | Com Gaussian | 6550 |908.13 9178 8628 7972|9779 8681 7879 0.8 | 0774 8644 753 69.02| 3489 346 3456
Z | & | ComlLaplace | 6495 | 9806 0146 8595 7906 | 97.64 865 781 68.52| 07.6 8613 7755 67.85 | 3342 3324 3328
H PGD SOl | 99.4 970 9507 9269 | 992 9521 9232 §7.66 | 99.19 95.1 9206 87.17 | 4136 4139 414
T s ERM 6647 | 99 8624 7968 7225|9583 803 7137 6159 | 9576 7997 7089 6084 | 342 3444 3439
E | 7 | comUniform | 6684 | 979 8931 836 7687 9728 8401 760 6689 | 9725 8372 7554 6623 | 3364 3334 3341
2 | Com Gaussian | 6671 | 9838 9236 8794 S§L§ | 9803 8839 8077 7226 | 9798 8804 8034 7159 | 3443 3437 3433

% | Corr Laplace | 6648 | 9852 0264 8782 8167 |98.12 8830 8071 7219|9807 8805 8024 7151|3325 331 3312

= PGD SL6L | 9946 9628 9373 90.2 | 9924 9401 8974 8414|9925 935 8945 8365 | 4319 4329 4329

z ERM 9935 | 992 9805 9421 8345 |99.07 982 9634 9247 | 9902 9807 9605 919 | 103 104 104

& | 5 | Com_Uniform | 9938 | 998 99.66 9925 9775 | 9976 99.62 9934 9876 | 976 996 9931 9868 | 068 072 072
£ | L | ComGussian| 9941 9983 9977 9969 994 9981 99.75 9965 9948 | 9981 9975 9964 9945 | 067 068 0.67
S | & | ComlLuplace | 9936 |99.86 9981 9972 99.43 | 9984 9979 997 9952 | 0084 9978 9969 99.48 | 060 07 0.7
& PGD 9015 | 9988 99.83 9956 0778 | 99.85 997 0891 90.42 | 9985 0968 987 77 | 0.63 063 0.64
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Table 10: Comparison of training methods, evaluated by clean accuracy, AR (PGD / C&W / Auto-
Attack), PR (PRYM™™ () / ProbAcc(p, v = 0.03)), GEag, GE ppusitom () , and training time (s/epoch).

v)

Data \ Model \ Method \ Acc. % \ AR % \ PRYMI™ () g \ ProbAcc(p, v = 0.03) % \ GEs % \ GE ppgiom ) % \ Time
| | | | PGD' PGD® CW? AA | 003 008 01 012] 01 005 00l | PGD® | 003 008 01 012 | slep.
ERM 94.85 | 0.1 0.0 00 00 |97.64 7619 61.65 47.07 | 95.04 9348  89.82 0.0 624 398 294 254 | 3

Corr_Uniform 94.17 0.28 0.05 0.02 0.0 99.12 9092 8232 7048 | 97.78 97.02 94.9 0.04 4.83 6.24 4.79 231 3

CVaR 89.91 41.79 3345 0.0 0.0 98.67 87.75 78.62 6827 | 96.63 95.49 92.56 1.13 39 4.56 39 2.72 61

= AT-PR 86.35 48.22 46.53 4739 4401 | 99.68 98.13 97.01 9546 | 99.13 98.82 98.24 2743 11.69 11.81 11.86 12.57 160

3 PGD 83.83 50.86 49.46 49.18  46.34 | 99.63 97.89 96.59 94.85 | 99.05 98.73 98.01 25.02 114 1101 11.2 12.03 30

Z,, TRADES 83.34 54.09 53.15 50.84  48.99 | 99.55 97.74 9633 94.55 | 98.88 98.68 98.22 16.12 1029 1022 10.08 10.27 25

& MART 8226 | 54.83 5384  49.63 4694 [ 9956 974 9592 9393 | 98.88 98.58  98.04 174 | 684 723 773 807 | 22

ALP 7398 | 5441 5408 5072 4841 | 9927 9673 9516 9324 | 98.55 9829  97.85 844 | 526 593 552 444 | 36

CLP 8147 | 5412 5334 5105 49.05 [ 9953 97.61 9629 9454 [ 9873 9852  97.88 1532 | 805 794 829 87 | 36

KL-PGD 87.55 | 494 4843  47.06 4477 | 99.63 97.86 96.54 9472 | 99.07 9873  98.14 1457 | 728 706 746 815 | 27

ERM 9555 | 0.01 0.0 0.0 967 7897 67.55 5557 | 9335 9167 8745 0.0 527 474 375 276 | 15

Corr_Uniform | 95.11 4.16 067 065 992 91.63 835 7289 [ 97.94 97.09 9525 015 | 396 609 48 396 | 15

=] - CVaR 87.81 20.7 1571 058 9806 884 8174 7397 | 9533 9365  90.01 144 | 556 537 456 35 | 313
o = AT-PR 8729 | 4815 4642  48.16 99.66 9825 97.19 9564 | 99.09 98.79  98.19 3406 | 1139 1153 1194 1262 | 780
g & PGD 86.66 | 5091 4924  50.29 99.50 98.14 9694 9533 | 98.84 9861 9796 | 3326 | 1175 1156 1195 1212 | 165
3] Z TRADES 86.66 | 5536 5414 5271 99.67 9823 97.16 95.83 | 99.12 98.89 9828 | 2618 | 952 1017 10.18 10.28 | 129
g MART 86.15 | 5577 5436 5121 99.63 97.88 9673 9502 | 99.0 9877  98.I5 235 | 654 705 728 754 | 114

ALP 7561 | 5408 5304 5229 99.39 9686 9538 935 | 98.67 9837  97.67 1216 | 853 747 745 806 | 194

CLP 83.86 | 5504 5387  53.02 99.50 97.66 9635 94.59 | 99.04 9871 9809 | 2292 | 921 926 998 1036 | 194

KL-PGD 89.13 | 5122 5024 49.19 99.67 986 97.67 96.37 | 99.11 98.87 9843 2235 | 905 934 96 961 | 135

ERM 93.12 | 001 0.01 0.0 97.15 7765 6533 5222|9389 9228  88.09 0.0 634 368 154 125 | |1

Corr_Uniform | 92.94 | 0.17 0.11 0.18 98.87 89.38 7927 67.1 | 97.09 9602 937 0.0 551 634 563 424 | 1

CVaR 86.18 | 3812 3488  0.02 97.9 83.84 7469 6442|9512 9401  90.64 1.0 429 382 381 294 | 40

& AT-PR 83.91 42.05 39.94 41.57 99.62 98.08 96.87 9538 | 99.0 98.66 97.92 21.55 1338 1339 135 13.79 100

8 PGD 80.43 484 47.15 46.15 99.51 97.71 96.47 9479 | 98.78 98.51 97.94 16.76 13.54 1359 1335 1341 20

> TRADES 80.29 48.43 47.41 45.62 99.73 9827 97.3 9594 | 99.17 98.94 98.39 20.47 13.03 13.01 1271 13.15 16

MART 76.65 49.82 48.93 44.25 99.57 9795 96.78 9539 | 98.93 98.58 97.92 17.99 10.65 1057 1091 11.07 14

ALP 60.22 46.68 46.55 43.04 99.4 975 9649 95.19 | 98.72 98.55 97.87 321 433 4.66 4.62 4.61 24

CLP 7865 | 5038  49.62  47.92 99.55 9793 9678 9523 | 9898 98.74  98.19 1125 | 838 857 845 788 | 24

KL-PGD 86.01 | 4601 4508 4276 99.7 983 97.35 96.04 | 9.1 9894 983 1241 | 876 904 902 912 | 18

ERM 76.03 0.0 0.0 8502 4512 317 2222|7665 7357 6644 00 [2317 654 38 177 | 3

Corr_Uniform | 7493 | 0.07 0.01 97.09 7169 5541 40.53 | 93.14 91.05  86.25 00 |2484 1918 1212 678 | 3

