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Abstract

Language Reasoning Models (LRMs) achieve001
strong performance by scaling test-time com-002
putation but often suffer from “overthinking”,003
producing excessively long reasoning traces004
that increase latency and memory usage. Exist-005
ing LRMs typically enforce conciseness with006
uniform length penalties, which over-compress007
crucial early deduction steps at the sequence008
level and indiscriminately penalize all queries009
at the group level. To solve these limitations,010
we propose PACE, a dual-level framework011
for prefix-protected and difficulty-aware com-012
pression under hierarchical supervision. At013
the sequence level, prefix-protected optimiza-014
tion employs decaying mixed rollouts to main-015
tain valid reasoning paths while promoting con-016
ciseness. At the group level, difficulty-aware017
penalty dynamically scales length constraints018
based on query complexity, maintaining explo-019
ration for harder questions while curbing redun-020
dancy on easier ones. Extensive experiments on021
DeepSeek-R1-Distill-Qwen (1.5B/7B) demon-022
strate that PACE achieves a substantial reduc-023
tion in token usage (up to 55.7%) while simul-024
taneously improving accuracy (up to 4.1%) on025
math benchmarks, with generalization ability026
to code, science, and general domains*.027

1 Introduction028

Recently, Large Language Models (LLMs) have029

evolved toward Language Reasoning Models030

(LRMs), which improve performance by scaling031

test-time computation (Muennighoff et al., 2025;032

Khatri et al., 2025). LRMs can perform extended033

multi-step reasoning and thus demonstrate remark-034

able performance improvements on logical reason-035

ing tasks, such as mathematics (Chen et al., 2025a;036

Shao et al., 2024), tool using (Zhang et al., 2025b;037

Dong et al., 2025), and software engineering (Pan038

et al., 2024a; Yang et al., 2025d).039

*Code and model are available at https://anonymous.
4open.science/r/PACE-F6BB.

Question: If 3x + 2(1 + x) = 17, what is the value of 6x + 5?

<think> First simplify 
the equation. Then 
solve for x. Finally，
substitue… </think>
\\boxed{13}

<think> First, simplify the equation by 
distributing the 2. Then, combine like 
terms and solve for x. Finally, substitute 
the value of x into the expression 6x + 5 
to find its value. </think> 
..Final Answer: \\boxed{23} 

（a）Over compression lead to “shortcut” answer
258 tokens 28 tokens

Hard tasks degrade

Ideal Reasoning Penalized Reasoning

Length
Peanlty

（b）Indiscriminate compression fails on hard tasks

Skip Step

Figure 1: Two limitations of uniform length penalties.
(a) Over compression: Using a uniform length penalty
can skip step and lead to a “shortcut” answer. (b) In-
discriminative compression: We report avg pass@1
(32 samples) and split queries into Simple (> 0.75) and
Hard (≤ 0.75) on MATH500; Hard accuracy drops
sharply during training.

However, extended generation sequences impose 040

a severe computational overhead. As a result, infer- 041

ence is increasingly memory-bound, with the Key- 042

Value (KV) cache scaling rapidly with sequence 043

length, leading to higher latency and increased 044

GPU memory consumption (Kang et al., 2024a). 045

Moreover, long generation sequences often suffer 046

from an overthinking issue (Sui et al., 2025; Chen 047

et al., 2025c), where LRMs produce excessively 048

long and unnecessary reasoning steps even for sim- 049

ple problems. For example, a standard LLM solves 050

a basic equation “8x+9 = 23, x =?” in around 50 051

tokens, whereas an LRM (e.g., DeepSeek-R1 (Guo 052

et al., 2025)) may use over 1,000 tokens for the 053

same answer, incurring substantial redundancy and 054

wasting computation. 055
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Recent works compress long reasoning steps into056

shorter ones by introducing a simple length penalty057

during Reinforcement Learning (RL) (Arora and058

Zanette, 2025; Luo et al., 2025). However, we find059

this simple but rigid constraint introduces limita-060

tions at two distinct levels. First, at the sequence061

level, the uniform penalty leads to over compres-062

sion problem, as applying the same constraint to063

every token prevents LRMs from distinguishing be-064

tween redundant and essential steps, particularly in065

the critical early stages (Team et al., 2025; Yuan066

et al., 2025). Under this rigid penalty, LRMs may067

skip critical reasoning steps or simply avoid rea-068

soning, leading to “shortcut” answers, reduced ac-069

curacy, and unstable training. As shown in Fig-070

ure 1(a), a uniform length penalty compresses the071

reasoning from 258 to 28 tokens, greatly improving072

efficiency but skipping essential steps and leading073

to incorrect answers. Second, at the group level, a074

uniform penalty causes indiscriminative compres-075

sion problem, as they apply the same constraint076

to every query. This ignores the fact that com-077

plex tasks inherently require more reasoning steps,078

disproportionately shortening reasoning for diffi-079

cult tasks and limiting LRMs’ ability to perform080

the extended exploration and reflection necessary081

for correct solutions. Figure 1(b) shows accuracy082

trends under a uniform length penalty across dif-083

ferent difficulty levels. As training steps progress,084

accuracy remains high on simple tasks but drops085

sharply on hard ones.086

To address these limitations, we propose a dual-087

level framework PACE, which incorporates Prefix-088

Protected and Difficulty-Aware Compression for089

Efficient Reasoning under hierarchical supervision.090

To tackle the over compression issue at the se-091

quence level, we introduce prefix-protected opti-092

mization. Specifically, we utilize a prefix rollout093

strategy that samples initial reasoning steps from a094

frozen reference policy to explicitly anchor valid095

solution paths. By gradually removing this safe-096

guard through a linear decay schedule, we prevent097

the reasoning collapse often caused by premature098

length penalization, ensuring the model preserves099

logical coherence while progressively learning con-100

ciseness. For indiscriminative compression issue101

at the group level, we propose a difficulty-aware102

penalty. Unlike uniform length constraints, this103

method first performs difficulty quantification by104

computing the empirical pass rate across group105

rollouts. Subsequently, it applies adaptive penalty106

modulation to penalty: constraints are effectively107

relaxed for difficult (low-pass-rate) tasks to accom- 108

modate necessary exploration, while strictly en- 109

forced for simple tasks to maximize efficiency. 110

Extensive experiments show that PACE reduces 111

token usage by an average of 55% across multiple 112

benchmarks and also maintains the reasoning per- 113

formance without any degradation. Out-of-domain 114

tasks further confirm PACE generalization with 115

shorter generations and better performance. 116

Our contributions are summarized as follows: 117

• We propose a dual-level framework PACE to 118

tackle the over compression and indiscriminative 119

compression issue of efficient reasoning methods. 120

• We introduce prefix-protected optimization, us- 121

ing prefix rollout to anchor reasoning paths and 122

prevent sequence-level over compression. 123

• We propose difficulty-aware penalty, scaling 124

length penalties with task difficulty to prevent 125

group-level indiscriminate compression. 126

• Experiments show that PACE achieves the best 127

efficiency without accuracy loss compared to other 128

methods. It also generalizes well to OOD tasks, 129

shows shorter generations and better performance. 130

2 Related Works 131

Reinforcement Learning for Reasoning Capa- 132

bilities. Recent studies highlight the necessity of 133

reinforcement learning (RL) to unlock complex 134

reasoning capabilities in large language models 135

beyond supervised fine-tuning (SFT) (Shao et al., 136

2024; Hou et al., 2025; Yang et al., 2025b). Guo 137

et al. (2025) and Wang et al. (2025b) show that 138

pure RL can elicit emergent reasoning behaviors 139

without human-annotated reasoning traces, signifi- 140

cantly improving performance on math and STEM 141

abilities. Subsequent studies further improve the 142

effectiveness and practicality of RL for reason- 143

ing by expanding RL to real-world software en- 144

gineering (Pan et al., 2024b; Wei et al., 2025) and 145

search (Qi et al., 2024; Sun et al., 2025), push- 146

ing the boundaries of RL-driven reasoning in real- 147

world scenarios. 148

Overthinking in Reasoning Models. Despite 149

the advanced reasoning capabilities of current rea- 150

soning models, recent studies have identified a 151

prevalent “overthinking” issue: models often think 152

too much on easy queries (Chen et al., 2025c; 153

Han et al., 2025; Yang et al., 2025e). To mit- 154

igate this, existing approaches can be generally 155

categorized into two paradigms: training-free and 156

training-based methods. Training-free methods typ- 157
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ically intervene at the inference stage by truncating158

