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ABSTRACT

In deep learning, a central issue is to understand how neural networks efficiently
learn high-dimensional features. To this end, we explore the gradient descent
learning of a general Gaussian Multi-index model f(x) = ¢g(Ux) with hidden
subspace U € R"*9, which is the canonical setup to study representation learn-
ing. We prove that under generic non-degenerate assumptions on the link func-
tion, a standard two-layer neural network trained via layer-wise gradient descent

can agnostically learn the target with o4(1) test error using O (d) samples and

O(d?) time. The sample and time complexity both align with the information-
theoretic limit up to leading order and are therefore optimal. During the first stage
of gradient descent learning, the proof proceeds via showing that the inner weights
can perform a power-iteration process. This process implicitly mimics a spectral
start for the whole span of the hidden subspace and eventually eliminates finite-
sample noise and recovers this span. It surprisingly indicates that optimal results
can only be achieved if the first layer is trained for more than O(1) steps. This
work demonstrates the ability of neural networks to effectively learn hierarchical
functions with respect to both sample and time efficiency.

1 INTRODUCTION

Modern large language models powered by deep neural networks Krizhevsky et al.[(2012); He et al.
(2016); Vaswanti et al.| (2023)) have shown strong empirical success across many domains. It is be-
lieved that much of the effectiveness of the pretraining—finetuning paradigm comes from their ability
to extract useful representations from data. In practice, neural networks often first capture important
hidden features, which helps them to learn complex tasks more efficiently. This adaptability offers
a clear performance advantage over conventional fixed feature methods, such as kernel techniques
‘Wei et al.[(2020); Allen-Zhu & Lif (2020); Ba1 & Lee| (2020).

Despite these empirical successes, the theoretical understanding of why neural networks can ef-
ficiently and adaptively learn important features from data remains largely incomplete. Significant
effort has been devoted in this direction, with a series of works|Damian et al.[(2022);/Ba et al.[(2022);
Berthier et al.[(2024)); Lee et al.| (2024); Montanari & Urbani| (2025)); Montanari & Wang|(2026) in-
vestigating how neural networks can uncover hidden features and subsequently learn single-index
and multi-index models, where the labels depend on the d-dimensional data inputs only through their
projection onto a one-dimensional or low-dimensional subspace, respectively. The study of learning
single-index models via neural networks is relatively well developed. Notably, [Lee et al.| (2024)
show that neural networks can successfully learn single-index models with O(d) sample complex-
ity, which is optimal up to leading order, while Montanari & Urbani|(2025) provides a sharp DMFT
theory analyzing the learning dynamics of single-index models using a two-layer neural network
when the sample size and input dimension are proportional.

*Equal contribution. The order was determined by a coin flip.
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However, a single-index model involves only one hidden feature, whereas in practice we often expect
multiple distinct features, motivating the study of neural networks learning of multi-index models.
On the contrary, positive results on neural networks learning of multi-index models remain rather
limited. Note first that the information-theoretic limit for learning multi-index models is still ©(d)
samples, and there exist polynomial time algorithms Chen & Mekal (2020); [Troiani et al.| (2025);
Defilippis et al.| (20235)); [Kovacevic et al.| (2025); Damian et al.| (2025)) that achieve this for generic
generative-exponent-two multi-index models which covers almost all canonical examples. Never-
theless, in general, it is not clear whether neural networks can achieve this algorithmic limit and, if
so, how. The earliest work on neural networks learning of multi-index models|Damian et al.| (2022)
showed that standard two-layer neural networks can efficiently learn a large subclass of multi-index

models with a sub-optimal ©(d?) sample size. Subsequently, Abbe et al. (2022)Abbe et al.| (2023a)
studied the problem of neural network learning multi-index models with a staircase structure. How-
ever, their results are far from optimal and are restricted to special classes of functions. The closest
attempt to the general problem is|Montanari & Wang|(2026), which shows that a two-layer network
trained via gradient descent can weakly recover some of the features in a multi-index model using
©O(d) samples. Nevertheless, since the features are only weakly recovered and are not guaranteed to
cover the entire span, their results do not establish that these features can be directly leveraged to
successfully learn the targets in later stages of training. Therefore, the following remains open.

Can neural networks trained via standard optimizers (e.g., gradient descent) achieve efficient,
near-information-theoretic-optimal learning of generic multi-index models?

1.1 MAIN CONTRIBUTIONS

In this work, we work on this and conclude it positively for generative-exponent-two, non-
generative-staircase multi-index models. Specifically, we consider learning the target function
f(x) = g(Uz) over the standard d-dimensional Gaussian input distribution, where U € R™*¢
is the hidden subspace and g : R™ — R is a polynomial of constant degree. This corresponds to
the standard multi-index model with a polynomial link function, which generalizes the single-index
model as the special case r = 1.

Our main result, Theorem [I| shows that under generic assumptions, a two-layer neural network
trained with layer-wise gradient descent can agnostically learn the target function up to og(1) test

error using O(d) samples and O(d?) training tim These sample and time complexities are
information-theoretically optimal up to leading order, thereby demonstrating the adaptivity and ef-
fectiveness of neural network learning. Moreover, our analysis applies to generic activation func-
tions and a broad subclass of loss functions, including but not limited to square loss, ¢! loss, the
Huber loss, and the pseudo-Huber loss. We emphasize that the assumption on the link function in
our work is rather mild and generic, as all polynomials possess a generative leap exponent of two
Chen & Meka (2020); [Damian et al.|(2025) and the loss function can be interpreted as a form of data
preprocessing. The idea of data preprocessing has a rich literature in spectral methods and so on, but
rarely considered in theoretical analysis of neural networks learning. The only substantial assump-
tion in this work is that the target function has no generative-staircase structure. We acknowledge
that this assumption is important and it is not clear whether and how to extend our results to the
case with generative-staircase structure within a neural network framework. For further discussion,
please see Section[2.1]

Our proof begins by observing that near initialization, the gradient descent dynamics is nearly in-
dependent across different neurons, with each neuron evolving similarly to power method iterations
applied to the local Hessian. The local Hessian exhibits large eigenvalues corresponding to the sig-
nal, namely the hidden subspace, as well as smaller eigenvalues arising from the noise because of
the finite sample size. The key insight is that if this power iteration approximation works for too
long, all features will align with the directions of the largest eigenvalues, that is, the most dominant
directions, while ignoring the others, leading to failure of learning. However, if the number of train-
ing steps is too small, those noisy directions cannot be sufficiently eliminated, particularly when the
sample size is nearly proportional to the input dimension. Therefore, the optimal strategy is to stop
training the first layer at an appropriately chosen intermediate time. The features will still span the
entire subspace while the noise is simultaneously eliminated.

'We use O(-) to hide those d°*() factors.
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We note that we use a standard initialization scheme for the neural network parameters, without
using a spectral initialization or a hot start as in [Mignacco et al.| (2021); |Chen & Shen| (2025). The
neural networks can only learn the right features from and only from gradient descent, trained for a
divering number of steps. This time scale requirement rule out all the approaches based on DMFT
or state evolution, such as|Agoritsas et al.|(2018)); Ba et al.|(2022)); Celentano et al.| (2025); |Gerbelot;
et al.| (2023); Berthier et al.| (2024) which requires either information/generative exponent one or a
hot start/spectral initialization, to guarantee the learning timescale can be made constant. We also
highlight that the power iteration approximation does not work if the learning rate is too small. It
is important to choose a moderately large learning rate. For a more detailed discussion, please see
Section ]

We defer the detailed discussion of related works to Appendix

1.2 NOTATIONS

We shall use X < Y to denote X < CY for some absolute positive constant C' and X > Y is
defined analogously We also use the standard big-O notations: ©(-), O(-) and () to only hide

absolute positive constants. In addition, we use O, © and Q to hide all the d°*(!) terms throughout
the paper. Let [k] = {1,2,...,k} for k € N* and [a;b] = {a,...,b} for a,b € N*. For a vector
v, denote by ||v|, == (3, |vi|p)1/ P the ¢? norm. When p = 2, we omit the subscript for simplicity.
For a matrix A, let || A||o, and || A|| ¢ be the spectral norm and Frobenius norm, respectively. We use
Amax (+) and Apin (+) to denote the maximal and the minimal eigenvalue of a real symmetric matrix.

2 PROBLEM SETUP

Our purpose is to learn the target f* : R? — R, where R is the input domain equipped with the
standard Gaussian distribution N(0, I ;). Our target follows a multi-index model f*(x) = g*(Ux)
with hidden directions U € R”*¢ and the link function g* : R” — R. We assume U has orthogonal
unit rows without loss of generality.

Assumption 1. g*(-) is a polynomial of degree p. Furthermore, E, o,1,)[9**(2)] < C where C
is an absolute constant.

We treat r, p as absolute constants throughout the paper. Next, we consider the model as a standard
two-layer neural network

x) = Zaja(w}a: +b;) (D)

Here we use © := {a;,b;, w; }L, to denote all the parameters. We make the following assumption
on the activation function.

Assumption 2. o(-) € C3(R) is a smooth activation function satisfying o’(0) = 0, ¢"'(0) = 1 and
|0(3) (-)| £ M where M is an absolute constant.

Let D := {(=;,y;)}", be one dataset, where x; € R are drawn i.i.d. from distribution N(0, I)
and y; = f*(«;). The empirical and population loss is given respectively by

= % Zf(f@(mi), vi),  Lp(®) =E[l(fe(x),y)] )

where £ = (t,y) : RxR — Ris a general scalar loss function. We make the following assumptions
on the loss function.

Assumption 3. /(-,-) € C*(R?), {(t,y) 1=, = 0 and that it is convex in its first argument. Further-

more, we assunie
2

%t

forallt,y € R where L is a positive absolute constant.

0
— <L
‘atf(t,y)‘ < and

£t, y)‘ L 3)
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We also consider a slightly relaxed version of Assumption [3|for some specific activation functions.
This assumption includes square loss as a special case.

Assumption 3'. We weaken the assumption in Assumptionby allowing the first derivative to grow
linearly with the input

o)
’atz(t,y)’ <L+t +|y]) forallt,yeR. 4)

Denote ¢/ (0,y;) := %E(t, Yi)|t=0 as £;.
Assumption 4. We assume E[(;] = 0.

We define

~ 1 &
Sei=— ;ei cxx] (5)

and also its population counterpart 3, := E[¢'(0,y) - zz"]. Recall that £; is a function of ; and that
y; is itself a function of Ux;. Therefore, ¢; is a function of U x; and we conclude that rank(X,) < r
via invoking Stein’s Lemma and performing integration by parts.

Assumption 5. The rank is full, i.e., rank(3y) = r.

Furthermore, denote the non-zero eigenvalues as A\, < --- < \y. We will assume \. > 0 and set
A1 = 1 without loss of generality.

In our setting, we assume A, > 0 to ensure that 3, is not degenerate in its support and provides a
meaningful directional signal during optimization. We will denote and track the condition number
K= % but will still assume x = ©4(1).

2.1 DISCUSSION OF ASSUMPTIONS

We note that the first four assumptions are quite standard in theory literature. Assumption [I]is fairly
generic. In Assumption 2| the key requirement are ¢’(0) = 0, ensuring that the activation behaves
locally as a quadratic. The smoothness assumptions can be relaxed with a more refined analysis.
For Assumption or convexity in the first argument of the loss is essential to guarantee that the
second layer weights converge to its minimizer during the second stage of training. We note that this
condition holds for a large subclass of commonly used losses such as square loss, £* loss and Huber
loss. The bounds on the derivatives are not critical and can be replaced by a polynomial growth
condition under a more careful analysis, since most of our data remain in a bounded regime and the
outliers are rare. Finally, Assumption []is also standard and could be removed with either a more
refined argument or an additional data pre-processing step.

The central assumption in our analysis is Assumption[5] Informally, this assumption requires that the
second-order information of the data remain non-degenerate after applying the pre-processing map
y — £'(0,y). We admit that for one fixed loss function /, it is straightforward to construct a target
task such that the second-order information of ¢'(0,y) becomes degenerate. In practice, however,
the target task is typically fixed, and one has the flexibility to choose among different loss functions
to learn it. Recent studies on generative exponents and learning thresholds [Troiani et al.| (2025);
Damian et al.|(2024); Kovacevi€ et al.| (2025); Damian et al.| (2025)); Defilippis et al.| (2025) show
that for a large subclass of common tasks, including all polynomial targets with non-generative-
staircase structure, there exists a pre-processing function that ensures the second-order information
is non-degenerate, and importantly, such a function need not be highly specialized. Consequently,
we expect that ¢/(0, y) exhibits non-degenerate second-order information for at least some of those
commonly used loss functions in practice, and at least this already includes all targets in |Damian
et al.[(2022). We will expand on this in Section@

2.2 TRAINING ALGORITHM

We introduce our layer-wise gradient descent algorithm.



Published as a conference paper at ICLR 2026

At initialization, we set b; as zero and impose a symmetric structure on a; and w;. Specifically, let
the width m be even, and for all j € [m] we set

4= —tpmj, w =w . (6)
For the first half of indices , let a; be i.i.d. Rademacher variables: a; Sy Uniform{—1, +1}. For the
first half of the features w;, we initialize them independently and uniformly on the sphere of radius
€0.
The network is trained via layer-wise gradient descent with sample splitting, a common approach in
theoretical analysis such asWang et al.|(2023); Nichani et al.|(2025). To start with, we generate two
independent datasets D; where ¢+ = 1, 2 and each consisting of n independent samples. The training
algorithm proceeds as follows. we first train W via gradient descent for T steps on the empirical
loss Lp, (®), then reinitialize b and train a via gradient descent for T steps on the empirical loss
Lp,(0). The pseudocode of this procedure is given below.

Algorithm 1 Layer-wise Gradient Descent
Require: Learning rates 71, 772, weight decay (31, 0o, initialization level €y, number of steps T, T.

1: Initialize a, b, W

2: Train W on dataset D,

3: fort =1toT; —1do R

4: WO w1 _ m[VwLp, (@(til)) + 51W(t71)]

5: end for N

6: W) « W=D e[V Lp, (OT17D) 4 B1egW(T1=1)]
7: Re-initialize

8: b\ g Unif([—=3,3)), i € [m]

9: a(T) « a©

10: ©T1)  (a(T), W) p(T1)

—_

: end

: Train a on dataset D,

s fort=T1+1toT + Ty do

a® + alt=1) — 1y [VoLp, (©FD) + Brat=V)]

: end for

: Note T =T + Ty

: return Prediction function fg ) (-) : & — (a(™),o(W Tz 4 b(T1)))

—_m = = =

3 MAIN RESULTS

Our goal is to show that the network defined in (I} trained via Algorithm [] can efficiently learn
multi-index models near the information-theoretic limit.

We use D to denote an arbitrarily large absolute constant and, for technical convenience, assume
n,m < dP/* throughout the paper. Before stating the main results, we further assume below
that finite linear combinations of the activation can approximate any one-dimensional monomial to
arbitrary precision.

Assumption 6. We assume the activation function has the monomial approximation property with
exponent 3 > 0. That is, for every integer k > 0 and every p > 0 there exists a bounded weight

function vl(f) :{£1} x [-3,3] = R with

[ e < Vi S 0™ )
where S, ), hides absolute constants depending solely on k and activations such that
sup |Eqp [v,(cp)(a, b) o(az +b)] — M <p (8)
lz|<1

where a is a Rademacher RV i.e. P(a = +1) = P(a = —1) = § and b ~ Unif{—3, 3] independent
from a.
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We treat 5 as an absolute constant throughout. We remark that this assumption is rather mild, which
only requires that a two-layer network with one-dimensional input can approximate any monomial
to arbitrary precision using an expectation form. Moreover, we conjecture that for most activations
one can take S = 0 and further set p = 0, as suggested by [Barron| (1993); [E et al. (2021). For
concrete examples, [Wang et al.| (2023) shows that we have 5 = 0 for ReLLU activations in their
Appendix D.6 and we also show in our Appendix [E.3|that for the following activation

21tl—1 ¢ >1

t) = - 9
J( ) {tQ ‘t| <1 ( )

we provably have S = 0 and thus can set p = 0 as well.

We also require a small initialization scale, which is our last assumption.

. e g . 1 4\ T1 . .
Assumption 7. We set the initialization level ¢y < Commi R (5) , where C. is a universal
constant.

We note that € is only required to be polynomially small provided T; = o(logd). With our as-
sumptions in place, we are ready to state our main theorem.

Theorem 1. Under assumptions|I| 2| 5| | B [6] [] or under the additional assumption that 3 = 0
and assumptions . . . . I @ we have the following result: For any first stage training time
Ty = o(log d) and any sample size

n > dlog dT2k2T + d'* 71 k2 (10)

there exists a proper choice of the hyperparameters and second stage training time Ty such that
with probability at least 1 — O(d~P/?), the Algorlthmlreturns

L(G(T)) < k%71 (log d)*P+? 1 + L i (11)
~ vm o\ /n
In short, Theorem [I] states that we can learn the target up to the vanishing test error with the width

m = @( ) and the sample size n > dlog dT?x%Tt + AT R2. We specify those hyperparameters
later in the statement of Theorem E] in Appendlx D] We further remark that the sample size require-
ment n > dlogd T?k2Tt + d'*+1/T142 guarantees that the first- stage. training learns the correct

representations, whereas the error term £*?T1 (log d)*? ™ (—= + =) 7T s contributed purely by

vm vn
the second-stage training. We note that under the first set of assumptions, the error bound can be
_1
2pT 2p+1 1 1 \B+1
refined to x2PT1 (log d) (\F + f) )

Via balancing two terms in our sample complexity requirement

n > dlog dT2x2T 4 4"+ 1 k2 (12)

the optimal dependence shall be derived from setting T = [
© and € to hide all the d°¢() terms.
Corollary 3.1. Consider T1 = [ loed | “Under this, we further require

log k

%Ogi . Note that below we use O,

log K

m = (log d)3P(B+D FBPBTOVEEE  gnd no— Cr?(log d)*d 1+2\/; (13)
where C'is a large universal constant.

Then, there exists a proper choice of hyperparameters that the Algorithm returns £(®M)) = 04(1)
with Ty = O(1) and probability 1 — O(d~P/?).