CVaR 72.14 0.11 0.05 96.61 68.17 51.82 37.76 | 91.66 89.11 84.17 0.0 2386 1282 6.79 2.81 60

2 AT-PR 60.03 23.86 23.05 99.23 953 9199 87.38 | 97.88 97.31 95.75 38.44 33.06 3385 3392 3237 162

3 PGD 58.09 27.52 26.93 99.16 9582 93.04 8897 | 97.94 97.42 96.2 37.39 31.86 31.63 321 31.69 30

Z TRADES 59.65 30.63 30.15 99.08 9502 92.09 87.8 | 97.99 97.36 96.16 26.6 31.55 31.73 3076 2941 25

& MART 54.57 320 31.62 99.08 9545 9273 89.35| 97.96 97.49 96.59 20.45 17.93 17.64 17.82 17.1 23

ALP 4368 | 2664 2643 9922 962 944 9205 | 98.08 97.66  96.25 401 365 353 34 334 | 35

CLP 5092 | 2987 29.64 99.19 9616 93.81 91.05 | 98.08 9759  96.6 1909|2011 1941 1931 187 | 36

KL-PGD 6487 | 2618 2544 9921 9506 919 87.07 | 9797 9729  96.01 199 | 2668 2565 24.19 2284 | 28

ERM 7943 | 001 0.01 8773 538 40.87 30.08 | 7851 7493  67.09 00 [2213 1028 561 251 | 15

Corr_Uniform | 79.01 0.94 0.38 9731 79.5 6672 53.57 | 9344 91.83  87.88 005 | 204 2238 1805 1194 15

= - CVaR 7195 | 037 0.17 96.85 7752 6371 49.19 | 9321 9093  86.27 003 |2L18 17.61 1217 7.3 | 314
E oy AT-PR 6174 | 2332 2254 992 957 9299 89.04 | 97.89 97.14 9579 | 4227 |32.84 3328 3333 3333 | 780
g & PGD 6111 | 2815 2732 992 9601 9345 89.59 | 98.11 97.57  96.41 4611 | 35.03 3595 | 165
Z TRADES 6236 | 3201 3154 99.23 9608 93.68 90.42 | 97.83 9751 9645 | 44.01 |37.19 87 37.63 | 129

g MART 5938 | 3289 3237 992 9586 9347 90.14 [ 97.99 9746 9628 | 3731 [2939 20.62 2936 2887 | 114

ALP 4201 | 2912 2907 99.28 9691 9541 93.09 | 9831 979  96.69 1125 | 653 522 478 472 | 195

CLP 5487 | 3023 29.94 99.15 9572 9349 90.56 | 97.93 9733  96.06 | 36.84 |34.63 3428 34.16 3342 | 195

KL-PGD 66.65 | 2664 2588 99.24 9611 93.58 89.95 | 97.81 9739  96.01 3498 | 3295 3329 3369 3396 | 135

ERM 7386 | 2.03 1.09 88.61 50.86 3837 29.06 | 80.7 7757 7078 03 [2533 856 448 224 | 1

Corr_Uniform | 71.88 | 3.94 20 96.85 7226 5822 4513 | 9258 9058  86.11 052 |27.18 1823 1199 731 1

CVaR 6449 | 945 695 9588 67.12 534 37.82 | 9037 87.93  82.02 L14 [ 2234 1109 598 3.1 | 40

. AT-PR 6198 | 2359 2254 992 9504 92.04 87.81 [97.88 9733 9605 | 3148 |[3533 3566 348 3473 | 103

6 PGD 48.76 24.76 24.18 99.34 9643 944 91.63 | 98.21 97.74 96.68 15.65 15.64 1507 1475 1453 20

L>7 TRADES 54.54 26.19 25.58 99.19 9524 9235 88.72 | 97.97 97.46 96.16 31.28 36.16 3621 3593 35.14 17

MART 49.3 25.73 25.38 98.96 95.64 9342 90.56 | 97.71 97.28 96.25 36.3 3408 3381 3333 3227 14

ALP 45.85 25.61 2549 99.26  96.64 9453 9192 | 98.41 97.78 96.8 13.97 1231 11.92 12.02 1215 24

CLP 52.16 24.39 23.92 99.26  96.02 93.26 90.07 | 98.03 97.44 96.49 2242 2727 2742 2736 26.78 24

KL-PGD 59.06 21.96 20.93 98.98 95.63 9324 89.79 | 9742 96.83 95.66 23.01 30.79 30.66 303 29.56 18

ERM 65.92 | 0.02 0.01 96.53 84.18 77.28 69.34 | 9171 89.85  85.02 00 [3376 389 4159 44.66 | 21

Corr_Uniform | 6553 | 0.1 0.01 97.68 88.18 8171 74.34 | 9412 92.66  89.04 00 [3479 3822 4088 43.14 | 21

CVaR 62.7 0.0 0.0 97.48 8631 7928 70.82 | 9359 91.62  87.63 00 [3644 3999 432 46.17 | 425

2 PGD 50.11 20.67 20.03 99.4 97.0 95.08 92.68 | 98.65 98.43 97.54 28.18 41.36  41.28 4197 | 215

3 TRADES 50.38 2335 23.12 99.45 96.79 94.69 9235 | 98.73 98.27 97.58 17.71 3593 3643 374 175

Z MART 45.51 25.66 2549 99.43 964 9435 91.47 | 98.57 98.29 97.56 15.28 429 4328 43.04 152

& ALP 47.36 2438 24.09 99.56 96.78 9439 91.33 | 98.97 98.74 97.94 17.65 324 3198 32. 33.56 | 235

o} CLP 46.37 227 2248 99.54 963 94.13 91.51 | 99.01 98.63 97.77 16.15 35.69 37.14 37.19 36.69 | 235
?u KL-PGD 56.66 19.23 18.65 99.38  97.1 95.08 92.52 | 98.6 98.27 97.56 13.98 3541 3592 359 36.15 182
£ ERM 66.47 0.0 0.0 969 8624 79.68 7225 9273 9LI13  87.14 0.0 342 3834 4115 4419 | 34
ol Corr_Uniform | 66.84 | 0.02 0.01 979 8931 836 7687 | 9479 9326  89.74 00 |3364 3631 3904 41.67 | 34
£ CVaR 63.67 0.0 0.0 9743 8557 7771 6883 | 938 9264  88.83 00 [3696 4085 434 4541 | 732
S PGD 5161 | 2157 21.09 9946 9628 9373 902 | 9875 9836 97.72 39.13 | 4319 4419 4417 4539 | 368