the model’s thinking process to induce a direct159

answer (Yang et al., 2025c; Wang et al., 2025a).160

Conversely, training-based methods optimize ef-161

ficiency by incorporating concise reasoning data162

or leveraging reinforcement learning. Kang et al.163

(2024b) compresses long rationales into shorter,164

information-preserving CoTs, then jointly trains165

an LLM with conditioned long/short CoT formats166

to get a more efficient model. Another line of re-167

search explicitly incorporate a length penalty into168

the reinforcement learning process to incentivize169

shorter sequences (Arora and Zanette, 2025; Team170

et al., 2025). However, such methods often lead to171

model or length collapse, reducing output length at172

the expense of model performance.173

3 PACE Method174

In this section, we detail the PACE: Prefix-175

Protected and Difficulty-Aware Compression for176

Efficient Reasoning. An overview of PACE is177

shown in Figure 2.178

3.1 Prefix-Protected Optimization179

Existing uniform length penalty methods often180

force LRMs to over-compress essential initial de-181

duction steps. For example, when applying the182

uniform length penalty to the arithmetic problem183

“8x + 9 = 2, x =?”, the compression will start184

from the first token. However, these early reason-185

ing tokens serve as the logical anchor for the entire186

solution, and compressing them prematurely dis-187

rupts the coherence of the reasoning step.188

To mitigate this, we propose the prefix-protected189

optimization that employs a prefix rollout strategy190

by a frozen prefix policy πp to anchor the early191

generation phase using defined reasoning steps.192

For the same example “8x + 9 = 2, x =?”, we193

provide the initial prefix “To calculate the x, we194

first need to subtract 9...” as the anchor. To con-195

struct this prefix tokens, we perform rejection sam-196

pling (Touvron et al., 2023) for the initial model197

on the training set and choose the shortest correct198

sample as the logical anchor. If no correct sample199

is available, we use the shortest one. After obtain200

the prefix, we can generate the entire rollout se-201

quence, take the Deepseek-R1 template as an exam-202

ple: <|im_start|>user\n 8x+9=23,x=? <|im_end|>\n203

<|im_start|>assistant\n <think> To calculate the204

x, we first need to subtract 9...then... By lock-205

ing these initial tokens, we ensure the reasoning206

step is firmly established before optimization be- 207

gins. Specifically, at training step k, we construct 208

a hybrid rollout distribution π
pref
θ,k that transitions 209

from this frozen policy πp (initial model) to the 210

current training policy πθ: 211

π
pref
θ,k (yt | y<t, q) =

{
πp(yt | y<t, q) if t ≤ S(k),
πθ(yt | y<t, q) if t > S(k),

(1) 212

where S(k) denotes the prefix length, πθ is the 213

training policy. By enforcing the prefix S(k) to 214

follow πp, we ensure the optimization starts with a 215

valid logical foundation. 216

Since the LRM ultimately needs to solve the task 217

without relying on the frozen policy πp, we utilize a 218

linear decay schedule to gradually reduce reliance 219

on the protected policy by progressively shortening 220

the prefix length S(k) as follows: 221

S(k) =

{⌊
Linit · (1− k

K )
⌋

if k < K,

0 if k ≥ K,
(2) 222

where Linit denotes the initial prefix length, and 223

K is the number of training steps for which prefix 224

protection is applied. Initially, the S(k) strictly con- 225

strains the reasoning step. As training progresses 226

(k → K), this constraint is gradually relaxed, al- 227

lowing the policy πθ to generate the entire sequence 228

on its own while avoiding over compression. 229

3.2 Difficulty-Aware Penalty 230

In real-world reasoning scenarios, the complexity 231

of queries varies significantly, ranging from simple 232

arithmetic to intricate logical deductions. How- 233

ever, applying a uniform length penalty ignores 234

this critical variance, causing indiscriminative com- 235

pression at the group level. It penalizes necessary 236

exploration for difficult tasks while failing to curb 237

overthinking on easy ones. Therefore, to adaptively 238

align length constraints with task difficulty, we pro- 239

pose the difficulty-aware penalty. 240

First, we quantify task difficulties by leverag- 241

ing the performance statistics of the generated roll- 242

outs. Specifically, we sample a group of G outputs 243

Ỹprefix
q = {ỹ1, . . . , ỹG} from prefix rollout distribu- 244

tion π
pref
θ,k . Based on these rollouts, we measure the 245

task difficulty through the proxy of the empirical 246

pass rate ρ(q) as follows: 247

ρ(q) =
1

G

G∑
i=1

Racc(ỹi, q), (3) 248

where Racc(ỹi, q) = I
[
ỹi = y∗q

]
is the correctness 249

reward computed by the indicator function I[·], and 250
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Figure 2: Overview of PACE. PACE consists of two stages: (1) Prefix-Protected Optimization, which anchors early
reasoning by generating a short protected prefix with a frozen prefix policy and gradually decays the prefix length;
and (2) Difficulty-Aware Penalty, which scales the length penalty by estimated task difficulty.

y∗q denotes the ground truth answer. Here, ρ(q)251

serves as an inverse indicator: a lower pass rate252

implies higher intrinsic difficulty, suggesting that253

the model struggles to reach the correct solution254

even with a prefix.255

Then, we formulate the total reward R(ỹi, q) us-256

ing adaptive penalty modulation. We couple the257

correctness reward with a dynamic length penalty,258

establishing a dependency between the penalty in-259

tensity and the pass rate ρ(q):260

R(ỹi, q) = Racc(ỹi, q)− α
(
ρ(q)

)
· P (ỹi), (4)261

where P (ỹi) =
L(ỹi)−Lmin

Lmax−Lmin
is the min–max length262

penalty (Team et al., 2025). We observe similar263

trends on the other length penalties shown in Sec-264

tion 5.6. α
(
ρ(q)

)
is the scaling factor and defined265

as follows:266

α
(
ρ(q)

)
= 1− cos

(π
2
ρ(q)

)
. (5)267

Here, for simple problems where ρ(q) → 1, the268

scaling factor α approaches its maximum, strictly269

enforcing conciseness to eliminate redundancy.270

Conversely, for highly complex problems where271

ρ(q) → 0, thus α decays towards zero. This effec-272

tively shields the model from length penalties on273

complex tasks, granting it the necessary computa-274

tional budget to perform deep reasoning without275

incurring negative rewards.276

Finally, we integrate the above two compo-277

nents into the GRPO framework (Shao et al.,278

2024). We compute the advantages by standardiz-279

ing the difficulty-aware rewards within the gener-280

ated group Ỹprefix
q as follows:281

Ãi =
R̃(ỹi, q)− µ̃q

σ̃q + ϵ
, (6)282

where µ̃q and σ̃q denote the mean and standard 283

deviation of the total reward, ϵ is a small constant 284

introduced to prevent division by zero. 285

Thus, the policy parameters θ are updated by 286

maximizing the following objective: 287

J (θ) = E
[
min

(
γiÃi, clip(γi, 1− ε, 1 + ε) Ãi

)
− β DKL

(
πpref
θ,k(· |, q) ∥ πref(· |, q)

) ]
,

(7) 288

where γi is the importance sampling ratio and β 289

is the coefficient that weights the KL-divergence 290

penalty. This objective effectively combines 291

sequence-level prefix protection with group-level 292

adaptive penalty, driving the model to achieve high 293

efficiency by eliminating redundancy without com- 294

promising reasoning accuracy. 295

4 Experimental Setup 296

Datasets and Metrics We initialize our mod- 297

els from DeepSeek-R1-Distill-Qwen-7B and 298

DeepSeek-Distill-Qwen-1.5B. We choose the 299

widely used reinforcement learning dataset 300

Skywork-o1 (He et al., 2025) as our training set. 301

We evaluate the performance of our proposed 302

method on in-domain and out-of-domain tasks. For 303

in-domain tasks, we choose four challenging math- 304

ematical benchmarks: AIME24, AIME25 (Veer- 305

aboina, 2023), MATH500 (Hendrycks et al., 2021), 306

and GSM8k (Pan et al., 2024a). For out-of-domain 307

tasks, we choose three representative benchmarks 308

on different domains: science (GPQA-D (Rein 309

et al., 2024)), code (LiveCodeBench-v6 (Jain et al., 310

2024)), and instruction following (IF Eval (Zhou 311

et al., 2023)) We report three primary metrics: (1) 312

Average Accuracy (ACC, %); (2) Average Token 313

Usage (LEN); and (3) Token Reduction Rate (TR), 314
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Method AIME24 AIME25 MATH500 GSM8k AVG