We note that the overall time complex1ty of Algorlthm I is ©(nmdT). Under the setup of Corol-
lary we have T = ©(1), m = O(1), and n = O(d), yielding an overall time of ©(d?). This
is also optlmal up to leading order, since any algorithm must spend at least Q(nd) = 2(d?) time to
read the full dataset.
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Compared with [Damian et al.| (2022)), we note that our results exactly and completely recover the
results in|Damian et al.| (2022) when we set Ty = 1. In this regime, successful learning is guaranteed

only with a larger sample size n = ©(d2), and Dandi et al|(2025) further indicates that n = ©(d?)
is necessary when T'; = 1. Our results improve upon | Damian et al.|(2022) and all previous works by
managing to execute a careful analysis of the multi-step gradient-descent dynamics on the empirical
loss over a divering time horizon. We provide the details in Section [}

4 QUTLINE OF THE PROOF

4.1 GRADIENT DESCENT CAN MIMIC POWER ITERATIONS

To begin, we compute the gradient with respect to the feature w; as follows.
Vu,jZ (©W) = Z U (fow(x:),yi) ajo (w§t)T$¢) z; (14)

Our initialization ensures that the network output is zero at the beginning of the training. Therefore,
within a moderate large time horizon, we expect fg ) () to remain near zero. Furthermore, recall

that ||w§0) || = 04(1). For small w(t)

o (w;t)Txi) = 0//(0)w<t)Tmi + 04(1) (15)

x; we have

J

using ¢’ (0) = 0 and substituting these yields
~ 1 &
Vo, L,(0") = - Z 20, yi)aja”(O)w§t)Txixi -+ smaller order terms. (16)

Letting ¢; := ¢'(0, y;), under a proper learning rate and weight decay, the dynamics can be expressed

as
(t+1) < ZE ;X > ( §£w§t)' (17)

We emphasize that the above approximation works whenever fg ) (x) and w§t) both remain small.
Under those approximations, the neurons decouple from each other.

Under these appr0x1mat10ns the dynamics can be viewed as a power method iteration with respect to

33, Recall that 32, is the empirical version of X, satisfying ||Eg —3¢llop = O(y/d/n). Moreover,
from the assumptions, the population one admits the eigendecomposition

= Z Nwu] (18)

where {u;}/_, are orthonormal unit vectors spanning U, with eigenvalues ordered as 1 = Ay >

> A= 1 /K, in accordance with our assumptions. We further assume a constant eigenvalue gap
only in this section for convenience, namely min; [Ai — Aj | > c for some universal constant ¢; We
shall emphasize that we manage to avoid this assumption in our final results via a more fine-grained
analysis (see Appendix [C).

Eigenvalues and eigenvectors of EA)E The empirical covariance s ¢ then admits the decomposi-
tion

A~ d ~

= N, 19)

i=1

where {@; }¢_, forms an orthonormal unit basis of R%. We note that we have |Xl —Xi| =0(/d/n)
and ||w; — u;|| = ©(y/d/n) for i < r. For the others we have |)\;| = ©(1/d/n). This decomposi-
tion makes it straightforward to analyze powers of 3,

ST = Z Naarl, (20)
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where T denotes the number of gradient descent steps in the first stage. For a random initialization

(0) , the contribution from the noise components is

| Y- Sraarul?| - o((vam)” [w”]). 2

i=r+1

while the signal contribution along direction u; is

T = o (3 L [l ) 2 s @)

To ensure that the signal is at least comparable with the noise, we require

H\f > (V)" 23)

which corresponds to the condition n > d'*+1/Tx2,

Assuming the noise term is negligible, for & € [r] we now focus on the signal strength along
direction wuy, instead of uy,

u{f]}w]( )~ )\k w) Up ) w ) + Z )\Tukuluij(O). (24)
1<i<r
i#k
Here we require the first term to dominate the second so that the signal strength along the direction
(0

uy, is well aligned with that along @y. For a typical w ; ), the magnitude of the first term is at least

o7

), while we have

5 st o (Ju] 17
1<ilr
i#k
using the standard estimates |u} @;| = O(,/d/n) and |ﬁzw§0)\ =0 (Hw.g'O) H V. l/d)- Therefore,
it suffices to take n > dlog dT2k?T. We emphasize and highlight that it is quite interesting to

observe that two conflicting factors are involved at the same time. If T is too small, the noise is not
sufficiently suppressed; whereas if T is too large, the weakest signal direction vanishes exponentially
and becomes undetectable. Therefore, we have to balance these two effects to find the optimal T,

which is interestingly found to be of the order ©(v/log d).

Therefore, assuming n > dlog dT?x%T + d"T k2, the learned feature approximately lies in and
successfully spans the whole U subspace. We can then conclude that the second stage is able to
learn any multi-index model with hidden subspace U from the learned features via using a standard
kernel Inethod argument. The complexity of this learning scales independent with d and polynomial
with kT, as some compensation is required to learn the weakest direction, which is still O(1) when
T= G)(vlog d). For a concrete explanation, we refer to the proof roadmap of the second stage in

Appendix D

4.2 COMPARISON WITH THE EXISTING APPROACHES

First of all, we note that our results cannot be recovered using a DMFT or state evolution framework,
such as |Agoritsas et al.| (2018); [Ba et al| (2022); (Celentano et al.| (2025); |Gerbelot et al.| (2023));
Berthier et al.| (2024) and many more. Essentially, in order to learn those generative-exponent two
directions under the sample size O(d), one needs a diverging time horizon to escape the initial
saddle point if there is no hot start or explicit spectral initialization. Under the DMFT/state evolution
propotional limit, the neurons shall not escape the initial stationary point.

Second, our methods differ from the standard power iteration in matrix/tensor PCA problems
Balzano et al.| (201 1); Montanari & Richard|(2014)). If we enforce the matrix power iteration approx-
imation for long time, the neurons shall collapse to one single direction, which prevents a successful
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learning. Instead, we force a early stop (but still longer than constant) to the power iteration to
ensure the neurons span the entire subspace. In practice, we believe neural networks can adaptively
find the optimal stopping time when the second layer is trained together with the first layer. We
provide numerical validations of our main results in Section [B]

5 FURTHER DISCUSSIONS

We here further explain our Assumption [5} which essentially requires our target function has gen-
erative exponent two without generative-staircase structure. To start with, we briefly introduce the
concept of generative exponents. The so-called generative exponents has a long standing literature
(see related works) and is introduced in its most general form in recent work [Damian et al.| (2025)),
which sharply characterize the complexity of efficiently learning Gaussian multi-index models up
to leading order. In the following, we use hy to denote degree k& Hermite polynomials and Hey, to
denote degree k Hermite tensors. A short introduction to these objects is provided in Appendix

We denote z = UTx ~ N(0, I,.) as the hidden directions and y as the model output. Denote further
S as a subspace of the U subspace, and let zg € S denote the orthogonal projection of z onto
S. The generative exponent given a subspace S, k% = k%5(z,y), is defined as the largest k such
that E[7 (v, zs)p(zg1 )] = 0 for any measurable function 7 and any polynomial p of degree lower
than k. This indicates that the tensor E[T*(y, zs)Hex(251)] # 0 and we will learn some new
directions Syew. Therefore, we get a new learned subspace S’ = S| J Shew- Repeating this process,
we will get an increasing sequence of subspace ) = Sy € S; € --- C Sp, = span(U), and the
overall generative leap exponent is then formally defined as k* := max; k.

The generative exponent is important since |Damian et al.[(2025)) proves that the complexity of ef-
ficiently learning a multi-index model is ©(d* /?) via providing both the LDP lower bound and a
matching spectral algorithm upper bound. Further, it can be shown that almost all common multi-
index models have the generative leap exponent k* < 2. For instance, it works when the link
function is 1) all the polynomials, 2) piecewise linear functions, 3) intersection of halfspace. There-
fore, we can always extract information from computing E |7 (y, zs,)Hez(2zg. )] with a proper pre-
processing function 7. In addition, Lemma F.14 of [Damian et al.| (2024) indicates that 7 need not
to be highly specific. In fact, they prove that even random polynomials suffice in the single-index
setting.

We emphasize that this observation motivates our Assumption [5] In addition to generative leap
exponent two, we are essentially requiring that there exists one pre-processing function 7~ which
is able to extract all the spanned directions in the subspace U from the second order information.
Our assumption is weaker than the previous literature of using neural networks to learn multi-index
models up to vanishing test error. For instance, via using a Huber loss, we can deal with the link

function g(z) = Zle hy(z;) which is not covered in previous papers like Damian et al.| (2022).

6 CONCLUSIONS

In this paper, we demonstrate that under Gaussian input, a two-layer neural network trained with
layer-wise gradient descent can learn generic multi-index models up to o4(1) test error using O(d)

sample and O(d?) time complexity, which matches the information-theoretic threshold up to the
leading order. We emphasize that our analysis does not rely on any particular choice of activation,
loss, or link function; rather, the assumptions imposed are generic and hold for a broad class of
functions. An important and somewhat unexpected insight from the proof is that the inner layer
must be trained for more than a constant number of steps to successfully learn the hidden features,
in order to recover the hidden features most efficiently and thus achieve optimal performance. This
observation is impossible to be observed via a DMFT or state evolution framework over bounded
time horizon, and has the potential to extend to other settings. Overall, our results demonstrate
that neural networks are capable of effective representation learning and can fully learn the target
function on this canonical task with near-optimal efficiency.
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A RELATED WORKS

Learning multi-index models. In a multi-index model, the output depends on a low-dimensional
subspace of the input data. This framework has a rich history in statistics and ML, where it is used to
model low-dimensional structures with high-dimensional data. A comprehensive survey of current
algorithms for learning multi-index models is provided in [Bruna & Hsu| (2025). In particular, it
is known that under generic conditions, the information-theoretic sample complexity required to
learn such targets is proportional to the input dimension, as rigorously established in
(2019); |Aubin et al.| (2019). Nevertheless, it remains largely unclear whether and how widely used
polynomial-time algorithms can efficiently recover the hidden subspace.

To start with, (2019); Mondelli & Montanari| (2018)); Cu & Li (2019); [Luo et al.
(2019); Maillard et al.| (2021) studies generic single-index models and sharply derives the learning
threshold. In particular, Mondelli & Montanari| (2018));[Lu & Lil (2019); [Luo et al.| (2019); Maillard
(2021) show that for a broad class of single-index models, spectral methods with suitable data
pre-processing can recover the hidden direction at the optimal threshold, matching the performance
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of an optimal approximate message passing (AMP) Barbier et al.| (2019). In contrast, |Arous et al.
(2021) considers a more restrictive setting and examines the learning of single-index models when
using online SGD as the optimizer without data preprocessing, and introduces the concept of an
information exponent, which characterizes the learning complexity in their setup.

A substantial line of works studies how to extend these results to multi-index models such as|Chen &
Mekal (2020); |Abbe et al.|(2022;2023a); Tro1ani et al.| (2025); Damian et al. (2025)); KovacevicC et al.
(2025)); |Defilippis et al.| (2025)); [Diakonikolas et al.|(2025). On one hand, |Abbe et al.| (2024} |2023b)
introduces the notion of leap complexity, showing that hierarchical/staircase structure in multi-index
models can facilitate learning. On the other hand,[Damian et al.[(2024;2025)) extend this line of work
by formalizing the generative exponent for single-index models and the generative leap exponent for
multi-index models, extending the previous results to higher order and incorporating the benefits of
data pre-processing. In particular, we highlight Damian et al.| (2025) for its two key contributions.

¢ For multi-index models with generative exponent k™, the authors establish up to leading
order a lower bound Q(dk*/ 2) under the low-degree polynomial (LDP) framework and a

matching upper bound 9} (dk*/ 2) achieved by a spectral polynomial-time algorithm for the
sample complexity.

 Furthermore, it shows that the generative exponent is at most two for almost all common
multi-index models, indicating that O(d) samples are sufficient to efficiently recover the
hidden subspace.

These papers are in general not tight in terms of leading order constants. We also note that Di-
akonikolas et al.| (2025) introduces a related notion, i.e., the m-well-behaved multi-index model,
which coincides with the generative exponent in many cases. While their sample complexity ex-
hibits a worse dependence on d compared to/Damian et al.|(2025), their work offers two advantages:
it targets agnostic PAC learning rather than subspace recovery, and it provides uniform sample com-
plexity guarantees that apply agnostically to all multi-index models within a certain given class.

Subsequently, for the precise (weak recovery) learning threshold for multi-index models, [Troiani
et al.| (2025) non-rigorously derives the sharp optimal sample size required for weakly learning
generative-leap-exponent-two multi-index models by performing a local analysis of Bayes AMP,
extending the results of Barbier et al.[(2019); [Mondelli & Montanari| (2018) for single-index mod-
els when the generative exponent of the target equals two. Moreover, as two follow-up works,
Kovacevi€ et al.|(2025); |Defilippis et al.| (2025) study learning multi-index models using an optimal
spectral method, although their sample thresholds in [Kovacevic et al.| (2025) are in general not al-
ways optimal, and none of those works can deal with the generative-staircase setup. We emphasize
that the above works depend on the special structure of multi-index models and therefore do not
use general-purpose algorithms such as learning with standard neural networks trained via gradient
descent.

Feature learning in neural networks. The term feature learning refers to the following phe-
nomenon. In practice, neural networks trained with local gradient-based algorithms such as gradient
descent can adapt to the low-dimensional structure of the tasks and efficiently learn useful hid-
den features, which in turn facilitates successful learning and enables effective transfer learning to
downstream tasks. Among the first several works in this direction, as we have mentioned previously,
Damian et al.[(2022) demonstrates that neural networks can learn generic multi-index models at a

sub-optimal sample size of n = ©(d?) under some additional assumptions. Similarly, Abbe et al.
(20245 2023b) establish a sub-optimal rate of n = O(d’) for neural network learning, where L
denotes the leap complexity. |Ba et al.| (2022) studies the problem under a much more restrictive as-
sumption of an information exponent one, and in this setting shows that neural networks can succeed
with O(d) samples.

Furthermore, as noted earlier, |Lee et al.[(2024) shows that neural networks can learn generic single-

index models with generative exponent at most two with sample complexity O(d) through data
re-using while Montanari & Urbani| (2025) provides a sharp DMFT theory analyzing the learning
dynamics of single-index models using a standard two-layer neural network when the sample size
and input dimension are proportional. Together, these two works essentially conclude the studies
of learning single-index models with neural networks. Next, Dandi et al.| (2024) demonstrates that
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neural networks can learn multi-index models with generative leap exponent one using n = O(d)
samples in constant time, leveraging DMFT theory. Finally, as noted previously, |/Arnaboldi et al.
(2025)) provides a loose result, showing that neural networks with O(d log® d) samples can recover
the hidden subspace of multi-index models but in a weak recovery sense when the generative leap
exponent of the target equals two. Besides linear features, we note that there is also a substantial line
of work on learning nonlinear features with deep neural networks, including [Nichani et al.| (2023));
Ren et al.[(2023); |Wang et al.[(2023); |Fu et al.|(2024).

We are aware of and highlight this recent concurrent work Montanari & Wang| (2026). Our works
differ in the following aspects. [Montanari & Wang| (2020) studies learning a multi-index model us-
ing a two-layer network trained with standard gradient descent instead of modified gradient-based
algorithms. Their arguments are performed in the proportional regime, that is, n/d — § € (0, +00),
leveraging toolboxes from discrete time DMFT and random matrix theory. Besides, their results are
sharp in constants, and they derive the sharp phase transition threshold at which the trained neu-
ral network can start to weakly recover the first hard direction (with generative exponent two). In
contrast, Montanari & Wang| (2026) does not establish full subspace recovery and therefore cannot
provide an end-to-end analysis of the problem. Instead our work provides an end-to-end learning
guarantee via a somehow different mechanism, albeit at the cost of a slightly worse sample com-
plexity and the use of a modified layer-wise training scheme.

B NUMERICAL ILLUSTRATIONS

We conduct preliminary numerical experiments to validate our theoretical predictions.

We consider the following target function f*(x) = (23 +123)/\/5/2 where € R and z; denotes
the i-th coordinate. This is a multi-index model with = 2 hidden directions. We use a two-layer
neural network with width m = 4 and quadratic activation function o(t) = t2. Both layers use
standard Kaiming uniform initialization for weights and biases. For each dimension d and sample
size exponent «, we generate n = |d® | training samples from N(0, I,;). We train the network using
Adam optimizer with learning rate n = 0.005 for up to 1000 epochs with batch size 32. We vary the
dimension d logarithmically and search the sample size exponent « in the range [1.1, 1.8] with step
size 0.01. For each (d, «) pair, we run 5 independent trials with different random seeds and report
the average minimal sample size exponent « required to achieve test error below threshold e.

B.1 RESULTS

Figure [T] shows the minimal-sample-size exponent « required to achieve test error below threshold
€ converges to one as d increases for different thresholds € € {1.0,0.1,0.01}. Each point represents
the average over 5 random seeds. These experiments validate that neural networks can indeed learn
multi-index models with near-optimal sample complexity. The decreasing trend in o as dimension

grows provides empirical support for our theoretical finding that n = O(d) samples suffice for
successful learning, achieving the information-theoretic limit up to leading order.

B.2 PROPER CHOICE OF LOSS FUNCTION

We demonstrate that the choice of loss function critically impacts learning performance for a subset
of targets. We consider a challenging target hy (1) + hy(z2) where hy(2) = ﬁ(z“ — 622+ 3) is
the degree-4 Hermite polynomial. This target has generative exponent 2 but information exponent
4 which is larger than generative exponent and requires a properly chosen loss function rather than
square loss to ensure the second-order information is non-degenerate. To this end, we train a two-
layer neural network with width m = 4 and cosine activation o(t) = cos(t) using two different
loss functions: Mean Squared Error (MSE) and Huber loss. We measure the learning process by
the alignment metric cos(best), defined as the maximum cosine similarity between any first-layer
weight vector and the true directions e; or e;. A value close to one indicates successful recovery
of the hidden directions. For dimensions d € {200, 300,500}, we vary the sample size n and plot
the alignment cos(best) as a function of sample complexity ratio n/d. For each (d, n) pair, we run
10 independent trials with different random seeds and report the median along with 30th and 70th
percentiles.
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Figure 1: Minimal sample size exponent o (where n = d®) required to achieve test error < € as a
function of dimension d. Three thresholds are shown: € = 1.0 (light blue), e = 0.1 (medium blue),
and € = 0.01 (dark blue). More stringent error thresholds require larger o (more samples), but all
curves exhibit similar downward trends.
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Figure 2: MSE and Huber loss for learning hy(z1) + hy(x2) across different dimensions d €
{200, 300, 500}. The z-axis shows n/d, and the y-axis shows the cos similarity cos(best). Lines
show median with error bars indicating 30th to 70th percentiles over 10 random seeds. Blue shades
represent MSE and red/orange shades represent Huber loss.

