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Abstract

Exponentiated gradient descent (EGD), a biologically motivated optimization algorithm
that respects Dale’s law, results in log-normally distributed synaptic weights, in alignment
with experimental observations in neuroscience. Since the marginal distribution of geo-
metric Brownian motion (GBM) at any fixed time is log-normal, there is a natural con-
nection between EGD and GBM-based stochastic processes. We propose a multiplicative
score-based generative model with GBM as a forward noising process and derive its cor-
responding reverse-time SDE in both the ambient space and in the log-transformed space.
We derive two multiplicative samplers by discretizing the corresponding reverse-time SDEs:
a sign-agnostic sampler obtained directly from the ambient-space reverse-time SDE, and
a sign-preserving sampler, which we refer to as the Dale-Langevin sampler, obtained via
the Lamperti transform. We further connect the framework to Mirrored Langevin Dynam-
ics, showing that the convex function driving EGD in optimization precisely governs the
Dale-Langevin sampler. The Stein score, defined as ∇ log pX(x) for a random vector X
with density pX evaluated at x, comes up naturally in the additive noise based diffusion
models. In the multiplicative setting, we encounter x ◦ ∇ log pX(x), a modulated version of
the Stein score for sampling, which we name the Hyvärinen score. In order to estimate the
Hyvärinen score, we introduce the multiplicative denoising score-matching loss (M-DSM),
the multiplicative explicit score-matching loss (M-ESM), and establish their equivalence.
This development subsumes the non-negative score matching loss of Hyvärinen (2007) as
a special case. Experimental results on MNIST, Fashion-MNIST, Kuzushiji MNIST, and
CIFAR-10 validate the generative capability of the proposed framework.

1 Introduction

Several studies in computational neuroscience (Song et al., 2005; Loewenstein et al., 2011; Buzsáki &
Mizuseki, 2014; Melander et al., 2021; Pogodin et al., 2024) have confirmed that synaptic weight distri-
butions in biological neural networks are log-normal, and that neurons obey Dale’s law (Eccles et al., 1954),
which states that a neuron is either excitatory or inhibitory, and does not flip between the two states during
learning. Standard gradient descent does not guarantee sign preservation. Recent efforts to define mathe-
matical structures that respect Dale’s law for weight optimization have been fruitful. Cornford et al. (2024)
and Nishida et al. (2026) have tackled similar problems in this space; Cornford et al. (2024) showed that
exponentiated gradient descent (EGD) applied to neural network training respects Dale’s law and produces
log-normally distributed weights, while Nishida et al. (2026) utilized log-normal multiplicative dynamics
to stabilize low-precision training. EGD is the canonical instance of mirror descent (Bubeck, 2015) with
negative entropy as the mirror map, and its natural domain is Rd

+ rather than Rd. We build upon this
biological motivation, extending from discriminative neural network optimization to generative modelling
via Geometric Brownian Motion.

Sampling from probability density functions and optimization are deeply intertwined and can be viewed
as two sides of the same coin. It has been shown that Langevin dynamics is gradient flow in the space of
probability measures under the Wasserstein-2 metric, and the corresponding discrete-time update matches
with gradient descent on the Kullback-Leibler (KL) divergence (Wibisono, 2018). This raises the question:
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Reverse-Time SDE: dXt =
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)
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2 ◦ ∇ log pXt
(Xt, t)

)
dt + σXt ◦ dWt

Figure 1: The forward and reverse-time SDEs for Geometric Brownian Motion (GBM). The forward SDE de-
scribes the evolution of a clean image sample to a noisy one that eventually becomes log-normally distributed,
while the reverse-time SDE generates new samples from the unknown density starting from log-normal noise,
leveraging the score function.

What is the sampling analogue of EGD, in the same way that Langevin dynamics can be viewed as the
sampling analogue of gradient descent? In this paper, we answer that question, and in doing so, introduce
a multiplicative generative model and a corresponding multiplicative score-matching loss, establish the link
with EGD through Mirrored Langevin dynamics (MLD) (Hsieh et al., 2018) and experimentally demonstrate
image generation within the proposed framework.

We start with geometric Brownian motion (GBM), a diffusion process that preserves positivity, and has a
marginal distribution that is log-normal (Øksendal, 1985). We derive the reverse-time stochastic differential
equation (SDE) in the ambient space and the log-transformed space and derive two multiplicative samplers:
a sign-agnostic sampler obtained directly from the ambient-space reverse-time SDE, and a sign-preserving
sampler, which we refer to as the Dale-Langevin sampler, obtained via the Lamperti transform and an
appropriate change of variables. The Dale-Langevin sampler preserves the sign of every coordinate across all
iterations by scaling samples in each update by a score-dependent factor. This is the sampling analogue of
EGD, in the same sense that Langevin dynamics is the sampling analogue of gradient descent. Additionally,
we show that the convex function driving EGD in optimization precisely matches the one used in the MLD
framework to derive the Dale-Langevin sampler.

In standard additive noise based diffusion models (Ho et al., 2020; Song et al., 2021b), the Stein score comes
up naturally during sampling. In the multiplicative setting, we require a modified version of the Stein score,
which we refer to as the Hyvärinen score. In order to estimate the Hyvärinen score, we propose multiplicative
explicit score matching loss and denoising score matching loss, and prove their equivalence. This is analogous
to the equivalence between denoising score-matching loss and the associated explicit score matching loss in
the additive setting (Vincent, 2011).

The score-matching loss proposed by Hyvärinen (2007) for non-negative data becomes a special case of the
proposed M-ESM corresponding to time-step t = 0. We validate the resulting algorithm on MNIST (LeCun
et al., 1998), Fashion-MNIST (Xiao et al., 2017), Kuzushiji MNIST (Clanuwat et al., 2018), and CIFAR-10
(Krizhevsky et al., 2009). Fig. 1 provides a schematic of the generation and noising process.

1.1 Related Works

Recent advances in generative modelling with score-based generative models (Ho et al., 2020; Song & Ermon,
2019; 2020; Song et al., 2021b) have yielded impressive results across modalities such as images, video, and
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audio. The dynamical systems based diffusion probabilistic model of Sohl-Dickstein et al. (2015), inspired by
non-equilibrium thermodynamics, provided the foundational framework for these advances. Ho et al. (2020)
were the first to demonstrate the generative power of denoising diffusion probabilistic models (DDPMs) by
achieving high-quality image synthesis competitive with the then state-of-the-art generative models (Karras
et al., 2018; 2020a). Progress in score-matching (Song et al., 2019; Song & Ermon, 2019; 2020; Dhariwal &
Nichol, 2021) showed score-based models to outperform Generative Adversarial Networks (GANs) (Goodfel-
low et al., 2014; Karras et al., 2019; 2020b; 2021). Song et al. (2021c) unified the discrete-time conditional
density framework of Ho et al. (2020) with the SDE framework built on standard Brownian motion. Several
works have since explored departures from Brownian motion. Bansal et al. (2023) formulate generative mod-
els around generic degradation operators such as blurring, masking, etc. and their corresponding restoration
maps. Rissanen et al. (2023) view generation as the time-reversal of a heat equation, identify disentangle-
ment of shape and colour, and analyze spectral inductive biases. Santos et al. (2023) develop a discrete
state-space diffusion via a pure-death random process.

The Gaussian noise assumption, while analytically convenient, is not compatible with data carrying structural
constraints such as positivity, boundedness, or discreteness. Nachmani et al. (2021) factor the positivity
constraint by replacing the additive Gaussian noise with additive Gamma noise. Zhou et al. (2023) propose
Beta Diffusion for interval-valued data. To handle count data, Chen & Zhou (2023) build a Poisson-process
framework. Deviating from the Euclidean paradigm, Fishman et al. (2023) provide a systematic construction
of diffusion models on Riemannian manifolds. Vuong & Nguyen (2024) also consider the GBM SDE and solve
a multiplicative denoising problem but only by converting it to an additive one using the log transform. The
transformation is not optimal from a denoising perspective. They leverage the corresponding reverse-time
SDE for sequential denoising but do not explore the potential for image generation.

We explain why the log transform is appropriate, and additionally close the generative loop with reverse-time
SDEs and multiplicative samplers for unconditional generation. More recently, Gruhlke et al. (2026) inde-
pendently proposed multiplicative diffusion motivated by skew-symmetric multiplicative noise working with
Stratonovich interpretation of the SDE. Their framework is motivated by physical principles of conservative
forward-backward dynamics to preserve the distribution of norm of the data and show that their framework
is better suited for heavy-tailed and anisotropic distributions. They train their score model with standard
sliced score-matching, which is inherently limited to lower dimensions. Their experiments are focussed on
fluid dynamics and not image generation. In contrast, we consider the GBM SDE, where the marginal
density of the forward process at any time instant is log-normal. Our score-matching formalism is new and
scales beyond two dimensions, as evidenced by results on image generation. Score matching was originally
proposed as a technique for estimation of parameters of model densities (Hyvärinen, 2005). More recently,
for estimation of graphical models with densities from the exponential family, Yu et al. (2019) generalize
Hyvärinen’s score-matching loss for non-negative data. Liu et al. (2022) study score matching for densities
defined on truncated domains. They do not address the question of generative modelling.