3 TRADES 5319 | 2459 2423 99.36 9642 9453 9172 | 98.51 98.17  97.41 3222 | 4078 4127 4129 41.28 | 293

[ MART 4759 | 2474 2439 99.24 9576 9349 90.55 | 9846 9825 9726 | 29.85 | 4447 4452 4512 4503 | 258

& ALP 4887 | 2404 2372 99.36 9618 93.92 90.55 | 987 9823 9746 | 20.86 |3235 3372 3425 3521 | 385

CLP 4901 | 2471 2448 99.56 9672 94.62 91.53 | 9878 9847 97.78 | 2124 | 3472 3628 367 37.05 | 385

KL-PGD 57.66 | 2062 19.96 9948 9718 956 9341 | 987 9831 9746 | 2473 | 3616 3691 3674 37.34 | 312

ERM 96.26 26 0.79 99.18 9692 9535 9331 | 97.67 9677 9451 056 | 468 438 409 388 | 4

Corr_Uniform 96.22 7.72 2.49 99.54 9844 97.66 96.52 | 9849 98.1 97.18 1.14 4.98 55 551 545 4

o CVaR 950 | 3181 1315 99.56 9822 9733 96.13 | 98.56 9791  96.56 305 | 554 552 542 526 | 89

o PGD 9022 | 5139 4588 99.67 99.07 98.52 97.61 | 9895 9856  97.7 3306 | 1061 962 956 9.7 | 44

2 TRADES 903 | 5829 5279 9975 99.13 9846 973 | 99.15 9879 9817 | 2338 | 697 692 682 683 | 37

g MART 91.82 | 558  49.13 99.63 9899 9831 97.1 | 989 9855 97.52 344 | 691 679 669 675 | 33

ALP 88.12 | 5637 545 99.64 99.05 98.63 97.85 | 98.82 9833  97.46 1527 | 658 585 561 567 | 53

CLP 9115 | 5953 5472 99.7  99.12 986 97.66 | 99.12 9871  97.8 2663 | 783 737 731 716 | 53

KL-PGD 9193 | 53.09 5071 9973 99.14 986 97.63 | 99.11 9879  98.0 2273 | 726 707 713 738 | 40

ERM 9.16 | 8.65 578 9921 9645 9461 923 | 9741 9639  93.65 194 | 418 381 367 3.55 | 22

S | Com_Uniform | 96.56 | 1092  3.04 99.57 9838 97.52 96.32 | 9863 98.15  97.1 147 | 433 455 457 433 | 22

@ CVaR 9435 | 3226 1697 99.35 9783 969 957 | 97.98 9728  95.61 274 | 506 451 406 3.88 | 460

= PGD 9191 | 5607  49.84 99.73 993 9895 9834 | 99.1 98.68  97.9 31.87 | 823 795 792 806 | 241

z F TRADES 9352 | 60.52 5429 99.72 99.07 9823 96.78 | 99.28 98.99  98.42 206 | 443 427 408 412 | 188
= = MART 94.15 | 5837  51.06 99.64 99.1 9857 97.58 | 99.0 9872 979 3011 | 427 412 384 387 | 166
@ ALP 9042 | 5985  55.69 99.6  99.02 98.67 98.12 | 98.74 9843  97.51 1189 | 378 359 356 355 | 286
CLP 92.0 64.27 59.76 99.74 9932 98.99 98.39 | 99.25 98.92 98.09 18.09 4.19 4.24 4.08 4.13 286

KL-PGD 93.25 59.89 543 99.79 9933 98.89 98.04 | 99.44 9891 98.15 20.6 4.83 4.94 52 5.61 197

ERM 95.78 9.46 324 99.43 9741 96.04 94.1 | 98.24 97.64 96.23 1.49 4.68 4.96 4.79 451 2

Corr_Uniform 95.79 14.28 5.39 99.63 98.45 97.6 9645 | 98.86 98.44 97.44 238 4.85 5.64 573 5.55 2

o CVaR 92.92 44.55 31.31 99.29 97.28 9595 9433 | 97.83 97.12 95.23 2.63 4.79 5.0 4.83 4.52 61

5 PGD 89.76 52.53 4575 99.64 99.04 98.63 98.1 | 98.73 98.45 97.6 24.97 9.11 8.74 8.7 8.6 29

g TRADES 88.66 54.43 48.27 99.69 98.86 98.14 96.97 | 99.06 98.72 97.9 30.3 10.3 9.36 9.16 9.26 24

MART 90.09 | 49.89 4242 99.66 98.97 98.53 97.92 | 9878 9843 976 2935 | 687 705 713 721 | 22

ALP 888 | 5608  53.66 99.65 99.0 98.65 98.16 | 98.87 9855  97.8 1133 | 209 227 236 265 | 35

CLP 87.43 | 56.1 51.46 99.65 99.08 9875 9822 | 98.82 9849 9755 | 2185 | 764 68 682 674 | 35

KL-PGD 9203 | 5536 49.07 99.74 99.17 98.69 979 | 99.06 9873 9803 | 2324 | 747 736 732 728 | 27
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Table 11: Performance comparison of AT and RT training methods across MNIST with SimpleCNN,
CINIC-10 with ResNet-18 and WRN-28-10, and ImageNet-50 with ResNet-18.

Data | Modet | Methoa | ace. % | AR % ‘ PRE™™(7) % | ProbAce(p,y = 0.03) % | GEar % | GEppygiom ) % | Time
| | | [PGD PGD® CW® AA | 005 008 01 012 | 01 005 001 | PGD™ | 005 008 0.1 012 | skp.
ERM 8692 | 00 00 00 00 | 6683 96 365 131 [5378 4997 416 00 276 01 00 00 | 4

CVaR 7873 | 2497 2001 001 00 |9605 4653 263 1404 | 9229 9102 8764 | 19 | 531 269 LI& 015 | 60

Corr_Uniform | 8545 | 001 00 00 00 | 979 5877 3695 2107|9564 9476 9226 | 00 | 679 585 324 141 | 4

w | Com Gaussian | 840 | 016 002 002 00 |99.11 8576 70.12 5237|9764 970 9527 | 00 | 51 606 836 367 | 4

T | ComlLaplace | 840 | 021 004 004 00 |9908 8409 6485 4441|9761 9691 9533 | 00 | 435 994 802 338 | 4

2 PGD 683 | 3983 3002 3756 3506 | 9947 9651 9362 8907 | 9891 9868 9814 | 1604 | 10.14 1167 1287 1421 | 30

é TRADES 69.22 39.42 38.78 35.41 3434 1 9932 963 940 90.75 | 98.7 98.51 98.04 9.23 7.44 7.72 7.84 8.19 25

MART 66.91 42.67 41.97 37.31 35.18 | 99.37 96.65 94.58 91.06 | 98.79 98.55 98.17 10.62 5.82 7.1 8.15 8.83 22

ALP 67.99 40.52 39.73 38.05 3574 | 99.41 96.7 944  90.18 | 98.81 98.57 98.09 13.22 8.05 94 9.83 11.13 36

&) cLp 7461 | 347 3336 3260 3065 | 9949 9657 93.64 889 | 9878 9861 9807 | 1181 | 1028 1108 1078 1176 | 36
o KLBGD | 7533 | 3483 3398 310 2950 | 99.57 9682 9408 9005 | 990 9878 9834 | 855 | 845 88 855 896 | 27
Z ERM 8801 | 0.0 00 00 00 |8217 2555 1382 751 [7165 680 6095 | 00 | 744 00 00 00 | 15
CVaR 7427 | 2553 1957 156 007 | 9881 7484 5473 3522|9753 9709 9579 | 161 | 22 613 262 054 | 312

Com_Uniform | 8663 | 004 00 001 00 |9833 7485 5837 4238 | 9648 9557 9335 | 001 | 424 97 614 322 | 15

S | Comr Gaussian | 8559 | 021 001 003 00 |9923 896 7856 6415|9813 9763 9635 | 001 | 320 1041 1062 741 | 15