Acc↑ Len↓ TR↑ Acc↑ Len↓ TR↑ Acc↑ Len↓ TR↑ Acc↑ Len↓ TR↑ Acc↑ Len↓ TR↑

DeepSeek-R1-Distill-Qwen-7B

Vanilla 52.7 12228 - 38.6 12977 - 92.8 3832 - 91.5 687 - 68.9 7431 -
Thinkswitcher 48.3 -4.4 7936 35.1% 37.5 -1.1 6955 46.4% 91.3 -1.5 3495 8.8% 92.5 +1.0 1389 -102.2% 67.4 -1.5 4944 33.5%
DEER 49.2 -3.5 9839 19.5% 36.7 -1.9 7257 44.1% 89.8 -3.0 2143 44.1% 90.6 -0.9 917 -33.5% 66.6 -2.3 5039 32.2%
Dynasor-CoT 46.7 -6.0 12695 -3.8% 33.3 -5.3 11069 14.7% 89.0 -3.8 2971 22.5% 89.6 -1.9 1285 -87.0% 64.7 -4.2 7005 5.7%
O1-Pruner 49.2 -3.5 9719 20.5% 35.0 -3.6 8236 36.5% 91.5 -1.3 2268 40.8% 91.1 -0.4 1012 -47.3% 66.7 -2.2 5309 28.6%
DAST 45.6 -7.1 7578 38.0% 37.0 -1.6 10729 17.3% 89.6 -3.2 2162 43.6% 86.7 -4.8 489 28.8% 64.7 -4.2 5240 29.5%
AdaptThink 52.9 +0.2 9596 21.5% 38.3 -0.3 10670 17.8% 92.0 -0.8 1875 51.1% 90.3 -1.2 408 40.6% 69.1 +0.2 5316 28.5%
DR.SAF 50.6 -2.1 6288 48.6% 38.2 -0.4 6747 48.0% 88.3 -4.5 1061 72.3% 88.1 -3.4 162 76.4% 66.3 -2.6 3565 52.0%
Efficient-R 51.9 -0.8 7464 39.0% 33.3 -5.3 8902 31.4% 88.5 -4.3 1306 65.9% 87.2 -4.3 263 61.7% 65.2 -3.7 4484 39.7%
PACE 52.7 +0.0 5525 54.8% 39.4 +0.8 5849 54.9% 93.1 +0.3 1490 61.1% 92.6 +1.1 309 55.0% 69.5 +0.6 3293 55.7%

DeepSeek-R1-Distill-Qwen-1.5B

Vanilla 28.3 12094 - 25.0 11860 - 84.0 4627 - 75.5 987 - 53.2 7392 -
Thinkswitcher 23.3 -5.0 8192 32.3% 28.3 +3.3 6689 43.6% 82.4 -1.6 4544 1.8% 84.7 +9.2 2114 -114.2% 54.7 +1.5 5385 27.2%
DEER 23.3 -5.0 9557 21.0% 10.0 -15.0 9281 21.7% 67.8 -16.2 2497 46.0% 74.7 -0.8 984 0.3% 44.0 -9.2 5580 24.5%
O1-Pruner 28.9 +0.6 10361 14.3% 23.2 -1.8 8731 26.4% 82.2 -1.8 3212 30.6% 74.8 -0.7 458 53.6% 52.3 -0.9 5691 23.0%
AdaptThink 30.8 +2.5 7616 37.0% 25.8 +0.8 7456 37.1% 82.0 -2.0 1685 63.6% 81.2 +5.7 439 55.5% 55.0 +1.8 4299 41.8%
Efficient-R 24.6 -3.7 6945 42.6% - - - 79.0 -5.0 2105 54.5% 78.4 +2.9 300 69.6% - - -
PACE 33.3 +5.0 6840 43.4% 29.6 +4.6 6592 44.4% 85.8 +1.8 1987 57.1% 80.3 +4.8 357 63.8% 57.3 +4.1 3944 46.6%

Table 1: Performance comparison on AIME24, AIME25, MATH500, and GSM8K datasets. Rows shaded in
lavender indicate training-free (inference-time) methods, while rows shaded in light purple indicate training-based
methods. Best results are highlighted in bold, second best results are highlighted in underline.

defined as the percentage reduction in average out-315

put length relative to the Vanilla model, which316

quantifies the efficiency gain in terms of computa-317

tional cost. Without specifying, we report Pass@1318

accuracy averaged over 16 independent runs per319

prompt, using a context window of 32k and a sam-320

pling temperature of 0.6. All evaluation details can321

be found in Appendix A.322

Baselines We compare our PACE against two323

categories of representative baselines:324

• Training-free Methods: These methods325

typically employ inference-time intervention.326

DEER (Yang et al., 2025c), Dynasor-CoT (Fu et al.,327

2025) implement dynamic early exit by monitor-328

ing intermediate confidence/certainty signals dur-329

ing generation and stopping CoT once a reliable330

answer is detected. ThinkSwitcher (Liang et al.,331

2025) utilizes a trained switcher module to dynam-332

ically toggle the generation of reasoning chains,333

deciding whether to “think” before answering.334

• Training-based Methods: These methods335

integrate efficiency constraints during training.336

Efficient-R (Arora and Zanette, 2025) applies a337

uniform length penalty as a reward signal to all338

outputs. O1-Pruner (Luo et al., 2025) harmonizes339

output length by pre-sampling to estimate a refer-340

ence/baseline behavior, and then applies RL-style341

optimization to penalize redundant long reasoning342

while constraining accuracy. AdaptThink (Zhang343

et al., 2025a) trains a reasoning model with RL to344

adaptively switch between Thinking and NoThink-345

ing modes based on input difficulty. DAST (Shen 346

et al., 2025) quantifies difficulty via a token-length 347

budget and applies budget-aware reward shaping 348

with preference optimization to regulate per-query 349

CoT length, reducing overthinking without sac- 350

rificing accuracy. Dr.SAF (Chen et al., 2025b) 351

facilitates dynamic termination of the chain-of- 352

thought process via boundary-awareness alignment 353

followed by reinforcement learning. 354

Implementation Details We utilize verl (Sheng 355

et al., 2024) as the reinforcement learning frame- 356

work on 32 NVIDIA A100 GPUs and set the batch 357

size as 64 with a group size as 8. We choose Linit 358

to be 512 and apply prefix protection for K set to 359

100 training steps. We also set the learning rate to 360

1 × 10−6 with 10 warm-up steps. More training 361

details can be found in Appendix E. 362

5 Experimental Results 363

5.1 Main Results 364

PACE breaks the efficiency-performance trade- 365

off. As shown in Table 1, PACE shows superior 366

performance in terms of both token efficiency and 367

accuracy across benchmarks and model sizes. No- 368

tably, the most significant observation is that PACE 369

is the only method that achieves a substantial re- 370

duction in token usage (> 45%) while simultane- 371

ously improving average accuracy over the Vanilla 372

baseline. In contrast, existing methods struggle 373

to balance this trade-off: aggressive pruners like 374

DR.SAF and DEER achieve high token reduction 375
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Figure 3: Training dynamics of the PACE-7B and its ablations over RL steps, reporting training accuracy, average
response length, gradient normalization, and policy entropy.

