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ABSTRACT

In deep learning, a central issue is to understand how neural networks efficiently
learn high-dimensional features. To this end, we explore the gradient descent
learning of a general Gaussian Multi-index model f(x) = g(Ux) with hidden
subspace U ∈ Rr×d, which is the canonical setup to study representation learn-
ing. We prove that under generic non-degenerate assumptions on the link func-
tion, a standard two-layer neural network trained via layer-wise gradient descent
can agnostically learn the target with od(1) test error using Õ(d) samples and
Õ(d2) time. The sample and time complexity both align with the information-
theoretic limit up to leading order and are therefore optimal. During the first stage
of gradient descent learning, the proof proceeds via showing that the inner weights
can perform a power-iteration process. This process implicitly mimics a spectral
start for the whole span of the hidden subspace and eventually eliminates finite-
sample noise and recovers this span. It surprisingly indicates that optimal results
can only be achieved if the first layer is trained for more than O(1) steps. This
work demonstrates the ability of neural networks to effectively learn hierarchical
functions with respect to both sample and time efficiency.

1 INTRODUCTION

Modern large language models powered by deep neural networks Krizhevsky et al. (2012); He et al.
(2016); Vaswani et al. (2023) have shown strong empirical success across many domains. It is be-
lieved that much of the effectiveness of the pretraining–finetuning paradigm comes from their ability
to extract useful representations from data. In practice, neural networks often first capture important
hidden features, which helps them to learn complex tasks more efficiently. This adaptability offers
a clear performance advantage over conventional fixed feature methods, such as kernel techniques
Wei et al. (2020); Allen-Zhu & Li (2020); Bai & Lee (2020).

Despite these empirical successes, the theoretical understanding of why neural networks can ef-
ficiently and adaptively learn important features from data remains largely incomplete. Significant
effort has been devoted in this direction, with a series of works Damian et al. (2022); Ba et al. (2022);
Berthier et al. (2024); Lee et al. (2024); Montanari & Urbani (2025); Montanari & Wang (2026) in-
vestigating how neural networks can uncover hidden features and subsequently learn single-index
and multi-index models, where the labels depend on the d-dimensional data inputs only through their
projection onto a one-dimensional or low-dimensional subspace, respectively. The study of learning
single-index models via neural networks is relatively well developed. Notably, Lee et al. (2024)
show that neural networks can successfully learn single-index models with Õ(d) sample complex-
ity, which is optimal up to leading order, while Montanari & Urbani (2025) provides a sharp DMFT
theory analyzing the learning dynamics of single-index models using a two-layer neural network
when the sample size and input dimension are proportional.

∗Equal contribution. The order was determined by a coin flip.
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However, a single-index model involves only one hidden feature, whereas in practice we often expect
multiple distinct features, motivating the study of neural networks learning of multi-index models.
On the contrary, positive results on neural networks learning of multi-index models remain rather
limited. Note first that the information-theoretic limit for learning multi-index models is still Θ(d)
samples, and there exist polynomial time algorithms Chen & Meka (2020); Troiani et al. (2025);
Defilippis et al. (2025); Kovačević et al. (2025); Damian et al. (2025) that achieve this for generic
generative-exponent-two multi-index models which covers almost all canonical examples. Never-
theless, in general, it is not clear whether neural networks can achieve this algorithmic limit and, if
so, how. The earliest work on neural networks learning of multi-index models Damian et al. (2022)
showed that standard two-layer neural networks can efficiently learn a large subclass of multi-index
models with a sub-optimal Θ̃(d2) sample size. Subsequently, Abbe et al. (2022)Abbe et al. (2023a)
studied the problem of neural network learning multi-index models with a staircase structure. How-
ever, their results are far from optimal and are restricted to special classes of functions. The closest
attempt to the general problem is Montanari & Wang (2026), which shows that a two-layer network
trained via gradient descent can weakly recover some of the features in a multi-index model using
Θ(d) samples. Nevertheless, since the features are only weakly recovered and are not guaranteed to
cover the entire span, their results do not establish that these features can be directly leveraged to
successfully learn the targets in later stages of training. Therefore, the following remains open.

Can neural networks trained via standard optimizers (e.g., gradient descent) achieve efficient,
near–information-theoretic-optimal learning of generic multi-index models?

1.1 MAIN CONTRIBUTIONS

In this work, we work on this and conclude it positively for generative-exponent-two, non-
generative-staircase multi-index models. Specifically, we consider learning the target function
f(x) = g(Ux) over the standard d-dimensional Gaussian input distribution, where U ∈ Rr×d
is the hidden subspace and g : Rr → R is a polynomial of constant degree. This corresponds to
the standard multi-index model with a polynomial link function, which generalizes the single-index
model as the special case r = 1.

Our main result, Theorem 1, shows that under generic assumptions, a two-layer neural network
trained with layer-wise gradient descent can agnostically learn the target function up to od(1) test
error using Õ(d) samples and Õ(d2) training time1. These sample and time complexities are
information-theoretically optimal up to leading order, thereby demonstrating the adaptivity and ef-
fectiveness of neural network learning. Moreover, our analysis applies to generic activation func-
tions and a broad subclass of loss functions, including but not limited to square loss, ℓ1 loss, the
Huber loss, and the pseudo-Huber loss. We emphasize that the assumption on the link function in
our work is rather mild and generic, as all polynomials possess a generative leap exponent of two
Chen & Meka (2020); Damian et al. (2025) and the loss function can be interpreted as a form of data
preprocessing. The idea of data preprocessing has a rich literature in spectral methods and so on, but
rarely considered in theoretical analysis of neural networks learning. The only substantial assump-
tion in this work is that the target function has no generative-staircase structure. We acknowledge
that this assumption is important and it is not clear whether and how to extend our results to the
case with generative-staircase structure within a neural network framework. For further discussion,
please see Section 2.1.

Our proof begins by observing that near initialization, the gradient descent dynamics is nearly in-
dependent across different neurons, with each neuron evolving similarly to power method iterations
applied to the local Hessian. The local Hessian exhibits large eigenvalues corresponding to the sig-
nal, namely the hidden subspace, as well as smaller eigenvalues arising from the noise because of
the finite sample size. The key insight is that if this power iteration approximation works for too
long, all features will align with the directions of the largest eigenvalues, that is, the most dominant
directions, while ignoring the others, leading to failure of learning. However, if the number of train-
ing steps is too small, those noisy directions cannot be sufficiently eliminated, particularly when the
sample size is nearly proportional to the input dimension. Therefore, the optimal strategy is to stop
training the first layer at an appropriately chosen intermediate time. The features will still span the
entire subspace while the noise is simultaneously eliminated.

1We use Õ(·) to hide those dod(1) factors.
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We note that we use a standard initialization scheme for the neural network parameters, without
using a spectral initialization or a hot start as in Mignacco et al. (2021); Chen & Shen (2025). The
neural networks can only learn the right features from and only from gradient descent, trained for a
divering number of steps. This time scale requirement rule out all the approaches based on DMFT
or state evolution, such as Agoritsas et al. (2018); Ba et al. (2022); Celentano et al. (2025); Gerbelot
et al. (2023); Berthier et al. (2024) which requires either information/generative exponent one or a
hot start/spectral initialization, to guarantee the learning timescale can be made constant. We also
highlight that the power iteration approximation does not work if the learning rate is too small. It
is important to choose a moderately large learning rate. For a more detailed discussion, please see
Section 4.

We defer the detailed discussion of related works to Appendix A.

1.2 NOTATIONS

We shall use X ≲ Y to denote X ≤ CY for some absolute positive constant C and X ≳ Y is
defined analogously. We also use the standard big-O notations: Θ(·), O(·) and Ω(·) to only hide
absolute positive constants. In addition, we use Õ, Θ̃ and Ω̃ to hide all the dod(1) terms throughout
the paper. Let [k] = {1, 2, . . . , k} for k ∈ N+ and [a; b] = {a, . . . , b} for a, b ∈ N+. For a vector
v, denote by ∥v∥p := (

∑
i |vi|p)1/p the ℓp norm. When p = 2, we omit the subscript for simplicity.

For a matrix A, let ∥A∥op and ∥A∥F be the spectral norm and Frobenius norm, respectively. We use
λmax(·) and λmin(·) to denote the maximal and the minimal eigenvalue of a real symmetric matrix.

2 PROBLEM SETUP

Our purpose is to learn the target f∗ : Rd → R, where Rd is the input domain equipped with the
standard Gaussian distribution N(0, Id). Our target follows a multi-index model f∗(x) = g∗(Ux)
with hidden directions U ∈ Rr×d and the link function g∗ : Rr → R. We assume U has orthogonal
unit rows without loss of generality.
Assumption 1. g∗(·) is a polynomial of degree p. Furthermore, Ez∼N(0,Ir)[g

∗2(z)] ≤ C where C
is an absolute constant.

We treat r, p as absolute constants throughout the paper. Next, we consider the model as a standard
two-layer neural network

fΘ(x) =

m∑
j=1

ajσ(w
T
j x+ bj) (1)

Here we use Θ := {aj , bj ,wj}mj=1 to denote all the parameters. We make the following assumption
on the activation function.
Assumption 2. σ(·) ∈ C3(R) is a smooth activation function satisfying σ′(0) = 0, σ′′(0) = 1 and∣∣σ(3)(·)

∣∣ ≤M where M is an absolute constant.

Let D := {(xi, yi)}ni=1 be one dataset, where xi ∈ Rd are drawn i.i.d. from distribution N(0, Id)
and yi = f∗(xi). The empirical and population loss is given respectively by

L̂D(Θ) =
1

n

n∑
i=1

ℓ(fΘ(xi), yi), LD(Θ) = E
[
ℓ(fΘ(x), y)

]
(2)

where ℓ = ℓ(t, y) : R×R→ R is a general scalar loss function. We make the following assumptions
on the loss function.
Assumption 3. ℓ(·, ·) ∈ C2(R2), ℓ(t, y)|t=y = 0 and that it is convex in its first argument. Further-
more, we assume ∣∣∣∣ ∂∂tℓ(t, y)

∣∣∣∣ ≤ L and
∣∣∣∣ ∂2

∂2t
ℓ(t, y)

∣∣∣∣ ≤ L (3)

for all t, y ∈ R where L is a positive absolute constant.
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We also consider a slightly relaxed version of Assumption 3 for some specific activation functions.
This assumption includes square loss as a special case.

Assumption 3′. We weaken the assumption in Assumption 3 by allowing the first derivative to grow
linearly with the input ∣∣∣∣ ∂∂tℓ(t, y)

∣∣∣∣ ≤ L(1 + |t|+ |y|) for all t, y ∈ R. (4)

Denote ℓ′(0, yi) :=
∂
∂tℓ(t, yi)|t=0 as ℓi.

Assumption 4. We assume E[ℓi] = 0.

We define

Σ̂ℓ :=
1

n

n∑
i=1

ℓi · xixT
i (5)

and also its population counterpart Σℓ := E[ℓ′(0, y) ·xxT]. Recall that ℓi is a function of yi and that
yi is itself a function of Uxi. Therefore, ℓi is a function of Uxi and we conclude that rank(Σℓ) ≤ r
via invoking Stein’s Lemma and performing integration by parts.

Assumption 5. The rank is full, i.e., rank(Σℓ) = r.

Furthermore, denote the non-zero eigenvalues as λr ≤ · · · ≤ λ1. We will assume λr > 0 and set
λ1 = 1 without loss of generality.

In our setting, we assume λr > 0 to ensure that Σℓ is not degenerate in its support and provides a
meaningful directional signal during optimization. We will denote and track the condition number
κ := λ1

λr
but will still assume κ = Θd(1).

2.1 DISCUSSION OF ASSUMPTIONS

We note that the first four assumptions are quite standard in theory literature. Assumption 1 is fairly
generic. In Assumption 2, the key requirement are σ′(0) = 0, ensuring that the activation behaves
locally as a quadratic. The smoothness assumptions can be relaxed with a more refined analysis.
For Assumption 3 or 3′, convexity in the first argument of the loss is essential to guarantee that the
second layer weights converge to its minimizer during the second stage of training. We note that this
condition holds for a large subclass of commonly used losses such as square loss, ℓ1 loss and Huber
loss. The bounds on the derivatives are not critical and can be replaced by a polynomial growth
condition under a more careful analysis, since most of our data remain in a bounded regime and the
outliers are rare. Finally, Assumption 4 is also standard and could be removed with either a more
refined argument or an additional data pre-processing step.

The central assumption in our analysis is Assumption 5. Informally, this assumption requires that the
second-order information of the data remain non-degenerate after applying the pre-processing map
y 7→ ℓ′(0, y). We admit that for one fixed loss function ℓ, it is straightforward to construct a target
task such that the second-order information of ℓ′(0, y) becomes degenerate. In practice, however,
the target task is typically fixed, and one has the flexibility to choose among different loss functions
to learn it. Recent studies on generative exponents and learning thresholds Troiani et al. (2025);
Damian et al. (2024); Kovačević et al. (2025); Damian et al. (2025); Defilippis et al. (2025) show
that for a large subclass of common tasks, including all polynomial targets with non-generative-
staircase structure, there exists a pre-processing function that ensures the second-order information
is non-degenerate, and importantly, such a function need not be highly specialized. Consequently,
we expect that ℓ′(0, y) exhibits non-degenerate second-order information for at least some of those
commonly used loss functions in practice, and at least this already includes all targets in Damian
et al. (2022). We will expand on this in Section 5.