1.2 Main Contributions

We introduce a multiplicative diffusion framework built on GBM and derive reverse-time SDEs both in
the ambient space (without the log-transform) and in the log-transformed space resulting in corresponding
multiplicative samplers (Section 3). We encounter a variant of Stein score in the multiplicative setting,
which we refer to as the Hyvärinen score. We propose multiplicative explicit score matching loss and
denoising score matching loss and prove that they are equivalent (Theorem 4.1), thus, generalizing the
score-matching loss proposed by Vincent (2011) in the additive noise setting, to a multiplicative one. We
also show that the non-negative score-matching loss (Hyvärinen, 2007) emerges as a special case of our
formalism (Section 4). We further show that the convex function driving exponential gradient descent
in optimization is identical to that resulting in the Dale-Langevin sampler within the Mirrored Langevin
Dynamics (Hsieh et al., 2018) framework (Section 5). Finally, we present experimental validation on MNIST,
Fashion-MNIST, Kuzushiji MNIST, and CIFAR-10 datasets (Section 6). The GBM forward process, the
reverse-time SDEs, the multiplicative samplers, an appropriately defined score-matching loss to train neural
networks, demonstration on image generation, together constitute a cogent generative framework within the
multiplicative scenario.
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1.3 Notation

Random variables are denoted in uppercase (e.g., X, Y ), and random vectors in boldface uppercase (e.g.,
X, Y ). Their realizations are denoted by the corresponding lowercase letters (e.g., x, x). The probability
density function (p.d.f.) of a random variable X is written as pX(x); for a random vector X, it is written as
pX(x). The conditional p.d.f. of Xt given X0 is written pXt|X0(xt | x0). The domain is Rd

+, the set of all
d-dimensional vectors with positive real-valued entries, for all random vectors throughout the paper. The
Stein score of the random vector X evaluated at x is ∇ log pX(x). The notation sθ(Xt, t) denotes a neural
network approximation of the score at time t. The symbol ◦ denotes element-wise (Hadamard) multiplication.
1 denotes a vector of all ones, and I denotes the identity matrix of appropriate dimension. Rd denotes the
d-dimensional real Euclidean space and ∥ · ∥2 denotes the Euclidean (ℓ2) norm. We write X ∼ N (µ, σ2I)
for a Gaussian random vector with mean µ and isotropic covariance σ2I, and X ∼ LN (µ, σ2I) for the
corresponding log-normal random vector. A quick recap of the log-normal distribution and its properties is
provided in Section A of the appendix. We write t ∼ U [0, 1] for a random variable uniformly distributed
over [0, 1]. E denotes the expectation operator. Wt denotes a standard Wiener process (Brownian motion).
Differentials are written as dXt and dWt. We follow the Itō interpretation of SDEs throughout (Øksendal,
1985). Convergence in distribution of a sequence of random vectors Xn to X is written Xn

d−→ X. In the
discrete-time samplers, δ > 0 denotes the step-size, k indexes the time-step, Xk denotes the iterate at step
k, and Zk ∼ N (0, I) is an independent noise vector drawn at each step. The annealing coefficient at step k is
κ, decayed geometrically by factor χ ∈ (0, 1] at each outer iteration; L denotes the number of Langevin inner
steps per noise level. The parameters µ ∈ Rd and σ > 0 are the drift and diffusion coefficients, respectively,
of the underlying GBM. The Bregman divergence of a strictly convex function h : Rd → R is denoted by
Dh(X, Xk). The notation ∇Xℓ(X)

∣∣∣
X=Xk

denotes the gradient of ℓ evaluated at Xk.

2 Stochastic Differential Equations and Generative Modelling

Diffusion models (Ho et al., 2020; Song et al., 2021a) and score-based models (Song et al., 2021b) rely on an
SDE framework with a forward SDE that transforms data into noise and a corresponding reverse-time SDE
that transforms noise into data. These models have been successful in generating realistic samples across
different data modalities such as images (Song et al., 2021c), video (Ho et al., 2022) and audio (Richter
et al., 2025). The key idea is to construct a stochastic process such that one starts with samples from
the true, unknown density and progressively transforms them to samples from a noisy, easy-to-sample-from
density such as the isotropic Gaussian. Generating new samples requires inversion of the forward process.
Because the dynamics are stochastic, inversion goes beyond simple time-reversal and requires matching the
marginal densities of the forward and reverse processes at every time instant t. While standard formulations
use additive Gaussian noise with an isotropic Gaussian terminal density, the framework admits any forward
SDE for which the terminal density is tractable. In the present formulation, the marginal density is log-
normal. Anderson (1982) and Castanon (1982) independently showed that, for a forward SDE of the form

dXt = h(Xt, t) dt + g(Xt, t) dWt, (1)

there exists a corresponding reverse-time SDE, which has immediate relevance for generation. We adopt the
multivariate version of the reverse-time SDE formula given by Song et al. (2021b)

dXt = −
(
h(Xt, t) − ∇ · [g(Xt, t)g(Xt, t)⊤] − g(Xt, t)g(Xt, t)⊤∇ log pXt(Xt, t)

)
dt + g(Xt, t)dW̄t, (2)

where W̄t is the reverse-time Brownian motion and ∇ · F (x) := (∇ · f1(x), ∇ · f2(x), · · · , ∇ · fd(x))⊤ is the
row-wise divergence of the matrix-valued function F (x) := (f1(x), f2(x), · · · , fd(x))⊤ ∈ Rd×d. To generate
new samples from Eq. (2), we must have access to the time-dependent score function ∇ log pX(Xt, t), which,
in practice, is approximated by a neural network, sθ : Rd × [0, 1] → Rd, trained to minimize the denoising
score-matching loss (Song et al., 2021c)

L(θ) = E
t∼U [0,1]

[
E

X0∼pX0
Xt∼pXt|X0

[
λ(t)

∥∥sθ(Xt, t) − ∇ log pXt|X0(Xt|X0)
∥∥2

2

] ]
,
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where ∇ log pXt|X0(Xt|X0) is determined by the forward SDE (Särkkä & Solin, 2019) and λ(t) is designed
to stabilise training.

3 Geometric Brownian Motion and its Time-reversal as a Generative Model

Geometric Brownian Motion (GBM) models scenarios where relative increments of a stochastic process,
rather than the absolute ones, follow a Brownian motion. This is in contrast to standard additive processes
such as the Ornstein-Uhlenbeck SDE (Doob, 1942), dYt = µ dt + σ dWt, whose solution Yt = Y0 + µt + σWt

is Gaussian with mean µ and variance σ2. GBM was pioneered by Black & Scholes (1973) for modelling
stock prices, where proportional rather than absolute changes are of interest. The marginal distribution is
log-normal rather than Gaussian, making it a natural SDE of choice for positive-valued data. Formally, a
random process Xt is said to follow a GBM if it satisfies the SDE:

dXt = µXt dt + σXt dWt, (3)

where Wt is the Wiener process, and µ and σ are known as the percentage drift representing a general
trend and volatility coefficients representing the inherent stochasticity, respectively. The time evolution of
Xt follows a log-normal distribution with parameters µ and σ2, i.e.,

Xt = X0 exp
((

µ − 1
2σ2

)
t + σWt

)
.

There exist several multivariate extensions of GBM (Hu, 2000). We consider the element-wise extension
of Eq. (3) for image data with the forward SDE for time t ∈ [0, 1]:

dXt = µ ◦ Xt dt + σXt ◦ dWt, (4)

where ◦ denotes element-wise multiplication, µ ∈ Rd is the drift term, σ > 0, σ diag(Xt) is the diffusion
matrix, and Wt denotes the multivariate Wiener process.

The distribution of Xt given X0, as it evolves according to Eq. (4), has i.i.d. entries that are log-normally
distributed. Starting from X0 from the unknown density pX0 , the solution to Eq. (4) is

Xt = X0 ◦ exp
((

µ − σ2

2 1
)

t + σWt

)
. (5)

The closed-form expression allows us to generate samples from the forward process for any time instant t ∈
[0, 1]. The samples at the end of the forward process are log-normally distributed. We derive a corresponding
reverse-time SDE that would enable us to generate samples from the unknown density pX0 starting from
samples following the log-normal density. For the forward SDE in Eq. (4), we invoke Eq. (2) to get the
following reverse-time SDE

dXt =
((

2σ21 − µ
)

◦ Xt + σ2Xt
2 ◦ ∇ log pXt

(Xt, t)
)

dt + σXt ◦ dWt, (6)

where ∇ log pXt
(Xt, t) is the score function corresponding to Xt and 1 is a vector of all ones.