Method GPQA-D LiveCodeBench IF Eval

Acc↑ Len↓ TR↑ Acc↑ Len↓ TR↑ Acc↑ Len↓ TR↑

DeepSeek-R1-Distill-Qwen-7B

Vanilla 49.3 8011 - 35.0 11723 - 60.2 1570 -
PACE 49.9 5346 33.3% 36.8 8110 30.8% 60.8 1167 25.7%

DeepSeek-R1-Distill-Qwen-1.5B

Vanilla 36.3 9342 - 17.2 13991 - 40.7 5249 -
PACE 39.4 5889 37.0% 18.3 10286 26.5% 45.3 4487 14.5%

Table 2: Results on out of domain (OOD) evaluation
across science (GPQA-D), code (LiveCodeBench-v6),
and instruction following (IF Eval).

rates (TR) but suffer from evident performance376

degradation (e.g., DR.SAF drops accuracy by 2.7%377

and DEER drops accuracy by 2.3% on 7B model).378

Conversely, conservative methods like AdaptThink379

preserve accuracy but yield limited efficiency gains380

(only 28.5% TR on 7B). However, PACE domi-381

nates the Pareto frontier. On the 7B model, we382

achieve a 55.7% token reduction, which is nearly383

double the efficiency of the second-best performer,384

AdaptThink, while surpassing the vanilla model’s385

accuracy by 0.6%. On the smaller 1.5B model,386

the gain is even more pronounced: PACE cuts the387

average length with 46% token reduction while388

boosts average accuracy from 53.2 to 57.3 (+4.1),389

indicating that PACE pushes the Pareto frontier of390

reasoning compression.391

PACE also shows great generalization to other392

domains Table 2 presents the performance of our393

PACE on out-of-domain (OOD) tasks. Although394

trained exclusively on mathematical datasets, our395

PACE exhibits consistent gains in both accuracy396

and token efficiency across science (GPQA-D),397

code (LiveCodeBench-v6), and instruction follow-398

ing (IF Eval). Specifically, the 1.5B model sur-399

passes the vanilla baseline with 1.1%–4.6% ac-400

curacy improvements while reducing generation401

length by 14.5%–37.0%. A similar trend is ob-402

served in the 7B model, which achieves up to 1.8%403

accuracy gain with significant token reductions404

Method AIME24 AIME25 MATH500

Acc↑ Len↓ Acc↑ Len↓ Acc↑ Len↓

PACE 52.7 5525 39.4 5849 93.1 1390
w/o group-level control 42.5 5396 31.6 6538 80.2 1414
w/o sequence-level control 45.6 4952 32.5 4887 90.2 1351

Table 3: Ablation study on mathematical benchmarks.

ranging from 25.7% to 33.3%. These results yield 405

two key insights: (1) Beyond the mathematical do- 406

main, other tasks (e.g., code) also have the potential 407

to shorten their reasoning chains while maintain- 408

ing or improving the performance. (2) Gains in 409

both performance and token reduction are consis- 410

tently enjoyed across domains, further showcasing 411

the effectiveness and robustness of our proposed 412

dual-level control method. 413

5.2 Ablation Study 414

Dual-level control is crucial for performance 415

and token efficiency To investigate the efficacy 416

of our proposed dual-level control mechanism, 417

we conducted an ablation study by training a 7B 418

model without sequence-level and group-level con- 419

trols under identical settings. As shown in Ta- 420

ble 3, removing group-level control significantly 421

harms the model’s internal reasoning ability, caus- 422

ing 9.8% performance drop on AIME24 and 12.9% 423

on MATH500. We attribute this deterioration to 424

indiscriminative compression of questions, causing 425

the model to suffer from reasoning collapse during 426

training. Removing sequence-level control also de- 427

grades performance sharply, as compression starts 428

from the initial tokens, leading the model to skip 429

essential reasoning steps. In contrast, sequence- 430

level control effectively guides the policy model by 431

validating solution entry points, ensuring that core 432

reasoning steps are preserved during compression. 433

Dual-level control stabilizes training process 434

We also present the 7B model ablation training 435

dynamics across four metrics: average length, gra- 436
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Figure 4: Ablation study of different prefix length on
MATH500 dataset.

dient norm, training accuracy, and entropy. As437

shown in Figure 3, dual-level control sustains train-438

ing accuracy while the response length decreases.439

Without group-level or sequence-level control, the440

model often sacrifices training accuracy for length441

reduction. Moreover, dual-level control can sta-442

bilize the training process, exhibiting consistent443

gradient norms and entropy. Our gradient norm444

remains stable throughout, unlike the explosion in445

the other two ablations. We also observe benefits in446

entropy evolution, especially at the later stages of447

training. Our method significantly prevents entropy448

oscillation, indicating that the model retains steady449

reasoning capabilities.450

5.3 Prefix Length Study451

To study the effect of sequence-level prefix length,452

we trained the 7B model with varying prefix length453

Linit (0, 256, 512, and 1024 tokens) under identical454

settings and evaluated on the MATH500 dataset.455

As shown in Figure 4, sequence-level prefix pro-456

tection clearly improves performance. Even with457

a shorter prefix (256 tokens), accuracy rises from458

90.2% to 92.0% by preserving valuable reason-459

ing steps. This improvement continues at 512 to-460

kens, where the model achieves a peak accuracy461

of 93.1%. However, an excessively long prefix462

(1024 tokens) harms performance, dropping accu-463

racy to 90.3%. This is because during the early464

training stages, shorter samples are fully encapsu-465

lated within the 1024-token prefix, exposing the466

ground truth answer immediately and enabling the467

model to bypass reasoning steps. Consequently, the468

model exhibits “shortcut learning” and degrades in469

reasoning capability.470

5.4 Across Difficulty Levels Study471

The core objective of PACE is to compress without472

sacrificing the model’s underlying reasoning capa-473

bility. We evaluate it against the original model474
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Figure 5: Accuracy and average length change across
different difficulty levels on MATH500 dataset.

and a “No Control” baseline across difficulty levels 475

on MATH500 dataset. As shown in Figure 5, in 476

the more complex categories (Levels 3-5), where 477

multi-step reasoning is paramount, PACE’s perfor- 478

mance remains comparable to the original model 479

while require significant fewer tokens. At Level 480

4, PACE even slightly outperforms the original 481

model (0.79 vs 0.77) with a 58% token reduction, 482

indicating that targeted compression can help re- 483

duce redundant noise in complex reasoning steps. 484

In contrast, the “No Control” variant suffers catas- 485

trophic performance collapse as difficulty increases, 486

with accuracy dropping from 0.96 (Level 1) to just 487

0.07 (Level 5), reflecting degraded reasoning abil- 488

ity due to excessive compression on critical rea- 489

soning steps. This significant gap highlight that 490

without dual-level control, the model tends to “over- 491

compress” essential logic, whereas PACE can pre- 492

serve core reasoning while achieving conciseness. 493

5.5 Reasoning Behavior Shift During Training 494

Although PACE significantly reduces token usage, 495

a natural concern arises: Does the model simply 496

learn to skip crucial reasoning steps rather than 497

pruning unnecessary ones? To investigate which 498

part of PACE reduces token usage and how each 499

part changes during training, we define four rea- 500

soning behaviors for reasoning models: Advance, 501

Reflect, Refine and Verify, as color-coded in Fig- 502

ure 6. We test checkpoints during training with 503

100 step interval on AIME2024&25 across 16 in- 504

dependent runs. Using Qwen3-32B (Yang et al., 505

2025a) to annotate the generated chains of thought, 506

we calculated the proportion of each behavior. 507
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Answer: <think>\n Okay, so I 
have this problem where set A of 
positive integers … Therefore, if 
A is a set containing elements a1, 
a2, ..., an, then the total number of 
sets B is the sum over all ai in A 
of 2^{ai - 1}. … Wait, actually, 
no—because B can be any 
nonempty set, we may consider it 
more carefully… But actually, 
above is not correct. The number 
of sets B is 2^{ai - 1} … Let me 
check. Adding these together: 
1024+512=1536; 1536+256=1792. 
Yes,  correct…</think> …So the 
final answer is \\boxed{49}.

Question: Alice chooses a set 
$A$ of positive integers. Then 
Bob lists all finite nonempty sets 
$B$ of positive integers with the 
property that the maximum 
element of $B$ belongs to $A$. 
Bob's list has 2024 sets. Find the 
sum of the elements of A.

Figure 6: Left: The distributional shift of four reason-
ing behaviors (Advance, Reflect, Refine, Verify) across
training steps. Right: a sample AIME 2024 solution,
with text color-coded to demonstrate each reasoning
behavior in context.
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Figure 7: Training dynamics of a cosine reward com-
pared to our PACE.