2.2 TRAINING ALGORITHM

We introduce our layer-wise gradient descent algorithm.
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At initialization, we set bj as zero and impose a symmetric structure on aj and wj . Specifically, let
the width m be even, and for all j ∈ [m] we set

aj = −am−j , w
(0)
j = w

(0)
m−j . (6)

For the first half of indices , let aj be i.i.d. Rademacher variables: aj
i.i.d.∼ Uniform{−1,+1}. For the

first half of the features wj , we initialize them independently and uniformly on the sphere of radius
ϵ0.

The network is trained via layer-wise gradient descent with sample splitting, a common approach in
theoretical analysis such as Wang et al. (2023); Nichani et al. (2025). To start with, we generate two
independent datasets Di where i = 1, 2 and each consisting of n independent samples. The training
algorithm proceeds as follows. we first train W via gradient descent for T1 steps on the empirical
loss L̂D1(Θ), then reinitialize b and train a via gradient descent for T2 steps on the empirical loss
L̂D2

(Θ). The pseudocode of this procedure is given below.

Algorithm 1 Layer-wise Gradient Descent
Require: Learning rates η1, η2, weight decay β1, β2, initialization level ϵ0, number of steps T1,T2.

1: Initialize a, b,W .
2: Train W on dataset D1

3: for t = 1 to T1 − 1 do
4: W (t) ←W (t−1) − η1[∇W L̂D1

(Θ(t−1)) + β1W
(t−1)]

5: end for
6: W (T1) ←W (T1−1) − η1ϵ

−1
0 [∇W L̂D1

(Θ(T1−1)) + β1ϵ0W
(T1−1)]

7: Re-initialize
8: b

(T1)
i ∼iid Unif([−3, 3]), i ∈ [m]

9: a(T1) ← a(0)

10: Θ(T1) ← (a(T1),W (T1), b(T1))
11: end
12: Train a on dataset D2

13: for t = T1 + 1 to T1 +T2 do
14: a(t) ← a(t−1) − η2[∇aL̂D2

(Θ(t−1)) + β2a
(t−1)]

15: end for
16: Note T = T1 +T2

17: return Prediction function fΘ(T)(·) : x→ ⟨a(T), σ(W (T1)x+ b(T1))⟩

3 MAIN RESULTS

Our goal is to show that the network defined in (1) trained via Algorithm 1 can efficiently learn
multi-index models near the information-theoretic limit.

We use D to denote an arbitrarily large absolute constant and, for technical convenience, assume
n,m ≲ dD/4 throughout the paper. Before stating the main results, we further assume below
that finite linear combinations of the activation can approximate any one-dimensional monomial to
arbitrary precision.
Assumption 6. We assume the activation function has the monomial approximation property with
exponent β ≥ 0. That is, for every integer k ≥ 0 and every ρ > 0 there exists a bounded weight
function v

(ρ)
k : {±1} × [−3, 3]→ R with

∥v(ρ)k ∥∞ ≤ Vk,ρ ≲σ,k ρ−β (7)

where ≲σ,k hides absolute constants depending solely on k and activations such that

sup
|z|≤1

∣∣∣Ea,b[v(ρ)k (a, b)σ(az + b)
]
− zk

∣∣∣ ≤ ρ (8)

where a is a Rademacher RV i.e. P(a = +1) = P(a = −1) = 1
2 and b ∼ Unif[−3, 3] independent

from a.
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We treat β as an absolute constant throughout. We remark that this assumption is rather mild, which
only requires that a two-layer network with one-dimensional input can approximate any monomial
to arbitrary precision using an expectation form. Moreover, we conjecture that for most activations
one can take β = 0 and further set ρ = 0, as suggested by Barron (1993); E et al. (2021). For
concrete examples, Wang et al. (2023) shows that we have β = 0 for ReLU activations in their
Appendix D.6 and we also show in our Appendix E.3 that for the following activation

σ(t) =

{
2|t| − 1 |t| ≥ 1

t2 |t| < 1
(9)

we provably have β = 0 and thus can set ρ = 0 as well.

We also require a small initialization scale, which is our last assumption.

Assumption 7. We set the initialization level ϵ0 ≤ 1
Cϵmn1/2d7/2

(
4
5

)T1 , where Cϵ is a universal
constant.

We note that ϵ0 is only required to be polynomially small provided T1 = o(log d). With our as-
sumptions in place, we are ready to state our main theorem.
Theorem 1. Under assumptions 1, 2, 3, 4, 5, 6, 7, or under the additional assumption that β = 0
and assumptions 1, 2, 3′, 4, 5, 6, 7, we have the following result: For any first stage training time
T1 = o(log d) and any sample size

n ≳ d log dT2
1κ

2T1 + d1+
1

T1 κ2 (10)

there exists a proper choice of the hyperparameters and second stage training time T2 such that
with probability at least 1−O(d−D/2), the Algorithm 1 returns

L
(
Θ(T)

)
≲ κ4pT1(log d)4p+1

(
1√
m

+
1√
n

) 1
β+1

(11)

In short, Theorem 1 states that we can learn the target up to the vanishing test error with the width
m = Θ̃(1) and the sample size n ≳ d log dT2

1κ
2T1 + d1+

1
T1 κ2. We specify those hyperparameters

later in the statement of Theorem 2 in Appendix D. We further remark that the sample size require-
ment n ≳ d log dT2

1κ
2T1 + d 1+1/T1κ2 guarantees that the first-stage training learns the correct

representations, whereas the error term κ4pT1(log d)4p+1
(

1√
m

+ 1√
n

) 1
β+1 is contributed purely by

the second-stage training. We note that under the first set of assumptions, the error bound can be

refined to κ2pT1(log d)2p+1
(

1√
m

+ 1√
n

) 1
β+1 .

Via balancing two terms in our sample complexity requirement

n ≳ d log dT2
1κ

2T1 + d1+
1

T1 κ2 (12)

the optimal dependence shall be derived from setting T1 =
⌈√

log d
log κ

⌉
. Note that below we use Õ,

Θ̃ and Ω̃ to hide all the dod(1) terms.

Corollary 3.1. Consider T1 =
⌈√

log d
log κ

⌉
. Under this, we further require

m = (log d)8p(β+1)+1d
8p(β+1)

√
log κ
log d and n = Cκ2(log d)2d

1+2
√

log κ
log d (13)

where C is a large universal constant.

Then, there exists a proper choice of hyperparameters that the Algorithm 1 returnsL(Θ(T)) = od(1)

with T2 = Θ̃(1) and probability 1−O(d−D/2).

We note that the overall time complexity of Algorithm 1 is Θ(nmdT). Under the setup of Corol-
lary 3.1, we have T = Θ̃(1), m = Θ̃(1), and n = Θ̃(d), yielding an overall time of Θ̃(d2). This
is also optimal up to leading order, since any algorithm must spend at least Ω(nd) = Ω(d2) time to
read the full dataset.
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Compared with Damian et al. (2022), we note that our results exactly and completely recover the
results in Damian et al. (2022) when we set T1 = 1. In this regime, successful learning is guaranteed
only with a larger sample size n = Θ̃(d2), and Dandi et al. (2025) further indicates that n = Θ̃(d2)
is necessary when T1 = 1. Our results improve upon Damian et al. (2022) and all previous works by
managing to execute a careful analysis of the multi-step gradient-descent dynamics on the empirical
loss over a divering time horizon. We provide the details in Section 4.

4 OUTLINE OF THE PROOF

4.1 GRADIENT DESCENT CAN MIMIC POWER ITERATIONS

To begin, we compute the gradient with respect to the feature wj as follows.

∇wj L̂n(Θ(t)) =
1

n

n∑
i=1

ℓ′(fΘ(t)(xi), yi) ajσ
′
(
w

(t)T
j xi

)
xi (14)

Our initialization ensures that the network output is zero at the beginning of the training. Therefore,
within a moderate large time horizon, we expect fΘ(t)(x) to remain near zero. Furthermore, recall
that ∥w(0)

j ∥ = od(1). For small w(t)T
j xi we have

σ′
(
w

(t)T
j xi

)
= σ′′(0)w

(t)T
j xi + od(1) (15)

using σ′(0) = 0 and substituting these yields

∇wj L̂n(Θ(t)) =
1

n

n∑
i=1

ℓ′(0, yi)ajσ
′′(0)w

(t)T
j xixi + smaller order terms. (16)

Letting ℓi := ℓ′(0, yi), under a proper learning rate and weight decay, the dynamics can be expressed
as

w
(t+1)
j ∝

(
1

n

n∑
i=1

ℓixix
T
i

)
w

(t)
j = Σ̂ℓw

(t)
j . (17)

We emphasize that the above approximation works whenever fΘ(t)(x) and w
(t)
j both remain small.

Under those approximations, the neurons decouple from each other.

Under these approximations, the dynamics can be viewed as a power method iteration with respect to
Σ̂ℓ. Recall that Σ̂ℓ is the empirical version of Σℓ, satisfying ∥Σ̂ℓ−Σℓ∥op = Θ(

√
d/n). Moreover,

from the assumptions, the population one admits the eigendecomposition

Σℓ =

r∑
i=1

λiuiu
T
i , (18)

where {ui}ri=1 are orthonormal unit vectors spanning U , with eigenvalues ordered as 1 = λ1 ≥
· · · ≥ λr = 1/κ, in accordance with our assumptions. We further assume a constant eigenvalue gap
only in this section for convenience, namely mini̸=j |λi−λj | ≥ c for some universal constant c; We
shall emphasize that we manage to avoid this assumption in our final results via a more fine-grained
analysis (see Appendix C).

Eigenvalues and eigenvectors of Σ̂T
ℓ . The empirical covariance Σ̂ℓ then admits the decomposi-

tion

Σ̂ℓ =

d∑
i=1

λ̂iûiû
T
i , (19)

where {ûi}di=1 forms an orthonormal unit basis of Rd. We note that we have |λ̂i−λi| = Θ(
√

d/n)

and ∥ûi − ui∥ = Θ(
√
d/n) for i ≤ r. For the others we have |λ̂i| = Θ(

√
d/n). This decomposi-

tion makes it straightforward to analyze powers of Σ̂ℓ

Σ̂T
ℓ =

d∑
i=1

λ̂T
i ûiû

T
i , (20)
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where T denotes the number of gradient descent steps in the first stage. For a random initialization
w

(0)
j , the contribution from the noise components is∥∥∥ d∑

i=r+1

λ̂T
i ûiû

T
i w

(0)
j

∥∥∥ = Θ
((√

d/n
)T ∥∥∥w(0)

j

∥∥∥) , (21)

while the signal contribution along direction ûi is

λ̂T
i

∣∣ûT
i w

(0)
j

∣∣ = Θ

(
λT
i

1√
d

∥∥∥w(0)
j

∥∥∥) ≳ κ−T 1√
d

∥∥∥w(0)
j

∥∥∥ . (22)

To ensure that the signal is at least comparable with the noise, we require

κ−T

√
d

≳
(√

d/n
)T

(23)

which corresponds to the condition n ≳ d1+1/Tκ2.

Assuming the noise term is negligible, for k ∈ [r] we now focus on the signal strength along
direction uk instead of ûk

uT
k Σ̂

T
ℓ w

(0)
j ≈ λ̂T

ku
T
k ûkû

T
kw

(0)
j +

∑
1≤i≤r
i ̸=k

λ̂T
i u

T
k ûiû

T
i w

(0)
j . (24)

Here we require the first term to dominate the second so that the signal strength along the direction
uk is well aligned with that along ûk. For a typical w(0)

j , the magnitude of the first term is at least

Θ
(
κ−T/

√
d
∥∥∥w(0)

j

∥∥∥), while we have∣∣∣∣∣∣∣∣
∑

1≤i≤r
i ̸=k

λ̂T
i u

T
k ûiû

T
i w

(0)
j

∣∣∣∣∣∣∣∣ = O
(∥∥∥w(0)

j

∥∥∥ /√n) (25)

using the standard estimates |uT
k ûi| = O(

√
d/n) and |ûT

i w
(0)
j | = Θ

(∥∥∥w(0)
j

∥∥∥√1/d
)

. Therefore,

it suffices to take n ≳ d log dT2κ2T. We emphasize and highlight that it is quite interesting to
observe that two conflicting factors are involved at the same time. If T is too small, the noise is not
sufficiently suppressed; whereas if T is too large, the weakest signal direction vanishes exponentially
and becomes undetectable. Therefore, we have to balance these two effects to find the optimal T,
which is interestingly found to be of the order Θ(

√
log d).

Therefore, assuming n ≳ d log dT2κ2T + d1+
1
Tκ2, the learned feature approximately lies in and

successfully spans the whole U subspace. We can then conclude that the second stage is able to
learn any multi-index model with hidden subspace U from the learned features via using a standard
kernel method argument. The complexity of this learning scales independent with d and polynomial
with κT, as some compensation is required to learn the weakest direction, which is still Õ(1) when
T = Θ(

√
log d). For a concrete explanation, we refer to the proof roadmap of the second stage in

Appendix D.