ﬁ Corr_Laplace 85.52 0.15 0.01 0.04 0.0 99.1 88.8 7772 6333 | 978 97.23 95.94 0.0 3.01 10.76  9.87 6.92 15

z PGD 72.26 37.77 36.53 36.58 3382|9952 973 9526 92.08 | 98.71 98.37 97.65 293 1.7 9.14 10.65 12.77 165

[ TRADES 73.23 40.08 39.26 37.13 3570 | 99.41 9648 9448 91.32 | 98.73 98.49 98.03 24.12 10.75 1.7 12,58 13.41 130

3 MART 70.75 43.56 42.56 3837 3635 | 99.34 9656 94.13 90.62 | 98.72 9843 97.96 17.84 8.41 9.45 10.31 11.1 114

ALP 7097 | 3812 369 3675 3407 | 9952 9730 9539 9225 | 9885 986 9805 | 2846 | 852 074 1094 1282 | 194

cLp 7611 | 3552 3384 3399 3205 | 996 9739 0535 9221 | 9891 9873 9803 | 2606 | 832 088 1125 1263 | 194

KLBGD | 7744 | 3628 355 3339 3201 | 99.51 9684 9440 9095 | 9876 98.54 9802 | 169 | 819 1002 1049 1041 | 135

ERM 7994 | 00 00 00 0 | 9892 9363 0101 8746|9763 9739 9623 | 00 | 1287 1449 1439 135 | 97

CVaR 7707 | 00 00 00 0 |9888 93.68 9087 870 | 9792 9698 9509 | 00 | 1437 1453 1468 1505 | 300

Corr_Uniform | 7949 | 00 00 00 0 | 990 9523 9215 8842|9769 9726 9666 | 00 | 1234 1288 1299 123 | 97

2 | o« | Com Gaussian| 790 | 00 00 00 0 |9924 9643 9421 9103|9811 975 9676 | 00 | 1303 1303 1352 1442 | 97
% | T | ComLaplace 00 0.0 0 00 | 9803 9584 9344 9033 | 9801 9753 9656 | 00 | 1266 1339 144 1419 | 97
Z | 2 PGD 360 3532 3339 3176|9989 9715 9536 928 | 9978 997 994 | 543 |2038 2039 2136 215 | 184
2 A TRADES 352 34.59 30.06 289 | 99.15 96.09 93.1 89.83 | 99.06 98.92 98.77 2.64 17.58 18.02 18.7 19.39 167
g & MART 38.44 37.85 3258 3012 | 99.25 9551 9247 89.11 | 98.99 9891 98.52 338 16.87 17.14 1786 19.81 155
ALP 35.21 34.69 3323  31.03 | 99.67 97.18 9535 9279 | 99.31 99.24 98.7 3.16 19.75 2073 20.81 20.81 214

cLp W51 282 2644 2539 | 99.65 9754 9557 9346 | 995 9943 9921 | 268 | 2123 2073 2116 224 | 214

KL-PGD 320 3101 2835 274 | 9959 9702 955 9292|9945 9924 9883 | 233 | 161 158 160 1655 | 180

ERM 3 5.16 3.72 0.0 0.0 99.2  98.05 9421 8345 98.03 9743 95.3 0.0 1.03 1.18 1.01 0.41 1

Corr_Uniform 99.38 341 1.75 0.01 0.0 99.8  99.66 99.25 97.75 | 99.37 99.04 98.45 0.22 0.68 0.78 0.95 1.06 1

z CVaR 9918 | 03 001 019 00 |9971 9956 9925 98.53 9986 9977 99.15 | 002 | 083 09 092 093 | 6

5| & PGD 90915 | 9501 9467 948 OL17 | 9988 9983 9956 9778 | 99.62 9947 9910 | 248 | 063 062 072 099 | 3
Z | Z | TRADES | 9851 | 9422 9373 9393 0088 | 9983 9974 9925 9638 (9948 993 9882 | 108 | 003 003 008 02 | 3
s |z MART 9001 | 9521 9488 9498 9177 | 9988 9981 993 930 | 9965 9952 992 | 175 | 034 033 049 079 | 3
Z ALP 9904 | 9508 948 947 9145 | 9986 9983 9957 O84 | 9961 9942 991 143 | 037 037 o042 062 | 3

cLp 0852 | 9384 9335 9201 8941 | 9983 9975 9942 9820 | 9946 992 9874 | 151 | 016 014 016 022 | 3

KL-PGD 98.94 94.24 93.97 94.07 91.33 | 99.88 99.8 99.37 9578 | 99.66 99.47 99.1 1.21 0.3 0.32 0.42 0.54 3

Table 12: Evaluation of an efficient AT method Chen & Lee|(2024)) using ResNet-18 on CIFAR-10 &
CIFAR-100. The method employs a simple yet effective data filtering mechanism to enhance training
efficiency and robustness. Integrated into TRADES with m = 0-8 and k£ = 10 (10-step attack), it
reduces computational cost, lowers AR/PR generalization error, and improves PR performance while
maintaining comparable clean accuracy and AR. This experiment also illustrates the extensibility of
PRBench, which is designed to incorporate and compare future efficient AT methods.

Uniform Y . . N
Data ‘ Type \ Method \ Ace. % \ AR % \ PRY™ (1) g \ ProbAcc(p, 7 = 0.03) % \ GEar % \ GEppygien ) % \ Time
| | | PGD PGD* CW2 | 003 008 01 012 | 01 005 00l | PGD* | 003 008 01 0.2 | slep.
| su. | ERM | 9485 | 001 0.0 00 |97.64 7619 6165 47079504 9348 8982 | 00 | 624 398 294 254 | 3
| RT | Corr_Uniform | 9417 | o028 0.05 002 | 99.12 9092 8232 7048 | 97.78 97.02 949 | 004 | 483 624 479 231 | 3
TRADES (k=10) 8334 | 536 5271  50.63 | 99.57 97.61 96.28 9456 | 99.05 9881  98.11 165 | 962 928 924 952 | 25
=4 TRADES+Chen&Lee (m=1) 83.6 52.82 52.01 50.5 99.59 97.69 96.48 9497 | 99.09 98.76 98.08 10.37 4.57 4.87 4.95 5.19 16
& TRADES+Chen&Lee (m=2) | 83.71 530 5207 5035 | 99.5 97.54 9632 946 | 9872 9847  97.83 1053 | 614 621 634 614 | 16
E TRADES+Chen&Lee (m=3) 83.66 53.19 52.51 50.65 | 99.59 97.76 96.47 94.76 | 98.87 98.71 98.06 10.08 578 5.76 5.94 6.1 17
T | A | TRADES+Chen&lec (m=4) | 8349 | 5250 518  50.61 | 99.53 97.62 9628 9449 | 98.85 9844 97.75 1081 | 592 639 645 658 | 18
TRADES+Chen&Lee (m=5) 83.56 52.77 52.0 50.43 | 99.58 97.8 96.58 9494 | 989 98.68 98.03 10.62 5.02 5.64 537 5.84 18
TRADES+Chen&Lee (m=6) | 8326 | 52.82 5201 5021 | 99.6 97.98 9684 9522 |99.04 9884 9825 10690 | 581 583 547 525 | 19
TRADES+Chen&Lee (m=7) 83.54 5291 52.12 50.42 99.6 9779 96.6 9497 | 98.99 98.7 98.18 10.55 5.69 5.96 6.13 6.4 19
TRADES+Chen&Lee (m=8) | 8322 | 5312 523  50.62 | 99.65 9801 9677 9505 | 99.05 9879 9822 1036 | 593 621 625 655 | 19
| sud. | ERM | 7603 | 00 0.0 00 |8502 4512 317 2222|7665 7357 6644 | 00 2317 654 38 177 | 3
| RT | Corr_Uniform | | 007 0.01 00 ]97.09 7169 5541 4053 | 93.14 9105 8625 | 00 |2484 1918 1212 678 | 3
TRADES (k=10) 3063 3015 2647 [ 99.08 9502 9209 87.8 [ 97.99 9736  96.16 206 | 3155 3173 3076 2941 | 25
g TRADES+Chen&Lee (m=1) 30.19 29.83 2649 | 99.22 9543 9229 88.09 | 982 97.72 96.63 13.46 18.33 17.52 16.85 15.01 16
= TRADES+Chen&Lee (m=2) 3026 2994 2664 | 99.15 95.14 92.11 87.93 | 98.09 97.61  96.7 1296 | 1677 1683 1668 1508 | 16
§ TRADES+Chen&Lee (m=3) 30.26 30.01 2643 | 99.16 95.12 9235 88.26 | 97.96 97.53 96.42 13.07 18.05 1749 1696 15.66 17
o AT TRADES+Chen&Lee (m=4) 30.09 29.64 2646 | 99.11 9508 91.8 8759|9797 9739 96.24 135 18.01 16.67 1672 1648 18
TRADES+Chen&Lee (m=5) 30.39 29.98 26.65 | 99.09 95.03 9192 87.61 | 97.87 97.34 96.27 13.11 1943 1922 1823 15.86 18
TRADES+Chen&Lee (m=6) 30.0 29.77 2648 | 99.21 9505 91.95 87.95|98.02 9749 96.51 13.36 1775 17.84 1698 1593 19
TRADES+Chen&Lee (m=7) 29.86 29.52 26.43 | 9896 9491 9205 87.93|97.86 97.31 96.24 13.59 17.62 1738 16.34 157 19
TRADES+Chen&Lee (m=8) 3033 2085 2661 | 99.06 9471 9137 8723 | 9783 97.22  96.02 13.17 | 18.14 1826 1775 1609 | 19