Figure 2] reveals a striking difference between the two loss functions. MSE loss consistently fails to
learn the target function, with alignment remaining near zero even when n/d = 80. In stark contrast,
Huber loss exhibits a clear phase transition: the alignment rapidly increases from near O to near 1
once the sample size exceeds a critical threshold around n/d = 20. This threshold is consistent
across all three dimensions. This experiment validates our theoretical assumption (Assumption [5)
that the pre-processing function ¢'(0, y) must ensure non-degenerate second-order information. For
this particular target, MSE loss corresponds to a degenerate pre-processing (since E[yxz"] = 0),
while Huber loss provides the necessary non-degeneracy. This demonstrates that: (i) the choice
of loss function is not merely a matter of optimization convenience but fundamentally influences
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whether the information-theoretic limit can be achieved, and (ii) our framework correctly predicts
that with proper loss selection, neural networks can learn targets beyond previous theoretical guar-
antees with linear sample complexity.

C PROOF OF LEMMA [C. 1 FEATURE LEARNING

We will use 7 to refer to the learning rate 7; and use 3 to refer to 81 throughout this section. We
recall that we use D to refer to a large absolute constant.

We will first introduce several more notations to help us to do the proof. In the first stage, we expect
the prediction fg) (x;) to remain small, since the norm of the features should remain small. We

apply a first-order Taylor expansion of the first argument of E;(t) around zero
G =000,5:) + (¢, yi) o (i) for some ‘Ci(t)’ < [fow (i) (26)
Denote the remainder term by
AP =0 yi) fow (@) 27)

which satisfies the bound ‘Agt)
expansion into the gradient expression for the j-th neuron, we get

< L|few (x;)| and should be small in principle. Substituting the

—~ 1 <&
Vi, La(01) = =3 (0'(0,9) + A a0’ (w( i)z (28)

i=1
Grouping terms, we have

By _ w7 L A® g (0T
Vo ,C (©W) aj{ ZE' ,yi)o ( wi)wi"’EZAi U’('wj x;)T;i |- (29)

i=1

Zeroth-order term Perturbation

To analyze the gradient dynamics, we further expand the derivative of the activation function using
a second-order Taylor approximation around zero. Since ¢’ (0) = 0, we obtain

o' (2) = 0" (0)= + %0(3)(5)22, for some |¢] < |2|. (30)

Substituting the expansion of o’ (-) into V,, L. we obtain

Vo, L = ajo (O)ngj—i-—Zﬁa &) (w]a JZA“)/w

Perturbation

N X n 1
= a;0"(0)Bew; + £ (Z 1i0® (&) (w] @) a; G1)
=1

+20"(0) Y AP (wle)a; + Y AP <@><w}wi>2wi> .

i=1 =1

The first term captures the leading-order linear dynamics that should be dominating, while the sec-
ond term is a higher-order perturbation term that will be controlled using norm bounds on w( " and

also bounds on Al(- .

Under gradient descent with a proper weight decay (recall that we set 3 = %) and the learning rate
as 1), the update rule for w; becomes

W Z 0 (T E 1 ) = OBl ED )
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where the residual term R§-t) is defined by
Rgt) - 77a] (Zg o (3) 5(t (t)T ) z;

+2 Z A (W Tz + 3 AP e® (§i(t))(w§t)-rmi)2wi> (33)
1=1

i=1

T

Since (w; ()

(L : () ) _
(w; , we can write R, as R; —na; QWw; ) where

x;)?x; = @)z w, ]

Q" € R4 is a symmetric matrix deﬁned by

1 n ,
= o (Z lio® (gz(t))(wj(f)Twi)wiwiT

i=1
n n
+2 Z Agt)miw; + Z Agt)a(?’) (fz(t))(w;t)Txi)ximiT) (34)
i=1 i=1
Now the entire update can be expressed as
w{™t = —na;(E+ QW)w!. (35)
Define R
M® =3, +Q", sothat w|™ = —na;MOw. (36)

Through all the calculations above, we obtain a compact form of the update rule with a clear linear
structure. Then by repeatedly following the updates for T iterations, we achieve

T:—1
1
w{™) = = (—a;)Try™ ( [ m “)> w”. (37)
t=0

€0

This shows that 'w( ) lies in the i image of a composition of linear operators, each consisting of a
dominant direction determmed by > ¢, plus a time-dependent perturbation Q(*).

The general picture is that Q) is negligible when ¢t = o(log d). In this case, we have 'w(tH) x

s zwﬁ-t) and the dynamics of GD will be similar to a power method iteration. For now note that our

power method iteration is with respect to 3, not 3, since the sample size is finite.

This section is devoted to a complete proof to bound the difference between w§T1) and the ideal
update

_ 1

w; ™ = %(—CLJ‘)T”?T1 231w§0) (38)
Note that we have

(T1) _ —~(T 1T
H,wjl 7,wj( 1) 1

(39)

e )
T 0
(”M 2€1>'wj

and therefore we just need to bound H ( ;rzlal M® — E;l) wgo) H

Lemma C.1 (Total Perturbation Error). With probability at least 1 — O(d—P), assuming n > dT?
and m < dP/%, forall j € [m], the total perturbation error is bounded by

T:—1
logd d
H ( [T m® - z}) w®| < 6(]Tw\/fJr o™, where = C\/; “0)
t=0

where C'is a universal constant.
The proof of Lemma|[C.1]is provided in Appendix

18



Published as a conference paper at ICLR 2026

C.1 PRrROOF OF LEMMA[CT]

We first give a sharp characterization of s ¢. We will bound the difference of the empirical and the
population. Define

1 - T T
H, = - i_zl&:ci:ci —E[lxx']. 41)

Lemma C.2 (Operator Norm Bound for Hy). With probability 1 — O(d—2P) we have | H|lop <
\/E

From this lemma, we expect a sharp concentration once n > d. This is standard in literature. Next,
we bound the magnitude of fg ) ().

Lemma C.3. Let fgu () = Z;“:l ajcr(wj(.t)Tm) be the output of a two-layer neural network at

iteration t, where each wj(-t) € RY satisfies ||w§t) | < € and the input x € R satisfies | z|| < 2V/d.
Then, for all such x, the network output satisfies the bound

4
lfewm (@) <m <2€2d + 3M63d3/2> . (42)

Next, we start to control the operator norm of the matrix Q(*).

Lemma C.4 (Operator Norm Bound for Q). Suppose the following holds. Each input satisfies
|l2i]| < 2/d. Eachweight vector satisfies ||w§t) || < e. The network prediction at iteration t satisfies
|fow ()| < Cy.

Then the operator norm of Q) satisfies

1QW||op < 4€d®?(LM + LCyM) + 4LCd 43)

Plugging in the concrete estimation for the constant C'¢, also note that without loss of generality we
can assume L > 1 and M > 1. we have the following.

Corollary C.5. Suppose the following holds. Each input satisfies ||x;|| < 2v/d. Each weight vector
satisfies ||'w.§t) | <e

Then QY satisfies

4 1
1QW||op < ALMed?/? + 8Lmed? + EOLMm?ds/Q + §6LM2me4d3 < 32L2M2md3e. (44)

With all the lemmas and corollaries above, define the following high probability events. First, we
define the event g (finite-sample noise bound) as follows:

g = {||Hgop§'ywherewzC\/g}. (45)

By Lemma this holds with probability at least 1 — O(d—2"). Furthermore, provided n > dT?2,
we know that v < % also vy < ﬁ Second, we define the event £p (truncated norm) as follows:

Ep = {||lz]| < 2Vd fori € [n]}. (46)
By Lemma [E.18] this holds with probability at least 1 — n exp(—cd), thus at least 1 — O(d~2P).

Third, we define the event Sg) as 58) = {HQ(t) Hop < i} . Note that under event £p, provided

HwEU | < gmregzas We have Sg) happens. We notice that Eg) has no independent randomness,

it is defined just for notation convenience.

In the following we analyze the gradient update conditioned on the event £g N €p, which holds
()

with high probability. First bound the norm of w;"".
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Lemma C.6 (Norm Bound after T Steps). Suppose the event Egr N Ep holds, and let the learning
rate be set as

1 d 1/(2Ty)

= | 47
! Gy (”2) @0

for a sufficiently large but fixed constant Cy, where v = 4D log d. Suppose

0 _ 1
e RV VENIIER (“48)
Then forall0 <t < Ty — 1, we have
1

)l < Vo and 12 < gy “

Next, we remove Q) out of M® = 3, + Q) and compute the perturbation error.

Lemma C.7. Suppose the event EggNEp holds. Define A := (Hthlo_l M® — i}l) wﬁ-o). Assume

that g < Then the perturbation error is bounded by

1
128mL2M2d7/2"

5 T:—1
A STy <4) md"/?€5. (50)

Next, we deal with the difference between X, and s 0.

Lemma C.8. Let w ~ Unif(S?"1(eg)) be a random independent vector. Then with probability at
least 1 — O(d=2P), we have

logd
1 T 1 g
I+ Ho)™ w = =] wl S €0 ((1ellop + [ Hellop) ™ = 15el13) /=5

+ ol | Hl| 3} - (51)

Corollary C.9. Under the setup of Lemma and note we assumed | Hy|op < v with v <
1/(2T1). Then with probability at least 1 — O(d~2P), we have

logd
it 1070 5] 5 (w5 ). )
Proof. From the binomial expansion,
T T
(Hv)“l—Z( .1>vﬂ—Tw+Z< .1)% (53)
=1\ i=2 N

Since 3~7%,(T17)7 < (T17)?/(1 — T1v) < 2(T17)* < Ty, we get (1 + 7)™ —1 < 2Ty7. On
the other hand, as in Lemma[C.8] one shows under the same event that

log d
|+ H)"w - = w| S e ((1 +9) T =1y o+ 7T1> . (54)

Combining the two bounds yields the claimed result. O

By putting all the things together, we obtain the final bound of Lemma|[C.1]

Proof of Lemma|C.1] We first prove another lemma. We aim to first show that under the stated
condition on €, the perturbation error from the time-varying iterates is smaller than the leading-
order perturbation induced by Hj.
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Lemma C.10. Suppose the event Egg N Ep holds. Recall A = ( ;legl M® — 231) w](p) denote

the error from time-varying perturbations.

Then, provided that €y < ——=751/ 10Ed(ll/5)T1 we have
logd

IAIS Ty €0 (55)

Proof. Recall the bounds established in previous lemmas. We have the one-step expansion error
from iterated time-varying perturbations

5 T:—-1
AT () maa (56)

We plug in one ¢

STy €0 (C1))

and the proof is complete. O

Finally we decompose the total perturbation error into two parts
Ty —1 T;—1
( H M(t) _ E}H) ’LU;O) — ( H M(t) _ 2}1) wj(O) + (Egl _ 2}‘1) wJ(O)
t=0 t=0

logd logd
S Tivy/ S €0 + €o (Tﬂ’\/cgi-i-’YTl)

log d
Seo <T17 o8 +’)’T]> (58)

d

The conclusion is then straightforward if we adapt the previous two lemmas to bound these two parts
separately. O

C.2 PROOF OF SUPPORTING LEMMAS IN APPENDIX[C.]]
C.2.1 PROOF OF LEMMA

Proof. We analyze the operator norm via a net argument.

Recall that || Hy||op = SUp|jy,|—|jv|=1 &' Hev. Let M'/* N'/* be two }-nets of the unit sphere in
R?. Then

T
o =
| Hellop <2 max u' Hpv (59)
weM/4 peN1/4

Fix any w, v, and define
Z; = (uT:ci)(vTa:i)& — E[(uTac)('uTm)f]. (60)
Note that we have u' Hyv = % ZZ':l Z;. Since x; is standard Gaussian and ¢; € [—L, L], we have

|1 Z;|l4, S L. Therefore we can invoke Bernstein’s inequality and do a union bound over the net to
obtain )
ent
P([| Hellop > t) < 81%exp <L2) : (61)
Choosing t = C’L\/g for sufficiently large C, we obtain the desired conclusion. O
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C.2.2 PROOF OF LEMMA[C3

Proof. Using the Taylor expansion of o(-) at 0 with ¢/(0) = 0 and ¢”/(0) = 1, we have

1 1
a(z) =0(0) + 52*2 + 60(3)(5)5’ for some [§| < |z| (62)
Then

fo (@ Zaj wf®) =3 a o0+ w0 + o e M| 6

Since Y ja; = 0, the constant term cancels and

1 & T 1 & T
fow (@) =5 > a;(w”@)* + 23" a0 () (w] 2)? (64)
Jj=1 j=1

‘We then bound each term. We have
@] < | e]| < 2¢Vd. (65)

Therefore (w<t)T:v)2 < 4€%*d and (wj(-t)T:c)?’ < 8¢3d%/2. Then

Z a;(w (t)T 2 < 4me?d, Z ajo(3)(§§t))(w§t)Tw)3 < 8mMe3d3/? (66)
and the followmg is straightforward
1 1 4
lfow (x)| < 5(4m62d) + 6(szmMeBdS/ 2y = 2me’d + gmMe?’d?'/Q. (67)
The proof is complete. O

C.2.3 PROOF OF LEMMA[C.4

Proof. We upper bound the operator norm of Q(*) by treating the three additive components sepa-
rately.

Let .
.1 3) (£ (o T T
=5, ;fzﬂ( (& J(w; xi)Tix, (63)
We bound each component |wla;| < |[lwjll|l@]] < 26Vd, [z lop = [lol]> < 4,
1£:03) (¢8| < LM. Thus,
1
1Q lop < 5 LM (2cV/d)(4d) = ALMed"/?. (69)
Let
1 n
=y Al (70)
i=1
Each term satisfies \Agt)| < LCY, |lzix]||op < 4d, s0
1Q57llop < LC (4d). (1)
Let
III = ZA Mg f(t )(w )Tiw] (72)

We again use |A§t)a(3)(§£t )| < LCfM, |'wj x;| < 2eVd, ||zix] ||op < 4d, to obtain

1
1Q%), llop < %nLC’fM(Qe\/Zi)(Zld) = ALC; Med?/?. (73)

We combine the operator norm bounds

1QVlop < 1QV lop + QS Nlop + QS llop < 4ed®>(LM + LCyM) +4LCyd.  (74)
The proof is complete. ]
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C.2.4 PROOF OF LEMMA[C.6]
Proof. We first prove the following supporting lemma.
Lemma C.11 (One-Step Norm Control). Suppose the event Egr N Ep N SS) holds, and let the
learning rate be set as
1 d 1/(2Ty)
— (2) (75)

= Cy \r
for a sufficiently large constant C,, where . = 4D log d. Then the gradient update satisfies

T R (76)

Proof. Under the event Egr N SS), we have

1 1 3
IMOlop < [ Sellop + 1 Hellop + @ <145+ 7=3 (77)
op 4 4 2
Then,
t+1 t t 3 t
i1 =l MOw( | < n MO lop - ]| < Tn- i (78)
Plug the formula for 7 into the above one and we obtain the desired conclusion.
O
We prove by induction on ¢ € {0,1,..., Ty — 1} that ||'w](.t)|| < d¥(T)¢, where we assume
€0 < m. The t = 0 case is trivial. Suppose for some ¢t < T, we have
Jw{”|| < /T e (79)

Plugging ¢ in, ||wj(.t) | < thus the event Eg N Ep N 58) holds, apply the previous

1
S TRmLeAEs
lemmalC.T1] we get
||w(t+1) || < dl/(2T1) ||w(t) || < d(t+1)/(2T1)€0. (80)
J = g =
Repeating this induction, the result is straightforward. In particular, for all 0 < ¢ < T; — 1, we have
lw{[| < Vdeo. 0

C.2.5 PROOF OF LEMMA[C]
Proof. We begin by expanding the product of perturbed operators using a standard multiplicative
expansion

T:—1 T,

[IMO==0+> Y  shtriQuIsy-t..Qmish. @)
t=0 s=10<T;<--<Ty
Subtracting f)[Tl from both sides yields

T1—1

Ty
[[MO-sp=3 5 spocigusioQUst. @
t=0

s=10<T1<---<T1
We now apply this expansion to w§0), and estimate the resulting norm. For each term in the expan-
sion with s perturbation matrices, we use the operator norm bound

1771 - QUVET || < ST TT Q™ lop - 1w | (83)
k=1

Note that the event g N Ep holds, ||f]g||0p < |1 Z¢ellop + [[Hellop < 2 . Combining with

1

G — 84
0= 1o8mL2M2d7/? &4
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by Lemma foral0 <t<T;—1 Hw](-t)H < V/dey. Moreover, using Corollary , it is easy
to know that

HQ“) < 32LM2md"/?e, (85)
op

Hence, each term with s perturbation matrices is bounded by

5 T1 —S8
(4) (32L2M2md™ €)% eo. (86)

Summing over all such terms (total of (T:) per order s), we have

T)-1 ) T T 5 T,—s
W57 10 ! - 202 J7/2
H(g M 2Z1> Wi = ; ( 5) (4) (32L2M*md %) 0. (87)

This sum can be rewritten as

AW 1

5 Toors\™
(+32L2M2md7/2eo> () ] (88)

Applying the first-order binomial expansion which is valid for the small enough ¢ in our assumption
and we conclude

T1—1
Al < Ty <Z) mM?2d7/%e2. (89)

The proof is complete. O

C.2.6 PRrROOF oF LEMMA[C.§]

Proof. We first introduce several standard concentration results.

Lemma C.12. Suppose A is a matrix in R™9, and w ~ Unif(S%~1). Then with probability at
least 1 — O(d=2P), we have

|(Aw)s| S [|Allopy/ % Sorall s € [r]. (90)

Proof. Fix s € [r], and define the function f(w) = (Aw), = e! Aw.
This function is Lipschitz with
1£llLip = lles All < [|Allop- ©On

By the standard concentration results for Lipschitz function on the sphere for instance Theorem
5.1.4 in|Vershynin| (2018), and noting that E[f(w)] = 0, we have the following concentration

Bl w) 2 ) < 2exp (~ T30 ). ©2)

Sett = 2||A||Op\/@. Then we obtain
P ((Aw)s| > 2| Allop Dg;d) <d?P. 93)
Applying a union bound over all the  coordinates and the desired result follows. O

Lemma C.13. Let w ~ Unif(S?!(ep)). Let H; € R**9 be a fixed matrix. Let IT* € R™*< denote
the projection onto the first v coordinates, that is (II*v), = v, for s € [r].