4.2 COMPARISON WITH THE EXISTING APPROACHES

First of all, we note that our results cannot be recovered using a DMFT or state evolution framework,
such as Agoritsas et al. (2018); Ba et al. (2022); Celentano et al. (2025); Gerbelot et al. (2023);
Berthier et al. (2024) and many more. Essentially, in order to learn those generative-exponent two
directions under the sample size Θ̃(d), one needs a diverging time horizon to escape the initial
saddle point if there is no hot start or explicit spectral initialization. Under the DMFT/state evolution
propotional limit, the neurons shall not escape the initial stationary point.

Second, our methods differ from the standard power iteration in matrix/tensor PCA problems
Balzano et al. (2011); Montanari & Richard (2014). If we enforce the matrix power iteration approx-
imation for long time, the neurons shall collapse to one single direction, which prevents a successful
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learning. Instead, we force a early stop (but still longer than constant) to the power iteration to
ensure the neurons span the entire subspace. In practice, we believe neural networks can adaptively
find the optimal stopping time when the second layer is trained together with the first layer. We
provide numerical validations of our main results in Section B.

5 FURTHER DISCUSSIONS

We here further explain our Assumption 5, which essentially requires our target function has gen-
erative exponent two without generative-staircase structure. To start with, we briefly introduce the
concept of generative exponents. The so-called generative exponents has a long standing literature
(see related works) and is introduced in its most general form in recent work Damian et al. (2025),
which sharply characterize the complexity of efficiently learning Gaussian multi-index models up
to leading order. In the following, we use hk to denote degree k Hermite polynomials and Hek to
denote degree k Hermite tensors. A short introduction to these objects is provided in Appendix E.1.

We denote z = UTx ∼ N(0, Ir) as the hidden directions and y as the model output. Denote further
S as a subspace of the U subspace, and let zS ∈ S denote the orthogonal projection of z onto
S. The generative exponent given a subspace S, k∗S = k∗S(z, y), is defined as the largest k such
that E[T (y,zS)p(zS⊥)] = 0 for any measurable function T and any polynomial p of degree lower
than k. This indicates that the tensor E[T ∗(y,zS)Hek∗S (zS⊥)] ̸= 0 and we will learn some new
directions Snew. Therefore, we get a new learned subspace S′ = S

⋃
Snew. Repeating this process,

we will get an increasing sequence of subspace ∅ = S0 ⊊ S1 ⊊ · · · ⊊ SL = span(U), and the
overall generative leap exponent is then formally defined as k∗ := maxi k

∗
Si

.

The generative exponent is important since Damian et al. (2025) proves that the complexity of ef-
ficiently learning a multi-index model is Θ(dk

∗/2) via providing both the LDP lower bound and a
matching spectral algorithm upper bound. Further, it can be shown that almost all common multi-
index models have the generative leap exponent k∗ ≤ 2. For instance, it works when the link
function is 1) all the polynomials, 2) piecewise linear functions, 3) intersection of halfspace. There-
fore, we can always extract information from computing E

[
T (y,zSi)He2(zS⊥

i
)
]

with a proper pre-
processing function T . In addition, Lemma F.14 of Damian et al. (2024) indicates that T need not
to be highly specific. In fact, they prove that even random polynomials suffice in the single-index
setting.

We emphasize that this observation motivates our Assumption 5. In addition to generative leap
exponent two, we are essentially requiring that there exists one pre-processing function T which
is able to extract all the spanned directions in the subspace U from the second order information.
Our assumption is weaker than the previous literature of using neural networks to learn multi-index
models up to vanishing test error. For instance, via using a Huber loss, we can deal with the link
function g(z) =

∑k
i=1 h4(zi) which is not covered in previous papers like Damian et al. (2022).

6 CONCLUSIONS

In this paper, we demonstrate that under Gaussian input, a two-layer neural network trained with
layer-wise gradient descent can learn generic multi-index models up to od(1) test error using Õ(d)
sample and Õ(d2) time complexity, which matches the information-theoretic threshold up to the
leading order. We emphasize that our analysis does not rely on any particular choice of activation,
loss, or link function; rather, the assumptions imposed are generic and hold for a broad class of
functions. An important and somewhat unexpected insight from the proof is that the inner layer
must be trained for more than a constant number of steps to successfully learn the hidden features,
in order to recover the hidden features most efficiently and thus achieve optimal performance. This
observation is impossible to be observed via a DMFT or state evolution framework over bounded
time horizon, and has the potential to extend to other settings. Overall, our results demonstrate
that neural networks are capable of effective representation learning and can fully learn the target
function on this canonical task with near-optimal efficiency.
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A RELATED WORKS

Learning multi-index models. In a multi-index model, the output depends on a low-dimensional
subspace of the input data. This framework has a rich history in statistics and ML, where it is used to
model low-dimensional structures with high-dimensional data. A comprehensive survey of current
algorithms for learning multi-index models is provided in Bruna & Hsu (2025). In particular, it
is known that under generic conditions, the information-theoretic sample complexity required to
learn such targets is proportional to the input dimension, as rigorously established in Barbier et al.
(2019); Aubin et al. (2019). Nevertheless, it remains largely unclear whether and how widely used
polynomial-time algorithms can efficiently recover the hidden subspace.

To start with, Barbier et al. (2019); Mondelli & Montanari (2018); Lu & Li (2019); Luo et al.
(2019); Maillard et al. (2021) studies generic single-index models and sharply derives the learning
threshold. In particular, Mondelli & Montanari (2018); Lu & Li (2019); Luo et al. (2019); Maillard
et al. (2021) show that for a broad class of single-index models, spectral methods with suitable data
pre-processing can recover the hidden direction at the optimal threshold, matching the performance
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of an optimal approximate message passing (AMP) Barbier et al. (2019). In contrast, Arous et al.
(2021) considers a more restrictive setting and examines the learning of single-index models when
using online SGD as the optimizer without data preprocessing, and introduces the concept of an
information exponent, which characterizes the learning complexity in their setup.

A substantial line of works studies how to extend these results to multi-index models such as Chen &
Meka (2020); Abbe et al. (2022; 2023a); Troiani et al. (2025); Damian et al. (2025); Kovačević et al.
(2025); Defilippis et al. (2025); Diakonikolas et al. (2025). On one hand, Abbe et al. (2024; 2023b)
introduces the notion of leap complexity, showing that hierarchical/staircase structure in multi-index
models can facilitate learning. On the other hand, Damian et al. (2024; 2025) extend this line of work
by formalizing the generative exponent for single-index models and the generative leap exponent for
multi-index models, extending the previous results to higher order and incorporating the benefits of
data pre-processing. In particular, we highlight Damian et al. (2025) for its two key contributions.

• For multi-index models with generative exponent k∗, the authors establish up to leading
order a lower bound Ω̃(dk

∗/2) under the low-degree polynomial (LDP) framework and a
matching upper bound Õ(dk∗/2) achieved by a spectral polynomial-time algorithm for the
sample complexity.

• Furthermore, it shows that the generative exponent is at most two for almost all common
multi-index models, indicating that O(d) samples are sufficient to efficiently recover the
hidden subspace.

These papers are in general not tight in terms of leading order constants. We also note that Di-
akonikolas et al. (2025) introduces a related notion, i.e., the m-well-behaved multi-index model,
which coincides with the generative exponent in many cases. While their sample complexity ex-
hibits a worse dependence on d compared to Damian et al. (2025), their work offers two advantages:
it targets agnostic PAC learning rather than subspace recovery, and it provides uniform sample com-
plexity guarantees that apply agnostically to all multi-index models within a certain given class.

Subsequently, for the precise (weak recovery) learning threshold for multi-index models, Troiani
et al. (2025) non-rigorously derives the sharp optimal sample size required for weakly learning
generative-leap-exponent-two multi-index models by performing a local analysis of Bayes AMP,
extending the results of Barbier et al. (2019); Mondelli & Montanari (2018) for single-index mod-
els when the generative exponent of the target equals two. Moreover, as two follow-up works,
Kovačević et al. (2025); Defilippis et al. (2025) study learning multi-index models using an optimal
spectral method, although their sample thresholds in Kovačević et al. (2025) are in general not al-
ways optimal, and none of those works can deal with the generative-staircase setup. We emphasize
that the above works depend on the special structure of multi-index models and therefore do not
use general-purpose algorithms such as learning with standard neural networks trained via gradient
descent.

Feature learning in neural networks. The term feature learning refers to the following phe-
nomenon. In practice, neural networks trained with local gradient-based algorithms such as gradient
descent can adapt to the low-dimensional structure of the tasks and efficiently learn useful hid-
den features, which in turn facilitates successful learning and enables effective transfer learning to
downstream tasks. Among the first several works in this direction, as we have mentioned previously,
Damian et al. (2022) demonstrates that neural networks can learn generic multi-index models at a
sub-optimal sample size of n = Θ̃(d2) under some additional assumptions. Similarly, Abbe et al.
(2024; 2023b) establish a sub-optimal rate of n = Õ(dL) for neural network learning, where L
denotes the leap complexity. Ba et al. (2022) studies the problem under a much more restrictive as-
sumption of an information exponent one, and in this setting shows that neural networks can succeed
with O(d) samples.

Furthermore, as noted earlier, Lee et al. (2024) shows that neural networks can learn generic single-
index models with generative exponent at most two with sample complexity Õ(d) through data
re-using while Montanari & Urbani (2025) provides a sharp DMFT theory analyzing the learning
dynamics of single-index models using a standard two-layer neural network when the sample size
and input dimension are proportional. Together, these two works essentially conclude the studies
of learning single-index models with neural networks. Next, Dandi et al. (2024) demonstrates that
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neural networks can learn multi-index models with generative leap exponent one using n = O(d)
samples in constant time, leveraging DMFT theory. Finally, as noted previously, Arnaboldi et al.
(2025) provides a loose result, showing that neural networks with O(d log2 d) samples can recover
the hidden subspace of multi-index models but in a weak recovery sense when the generative leap
exponent of the target equals two. Besides linear features, we note that there is also a substantial line
of work on learning nonlinear features with deep neural networks, including Nichani et al. (2023);
Ren et al. (2023); Wang et al. (2023); Fu et al. (2024).

We are aware of and highlight this recent concurrent work Montanari & Wang (2026). Our works
differ in the following aspects. Montanari & Wang (2026) studies learning a multi-index model us-
ing a two-layer network trained with standard gradient descent instead of modified gradient-based
algorithms. Their arguments are performed in the proportional regime, that is, n/d→ δ ∈ (0,+∞),
leveraging toolboxes from discrete time DMFT and random matrix theory. Besides, their results are
sharp in constants, and they derive the sharp phase transition threshold at which the trained neu-
ral network can start to weakly recover the first hard direction (with generative exponent two). In
contrast, Montanari & Wang (2026) does not establish full subspace recovery and therefore cannot
provide an end-to-end analysis of the problem. Instead our work provides an end-to-end learning
guarantee via a somehow different mechanism, albeit at the cost of a slightly worse sample com-
plexity and the use of a modified layer-wise training scheme.

B NUMERICAL ILLUSTRATIONS

We conduct preliminary numerical experiments to validate our theoretical predictions.

We consider the following target function f∗(x) = (x2
1+

1
2x

2
2)/
√

5/2 where x ∈ Rd and xi denotes
the i-th coordinate. This is a multi-index model with r = 2 hidden directions. We use a two-layer
neural network with width m = 4 and quadratic activation function σ(t) = t2. Both layers use
standard Kaiming uniform initialization for weights and biases. For each dimension d and sample
size exponent α, we generate n = ⌊dα⌋ training samples from N(0, Id). We train the network using
Adam optimizer with learning rate η = 0.005 for up to 1000 epochs with batch size 32. We vary the
dimension d logarithmically and search the sample size exponent α in the range [1.1, 1.8] with step
size 0.01. For each (d, α) pair, we run 5 independent trials with different random seeds and report
the average minimal sample size exponent α required to achieve test error below threshold ϵ.

B.1 RESULTS

Figure 1 shows the minimal-sample-size exponent α required to achieve test error below threshold
ϵ converges to one as d increases for different thresholds ϵ ∈ {1.0, 0.1, 0.01}. Each point represents
the average over 5 random seeds. These experiments validate that neural networks can indeed learn
multi-index models with near-optimal sample complexity. The decreasing trend in α as dimension
grows provides empirical support for our theoretical finding that n = Õ(d) samples suffice for
successful learning, achieving the information-theoretic limit up to leading order.

B.2 PROPER CHOICE OF LOSS FUNCTION

We demonstrate that the choice of loss function critically impacts learning performance for a subset
of targets. We consider a challenging target h4(x1) + h4(x2) where h4(z) =

1√
24
(z4 − 6z2 + 3) is

the degree-4 Hermite polynomial. This target has generative exponent 2 but information exponent
4 which is larger than generative exponent and requires a properly chosen loss function rather than
square loss to ensure the second-order information is non-degenerate. To this end, we train a two-
layer neural network with width m = 4 and cosine activation σ(t) = cos(t) using two different
loss functions: Mean Squared Error (MSE) and Huber loss. We measure the learning process by
the alignment metric cos(best), defined as the maximum cosine similarity between any first-layer
weight vector and the true directions e1 or e2. A value close to one indicates successful recovery
of the hidden directions. For dimensions d ∈ {200, 300, 500}, we vary the sample size n and plot
the alignment cos(best) as a function of sample complexity ratio n/d. For each (d, n) pair, we run
10 independent trials with different random seeds and report the median along with 30th and 70th
percentiles.
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Figure 1: Minimal sample size exponent α (where n = dα) required to achieve test error ≤ ϵ as a
function of dimension d. Three thresholds are shown: ϵ = 1.0 (light blue), ϵ = 0.1 (medium blue),
and ϵ = 0.01 (dark blue). More stringent error thresholds require larger α (more samples), but all
curves exhibit similar downward trends.