where Pr(- | @) is a uniform perturbation distribution, and p € (0, 1) determines the focus on the
tail of the loss distribution. The threshold « is dynamically optimized during training to ignore
perturbations with loss values below it, thereby encouraging the model to focus on AEs that incur
higher but not necessarily maximal loss, aligning with the CVaR principle of prioritizing the worst-
performing fraction of the distribution.

Building upon CVaR, Zhang et al.| (2024a)) propose Probabilistic Risk-averse Robust Learning with
Stochastic Search (PRASS), which trains a risk-averse model by mitigating the Entropic Value-at-Risk
(EVaR) over the captured worst-case perturbation distribution. Unlike CVaR, which focuses solely on
the tail samples, EVaR further capitalizes on the entire distribution of samples. Specifically, EVaR
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with risk level p € (0, 1], denoted as EVaR,(L£(d)), is defined as the infimum over o > 0 of the
Chernoff bound for £(§) with respect to the random variable §. They then proposed a risk-averse
robust learning paradigm to optimize the upper bound, and formalized the training objective as:

mein E(z,y)~p [EVaRi_, (L(x + 6,y;0);6 ~ Pr(- | z))];

By pr gy [c0£@+0) (20)
EVaR,(L; Pr) = inf ll log ( serrie) [€ | ,
a>0 |«

p

thus the inner minimization over « is used to compute EVaR, while the outer minimization updates
the model parameters.

The latest PR-targeted work [Zhang et al.[(2025)), though aimed at PR, is not based on the perturbation
risk function in Def. [3] Instead, it is closer to the traditional AT formulation in Eq.[4] introducing
a new min—max objective designed to identify AEs that lie in the largest all-AE region k (i.e.,
PR(x + 4, k) = 0). They achieve this by designing a numerical algorithm that first uses PGD to
generate a diverse set of AEs at different local optima, i.e., S = {z,},...,x],}. For each z,
gradient descent is then performed toward the nearest decision boundary, and the AE with the largest
distance to its nearest boundary is selected, corresponding to the largest all-AE region. Formally, for
a model fp trained on dataset D, the objective of AT-PR is:

mein E(mty)va (21)

max
18]1<~, PR(z+8,k)=0

where k and & are variables in the inner maximization, and PR(-,-) is defined in Eq. The
maximization seeks an optimal §* producing an AE &’ = « + §*, and maximizes the radius & of a
smaller norm-ball around &’ where all inputs are AEs (i.e., PR(-, -) within the region is 0).
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F EVALUATION METRICS

F.1 AR EVALUATION METRICS

AR is a critical aspect of model robustness and has been extensively studied in previous benchmark
works. To measure AR, adversarial attacks (Eq.|3) are typically adopted to generate AEs &’ for each
input x in the test dataset. In PRBench, we consider four white-box attacks: two variants of Projected
Gradient Descent attack with 10 and 20 iterations (PGD'? and PGD??), the C&W attack (Carlini &
Wagner| (2017), and Auto-attack Croce & Hein|(2020). Formally, AR is computed as the classification
accuracy of the target model on adversarially perturbed inputs across the test dataset:

M
1
AR = 2 ifowirs)=yi) (i), (22)

i=1

where ||d;|| < +y denotes the perturbation generated by the attack, x; = x; + 9; is the corresponding
AE, y; is the ground-truth label, and M is the total number of test samples in the dataset D. The
indicator function Is () returns 1 if the model prediction matches the true label, and O otherwise.

F.2 PR EVALUATION METRICS

PR was first introduced by [Webb et al.| (2019)), which proposed a formal framework to quantify PR
under random perturbations (Def. 2. Computing the exact PR requires taking an expectation over the
perturbation distribution, which is typically intractable. Therefore, a Monte Carlo approximation is
adopted by uniformly sampling a large number of perturbations within a norm ball of radius . The
target model then predicts the labels of these perturbed inputs to determine whether they are AEs
«’. PR is thus defined as the proportion of non-adversarial samples among all sampled perturbations.
Formally, given a test dataset D and a perturbation budget v, PR is estimated as:

M N
1 1
PRp(7) = i Z N Zl{fa(w;‘j):yi}(mi;j% z;;~ Pr(- @), | ; —zil <v, (23)
i=1"" j=1

where m; ; denotes the j-th perturbed sample of «;, drawn from the conditional perturbation distri-
bution Pr(- | @;), for j € {1,..., N}. Here, M is the number of test samples originally classified
correctly and N is the number of perturbations sampled for each input.

Later, |[Robey et al.[(2022) proposed quantile accuracy ProbAcc(p) to evaluate PR for individual
inputs using the same perturbation strategy (uniform sampling around each input). Unlike PRp (%),
which estimates the mean PR over all correctly classified clean test samples, this metric focuses on a
given robustness tolerance threshold p. Specifically, ProbAcc(p) measures the proportion of inputs
whose PR(x, ) exceeds the threshold 1 — p, formally defined as follows:

M
1
ProbAcc(p) = 77 > Iipr(w.m>1-p} (i), 24)

i=1

In PRBench, we assess the PR of different training methods using both PRp () and ProbAcc(p). In
our implementation, ProbAcc(p) is computed only on clean test samples—that is, M is the number
of inputs that are originally classified correctly by the model (i.e., fo(x;) = y;), reflecting the true
robustness of individual examples.