Then with probability at least 1 — O(d~2P), we have

rlogd

I Hfw] S o | HE op - | 2,

forallk=0,1,...,T;. (94)
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Proof. Fix k € {0,1,...,T1}, and define the matrix A = HJ'. By Lemma|C.12| for each fixed
s € [r], with probability at least 1 — O(d~2P), we have

4Dlogd
(Aw),| = (HEw).] < e[ HE o | 225 ©3)

for some small absolute constant c. Applying a union bound over all s € [r], we get the following

bound holds
, 4Dlogd
Vs € ] |(HFw)i| < ol HE lop| 7> 96)
Hence )
R . 4Dlogd
[T Hw||* = ;«Hé“w)s)? <r <eo|Héf||op\/cd> ©7)
and the conclusion follows with a square root calculation and a union bound over time. O

To prove Lemma|C.8] we invoke the following auxiliary results.

(i) Operator norm bound. || H||op < \/g with probability at least 1 — O(d—2P).

(ii) Projection bound. For any integer 0 < ¢ < T, we have by Lemma|C.13

logd
T Hw)| S eo - [|Hll, - /- (;g with probability at least 1 — O(d~2P).  (98)

Under those two events, we expand
Ty
(Be+ H)"'w - 3] w =Y My(w), (99)
k=1
where My, (w) collects all degree-T; monomials with exactly k occurrences of Hy. Among them
we have two kinds of terms.

First, the pure H, term. There is exactly one such term:
|H wl| < eol He|| % (100)

Second, the mixed terms. Each M}, (w) consists of expressions of the form
T(w) = A" Hjw, (101)

where A consists of a product of Ty — k — m X,’s and k — ¢ Hy’s. Because X is rank-r, and
leftmost 37" acts as projection to top-r eigenspace, we may write

T(w) = ASTIT (H)w). (102)
Now, we estimate each term.
1A llop < 1B lla3 =" Hellgy s (103)
122 lop = 1Zell5; (104)
I (BEf) | 5 ol HE | 22, (105)
and therefore
IT()] S collellTy ™ EE | 2. (106)

The number of such terms is at most (Tkl), and summing over 1 < k < T

T;—-1
T _ rlogd
o 3 (0 ) Il o
k=1
rlogd

Ty
S o (1%l + 1 F )™ = 1203 — T ) o/ 22

(107)
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Adding the pure Hy term back, we conclude the final result with 1 — O(d~2P) probability

rlogd
IS+ Ho) " w = 5P w] 5 o ((18ellop + [ Hellop)™ = 15ell33) 1/ o + eol Hell .

d
(108)
The proof is complete. O

D PROOF OF THEOREM [

D.1 PROOF ROADMAP OF THEOREM[I]

General roadmap. For notational convenience, given parameters ® we denote the population loss
and its empirical counterpart on the second-stage training set as

£(©) = Ealt(fo(w). f*(2))] and £(©):= 3 (fole). /@) (109

To prove Theoreml 1.e., upper boundmg the population loss £(©(™)) where ®(T) is returned by
Algorithm [I] we first construct an “ideal” parameter candidate ®* based on our feature learning
analysis (Appendix|[C.I)) and analysis of standard random feature models as a transition term, which
lies in a proper parameter class @* € F with well-controlled ||®*|| and yields small empirical error.
Then, we can decompose the error £(©(™)) as

£©M) = L(©*) +2©M) — £(@*)+£(OM) - £(0™). (110)
——
Lemma[D.17](subtle issue) Lemma[D.I8] Lemma[D.19

Next, by choosing a proper weight decay hyperparameter which relates to control the complexity
of F and leveraging the convexity of loss function with respect to a, we show in Lemma[D.T8]that
with O(1) second-stage training steps, the second term can be bounded appropriately. Then, given
that ™) € F, we use standard Rademacher complexity analysis in Lemma with proper
truncation arguments to bound the generalization error (the third term) via uniform convergence
arguments. Now it suffices to construct the ideal ®* with a controllable norm and a small error.

Subtle issues in constructing ®*. An intricate problem arises when constructing ®* and estimat-

ing Li (©*). We note that each neuron w'" after training depends simultaneously on all neurons at
initialization in a complicated manner. Cjonsequently, the network after time T cannot be expressed
as an average of conditionally independent terms, which hinders a direct Monte Carlo sampling
analysis.

To overcome this, we introduce the so-called decoupled parameter group e = (a, b, ﬁv/) In this

(0)

construction, each row w] preserves its dependence on the corresponding initialization w; but is

independent of the other neurons at initialization. Then, we can further decompose the error £(®*)

as — —~ P
L©%) = L(O) +L(0%) - L(O). (111
S—— —_—
LemmdD 15| Lemma[D.16

For the first term, we invoke standard Monte Carlo concentration arguments (Lemma|[D.T4) to bound
the squared loss, and then use the Lipschitz continuity of ¢ to extend the squared loss - to the general
loss E(@*) (Lemma . Moreover, we show that the empirical risks of ®* and O~ differ only
by a negligible amount (Lemma [D.16)), which is well-controlled by the Lipschitz continuity of the

loss function £ and the small distance between ||[W (T — W (D)|| (Appendix , ensuring that @*
and ®* are sufficiently close.

Now by combining all the above analysis, we can give an upper bound for £(®(™)) (Proposition
[D.20). Last, we manage to get a balance among the error terms with undetermined coefficients
related to the monomial approximation property of the target function in Lemma[D.2T]and compute
the time complexity explicitly in Lemma concluding our formal proof of Theorem

>The formal version is stated in Theorem where we explicitly specify all the hyperparameters.
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D.2 EVENTS OF HIGH PROBABILITIES

We will first define the following events.

Briefly, we define £, and &g as events that the features are ensured to be well learned in the first
stage, which has been proved in Appendix we then define &, and & to control the range of the
learned features and the second-stage training data for convenience of learning the outer polynomial
link function g in the second training stage.

First, we define the events solely related to our first dataset. Recall from Lemma that the con-
centration error H, admits the high-probability operator-norm bound ||Hyllop < v := Cy/d/n
where C'is an absolute constant. We note that for sufficiently but moderately large n (n > dT?) the
perturbation bound satisfies vy < ﬁ We will assume this regime throughout.

We define
1
Ea = {IHcllop <7} [ N {2 2|2 < d} (112)
1€[n]

and we know from Lemma and Lemma [E.18] that P(€,) > 1 — O(d~2P). Next, for a fixed
perturbation H, the projection control event (for w drawn uniformly from the sphere ¢,S?1) for a

single feature is
— II*(H! log d
g = {le)ll < ||Hg||opﬁ for all £ < Tl} (113)
€0

and we know from Lemma that IP’(E’;|H5) > 1 — O(d~2P). Next, we consider the events
related to the sampling of our features at initialization. Note that because we use symmetric ini-
tialization, only the first m/2 weight vectors are independent. For a fixed perturbation H, and

1 < j < m/2, the projection control event £ éj ) is

) I @ w| log d
&) = {601 S H{llopy/ =~ forall £ < Ty (114)
and we know from Lemma that P& éj ) |Hy) > 1 — O(d—2P). Next, define the desired event
as the intersection £g := ﬂg":/f & Ef ), Applying a union bound gives

P(Es|Hy) > 1 — O(md2P) (115)

From here, in this section we will write 7; as n from time to time. Next, conditioning on the first
dataset and the features, after the first stage of training, we define new events over the randomness
of the second dataset. We need to introduce more notations first. From the previous section, we have
the following formula for our final feature

Tlfl
1
w{™ = = (—a;)Try™ ( [ m “”) w;” (116)
€ =0
and recall the ideal feature I/U\j(Tl) = é(—aj)TlnTl E;Fle(.o). For technical convenience, we next

define the approximate feature to remove the influence of the interaction between neurons.

_ 1 BN
) = = ()" (S0 ) (117)

To help the proof, we further define

1 /4 1
h,(w) = . (EEI) w and h(w):= %22111) (118)

and the residual r(w) := h,(w) — h(w) for notational convenience. These approximate features
are useful for our future analysis since 3, does not depend on {w; }7" ;. Therefore, the approximate
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dynamics then will decouple across neurons. We can bound the difference between the approximate
features and true features afterwards with some additional efforts.

We next define the following event over the randomness of the second dataset conditioning on the
first dataset for one feature

g, = {\hn(w)Tazi\ < |[hn(w)|[V2e foralln+1<i< 2n} (119)

where ¢ = 4D log d. Via invoking the Gaussian tail bound plus a union bound over dataset, we have
P(E,|Hy,w) > 1 — O(nd~2P). Then we define

) . (ONT (0) .
£ = {|hn(wj )Tai| < [h(w™)||V20 foralln+1<i< Qn} (120)

where again ¢« = 4D logd for each individual neuron. We have IF’(&(,j )|H ¢ {wj(p) o) > 11—
O(nd=2P) due to the same reasons as above. Define the desired event as the intersection &, :=
ﬂ;":/f E,Sj ), Applying a union bound over these indices j € [m/2] gives P(&,|Hy, {w§-0) o)
1 — O(nmd=2P).

v

Last, we also need to define another event depending on {z;}?", 41, that is, &

Nicinl 12 lzin|?® < d} Nicpny U(@itn)| S Viogdforallk <r}. By Lemma [E.1§ and
Lemma E.19|we have that P(€;) > 1 — O(d~P).

Finally, we denote &, := &, (€3 () &, [ ¢ from here. We will condition on this event throughout
this section unless we particularly specify.

D.3 PROOF OF THEOREMIII

We first recall some basic facts from the results of the first stage. We have ||Hyl|op < 7 under &,,
which gives rise to

1Zellop = %6 + Hellop < [Zellop + | Hellop <1+ (121)

and taking the product over ¢ yields Hf]}l < (147)T.

op

On those events we can obtain the crude uniform bound

[P (w)]| =

e
< O = 1 (122)
0

€o

that we might use later. Note that this estimation is uniform for all the features. We denote this
upper bound by V := (1 4 7)1,

Furthermore, we know by Corollary for w drawn uniformly from the sphere €,S?~', under
Eq N &g, the residual term is dominated by

Dlogd
IIT(’w)IISC<7T1\/T dog +7T1> (123)

where C'is a universal constant. For notational convenience, we denote the right side as K. We note
that this is also uniformly correct for all features under the full event £.

Next, we need to do the following moment estimation for the residual term. The below is not
straightforward since we need to take the expectation of w.

Lemma D.1. Under the high probability event &, for any integer 1 < j < 4p we have
(BT r(w)|)"” < K. (124)

The next lemma computes the sample size needed to control K.
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Lemma D.2. For each absolute constant c, in order to bound K as dk2T K2 < 2 itis Just sufficient
to require

n > T2dlog dr®™" + dM/ T2, (125)

Lemma D.3. Givenn > T?dlogdx®™* 4+ d"t'/T1 k2, under the high probability event of E, N E/;,
we have

1
[An(w)|| < v/log dﬁ' (126)

The proofs of the three lemmas above are provided in Appendices|D.5.1] [D.5.2]and [D.5.3] respec-
tively. Then the following corollary holds.

Corollary D.4. Let w ~ ¢o Unif(S?1). Given n > T3dlogdk?*T* + d'*V/T1 k2, under the high
probability event of £, N Eg N &, we have

log d
Vd

max }th(w)Ta:jH < . (127)

jE€[n+1,2n

Proof of Corollary[D.4] From previous proof we can see under the high probability event of £, N
Es N &, we have

e [ (w) 25| < [|hn (w)] /4D log d. (128)
J€In+1,2n
— 1 ..
Also by Lemma as £, N &g happens, we have ||k, (w)| < /log dﬁ~ Plug this in and we get
our conclusion. O

Before proving the results below, we introduce the notation used throughout. First, let S* =
span{ei,...,e,} C R be the subspace spanned by the first r standard basis vectors, and recall
IT* : RY — S* denote the orthogonal projector onto this subspace (i.e. IT* preserves the first 7

coordinates and removes other coordinates). Then, for a symmetric tensor T' € Smek(Rd), write

Mat(T') for its canonical matricization as a linear operator on Sym”(R%); equivalently, Mat(T) is
the unique linear operator satisfying

(u®* Mat(T)v®*) = T(u®*,v®*) forall u,v € R%. (129)

The next lemma will be important for our proof. We can now show that the obtained features h,, (w)
are sufficiently expressive to allow us to efficiently represent any polynomial of degree p restricted
to the principal subspace S*.

Lemma D.5. Under the high probability event of £, given the sample size n > T?dlog dr*Tt +
d1+1/T1/@2,f0r any k < p, we have

, d \"
Mat (B [(TT*hyy (w))®24]) 2 (AzT> Ty, (5) (130)
where 1,k s+ denotes the projection onto symmetric k tensors restricted to S*.

In this lemma we will use monomial basis to construct the following approximations for <T , m®k>
for any k < p and any k tensor T supported on S* = {ey,...,e.}.

Lemma D.6. Assume the sample size n > T2dlogdr®™ + d*+'/T1 k2. Then under the high
probability event &, for each k < p and any symmetric k tensor T supported on S*, there exists
zr(w) such that

Ew [27(w)(hy(w) 2)*] = (T, 2%%) (131)

and we have the bounds

d \* d \*
B [or(w)) £ (im0 ) IR and Lerto) (5 ) ITela(w)l 32
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The proofs are provided in Appendices[D.5.4]and[D.5.3]

In the following, we show that bias reinitialization together with our learned features can be used to
transform a wide class of activations ¢ into (or uniformly approximate by) the monomial x?, thereby
making it able to approximate low-dimensional polynomials.

Definition D.7. Let a be a Rademacher RV i.e. Pla = +1) = P(a = —1) = % and let b ~
Unif|—3, 3], independent from a.

We say the activation function o(-) has the monomial approximation property with exponent 3 > 0

if for every integer k > 0 and every positive p there exists a bounded weight function v,(cp ). {1} x
[-3,3] = Rwith

10 |oe < Vi < Co(k)p™" (133)
such that
sup |Eqp [v,(f)(a, b)o(az +b)| — zk‘ <p (134)
|z]<1

The uniform approximation property in Definition[D.7]is expected to hold for many standard activa-
tions, with different growth behavior of the required weights V;, ,. For example, we provably have
B = 0 for the activation function below.

Definition D.8. The locally quadratic activation is defined as

2Ll -1, ¢ >1,

t) = - 135
o(t) {tQ, It < 1. (135)

In Secttion [E.3| we show that 3 = 0 for locally quadratic function.

We first prove the following lemma in preparation for the proof that follows.

Lemma D.9. Under the sample-size condition n >, T3dlog dx®™ + A"V T2 Then under the

high probability event E,, we have for all features j € [m)]

H@}(T” <1 (136)

<1 and max |(’(TJ;'(T1))TZBZ'|§1 and Hw<T1)
i€[n+1,2n] J

Note that we already constructed the approximations for <T, a:®k> using monomial basis, now we
will utilize those bounds above to construct the following approximations for <T, w®k> for any
k < p and any k tensor T supported on S* = {ey, ..., e, } using activation function o.

Lemma D.10. Under the sample-size condition n > T2dlogdrx?*Tt + dY T k2 also T =
o(log d). Then under the high probability event £, N &, Consider

fir (@) 1= Baaw [ (a, b, w)o (@™ T + 1) (137)

where w(T1) = (=na)T h, (w). Here
(ex) n
v " (a, )27 (w)
hr(a,b,w) = IC(_TIWH lhn (w)]| <1 H l\ﬁTlhn(w)Tan\gl (138)
i=1
where q)l(:k) is constructed from Definition @ and zr(w) is the same from Corollary @ We
further assume €, > 4125,

Then, for any training point © € {x;}?", .1, it holds thats

| fhe (@) = (T, &%) | = Ay Sd- 5 ||T|, (139)

where

€k 1
A= oy [Bwler(w)]] S ecn™ log d|T| . (140)

Additionally we have the following moment estimations where Vi, ., is from Definition @

Elh7] S Vie (K1 10g” )F|T |, [Ihrlloe S Vie, (871 log? )| T|lp. (141)

~
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The proofs of Lemmas [D.9]and [D.10] are provided in Appendices[D.5.6and [D.5.7] respectively.

The previous lemmas establish the pointwise approximation guarantee for an arbitrary data point &
under the event £, N &¢. The next corollary will bound the empirical squared loss over the dataset
{wi }?gn-‘rl .

Corollary D.11. Under the sample-size condition n > T3idlogdx®™ + AV T2 giso Ty =
o(logd). Then under the event £, N E¢, for any k < p and any k tensor T supported on S* =

{e1,...,e.}, we have the empirical squared loss bound
1 2n 9
=3 (nelwn) = (T,2P%)" S AF+a AT (142)
i=n+1

where f,.. is defined in Lemma @

Proof of Corollary[D.11} Let ¢; := fyp(z;) — (T, x{"). By Lemma we have, for every
training point ;, n + 1 < i < 2n,

lei| S A +d~ % ||T)|p, (143)
where
€
Aj = nk—]frJ]Ew[zT(w)H < e, logh d||T || . (144)

Squaring and averaging, we get the following bound as desired.

2n n
1 1
= G5 D (A +dE T ) < 287 + 2477 T (145)
n n 4
1=n—+1 =1
The proof is complete. O

Definition D.12. For accuracy parameters {ey }r<, define

Vp,e i= Oréll?%{p Vien (146)

where Vj, , is the uniform bound on H’U](:k) |loo from Deﬁnition@

Notice that we already have empirical squared loss bounds for all T" supported on S* in the Corollary
Next we will derive empirical squared loss bounds for f*(x).

Lemma D.13. We assume the event £, N &, the sample-size condition n 2, T2dlog dk®™ +
A"/ k? and Ty = o(logd). Further, let h(a,b,w) = Y, . hr,(a,b,w), where {T},}}_, is
defined from tensor expansion of f* introduced in Lemma |E.21| f*(x) = Zkgp <Tk, m®k> and
hr, (+) is given by Lemmawith accuracy parameters {€j } x<p-

Then we have the following empirical squared loss bound for f*(x)

2
2n

LS ) - @0 S (A | va P (147)

i=n+1 k<p
Where f1,(x) is defined as
fr(@®) =Eqpw [h(a7 b,w)o(w T Tz + b)} (148)
Additionally we have the following moment estimation

ER?] S V2 (T)?P(logd)®,  ||hllse S Vpe(KT)?P(logd)?P. (149)

~

The proof is provided in Appendix [D.5.8] We next introduce the following lemma using Monte-
Carlo Approximation.
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Lemma D.14. Under the sample-size condition n > T32dlogdr*Tt + AV Tig? also Ty =
o(logd). Consider a} := --h(ay,b;, w§0)) where h(-) is defined in Lemmaand aj;,bj, 'wj(-o) is
initialized as in Algorithm Denote ©* = (a*,b(T1) W(Tl)).