Figure 2: MSE and Huber loss for learning h4(x1) + h4(x2) across different dimensions d ∈
{200, 300, 500}. The x-axis shows n/d, and the y-axis shows the cos similarity cos(best). Lines
show median with error bars indicating 30th to 70th percentiles over 10 random seeds. Blue shades
represent MSE and red/orange shades represent Huber loss.

Figure 2 reveals a striking difference between the two loss functions. MSE loss consistently fails to
learn the target function, with alignment remaining near zero even when n/d = 80. In stark contrast,
Huber loss exhibits a clear phase transition: the alignment rapidly increases from near 0 to near 1
once the sample size exceeds a critical threshold around n/d = 20. This threshold is consistent
across all three dimensions. This experiment validates our theoretical assumption (Assumption 5)
that the pre-processing function ℓ′(0, y) must ensure non-degenerate second-order information. For
this particular target, MSE loss corresponds to a degenerate pre-processing (since E[yxxT] = 0),
while Huber loss provides the necessary non-degeneracy. This demonstrates that: (i) the choice
of loss function is not merely a matter of optimization convenience but fundamentally influences
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whether the information-theoretic limit can be achieved, and (ii) our framework correctly predicts
that with proper loss selection, neural networks can learn targets beyond previous theoretical guar-
antees with linear sample complexity.

C PROOF OF LEMMA C.1: FEATURE LEARNING

We will use η to refer to the learning rate η1 and use β to refer to β1 throughout this section. We
recall that we use D to refer to a large absolute constant.

We will first introduce several more notations to help us to do the proof. In the first stage, we expect
the prediction fΘ(t)(xi) to remain small, since the norm of the features should remain small. We
apply a first-order Taylor expansion of the first argument of ℓ′(t)i around zero

ℓ
′(t)
i = ℓ′(0, yi) + ℓ′′(ζ

(t)
i , yi)fΘ(t)(xi) for some

∣∣∣ζ(t)i ∣∣∣ ≤ |fΘ(t)(xi)| (26)

Denote the remainder term by

∆
(t)
i := ℓ′′(ζ

(t)
i , yi)fΘ(t)(xi) (27)

which satisfies the bound
∣∣∣∆(t)

i

∣∣∣ ≤ L |fΘ(t)(xi)| and should be small in principle. Substituting the
expansion into the gradient expression for the j-th neuron, we get

∇wj
L̂n(Θ(t)) =

1

n

n∑
i=1

(ℓ′(0, yi) + ∆
(t)
i )ajσ

′(w
(t)T
j xi)xi. (28)

Grouping terms, we have

∇wj L̂n(Θ(t)) = aj

[
1

n

n∑
i=1

ℓ′(0, yi)σ
′(w

(t)T
j xi)xi︸ ︷︷ ︸

Zeroth-order term

+
1

n

n∑
i=1

∆
(t)
i σ′(w

(t)T
j xi)xi︸ ︷︷ ︸

Perturbation

]
. (29)

To analyze the gradient dynamics, we further expand the derivative of the activation function using
a second-order Taylor approximation around zero. Since σ′(0) = 0, we obtain

σ′(z) = σ′′(0)z +
1

2
σ(3)(ξ)z2, for some |ξ| ≤ |z| . (30)

Substituting the expansion of σ′(·) into ∇wj
L̂, we obtain

∇wj L̂ = ajσ
′′(0)Σ̂ℓwj +

aj
2n

n∑
i=1

ℓiσ
(3)(ξi)(w

T
j xi)

2xi +
aj
n

n∑
i=1

∆
(t)
i σ′(wT

j xi)xi︸ ︷︷ ︸
Perturbation

= ajσ
′′(0)Σ̂ℓwj +

aj
2n

(
n∑
i=1

ℓiσ
(3)(ξi)(w

T
j xi)

2xi

+2σ′′(0)

n∑
i=1

∆
(t)
i (wT

j xi)xi +

n∑
i=1

∆
(t)
i σ(3)(ξi)(w

T
j xi)

2xi

)
.

(31)

The first term captures the leading-order linear dynamics that should be dominating, while the sec-
ond term is a higher-order perturbation term that will be controlled using norm bounds on w

(t)
j and

also bounds on ∆
(t)
i .

Under gradient descent with a proper weight decay (recall that we set β = 1
η ) and the learning rate

as η, the update rule for wj becomes

w
(t+1)
j = w

(t)
j − η(∇wj L̂+ βw

(t)
j ) = −ηajσ′′(0)Σ̂ℓw

(t)
j +R

(t)
j (32)
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where the residual term R
(t)
j is defined by

R
(t)
j := −ηaj

2n

(
n∑
i=1

ℓiσ
(3)(ξ

(t)
i )(w

(t)T
j xi)

2xi

+2

n∑
i=1

∆
(t)
i (w

(t)T
j xi)xi +

n∑
i=1

∆
(t)
i σ(3)(ξ

(t)
i )(w

(t)T
j xi)

2xi

)
(33)

Since (w
(t)T
j xi)

2xi = (w
(t)T
j xi)xix

T
i w

(t)
j , we can write R

(t)
j as R

(t)
j = −ηajQ(t)w

(t)
j where

Q(t) ∈ Rd×d is a symmetric matrix defined by

Q(t) :=
1

2n

(
n∑
i=1

ℓiσ
(3)(ξ

(t)
i )(w

(t)T
j xi)xix

T
i

+2

n∑
i=1

∆
(t)
i xix

T
i +

n∑
i=1

∆
(t)
i σ(3)(ξ

(t)
i )(w

(t)T
j xi)xix

T
i

)
(34)

Now the entire update can be expressed as

w
(t+1)
j = −ηaj(Σ̂ℓ +Q(t))w

(t)
j . (35)

Define
M (t) := Σ̂ℓ +Q(t), so that w

(t+1)
j = −ηajM (t)w

(t)
j . (36)

Through all the calculations above, we obtain a compact form of the update rule with a clear linear
structure. Then by repeatedly following the updates for T1 iterations, we achieve

w
(T1)
j =

1

ϵ0
(−aj)T1ηT1

(
T1−1∏
t=0

M (t)

)
w

(0)
j . (37)

This shows that w(t)
j lies in the image of a composition of linear operators, each consisting of a

dominant direction determined by Σ̂ℓ, plus a time-dependent perturbation Q(t).

The general picture is that Q(t) is negligible when t = o(log d). In this case, we have w
(t+1)
j ∝

Σ̂ℓw
(t)
j and the dynamics of GD will be similar to a power method iteration. For now note that our

power method iteration is with respect to Σ̂ℓ, not Σℓ, since the sample size is finite.

This section is devoted to a complete proof to bound the difference between w
(T1)
j and the ideal

update

ŵj
(T1) :=

1

ϵ0
(−aj)T1ηT1ΣT1

ℓ w
(0)
j (38)

Note that we have ∥∥∥w(T1)
j − ŵj

(T1)
∥∥∥ =

1

ϵ0
ηT1

∥∥∥∥∥
(

T1−1∏
t=0

M (t) −ΣT1

ℓ

)
w

(0)
j

∥∥∥∥∥ (39)

and therefore we just need to bound
∥∥∥(∏T1−1

t=0 M (t) −ΣT1

ℓ

)
w

(0)
j

∥∥∥.

Lemma C.1 (Total Perturbation Error). With probability at least 1 −O(d−D), assuming n ≳ dT2
1

and m ≤ dD/4, for all j ∈ [m], the total perturbation error is bounded by∥∥∥∥∥
(

T1−1∏
t=0

M (t) −ΣT1

ℓ

)
w

(0)
j

∥∥∥∥∥ ≲ ϵ0T1γ

√
log d

d
+ ϵ0γ

T1 , where γ = C

√
d

n
(40)

where C is a universal constant.

The proof of Lemma C.1 is provided in Appendix C.1.

18



Published as a conference paper at ICLR 2026

C.1 PROOF OF LEMMA C.1

We first give a sharp characterization of Σ̂ℓ. We will bound the difference of the empirical and the
population. Define

Hℓ :=
1

n

n∑
i=1

ℓixix
T
i − E[ℓxxT]. (41)

Lemma C.2 (Operator Norm Bound for Hℓ). With probability 1 − O(d−2D) we have ∥Hℓ∥op ≲√
d
n .

From this lemma, we expect a sharp concentration once n≫ d. This is standard in literature. Next,
we bound the magnitude of fΘ(t)(x).

Lemma C.3. Let fΘ(t)(x) =
∑m
j=1 ajσ(w

(t)T
j x) be the output of a two-layer neural network at

iteration t, where each w
(t)
j ∈ Rd satisfies ∥w(t)

j ∥ ≤ ϵ and the input x ∈ Rd satisfies ∥x∥ ≤ 2
√
d.

Then, for all such x, the network output satisfies the bound

|fΘ(t)(x)| ≤ m

(
2ϵ2d+

4

3
Mϵ3d3/2

)
. (42)

Next, we start to control the operator norm of the matrix Q(t).

Lemma C.4 (Operator Norm Bound for Q(t)). Suppose the following holds. Each input satisfies
∥xi∥ ≤ 2

√
d. Each weight vector satisfies ∥w(t)

j ∥ ≤ ϵ. The network prediction at iteration t satisfies
|fΘ(t)(xi)| ≤ Cf .

Then the operator norm of Q(t) satisfies

∥Q(t)∥op ≤ 4ϵd3/2(LM + LCfM) + 4LCfd (43)

Plugging in the concrete estimation for the constant Cf , also note that without loss of generality we
can assume L ≥ 1 and M ≥ 1. we have the following.

Corollary C.5. Suppose the following holds. Each input satisfies ∥xi∥ ≤ 2
√
d. Each weight vector

satisfies ∥w(t)
j ∥ ≤ ϵ.

Then Q(t) satisfies

∥Q(t)∥op ≤ 4LMϵd3/2 + 8Lmϵ2d2 +
40

3
LMmϵ3d5/2 +

16

3
LM2mϵ4d3 ≤ 32L2M2md3ϵ. (44)

With all the lemmas and corollaries above, define the following high probability events. First, we
define the event EH (finite-sample noise bound) as follows:

EH :=

{
∥Hℓ∥op ≲ γ where γ = C

√
d

n

}
. (45)

By Lemma C.2, this holds with probability at least 1−O(d−2D). Furthermore, provided n ≳ dT2
1,

we know that γ ≤ 1
4 also γ ≤ 1

2T1
. Second, we define the event ED (truncated norm) as follows:

ED := {∥xi∥ ≤ 2
√
d for i ∈ [n]}. (46)

By Lemma E.18, this holds with probability at least 1 − n exp(−cd), thus at least 1 − O(d−2D).
Third, we define the event E(t)Q as E(t)Q :=

{∥∥Q(t)
∥∥
op
≤ 1

4

}
. Note that under event ED, provided

∥w(t)
j ∥ ≤ 1

128mL2M2d3 , we have E(t)Q happens. We notice that E(t)Q has no independent randomness,
it is defined just for notation convenience.

In the following we analyze the gradient update conditioned on the event EH ∩ ED, which holds
with high probability. First bound the norm of w(t)

j .
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Lemma C.6 (Norm Bound after T1 Steps). Suppose the event EH ∩ ED holds, and let the learning
rate be set as

η =
1

Cη

(
d

rι2

)1/(2T1)

(47)

for a sufficiently large but fixed constant Cη where ι = 4D log d. Suppose

∥w(0)
j ∥ = ϵ0 ≤

1

128mL2M2d7/2
. (48)

Then for all 0 ≤ t ≤ T1 − 1, we have

∥w(t)
j ∥ ≤

√
dϵ0 and ∥w(t)

j ∥ ≤
1

128mL2M2d3
(49)

Next, we remove Q(t) out of M (t) = Σ̂ℓ +Q(t) and compute the perturbation error.

Lemma C.7. Suppose the event EH∩ED holds. Define ∆ :=
(∏T1−1

t=0 M (t) − Σ̂T1

ℓ

)
w

(0)
j . Assume

that ϵ0 ≤ 1
128mL2M2d7/2

. Then the perturbation error is bounded by

∥∆∥ ≲ T1

(
5

4

)T1−1

md7/2ϵ20. (50)

Next, we deal with the difference between Σℓ and Σ̂ℓ.