As shown in Figure 6, a clear distributional508

shift emerges: the Advance behavior steadily rise509

from 61.5% to 72.5%, while Reflect and Verify510

decline from 18.5% to 13.6% and 14.0% to 9.8%,511

respectively. This indicates that token reduction512

is primarily comes from suppressing redundant513

self-correction and excessive hesitation, rather than514

omitting constructive logic. During training, the515

model is encouraged to “think forward” more confi-516

dently, resulting in a higher ratio of Advance steps.517

Consequently, PACE promotes more efficient rea-518

soning by emphasizing decisive problem-solving519

steps over repetitive verification loops.520

5.6 Generalization to Other Length Rewards521

To demonstrate the generalization ability and ro-522

bustness of PACE, we extended our evaluation to523

Method AIME24 AIME25 MATH500

Acc↑ Len↓ Acc↑ Len↓ Acc↑ Len↓

Cosine Reward 47.0 6714 34.1 7817 88.8 2364
PACE 51.7 6873 38.8 7517 91.4 2035

Table 4: Performance comparison between other length
reward (e.g., consine reward) and our PACE.

include alternative reward mechanisms. Following 524

prior work(Arora and Zanette, 2025), we adopted a 525

static cosine reward function to penalize generation 526

length, which is formulated as: 527

P (ỹi) = σ

(
L(ỹi)− Lmean

Lstd

)
, (8) 528

where L(ỹi) is the length of the i-th rollout ỹi, 529

while Lmean and Lstd are the mean and standard 530

deviation of lengths for all rollouts for query q and 531

σ is the sigmoid activation function. 532

Figure 7 shows the training dynamics of the base- 533

line static cosine reward (blue) compared to our 534

method (orange). The baseline exhibits a critical in- 535

stability: as it only optimizes for the length reward, 536

the training accuracy (Left) suffers a catastrophic 537

collapse after approximately 150 steps. The length 538

plot (Right) confirms that the baseline aggressively 539

shortens outputs, compromising reasoning capa- 540

bilities and yielding an unacceptable efficiency- 541

performance trade-off. 542

Table 4 further shows that these superior train- 543

ing dynamics directly contribute to stronger final 544

performance. PACE consistently outperforms the 545

Cosine Reward baseline across all benchmarks, 546

demonstrating robust generalization to different 547

reward formulations and a more stable, superior 548

Pareto frontier between inference cost and reason- 549

ing performance. 550

6 Conclusion 551

We propose PACE, a dual-level framework for 552

length compression of LRMs. PACE consists of 553

a prefix-protected optimization to preserve essen- 554

tial early reasoning and a difficulty-aware length 555

penalty to avoid disproportionately compressing 556

on complex tasks. Experimental results show 557

that PACE significantly reduces inference costs 558

and further improves accuracy across multiple do- 559

mains. Moreover, PACE generalizes to alternative 560

length-reward designs, underscoring the effective- 561

ness of dual-level protection in pushing the effi- 562

ciency–accuracy Pareto frontier. 563

8



Limitations564

Beyond the strong accuracy–efficiency trade-off565

achieved by PACE, there remains substantial head-566

room to further improve efficiency, as roughly 40%567

of tokens are still devoted to reasoning. In addi-568

tion, while we observe promising out-of-domain569

performance on several benchmarks, a broader and570

more systematic study of generalization is needed,571

covering more diverse domains, prompt and for-572

mat variations, and a wider range of distribution573

shifts to better understand when and why adaptive574

compression transfers.575
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A Evaluation Tasks Details777

We report pass@1 scores based on 16 indepen-778

dent runs for AIME24, AIME25, MATH500,779

GSM8K, and GPQA-D, and 4 independent runs780

for LiveCodeBench-v6. For IFEval, we evaluate781

using pass@1 directly due to its extensive size. All782

experiments were conducted using a 32k context783

window. Following is the details and resources for784

each tasks.785

In-domain mathematical reasoning bench-786

marks.787

• AIME24 We use the 2024 American Invi-788

tational Mathematics Examination problems789

(AIME I & II; 30 problems in total), where790

each question requires multi-step contest-level791

reasoning and the final answer is a short in-792

teger. We report accuracy via exact-match of793

the final answer. https://huggingface.co/794

datasets/HuggingFaceH4/aime_2024795

• AIME25 Similar to AIME24, this benchmark796

contains the 2025 AIME I & II problems (30797

problems total) and tests olympiad-style math-798

ematical reasoning with exact-match final-799

answer evaluation. https://huggingface.800

co/datasets/math-ai/aime25801

• MATH500 MATH500 is a curated 500-802

problem subset derived from the MATH com-803

petition dataset, covering diverse topics (e.g.,804

algebra, geometry, number theory) and em-805

phasizing solution correctness on challeng-806

ing problems. https://huggingface.co/807

datasets/HuggingFaceH4/MATH-500808

• GSM8K GSM8K is a grade-school math809

word-problem benchmark designed for multi-810

step arithmetic reasoning, with reference so-811

lutions and final numeric answers. We use812

its test set (1319 samples) for our evalua-813

tion. https://huggingface.co/datasets/814

openai/gsm8k815

Out-of-domain (OOD) generalization bench-816

marks.817

• GPQA-D (Science) GPQA is a graduate-818

level, “Google-proof” multiple-choice QA819

benchmark written by domain experts across820

biology, chemistry, and physics. We use821

its Diamond (GPQA-D, 198 questions)822

split as a challenging science OOD evalu-823

ation and report multiple-choice accuracy.824

https://huggingface.co/datasets/ 825

Idavidrein/gpqa 826

• LiveCodeBench-v6 (Code) LiveCodeBench 827

is a contamination-aware, continuously 828

updated coding benchmark built from newly 829

released contest problems, and supports 830

programmatic grading via unit tests. We 831

use the latest v6 release for our evaluation. 832

https://github.com/LiveCodeBench/ 833

LiveCodeBench 834

• IFEval (Instruction Following). IFEval 835

evaluates instruction-following using pro- 836

grammatically verifiable constraints (e.g., 837

required keywords, length constraints, format- 838

ting rules), enabling reproducible automatic 839

checking. It contains 25 instruction types and 840

541 prompts; we report instruction-following 841

accuracy under the benchmark’s verifier. 842

https://github.com/google-research/ 843

google-research/tree/master/ 844

instruction_following_eval 845

B Effectiveness of Prefix 846

In this section, we demonstrate the effectiveness 847

of prefix protection. Concretely, we construct the 848

prefix via rejection sampling on AIME 2024 and 849

AIME 2025 with DeepSeek-R1-Distill-Qwen-7B, 850

selecting the shortest correct sample for each prob- 851

lem. When no correct sample is available, we fall 852

back to the shortest sampled response. We then 853

vary the protected prefix length and report pass@1 854

accuracy averaged over 8 independent runs. As 855

shown in Table 5, prefix protection yields a clear 856

accuracy–efficiency improvement. Compared to 857

using no prefix (0), a 600-token prefix improves 858

AIME24 accuracy from 52.7 to 57.8 (+5.1 points) 859

while reducing generation from 12,228 to 8,568 860

tokens (−3, 660). On AIME25, longer anchors are 861

particularly beneficial: with a 1,000-token prefix, 862

accuracy increases from 38.6 to 44.0 (+5.4 points) 863

and tokens drop from 12,977 to 8,675 (−4, 302). 864

Overall, across the tested prefix lengths, we consis- 865

tently obtain 3k–4k+ token savings while maintain- 866

ing or improving accuracy, confirming our motiva- 867

tion that a strong early logical scaffold is crucial for 868

downstream reasoning. Therefore, protecting this 869

anchor from over-compression stabilizes the rea- 870

soning trajectory and leads to a substantially better 871

trade-off between correctness and computational 872

cost. 873
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Prefix AIME24 AIME25

Acc↑ Tokens↓ Acc↑ Tokens↓

0 52.7 12228 38.6 12977
200 52.0 8675 38.0 9484
400 53.7 8442 41.7 9726
600 57.8 8568 42.8 9568
800 55.5 9116 44.6 9116
1000 55.7 7859 44.0 8675

Table 5: Results under different prefix lengths on
AIME2024/2025 using Deepseek-R1-Distill-Qwen-7B.