Then under the event £,,, we have

2
V2 (k)% (log d)*r+2

_ —D/4 D€
Z;I fo. (@) %Ak +d P — (150)
and ||a*|? < £V2 (k71)* (log d)*

The proof is in Appendix For notational simplicity, given the parameter group ® =
(a,b, W), we denote the population loss and its empirical counterpart on the second-stage training
set as

£(©) = Eall(fo(@). /*(e))] and £(©)i= Y f(folw).f(2) (5

respectively. Also write £(©) for L(fe).

In this lemma, we bound our general loss using the squared loss bound.

Lemma D.15. Under the sample-size condition n 2> T?dlog drx?Tt + AV T2 also Ty =
o(log d) and under the event £,,, we have

LOSL{Y Av+
k<p
where Ay, is defined from Lemma[D.10)

V2 T1)\4p 1 d 4p+2
\/ 2 (k™) l0g d) 152

m

The proof is presented in Appendix

Next, we consider the gap between the real features we learn W (1) and the approximate features
W (T, Recall ®* = (a*, b(T), W(T1)) and ©* = (a* b(T) W (T,

Lemma D.16. Under the sample-size condition n 2> T2dlogdrx?Tt + A"V also Ty =
o(log d) and under the event £,,, we have

~

2 T1\4 4
<L\/V (r 1) (log d)tr (153)

m

Z©") - £(©)

We provide the proof in Appendix [D.5.11]

Combining the above two lemmas, we directly get the bound for L (for).
Lemma D.17. Under the same condition as the last lemma we have

\/ V2, (KT1)4 (log d) p+2

m

L(for) SL| DY Ax+ (154)

k<p

The proof of this bound is provided in[D.5.12}
The preceding lemmas construct a parameter ®* with small empirical risk L (fe~) . Wenow analyze
the parameter output by the second-stage procedure

0 = (oM p™) W) T=T,+T, (155)

where a(™) denotes the iterate after T iterations. We recall that only a is updated in the second
stage while b and W remain at their values at time T;. The next lemma gives an upper bound on

the empirical risk Z(G)(T)) of this output.

. . V2 T1)4p (log d)4P+2
For notation convenience, we define J := (ZKF Ay + \/ (=71) (Og ) ) and U =

\/ V2 (k1) (log d)»

m
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Lemma D.18. We consider doing gradient descent on the ridge-regularized empirical loss

F(a) := L((a,b™), w(T)) + %||a||2 (156)

with the hyperparameters (o 1= % and ny = m

Then for any Ty 2 Uz% log(Um) also under the event &, our second stage algorithm returns
a'") such that for ™) .= (a™, b(T1) W(T1)

ey <J ad o) < U (157)

The proof is provided in Appendix [D.5.13] The following lemma bounds the gap between empirical
loss and population loss for (™).

Lemma D.19. Under the event &, where € is defined in Defination|D.37|and the sample-size condi-
tionn > T3dlog dk?"t + d"t1/T1 k2, also Ty = o(log d) we have

Ve (r11) 0 (log )P+

n

‘E(f@m) - E(f@m)‘ < L\/ (158)

The proof is provided in Appendix [D.5.14] Then the following proposition combines the previous
lemmas and gives a quick proof map of bounding the excess population risk £(fg)).

Proposition D.20. On the event £ and the sample-size condition n > T?dlog dk>™* + d'*+/T1 52,
also T1 = o(log d) the excess population risk satisfies

¢wﬂﬂwWMM+¢@wwm%WH2
m

L(fom) =L ST Y Ar+

k<p

. (159)
n

Proof of Proposition Note that to upper bound the population loss £(®(™)) of the parameter
group ©(T) returned by Algorithm [1} we first construct an “ideal” parameter group ©* which lies
in a proper parameter class @* € F (small ||@*||) and yields small empirical error.

So the first several lemmas this section give an upper bound for Z( f@*) through ©* , which is
introduced to decouple the dependence

Lfe) = |fe-) — Afs.)| + [Elfs.) — )]
N—_——
Lemma[D.17] Lemma[D.16] Lemma[D.13]

Vie(sT1) 0 (log d)*»
m

¢@M%W®MW“

m

<L +L ZAk—f—

k<p

(160)

V2 T1)4p (1o d)4r+2
SL zyy+¢pA”)é%>

k<p

m

And recall that we denote J := L <Zk<p Ay + \/Vﬁf(“Tl )4p,(10g d)ir+2 )

Also note that we can decompose the error £(@(T)) in the equation that follows
L(fom) — L(for) = [L(fom) — L(fom)] + [L(fom) — L(fe-)]

Lemma[D:19] Lemma[D.18]
V2 (kT1)4p(log d)4p+1
5L¢pg )ir(logd)irtt
n
V2 k49T1(log d)4p+1 V2 g4rT1 (Jog d)4r+2
SLZAk“‘\/p,e (g) +\/p,e (g)
= n m

(161)
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Combining this two yields

2 T1)4 4p+1 2 T1)4 4p+2
Llform) — LU ST Y An+ \/ UCURRIC LUkaa \/ Ve log )Y

n m
k<p
(162)
which is precisely the claimed bound. This completes the proof.

O

Back to the main proof, in the previous proposition, we have the generalization bound

V2 _(kT1)4r(log d)*rt1 V2 (kT1)4r(log d)4r+2

L(form)SL ZAk+\/p’( )n( ) +¢”’( )m( ) (163)

k<p

We note that the bound is depending on both {A}7_, and V,, ., which are left unspecified. Fixing
B > 0, we notice that A, has the bound relying on ¢; which is

€L
Ap = —E By [2m,
k T]le ‘ [ZT ('LU)” (164)

< eprtT log” d|Te|lr < erkP™ log? d.

On the other hand, we observe that Vj, ., < e,;ﬁ . Thus we need to choose proper {¢x}}_, to keep
the balance of V}, ., and Aj. For notation convenience, let

1 1
A = k?T1(log d)? T, Chp =1/ —, C, = \/7 (165)
m n
Thus the e-dependent contribution is upper bounded (up to absolute constants) by
({ertr<p) = A(D_ e+ (Com + Cn) Vo) (166)
k<p

Specifically, when 3 = 0, from Definition we know that the approximation precision p can be
zero, which indicates that e, = 0 for all {€;, }}_, and also V}, . < 1. Thus

® = A((Cn +Cn)Vp,e) S A(C +Cy) (167)
Furthermore, for 8 > 0, plugging in Vj, ., < 6;5 , we have
({ebisy) = A(Y e+ (O + Cn) max {&"}) (168)
k<p -

The following lemma gives the minimum value of ®.

Lemma D.21. Fix § > 0. Consider ® as a function of {ex},_,. Then the minimizer is unique and
attained at the symmetric point

= ... = g _— . 1
g ep ( P (169)
Moreover, it holds that

min & = A (8+1)57 7 (p+ 1) 77 (Cy + Co) 77 S A(Cy + C) 751 (170)

{Ek >0}

The proof is provided in Appendix The following corollary is direct from the previous
statement.

Corollary D.22. When =0, we have inf ® = A(C,, + C.,).

Now we state the main theorem. For the theorem stated below, we recall that we assume T =
o(logd), n > dlog dr>Tr + d*+1/T1 k2 in addition to the assumptions in Sectionand Section 3
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Theorem 2 (Main Theorem). Under the assumptions above, there exists a set of hyperparameters

1 d 2T 1 U2 J
_ 1 _ 2 - - 171
Uit Cn <4D2 10g2 d) ) /Bl 771’ 12 Lo/mU2 + 2J7 B2 U2 ( )

such that for any To 2 UQ% log(Um), the population risk satisfies

_1
Ealt(forn (@] 6™ (g (/54 /1) (172

under the high probability event £, which happens with probability at least 1 — O(d—P / 2), where
C,, is an absolute constant from Lemma|C.6land J,U are quantities defined in[D.3]

We further estimate sample and time complexity in the next lemmas, showing that they are both
nearly optimal.

Lemma D.23. Under the setting Ty := | iggfﬂ we have

log Kk
T2dlog drk?™ + d" /T2 < k24 2V 165 (log )2 (173)

The proof is provided in Apendix [D.5.16, Note that from Theorem [2| for n > T2dlog dx?™ +
d'1/T1 52 the main result applies. Since our sample-complexity upper bound coincides with that
threshold, the corollary follows immediately.

log k.

~ log Kk
Corollary D.24 (Sample Complexity). The sample complexity is @(%2d1+2 Vs ), where 4>V Tosd
is subpolynomial in d.

Next we first estimate T'5 under particular m, n choices and other hyperparameters.
Lemma D.25. Fix the set of hyperparameters

logd J U? U?Lm
T = = — = T = 1 174
1= logf-J B2 2 2 LVmUZ 427 2 og(Um) (174)
where J and U is defined as
V2 T1\4p 1 d 4p+2 V2 T1\4p 1 d 4p
J:=L ZA,ﬁ\/”(H )7 (log d) andU\/ re(r 1) (log d) . (75
m m

k<p

{Ay }r<p is defined in Lemma and Ve is defined in Deﬁnation Note that {e,}},_, was
fixed in Lemma[D.21) conclusively J and U are also fixed.

log K

Furthermore, fix the sample size and net width as m = (log d)4p(ﬁ+1)+1d4p(6+1) Tgd ' n =

142, /1eer . . .
Cr%(logd)?d T2V 15d ywhere Clis a large universal constant. Then under the above setting,

log Kk

Ty < k% (log d)Spﬂ+13p+2d(8pﬁ+13p) Tog d (176)

~ G log k
By ignoring the logarithmic terms, we can get Ty = O(Hspd(Spﬁ+ldp) V esd ).

The proof is provided in Appendix

We note that the total time complexity is upper bound by nmd - T up to absolute constants, so
plugging n and m, the next lemma follows directly.

Lemma D.26 (Time complexity). Under the same condition as the last lemma, we have Teompiexity S

~Y
log k

24(12 17p+2
K5p+2(10gd)12p5+17p+5d +(12pB+17p+2) 1/ 1055

The proof is provided in Appendix
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D.4 PROOF UNDER 3 = (0 AND ASSUMPTION 3]

We now extend our analysis to a more general loss class (Assumption [3') under an additional as-
sumption 3 = 0. For clarity, we provide a complete proof here.

Under Assumption [3'|and 5 = 0, Lemma to Lemma still hold. In particular, given that
B = 0 we can conclude that Ay = 0 for all £ < p and V, . is bounded by universal constant. We
restate this as the following lemma, which is parallel to Lemma in the previous section.

Lemma D.27. Under the sample-size condition n > T2dlogdk®™ + d*t'V/T1x2 also T, =

~

o(log d). Consider a} := Lh(a;,b;, 'wj(-o)) where h(-) is defined in Lemmaand a;,bj, w](p) is
initialized as in Algorithm Denote ©* = (a*,b(T1) W/(Tl)).
Then under the event £,,, we have

(K™) " (log d) 7+

m

2n
LN (farlw) — f@)’ S a7

i=n—+1

and ||la*||* < 7 (k1) (log d)*

a77)

We sequentially present the parallel versions of the other theorems in the previous section. In the fol-
lowing lemma, we bound our general loss using the squared loss bound. For notation convenience,
we denote L,,g := L&?T1 (log d)?P. It can be observed that the original conclusion remains almost
unchanged, except that L is replaced by the new L,,.

Lemma D.28. Under n > T3dlogdk?®™t + d**/ "1 k2, also Ty = o(logd) and under the event

&, we have
" 4pTy 1 d 4p+2
2@ < Laug\/”(og) (178)
m
Proof. Under Assumption for any z, 2,y € R,
[0(z,y) — € )l SL(L+ 2]+ &'+ [y]) |2 = 2/]. (179)

Combining with the above Lemma, we have

BO7) = Yot (o @) 1) = 1 3 (¢ (e @), £ (0) ~ £ (0. (@)

A

%ZL (1 + |fé7 ()] + |f*($z)|) |f@;(wi) — f(xi)] (180)

(T)

Furthermore, by the same argument as in Lemma. we have ‘(w ; )Tsc‘ < 1 for all j, thus we

have s
Ha(W<T1>a:+b)H <Jm (181)
fo: (@) = a*o(W Tz + b) S UVm. (182)
Also note that U < 4/ W and | f*(x;)| < (logd)P. Thus by Jensen’s inequality and the
Lipschitz property of ¢, we have
o 1 n X
LO) <= L1+ |fg (@) + | (@)]) [fa (@) — f*(i)] (183)

=1

k4rT1 (log d)4p+2
< L(kT1)?P(log d)?? <Z|f®* (z;) f*(mi)|> gLaug\/<mg). (184)
The proof is complete. ]
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Next, we consider the gap between the real features we learn W (T1) and the approximate features
W (T1) Recall ®* = (a*,b(T), W(T1)) and ©@* = (a*, b(™), W(T1)),

Lemma D.29. Under the sample-size condition n > T2dlogdx®™ + dU T2 glso Ty =

o(log d) and under the event &,,, we have -

(xT1)* (log d)*»
- :

L(©*) — L(©%) (185)

,S Laug

We omit the proof here, since the only change is to change L to L,yg.

Combining the above two lemmas, we directly get the bound for L (for).

Lemma D.30. Under the same condition as Lemma we have E( fer) S

~
L. /T (g dyr
aug m .

We now analyze the parameter output by the second-stage procedure,

oM — (a(T)’ b(Tl)’ W(Tl)) T=T;+Ts (186)

in the new setting. Define J' = Laug\/(”Tl)élp(l+d)4p+2 and U’ = 4/ w . This is

similar to the above section, but simpler under the new setting.

Lemma D.31. We consider doing gradient descent on the ridge-regularized empirical loss

F(a) = £((a,b™), W) + 2 a)? (187

2

’
with the hyperparameters (o := % and 1y = ey

Then for any Ty 2 10’2 v log(mk™ log d) also under the event £ 11, our second stage algorithm returns

a'") such that for @) = (a(™, (™) W(T1)
ey <J and oM S U (188)

Proof. Consider the training objective F'(a) = E((a, (T W) + 185]|a||? with B, = UJ—,;,

Let

(00) . '
a’* = arg min F(a) (189)

be the minimizer of F'.

We further denote e is the prescribed optimization tolerance ||a(™) — a(>)|| < ¢,. Furthermore, let

€ = o
By optimality of a(°) and the constructed comparator a* we have

F(a®) < F(a*) = (a’) + 2 a3 (190
Here we only use that a* is a feasible point with ||a*|| < U’ and E(a*) <J (Lemma.

On the other hand,
B2

F(a™) = £@) + 2 a2 > 2 a2 (191)
so combining with (331) gives
2 4 2J 2J
(c0) 12 < * (|12 75 *) < U/2 oY Ul2 < UIQ. 192
0P < o'+ La) SUP+ 2 = U+ s (192)
Thus
la™| S U". (193)
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and also
||a(T)|| < ||a(°°)|| + ||a(T) _ a(oo)” <e+U SU (194)

Moreover, from (331) and (334),

E(a("o)) = F(a(oo)) — %HQ(OO)H% < F(a*) < J + B2

SUPS . (195)

Thus we have
|F(a™) = F(a®))| < sup {Laug’a(T)Ta(W(T)wi + b)) — a(OO)TU(W(T)aci +b™) ‘}
i€[n+1,2n]
+ Ba(la™] + @) |a!™ — a>|

< Laug”a(T) _ a(oo)” . sup ||0'(W(T)wi + b(T)) ”
i€[n+1,2n]

+ B2([a™]] + [|a>[)|a™ — ) (196)

By previous proof [|o(W (M a; 4+ b™)) ||, can be bounded by an absolute constant for all ¢ under
event £. Thus we can have a loose £? norm bound and

F(@™) = F(@®)| S Laglla™ =@ _snp - [lofW D, 7))
1€[n+1,2n

+ B2(l|la® | + [la® ) a™) — a7
S Lauglla™ = )|y + 5,0 Ja™ - )|
S (Laug/m + B2U")eo S ' (197)

Combining with the same argument as above,

La™) <. (198)

By Assumption [3'| on the loss function ¢, the function F(a) — %2 |la||? is convex and satisfies the
gradient Lipschitz condition

By the similar arguments as in the proof of Lemma , the lip constant for F' satisfy Ly, <
Lm + J'JU".

Therefore, by Lemma if the step size 12 < ﬁ;p’ gradient descent will approximate a(>) to
arbitrary accuracy in

1
T, > —1og(||a<T1> - a<°°>||2/e§) (199)
1202
steps. Note that when the step size 75 = m
1 UL
— <= (200)
1202 J

Using the assumption that m < d% and [|a(®|| < U, ||a(™)|| < 1, we can further simplify:

m

1 la(™) — a(>)|? ULm
lo 5 S
n252 € J!

0
Thus, we conclude that gradient descent will approximate a(°°) to arbitrary accuracy in at most

log(U'mLayg) <

1 L 201
S fogd og(ms logd) (201)

m
Ty > ——1 L} 202
22 Togd og(mk" logd) (202)

steps. The proof is complete. [
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The following lemma bounds the gap between empirical loss and population loss.

Lemma D.32. Under the event £, where £ is defined in Defination|D.37|and the sample-size condi-
tionn > T3dlog dk®™ + d1+1/T1/€ also T1 = o(log d) we have

(r11)* (log d)*r+1
- :

[£(fom) = Lifom)| L\/ (203)

Proof. Use the same argument as the proof of Lemma in Appendix and use the same
truncation, we can get

mlogd

sup | £M(f) — £M(f)] £ Laugl”
feF n

(204)

We notice that under the event £,,, M holds for all «;, i € [n + 1,2n], thus LM(f) = L(f).

For the other term, we have

L(F) - £(f) = E[U(f (@),9)] — E[(M(f(@),y:2)] = E[(f(@),y) e ¢ M)]
< LE[(1+1£(@)| + 7 @) 11(2) - 7* @) 1a ¢ M)]
SL(E[If @)1z ¢ M}] +E[|f* (@) 1{z ¢ M}])

< L(\/E z)B{x ¢ M} + /E[(f*(z))'Plx ¢ MY). (205)

Recall that it has been assumed that the activation function has bounded third derivatives as in
Assumption[2} Therefore, there exists an absolute constant C,, > 0 such that

lo(u)] < Cy(1 + |ul?) forallu € R. (206)

Via a crude moment estimation bound (plus some hypercontractivity arguments), we can see the
right side is < LU’ d~% . Thus, we have the following final estimation

1
sup|£(f) = L(f)| S LaugU' 1/ — 08d |y 1y1g=D1s, (207)
feF n

Since we have assume n < d”/4, we have supfe}-|2(f) — L(f)] £ LawgU"y/ mlogd | LU'd™%.
Plug in the formula for U and we get our desired result. O

We then have the final proposition.