3.1 Lamperti Transform for GBM

The forward SDE in Eq. (4) has a state-dependent diffusion term σXt, which makes the derivation of the
reverse-time SDE cumbersome. We show that the state-dependent diffusion is precisely what gives rise
to the multiplicative structure of the sampler. The Lamperti transform (Møller & Madsen, 2010), here,
the element-wise log map, removes the state-dependence by converting the GBM SDE into an SDE with
constant diffusion, to which the standard reverse-time formula in Eq. (2) and the score change-of-variables
formula (Robbins, 2024) can be applied. The forward SDE in Eq. (4) can be written equivalently, using the
Lamperti transform Yt = log Xt invoking Itô’s lemma, as follows:

d log Xt =
(

µ − σ2

2 1
)

dt + σdWt, (7)
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where log is applied element-wise. The distribution of Xt, as it evolves according to Eq. (7), has i.i.d. entries
that are log-normally distributed with parameters µ and σ2I, I being the d × d identity matrix (identical to
the solution in Eq. (5)). We can rewrite Eq. (7) as

dYt =
(

µ − σ2

2 1
)

dt + σdWt. (8)

The reverse-time SDE corresponding to the forward SDE in Eq. (8) is given by (cf. Eq. (2))

dYt = −
(

µ − σ2

2 1 − σ2∇ log pYt
(Yt, t)

)
dt + σdWt, (9)

where ∇ log pY (Yt, t) is the score function corresponding to Yt and 1 is a vector of all ones. We leverage the
score change-of-variables formula (Robbins, 2024) to represent ∇ log pYt(Yt, t) in terms of ∇ log pXt(Xt, t)
as ∇ log pYt(Yt, t) = 1 + Xt ◦ ∇ log pXt(Xt, t). Thus, we rewrite Eq. (9) in terms of Xt as

dlog Xt = −
(

µ − 3σ2

2 1 − σ2Xt ◦ ∇ log pXt
(Xt, t)

)
dt + σdWt. (10)

Eq. (10) is an SDE in the log space with a state-independent diffusion coefficient σ.

3.2 Discretization of the Reverse-Time SDE

The two reverse-time SDEs derived above, Eq. (6), directly in the ambient space, and Eq. (10) via the Lam-
perti transform in the log-space, yield two distinct samplers upon Euler-Maruyama discretization (Higham,
2001). Both turn out to be multiplicative, yet they differ in a fundamental way: the sampler from Eq. (6) is
sign-agnostic, i.e., the sign of the entries in Xt may not be preserved over updates, whereas the sampler from
Eq. (10) is sign-preserving, i.e., the sign of the entries in Xt are preserved over time. The sign-preserving
update is reminiscent of Dale’s law. The interval [0, 1] is discretized into N steps with step-size δ = 1

N . Let
Xkδ be denoted as Xk for k = 1, 2, . . . , N − 1.

The discretization of Eq. (6) resulting in the sign-agnostic multiplicative sampler is given by

Xk−1 = Xk ◦
(

(1 + 2δσ2)1 − δµ + δσ2Xk ◦ ∇ log pXt
(Xk, kδ) +

√
δσZk

)
, (11)

where Zk ∼ N (0, I) and ∇ log pXt(Xk, kδ) is the score function evaluated at Xk and t = kδ. The update is
multiplicative, Xk−1 is obtained from Xk after scaling by a data-dependent factor, and because that factor
may be negative, the sign of the entries of Xk may not be preserved across updates.

We refer to the discretization of Eq. (10) in the log-space and its point-wise exponentiation as the Dale-
Langevin sampler:

Xk−1 = Xk ◦ exp
(

−δ

(
µ − 3σ2

2 1
)

+ δσ2Xk ◦ ∇ log pXt
(Xk, kδ) +

√
δσZk

)
. (12)

Here, the scaling factor is an exponential, which is strictly positive, and therefore, the sign of every entry
of Xk is preserved across updates. This update is also structurally equivalent to exponentiated gradient
descent, as we shall make precise in Section 5. In both cases, ∇ log pXt(Xt, t) must be estimated from the
data and Section 4 describes the multiplicative score-matching objective used to train the score network.

4 Multiplicative Score Matching

We identify Xt ◦ ∇ log pXt
(Xt) as the natural score term in the multiplicative noise setting based on the

structure of Eq. (11) and Eq. (12). We define the multiplicative explicit score-matching (M-ESM) and
multiplicative denoising score-matching (M-DSM) counterparts of the explicit score matching (ESM) and
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denoising score matching (DSM) losses for the additive noise case (Vincent, 2011) to train a neural network
sθ, θ ∈ Θ (the parameter space), to approximate the score function as follows:

LM-ESM(θ) = E
Xt∼pXt

[
1
2∥Xt ◦ ∇ log pXt(Xt) − Xt ◦ sθ(Xt, t)∥2

2

]
, (13)

LM-DSM(θ) = E
X0∼pX0

Xt∼pXt|X0

[
1
2∥Xt ◦ ∇ log pXt|X0(Xt|X0) − Xt ◦ sθ(Xt, t)∥2

2

]
. (14)

Generating samples from the marginal density pXt is intractable, which makes LM-ESM(θ) impractical to
work with directly. We formalize the relationship between LM-ESM(θ) and LM-DSM(θ) in Theorem 4.1. This
allows us to train score models with LM-DSM(θ). Before proceeding further with the key result, we state
below the assumptions on the density and the data and model score functions over the positive orthant R+

d :

• Assumption 1 (Regularity of score functions). The p.d.f. pXt is differentiable, the expectations
EXt∼pXt

[
∥Xt ◦ ∇ log pXt(Xt)∥2

2
]

and EXt∼pXt

[
∥Xt ◦ sθ(Xt, t)∥2

2
]

are finite for θ ∈ Θ and t ∈ [0, 1].

• Assumption 2 (Boundary conditions). The quantity pXt(Xt)(Xt ◦ sθ(Xt, t)) vanishes for θ ∈ Θ
and t ∈ [0, 1] as ∥Xt∥ → ∞.

Theorem 4.1 (Multiplicative Denoising Score-Matching). Under the assumptions of regularity and appro-
priate boundary conditions stated above, the M-ESM loss given in Eq. (13) and the M-DSM loss given in
Eq. (14) are equivalent up to a constant, i.e., LM-DSM(θ) = LM-ESM(θ) + C, where C is independent of θ.

The proof is provided in Section B of the appendix. Since LM-ESM is intractable, the true marginal
score ∇ log pXt(Xt) is unknown. The theorem provides a means to optimize sθ via the conditional score
∇ log pXt|X0(Xt|X0), which is tractable from the forward SDE. Evaluating at discrete time t = kδ gives the
training target:

Xt ◦ ∇ log pXt|X0(Xt|X0)
∣∣∣
t=kδ

= −
(

1 + 1
σ2kδ

(
log Xk − log X0 − kδ

(
µ − σ2

2 1
)))

. (15)

This is the multiplicative counterpart of the denoising score-matching target proposed by Song et al. (2021c)
for additive noise. The score-matching loss proposed by Hyvärinen (2007) for non-negative data (LNN(θ))
emerges as a special case of LM-ESM(θ) at t = 0:

LNN(θ) = 1
2 E

X0∼pX0

[
∥X0 ◦ ∇ log pX0(X0) − X0 ◦ sθ(X0)∥2

2
]

. (16)

The formulation of Hyvärinen (2007) is static as there is no temporal dependency. It was primarily motivated
by a need to avoid the singularity at the origin for non-negative data in the context of parameter estimation for
model densities. Our framework based on the reverse-time SDE discretization shows that the multiplicative
score term pops up naturally. The log-normal structure of GBM implicitly restricts samples to the positive
orthant, and the loss in Hyvärinen (2007) is recovered by evaluating Eq. (13) at t = 0. The M-DSM
framework is thus a generalization of the result of Hyvärinen (2007) to the multiplicative setting.

5 Dale’s Law, Exponentiated Gradient Descent, and Mirrored Langevin Dynamics

The Dale-Langevin sampler, exponentiated gradient descent, and Mirrored Langevin Dynamics (MLD) are
unified by a single convex function: h(X) =

∑d
i=1 Xi log Xi − Xi, where Xi is the ith entry of the vector X.

In optimization, h defines the Bregman divergence that yields EGD and enforces Dale’s law. In sampling,
the same h defines the mirror map that yields MLD on the positive orthant. The Dale-Langevin dynamics
derived from the GBM reverse-time SDE sits at the intersection between the two perspectives. The difference,
however, is that Dale’s law acts on the weights of the network, whereas the multiplicative samplers act on
the state vector Xk.
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Gradient Descent

Figure 2: The convex function h that produces EGD in optimization (Section 5.1), and the Dale-Langevin
sampler derived from the GBM reverse-time SDE share the same multiplicative exp(·) update structure,
establishing a link between the biological model of learning and score-based generative sampling.