C Justification of Prefix Rollout874

We analyze the benefit of prefix rollout by com-875

paring the expected returns under different prefix876

distributions. We show that provided the prefix877

policy πp induces a higher-quality state distribu-878

tion than the current policy πθ, the overall training879

objective is strictly improved.880

Value Decomposition Formalizing generation as881

an MDP with query q and output y, we define the882

reward R(y, q) = I[y = y∗q ]−λP (y). Consider the883

conditional value of a prefix state sS = (q, y<S)884

under the training policy πθ:885

Vθ(sS) ≜ Ey>S∼πθ(·|sS)
[
R(y, q)

]
. (9)886

This value Vθ(sS) measures the expected final qual-887

ity (correctness and efficiency) given a specific pre-888

fix.889

The total expected return depends on how pre-890

fixes are sampled. Let dSπ be the distribution of891

prefixes generated by policy π. The objectives892

for Prefix Rollout (Jprefix) and Standard Rollout893

(Jbase) can be written as expected values over their894

respective prefix distributions:895

Jprefix(θ) = EsS∼dSπp

[
Vθ(sS)

]
, (10)896

Jbase(θ) = EsS∼dSπθ

[
Vθ(sS)

]
. (11)897

With Higher Quality Prefix The core premise898

of our method is that the frozen policy πp (e.g., con-899

structed via search or Best-of-N ) is strictly stronger900

than the exploring policy πθ. Mathematically, we901

assume πp shifts probability mass towards a set of902

“good prefixes” GS , where continuation values are903

higher (i.e., prefixes that are correct or more con-904

cise). This implies a stochastic dominance relation:905

∀s ∈ GS , dSπp
(s) > dSπθ

(s) and Vθ(s) is high.
(12)906

Prefix Rollout is better Under this assumption, 907

the expected return of prefix rollout dominates the 908

baseline. Specifically, since Best-of-N or similar 909

search strategies explicitly select for correctness 910

and shorter lengths, they ensure the prefix distribu- 911

tion aligns with high-value regions of Vθ. Thus, we 912

obtain the following performance guarantee: 913

∆dS(s) ≜ dSπp
(s)− dSπθ

(s),

Jprefix(θ)− Jbase(θ) =

∫
∆dS(s)Vθ(s) ds ≥ 0.

(13) 914

This proves that training on rollouts starting from 915

higher-quality prefixes provides a mathematically 916

superior optimization objective. 917

D Analysis of Difficulty-Aware Penalty 918

Why is an instance-dependent penalty necessary? 919

We answer this by analyzing the reward dynam- 920

ics of length regularization. We derive a critical 921

solvability bound for the penalty coefficient. We 922

show that a static coefficient faces a fundamental 923

dilemma: it inevitably either causes model collapse 924

on hard tasks or under-regularizes easy ones. Our 925

difficulty-aware formulation is shown to be the nec- 926

essary solution to resolve this conflict. 927

Solvability Condition Let L∗
q be the minimum 928

sequence length required to correctly solve query 929

q. For the model to be incentivized to generate this 930

reasoning path rather than collapsing to a trivial 931

failure (incorrect output with length ≈ 0, yielding 932

reward 0), the total reward for the correct solution 933

must be positive: 934

Rtotal = 1− αL∗
q , Rtotal > 0

⇒ α <
1

L∗
q

.
(14) 935

This inequality imposes a strict upper bound on 936

the penalty coefficient α, which is inversely pro- 937

portional to the intrinsic task complexity (length 938

L∗
q). 939

The Dilemma of Uniform Penalty A fixed coef- 940

ficient αuni faces an impossible trade-off given the 941

variance in L∗
q : 942

• Under Hard Tasks For complex queries 943

where L∗
q is large, the bound 1/L∗

q is very 944

small. If αuni exceeds this threshold, the re- 945

ward becomes negative, causing the model to 946

give up and output abnormal responses. 947
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• Under Easy Tasks To prevent collapse on948

hard tasks, αuni must be set conservatively low.949

However, for easy queries (small L∗
q), this950

small αuni exerts negligible pressure, failing951

to penalize redundancy effectively.952

Resolution via Difficulty-Aware Penalty Our953

method resolves this conflict by modulating α(q)954

based on the empirical pass rate ρ(q). Since easy955

tasks generally require shorter reasoning (ρ ↑ =⇒956

L∗ ↓), our schedule aligns with the theoretical957

bound:958

α(ρ) ∝ ρ(q) Satisfies α(q) <
1

L∗
q

. (15)959

This ensures α remains small enough to preserve960

solvability for hard tasks (low ρ) while becoming961

large enough to enforce strict conciseness on easy962

tasks (high ρ).963

E Training Parameters964

Parameters Value
BF16 True
Train batch size 64
Mini batch size 64
Train epochs 10
Learning rate 1e-6
Max prompt length 2048
Max response length 16384
n 8
ϵmin 0.2
ϵmax 0.2
Temperature 1.0
warm up step 10
Rollout backend VLLM

Table 6: RL training configurations for 7B and 1.5B
Model

F Prompts965

We compute the proportion of each reasoning be-966

havior by aggregating its occurrences across the967

AIME2024 dataset and normalizing by the total968

number of reasoning-behavior occurrences. For-969

mally,970

p(b) =

∑N
i=1 ci(b)∑

b′∈B
∑N

i=1 ci(b
′)
, (16)971

where N is the number of samples in dataset, B972

denotes the set of reasoning behaviors, and ci(b) is973

the number of occurrences of behavior b in sample974

i. Detailed prompts are shown in Figure 8.975

G Case study 976

In this section, we present a comprehen- 977

sive case study of DeepSeek-R1-Distill-Qwen 978

(7B/1.5B) on both in-domain and out-of-domain 979

tasks (MATH500, AIME2024, GPQA-D, and 980

LiveCodeBench-v6). As shown in Tables 9–13, 981

PACE consistently achieves a token reduction rate 982

of over 50% while preserving strong reasoning 983

performance. Specifically, on the in-domain task, 984

PACE markedly reduces reflection and verification 985

behaviors yet still arrives at correct answers. A sim- 986

ilar trend is observed on out-of-domain tasks, sug- 987

gesting that PACE can reduce redundant reasoning 988

steps while maintaining robust generalization. 989
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Prompts for identifying Reasoning behavior

You are an expert analyst of Chain of Thought (CoT) reasoning processes. Your task is to analyze the provided
reasoning text, break it down into distinct thought steps, and count the occurrences of four specific behaviors.

Behavior Definitions & Examples

1. Advancing
Definition: Direct progress in solving the problem. This includes mathematical derivations, applying formulas,
state transitions, or logical deductions that move the solution forward.

Example: “Since n = ab+ c, squaring both sides gives us (a+ c)2 = ab+ c.”

2. Reflecting
Definition: Pausing the logical flow to evaluate the current path. This involves questioning assumptions,
expressing uncertainty, or planning the next move. Look for markers like “Wait,” “Hmm,” “Let me think,” or
“Is this valid?”

Example: “But b depends on a, so this approach might be circular. Let me try a different angle.”

3. Verifying
Definition: Testing a hypothesis or formula by plugging in specific, concrete numbers (often small integers or
edge cases) to see if the theory holds up.

Example: “Let’s check for d = 2. If s = 2, does the formula work? 22 − 1 = 3 . . .”

4. Refining
Definition: Correcting a previous formula, parameter, or conclusion based on the results of reflection or
verification. This involves fixing errors or adding necessary constraints.

Example: “So the formula isn’t just 2n, it must be 2n − 1 to account for the zero case.”

Task Instructions

1. Read the Input Text below carefully.

2. Segment the text into logical units (sentences or short phases).

3. Classify each unit into one of the four behaviors defined above.

4. Count the total number of occurrences for each behavior.

5. Output Requirement: Return ONLY a valid JSON object containing the counts. Do not output any other text
or explanation.

Input Text
{response}

Output Format

{
"advancing_count": <integer>,
"reflecting_count": <integer>,
"verifying_count": <integer>,
"refining_count": <integer>,

}

Figure 8: Prompts for identifying four reasoning behaviors and their corresponding explanations
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Examples on MATH500

Question (MATH500 of 7B)

For what values of x is it true that x2 − 5x− 4 ≤ 10? Express your answer in interval notation.