Proposition D.33. On the event £ and the sample-size condition n > T?dlog dr>T* + d/ T2,
also T1 = o(log d) the excess population risk satisfies

L(fom) — L) S Laygk®" (log d)* <\/z + \/E) . (208)

Roadmap to remove 5 = 0 assumption. We note that 5 = 0 assumption is not essential and
can be removed via a careful analysis. To be concrete, one can keep the A and V,, . terms in
final generalization bound under the weakened assumption Next, we perform another round of
balancing those terms. The minimizer shall be slightly different and a bit technical troublesome, but
the final result remains the same up to logarithmic factors.

D.5 PROOF OF SUPPORTING LEMMAS IN APPENDIX [D.3|
D.5.1 PRrRoOOF oF LEMMA D]

Proof. We split the expectation over w into the good event EE and its complement

B[ r|] = E [T 7|1 | + B et g (209)
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We first deal with the first term.
By the high-probability bound, we have ||IT*r(w)|| < K for all w, so

[||H*r||ﬂ } < KIP(E5) < K. (210)
Next for the second one, we only need to invoke the trivial operator norm bound. By definition we
have Hflzjl < (14 ~)T:. Thus

Ir(w)| < 157 + 1% ™ < 21 211)
Hence _
E[||H*r||ﬂlﬁ5;] (2M Y P(~E;) < (2M)IrTyd=P (212)

2M Y\’
1+ (K) TTldD]

Therefore we have
1/7

E[ITr|7 < K7 + (2M)rTyd 2 and  [E|TTr|]Y < K

(213)
To bound the right side, further note

2M 21+ )™ 2(1+y)™

K~ Ty/2rDlogd/d Tiv\/2rDlogd/d

Since (1 + 7)™ < eT17 < /e, we get

=1t/ 215
K NTW rDlogd TlCH rDlong\f @15)

Thus via choosing a large enough universal constant D, we have for all 7 < 4p
oM\’
(K) rTid P <n?d-P <1 (216)

and we finally obtain the desired conclusion via combining two terms. O

1/(214) (214)

D.5.2 PROOF oF LEMMA[D.2]

Proof. We want to ensure )\QT K? < ¢%. Taking square roots on both sides, we note that this is
equivalent to

Ty
;@K<C and K<ci/g 217)

To get a sufficient condition, we bound the two terms in K separately. Recall that we set

Dlogd
Kc@wvrjg+$) (218)

therefore we need

T T
CTyy rDlogd< )\\} and C’yTlgc;\T/lg. (219)

Under these, we get K < 2 \/a as desired. Note that

ycHﬁ and CCHTl\/E\/WgTM/TD;Ogd (220)

Then, to satisfy the first one, we require T 4/ rD iog d < S ’\ , which is equivalent to
-, T#rDdlogd

Y T%delog dr*™ (221)
d AT\ VT
For the second one, we require \/: < (W) =7 f)l -+ Which is equivalent to
d1+1/T1
n> —z = dHH1/ T2 (222)
Combining the two parts above, the final conclusion directly follows. [
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D.5.3 PROOF oF LEMMA [D.3]

Ty
>\’F

- Then on the intersection of event EaN E/; the

< +/logd/d. (223)

Moreover h,,(w) = h(w) + r(w) and h(w) = X, w. Under E/; we have ||h(w)|| < +/logd/d.

Therefore, under the event £, N €3 we have

[ (w)]| < [[R(w)]| + [Ir(w)] < Vlogd/d. (224)
O

Proof. From Lemma @ we know that K <
residual satisfies

>

Ty
T

[r(w)| S K<

S

D.5.4 PROOF OF LEMMA D3]

Proof. Note that since every vector in span(Mat(E, [(IT*h,, (w))®2¥])) is a vectorized symmetric
k tensor, it suffices to show that

—k
BT o (0) 17 T) 2 (57 (225)

for all symmetric k tensors T supported on S* with | T||% = 1.

For notation convenience, we denote w, := w/ey where we know w, ~ Unif(S¢~1). Recalling
that IT*h,, (w) = 2, 'w, + IT*r(w) and the tensor binomial expansion, we have

(I () = 3 (}) (=rw)™ e artrto)® (226)
>
Thus for any symmetric k-tensor T, we have
<T, (H*hn(w))®k> = <T, (2}1w€)®k> + 6(w) (227)
where
stw) =3 (5 (z70) ™ & @rrtw)®) (228)

Note that by Young’s inequality,
B [(T, (I (w)*")°] > E

% <T7 (E;Fluk) ®k>2

(T, (2, w:)®*)?]. Intuitively

—E [6(w)?] (229)

Therefore we need to upper bound E[§(w)?] and lower bound E[

1
2
the 6 (w) term should be negligible since r(w) is of small norm.

Note that there is a crude upper bound for §(w). Contracting T in its first k& — ¢ slots and applying
the Frobenius Cauchy-Schwarz inequality gives

(=) @) < o ((=0e) )| v o
F
Hence
ko /k @ (k—1) .
sl <> (5) |7 ((=Pw)™ )| imer
=1 F
k ©(k—i) ,
<> T((E?we) ) [T 7 (w)]". (231)
;i F
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Via Cauchy—Schwarz again, we have

k
E[§(w)’] < Z \/E[IIT((Eelee)@’“‘“)II%]E[IIH*T(w)H‘“]

k
S D ENT((Z7 w )@ ") 3] VE[[ T (w) 4] (232)
i=1
where the second line is derived via the Gaussian hypercontractivity lemma that we will state at
Lemma[E22]in Section[E.f].

Next, let 7' be the symmetric k tensor defined by T'(v1, ..., v;) = (= vi,...,%] v;). For
each 7 and each unit-Frobenius norm tensor V' supported on S* we have

(=] w)®FD) V) = T(w 2+ (=TH)Tv) (233)

i.e. by moving Egl from the arguments of 1" onto the test tensor one applies (2}1 )T to each slot of
V. By Cauchy-Schwarz again,

®(k—1) ~ )
7 (5 )™ ) V] < IT@ SIS VI a3

Since [|(Z,")V||r < 1/AITt for | V|| = 1, taking the supremum over unit V" gives the pointwise
bound

®(k—1) ) —~ )
I (5500 ™) e < AT P 0,200 35
Squaring and taking expectation over w yields
, 1 ~ .
E[|T((37 w)®*)|3] < A%TlH*l[IIT(weG@('“‘”)wa] (236)

Combining with previous calculation, we have the estimation below

; 1 ~ )
E[||T((2;flw6)®(k—z))”%] < WE[HT(we@(’“”))HQ}
S <A2dT) E[(T, (2, w.)*")?] (237)

where the second inequality is deduced from the lemma below.
Lemma D.34. Let w ~ Unif(S?~') and for each tensor T and each k < p we have
E|T(w®)|F S d""E(T, w)?. (238)

The proof of Lemma is provided in Appendix

We also know from Lemma [D.T]that for any integer 1 < j < 4p we have under the high probability
event of £, which happens with probability at least 1 — O(d~") that

BT (w)|’] < K (239)
Therefore, we have
k i
E[§(w)?] S EB{(T, (27 w)®")?] > ( Ale K 2) (240)
i=1 T

Because we have assumed n > rDdlogdr®Tt + d'*1/T1x2 we have the following from
Lemma [D.2] that J

PR
with some prechosen absolute constant c. Thus via picking a small ¢ and plugging the above bound
into the previous equation we have

K? < (241)

Ew[6(w)?] < JE[(T, (ST w,) 7)) (242)

| =
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Combining everything gives

. 1
E[(T, (T hn (w))#*)?] > B[ (T, (27" we)**)] = Eu [6(w)?]
1
> [T, (S w) ™) (243)
2 d7F| T3
—k
d

> (W) (244)
where the third line is via taking the expectation over w, the detailed proof for this can be also found
in Appendix [E.3] The proof is finished. O
D.5.5 PRrOOF oF LEMMA[D.6
Proof. Let

zp(w) := Vec(T) "Mat(E[h,, (w)®?*])Vec(h, (w)®*). (245)

Note that Vec(T') € span(Mat(E[h,, (w)®?*])) by Lemma Therefore,
Eo [27(w) (R (w) T2)*] = By [Vec(T) "™Mat(E[h,, (w)©?*]) T Vec(h,, (w)®*) Vec (b, (w)®*) T Vec(2®))
= (T, z®%). (246)
For the bounds on z(w) we have the following estimation
Eoy [27(w)?] = Eop[Vec(T) "Mat(E[h., (w)®?*]) 'Vec(h, (w)®*) Vec(h, (w)EF) TMat (E[h,, (w) ©?*]) T Vec(T)]
= Vec(T) "Mat (E[h,, (w)®**])TVec(T)

d k
§( ) IT||%, (247)

A2t

and

, d \"
o (10)] = [Vee(T) Mt (Bl (1)) Vot (0)°)| £ (357 ) 1T el ()]
' (248)
The proof is complete. O
D.5.6 PROOF OF LEMMA[D.9]
Proof. Recall that from Lemma and under the high probability event of £, N é; NE,,
which happens with probability at least 1 — O(d~) the following bounds hold

log?d
d

log d
d

and ||k, (w)| <

max } [y (w) Tz || < ) (249)

jE€n+1,2n
Those bounds will be helpful for us to construct the low-dimensional approximation in the second
stage.

4 \M@T)
log? d
sufficiently large so we can absorb the implicit constants hidden in the < bounds. This means we
choose C' to make sure on the same high-probability event the following controls are valid

Recall that we have set n = n; = % ( where the universal constant C' is chosen

| hp(w)|| <1 and max |n" h,(w) x| <1 (250)
Jj€[n+1,2n]

which indicates that
- 1 N
187 = | cap T £ <1 as)
€0
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Note that w(T1) = %(faj)TlnTl (H;legl M(t)> w and by Lemma , we have

_ logd
™) =@ < K S0 [2oE (252)

Thus ||w(T) || < 2||wT)|| < 1 and we complete our proof.

D.5.7 PROOF OF LEMMA [D.10]

Proof. For any training point « and given initialization w, on events £, N & N /5; N g,, we have the
following control

2= (=) h,(w)"x € [-1,1]. (253)
By our previous assumption on the activation function, we have the following low dimensional
approximation result uniformly for z € [—1, 1]

]Eaﬁb[v,(:’“)(a, bo(az +b)] — 2*| < €. (254)

Divide both sides by (—7)*T* and substitute the features back we obtain

1 ¢ €k
Sy Baolei (@ Do ((=na) b (w) e 4+ 8)] = (ha(w)T2)"| < o @59)
Recall that from Corollary [D.6]under the high probability event £, we have
By [or(w) (hn (w) '2)"] = (T, 29%) , (256)

And also recall from Lemma[D.4]and the statement before the lemma we know that under the high

probability event £, N E N Eg N g},

" R (w) T | <1 (257)

N (w)]| < 1 (258)

thus

[ for (@) = (T, @)

€

L ‘Ew[zT(w)l

> T, Eamscmégmé),} Saﬂgcﬂ(%ﬂgn)c]

n
1

T [Euwlor(w)o™ (@, b)((~na) ™ hy (w) e + b)1

1
+ 77’671“1 ‘]Ew[zT(w)l

(259)

Sansgm(?:;rwfn)c]
€L 1
< 77k7Tl |Ee [z (w)]] + nkT ‘]Ew [ZT(W)lganscm(é;nEn)c}

+nFT R, [ZT(w)v,(:’“)(a, b)o((—na)™ hn(w)T:c +0)1

800540(%05,)0]
‘We bound the third term first. Denote
1 (e
X(a,b,w) := ——v\*) (a,b)zp(w)o((—na) " by (w) T + b). (260)
7] 1

By Cauchy-Schwarz,

Eq 5w X (a,b,w)1 < \Banunl X (@b w2\ /B N E N (E3NE)e) 61)
We bound the two factors on the right. Recall that it has been assumed that the activation function
has bounded third derivatives as in Assumption Q Therefore, there exists a constant C, > 0 such
that

Samsgm(ggm@,)c]

lo(u)] < Cy(14 |ul?) forallu € R. (262)
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and also
| X (a,b,w)| < Vi, |22(w)|Co (1 + [T by (w) T2 + b]3). (263)
We recall that the following crude bound works for all w
[ (w)]] < (147)" < 2™ (264)

where v is defined in via directly bounding the operator norm of HtTZIO_l M® . Notice that under
the event &, we have ||z|| < 2V/d.

Thus via another crude bound we have |nT*h,,(w) 2 + b| < d and

X[ S Vi [z (w)]d®. (265)
In addition, from Definition [D.7| we also have Vj ., = ||'v](;’“) oo < " < dP/12. Also invoking
Ey[22] S d*x?T1%||T||% from|D.6} note that for T; = o(logd), we have kTt < d, thus it shows
that we obtain
E[X (a,b,w)?] < Vi, d*\[E[23] < aP/12 3425317 o, (266)
Second, Lemma [D.3|and [D.4] give
P(E, NE N (EgNE,°) <P((E5NE,)°) S d~P/? (267)

when ¢ = 2D log d. Hence

Ea,b,w[X (a,b,w)1 SdPB|T||p (268)

Eamsgm(é;mf,,)c]
for sufficiently large universal constant D.

The above argument shows that the third term is negligible.

Then we bound the second term. Using essentially the same method and argument as above, we

obtain
1 1 -~ =
T Ewlzr(w)lg e n@ng, )| S TV Ey[27] \/P(Ea NEN(EgNEy))
5 d3k/2||THFd7D/4
SdPP|T||p (269)
For the first one, we define the approximation error
€k
By Cauchy-Schwarz,
€
Ay, < n"% Ey [z (w)?]. 271)
Substitute the second-moment bound mentioned in Corollary and we obtain
d \*
Buler(w?] 5 (ir ) 1T n)
™
thus
1 d \""? kT k
For the other moments, from Deﬁnitionwe have ||v,(:k) loo < Vi,e, and
2 VkZ,Ek 2] < 172 1 d \* 2
]E[hT] < 772le E[ZT(w) ] ~ Vk,q, 772le )\%Tl ”THF (274)

Substitute 1 back and we can get
E[h7) < Vi, (5*" log” d)* || T . (275)

k
Similarly, using |z (w)| < (-2~ T\ r|lh,(w)||F again and noticing the truncation terms in
y. g ~ e g g
the definition of Ar(a, b, w), we have

1helloo S Vie, (5° log® d)*||T | » (276)

and the lemma is proved. 0
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D.5.8 PROOF OF LEMMA [D.13|

Proof. Since h(a,b,w) =3, . hr,(a,b,w), combining with linearity of expectation, we have
fn(@®) =" g, (@) (277)
k<p

For each k, define the empirical error vector o, € R™ by

0k(1) == fog, (i) = (Th,@P*), i=n+1,...,2n. (278)
Then for the aggregated function we have, for all x; from the second stage
fu(@s) = [ () = oxli), (279)
k<p

For now throughout this proof we equip R™ with the empirical ¢ norm, defined for any vector
v=(v(1),...,v(n)) € R" by
1 n
2 )
= — . 280
ol o= 5 30wt (2580)
Hence we can write the empirical squared loss by

2
2n

— N fE (e ))2 —
oD Unl@) = @) = | 3o (281)
i=n+1 k<p
Note that we have
2 2
> orf| < [ D lloklla (282)
k<p n k<p
By Corollary [D.11} each single-term error satisfies [|o |2 < A? + d~P/4||T}||%. Thus
loxlln S Ak +d=P/%| T |- (283)
Notice that by Lemma we have | T,||r < r®=%)/4 < 1. Therefore
2 2
Slloklln | S| Ak+d P> | Tullp
k<p k<p k<p
2
S Ar+d P
k<p
2
2
< Z Ay + (d_D/s)
k<p
2
S|IDoA| +da P (284)
k<p

where the last step absorbs r, p into the < constant. This proves equation (147).

For the moment bounds, we have by Cauchy—Schwarz
2

ER =K | (Y h, = Y Elhpho) < | Y \/ERE,] (285)

k<p k.£<p k<p

Substituting the second-moment bound mentioned in Lemma[D.10] we obtain for each k,

Eh,] S Vi, (5T log® d)F|| T |1 (286)
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hence

VERZ ] S V(6" log d)* || T | - (287)

. —k . .
Using the bound || T} || » < 7“7 < 1 and summing over k < p, we obtain

S VEDE] S Voe Y (57) (logd)F < Ve (™) (log d)P. (288)
k<p ’ k<p

where the last step absorbs the polynomial degree p into the < constant. Further, squaring both sides
yields
E[r*] S V2 (k"1)? (log d)?P (289)

~ p,€
which is the first inequality of Equation (293). For the sup-norm, substitute the sup-norm bound
mentioned in Lemma|[D.10] we know, for each k,

Ihzlloe S Viser (521 log® d)* | T - (290)
Combining the & bounds together we have
Il < S Mt lloe £ 3 Ve (271 (1og ) F [Tl p S Ve (627 (log )P (291)
k<p k<p

This proves the second one of Equation (293)), concluding our proof. O

D.5.9 PROOF OF LEMMA

Proof. We first bound ||@*|| where a* = (a3, ..., a},). Since

" 1
aj = Eh(a‘j’ bj,w;) (292)

and via Lemma[D.13|we have the following moment estimation
1hllse S Vpe(sT)? (log d)*. (293)
Thus we directly get as desired
V2 (k™))% (log d)*?

a*|? < -2 (294)
m

To bound the square loss for finite width, take the basic decomposition

2n 2n 2n
1 . 2 1 2 1 N
- > (fol@i) — £ (xi)) <2 > (fo- (@) — fuli)) +2- > (fules) = £ ()
i=n-+1 i=n+1 i=n+1
(295)
We next bound these two terms separately.
For the second term, by Lemma [D.13| we have
2
1 2n ) D4
2— i) — [ (x:)” < A d- 296
"i:zn;rl(fh(w) fr@i)” < l;p s (296)

It thus suffices to control the Monte Carlo fluctuation term (the first term). Note that the parameters
are initialized symmetrically and this symmetry is preserved by first stage training, that is, the first
half neurons are free. Therefore we should group neurons into symmetric pairs to help the proof.