Lemma C.8. Let w ∼ Unif(Sd−1(ϵ0)) be a random independent vector. Then with probability at
least 1−O(d−2D), we have

∥(Σℓ +Hℓ)
T1w −ΣT1

ℓ w∥ ≲ ϵ0

(
(∥Σℓ∥op + ∥Hℓ∥op)T1 − ∥Σℓ∥T1

op

)√ log d

d

+ ϵ0∥Hℓ∥T1
op . (51)

Corollary C.9. Under the setup of Lemma C.8 and note we assumed ∥Hℓ∥op ≤ γ with γ ≤
1/(2T1). Then with probability at least 1−O(d−2D), we have∥∥∥(Σℓ +Hℓ)

T1w −ΣT1

ℓ w
∥∥∥ ≲ ϵ0

(
T1γ

√
log d

d
+ γT1

)
. (52)

Proof. From the binomial expansion,

(1 + γ)T1 − 1 =

T1∑
j=1

(
T1

j

)
γj = T1γ +

T1∑
j=2

(
T1

j

)
γj . (53)

Since
∑∞
j=2(T1γ)

j ≤ (T1γ)
2/(1− T1γ) ≤ 2(T1γ)

2 ≤ T1γ, we get (1 + γ)T1 − 1 ≤ 2T1γ. On
the other hand, as in Lemma C.8, one shows under the same event that∥∥∥(Σℓ +Hℓ)

T1w −ΣT1

ℓ w
∥∥∥ ≲ ϵ0

(
(1 + γ)T1 − 1)

√
log d

d
+ γT1

)
. (54)

Combining the two bounds yields the claimed result.

By putting all the things together, we obtain the final bound of Lemma C.1.

Proof of Lemma C.1. We first prove another lemma. We aim to first show that under the stated
condition on ϵ0, the perturbation error from the time-varying iterates is smaller than the leading-
order perturbation induced by Hℓ.

20



Published as a conference paper at ICLR 2026

Lemma C.10. Suppose the event EH ∩ED holds. Recall ∆ =
(∏T1−1

t=0 M (t) − Σ̂T1

ℓ

)
w

(0)
j denote

the error from time-varying perturbations.

Then, provided that ϵ0 ≤ 1
mLM2d7/2

√
log d
n (4/5)T1 we have

∥∆∥ ≲ T1γ

√
log d

d
· ϵ0 (55)

Proof. Recall the bounds established in previous lemmas. We have the one-step expansion error
from iterated time-varying perturbations

∥∆∥ ≲ T1

(
5

4

)T1−1

md7/2ϵ20 (56)

We plug in one ϵ0

∥∆∥ ≲ T1

(
5

4

)T1−1

md7/2ϵ20

≲ T1

(
5

4

)T1−1

md7/2ϵ0
1

md7/2

(
4

5

)T1
√

log d

n

≲ T1γ

√
log d

d
ϵ0 (57)

and the proof is complete.

Finally we decompose the total perturbation error into two parts

(
T1−1∏
t=0

M (t) −ΣT1

ℓ

)
w

(0)
j =

(
T1−1∏
t=0

M (t) − Σ̂T1

ℓ

)
w

(0)
j +

(
Σ̂T1

ℓ −ΣT1

ℓ

)
w

(0)
j

≲ T1γ

√
log d

d
ϵ0 + ϵ0

(
T1γ

√
log d

d
+ γT1

)

≲ ϵ0

(
T1γ

√
log d

d
+ γT1

)
(58)

The conclusion is then straightforward if we adapt the previous two lemmas to bound these two parts
separately.

C.2 PROOF OF SUPPORTING LEMMAS IN APPENDIX C.1

C.2.1 PROOF OF LEMMA C.2

Proof. We analyze the operator norm via a net argument.

Recall that ∥Hℓ∥op = sup∥u∥=∥v∥=1 u
THℓv. Let M1/4, N1/4 be two 1

4 -nets of the unit sphere in
Rd. Then

∥Hℓ∥op ≤ 2 max
u∈M1/4,v∈N1/4

uTHℓv (59)

Fix any u,v, and define

Zi := (uTxi)(v
Txi)ℓi − E[(uTx)(vTx)ℓ]. (60)

Note that we have uTHℓv = 1
n

∑n
i=1 Zi. Since xi is standard Gaussian and ℓi ∈ [−L,L], we have

∥Zi∥ψ1 ≲ L. Therefore we can invoke Bernstein’s inequality and do a union bound over the net to
obtain

P(∥Hℓ∥op ≥ t) ≤ 81d exp

(
−cnt2

L2

)
. (61)

Choosing t = CL
√

d
n for sufficiently large C, we obtain the desired conclusion.
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C.2.2 PROOF OF LEMMA C.3

Proof. Using the Taylor expansion of σ(·) at 0 with σ′(0) = 0 and σ′′(0) = 1, we have

σ(z) = σ(0) +
1

2
z2 +

1

6
σ(3)(ξ)z3 for some |ξ| ≤ |z| (62)

Then

fΘ(t)(x) =

m∑
j=1

ajσ(w
(t)T
j x) =

m∑
j=1

aj

[
σ(0) +

1

2
(w

(t)T
j x)2 +

1

6
σ(3)(ξ

(t)
j )(w

(t)T
j x)3

]
(63)

Since
∑
j aj = 0, the constant term cancels and

fΘ(t)(x) =
1

2

m∑
j=1

aj(w
(t)T
j x)2 +

1

6

m∑
j=1

ajσ
(3)(ξ

(t)
j )(w

(t)T
j x)3 (64)

We then bound each term. We have
|w(t)T

j x| ≤ ∥w(t)
j ∥∥x∥ ≤ 2ϵ

√
d. (65)

Therefore (w
(t)T
j x)2 ≤ 4ϵ2d and (w

(t)T
j x)3 ≤ 8ϵ3d3/2. Then∣∣∣∣∣∣

m∑
j=1

aj(w
(t)T
j x)2

∣∣∣∣∣∣ ≤ 4mϵ2d,

∣∣∣∣∣∣
m∑
j=1

ajσ
(3)(ξ

(t)
j )(w

(t)T
j x)3

∣∣∣∣∣∣ ≤ 8mMϵ3d3/2 (66)

and the following is straightforward

|fΘ(t)(x)| ≤
1

2
(4mϵ2d) +

1

6
(8mMϵ3d3/2) = 2mϵ2d+

4

3
mMϵ3d3/2. (67)

The proof is complete.

C.2.3 PROOF OF LEMMA C.4

Proof. We upper bound the operator norm of Q(t) by treating the three additive components sepa-
rately.

Let

Q
(t)
I :=

1

2n

n∑
i=1

ℓiσ
(3)(ξ

(t)
i )(wT

j xi)xix
T
i (68)

We bound each component |wT
j xi| ≤ ∥wj∥∥xi∥ ≤ 2ϵ

√
d, ∥xixT

i ∥op = ∥xi∥2 ≤ 4d,

|ℓiσ(3)(ξ
(t)
i )| ≤ LM . Thus,

∥Q(t)
I ∥op ≤

1

2n
nLM(2ϵ

√
d)(4d) = 4LMϵd3/2. (69)

Let

Q
(t)
II :=

1

n

n∑
i=1

∆
(t)
i xix

T
i . (70)

Each term satisfies |∆(t)
i | ≤ LCf , ∥xixT

i ∥op ≤ 4d, so

∥Q(t)
II ∥op ≤ LCf (4d). (71)

Let

Q
(t)
III :=

1

2n

n∑
i=1

∆
(t)
i σ(3)(ξ

(t)
i )(wT

j xi)xix
T
i . (72)

We again use |∆(t)
i σ(3)(ξ

(t)
i )| ≤ LCfM , |wT

j xi| ≤ 2ϵ
√
d, ∥xixT

i ∥op ≤ 4d, to obtain

∥Q(t)
III∥op ≤

1

2n
nLCfM(2ϵ

√
d)(4d) = 4LCfMϵd3/2. (73)

We combine the operator norm bounds

∥Q(t)∥op ≤ ∥Q(t)
I ∥op + ∥Q(t)

II ∥op + ∥Q(t)
III∥op ≤ 4ϵd3/2(LM + LCfM) + 4LCfd. (74)

The proof is complete.
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C.2.4 PROOF OF LEMMA C.6

Proof. We first prove the following supporting lemma.

Lemma C.11 (One-Step Norm Control). Suppose the event EH ∩ ED ∩ E(t)Q holds, and let the
learning rate be set as

η =
1

Cη

(
d

rι2

)1/(2T1)

(75)

for a sufficiently large constant Cη where ι = 4D log d. Then the gradient update satisfies

∥w(t+1)
j ∥ ≤ d1/(2T1)∥w(t)

j ∥ (76)

Proof. Under the event EH ∩ E(t)Q , we have

∥M (t)∥op ≤ ∥Σℓ∥op + ∥Hℓ∥op +
∥∥∥Q(t)

∥∥∥
op
≤ 1 +

1

4
+

1

4
=

3

2
(77)

Then,

∥w(t+1)
j ∥ = η∥M (t)w

(t)
j ∥ ≤ η∥M (t)∥op · ∥w(t)

j ∥ ≤
3

2
η · ∥w(t)

j ∥. (78)

Plug the formula for η into the above one and we obtain the desired conclusion.

We prove by induction on t ∈ {0, 1, . . . ,T1 − 1} that ∥w(t)
j ∥ ≤ dt/(2T1)ϵ0 where we assume

ϵ0 ≤ 1
128mL2M2d7/2

. The t = 0 case is trivial. Suppose for some t ≤ T1, we have

∥w(t)
j ∥ ≤ dt/(2T1)ϵ0. (79)

Plugging ϵ0 in, ∥w(t)
j ∥ ≤ 1

128mL2M2d3 , thus the event EH ∩ ED ∩ E(t)Q holds, apply the previous
lemma C.11, we get

∥w(t+1)
j ∥ ≤ d1/(2T1)∥w(t)

j ∥ ≤ d(t+1)/(2T1)ϵ0. (80)
Repeating this induction, the result is straightforward. In particular, for all 0 ≤ t ≤ T1− 1, we have
∥w(t)

j ∥ ≤
√
dϵ0.

C.2.5 PROOF OF LEMMA C.7

Proof. We begin by expanding the product of perturbed operators using a standard multiplicative
expansion

T1−1∏
t=0

M (t) = Σ̂T1

ℓ +

T1∑
s=1

∑
0≤T1<···<T1

Σ̂T1−ts−1
ℓ Q(ts)Σ̂ts−1−1

ℓ · · ·Q(T1)Σ̂T1

ℓ . (81)

Subtracting Σ̂T1

ℓ from both sides yields

T1−1∏
t=0

M (t) − Σ̂T1

ℓ =

T1∑
s=1

∑
0≤T1<···<T1

Σ̂T1−ts−1
ℓ Q(ts)Σ̂ts−1

ℓ · · ·Q(T1)Σ̂T1

ℓ . (82)

We now apply this expansion to w
(0)
j , and estimate the resulting norm. For each term in the expan-

sion with s perturbation matrices, we use the operator norm bound

∥Σ̂T1−ts−1
ℓ Q(ts) · · ·Q(T1)Σ̂T1

ℓ w
(0)
j ∥ ≤ ∥Σ̂ℓ∥T1−s

op ·
s∏

k=1

∥Q(tk)∥op · ∥w(0)
j ∥ (83)

Note that the event EH ∩ ED holds, ∥Σ̂ℓ∥op ≤ ∥Σℓ∥op + ∥Hℓ∥op ≤ 5
4 . Combining with

ϵ0 ≤
1

128mL2M2d7/2
(84)
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by Lemma C.6, for all 0 ≤ t ≤ T1 − 1 ∥w(t)
j ∥ ≤

√
dϵ0. Moreover, using Corollary C.5, it is easy

to know that ∥∥∥Q(t)
∥∥∥
op
≤ 32LM2md7/2ϵ0 (85)

Hence, each term with s perturbation matrices is bounded by(
5

4

)T1−s

(32L2M2md7/2ϵ0)
sϵ0. (86)

Summing over all such terms (total of
(
T1

s

)
per order s), we have∥∥∥∥∥

(
T1−1∏
t=0

M (t) − Σ̂T1

ℓ

)
w

(0)
j

∥∥∥∥∥ ≤
T1∑
s=1

(
T1

s

)(
5

4

)T1−s

(32L2M2md7/2ϵ0)
sϵ0. (87)

This sum can be rewritten as

ϵ0

[(
5

4
+ 32L2M2md7/2ϵ0

)T1

−
(
5

4

)T1
]
. (88)

Applying the first-order binomial expansion which is valid for the small enough ϵ0 in our assumption
and we conclude

∥∆∥ ≲ T1

(
5

4

)T1−1

mM2d7/2ϵ20. (89)

The proof is complete.

C.2.6 PROOF OF LEMMA C.8

Proof. We first introduce several standard concentration results.

Lemma C.12. Suppose A is a matrix in Rd×d, and w ∼ Unif(Sd−1). Then with probability at
least 1−O(d−2D), we have

|(Aw)s| ≲ ∥A∥op

√
log d

d
for all s ∈ [r]. (90)

Proof. Fix s ∈ [r], and define the function f(w) = (Aw)s = eTsAw.

This function is Lipschitz with

∥f∥Lip = ∥eTsA∥ ≤ ∥A∥op. (91)

By the standard concentration results for Lipschitz function on the sphere for instance Theorem
5.1.4 in Vershynin (2018), and noting that E[f(w)] = 0, we have the following concentration

P(|f(w)| ≥ t) ≤ 2 exp

(
− cdt2

∥A∥2

)
. (92)

Set t = 2∥A∥op
√

D log d
cd . Then we obtain

P

(
|(Aw)s| ≥ 2∥A∥op

√
D log d

cd

)
≤ d−2D. (93)

Applying a union bound over all the r coordinates and the desired result follows.