DeepSeek-R1-Distill-Qwen-7B (2781 tokens)

<think>
I have this inequality: x2 − 5x− 4 ≤ 10. I need to find all the values of x and express the answer in interval
notation. First, bring all terms to one side: x2 − 5x− 4− 10 ≤ 0, which simplifies to x2 − 5x− 14 ≤ 0.
Next step is to find the roots of the corresponding equation x2 − 5x− 14 = 0. Using the quadratic formula

x =
−b±

√
b2−4ac

2a
: here a = 1, b = −5, c = −14. So x =

5±
√

(−5)2−4(1)(−14)

2(1)
= 5±

√
25+56
2

= 5±
√
81

2
=

5±9
2

. The roots are x1 = 14
2

= 7 and x2 = −4
2

= −2.
These roots divide the number line into three intervals: (−∞,−2), (−2, 7), and (7,∞). Testing x = −3:
(−3)2 − 5(−3) − 14 = 9 + 15 − 14 = 10 > 0. Testing x = 0: 02 − 0 − 14 = −14 ≤ 0... [omit 1982
redundant tokens of repeated verification] ...Since the parabola opens upwards, it is negative between its
roots.
</think>
To solve x2 − 5x − 4 ≤ 10, we rearrange it to x2 − 5x − 14 ≤ 0. Factoring the quadratic expression, we
get (x− 7)(x+ 2) ≤ 0. The roots of the quadratic are x = 7 and x = −2. Because the coefficient of x2 is
positive, the parabola opens upward, and the expression is non-positive for values of x between and including
the roots.
Final Answer: [−2, 7]

PACE (860 tokens)

<think>
I need to solve the inequality x2 − 5x− 4 ≤ 10. First, I will move all terms to one side to set the inequality
to zero: x2 − 5x− 14 ≤ 0. Next, I solve for the roots of the quadratic x2 − 5x− 14 = 0 by factoring. The
factors of −14 that add up to −5 are −7 and 2, leading to (x− 7)(x+ 2) = 0. The critical points are x = 7
and x = −2. Since the parabola opens upward (a > 0), the function is less than or equal to zero between the
roots. Thus, the solution is the closed interval [−2, 7].
</think>
To determine the values of x for which x2 − 5x− 4 ≤ 10, we start by rearranging the inequality so that the
right-hand side is zero. Subtracting 10 from both sides gives:

x2 − 5x− 14 ≤ 0

Next, we factor the quadratic expression on the left-hand side. We look for factors of −14 that sum to −5.
These are −7 and 2, so we can write:

(x− 7)(x+ 2) ≤ 0

The roots of the corresponding equation are x = 7 and x = −2. Since the leading coefficient of the quadratic
is positive, the parabola opens upwards. Therefore, the expression is less than or equal to zero in the interval
between the two roots, inclusive.
Final Answer: [−2, 7]

Figure 9: Case study on MATH500 dataset of 7B Model
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Examples on MATH500 of 1.5B

Question (MATH500)

Compute arcsin
(
− 1

2

)
. Express your answer in radians.

DeepSeek-R1-Distill-Qwen-1.5B (4605 tokens)

<think>
Alright, so I have this problem: I need to compute the arcsine of − 1

2
, which is written as arcsin(−1/2). Hmm,

okay. Let me recall what I know about arcsin.
Arcsin is the inverse function of sine, right? So that means if arcsin(y) = x, then sin(x) = y. So in this case,
I need to find an angle x such that sin(x) = −1/2. Okay, got it. But wait, before jumping into that, I should
consider the range of arcsin.
I remember that the arcsin function has a range from −π/2 to π/2, or in degrees, from −90◦ to 90◦. Hmm,
actually, no. Wait, isn’t the principal value of arcsin between −π/2 and π/2 in radians? So, it’s defined to
return the angle whose sine is the given value, but it only returns values between −π/2 and π/2. That makes
sense because sine is positive in the first and second quadrants and negative in the fourth and third, but since
arcsin only returns angles in the range of −π/2 to π/2, which is the fourth and first quadrants, the arcsin will
only give negative or zero angles, right?
Wait, let’s think about how sine behaves. I remember that sine is negative in the third and fourth quadrants.
So, if sinx = −1/2, one possible angle in the unit circle where sine is negative is considering the angle in
the fourth quadrant. So, maybe 360◦ minus 30◦, which is 330◦, but we also have a special negative angle
equivalent to that.
Alternatively, perhaps it’s better to convert the angle to radians initially. So, π radians is 180◦, right? So, if
30◦ is π/6 radians, then 330◦ would be 2π − π/6. Because 360◦ is 2π radians, so subtracting π/6 gives
360− 30 = 330 degrees. So, that would be 11π/6 radians. Wait, is that right?
Let me double-check that. So, in radians, 30◦ is π/6. So, yes, 360◦ is 2π. So, going clockwise from π radians
(180◦) would be 2π − π/6, which is 11π/6, but I’m getting a bit confused here.
Omit 1905 tokens
</think>

To compute arcsin
(
− 1

2

)
, we need to find an angle x such that sin(x) = − 1

2
and x lies within the range −π

2
to π

2
(the principal value range of the arcsin function).

1. The arcsin function returns an angle whose sine is the given value and is within the range −π
2

to π
2

.

2. The sine of −π
6

is − 1
2

because sin(−θ) = − sin(θ) and sin
(
π
6

)
= 1

2
.

3. The angle −π
6

is within the range −π
2

to π
2

.

4. Therefore, arcsin
(
− 1

2

)
= −π

6
.

Thus, the value of arcsin
(
− 1

2

)
is −π

6
.

PACE (608 tokens)

<think>
Okay, so I need to compute the arcsin of −1/2. Hmm, arcsin is the inverse sine function, right? So,
arcsin(−1/2) is the angle whose sine is −1/2. I remember that the sine function is negative in which
quadrants? Well, sine is positive in the first and second quadrants and negative in the third and fourth quadrants.
Since we’re dealing with a negative value here, the angle must be in either the third or fourth quadrant.
Omit 182 tokens
Wait, just to make sure I’m not making a mistake here. So, arcsin(−1/2) is the angle whose sine is −1/2,
and the angle must be between −π/2 and π/2. So, yes, −π/6 is within that range. So, the answer should be
−π/6 radians.
</think>
To compute arcsin

(
− 1

2

)
, we need to find the angle whose sine is −1/2 and lies between −π/2 and π/2.

We know that sin(π/6) = 1/2, so sin(−π/6) = −1/2. Therefore, the angle is −π/6.

Thus, the value of arcsin
(
− 1

2

)
is −π

6
.

Final Answer

The value of arcsin
(
− 1

2

)
is −π

6
.

Figure 10: Case study on MATH500 dataset of 1.5B Model
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Examples on AIME of 7B

Question (MATH500)

Let ω ̸= 1 be a 13th root of unity. Find the remainder when

12∏
k=0

(
2− 2ωk + ω2k

)
is divided by 1000.

DeepSeek-R1-Distill-Qwen-7B (10451 tokens)

<think>
Okay, so I need to find the remainder when the product

∏12
k=0(2− 2ωk + ω2k) is divided by 1000, where ω is

a primitive 13th root of unity, different from 1. Hmm, that sounds a bit complicated, but let me try to break it
down.
First, I know that roots of unity have some useful properties. Specifically, for any n-th root of unity ω, we have
ωn = 1 and the sum

∑n−1
k=0 ωk = 0. So, for 13th roots of unity, ω13 = 1 and the sum from k = 0 to 12 of ωk

is zero.
Now, the expression I need to evaluate is a product from k = 0 to 12 of (2− 2ωk + ω2k). That looks a bit like
a quadratic in terms of ωk. Let me write each term as a quadratic equation:

2− 2ωk + ω2k = (ωk)2 − 2ωk + 2

So, each term is x2 − 2x+2 where x = ωk. Therefore, the product is equal to
∏12

k=0(x
2 − 2x+2) evaluated

at each root x = ωk and then multiplied together.
Wait, but ωk for k = 0 to 12 are all the 13th roots of unity. So, maybe I can consider the polynomial whose
roots are ωk, which is the cyclotomic polynomial. Omit 8502 tokens
</think>
...
After detailed calculations, we find that the product:

12∏
k=0

(2− 2ωk + ω2k) = 8321.

Finally, we find the remainder when 8321 is divided by 1000:

8321 mod 1000 = 321.