For j < m/2, define

(T1)

VTz+bm ), w; " = (—nay) T h, (w))
297)

Zj(x) = ajo((w; ") w+b)) +ah,_jo(wn;

so that fgz (z) — fu(x) = > <,/2 (Zj(x) — E[Z;(2)]). Introduce the truncated version

ZJ(.’B) = Zj<$)1{\ﬁ§(Tl)T:n\Sl,\'LT)<T1)Tw|§1} (298)

m—j
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By the concentration event £,, which occurs with probability at least 1 — O(d—P /2) we have
Zj(x;) = Zj(z;) foralln +1 < i < 2n and all j < m/2. Hence, on £, we have the follow-
ing decomposition

fo-(@) = fn(@) = 3 (Zj(w) ~EZ;(@) + 5 (BZ;(2:) ~EZ;(z).  (299)

j<m/2

Z:Bi
We bound the second term B; first.
Recall
L m

B;
2

(EZ;(x;) — EZ;(x;)) = %E[(Z(Sﬂi) = Zj(xi))Lenen(Esne,) s (300)

because Z; = Z; on €. By Cauchy-Schwarz,

m m —
5 BllZs (@) Leanecnesne,)e] + 5 EllZ; (i) 1eanecniesne,)-]

% <\/IEZ]-(:BZ-)2 n \/Ezj(mm) VE(Ea N E N (E5NE,))
< my[EZ;(2:)?\[P(Ea N € N (E5 NE,)°). (301)

The final inequality follows from the fact that truncation does not increase magnitude, that is,
|Z(x;)| < |Zj(x;)|. For a symmetric pair

| Bi

IN

IA

——(T)T

@; " @ 4 b)) ak,_o(wmey L @i bj) (302)

Zj (587) = a;fa('wj

Recall that it has been assumed that the activation function has bounded third derivatives as in
Assumption Therefore, there exists an absolute constant C';, > 0 such that
lo(u)| < Cy(1+ |ul®) forallu € R. (303)

Then, for any fixed i, j,

* 0 * 0
E(Z;(:)°] £ (a5)* (10" o (0] >>T:ci+bj\i">2+<am_j>2<1+|nT1hn<w£n>_j>Trm+bm_%|;3;j
Notice that under the event &, we have x; is bounded for all i € [n + 1,2n] by ||z;|| < 2v/d. Thus

via another crude bound, since we have |nT1hn(w§0))Tsci + bj| < d and |17T1hn(w$)7j)T:ci +

bm—;| < dand we have

VEZ (@02 < d\J(@)? + (@, ,)?
Vye(s™)"(log )7
m

<3 (305)

D
6

In addition, from Deﬁnitionwe also have Vj, ., = Hv](;’“) oo S € S dB, thus V2, < d

pie ~
Also note that for T; = o(log d), we have xT* < d, thus it shows that

dA+ar+ 5

~

m
This gives the intermediate bound

dart o A D
|Bi| < m————y/ P((Es N Ey)e) S dFPTIE [P((E5 N E)©). (307)

By the concentration estimates proved above we have Pr((£5 N &,)¢) < d~P/2 (union bound over
the m /2 independent draws yields the extra factor m), hence

|B;| < ditartizg=P/4 < g-D/8, (308)
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for sufficiently large universal constant D.
Fix any ¢ € {z;}2", ;. The variables {Z;(z) — EZ; ()} j<m 2 are i.i.d. and centered, so we can

use Berstein to bound the sum. Notice that (w(-Tl))T (T)T

J m—j
of Z;(x), we have a(('wj(-Tl))Tac + b;) and U((w,(gj)-)T:c + by,—;) also bounded by a universal

J
constant.

x and w x is truncated by the defination

Combining with a} = --h(a;, b, w;), we have for a universal constant C

= - c
|2;(@) —EZ;(@)| < —|[hlloc- (309)

Lemma D.35 (Hoeffding’s inequality). Let X1, Xo, ..., X, be i.i.d. random variables with mean
wand X; € [a,b]. Then,
]:[D {

Due to the fact that |Z;(z)| < L|/h||o, Hoeffding inequality then yields with probability at least
1—-0(dP)

(b—a)

1 n
ﬁ;Xi—M

2
zt} < 2exp (_27175) . (310)

> (Zj(=) —EZ;(=)) Sw)o. 311)

j<m/2

Recall from Lemma we have [|h]lo < Vp.o(kT1)?P(log d)?. Plugging these bounds into the
above one, it shows that

T1)2 2p+1
N (Zi(x) ~EZ;(x))| < Vie(w ) log ) 7T (312)
Therefore

o (@) — In@)| <| Y. (Z(@:) —EZ;(@) | + % [EZ; () - BZ;(ay)|
j<m/2

. \/vp%ele)‘*p(logd)@“
~ m

+d-P/8 (313)

Squaring both sides and applying a union bound over the n training points, we obtain the following.

2 2 (. T1\4 Ap+2
1 V2 (kT1)%(log d)??
n Z (f@*(a:i)—fh(a:i)fg pee )Wf gd) L gD/ (314)
i=n+1

By the initial decomposition and Lemma|[D.T3]

2

2n 2 (. T1\4 4p+2
1 RINY _p | Vo (s )P (logd)*
=3 (fol@) ~ @)’ s | Ak |+ e . e1)
i=n+1 k<p
which is (177). This completes the proof. O
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D.5.10 PROOF OoF LEMMA [D. 13

Proof. From Lemma [D.T4] and Lemma [D.13] we know that with high probability at least 1 —
O(d—P/?) there exists a* € R™ such that for @* = (a*, b(T) W(T1)),

2

= 2 T1\4 Ap+2
1 2 V (K 1) P(logd) p+
- 5- (i) — [(x:))” S —-D/4 pe
S Uel@) - @)’ s (Y ac) +a Py .
i=n+1 k<p
2
Ve (k1) (log d)*7+?
S|+ (316)
k<p m

The last inequality is because m < dP/*, so d=P/* < % thus d—P/* can be absorbed by
Vi (rT1) P (log d) 7 +2

By Jensen’s inequality and the Lipschitz property of £, we have

Elfe) = () = 7 Y[ @irn). ) = £ @isn) )]

<123 Ife @in) — f(@irn)
=1

L (317)
2
S L n Z f@* mz-{-n - f*(mi-i-n))
i=1
V2, (KT1)4 (log d)4»+2
< b€
S
k<p
The proof is complete.
O

D.5.11 PROOF OF LEMMA

Proof. Note that

n

L(fg.) - L(fe*) 3 [Ufg (@ien) i) — U for (Titn), yi)]
=1

1
n

< Lsup | fg: (Titn) — for (Titn)|
i€[n]

<Lm sup
i€[n],j€[m]

= bl e (@) i+ 1) = (w0 ™) i + 1)
enf,ge|m

a50((@; ") T@isn +b;) = a5 (w0, ™) T@ipn +b))|

(318)

By Assumptionlwe know that o’(0) = 0, ¢”/(0) = 1 and ‘0(3) (-)| < M. So we can bound the gap
of o((w; "N T + b;) — o((w; (™)) Tz + b;) by the following lemma.

Lemma D.36. If an activation function o satisfies o'(0) = 0, ¢’/(0) = 1 and |a(3)(-)f < M, then
we have for all z,y € R:

lo(x) = a()] < [l + ly) + F (= + 1y))] - |z = yl. (319)
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Proof of Lemma[D.36] Define r(t) := o(t) — $t> — o(0). Since ¢”(0) = 1 and ||c®||oc < M, we
have that o’ is M-Lipschitz. Hence

t
I ()] = |0 (t) — t| = / (0"(s) —1)ds| < LJ¢*. (320)
0
By the mean value theorem,
Ir(z) —r(y)| < sup ['(&)] - |z —y| < Y max{|z], [y|}*[z — yl. (321)

§€(z,y]

Therefore,
lo(2) —o(y)| < 3le* = ?[+ () —r(y)] < 5]+ |yD)]e—y|+ 5 max{|z], [y[}*|z—y|. (322)

Finally, since max{a, b}? < a? + b?, we get the conclusion. O

Back to the proof of Lemma [D.16, under event £,, from Lemma [D.9] notice that for all x
(T )

in {x;}?", .., we have (w](,T1 )Tz and w, ") x are truncated, so a((w§T1))Tw + b;) and
a((wfnTiz-)Tac + by,—;) are bounded by a universal constant. Respectively, we have (wﬁ-Tl))Ta: and
(T (1))

w,, ' x are truncated, so o((w; (Tl)) x +b;)and o((w,_; )@ + by,_;) are also bounded

by a universal constant. Thus we have

|L(fs.) — L(fo-)

<Lmlla’| sup |ol(@; ™) @i + b)) — o((w; ™) i, + b))

i€[n],j€m]
* —~ (T
SLmfla’||  sup  [(@; ") @i — (w; ™) T2
i€nl.jelm]
< Lm|a*|Vd sup ||w; Tl)fwj(Tl)H

ZE[H]J [m]
< Lm ||a IVdn™ A (323)
where A is defined in Lemma and from this lemma, we have the bound
lals ()" M- 6 (324)
By Assumption, we know that ¢g < m ( % )Tl, where C. is a universal constant. More-

2 (. Ti\4 4
Vo (s™1) P (log d)™
m

over, we have ||a*|? < . Thus, it holds that

L(fe.) ~ L(fe:)] S Lm— Ha*nf n Al

<Lm||a*||dT1 ()" M e

V2 (kT)*r(logd 1
< iy | eI Q0 DY gL -
m Ccmy/ndz
2 T1\4p 2 Tl
. \/vpﬁ(ﬁ yir (log d) 7 1 <1 \/ V2, ( logd) s
m
The proof is complete. O
D.5.12 PROOF OF LEMMA [D.17]
Proof. Lemma[D.15]implies that
" (k71)*P (log d) P42
Lifg) SL{D Ar+ \/ - : (326)
k<p
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Lemma [D.T6] further suggests that

A 3 Vie(rT1)* (log d)*»
PU@)—Mﬂy)ﬁLVP’ ” . (327)
By combining these two bounds, we easily obtain
N V2, (T4 (log d) -2
L L) — *\ | < i p,€
|£(fer) ~ £(s")| ST ZAk+\/ — (328)
k<p
The proof is complete.
O
D.5.13 PROOF OF LEMMA[D.18]
Proof. From Lemma[D.T7] we have the following bound
~ V2 (kT1)4p(log d)4r+2
L(fe-) SL X)M+VPA J*log d) =J (329)
k<p mn
Consider the training objective F'(a) = E((a, b(T) WD) + 18, |al|? with B2 = 5.
Let
a>) := arg min F(a) (330)

aeRnL
be the minimizer of F'.

We further denote e is the prescribed optimization tolerance ||a(™) — a(*)|| < ¢;. Furthermore, let

1
€0 = oy
By optimality of a(>) and the constructed comparator a* we have

B2
2
Here we only use that a* is a feasible point with ||a*|| < U and £(a*) < J (Lemma .
On the other hand,

F(a®™) < F(a*) = £(a") + 22 ]la” 3. (331)

F(a™) = £@) + 2[al) |2 > 2 a2 2)
so combining with (331)) gives
2 2.7 27
(00) 12 * (|2 “ * 2 “Y  rr2 2
a <|la*||*+ = L(a*) SU* + =U"+ S U= (333)
a1 < [[a”]] 5 (a”) 3 g
Thus
la®>|| S U. (334)
and also
la™] < [la®™)] + a™ —a™| <e+U SU (335)
ﬂdWU:meU—%%MW@gFmﬂ§J+%ﬁﬂ§J (336)

Thus we have

|F(a™) - F(a®))| < sup {L|a(T)Ta(W(T)mZ~ + b(T)) - a(OO)TJ(W(T)wi + b(T)) |}
1€[n+1,2n]

+ B2(la ™| + |a>[) ™ — |

< L||a(T) — a(oo)H . sup HJ(W(T)%_ + b(T))H
i€[n+1,2n]

+ B2(la ™| + |a>[) ™ — a7 (337)
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By previous proof ||O'(W(T)£BZ‘ + b(T)) |lco can be bounded by an absolute constant for all i under
event £. Thus we can have a loose £ norm bound and

(@)~ F@®)] $LIa® ~a®) - s [o(W Dz, +50)]|
i€[n+1,2n]

+B2([lat ] + [ a® —al>)|

S La™ — )|y + U0 ~ ol

< (Ly/m + Bal)eo (338)
Denote €y = (Ly/m + f2U)eg = LymtBU gy g easy to know that €,,; = L\/ﬁ# =

mL
1 J 1
T —+ TmL g J. T'hus, we obtain

L(a™) <. (339)
Denote
¢ = o(W Mg, + b)) e R™, i=n+1,...,2n. (340)

By Assumption [3| on the loss function ¢, the function F'(a) — % |a||? is convex and satisfies the
gradient Lipschitz condition

R R 1 2n
IVL(a1) — VL(as)|| = - Z (¢(a] ¢i) — V' (ay ¢4)) ¢
1=n+1
1 2n
< > @l é) — € (ag 6i)| llei]
=ntl (341)
L 2n .
<= Z (@1 — az) " ¢4 [l
1=n+1
1 2n
L (n )3 ||¢7;|2> T—)
1=n+1

By previous arguments, [|o(W (T x; + b(™)|| can be bounded by an absolute constant for all
i € [n+ 1,2n] under event £. In addition, we have £ 3, [¢;[|> = Tr(: 3, ¢5¢, ) < sup; ||¢s]|
Thus the Lip constant for F satisfies Ly, < Lm + J/U?. Therefore, by Lemma if the step
size 1y < L%‘p gradient descent will approximate a(>) to arbitrary accuracy in

1
T, > 1og(||a<T1> —al ||2/e§) (342)
1232
steps.
Note that when the step size 17y = Wb/w

2 2
1 _Lm+J/U* _ULm

S S (343)
1232 B2 J
Using the assumption that m < d % and [|a(®|| < U, ||a™)|| < 1, we can further simplify:
1 |a(Tt) — a(>) ||2> U%Lm
lo < log(Um (344)
s %8 ( 2 7 log(Um)

Thus, we conclude that gradient descent will approximate a(°°) to arbitrary accuracy in at most

2
>ULm

~

T,

log(Um) (345)
steps. The proof is complete. [
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D.5.14 PROOF OoF LEMMA [D.19]

Proof. Let F (bW, WD) .= {f(z) = a"o(W Pz + b)), O : |la|| < U}. Note that under &
we have fgr) € F. We first define a new event for & ~ N(0, I) under fixed W(T) and b(T)

MG i= { () | < [|hn(w(”)]|\/ADTogd } (346)

Define the finite-width event for the initialization as the intersection M, : ﬂm/ IMPD. Tt s

straightforward to have P(M,, | Hy, {wj(-o) }o) = 1 — O(d~P). We also define another event for
x in order to bound its first » components

Mg = {sup [(2)r| < \/4Dlogd} (347)
kelr]

Applying a union bound gives immediately P(Mg) > 1 — O(d~P).

Denote M = M, N M. Define the truncated loss

Mt y) = 0t y)1{x € M}. (348)
ZW (@itn) Yitn), L) =E[M(f(z),y)]. (349)
By the symmetrization lemma,
LM(f) — LM(f)] < 2B, i i+n)s Yitn 350
;telg! (f) (f)] sggﬂZﬁ F@itn), Yitn) (350)

where {&;}7' ; are i.i.d. Rademacher signs independent of {(%;1n,¥itn)}i—;. Denote S :=
{(®itn, Yisn) . For fixed (Z;yn,Yitn), the mapping t — (M (t,y;,,,) has Lipschitz constant
in ¢ satisfying

|M(t,y) — M (s,y)| = [0t y) — (s, y)| - 1{z € M} < L[t — s]. (351)

Thus, by the Ledoux—Talagrand contraction inequality Lemma [E.5] applied coordinatewise to the
maps ¢ — Mt yivn),

1 & _
sup Zgl F(@ign)s Yirn) | < LE¢ s?pﬁZ@ f(®itn)| = LRad,(F).  (352)
i=1
Recalling Rad,, (F) = E[ﬁa\dn(]—' )], we obtain the in-expectation bound
Es | sup|LM(f) - L‘M(f)|] < 2LRad, (F). (353)
fer

Furthermore, for @ under the event M, by the same argument as in Lemma [D.9] we have

|(w); ()T )Tz| < 1forall j, thus we have

oW D+ ™) H <vm (354)
=a'o(W Mz + ™M) <UVm. (355)

M(f(®),y;2) = U(f(®),y)1{z € M}
< (Uf(=),y) — €(f*(2),y)) L{z € M}
<L|f(z) - f*(z)| 1{z € M}
< LUy/m + L(log d)? < LU/m. (356)

We now give the following two high probability events in order to bound the gap between empirical
loss and population loss.
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Definition D.37 (Event £, and £). We say the event £, holds if

wMEMUdEMUM§<LRmu()+LUJ bg) (357)
feF

Using the standard empirical-to-population deviation bound by LemmalE.4), we have &, holds with
probability at least 1 — O(d~P).

Furthermore, we define event
=&, NE&:. (358)

Hence, by th/e preceding probability bounds (and a union bound), £ occurs with probability at least
1—-0(d P72
By Lemma we have Rad,, (F) < U,/ Thus

mlogd

sup|LM(f) — LM(f)] SLU
feF n

We notice that under the event &, M holds for all x;, i € [n + 1,2n], thus LM(f) = L(f). For
the other term, we have

LM(f) = L(f) = E[l(f(x),y)] = E[(M(f(z),y;2)]
=E[((f(z),1 )1{96 ¢ M}
< LE[If(w) (x)] 1{z ¢ M}]

L (E[|f(= Il{w ¢ M} +E[|f*(@)[1{z ¢ M}])

(
<\/E[f J2B{z ¢ M}] +\/E[(f*(2))*Pe ¢ M}]) . (60)

Recall that it has been assumed that the activation function has bounded third derivatives as in
Assumption@} Therefore, there exists an absolute constant C;, > 0 such that

lo(w)] < Cy(1+ |ul?) forall u € R. (361)

Via a crude moment estimation bound, we can see the right side is S LU~ <. Thus, we have the
following final estimation

I
sup|Z(f) — £(f)| S LUy /™18 L yyg-vrs (362)
fer n

Since we have assume n < dP/%, we have supf€f|£A(f) - L(f)] S LU,/%. Plug in the
formula for U and we get our desired result.

O

D.5.15 PROOF OF LEMMA [D.21]

Proof. Let €nin = mino<k<p €x. Because z — =7 is strictly decreasing on (0, 00), we have
mMaxo<k<p e;ﬂ = €. Also note that > ¥ _, €x > (p + 1)€min, With equality if and only if all €,

mll’l
are equal. Consequently,

S({er}) 2 A((P + Demin + (Con + C)epnin) (363)
and equality holds precisely at symmetric choices €y = - - - = €,. Therefore the problem reduces to
minimizing the strictly convex one-variable function

g(e) == (p+1)e+ (Con + Cp)e ?  (e>0). (364)
Since
g (€)= (p+1) = B(Cp + Cp)e PHY (365)
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and
g"(e) =BB+1)(Cn + Cn)e—(/?+2) >0,

there is a unique critical point, which is the global minimizer

a<6wm+afyh
B p+1

Substituting back and using (Cy, + Ciy)(e*)~# = Bt e” yields

ming = (64 1)87 57 (p+ 1)77 (Cy + C) 711

Multiplying by LA gives the stated expression for min .