Lemma C.13. Let w ∼ Unif(Sd−1(ϵ0)). Let Hℓ ∈ Rd×d be a fixed matrix. Let Π∗ ∈ Rr×d denote
the projection onto the first r coordinates, that is (Π∗v)s = vs for s ∈ [r].

Then with probability at least 1−O(d−2D), we have

∥Π∗Hk
ℓw∥ ≲ ϵ0 · ∥Hk

ℓ ∥op ·
√

r log d

d
, for all k = 0, 1, . . . ,T1. (94)

24



Published as a conference paper at ICLR 2026

Proof. Fix k ∈ {0, 1, . . . ,T1}, and define the matrix A = Hk
ℓ . By Lemma C.12, for each fixed

s ∈ [r], with probability at least 1−O(d−2D), we have

|(Aw)s| = |(Hk
ℓw)s| ≤ ϵ0∥Hk

ℓ ∥op

√
4D log d

cd
, (95)

for some small absolute constant c. Applying a union bound over all s ∈ [r], we get the following
bound holds

∀s ∈ [r] |(Hk
ℓw)s| ≤ ϵ0∥Hk

ℓ ∥op

√
4D log d

cd
(96)

Hence

∥Π∗Hk
ℓw∥2 =

r∑
s=1

((Hk
ℓw)s)

2 ≤ r

(
ϵ0∥Hk

ℓ ∥op

√
4D log d

cd

)2

(97)

and the conclusion follows with a square root calculation and a union bound over time.

To prove Lemma C.8, we invoke the following auxiliary results.

(i) Operator norm bound. ∥Hℓ∥op ≲
√

d
n with probability at least 1−O(d−2D).

(ii) Projection bound. For any integer 0 ≤ ℓ ≤ T1, we have by Lemma C.13

∥Π∗Hℓ
ℓw∥ ≲ ϵ0 · ∥Hℓ∥ℓop ·

√
r log d

d
with probability at least 1−O(d−2D). (98)

Under those two events, we expand

(Σℓ +Hℓ)
T1w −ΣT1

ℓ w =

T1∑
k=1

Mk(w), (99)

where Mk(w) collects all degree-T1 monomials with exactly k occurrences of Hℓ. Among them
we have two kinds of terms.

First, the pure Hℓ term. There is exactly one such term:

∥HT1

ℓ w∥ ≤ ϵ0∥Hℓ∥T1
op . (100)

Second, the mixed terms. Each Mk(w) consists of expressions of the form

T (w) = AΣm
ℓ Hℓ

ℓw, (101)

where A consists of a product of T1 − k − m Σℓ’s and k − ℓ Hℓ’s. Because Σℓ is rank-r, and
leftmost Σm

ℓ acts as projection to top-r eigenspace, we may write

T (w) = AΣm
ℓ Π∗(Hℓ

ℓw). (102)

Now, we estimate each term.

∥A∥op ≤ ∥Σℓ∥T1−k−m
op ∥Hℓ∥k−ℓop ; (103)

∥Σm
ℓ ∥op = ∥Σℓ∥mop; (104)

∥Π∗(Hℓ
ℓw)∥ ≲ ϵ0∥Hℓ∥ℓop

√
r log d

d
; (105)

and therefore

∥T (w)∥ ≲ ϵ0∥Σℓ∥T1−k
op ∥Hℓ∥kop

√
r log d

d
. (106)

The number of such terms is at most
(
T1

k

)
, and summing over 1 ≤ k < T1

ϵ0

T1−1∑
k=1

(
T1

k

)
∥Σℓ∥T1−k

op ∥Hℓ∥kop

√
r log d

d

≲ ϵ0

(
(∥Σℓ∥op + ∥Hℓ∥op)T1 − ∥Σℓ∥T1

op − ∥Hℓ∥T1
op

)√r log d

d
.

(107)
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Adding the pure Hℓ term back, we conclude the final result with 1−O(d−2D) probability

∥(Σℓ +Hℓ)
T1w −ΣT1

ℓ w∥ ≲ ϵ0

(
(∥Σℓ∥op + ∥Hℓ∥op)T1 − ∥Σℓ∥T1

op

)√r log d

d
+ ϵ0∥Hℓ∥T1

op .

(108)
The proof is complete.

D PROOF OF THEOREM 1

D.1 PROOF ROADMAP OF THEOREM 1

General roadmap. For notational convenience, given parameters Θ we denote the population loss
and its empirical counterpart on the second-stage training set as

L(Θ) := Ex[ℓ(fΘ(x), f⋆(x))] and L̂(Θ) :=
1

n

n∑
i=1

ℓ (fΘ(xi), f
⋆(xi)) (109)

To prove Theorem 2, i.e., upper bounding the population loss L(Θ(T)) where Θ(T) is returned by
Algorithm 1, we first construct an “ideal” parameter candidate Θ⋆ based on our feature learning
analysis (Appendix C.1) and analysis of standard random feature models as a transition term, which
lies in a proper parameter class Θ⋆ ∈ F with well-controlled ∥Θ⋆∥ and yields small empirical error.
Then, we can decompose the error L(Θ(T)) as

L(Θ(T)) = L̂(Θ⋆)︸ ︷︷ ︸
Lemma D.17 (subtle issue)

+ L̂(Θ(T))− L̂(Θ⋆)︸ ︷︷ ︸
Lemma D.18

+L(Θ(T))− L̂(Θ(T))︸ ︷︷ ︸
Lemma D.19

. (110)

Next, by choosing a proper weight decay hyperparameter which relates to control the complexity
of F and leveraging the convexity of loss function with respect to a, we show in Lemma D.18 that
with Õ(1) second-stage training steps, the second term can be bounded appropriately. Then, given
that Θ(T) ∈ F , we use standard Rademacher complexity analysis in Lemma D.19 with proper
truncation arguments to bound the generalization error (the third term) via uniform convergence
arguments. Now it suffices to construct the ideal Θ⋆ with a controllable norm and a small error.

Subtle issues in constructing Θ⋆. An intricate problem arises when constructing Θ⋆ and estimat-
ing L̂(Θ⋆). We note that each neuron w

(T)
j after training depends simultaneously on all neurons at

initialization in a complicated manner. Consequently, the network after time T cannot be expressed
as an average of conditionally independent terms, which hinders a direct Monte Carlo sampling
analysis.

To overcome this, we introduce the so-called decoupled parameter group Θ̃ = (a, b, W̃ ). In this
construction, each row w̃j preserves its dependence on the corresponding initialization w

(0)
j but is

independent of the other neurons at initialization. Then, we can further decompose the error L̂(Θ⋆)
as

L̂(Θ⋆) = L̂(Θ̃∗)︸ ︷︷ ︸
LemmaD.15

+ L̂(Θ⋆)− L̂(Θ̃∗)︸ ︷︷ ︸
Lemma D.16

. (111)

For the first term, we invoke standard Monte Carlo concentration arguments (Lemma D.14) to bound
the squared loss, and then use the Lipschitz continuity of ℓ to extend the squared loss to the general
loss L̂(Θ̃∗) (Lemma D.15). Moreover, we show that the empirical risks of Θ⋆ and Θ̃∗ differ only
by a negligible amount (Lemma D.16), which is well-controlled by the Lipschitz continuity of the
loss function ℓ and the small distance between ∥W (T ) − W̃ (T )∥ (Appendix C.1), ensuring that Θ⋆

and Θ̃∗ are sufficiently close.

Now by combining all the above analysis, we can give an upper bound for L(Θ(T)) (Proposition
D.20). Last, we manage to get a balance among the error terms with undetermined coefficients
related to the monomial approximation property of the target function in Lemma D.21 and compute
the time complexity explicitly in Lemma D.26, concluding our formal proof of Theorem 12.

2The formal version is stated in Theorem 2, where we explicitly specify all the hyperparameters.
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D.2 EVENTS OF HIGH PROBABILITIES

We will first define the following events.

Briefly, we define Eα and Eβ as events that the features are ensured to be well learned in the first
stage, which has been proved in Appendix C.1, we then define Eη and Eζ to control the range of the
learned features and the second-stage training data for convenience of learning the outer polynomial
link function g in the second training stage.

First, we define the events solely related to our first dataset. Recall from Lemma C.2 that the con-
centration error Hℓ admits the high-probability operator-norm bound ∥Hℓ∥op ≤ γ := C

√
d/n

where C is an absolute constant. We note that for sufficiently but moderately large n (n ≳ dT2
1) the

perturbation bound satisfies γ ≤ 1
2T1

. We will assume this regime throughout.

We define

Eα :=
{
∥Hℓ∥op ≤ γ

}⋂ ⋂
i∈[n]

{
1

2
∥xi∥2 ≤ d

} (112)

and we know from Lemma C.2 and Lemma E.18 that P(Eα) ≥ 1 − O(d−2D). Next, for a fixed
perturbation Hℓ, the projection control event (for w drawn uniformly from the sphere ϵ0Sd−1) for a
single feature is

Ẽβ :=

{
∥Π∗(Hℓ

ℓw)∥
ϵ0

≲ ∥Hℓ
ℓ∥op

√
log d

d
for all ℓ ≤ T1

}
(113)

and we know from Lemma C.13 that P(Ẽβ |Hℓ) ≥ 1 − O(d−2D). Next, we consider the events
related to the sampling of our features at initialization. Note that because we use symmetric ini-
tialization, only the first m/2 weight vectors are independent. For a fixed perturbation Hℓ and
1 ≤ j ≤ m/2, the projection control event E(j)β is

E(j)β :=

{
∥Π∗(Hℓ

ℓ )w
(0)
j ∥

ϵ0
≲ ∥Hℓ

ℓ∥op

√
log d

d
for all ℓ ≤ T1

}
(114)

and we know from Lemma C.13 that P(E(j)β |Hℓ) ≥ 1 − O(d−2D). Next, define the desired event

as the intersection Eβ :=
⋂m/2
j=1 E

(j)
β . Applying a union bound gives

P(Eβ |Hℓ) ≥ 1−O(md−2D) (115)

From here, in this section we will write η1 as η from time to time. Next, conditioning on the first
dataset and the features, after the first stage of training, we define new events over the randomness
of the second dataset. We need to introduce more notations first. From the previous section, we have
the following formula for our final feature

w
(T1)
j =

1

ϵ0
(−aj)T1ηT1

(
T1−1∏
t=0

M (t)

)
w

(0)
j (116)

and recall the ideal feature ŵj
(T1) := 1

ϵ0
(−aj)T1ηT1ΣT1

ℓ w
(0)
j . For technical convenience, we next

define the approximate feature to remove the influence of the interaction between neurons.

w̃j
(T1) =

1

ϵ0
(−aj)T1ηT1

(
Σ̂T1

ℓ

)
w

(0)
j (117)

To help the proof, we further define

hn(w) :=
1

ϵ0

(
Σ̂T1

ℓ

)
w and h(w) :=

1

ϵ0
ΣT1

ℓ w (118)

and the residual r(w) := hn(w) − h(w) for notational convenience. These approximate features
are useful for our future analysis since Σ̂ℓ does not depend on {wj}mj=1. Therefore, the approximate
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dynamics then will decouple across neurons. We can bound the difference between the approximate
features and true features afterwards with some additional efforts.

We next define the following event over the randomness of the second dataset conditioning on the
first dataset for one feature

Ẽη :=
{
|hn(w)Txi| ≤ ∥hn(w)∥

√
2ι for all n+ 1 ≤ i ≤ 2n

}
(119)

where ι = 4D log d. Via invoking the Gaussian tail bound plus a union bound over dataset, we have
P(Ẽη|Hℓ,w) ≥ 1−O(nd−2D). Then we define

E(j)η :=
{
|hn(w(0)

j )Txi| ≤ ∥hn(w(0)
j )∥
√
2ι for all n+ 1 ≤ i ≤ 2n

}
(120)

where again ι = 4D log d for each individual neuron. We have P(E(j)η |Hℓ, {w(0)
j }mj=0) ≥ 1 −

O(nd−2D) due to the same reasons as above. Define the desired event as the intersection Eη :=⋂m/2
j=1 E

(j)
η . Applying a union bound over these indices j ∈ [m/2] gives P(Eη|Hℓ, {w(0)

j }mj=0) ≥
1−O(nmd−2D).

Last, we also need to define another event depending on {xi}2ni=n+1, that is, Eζ :=⋂
i∈[n]

{
1
2 ∥xi+n∥

2 ≤ d
}⋂

i∈[n]

{
|(xi+n)k| ≲

√
log d for all k ≤ r

}
. By Lemma E.18 and

Lemma E.19 we have that P(Eζ) ≥ 1−O(d−D).
Finally, we denote Eµ := Eα

⋂
Eβ
⋂
Eη
⋂
Eζ from here. We will condition on this event throughout

this section unless we particularly specify.

D.3 PROOF OF THEOREM 1

We first recall some basic facts from the results of the first stage. We have ∥Hℓ∥op ≤ γ under Eα,
which gives rise to

∥Σ̂ℓ∥op = ∥Σℓ +Hℓ∥op ≤ ∥Σℓ∥op + ∥Hℓ∥op ≤ 1 + γ (121)

and taking the product over t yields
∥∥∥Σ̂T1

ℓ

∥∥∥
op
≤ (1 + γ)T1 .