5.1 Exponentiated Gradient Descent and Dale’s Law

Cornford et al. (2024) demonstrated that standard gradient descent is a suboptimal phenomenological fit to
learning experiments in biologically relevant settings: it violates Dale’s law (Eccles et al., 1954) by allow-
ing synaptic flips, which leads to weight distributions that are not log-normal, contradicting experimental
observations. Additionally, they showed that exponentiated gradient descent (EGD) (Kivinen & Warmuth,
1997) respects Dale’s law, produces log-normally distributed weights, and is superior to gradient descent for
synaptic pruning. The learning task can be formulated via mirror descent (Bubeck, 2015) as a minimization
of a linear combination of task error and synaptic change penalty. For loss ℓ : Rn → R+, we obtain the
following update rule for synaptic weights Xk, k ∈ N:

Xk+1 = arg min
X

[
ℓ(X) + 1

η
Dh(X, Xk)

]
, (17)

where ℓ(X) = ℓ(Xk) + ∇ℓ(X)⊤
∣∣∣
X=Xk

(X − Xk) is the first-order Taylor-series expansion of ℓ about
Xk, and Dh is the Bregman divergence of a strictly convex function h : Rd → R. In particular,
h(X) = ∥X∥2

2 yields standard gradient descent: Xk+1 = Xk − η∇ℓ(X)
∣∣∣
X=Xk

, which does not pre-
serve sign and therefore synaptic flips are possible (Cornford et al., 2024). Specifically, Cornford et al.

(2024) choose h(X) =
d∑

i=1
|X(i)| log |X(i)| − |X(i)|, yielding Dh as the unnormalised relative entropy:

Dh(X, Xk) =
d∑

i=1
X(i) log X(i)

X
(i)
k

− X(i) + X
(i)
k . For this choice, Eq. (17) takes the form

Xk+1 = Xk ◦ exp
(

−η∇ℓ(X)
∣∣∣
X=Xk

◦ sign(Xk)
)

(18)

where ◦ denotes element-wise multiplication. This update differs from standard gradient descent in three
respects: it is multiplicative rather than additive, involves exponentiation, and preserves the sign of every
entry of Xk across the iterations. By design, EGD does not allow synaptic flips, automatically respects
Dale’s law, and produces log-normally distributed weights (Pogodin et al., 2024), which is precisely the
terminal distribution of the GBM forward process. Comparing Eq. (18) with the Dale-Langevin sampler
in Eq. (12), the structural equivalence is immediate: the multiplicative updates have the same form and
are sign-preserving across iterations, with the role of ∇ℓ in EGD played by the multiplicative score Xk ◦
∇ log pXt(Xk, kδ) in the sampler. This connection is illustrated in Fig. 2 and formalized next.
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(a) Fashion-MNIST (b) Kuzushiji MNIST (c) MNIST

Figure 3: Samples generated via the NCSN-Deeper architecture (Song & Ermon, 2020) using the Annealed
Dale-Langevin sampler (Algorithm 1) for: (a) Fashion-MNIST, (b) Kuzushiji MNIST, and (c) MNIST. Class-
averaged images are passed through the forward process to result in noisy images, which is then used to
initialize the sampling process.

5.2 Connection to Mirrored Langevin Dynamics

Mirrored Langevin Dynamics (MLD) (Hsieh et al., 2018) is the sampling analogue of mirror descent: it
circumvents constrained sampling in the primal space by working in the unconstrained dual space. For a
target density pX(x) ∝ exp(−V (x)), the canonical SDE is

dXt = −∇V (Xt) dt +
√

2dWt. (19)

Under the mirror map Yt = ∇h(Xt) for a convex h satisfying certain assumptions (cf. (Hsieh et al., 2018)),
the corresponding SDE in the dual space is given by

dYt = −(∇2h(Xt))−1 (∇V (Xt) + ∇ log det ∇2h(Xt)
)

dt +
√

2dWt, (20)

where ∇2h(Xt) denotes the Hessian of h evaluated at Xt. For the convex function h(X) =
∑d

i=1 Xi log Xi −
Xi, the same h that yields EGD in Section 5.1, we have ∇h(X) = log X and ∇2h(X) = diag(1/X). Upon
substitution into Eq. (20), we get

dlog Xt = (1 + Xt ◦ ∇ log pXt(Xt, t)) dt +
√

2dWt. (21)

Eq. (21) is a sampling SDE on the positive orthant, the multiplicative analogue of the standard Langevin
dynamics, and is recovered directly from the GBM’s reverse-time SDE (Eq. (10)) via the Lamperti transform.
In the appendix (Sec. C), we specialize MLD to a log-normal target and establish convergence guarantees
analogous to those in Wibisono (2018).

6 Experiments

We evaluate the generative performance of the proposed framework on three grayscale image datasets:
MNIST (handwritten digits), Fashion-MNIST (clothing items), Kuzushiji MNIST (Cornford et al., 2021)
(handwritten cursive Japanese characters); and one multi-channel dataset: CIFAR-10 1. For the grayscale
datasets, each dataset contains 70,000 images of size 28 × 28, split into 60,000 training and 10,000 test
images. The CIFAR-10 (Krizhevsky et al., 2009) dataset contains 60,000 images of size 32 × 32 × 3, split
into 50,000 training and 10,000 test images. The pixel values are rescaled to the range [1, 2] to satisfy the
positivity constraint. We use N = 1000 discretization steps for the forward SDE in Eq. (4), corresponding

1Code is available at https://anonymous.4open.science/r/Dale-Meets-Langevin-65F8
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Algorithm 1 Annealed Dale-Langevin multiplica-
tive sampler (ADLS)
Require: σ, δ, µ, L, κ, χ, n, µ̂, σ̂, trained score network

sθ, n , initclass_average
κ← 1
if initclass_average == TRUE then

XN−1 ← get_class_average()
XN−1 ← apply_forward_process(XN−1,µ,σ)

else
XN−1 ∼ LN (µ̂1, σ̂2I)

end if
for k ← N − 1 to 1 do

for j ← 1 to L do
Zk,j ∼ N (0, I)
Xk−1 = Xk ◦ exp

(
−δ
(
µ− 3σ2

2 1
)

+δσ2Xk ◦ sθ(Xk, k) + κσ
√

δ Zk,j

)
end for
κ← κ χ

end for
X1 ← X0
for l← 1 to n do

Xl+1 = Xl◦exp
(
−δ
(
µ− 3σ2

2 1
)

+δσ2Xl◦sθ(Xl, l)
)

end for

Algorithm 2 Annealed sign-agnostic multiplicative
sampler (ASAMS)
Require: σ, δ, µ, L, κ, χ, n, µ̂, σ̂, trained score network

sθ, n , initclass average
κ← 1
if initclass_average == TRUE then

XN−1 ← get_class_average()
XN−1 ← apply_forward_process(XN−1,µ,σ)

else
XN−1 ∼ LN (µ̂1, σ̂2I)

end if
for k ← N − 1 to 0 do

for j ← 1 to L do
Zk,j ∼ N (0, I)
Xk−1 = Xk ◦

(
(1 + 2δσ2)1− δµ

−δσ2Xk ◦ sθ(Xk, k) + κσ
√

δ Zk,j

)
end for
κ← κ χ

end for
X1 ← X0
for l← 1 to n do

Xl+1 = Xl ◦
(

(1+2δσ2)1−δµ−δσ2Xl ◦sθ(Xl, l)
)

end for

to a step-size of δ = 1/N = 0.001, with µ = σ2

2 1 and σ = 0.8. We provide additional details in Section D
of the appendix. We provide a qualitative assessment to test if the model memorizes data from the training
set in Section E of the appendix.

6.1 Score Network Architecture

The score network is based on the NCSNDeeper architecture (Song & Ermon, 2019) with dilated convolu-
tions, adapted for image generation with N discrete time-steps. The network follows an encoder-decoder
structure with skip connections and class conditioning is applied via conditional normalization layers. The
encoder consists of an initial convolutional layer followed by five stages of residual blocks with progressive
downsampling, where each block incorporates class information. The decoder mirrors this structure with
five conditional refine blocks that progressively upsample features while incorporating skip connections from
the corresponding encoder stages. For CIFAR-10, we use DDPM++ architecture from Song et al. (2021b),
which was the additional architectural inclusion from StyleGAN2 (Karras et al., 2020b) with a pre-existing
DDPM architecture (Ho et al., 2020).

6.2 Noise Initialization Strategies

We propose two strategies for initializing the reverse process.

Class-averaged initialization. We compute the per-class mean image of the training set and pass it
through the forward diffusion process. The resulting terminal state serves as the starting point for sampling.

Log-normal noise initialization. We apply a logarithmic transformation to the terminal samples obtained
from the forward process and fit a Gaussian to the resulting pixel-value histograms, estimating mean µ and
standard deviation σ. Sampling noise is then drawn from this Gaussian distribution and exponentiated to
synthesise the log-normal noise. For CIFAR-10, µ and σ are estimated channel-wise; for the other three
datasets, a single-channel estimate is used. The fitted parameters are reported in Table 2 in the appendix.
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Table 1: FID and KID scores computed over 50k generated and 10k real test samples. ADLS stands
for Annealed Dale-Langevin Sampler (Algorithm 1); ASAMS stands for Annealed sign-agnostic Sampler
(Algorithm 2). w/o denotes sampling without the terminal denoising step; (n) denotes n terminal denoising
steps. For CIFAR-10, we use exponential moving-averaged checkpoints every 50k iterations.