(366)

(367)

(368)

Finally, as p is fixed, its contribution can be absorbed into the < constant, also note that 1 < (5 +

1)ﬂ_% < 2 thus we get
i &= A (541575 (p+ 17 (G + Co) 77
€K

S A(Cpy + Cp) 75

1 1 e
< k2P log2er1 d (1 [ — + \/>> .
m n

The proof is complete.

D.5.16 PROOF OF LEMMA[D.23]
Proof. LetT := 4/ iﬁgi, so Ty = [7] € [r,7 + 1]. Then

k2T = exp(2T1 log f@') € [dQV if,%, K2d*V g ,

and therefore

log r
T2dlogd - k*" < k?(log d)QdHQV Tog d

i 1 1 _ [logx
Moreover, since 7 < = = /154> We have

Tog o
d1+1/Tll€2 < IiQdH_ Tt

and combining the two bounds yields

log r log r
T2dlog dr®™ + d" /112 < k2 log(d)d' T2V ed < @2V 1l (log d)2.

The proof is complete.

D.5.17 PROOF OF LEMMA [D.23]
Proof. Plugging in U and J we get

2L
T2:U m

log(Um)

2 T 4 4
V26T 0 )

< — Lm
~ L\/ V2 (kT1)% (log d)*r+2

m

56

log (\/Vp%é(ﬁTl )4P(log d)4pm) < Vp2)6/<5pT1 (log d)®"m

(369)

(370)

(371)

(372)

(373)

(374)
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1
Note that we have Vj, ., < e,:fj by Deﬁnation, and also note that ¢, = (%) " form
Lemma[D.21] thus

Ty < 1/;,27€/<;5pT1 (log d)5pm < e;ﬁﬁ@’Tl (log d)5pm

ey
1
< _p+rlt 5P (log d)*Pm
B/ &+ b
< min (m, n) 7 571 (log d)5Pm < k7771 (log d)Pm? (375)
log Kk
Moreover plugging m = (log d)*P+D+1g** ATV e ang T, = | %gg:] in, we get
T, < 5P (log d)5pm2 < HSP(IOg d)8pﬂ+13p+2d(8105+13p) %. (376)
The proof is complete. O

D.5.18 PROOF OF LEMMA [D.26]
Proof. By Lemma|[D.25we have

Tog r

T, < I€5p(10g d)8p6+13p+2d(895+13p) Tosd (377)

log k.

log
Plugging m = (log d)4p(f8+1)+1d4p(ﬁ+1) 5d = Ck2(logd)2d TV 5 in we get
nmd - T =nmd - (T1 + Ts)

Tog ~

S/ 2 (10g d)2d1+2 }2% (log d)4p(,3+1)+1d4p(5+1) ﬁ%/{‘r’p(log d)8p6+13p+2d(810,8+1317) Tos d

< KOPH2(log d)12PA1 TS 2 (1208104 2) 15 (378)
(379)
The proof is complete. -

E TECHNICAL BACKGROUND

E.1 HERMITE POLYNOMIALS

We briefly introduce Hermite Polynomials and Hermite Tensors.

Definition E.1 (1D Hermite polynomials). The k-th normalized probabilist’s Hermite polynomial,
hi : R — R, is the degree k polynomial defined as

(—1)F T8 ()

hi(z) = , (380)
O =T )
where j5(z) = exp(—x?/2) /2w is the density of the standard Gaussian.
The first such Hermite polynomials are
22 -1 23— 32

ho(z) =1,h1(2) = 2, ha(z2) = W7h3(2’) = 7 (381)
Denote 3 = N(0,1) to be the standard Gaussian in 1D. A key fact is that the normalized Hermite
polynomials form an orthonormal basis of L?(); that is E,~[h;(x)hi(z)] = 0.
The multidimensional analogs of the Hermite polynomials are Hermite tensors.
Definition E.2 (Hermite tensors). The k-th Hermite tensor Hey, : R? — (R)®F js

-1 k ok
Hey(x) == (=1 M, (382)

VEL iy ()

where i, (x) = exp(—1||z||?)/(2m)%? is the density of the d-dimensional Gaussian.
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The Hermite tensors form an orthonormal basis of L?(7); that is, for any f € L?(7), one can write
the Hermite expansion

f®) =Y (Ci(f), Hey(x)) where Cy(f) := Eqny[f (@) Hep(x)] € (R)®F. (383)

k>0

E.2 UNIFORM GENERALIZATION BOUNDS

Definition E.3. The empirical Rademacher complexity of a function class F on finite samples is
defined as

. 1 &
Rad,(F) = E¢ |sup — &if(X; (384)
) =B, Lef LS eson
where &1, &2, . .., &, are i.i.d. Rademacher random variables P(§; = 1) = P(§; = —1) = 4. Let
Rad, (F) = E[ﬁz;in(}' )] be the population Rademacher complexity.

Then we recall the uniform law of large number via Rademacher complexity, which can be found in
Theorem 3.3 in Mohri et al.| (2018))

Lemma E.4. Assume that f ranges in [0, R] for all f € F. For any § € (0,1), with probability at

least 1 — & over the i.i.d. training set S = {X1,..., X, } we have
1 ¢ log(4/6
sup |— Y f (X;) —Ef(X)| < 2Rad,(F) + R log(4/9) (385)
reF |3 n

Then we recall the contraction Lemma in (Vershynin, |2018| Exercise 6.7.7) to compute Rademacher
complexity.

Lemma E.5 (Contraction Lemma). Let p; : R — R withi = 1,...,n be B-Lispchitz continuous.
Then
1E, sup ig- o f (z;) < BRad,(F) (386)
n 3 ter iPi 1) > n

i=1

The next Lemma estimates the Rademacher complexity.

Lemma E.6. Let f(x) = a'o(Wz + b) be our two layer neural network with our previous
assumptions on the activation functions in Assumption [2| Let

F={fe:lla] < Ba,[lw;] < C.[bl|, <C} (387)
where C'is a universal constant. Then we have the following estimation Rad,,(F) < B‘i/‘%m.
Proof.
Rad, (F) = Ev.¢ lsup LS caTo(Wa: +b)
feF |
< &]Emg sup Zfio(W:ci +b)
n feF |5
B 2 (388)
< f Eze ?1612 ;fiU(W-’Bz‘ +b) ]
= \lj% Ex ia('w}w—kbj)Q < Bi/\gm
j=1
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E.3 UNIVARIATE APPROXIMATION

We will consider the following activation function

21t -1, ¢ >1,
t) =
o(t) {t?, It < 1. (389)
Lemma E.7. There exists vy(a,b), supported on {1} x [2, 3], such that for any |z| < 1
Eup[vo(a,b)o(az +b)] =1, sup|v(a,b)| S 1. (390)
a,b
Proof. Letvg(a,b) =12-1,-1(b— 2)- %. Then, since z + b > 1,
S5
Eq b[vo(a, b)o(az + b)] = 6/ (b~ 2)o(z+b)dd 391)
2
S5
- 6/ (b= 3)(22 +2b = 1)db (392)
2
.5 S5
:2-6/ (b—f)db+6/ (b— 2)(2b— 1)db (393)
2 2 2 2
=1 (394)
The proof is complete. O

Lemma E.8. There exists v1(a,b), supported on {+1} x [2, 3], such that for any |z| < 1
E,p[v1(a,b)o(az +b)] =z, sup|v(a,b)| 1. (395)

a,b

Proof. Letvg(a,b) = 1o—1(—24b + 61) - 2230 Then, since z + b > 1,

1(b)
1 3
B, plor(a,b)a(az + )] = 5 / (=24 + 61) (= + b)db (396)
2
1 3
=3 / (—24b+ 61)(2z + 2b — 1)db (397)
2
3 1 /3
= z/ (—24b+61)db + 5/ (—24b+61)(2b — 1)db (398)
2 2
= 2. (399)
The proof is complete. O

Lemma E.9. There exists vs(a,b), supported on {1} x [—2,3), such that for any |z| < 1

Eqplve(a,b)o(az 4+ b)] = 22, sup |v(a,b)] < 1. (400)
a,b
Proof. First, see that
2 2+2z
/ o (2 + b)db = / o (b)db 401
—2 —2+z
—1 1 24z
= / (—2b— 1)db + / b2db + / (26 — 1)db (402)
1 -1 1
_ 2 .
= [ b+ g+ P -0 (403)
2
:(272)2+(272)+g+(z+2)27(z+2) (404)
14
=222 4+ 3 (405)
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Let va(a,b) = 1,21 lbil@i’z] — Zwo(a, b) Then

E,p[ve(a,b)o(az 4+ b)] =

The proof is complete.
Lemma E.10. Let v(b) = —k(k — 1)(k — 2)(1 — b)F~3 - 222021 Then

2
k(k—1)

5 22 —kz—1.

Ep[vr(b)o(z +b)] = 2" - 1,50 —

Proof. Plugging in vk (b) and applying integration by parts yields
1
1
Ep[vk(b)o(z +b)] = / fik(k —1)(k—2)(1 —b)*30(z + b)db
0

1 _2 1 ! 1 -2 _/
=[Gk —=1)(1 - b 20(z + b)) — /0 k=101 - b)k=26" (2 + b)db

- —%k(k —1o(z) + [%k(l — b (2 + b)]§ - /01 %k(l —b)F1e” (2 + b)db

1
— *%k(k —1Do(z) — %ka'(Z) - / k(1= 0)" 1, 4p<1db
0

When 1 > z > 0, we have

1 1—=
—/0 k(1 —0b)"11), 1 p<1db = —/0 E(1—b)ftab = [(1 - b)*]i 7 = 2F — 1.

When —1 < z < 0, we have

1 1
—/ k(L= b)" 11, 1 p)<1db = —/ k(1 —b)*1db = —1.
0 0
Since z € [—1, 1], we have that o(z) = 2% and 0’(z) = 22. Therefore for z € [—1,1]

-1
%22_1%

Ey[vr(D)o(z +b)] = 2% - 1.0 — -1

The proof is complete.

Lemma E.11. There exists vi(a,b), supported on {1} x [—2, 3], such that for any |z| < 1

Eop[vk(a,b)o(az +b)] = 2% sup |vg(a, b)| < poly(k).
a,b

Proof. We focus on k£ > 3. We have that

Mz«? —kz—1.

Mf—i—kz—l.

Ep[vr(b)o(z +b)] = 2° - 1.0 —

Ep[vk(b)o(—z +0)] = (=2)* - Loco —
Therefore if k is even
Ep[v(D)a(z + b) + v(b)o(—z +b)] = 2% — k(k — 1)2% — 2.
Let vg(a,b) = 2avi(b) + k(k — 1)va(a,b) + 2. Then

Eop[vx(a,b)a(az + b)] = Eylog(b)o(z + b) + vk (D)o (z — b)] + k(k — 1)2% +2 = 2~

If £ is odd,
Ey[v(b)o(z 4 b) — v(b)o(—z + b)] = 2* — 2k=.
Let v (a,b) = 2avi(b) + 2av1(a, b). Then
Eop[vx(a,b)a(az + b)] = Ey[og(b)o(z + b) — vg(b)a(z — b)] + 2kz = 2",
The proof is complete.
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E.4 CONVEX OPTIMIZATION
Denote f(x) as a C' function defined in R?. Assume that

* There exists > 0 such that f(x) — 2||x||? is convex.

* IVf(@) = Vil < Lz -yl
The following result is standard and can be found in most convex optimization textbooks like |Boyd
& Vandenberghe| (2004).

Lemma E.12. There exists a unique x* such that f(x*) = inf,, f(x). And if we start at the point
x° and do gradient descent with learning rate 0, if n < then we will get

m~+L’
||:ck — ar:*||2 < ck||:cO — :1:*||2 (423)

2mL

where c =1 —n; 0.

We compute the minimal number of the required iterations.
Corollary E.13. Let e € (0, ||z® — @*||) be a target squared-distance accuracy. In order to have
|lx* — x*||? < €2 it is enough to have

L
k> ’Z;L 10g‘(||:c0 _ .’I}*H2/€2) (424)

The above corollary can be verified from a direct computation.

E.5 SPHERE LEMMAS

Lemma E.14. Let v ~ x(d). Then,
k—1
E[?*] = [[(d+2)) = d(d+2) - (d+ 2k — 2) = ©(d"). (425)
5=0

Proof. Write % ~ y2(d) with density proportional to z% e~/

function identity,

on z > 0. Using the Gamma

E**] =E[(v*)*] = szng 8 _ k]:[l(d +27). (426)
F(i) j=0
Since H;:é (d + 2j) =< d* for fixed k (e.g., by Stirling or monotonicity of the ratio), we obtain
e(d"). O
Lemma E.15. Let w ~ Unif(S%1). Then,
2%k
B[] - el ] w2
Proof. This follows from w = 1w with v ~ x(d), W ~ Unif(S¢~!) independent. O
Corollary E.16. By Wick/Isserlis’s formula for Gaussian moments,
Ewn(o,1,)[w®*] = (2k — 1)!1Sym(I®") (428)
Meanwhile, Lemma shows B,y (a)[v**] = ©(d*). Hence overall we have
E[w®?] < d~*Sym(I1®*). (429)

Corollary E.17. Let T be a symmetric p-tensor with dim(span(T')) = r. With probability at least
1—2d7P

TL%J(log d)k

IT@")l|r S 1Tl e (430)
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Proof. Denote Y := | T(w®")||r. We first bound the second moment. Flatten T as a matrix
M € RT"xd" g0 that T(w®*) = M (w®*). Then

E[Y?] = E|M @)} = (M, MCy) = |[MC |} < IMIE|Chllop,  43D)
Lemma and Wick/Isserlis’ formula for Gaussian even moments, Cj, = ¢y ¢Sym(] ®’f) with

ck,a < d~". Restricting to the r-dimensional span of T' (on each paired contraction) yields an extra
factor 7-1#/2] from pairing counts. Hence

where Cj_:= E[w®*(w®*)"] = E[w®?] on the d*-dimensional k-mode space. Next, from
BE

k/2] k/2]

rl
dk

rl
dk

E[Y? < M| = IT||%- (432)

We then bound Y with high probability. The map @ — T'(w®") is a homogeneous polynomial of
degree k restricted to S~!. By (spherical) hypercontractivity for degree-k polynomials on S%~1,
Lemmal[E22] for all ¢ > 2,

1YL, @21y < (CVQFIIY | py(s0-1)- (433)

Combining with equation @32) gives [|Y||1,, < (Cv/@)"|IT|r TL;,/C% and applying Markov’s

inequality to Y27 with ¢ < D logd yields

P(Y > 1T W) < 24P (434)
which concludes the proof. O
E.5.1 PROOF OF LEMMA[D.34]
Proof. As in the previous proof, flatten T into M € R4~ "*d" Then

E|IT@®") 5 = IMC|: < IMI3Chllops  Cr = E[@®**] = e aSym(I®F),  (435)

80 ||Cllop = Cka =< d—*. On the other hand,

E(T, w*")* = (T, Ew®*|T) = c,q|T||F with ¢, q=d?. (436)
Therefore

E|T(@®")|} S ITI5d ™" S & Fepal T3 = &~ E(T, w*)? 437)
which proves the claim. ]

E.6 SUPPORTING TECHNICAL LEMMAS

Lemma E.18 (Norm Concentration for Gaussian Samples). Let x1,...,x, ~ N(0,1;) be i.i.d.
Gaussian vectors. Then with probability at least 1 — n exp(—cd), we have

|| < 2Vd Vi€ [n) (438)

where c is some positive universal constant.

Proof. Note that ||z||? follows a chi-sqaured distribution with freedom d and standard concentration
for the chi-squared distribution, for instance Theorem 2.8.2 in|Vershynin| (2018) gives us

P(lail| > 2vd) < exp(—cd) (439)
with some universal positive constant c. The result follows with a union bound argument. O
Lemma E.19 (Coordinate concentration parameterized by D). Let x1,...,x, o N(0, I;) and fix
r € [d). For any D > 0, with probability at least 1 — 2nrd =P,
fn]ag( [(x;)k| <2+/Dlogd. (440)
ie[n],k<r
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Proof For Z ~ N(0,1), P(|Z| > t) < 2e*"/2. Setting t = +/4Dlogd gives P(|Z|
V/4DTogd) < 2d~2P. Then we do a union bound over all i € [n] and k < 7.

Let the Hermite expansion of our target be f(x) = Y1_ 4 (Ck, Hex(x)) where Cj, € (R?)®F is

the k-tensor defined by Cj, := E,[V* f(z)] and supported on S*. Here Hey is the unnormalized
k-th Hermite tensor.

Lemma E.20 (Parseval’s Identity).

P

1
1= 1= G @41

k=0

As an immediate consequence of Lemma we have ||Ck||% < k!. Note that f(x) also has the
following tensor expansion

fl@) =) (T}, ) (442)

k<p

The following lemma shows ||T;||r < r Bt <1

Lemma E.21. There exist Ty, . . ., T}, such that
fl@) = (T, z®) (443)
kE<p

and | Ty||p S r55 T S1fork <p.

Proof. Note that from the Taylor expansion of f(x) we have

VE£(0) C;.x(He;(0)) (=1)7(25 — DNCy; 41 (I%7)
T, = = SR I J . 444
k ! ,Z k15! ,Z k1(27)! (444)
Jj<p—k 2j<p—k
We recall from the consequence of Lemma that ||Cy|% < k! and therefore,
ITelr < Y 1G] S 75 S1. (445)
2j<p—k
O

‘We shall use the next Gaussian hypercontractivity lemma from Theorem 4.3, Prato & Tubaro| (2007).

Lemma E.22. Forany { € Nand f € L?(v) to be a degree { polynomial where the input distribu-
tion v = N(0, I), for any q > 2, we have

Eamsy [£(2)7] < Cyt (Bary [£(2)2]) Y (446)

where we use Cy ¢ to denote some universal positive constant that only depends on g, £.

We also need this Spherical hypercontractivity lemma from [Beckner| (1992)); O’ Donnell| (2014).

Lemma E.23. LetY,, be a spherical harmonic of degree m on S*~1. Then forall1 < p < q < 0o
we have
qg—1 m/2
Wollzai-n < ($=7) " Wanllzogosn. (447)

In particular, for any polynomial P of degree at most m and q > 2 we have ||P|| pasa-1y < (q —
1)% || Pl g2 (sa-1)-
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