On those events we can obtain the crude uniform bound

∥hn(w)∥ =

∥∥∥Σ̂T1

ℓ w
∥∥∥

ϵ0
≤ (1 + γ)T1

ϵ0
∥w∥ = (1 + γ)T1 (122)

that we might use later. Note that this estimation is uniform for all the features. We denote this
upper bound by V := (1 + γ)T1 .

Furthermore, we know by Corollary C.9, for w drawn uniformly from the sphere ϵ0Sd−1, under
Eα ∩ Ẽβ , the residual term is dominated by

∥r(w)∥ ≤ C

(
γT1

√
rD log d

d
+ γT1

)
(123)

where C is a universal constant. For notational convenience, we denote the right side as K. We note
that this is also uniformly correct for all features under the full event E .

Next, we need to do the following moment estimation for the residual term. The below is not
straightforward since we need to take the expectation of w.

Lemma D.1. Under the high probability event Eα, for any integer 1 ≤ j ≤ 4p we have(
Ew∥Π∗r(w)∥j

)1/j
≲ K. (124)

The next lemma computes the sample size needed to control K.
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Lemma D.2. For each absolute constant c, in order to bound K as dκ2T1K2 ≤ c2 it is just sufficient
to require

n ≳ T2
1d log dκ

2T1 + d1+1/T1κ2. (125)

Lemma D.3. Given n ≳ T2
1d log dκ

2T1 + d1+1/T1κ2, under the high probability event of Eα ∩ Ẽβ ,
we have

∥hn(w)∥ ≲
√

log d
1√
d
. (126)

The proofs of the three lemmas above are provided in Appendices D.5.1, D.5.2 and D.5.3, respec-
tively. Then the following corollary holds.

Corollary D.4. Let w ∼ ϵ0 Unif(Sd−1). Given n ≳ T2
1d log dκ

2T1 + d1+1/T1κ2, under the high
probability event of Eα ∩ Ẽβ ∩ Ẽη we have

max
j∈[n+1,2n]

∥hn(w)Txj∥ ≲
log d√

d
. (127)

Proof of Corollary D.4. From previous proof we can see under the high probability event of Eα ∩
Ẽβ ∩ Ẽη we have

max
j∈[n+1,2n]

|hn(w)Txj | ≤ ∥hn(w)∥
√

4D log d. (128)

Also by Lemma D.3, as Eα ∩ Ẽβ happens, we have ∥hn(w)∥ ≲
√
log d 1√

d
. Plug this in and we get

our conclusion.

Before proving the results below, we introduce the notation used throughout. First, let S⋆ =
span{e1, . . . , er} ⊂ Rd be the subspace spanned by the first r standard basis vectors, and recall
Π⋆ : Rd → S⋆ denote the orthogonal projector onto this subspace (i.e. Π⋆ preserves the first r
coordinates and removes other coordinates). Then, for a symmetric tensor T ∈ Sym2k(Rd), write
Mat(T ) for its canonical matricization as a linear operator on Symk(Rd); equivalently, Mat(T ) is
the unique linear operator satisfying〈

u⊗k,Mat(T )v⊗k〉 = T (u⊗k,v⊗k) for all u,v ∈ Rd. (129)

The next lemma will be important for our proof. We can now show that the obtained features hn(w)
are sufficiently expressive to allow us to efficiently represent any polynomial of degree p restricted
to the principal subspace S⋆.

Lemma D.5. Under the high probability event of Eα, given the sample size n ≳ T2
1d log dκ

2T1 +
d1+1/T1κ2, for any k ≤ p, we have

Mat
(
Ew[(Π⋆hn(w))⊗2k]

)
≿

(
d

λ2T1
r

)−k

ΠSymk(S⋆) (130)

where ΠSymk(S⋆) denotes the projection onto symmetric k tensors restricted to S⋆.

In this lemma we will use monomial basis to construct the following approximations for
〈
T ,x⊗k〉

for any k ≤ p and any k tensor T supported on S∗ = {e1, . . . , er}.
Lemma D.6. Assume the sample size n ≳ T2

1d log dκ
2T1 + d1+1/T1κ2. Then under the high

probability event Eα, for each k ≤ p and any symmetric k tensor T supported on S⋆, there exists
zT (w) such that

Ew

[
zT (w)(hn(w)Tx)k

]
=
〈
T ,x⊗k〉 (131)

and we have the bounds

Ew

[
zT (w)2

]
≲

(
d

λ2T1
r

)k
∥T ∥2F and |zT (w)| ≲

(
d

λ2T1
r

)k
∥T ∥F ∥hn(w)∥k. (132)
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The proofs are provided in Appendices D.5.4 and D.5.5.

In the following, we show that bias reinitialization together with our learned features can be used to
transform a wide class of activations σ into (or uniformly approximate by) the monomial xp, thereby
making it able to approximate low-dimensional polynomials.
Definition D.7. Let a be a Rademacher RV i.e. P(a = +1) = P(a = −1) = 1

2 and let b ∼
Unif[−3, 3], independent from a.

We say the activation function σ(·) has the monomial approximation property with exponent β ≥ 0

if for every integer k ≥ 0 and every positive ρ there exists a bounded weight function v
(ρ)
k : {±1} ×

[−3, 3]→ R with
∥v(ρ)k ∥∞ ≤ Vk,ρ ≤ Cσ(k)ρ

−β (133)
such that

sup
|z|≤1

∣∣∣Ea,b[v(ρ)k (a, b)σ(az + b)
]
− zk

∣∣∣ ≤ ρ (134)

The uniform approximation property in Definition D.7 is expected to hold for many standard activa-
tions, with different growth behavior of the required weights Vk,ρ. For example, we provably have
β = 0 for the activation function below.
Definition D.8. The locally quadratic activation is defined as

σ(t) =

{
2|t| − 1, |t| ≥ 1,

t2, |t| < 1.
(135)

In Secttion E.3 we show that β = 0 for locally quadratic function.

We first prove the following lemma in preparation for the proof that follows.

Lemma D.9. Under the sample-size condition n ≳ T2
1d log dκ

2T1 + d1+1/T1κ2. Then under the
high probability event Eµ we have for all features j ∈ [m]∥∥∥w̃j

(T1)
∥∥∥ ≤ 1 and max

i∈[n+1,2n]
|(w̃j

(T1))Txi| ≤ 1 and
∥∥∥w(T1)

j

∥∥∥ ≲ 1 (136)

Note that we already constructed the approximations for
〈
T ,x⊗k〉 using monomial basis, now we

will utilize those bounds above to construct the following approximations for
〈
T ,x⊗k〉 for any

k ≤ p and any k tensor T supported on S∗ = {e1, . . . , er} using activation function σ.

Lemma D.10. Under the sample-size condition n ≳ T2
1d log dκ

2T1 + d1+1/T1κ2 also T1 =
o(log d). Then under the high probability event Eα ∩ Eζ , Consider

fhT
(x) := Ea,b,w

[
hT (a, b,w)σ(w̃(T1)Tx+ b)

]
(137)

where w(T1) = (−ηa)T1hn(w). Here

hT (a, b,w) :=
v
(ϵk)
k (a, b)zT (w)

(−η)kT1
1ηT1∥hn(w)∥≤1

n∏
i=1

1|ηT1hn(w)Txi+n|≤1 (138)

where v
(ϵk)
k is constructed from Definition D.7 and zT (w) is the same from Corollary D.6. We

further assume ϵk ≥ d−
D

12β .

Then, for any training point x ∈ {xi}2ni=n+1, it holds thats

|fhT
(x)−

〈
T ,x⊗k〉 | −∆k ≲ d−

D
8 ∥T ∥F (139)

where
∆k :=

ϵk
ηkT1

∣∣Ew[zT (w)]
∣∣ ≲ ϵkκ

kT1 logk d∥T ∥F . (140)

Additionally we have the following moment estimations where Vk,ϵk is from Definition D.7.

E[h2
T ] ≲ V 2

k,ϵk
(κ2T1 log2 d)k∥T ∥2F , ∥hT ∥∞ ≲ Vk,ϵk(κ

2T1 log2 d)k∥T ∥F . (141)

30



Published as a conference paper at ICLR 2026

The proofs of Lemmas D.9 and D.10 are provided in Appendices D.5.6 and D.5.7, respectively.

The previous lemmas establish the pointwise approximation guarantee for an arbitrary data point x
under the event Eα ∩ Eζ . The next corollary will bound the empirical squared loss over the dataset
{xi}2ni=n+1.

Corollary D.11. Under the sample-size condition n ≳ T2
1d log dκ

2T1 + d1+1/T1κ2 also T1 =
o(log d). Then under the event Eα ∩ Eζ , for any k ≤ p and any k tensor T supported on S∗ =
{e1, . . . , er}, we have the empirical squared loss bound

1

n

2n∑
i=n+1

(
fhT

(xi)−
〈
T ,x⊗k

i

〉)2
≲ ∆2

k + d−D/4 ∥T ∥2F . (142)

where fhT
is defined in Lemma D.10.

Proof of Corollary D.11. Let ei := fhT
(xi) −

〈
T ,x⊗k

i

〉
. By Lemma D.10 we have, for every

training point xi, n+ 1 ≤ i ≤ 2n,

|ei| ≲ ∆k + d−
D
8 ∥T ∥F , (143)

where
∆k :=

ϵk
ηkT1

∣∣Ew[zT (w)]
∣∣ ≲ ϵkκ

kT1 logk d∥T ∥F . (144)

Squaring and averaging, we get the following bound as desired.

1

n

2n∑
i=n+1

e2i ≲
1

n

n∑
i=1

(∆k + d−
D
8 ∥T ∥F )

2 ≤ 2∆2
k + 2d−

D
4 ∥T ∥2F . (145)

The proof is complete.

Definition D.12. For accuracy parameters {ϵk}k≤p define

Vp,ϵ := max
0≤k≤p

Vk,ϵk (146)

where Vk,ϵk is the uniform bound on ∥v(ϵk)k ∥∞ from Definition D.7.

Notice that we already have empirical squared loss bounds for all T supported on S∗ in the Corollary
D.11. Next we will derive empirical squared loss bounds for f∗(x).

Lemma D.13. We assume the event Eα ∩ Eζ , the sample-size condition n ≳ T2
1d log dκ

2T1 +

d1+1/T1κ2 and T1 = o(log d). Further, let h(a, b,w) :=
∑
k≤p hTk

(a, b,w), where {Tk}pk=1 is
defined from tensor expansion of f∗ introduced in Lemma E.21 f∗(x) =

∑
k≤p

〈
Tk,x

⊗k〉 and
hTk

(·) is given by Lemma D.10 with accuracy parameters {ϵk}k≤p.

Then we have the following empirical squared loss bound for f∗(x)

1

n

2n∑
i=n+1

(fh(xi)− f∗(xi))
2 ≲

∑
k≤p

∆k

2

+ d−D/4, (147)

Where fh(x) is defined as

fh(x) := Ea,b,w
[
h(a, b,w)σ(w̃(T1)Tx+ b)

]
(148)

Additionally we have the following moment estimation

E[h2] ≲ V 2
p,ϵ(κ

T1)2p(log d)2p, ∥h∥∞ ≲ Vp,ϵ(κ
T1)2p(log d)2p. (149)

The proof is provided in Appendix D.5.8. We next introduce the following lemma using Monte-
Carlo Approximation.
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Lemma D.14. Under the sample-size condition n ≳ T2
1d log dκ

2T1 + d1+1/T1κ2 also T1 =

o(log d). Consider a∗j :=
1
mh(aj , bj ,w

(0)
j ) where h(·) is defined in Lemma D.13 and aj , bj ,w

(0)
j is

initialized as in Algorithm 1. Denote Θ̃∗ = (a∗, b(T1), W̃ (T1)).

Then under the event Eµ, we have

1

n

2n∑
i=n+1

(
fΘ̃∗(xi)− f∗(xi)

)2
≲

∑
k≤p

∆k

2

+ d−D/4 +
V 2
p,ϵ(κ

T1)4p(log d)4p+2

m
(150)

and ∥a∗∥2 ≲ 1
mV 2

p,ϵ(κ
T1)4p(log d)4p.

The proof is in Appendix D.5.9. For notational simplicity, given the parameter group Θ =
(a, b,W ), we denote the population loss and its empirical counterpart on the second-stage training
set as

L(Θ) := Ex[ℓ(fΘ(x), f⋆(x))] and L̂(Θ) :=
1

n

n∑
i=1

ℓ (fΘ(xi), f
⋆(xi)) (151)

respectively. Also write L̂(Θ) for L̂(fΘ).

In this lemma, we bound our general loss using the squared loss bound.
Lemma D.15. Under the sample-size condition n ≳ T2

1d log dκ
2T1 + d1+1/T1κ2, also T1 =

o(log d) and under the event Eµ, we have

L̂(Θ̃∗) ≲ L

∑
k≤p

∆k +

√
V 2
p,ϵ(κ

T1)4p(log d)4p+2

m

 (152)

where ∆k is defined from Lemma D.10.

The proof is presented in Appendix D.5.10.