F.3 GENERALIZATION ERROR

To investigate the deeper relationship of AR and PR, and compare the effectiveness of different
training methods, we also evaluate the generalization error of each training method with respect
to AR and PR. Specifically, we compute AR and PR on both the training and test datasets. The
difference between these values reflects the generalisability of a model under each robustness metric.
Taking PR as an example, the generalization error (GE ) of PR (e.g., PRp(+y)) is defined as:

GEPRD (’Y) = PRDtrain (’Y) - PRDLest (’Y) * (25)
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G TECHNICAL APPENDICES AND THEORETICAL ANALYSIS

G.1 LIPSCHITZ AND SMOOTHNESS PROPERTIES OF THE SOFTMAX FUNCTION

Lemma 1 Given z € R™, let the softmax function be represented as

e”l

e
p()= | =7 (26)
Let || - ||2 denote the Lo norm for vectors and the induced norm for matrices. The Lipschitz condition
for the softmax function is
IP(22) = p(21)l2 < [[22 — 21]l2 27)
and we also have
IVp(22) — Vp(z1) < 322 — z1]l2 (28)
Proof 1 According to the Rayleigh quotient, for the Lo-norm we have
| diag(p) — pp” |2 = S v” diag(p)v — (v'p)* (29)
v 2:1
< sup o7 diag(p)v (30)
lvll2=1
= sup | diag(p)v|2 31
lvllz=1
< sup [ (pivi)? (32)
lvll2=1 i
< sup Z |pivi| <1 (33)
loll2=1"7
Since for all z1, zo we have
| diag(p(z2) — p(21))ll2 < [[p(22) — P(21)]]2 (34)

and

Ip(22)P(22)" = p(21)p(21)" || < [[P(22)ll2]|P(22) = P(20)]2 + [IP(22) — P(21)[2][P(=1)]2

(35)
< 2|p(2z2) — p(z1)ll2, (36)

we have
[VP(22) — Vp(21)|2 < 3|22 — 212 (37)

G.2 LIPSCHITZ AND SMOOTHNESS CONDITIONS FOR LOSS COMPOSITION

Lemma 2 (Gradient of the Cross-Entropy Loss) Let Lcp(p(M),y) be the cross-entropy loss,
where p denotes the softmax function. Then, the gradient of the cross-entropy loss — that is,
the cross-entropy composed with the softmax function— is given by

Vilce=p—1 (38)
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Proof 2 Let p denote the softmax function, and let L be a function defined over its output. Then, we
have

VL = VpL'V;p(f) (39)
el _efleft __efte®2 . __eflefr
s oS5 TE5E, 7
- e®7)? eJ e7)z T )2
_ Vp[,T (Z. 7) e .(Z 7) - (E. 7) (40)
 een e e
e ene ST TS
= VoL (diag(p) — pp”) (41)

where VLT denotes the gradient expressed as a row vector. If L is the cross-entropy, we have

b
Zl71
> 7 1; logp; s
VpLer = —w =", (“2)
p :
Lo
Pr
where l;, for i € [k, is the one-hot encoded label such that for the correct class y,

I = {0 17 43)
1 i=y.
Therefore, we obtain
ViLly=— (]% = ff) (diag(p) — pp") (44)
=—( lo - L)+ L p2 - k) (45)

where 1, denotes the one-hot encoded label vector with 1 at the y-th entry, 0 otherwise.

Lemma 3 Given the assumption|l| the Lipschitz constant and smoothness of Lcg(p(f(x,8)),y)
with respect to 0 are

|Lce(p(f(x,02)),y) — Lee(P(f(x,61)),y)ll2 < 2Lg||02 — 01]|2 @7
IVoLce(p(f(,02)),y) — VoLce(p(f(2,61)),y)|l2 < (286 + Lg) 162 — 61][2.  (48)

Proof 3 For the Lipschitz constant, we have

IVeLcellz = IV LEVofI| < 2Le. (49)
Fori=1,21etVL; =V Lce(p(f(x,0;)),y), and Vo f; = Vo f(x,8;), we have
IVoLce(x,y,02) — VoLce(x,y,01)]2 (50)
= VLI Vofs — VLI Vafil2 (51
<|IV4L3 (Vof2 = Vohi) + (ViLa — ViLy)" Vofila (52)
< 20p||02 — 612 + Lolp(f(x, 02)) — p(f(x,61))]2 (53)
< 2Bp||02 — 612 + Lo f(, 02) — f(x,01)]]2 (54)
< (286 + Lg) 162 — 61]2 (55)

Lemma 4 Given x € X, perturbation 8, we define the differences between softmax over the model
such that

A
V=

Ip(f(x+6,0)) —p(f(z,0))|-. (56)

Hence, the Lipschitz and smoothness condition for the penalty function C(8,x,0) = ||p(f(xz +
5,0)) —p(f(x,0))|3 w.rt. 0 is

||C(5, €T, 02) - C((s, x, 01)

[VeC(d,2,0:) — VoC(8,x,0,)

max
18]l2<~,0€0

(208 + 617 L) |02 — 01 |2 (57)
(61°Bg + 24vLg) (|62 — 612 (58)

IN A

2
2
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Proof 4 We first prove the Lipschitz condition, and for simplicity, denote p = p(f(x,0)), f =
fl®,0)andp =p(x+6,0), f = f(x+65,0). We have

IVC(6,2.0)]l: =2 |5~ p)" (VBVeS ~ VspVar )| (59)
where
|VsBV6] ~ VipVos|, < IIVBlal Vol — Vosllz+ 11V sB ~ Vspll2[Vaslz  (60)
< Bléll2 + LelIV P — Vpll2 (61)
and
IV D — Vypll2 = || diag(p) — diag(p) — PP” + PP’ |2 (62)
< || diag(p) — diag(p)[| + [Pll2[lP — pll2 + [P — pll2/[Pll2 (63)
<P =Pl +1Pl2lP - Pl2 + P — Pl2/PI-2 (64)
<3|lp - pl2- (65)
Hence,
|V/BVof = Vs0Vof|, < Blldllz +3LollB b2 (66)
Then,
IVeC(8,2,0)|2 < 28 6]2]p — pll2 + 6L [P — plI3 (67)
< 2vB||8]|2 + 612 Le (68)

In addition, for each i = 1,2, denote p; = p(f(x,0;)), p; = P(f(x+9,6;)) and f; = f(x+6,6,),
Ci =C(x+9,0,) we have

IV6C2 — VoCill2 = |V 4C3 Vo fo — VCL Vo fill2 (69)
< IV4Call2lVofo — Vofilla + VCo — ViCill2| Vo fil  (70)
< ||Vf52\|2ﬂ9||92 — 012 + va@ - Vf€1||2L9 (71)

where
IV 4Call2 = 2|| (B2 — p2)" (VD2 — Vsp2) II2 (72)
< 6|p2 — p2|3 (73)
< 612 (74)

and

IV §C2 — VCilla = 2| (B2 — p2)" (VP2 — Vyp2) — (B1 —P1)” (V41— Vyp1) 2 (79)

<2[|p2 — p2ll2 (IV¢P2 — V¢Pill2 + VP2 — Vpill2) (76)

+2([[p2 — Pull + P2 — P1ll2) VD1 — Vypill2 (77)

< 2[|p2 — p2ll23 (P2 — P1ll2 + P2 — P1ll2) (78)

+2([|p2 = P1ll + [[P2 — P1ll2) 3[|P1 — P1ll2 (79)

=6 (||[p2 — P1llz + [[P2 — P1ll2) (P2 — P2ll2 + [P — P1][2) (830)