Dataset Sampler Architecture Initialization FID (↓) KID (↓)
MNIST ADLS NCSN-Deeper class average 11.4858 0.0663 ± 0.0021
MNIST ADLS NCSN-Deeper log-normal 30.0030 0.0385 ± 0.0016
MNIST ASAMS NCSN-Deeper class average 11.3855 0.0859 ± 0.0022
MNIST ASAMS NCSN-Deeper log-normal 14.6595 0.0489 ± 0.0020
Kuzushiji MNIST ADLS NCSN-Deeper class average 16.3796 0.0176 ± 0.0010
Kuzushiji MNIST ADLS NCSN-Deeper log-normal 27.5636 0.0106 ± 0.0008
Kuzushiji MNIST ASAMS NCSN-Deeper class average 26.8998 0.0186 ± 0.0009
Kuzushiji MNIST ASAMS NCSN-Deeper log-normal 21.6120 0.0689 ± 0.0019
Fashion-MNIST ADLS NCSN-Deeper class average 21.2460 0.0233 ± 0.0007
Fashion-MNIST ADLS NCSN-Deeper log-normal 90.7468 0.0654 ± 0.0020
Fashion-MNIST ASAMS NCSN-Deeper class average 21.4585 0.0364 ± 0.0010
Fashion-MNIST ASAMS NCSN-Deeper log-normal 103.2147 0.1091 ± 0.0021
CIFAR-10 w/o ADLS DDPM++ class average 88.3223 0.1575 ± 0.0140
CIFAR-10 (25) ADLS DDPM++ class average 38.5620 0.0437 ± 0.0071
CIFAR-10 w/o ADLS DDPM++ log-normal 86.3112 0.1585 ± 0.0034
CIFAR-10 (25) ADLS DDPM++ log-normal 46.1921 0.0520 ± 0.0022
CIFAR-10 w/o ASAMS DDPM++ class average 87.9819 0.1629 ± 0.0132
CIFAR-10 (16) ASAMS DDPM++ class average 45.0849 0.0700 ± 0.0094
CIFAR-10 w/o ASAMS DDPM++ log-normal 100.7164 0.1812 ± 0.0148
CIFAR-10 (25) ASAMS DDPM++ log-normal 51.6470 0.0645 ± 0.0086

6.3 Sampling Algorithms

We derived samplers for the reverse-time SDEs via Euler-Maruyama discretization (Higham, 2001): Eq. (11)
and Eq. (12). We propose annealed variants in which the noise coefficient κ is decayed geometrically by a
factor χ ∈ (0, 1] across noise levels. Setting χ = 1.0 recovers standard Euler-Maruyama, while χ < 1 progres-
sively reduces noise injection over the L repeated sampling steps at each noise level, consistently improving
sample quality. We also set µ = σ2

2 1 to simplify the update rule. We present the two annealed samplers
in Algorithm 1 and Algorithm 2. For single-channel grayscale datasets (MNIST, Fashion-MNIST, Kuzushiji
MNIST), additional denoising was not required. For CIFAR-10, additional denoising was found to improve
image quality: 25 denoising steps after Algorithm 1 for both log-normal and class-averaged initialization;
25 denoising steps for log-normal initialization and 16 denoising steps for class-averaged initialization after
Algorithm 2. Both sampling algorithms (Algorithm 1 and Algorithm 2) can be used with the initialization
strategies proposed in Section 6.2. In particular, setting initclass_average to TRUE initializes sampling
with class-averaged images using get_class_average() function, which are then passed through the forward
process. Otherwise, the initialization is done with log-normal noise with parameters µ̂, σ̂ with appropriate
broadcasting in the multichannel case. The values of δ, L, and χ are selected empirically via a grid-search,
drawing 1024 samples per configuration to minimize FID and KID. The resulting configurations are reported
in Tables 3 and 4 in Section D of the appendix. In Fig. 3, we show samples generated with the class-averaged
initialization. We also show that the model does not memorize samples (cf. Section E of the appendix). The
effect of annealing on generation is analyzed in Section F of the appendix.

6.4 Evaluation Metrics

We evaluate generative quality using Fréchet Inception Distance (FID) (Heusel et al., 2017) and Kernel
Inception Distance (KID) (Bińkowski et al., 2018), computed via the torcheval and torchmetrics li-
braries (Detlefsen et al., 2022). Scores are computed using 50,000 generated samples and 50,000 real samples
from the test set. For grayscale image datasets, the images are replicated across the three channels and
resized to 299 × 299 to match the input requirements of the InceptionV3 network (Szegedy et al., 2016).
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We evaluate samples generated by both samplers (Algorithms 1 and 2) under both initialization strategies
(log-normal noise and class-averaged), as initialization is crucial for generation. The FID and KID scores
for the annealed versions of the Dale-Langevin sampler (ADLS) and the sign-agnostic multiplicative sampler
(ASAMS) are reported in Table 1. We observe that, in general, class-averaged initialization gives rise to
comparable or better FID and KID compared to the log-normal initialization. Taken together, both metrics
establish that multiplicative samplers offer a viable generative strategy.

7 Conclusions and Outlook

We introduced a novel diffusion framework grounded in Geometric Brownian Motion, an SDE for positive-
valued data, which preserves strict positivity throughout the trajectory and admits the log-normal as its
marginal distribution. A core contribution of this work is the theoretical unification of multiplicative diffu-
sion, score matching, and optimization. We derive two multiplicative samplers — a sign-agnostic one and
a sign-preserving one, termed as the Dale-Langevin sampler. We showed that the Dale-Langevin sampler,
obtained by discretizing the GBM’s reverse-time SDE, is equivalent to standard additive Langevin dynam-
ics on the log-transformed variable via the Lamperti transform, establishing GBM-based diffusion as the
multiplicative-space interpretation of score-based diffusion on Rd

+. To match the multiplicative forward pro-
cess, we derived the multiplicative denoising score-matching (M-DSM) loss and proved its equivalence to the
multiplicative explicit score-matching (M-ESM) loss, generalizing the score-matching framework of Vincent
(2011) to the multiplicative setting. Non-negative score matching of (Hyvärinen, 2007) naturally emerges
as a special case at t = 0. Finally, we bridged these sampling dynamics with optimization, showing that
the convex function driving exponential gradient descent exactly dictates Dale-Langevin dynamics under
the Mirrored Langevin Dynamics (Hsieh et al., 2018) framework. Experiments on MNIST, Fashion-MNIST,
Kuzushiji MNIST, and CIFAR-10 demonstrate the generative capability of score-based generative models
designed with multiplicative noise. One could also consider a version of the GBM SDE with time-varying
drift and diffusion. We provide the corresponding discretization in Section G as a primer and leave the
experimental validation for future work.

Beyond unconditional generation, the proposed multiplicative score-matching framework can be adapted
for image denoising and restoration tasks where the forward noising process is inherently multiplicative,
as opposed to the widely assumed additive noise. While this work focused on log-normal noise, exploring
other distributions, such as the gamma distribution, and their associated SDEs remains a compelling future
direction. This would broaden the applicability to domains where various types of multiplicative noise are
inherent, such as optical coherence tomography (Li et al., 2025) and synthetic aperture RADAR (Fracas-
toro et al., 2021), enabling more robust and versatile restoration capabilities. Future research directions
include high-resolution image synthesis as well as to non-image domains, such as financial time-series, where
proportional changes and multiplicative dynamics are intrinsically fundamental.

Limitations

Like most score-based generative modelling paradigms, the proposed model also requires a large amount of
training data and computational resources to achieve good performance. Further, the choice of hyperparam-
eters, such as the noise schedule and learning rate, which are carefully tuned, can affect the performance of
the model. However, these limitations are true of all deep generative models and not unique to ours.

Broader Impact Statement

This work advances generative modelling by introducing a Geometric Brownian Motion based diffusion
framework with multiplicative dynamics substantiated by experiments on standard image datasets. The
experiments did not involve human subjects or sensitive personal data. Potential positive impact includes
enabling score-based generative modelling and denoising in settings where multiplicative noise and non-
negative data are intrinsically fundamental (e.g., optical coherence tomography and synthetic aperture radar).
The technique could also be applied to financial time-series data. Risks are broadly consistent with those of
generative models: the approach could be misused to generate biased, fake, or misleading content.
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A Log-normal Distribution

A positive random variable W is said to follow the log-normal distribution if log W ∼ N (µ, σ2), that is,
log W follows a Gaussian distribution with mean µ and variance σ2. We denote this as W ∼ LN (µ, σ2).
The log-normal density is given by

fW (w) =


1

wσ
√

2π
exp

(
− (log w − µ)2

2σ2

)
, w > 0,

0, w ≤ 0.

(22)

Note that µ and σ2 are not the mean and variance of the log-normal random variable. The mean and variance
of the log-normal random variable W are E[W ] = exp

(
µ + σ2

2

)
and Var(W ) = exp

(
σ2 − 1

)
exp

(
2µ + σ2),

respectively.
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The multivariate log-normal random vector is defined as W = exp (µ + σZ) where Z ∼ N (0, I) and the
exponentiation is applied element-wise. Effectively, the entries of W are independent and identically dis-
tributed according to Eq. (22). The corresponding density is denoted as LN (µ, σ2I).