Thus, the remainder when the given product is divided by 1000 is:

321

PACE (2555 tokens)

<think>
Alright, so I have this problem here: Let ω be a 13th root of unity, not equal to 1. I need to find the remainder
when the product from k = 0 to 12 of (2− 2ωk + ω2k) is divided by 1000.
Hmm, okay. So, first off, ω is a primitive 13th root of unity because it’s a 13th root and not equal to 1.
So, ω13 = 1, and the minimal polynomial for ω is the 13th cyclotomic polynomial, which is Φ13(x) =
x12 + x11 + · · ·+ x+ 1. That might come in handy later.
The product we need is

∏12
k=0(2−2ωk+ω2k). Let’s denote this product as P . So, P =

∏12
k=0(2−2ωk+ω2k).

I need to compute this product and find P mod 1000.
Alternatively, maybe consider that the product over k = 0 to 12 of (x2 − 2x+ 2) evaluated at x = ωk is equal
to the resultant of the two polynomials x13 − 1 and x2 − 2x+ 2.
But I’m not too sure about that.
Alternatively, maybe consider that since ω13 = 1, so ω2k is just another root, so perhaps we can pair terms or
something.
</think>
..
Final Answer: 321

Figure 11: Case study on AIME2024 dataset of 7B Model
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Examples on GPQA-D of 7B

Question (GPQA-D)

Answer the following multiple choice question. The last line of your response should be of the following
format: ‘Answer: $LETTER’ (without quotes) where LETTER is one of ABCD. Think step by step before
answering.

Consider this annihilation process:
p+ p̄ → 2A+ + 2A−

The antiproton is slowly moving and mAc
2 = 300MeV.

What is the velocity of particle A?

A) 0.96c

B) 0.86c

C) 0.91c

D) 0.77c

DeepSeek-R1-Distill-Qwen-7B (2781 tokens)

<think> Okay, so I’ve got this physics problem here, and I’m a bit rusty, but I’ll try to work through it. Let me
read the question again.
The problem says: p+ p̄ → 2A+ + 2A−. The antiproton is moving slowly, and the mass of each A particle is
300MeV/c2. We need to find the velocity of particle A. The options are A to D with various fractions of c.
Hmm, wait, wait. So, the reaction is proton and antiproton annihilating into two A particles, each with a rest
mass of 300MeV/c2. But wait, protons and antiprotons are matter and antimatter, so their annihilation would
produce energy. But in this case, the products are two A+ and two A−. I’m a bit confused about the charges
here. Let me think: a proton has +1 charge, antiproton has −1. So the products must balance the charge. 2A+

is +2, and 2A− is −2. So the total charge is zero, same as the initial. That makes sense.
But I’m not sure how that affects the problem. The question is about the velocity of A. So perhaps it’s a matter
of conservation of energy and momentum.
The antiproton is moving slowly, so its velocity is much less than c. Hmm, but what does “slowly moving”
mean here? Maybe it’s non-relativistic, so that kinetic energy is much less than rest mass energy. But wait, the
rest mass of a proton is about 938MeV/c2. So if the antiproton is moving slowly, perhaps its kinetic energy is
negligible compared to its rest mass.
Omit 9812 tokens
</think>
Since the discriminant is negative, there is no real solution, indicating an error in the assumptions or calculations.
The calculations suggest inconsistencies, likely due to approximations or assumptions about the distribution
of energy and momentum. However, based on the options provided and the expected range for v, the most
reasonable answer is 0.77c. Final Answer: D

PACE (4576 tokens)

<think>
Okay, so I’ve got this physics problem here about particle annihilation. Hmm, let’s see. The reaction is
p+ p̄ → 2A+ + 2A−. Wait, p is proton and p̄ is antiproton. Oh right, protons and antiprotons annihilate each
other, producing other particles.
The mass of each A is given as 300MeV/c2. Wait, but wait, the question is about the velocity of particle A. So
each A has mass mAc

2 = 300MeV. So each A is a particle with mass 300MeV/c2.
The antiproton is moving slowly, so its kinetic energy is probably negligible compared to the proton’s. But
wait, the proton is at rest? Or is the antiproton moving slowly? The question says the antiproton is slowly
moving, so maybe its kinetic energy is small compared to the proton’s rest energy. But wait, protons are about
938MeV/c2 in rest mass. If the antiproton is moving slowly, its kinetic energy would be much smaller than
the proton’s. Hmm, but wait, maybe I should think about conservation of energy and momentum.
Omit 3509 tokens
</think>
..
The velocity of particle A is approximately 0.77c.
Final Answer: D

Figure 12: Case study on GPQA-D dataset of 7B Model

18



Examples on LiveCodeBench-v6 of 7B

Question (LiveCodeBench-v6)

There is an infinite 2D plane. You are given a positive integer k. You are also given a 2D array queries, where
the queries are defined as follows:

• queries[i] = [x, y]: Build an obstacle at coordinate (x, y) in the plane. It is guaranteed that there is
no obstacle at this coordinate when this query is made.

After each query, you need to find the distance of the k-th nearest obstacle from the origin (0, 0).
Return an integer array results where results[i] denotes the distance of the k-th nearest obstacle after
query i, or results[i] == -1 if there are less than k obstacles.

Note:

• Initially, there are no obstacles anywhere.

• The distance of an obstacle at coordinate (x, y) from the origin is given by the Manhattan distance:
|x|+ |y|.

Omit 402 tokens

DeepSeek-R1-Distill-Qwen-7B (12099 tokens)

<think>
Okay, I need to solve this problem where I have to process a series of queries and for each, determine the k-th
nearest obstacle from the origin. Hmm. So, the problem says that each query adds an obstacle, and after each
addition, I have to find the k-th nearest obstacle. The distance is the Manhattan distance, which is |x|+ |y| for
a point (x, y). Let’s think about the approach. For each query, I add a new obstacle, and then I need to keep
track of all the obstacles so far. After each addition, I need to find the k-th smallest distance. But wait, if I have
a lot of queries, say up to 2e5, then for each query, if I have to sort all the obstacles each time, that could be
O(n logn) per query, which would be O(n2 logn) total time. That’s probably too slow for 2e5 queries. So I
need a more efficient way to manage the distances and quickly find the k-th smallest each time. Hmm. What’s
the maximum number of obstacles we can have? Well, each query adds one obstacle, so up to 2e5 obstacles.
Omit 10345 tokens
</think>
import heapq\ def resultsArray(queries, k):\ heap = []\ res = []\ for i, (x, y) in
enumerate(queries):\ d = abs(x) + abs(y)\ m = i + 1\ if m < k:\ heapq.heappush(heap,
-d)\ res.append(-1)\ else:\ current_max = -heap[0] if heap else 0\ if d < current_max:\
heapq.heappush(heap, -d)\ heapq.heappop(heap)\ res.append(-heap[0] if heap else -1)\
return res

PACE (4895 tokens)

<think>
Okay, I need to solve this problem where I have to process a series of queries and for each, determine the k-th
nearest obstacle from the origin. Hmm. So, the problem says that each query adds an obstacle, and after each
addition, I have to find the k-th nearest obstacle. The distance is the Manhattan distance, which is |x|+ |y| for
a point (x, y). Let’s think about the approach. For each query, I add a new obstacle, and then I need to keep
track of all the obstacles so far. After each addition, I need to find the k-th smallest distance. But wait, if I have
a lot of queries, say up to 2e5, then for each query, if I have to sort all the obstacles each time, that could be
O(n logn) per query, which would be O(n2 logn) total time. That’s probably too slow for 2e5 queries. So I
need a more efficient way to manage the distances and quickly find the k-th smallest each time. Hmm. What’s
the maximum number of obstacles we can have? Well, each query adds one obstacle, so up to 2e5 obstacles.
Omit 3034 tokens
</think>
import heapq\ class Solution:\ def resultsArray(self, queries: List[List[int]], k: int)
-> List[int]:\ heap = []\ count = 0\ res = []\ for q in queries:\ x, y = q\ d = abs(x)
+ abs(y)\ count += 1\ if count <= k:\ heapq.heappush(heap, -d)\ else:\ current_max =
-heap[0]\ if d < current_max:\ heapq.heappush(heap, -d)\ heapq.heappop(heap)\ if count >=
k:\ res.append(-heap[0])\ else:\ res.append(-1)\ return res

Figure 13: Case study on LiveCodeBench-v6 dataset of 7B Model
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