<6 (Lo + Lo) (I|IP2 — P2ll2 + [[P1 — P1ll2) |62 — 1|2 (81)

< 24vLg||03 — 01]|2 (82)

Hence,

VeCa — VaCill2 < (61286 + 24vL3) [|62 — 012 (83)

Theorem 3 Given the Lipschitz and smoothness conditions for the model f, cross-entropy loss, and
Lo-norm penalty, consider the objective function

ax Lep(f(p(z +6.0)),y) + Alp(f(z +6.0)) — p(f(z,0))]3. (84)

We show that the objective function is ¢-approximate -smooth, where
¢ = (4By +2vLg) + 12X (VB + 2vLLg) v (85)
¥ = (286 + Lp) + A (61°Bg + 24vL3) (86)
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Proof 5 For simplicity, given x we denote

Consider the surrogate loss LY**(0) = max|s|,<y Lx(d,0) and let
6, = arg max L£,(6,0 88
1= are ax £2(0,61) ®
0o = arg max Lx(0,05). 89
2 = arg e, £2(0,62) )

Without generality assume LY (62) > LY*¥(61). Hence, there exists 8, and 8 such that

|LX%(02) — LY*(01)| = L(82,02) — L2(81,01) (90)
< Lx(62,602) — L1(d2,64) oD
< Lcp(82,05) — Lop(82,61) + X (C(82,61) — C(82,602))  (92)
< 2[Lo+ AvBy+31°Le)] |02 — 612 (93)

And for smoothness, consider Frechet sub-gradient, such that Vg1 € 0 LY*(01) and Vg2 €
0o LY (02), there exists 81 and 85 such that

g2 — gill2 < VoL (02,602) — VoLx(d1,01)]]2 94)
< ||VeLa(d2,02) — VaLr(02,01)||2 + [[VoLr(62,01) — VoLr(1,61)]2. (95)

For the second term of the RHS of the above inequality is

VoLr(d2,01) — VoLx(d1,61)]2 (96)
< ||\VoLce(d2,01) — VoLcr(d1,601)|l2 + A|VeC(d2,601) — VoC(d1,61)]|2-
7N
And for simplicity, let Vs L; =V Leg(p(f(x 4+ 6;,61)),y), Vofi = Veof(x +0;,61),i=1,2
IVeLcr(d2,01) — VoLcr(d1,01)]2 (98)
<|IViLENV 0 f(82,601) — Vi LEN o f (61,612 (99)
<ViLa|2lVofa = Ve filla + VL2 — VL2 Ve fil]2 (100)
< 2[|Vafa = Vo fill2 + [[p(f(x + d2,01)) — p(f(x + 61,01))|2Le  (101)
< 20|62 — 1|2 +2vLe (102)
< 4Py +2vLg (103)

In addition, denote VoC; = V¢C(6;,601),p; = p(f(x+8;,601)),i =1,2and p = p(f(x,01)), we
have

IVoCa — VoCilla = [V C3 Vo fa — ViCl Vo fil2 (104)
<|IV#Call2IVaf2 — Vafillz + [[VCa — VCill2]|[ Ve f1l]2 (105)
< IV Call2B]|62 — 012 + |V §Co — VfCi||2Lg (106)

where
IV Call2 = 2| (P2 — )" (VP2 — VD) |2 (107)
< 6p> - pl3 (108)
< 612, (109)

And

IVCo—ViCilla = 2] (P2 — P)" (VP2 — Vyp) — (p1 — )" (VsP1— Vsp) |2 (110)
<2(|lp2 — pll2IVyp2 — Vypill2 + IP2 — P12 VsP1 — Vypll2)  (111)

<6(|lp2 — pll2 + lIp1 — Pll2) IP2 — P1ll2 (112)
< 120 f(x + 02,601) — f(x + 01,01)|2 (113)
< 121/L||62 - 61”2 (1]4)
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Hence,

[VeCo — VgCill2 < (6v°B8+12vLLg) ||62 — 812 (115)
<12 (V*B+2vLLg) (116)

In conclusion, we have
llg2 — g1ll2 = [[VeLr(d2,02) — Vo Lr(d1,01)||2 (117)
< |IVoLr(02,02) — VoLar(d2,01)|2 + [|[VoLr(d2,01) — VoLr(61,601)|2 (118)
< (286 + Lg + A (61°Bo + 24vL3)) |02 — 012 + (487 + 2vLg) (119)
+ 12X (VB +2vLLg) Y (120)

G.3 ANALYSIS ON RT LEARNING

Here, we provide a proof of the Lipschitz and smoothness conditions for the RT method. As shown
in|Wang et al.| (2021), the optimization process follows gradient descent with perturbations sampled
from the distribution Pr(- | &), which can be interpreted as a form of data augmentation within
standard training. Consequently, it shares the same theoretical generalization error bounds as standard
training.

The pseudo-code for CVaR is shown in[T} As is shown that the ; is first updated then the parameter
6. And we have that for the updated gradient is

Vo [l(fo(z; + k), ;) — ], (121)
Vol(fo(x; + 61),v;) U(folm; + b1),y;) > o
=< {s:87(0—09) <lofo—"Lofs, VO} Lfo(z;+di),y;) =0y (122)
0 ((fo(x; + 6k), y;) < oy
Let L and 3 be the Lipschitz and smoothness conditions for £ o fg, We show that
Ve [t(fo(j + 6k), y;) — ], | < [Vel(folz;j + k), yj)ll < L (123)

and

Ve [¢(fo, (alj + k), yj) - Oéj]+ — Vo [¢(fo, (z; + ék),yj) — aj]+ | <max{L,B}. (124)

According to the training algorithm in Alg.[T] the weight updates are Lipschitz smooth for most of the
training process. Even in the worst case, the smoothness remains bounded by the Lipschitz constant,
which largely explains the reduced robust overfitting.

Algorithm 1 Probabilistically Robust Learning (PRL)

Hyperparameters: sample size M, step sizes 1,7 > 0, robustness parameter p > 0, neighbor-
hood distribution 7, num. of inner optimization steps 7', batch size B

repeat
for minibatch {(z;,y;)} 2., do
for T steps do
Draw 0y ~ 71, k=1,...,M
Jan 1= a7 Sy Lo () + 61),97) = oy
aj = 0 — NaJoy, N = 1,...,B
end for
9+ oarp 2jn Vo le(fo(aj +0k),y) — ],
0+ 0—ng
end for

until convergence

G.4 ANALYSIS ON AT-PR

We show that the AT-PR algorithm is essentially a variant of PGD. Instead of performing a single
PGD run, AT-PR executes multiple PGD runs and selects the one that yields the widest coverage over
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Algorithm 2 PGD and gradient-based search for ;.