B Equivalence Between Multiplicative Denoising Score-Matching and Multiplicative
Explicit Score-Matching

Recall from Sec. 4 of the main document that the multiplicative explicit score-matching loss is given by

LM-ESM(θ) = E
Xt∼pXt

[
1
2

∥∥∥Xt ◦ ∇ log pXt
(Xt) − Xt ◦ sθ(Xt, t)

∥∥∥2

2

]
, (23)

and that the multiplicative denoising score-matching loss is given by

LM-DSM(θ) = E
X0∼pX0

Xt∼pXt|X0

[
1
2

∥∥∥Xt ◦ ∇ log pXt|X0(Xt|X0) − Xt ◦ sθ(Xt, t)
∥∥∥2

2

]
. (24)

In the following result, we establish the equivalence between multiplicative explicit score-matching and
multiplicative denoising score-matching loss. We state below the assumptions on the density and the data
and model score functions over the positive orthant R+

d :

• Assumption 1 (Regularity of score functions). The p.d.f. pXt is differentiable, the expectations
EXt∼pXt

[
∥Xt ◦ ∇ log pXt

(Xt)∥2
2
]

and EXt∼pXt

[
∥Xt ◦ sθ(Xt, t)∥2

2
]

are finite for θ ∈ Θ and t ∈ [0, 1].

• Assumption 2 (Boundary conditions). The quantity pXt
(Xt)(Xt ◦ sθ(Xt, t)) vanishes for θ ∈ Θ

and t ∈ [0, 1] as ∥Xt∥ → ∞.

Theorem B.1 (Multiplicative Denoising Score-Matching). Under the assumptions of regularity and appro-
priate boundary conditions stated above, the M-ESM loss given in Eq. (13) and the M-DSM loss given in
Eq. (14) are equivalent up to a constant, i.e., LM-DSM(θ) = LM-ESM(θ) + C, where C is independent of θ.

Proof. We assume that the densities pXt
and pXt|X0 (defined in Sec. 3 of the main document) are supported

over Rd
+, and zero elsewhere. Further, we assume that pXt

(xt) > 0, pXt|X0(xt | x0) > 0, ∀ xt ∈ Rd
+ for

t ∈ [0, 1]. The expectations are evaluated over the support Rd
+. We expand LM-ESM(θ) to get

LM-ESM(θ) = E
Xt∼pXt

[
1
2

∥∥∥Xt ◦ ∇ log pXt
(Xt)

∥∥∥2
]

+ E
Xt∼pXt

[
1
2

∥∥∥Xt ◦ sθ(Xt, t)
∥∥∥2
]

− E
Xt∼pXt

[
(Xt ◦ ∇ log pXt(Xt))⊤(Xt ◦ sθ(Xt, t))

]
. (25)

Consider the cross-term E
Xt∼pXt

[
(Xt ◦ ∇ log pXt(Xt))⊤(Xt ◦ sθ(Xt, t))

]
and express it as an integral over

Rd
+. For brevity of notation, we don’t explicitly indicate the support Rd

+ in the following integrals. The
cross-term is given by

E
Xt∼pXt

[
(Xt ◦ ∇ log pXt(Xt))⊤(Xt ◦ sθ(Xt, t))

]
=
∫

(xt ◦ ∇ log pXt
(xt))⊤(xt ◦ sθ(xt, t))pXt

(xt) dxt

=
∫

(xt ◦ ∇pXt
(xt))⊤(xt ◦ sθ(xt, t)) dxt. (26)

We know that the marginal density pXt(xt) can be expressed in terms of the conditional density as

pXt
(xt) =

∫
pXt|X0(xt|x0)pX0(x0) dx0.
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Computing the gradient with respect to xt on both sides yields

∇pXt
(xt) =

∫
∇pXt|X0(xt|x0)pX0(x0) dx0. (27)

Substituting Eq. (27) in Eq. (26), multiplying and dividing by pXt|X0(xt|x0), we get
E

Xt∼pXt

[
(Xt ◦ ∇ log pXt

(Xt))⊤(Xt ◦ sθ(Xt, t))
]

=
∫ (

xt ◦
∫

∇pXt|X0(xt|x0)pX0(x0) dx0

)⊤

(xt ◦ sθ(xt, t)) dxt

=
∫∫

(xt ◦ ∇ log pXt|X0(xt|x0))⊤(xt ◦ sθ(xt, t)) pXt|X0(xt|x0)pX0(x0)dx0 dxt,

= E
X0∼pX0

Xt∼pXt|X0

[
(Xt ◦ ∇ log pXt|X0(Xt|X0))⊤(Xt ◦ sθ(Xt, t))

]
. (28)

Substituting Eq. (28) in Eq. (25) gives the following equivalent expression for the multiplicative explicit
score-matching loss:

LM-ESM(θ) =
����������������:C1

E
Xt∼pXt

[
1
2

∥∥∥Xt ◦ ∇ log pXt
(Xt)

∥∥∥2
]

+ E
Xt∼pXt

[
1
2

∥∥∥Xt ◦ sθ(Xt, t)
∥∥∥2
]

− E
X0∼pX0

Xt∼pXt|X0

[
(Xt ◦ ∇ log pXt|X0(Xt|X0))⊤(Xt ◦ sθ(Xt, t))

]
= E

Xt∼pXt

[
1
2

∥∥∥Xt ◦ sθ(Xt, t)
∥∥∥2
]

− E
X0∼pX0

Xt∼pXt|X0

[
(Xt ◦ ∇ log pXt|X0(Xt|X0))⊤(Xt ◦ sθ(Xt, t))

]
+ C1, (29)

where C1 is a constant that is not dependent on θ.
We carry out a similar simplification for the multiplicative denoising score-matching loss:

LM-DSM(θ) = E
X0∼pX0

Xt∼pXt|X0

[
1
2

∥∥∥Xt ◦ ∇ log pXt|X0(Xt|X0) − Xt ◦ sθ(Xt, t)
∥∥∥2

2

]
,

=

��������������������:C2

E
X0∼pX0

Xt∼pXt|X0

[
1
2

∥∥∥Xt ◦ ∇ log pXt|X0(Xt|X0)
∥∥∥2

2

]
+ E

X0∼pX0
Xt∼pXt|X0

[
1
2

∥∥∥Xt ◦ sθ(Xt, t)
∥∥∥2

2

]
,

− E
X0∼pX0

Xt∼pXt|X0

[
(Xt ◦ ∇ log pXt|X0(Xt|X0))⊤(sθ(Xt, t) ◦ Xt)

]
,

or equivalently,

LM-DSM(θ) = E
Xt∼pXt

[
1
2

∥∥∥Xt ◦ sθ(Xt, t)
∥∥∥2

2

]
− E

X0∼pX0
Xt∼pXt|X0

[
(Xt ◦ ∇ log pXt|X0(Xt|X0))⊤(sθ(Xt, t) ◦ Xt)

]
+C2, (30)

where C2 is a constant that does not depend on θ.
On comparing Eq. (29) and Eq. (30), we get

LM-DSM(θ) = LM-ESM(θ) + C2 − C1. (31)

This concludes the proof.
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The implication of the result is as follows. Multiplicative explicit score-matching loss is intractable since we
do not have access to the true marginal scores. The above equivalence allows us to optimize the score network
parameters by minimizing the multiplicative denoising score-matching loss instead since the conditional scores
can be tractably computed from the forward SDE (cf. Section 3).

C Mirrored Langevin Dynamics for a Log-normal Target

Wibisono (2018) show that the unadjusted Langevin algorithm for the Ornstein-Uhlenbeck process leads
to a bias, i.e., it does not converge exactly to the target distribution. In particular, Wibisono considers a
Gaussian target with mean µ and covariance matrix Σ and the limit measure is a Gaussian with the correct
mean but covariance matrix Σ̂ = Σ(I− ϵ

2 Σ−1)−1, where ϵ is the step-size. In a similar vein, for a log-normal
target, we show that the limiting density obtained from GBM does not converge to the correct target density
and is biased.

Consider the target LN (µ, σ2I), i.e., ν(x) = (2πσ2)−d/2
d∏

j=1
x−1

i exp
(

− 1
2σ2 ∥log x − µ∥2

2

)
. It can be verified

that 1 + Xt ◦ ∇ log pXt(Xt, t) = − 1
σ2 (log Xt − µ). Substituting this in Eq. (21), we get

dlog Xt = − 1
σ2 (log Xt − µ) dt +

√
2dWt. (32)

Using the Euler-Maruyama discretization with δ such that 0 < δ < σ2, we obtain

log Xk = log Xk−1 − δ

σ2 (log Xk−1 − µ) +
√

2δZk,

where Zk ∼ N (0, I). Subtracting µ from both sides and rearranging terms gives

log Xk − µ =
(

1 − δ

σ2

)
(log Xk−1 − µ) +

√
2δZk.

Unrolling this equation till k = 0, we get

log Xk − µ =
(

1 − δ

σ2

)k

(log X0 − µ) +

√√√√ 2σ2

2 − δ
σ2

(
1 −

(
1 − δ

σ2

)2k
)

Z0.

This implies the distributional convergence: log Xk
d−→ µ + σ

√
2

2 − δ
σ2

Z0, i.e., Xk
d−→

exp
(

µ + σ

√
2

2 − δ
σ2

Z0

)
. The corresponding limit measure is νδ(x) = LN

(
µ,

σ2(
1 − δ

2σ2

) I). In this case,

integrating the SDE (Eq. (21)) generates samples from the limit measure, which has the right parameter µ,
but the covariance matrix of the underlying Gaussian is biased by a factor of 1(

1 − δ

2σ2

) .

D Additional Experimental Details

The models are implemented in PyTorch and optimized using AdamW (Loshchilov & Hutter, 2019). The
MNIST model is trained for 300k iterations; Fashion-MNIST and Kuzushiji MNIST models are trained for
200k iterations. The CIFAR-10 model is trained for 1.3 million iterations, with checkpoints saved every
5k iterations. For CIFAR-10, we performed exponential moving-average (EMA) for every 50k, 100k, 150k
iterations and found that models with EMA for every 50k steps gave better results, similar to the setting in
Song & Ermon (2020) for the additive noise. Training was distributed across two NVIDIA RTX 4090 and
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Table 2: Estimated parameters (µ̂, σ̂) used for log-normal noise initialization. For CIFAR-10, the µ̂ and σ̂
values are given channel-wise.

Dataset µ̂ σ̂
Fashion-MNIST 0.2771 0.8428

Kuzushiji MNIST 0.2140 0.8290
MNIST 0.1565 0.8353

CIFAR-10 [0.4075, 0.3785, 0.3693] [0.8016, 0.8004, 0.8005]

Table 3: Experimentally determined L, δ, and χ per dataset for log-normal noise initialization, that minimize
FID and KID. ADLS stands for Annealed Dale-Langevin Sampler; ASAMS stands for Annealed sign-agnostic
Sampler.

Sampler Dataset L δ χ

ADLS (Algorithm 1)

Fashion-MNIST 1 5.86 × 10−4 0.9950
Kuzushiji MNIST 3 2.11 × 10−4 0.9950

MNIST 1 6.06 × 10−4 0.9950
CIFAR-10 6 1.14 × 10−4 0.9995

ASAMS (Algorithm 2)

Fashion-MNIST 3 1.46 × 10−4 0.9995
Kuzushiji MNIST 3 2.11 × 10−4 1.0000

MNIST 4 1.43 × 10−4 0.9950
CIFAR-10 5 1.43 × 10−4 0.9995

Table 4: Experimentally determined L, δ, and χ initialized from class-averaged samples passed through the
forward process, that minimize FID and KID. ADLS stands for Annealed Dale-Langevin Sampler; ASAMS
stands for Annealed sign-agnostic Sampler.

Sampler Dataset L δ χ

ADLS (Algorithm 1)

Fashion-MNIST 1 5.86 × 10−4 0.9950
Kuzushiji MNIST 3 2.11 × 10−4 0.9950

MNIST 1 6.06 × 10−4 0.9950
CIFAR-10 6 1.14 × 10−4 0.9995

ASAMS (Algorithm 2)

Fashion-MNIST 3 2.59 × 10−4 0.9995
Kuzushiji MNIST 2 3.30 × 10−4 0.9950

MNIST 4 1.43 × 10−4 0.9950
CIFAR-10 5 1.43 × 10−4 0.9995

two NVIDIA A6000 GPUs. The loss function for each model is the Monte Carlo estimator of the M-DSM
loss (Eq. (14)):

L̂M-DSM(θ) = 1
NM

M∑
i=1

N−1∑
k=0

[
1
2

∥∥∥X
(i)
k ◦ ∇ log pXk|X0

(
X

(i)
k

∣∣ X
(i)
0

)
− X

(i)
k ◦ sθ(X(i)

k , k)
∥∥∥2

2

]
, (33)

where k = 0, 1, . . . , N − 1 indexes the discretized time-step and i = 1, . . . , M indexes the training sample.

We set µ = σ2

2 1 to simplify the update rule. The best-case values for δ, L, and χ are selected via an
empirical grid search, drawing 1,024 samples per configuration and selecting the setting that gives the best
FID and KID. The resulting parameter values for log-normal initialization and class-averaged initialization
are reported in Table 3 and Table 4, respectively.

E The GBM Model Does not Memorize the Training Data

To verify that the model generalizes rather than memorizes, we retrieve the 10 nearest neighbours of each
generated sample from the training set using the Euclidean (ℓ2) distance measured in two complementary
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Ten nearest neighboursGenerated 
Image

(a) InceptionV3 features

Ten nearest neighboursGenerated 
Image

(b) Raw Images as features

Figure 4: Top ten nearest neighbors of the generated CIFAR-10 samples (shown in the first column) with log-
normal noise initialization and Dale-Langevin sampler (Algorithm 1). The nearest neighbors are identified
using Euclidean distance on InceptionV3 features in (a) and raw images as features in (b).

spaces: directly in pixel space (raw image intensities) and in the InceptionV3 feature space (semantic em-
beddings extracted from a pretrained InceptionV3 network). Pixel-space retrieval checks for low-level visual
similarity, while feature-space retrieval probes semantic similarity independent of pixel-level variation. We
considered various generative settings (two samplers, two initializations, four datasets) and elicited the near-
est neighbours in each case. The nearest neighbours for each setting are shown in Fig. 4 – Fig. 15. In both
scenarios, the retrieved neighbours are semantically coherent with the generated samples, but not identical,
which confirms that the model captures the diversity of the underlying data distribution and does not merely
reduce to training set memorization.
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Ten nearest neighboursGenerated 
Image

(a) InceptionV3 features

Ten nearest neighboursGenerated 
Image

(b) Raw image as features

Figure 5: Top ten nearest neighbors of the generated Fashion-MNIST samples (shown in the first column)
with log-normal noise initialization and Dale-Langevin sampler (Algorithm 1). The nearest neighbors are
identified using Euclidean distance on InceptionV3 features in (a) and raw images as features in (b).

Ten nearest neighboursGenerated 
Image

(a) InceptionV3 features

Ten nearest neighboursGenerated 
Image

(b) Raw image as features

Figure 6: Top ten nearest neighbors of the generated Kuzushiji MNIST samples (shown in the first column)
with log-normal noise initialization and Dale-Langevin sampler (Algorithm 1). The nearest neighbors are
identified using Euclidean distance on InceptionV3 features in (a) and raw images as features in (b).
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Ten nearest neighboursGenerated 
Image

(a) InceptionV3 features

Ten nearest neighboursGenerated 
Image

(b) Raw image as features

Figure 7: Top ten nearest neighbors of the generated MNIST samples (shown in the first column) with log-
normal noise initialization and Dale-Langevin sampler (Algorithm 1). The nearest neighbors are identified
using Euclidean distance on InceptionV3 features in (a) and raw images as features in (b).

Ten nearest neighboursGenerated 
Image

(a) InceptionV3 features

Ten nearest neighboursGenerated 
Image

(b) Raw image as features

Figure 8: Top ten nearest neighbors of the generated CIFAR-10 samples (shown in the first column) with
class-averaged image passed through forward process as initialization and Dale-Langevin sampler (Algo-
rithm 1). The nearest neighbors are identified using Euclidean distance on InceptionV3 features in (a) and
raw images as features in (b).
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Ten nearest neighboursGenerated 
Image

(a) InceptionV3 features

Ten nearest neighboursGenerated 
Image

(b) Raw image as features

Figure 9: Top ten nearest neighbors of the generated Fashion-MNIST samples (shown in the first column)
with class-averaged image passed through forward process as initialization and Dale-Langevin sampler (Al-
gorithm 1). The nearest neighbors are identified using Euclidean distance on InceptionV3 features in (a) and
raw images as features in (b).

Ten nearest neighboursGenerated 
Image

(a) InceptionV3 features

Ten nearest neighboursGenerated 
Image

(b) Raw image as features

Figure 10: Top ten nearest neighbors of the generated Kuzushiji MNIST samples (shown in the first col-
umn) with class-averaged image passed through forward process as initialization and Dale-Langevin sampler
(Algorithm 1). The nearest neighbors are identified using Euclidean distance on InceptionV3 features in (a)
and raw images as features in (b).

25



Under review as submission to TMLR

Ten nearest neighboursGenerated 
Image

(a) InceptionV3 features

Ten nearest neighboursGenerated 
Image

(b) Raw image as features

Figure 11: Top ten nearest neighbors of the generated MNIST samples (shown in the first column) with class-
averaged image passed through forward process as initialization and Dale-Langevin sampler (Algorithm 1).
The nearest neighbors are identified using Euclidean distance on InceptionV3 features in (a) and raw images
as features in (b).