Require: Inputs [X, Y], N, &min, @mazs St€Dmins StEDmax
1: Initialize AE; + []
2: Apply PGD to get different AE candidates
3: foridx = 0to N do
Tinit < « + Uniform(—-, )
a < Uniform(cmin, @maz)
steps <— Uniform(step, ;s St€Dmax)
T4y < PYA(Tinit, Y, 7, @, steps)
8: Append z, to AE,
9: end for
Require: AFE,, x,y,C
10: Initialize Mazx_d < 0 ; :c;n. < None
11: for each '’ € AF, do

> Initialize AE candidate set

NNk

12: z=x

13: while iter < C' do

14: y = f()

15: if y’ = y then

16: break > Exit if @ is classified correctly
17: end if

18: g« ViL(Z,y) > Compute gradient

19: T=—a-g > Update x
20: end while

21: d«+ D(z,x’) > Distance between & & @’
22: if d > Max_d then

23: x,, =

24: Maz_d=d

25: end if

26: end for

27: Output :cg,r > Farthest AE from decision boundary.

the perturbation budget for the given inputs. Therefore, its generalization analysis still follows our
framework in Thm. [Tl

As illustrated in Alg.[2] AT-PR first generates a set of AE candidates. For each candidate, it computes
the distance to the decision boundary and selects the one with the maximum distance. Under
Assumption[I] we recall that for all & € X’ the curvature is globally bounded:

Vo f(x,02) — Vo f(x,01)| < Boll02 — 6] (125)

Although this bound holds globally, in practice  may lie near different local optima. Let A; C
X, i € [N] denote the local region around adversarial examples (local optima found by PGD). We
then define local smoothness bounds for each A, such that for all i € [N]:

Ve e Ay |[Vof(x,0:) — Vof(x,01)|| < 55102 — 61 (126)

Alg. [2]essentially searches for the region A; with the largest coverage along the loss surface. Two
cases arise from this selection, which are also discussed in|Zhang et al.| (2025):

1. The region A; with the largest coverage is relatively flat but not the one with the “highest
peak” (short and wide peak in loss landscape). This corresponds to a smaller smoothness

bound, i.e., ﬁg) < Be.

2. The region A; with the largest coverage also has the “highest peak” (both tall and wide
peak in loss landscape), indicating a better local optima that is closer to the global one, i.e.,

B ~ B
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In the first case, the generalization gap decreases (as shown in Thm. [I)), which corresponds to the
experimental results of WRN-28-10 on CIFAR-100. In the second case, the generalization gap of
AT-PR is comparable to that of PGD, as shown in the CIFAR-10 experiments (See Table.[I0). Our
experiments, along with results from [Zhang et al.| (2025)), demonstrate that approximately 90% of
inputs correspond to the second case. This corresponds to the special case where only a single AE
candidate is considered in Alg.[2]

G.5 UNIFORM ALGORITHM STABILITY ANALYSIS ON ADVERSARIAL TRAINING

Lemma5 Let f : R x R™ — R, forall z € R?, f be n-approximate 3-smooth. Given the weight
update rule G(0) = 0 — aNVg f(z,80) by SGD, we have

|G(02) — G(01)]]2 < (14 a¢B)]|02 — 1|2 +n (127)
Proof 6
[G(62) — G(01)|l2 = (|02 — Ve f(2,02) — (01 — Ve f(2z,61)) |2 (128)
< |02 — 012 + || Vo f(2,02) — Vaf(z,01)|2 (129)
< (14 af)|02 — 012 +1n (130)

Lemma6 Let { : X x Y x © — [0,1] be a general loss function, and {(z,-),z € X X Y is
nonnegative and L-Lipschitz for all z. S and S’ are two sets of samples differing in only one example.
Consider 2 trajectories of parameters 0, 0,,t = 1,2, ...T that generated by SGD with sets of samples
S and S', respectively. Then, Vz € X x Y and ¥ty € {0,1,...,n}, we have

t
E[((z,07) — l(z,05)] < EO + LE[67 | 8¢, = 0]. (131)
where 6; = ||0; — 6,

Jfort =1,2,...T.

Proof 7 Let z € X X Y be an arbitrary example. We have,
E[l(z,07) — ((z,07)] = P{dy, = O}E[l(z,07) — {(2,07) | 0, = 0] (132)
+P{01, # 0} E[l(z,07) — £(2,07) | 6y, # 0] (133)
< E[|l(2,0r) — {(2,07)| | 6, = 0] + P{d, # O} - sup ((z,0) (134)

Under the random permutation rule, we have

P{5, 40} < 2. (136)

Theorem 4 Let {(z,-) € [0,1] be L-Lipschitz and n-approximate B-smooth loss function for all
z € X x Y. Given a constant ¢, we run SGD with learning rate oy < c/t. Then, the algorithm
stability is bounded as

2
n 2L + nLnTcB.

1
< =
|<€smb| =N B(n — 1)

(137)

Proof 8 For simplicity, denote A, = E[6, | &, = 0]. Hence, follow Lem.[6] we have that there is
only probability of + that z' € S'/S will be selected by SGD, denoted as event Z = ', hence we
have

At+1 = P{Z = Z/}P{At+1 ‘ 7 = Z/} + ]P){Z 7é Z/}]P{At+1 | Z 7é Z/} (138)
< (1 - 1) (1+ouf)Ar + lAt + o (77 + 2L> (139)
n n n
:(1+(1—1)05)At+c(n+”> (140)
n/ t t n
2L
< exp ((1— 1/n)cf> At+§ <n+n>. (141)
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The last inequality comes from the fact that 1 + x < exp(z) for all x. Thus,

T T
1\ ¢B\ ¢ 2L
Ar< Y [H exp((l—n> k)t<”+n> (142)
t=to+1 Lk=t+1
T T
1 1\e¢c 2L
t=to+1 k=t+1
d T\ ¢ 2L
< Z exp ((1 — ) cflog ) - (77 + ) (144)
4 n
t=to+1
2L ) e :
- (n%—)(ﬂ“ﬁ@") 3 prealion)- (145)
n
t=to+1
cB(1-1/n)
2L c T
< it B 146
(+2) = (i) o
cB
2L+ nn <T)
<—— | — . (147)
B(n—1) \to
Hence, we get
B{17(=.0r) — £z, 8))) < 2+ 2 EnLn (T (148
T T =y B(n—1) \to
Letting q = [c, the right-hand side is approximately minimized when
1 q
to = [c(2L% + nLn)] 7" To. (149)
Hence,
1 + i _1 cB
E(|f(z,0r) = f(z,67)]] < —— [¢ (2L + nLy) |77 T4 (150)
Since T is arbitrary, and tg € {1,2,...,n}, when T is large, let ty = 1 we have
1 2L%+nly
E 0r) — f(z,0)]] < =+ ———"T°F. 151
1£(2.00) = (= 0] < | + =50 asn
Theorem 5 (Generalization in Expectation by Hardt et al.| (2016)) If the algorithm A is e-stable,
then
Ea,s[R(A(S)) — Rs(A(S))] <€ (152)
where the expectation is over algorithm A and the training set S = {z1,...,z,} where each
zi = (@i, ;) RSL D for classification. And,
R(A(S)) =E.p [ (he, 2)] (153)
1 n
R S)) =— l(hg, z; 154
s(A(S)) ni_; (ho. 2:) (154)

where { denotes the loss function, and z = (x,y) ~ D represents the inputs. h is the hypothesis
parameterized by 0 € ©. Since the parameters are generated by an algorithm A from the data set S,
we have

6 = A(S) (155)
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Proof 9 Consider the fact

E[Y] = E[E[Y|X]], (156)
For simplicity, denote the {(hg, z) = f(A(S), 2).
E[E [R(A(S)) - Rs(A(S)) | S]] (157)
=B [E[ELf(A(S).2) | A,8] — + 3" F(A(S), 20 | S]] (158)
i=1

=E [E [E[f(A(S), z) | A, 5] - % > JASY),2) | S} (159)

=E llE E %Zf(A(S),zé) | A,S] - %Zf(A(S(“)zé) | SH (160)
=E lIE E % (f(A(S),zbff(A(S@),z;)) |A’S] |SH (161)
< sup E[f(A(S), 2i) — fA(S"), z))] < e (162)

where S' is at most one date point different from S and S'?) is the training set that the i-th date point
. !
is ).
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