Ten nearest neighboursGenerated 
Image

(a) InceptionV3 features

Ten nearest neighboursGenerated 
Image

(b) Raw image as features

Figure 12: Top ten nearest neighbors of the generated CIFAR-10 samples (shown in the first column) with
log-normal initialization and sign-agnostic multiplicative sampler (Algorithm 2). The nearest neighbors are
identified using Euclidean distance on InceptionV3 features in (a) and raw images as features in (b).
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Ten nearest neighboursGenerated 
Image

(a) InceptionV3 features

Ten nearest neighboursGenerated 
Image

(b) Raw image as features

Figure 13: Top ten nearest neighbors of the generated Fashion-MNIST samples (shown in the first column)
with log-normal initialization and sign-agnostic multiplicative sampler (Algorithm 2). The nearest neighbors
are identified using Euclidean distance on InceptionV3 features in (a) and raw images as features in (b).

Ten nearest neighboursGenerated 
Image

(a) InceptionV3 features

Ten nearest neighboursGenerated 
Image

(b) Raw image as features

Figure 14: Top ten nearest neighbors of the generated Kuzushiji MNIST samples (shown in the first column)
with log-normal initialization and sign-agnostic multiplicative sampler (Algorithm 2). The nearest neighbors
are identified using Euclidean distance on InceptionV3 features in (a) and raw images as features in (b).
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Ten nearest neighboursGenerated 
Image

(a) InceptionV3 features

Ten nearest neighboursGenerated 
Image

(b) Raw image as features

Figure 15: Top ten nearest neighbors of the generated MNIST samples (shown in the first column) with
log-normal initialization and sign-agnostic multiplicative sampler (Algorithm 2). The nearest neighbors are
identified using Euclidean distance on InceptionV3 features in (a) and raw images as features in (b).

Ten nearest neighboursGenerated 
Image

(a) InceptionV3 features

Ten nearest neighboursGenerated 
Image

(b) Raw image as features

Figure 16: Top ten nearest neighbors of the generated CIFAR-10 samples (shown in the first column) with
class-averaged image passed through forward process as initialization and sign-agnostic multiplicative sampler
(Algorithm 2). The nearest neighbors are identified using Euclidean distance on InceptionV3 features in (a)
and raw images as features in (b).
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Ten nearest neighboursGenerated 
Image

(a) InceptionV3 features

Ten nearest neighboursGenerated 
Image

(b) Raw image as features

Figure 17: Top ten nearest neighbors of the generated Fashion-MNIST samples (shown in the first column)
with class-averaged image passed through forward process as initialization and sign-agnostic multiplicative
sampler (Algorithm 2). The nearest neighbors are identified using Euclidean distance on InceptionV3 features
in (a) and raw images as features in (b).

Ten nearest neighboursGenerated 
Image

(a) InceptionV3 features

Ten nearest neighboursGenerated 
Image

(b) Raw image as features

Figure 18: Top ten nearest neighbors of the generated Kuzushiji MNIST samples (shown in the first column)
with class-averaged image passed through forward process as initialization and sign-agnostic multiplicative
sampler (Algorithm 2). The nearest neighbors are identified using Euclidean distance on InceptionV3 features
in (a) and raw images as features in (b).
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F Effect of Annealing

We investigate how the annealing factor χ influences the quality of generated samples for different initial-
ization strategies. For both log-normal and class-average initializations, we conducted an ablation study
analyzing the interplay between the annealing factor and the sampler architecture while holding L and the
step-size δ constant. This impact is tested across CIFAR-10, Fashion-MNIST, Kuzushiji MNIST, and MNIST
datasets using factors of χ = 0.995, 0.9995, and 1.0.

Fig. 19 - Fig. 30 demonstrate the effect of annealing on generated sample quality. We observe a trade-off
between sample quality and diversity as a function of the parameter χ. While χ = 1.0 produces diverse, but
mildly noisy samples, χ = 0.995 results in relatively clean samples, but with mode collapse on some datasets.
The choice of χ = 0.9995 resulted in samples with a right balance of noise and diversity.
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(a) Fashion-MNIST (b) Kuzushiji MNIST

(c) MNIST (d) CIFAR-10

Figure 19: Samples produced by the Dale-Langevin sampler (Algorithm 1) with annealing factor χ = 0.995,
and class-averaged initialization.
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(a) Fashion-MNIST (b) Kuzushiji MNIST

(c) MNIST (d) CIFAR-10

Figure 20: Samples produced by the Dale-Langevin sampler (Algorithm 1) with annealing factor χ = 0.9995,
and class-averaged initialization.
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(a) Fashion-MNIST (b) Kuzushiji MNIST

(c) MNIST (d) CIFAR-10

Figure 21: Samples produced by the Dale-Langevin sampler (Algorithm 1) with annealing factor χ = 1.0,
and class-averaged initialization.

33



Under review as submission to TMLR

(a) Fashion-MNIST (b) Kuzushiji MNIST

(c) MNIST (d) CIFAR-10

Figure 22: Samples generated by the Dale-Langevin sampler (Algorithm 1) with annealing factor χ = 0.995,
and log-normal initialization.
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(a) Fashion-MNIST (b) Kuzushiji MNIST

(c) MNIST (d) CIFAR-10

Figure 23: Samples generated by the Dale-Langevin sampler (Algorithm 1) with annealing factor χ = 0.9995,
and log-normal initialization.
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(a) Fashion-MNIST (b) Kuzushiji MNIST

(c) MNIST (d) CIFAR-10

Figure 24: Samples generated by the Dale-Langevin sampler (Algorithm 1) with annealing factor χ = 1.0,
and log-normal initialization.
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(a) Fashion-MNIST (b) Kuzushiji MNIST

(c) MNIST (d) CIFAR-10

Figure 25: Samples generated by the sign-agnostic multiplicative sampler Eq. (11) with annealing factor
χ = 0.995, and class-averaged initialization.
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(a) Fashion-MNIST (b) Kuzushiji MNIST

(c) MNIST (d) CIFAR-10

Figure 26: Samples generated by the annealed sign-agnostic multiplicative sampler (Algorithm 2) with
annealing factor χ = 0.9995, and class-averaged initialization.
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(a) Fashion-MNIST (b) Kuzushiji MNIST

(c) MNIST (d) CIFAR-10

Figure 27: Samples generated by the annealed sign-agnostic multiplicative sampler (Algorithm 2) with
annealing factor χ = 1.0, and class-averaged initialization.
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(a) Fashion-MNIST (b) Kuzushiji MNIST

(c) MNIST (d) CIFAR-10

Figure 28: Samples generated by the annealed sign-agnostic multiplicative sampler (Algorithm 2) with
annealing factor χ = 0.995, and log-normal initialization.
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(a) Fashion-MNIST (b) Kuzushiji MNIST

(c) MNIST (d) CIFAR-10

Figure 29: Samples generated by the annealed sign-agnostic multiplicative sampler (Algorithm 2) with
annealing factor χ = 0.9995, and log-normal initialization.
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(a) Fashion-MNIST (b) Kuzushiji MNIST

(c) MNIST (d) CIFAR-10

Figure 30: Samples generated by the annealed sign-agnostic multiplicative sampler (Algorithm 2) with
annealing factor χ = 1.0, and log-normal initialization.
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G Time-Varying Drift and Diffusion SDE

One could develop a generalization of the GBM framework with time-varying drift and diffusion terms.
Consider the SDE

dlog Xt =
(

µt − σ2
t

2 1
)

dt + σtdWt, (34)

where the log operator is applied element-wise, µt and σt are both functions of time. Euler-Maruyama
discretization of Eq. 34 yields

log Xk+1 = log Xk + δ

(
µk − σ2

k

2 1
)

+
√

δσkZk, (35)

where Zk ∼ N (0, I), µk ≜ µkδ and σk ≜ σkδ for k = 0, . . . , N − 1. Unrolling Eq. 35, we get the following
expression for Xk in terms of X0

Xk = X0 ◦ exp
(

δαk +
√

δβkZ0

)
, (36)

where αk =
k∑

j=0

(
µj − σ2

j

2 1
)

, βk =
√

k∑
j=0

σ2
j , and Z0 ∼ N (0, I). This allows us to generate samples from the

forward process used to train the score model that approximates the true score. Setting σt = σmin

(
σmax

σmin

)t

for t ∈ [0, 1], or, equivalently, in the discretized version, σj = σmin

(
σmax

σmin

) j−1
N−1

for j = 1, . . . , N , results in
a variance-exploding SDE, which is the multiplicative counterpart of the additive version proposed by Song
et al. (2021c). From Eq. (36), we see that Xk|X0 ∼ LN (log X0 + δαk, δβ2

kI), which serves as the target in
the loss (Eq. (14)):

xk ◦ ∇ log pXk|X0(xk|x0) = −
(
1 + 1

δβ2
k

(log xk − x0)
)

.

A corresponding reverse-time SDE for Eq. (34) is

dlog Xt = −
(

µt − 3σ2
t

2 1 − σ2
t Xt ◦ ∇ log pXt

(Xt, t)
)

dt + σtdWt. (37)

In principle, one could train a neural network to approximate the score, and generate new samples from the
discretized version of the reverse-time SDE (Eq. (37)) with the learnt score function.
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