Next, we consider the gap between the real features we learn W (T1) and the approximate features
W̃ (T1). Recall Θ̃∗ = (a∗, b(T1), W̃ (T1)) and Θ∗ = (a∗, b(T1),W (T1)).
Lemma D.16. Under the sample-size condition n ≳ T2

1d log dκ
2T1 + d1+1/T1κ2, also T1 =

o(log d) and under the event Eµ, we have∣∣∣L̂(Θ∗)− L̂(Θ̃∗)
∣∣∣ ≲ L

√
V 2
p,ϵ(κ

T1)4p(log d)4p

m
. (153)

We provide the proof in Appendix D.5.11.

Combining the above two lemmas, we directly get the bound for L̂(fΘ∗).
Lemma D.17. Under the same condition as the last lemma we have

L̂(fΘ∗) ≲ L

∑
k≤p

∆k +

√
V 2
p,ϵ(κ

T1)4p(log d)4p+2

m

 . (154)

The proof of this bound is provided in D.5.12.

The preceding lemmas construct a parameter Θ∗ with small empirical risk L̂(fΘ∗) . We now analyze
the parameter output by the second-stage procedure,

Θ(T) =
(
a(T), b(T1),W (T1)

)
, T = T1 +T2 (155)

where a(T) denotes the iterate after T iterations. We recall that only a is updated in the second
stage while b and W remain at their values at time T1. The next lemma gives an upper bound on
the empirical risk L̂

(
Θ(T)

)
of this output.

For notation convenience, we define J := L

(∑
k≤p∆k +

√
V 2
p,ϵ(κ

T1 )4p(log d)4p+2

m

)
and U =√

V 2
p,ϵ(κ

T1 )4p(log d)4p

m .
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Lemma D.18. We consider doing gradient descent on the ridge-regularized empirical loss

F (a) := L̂
(
(a, b(T1),W (T1))

)
+

β2

2
∥a∥2 (156)

with the hyperparameters β2 := J
U2 and η2 = U2

L
√
mU2+2J

.

Then for any T2 ≳ U2Lm
J log(Um) also under the event Eµ, our second stage algorithm returns

a(T) such that for Θ(T) := (a(T), b(T1),W (T1))

L̂
(
Θ(T)

)
≲ J and ∥a(T)∥ ≲ U. (157)

The proof is provided in Appendix D.5.13. The following lemma bounds the gap between empirical
loss and population loss for Θ(T).
Lemma D.19. Under the event E , where E is defined in Defination D.37 and the sample-size condi-
tion n ≳ T2

1d log dκ
2T1 + d1+1/T1κ2, also T1 = o(log d) we have∣∣∣L(fΘ(T))− L̂(fΘ(T))

∣∣∣ ≲ L

√
V 2
p,ϵ(κ

T1)4p(log d)4p+1

n
. (158)

The proof is provided in Appendix D.5.14. Then the following proposition combines the previous
lemmas and gives a quick proof map of bounding the excess population risk L(fΘ(T)).
Proposition D.20. On the event E and the sample-size condition n ≳ T2

1d log dκ
2T1 + d1+1/T1κ2,

also T1 = o(log d) the excess population risk satisfies

L(fΘ(T))−L(f∗) ≲ L

∑
k≤p

∆k +

√
V 2
p,ϵκ

4pT1(log d)4p+1

n
+

√
V 2
p,ϵκ

4pT1(log d)4p+2

m

 . (159)

Proof of Proposition D.20. Note that to upper bound the population loss L(Θ(T)) of the parameter
group Θ(T) returned by Algorithm 1, we first construct an “ideal” parameter group Θ⋆ which lies
in a proper parameter class Θ⋆ ∈ F (small ∥Θ⋆∥) and yields small empirical error.

So the first several lemmas this section give an upper bound for L̂
(
fΘ∗

)
through Θ̃∗ , which is

introduced to decouple the dependence

L̂
(
fΘ∗

)︸ ︷︷ ︸
Lemma D.17

=
[
L̂
(
fΘ∗

)
− L̂
(
fΘ̃∗

)]
︸ ︷︷ ︸

Lemma D.16

+
[
L̂
(
fΘ̃∗

)
− L̂
(
f∗)]︸ ︷︷ ︸

Lemma D.15

≲ L

√
V 2
p,ϵ(κ

T1)4p(log d)4p

m
+ L

∑
k≤p

∆k +

√
V 2
p,ϵ(κ

T1)4p(log d)4p+2

m


≲ L

∑
k≤p

∆k +

√
V 2
p,ϵ(κ

T1)4p(log d)4p+2

m

 .

(160)

And recall that we denote J := L

(∑
k≤p∆k +

√
V 2
p,ϵ(κ

T1 )4p(log d)4p+2

m

)
.

Also note that we can decompose the error L(Θ(T)) in the equation that follows

L(fΘ(T))− L̂(fΘ∗) =
[
L(fΘ(T))− L̂(fΘ(T))

]︸ ︷︷ ︸
Lemma D.19

+
[
L̂(fΘ(T))− L̂(fΘ∗)

]︸ ︷︷ ︸
Lemma D.18

≲ L

√
V 2
p,ϵ(κ

T1)4p(log d)4p+1

n
+ J

≲ L

∑
k≤p

∆k +

√
V 2
p,ϵκ

4pT1(log d)4p+1

n
+

√
V 2
p,ϵκ

4pT1(log d)4p+2

m

 .

(161)
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Combining this two yields

L(fΘ(T))− L(f∗) ≲ L

∑
k≤p

∆k +

√
V 2
p,ϵ(κ

T1)4p(log d)4p+1

n
+

√
V 2
p,ϵ(κ

T1)4p(log d)4p+2

m


(162)

which is precisely the claimed bound. This completes the proof.

Back to the main proof, in the previous proposition, we have the generalization bound

L(fΘ(T)) ≲ L

∑
k≤p

∆k +

√
V 2
p,ϵ(κ

T1)4p(log d)4p+1

n
+

√
V 2
p,ϵ(κ

T1)4p(log d)4p+2

m

 (163)

We note that the bound is depending on both {∆k}pk=0 and Vp,ϵ, which are left unspecified. Fixing
β > 0, we notice that ∆k has the bound relying on ϵk which is

∆k =
ϵk

ηkT1

∣∣Ew[zTk
(w)]

∣∣
≲ ϵkκ

kT1 logk d∥Tk∥F ≲ ϵkκ
pT1 logp d.

(164)

On the other hand, we observe that Vk,ϵk ≲ ϵ−βk . Thus we need to choose proper {ϵk}pk=0 to keep
the balance of Vk,ϵk and ∆k. For notation convenience, let

A := κ2pT1(log d)2p+1, Cm :=

√
1

m
, Cn :=

√
1

n
. (165)

Thus the ϵ-dependent contribution is upper bounded (up to absolute constants) by

Φ({ϵk}k≤p) := A
(∑
k≤p

ϵk +
(
Cm + Cn

)
Vp,ϵ

)
(166)

Specifically, when β = 0, from Definition D.7, we know that the approximation precision ρ can be
zero, which indicates that ϵk = 0 for all {ϵk}pk=0 and also Vp,ϵ ≲ 1. Thus

Φ = A
((
Cm + Cn

)
Vp,ϵ

)
≲ A

(
Cm + Cn

)
(167)

Furthermore, for β > 0 , plugging in Vk,ϵk ≲ ϵ−βk , we have

Φ({ϵk}k≤p) := A
(∑
k≤p

ϵk +
(
Cm + Cn

)
max
k≤p

{
ϵ−βk

})
(168)

The following lemma gives the minimum value of Φ.
Lemma D.21. Fix β > 0. Consider Φ as a function of {ϵk}pk=0. Then the minimizer is unique and
attained at the symmetric point

ϵ∗0 = · · · = ϵ∗p =

(
β(Cm + Cn)

p+ 1

) 1
β+1

. (169)

Moreover, it holds that

min
{ϵk>0}

Φ = A · (β + 1)β− β
β+1 (p+ 1)

β
β+1 (Cm + Cn)

1
β+1 ≲ A(Cm + Cn)

1
β+1 . (170)

The proof is provided in Appendix D.5.15. The following corollary is direct from the previous
statement.
Corollary D.22. When β = 0 , we have inf Φ = A(Cm + Cn).

Now we state the main theorem. For the theorem stated below, we recall that we assume T1 =
o(log d), n ≳ d log dκ2T1 + d1+1/T1κ2 in addition to the assumptions in Section 2 and Section 3.
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Theorem 2 (Main Theorem). Under the assumptions above, there exists a set of hyperparameters

η1 =
1

Cη

(
d

4D2 log2 d

) 1
2T1

, β1 =
1

η1
, η2 =

U2

L
√
mU2 + 2J

, β2 =
J

U2
(171)

such that for any T2 ≳ U2Lm
J log(Um), the population risk satisfies

Ex[ℓ(fΘ(T)(x), y)] ≲ κ2pT1(log d)2p+1

(√
1
m +

√
1
n

) 1
β+1

(172)

under the high probability event E , which happens with probability at least 1 − O(d−D/2), where
Cη is an absolute constant from Lemma C.6 and J, U are quantities defined in D.3.

We further estimate sample and time complexity in the next lemmas, showing that they are both
nearly optimal.

Lemma D.23. Under the setting T1 := ⌈
√

log d
log κ⌉ we have

T2
1d log dκ

2T1 + d1+1/T1κ2 ≲ κ2d
1+2

√
log κ
log d (log d)2 (173)

The proof is provided in Apendix D.5.16. Note that from Theorem 2, for n ≳ T2
1d log dκ

2T1 +
d1+1/T1κ2 the main result applies. Since our sample-complexity upper bound coincides with that
threshold, the corollary follows immediately.

Corollary D.24 (Sample Complexity). The sample complexity is Θ̃(κ2d
1+2

√
log κ
log d ), where d2

√
log κ
log d

is subpolynomial in d.

Next we first estimate T2 under particular m,n choices and other hyperparameters.
Lemma D.25. Fix the set of hyperparameters

T1 := ⌈

√
log d

log κ
⌉ β2 :=

J

U2
η2 =

U2

L
√
mU2 + 2J

T2 =
U2Lm

J
log(Um) (174)

where J and U is defined as

J := L

∑
k≤p

∆k +

√
V 2
p,ϵ(κ

T1)4p(log d)4p+2

m

 and U =

√
V 2
p,ϵ(κ

T1)4p(log d)4p

m
. (175)

{∆k}k≤p is defined in Lemma D.10 and Vp,ϵ is defined in Defination D.12. Note that {ϵk}pk=0 was
fixed in Lemma D.21, conclusively J and U are also fixed.

Furthermore, fix the sample size and net width as m = (log d)4p(β+1)+1d
4p(β+1)

√
log κ
log d , n =

Cκ2(log d)2d
1+2

√
log κ
log d where C is a large universal constant. Then under the above setting,

T2 ≲ κ5p(log d)8pβ+13p+2d
(8pβ+13p)

√
log κ
log d . (176)

By ignoring the logarithmic terms, we can get T2 = Õ(κ5pd
(8pβ+13p)

√
log κ
log d ).

The proof is provided in Appendix D.5.17.

We note that the total time complexity is upper bound by nmd · T up to absolute constants, so
plugging n and m, the next lemma follows directly.
Lemma D.26 (Time complexity). Under the same condition as the last lemma, we have Tcomplexity ≲

κ5p+2(log d)12pβ+17p+5d
2+(12pβ+17p+2)

√
log κ
log d

The proof is provided in Appendix D.5.18.
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D.4 PROOF UNDER β = 0 AND ASSUMPTION 3′

We now extend our analysis to a more general loss class (Assumption 3′) under an additional as-
sumption β = 0. For clarity, we provide a complete proof here.

Under Assumption 3′ and β = 0, Lemma D.5.1 to Lemma D.14 still hold. In particular, given that
β = 0 we can conclude that ∆k = 0 for all k ≤ p and Vp,ϵ is bounded by universal constant. We
restate this as the following lemma, which is parallel to Lemma D.14 in the previous section.

Lemma D.27. Under the sample-size condition n ≳ T2
1d log dκ

2T1 + d1+1/T1κ2 also T1 =

o(log d). Consider a∗j :=
1
mh(aj , bj ,w

(0)
j ) where h(·) is defined in Lemma D.13 and aj , bj ,w

(0)
j is

initialized as in Algorithm 1. Denote Θ̃∗ = (a∗, b(T1), W̃ (T1)).

Then under the event Eµ, we have

1

n

2n∑
i=n+1

(
fΘ̃∗(xi)− f∗(xi)

)2
≲ d−D/4 +

(κT1)4p(log d)4p+2

m
(177)

and ∥a∗∥2 ≲ 1
m (κT1)4p(log d)4p.

We sequentially present the parallel versions of the other theorems in the previous section. In the fol-
lowing lemma, we bound our general loss using the squared loss bound. For notation convenience,
we denote Laug := Lκ2pT1(log d)2p. It can be observed that the original conclusion remains almost
unchanged, except that L is replaced by the new Laug.

Lemma D.28. Under n ≳ T2
1d log dκ

2T1 + d1+1/T1κ2, also T1 = o(log d) and under the event
Eµ, we have

L̂(Θ̃∗) ≲ Laug

√
κ4pT1(log d)4p+2

m
(178)

.

Proof. Under Assumption 3′, for any z, z′, y ∈ R,

|ℓ(z, y)− ℓ(z′, y)| ≤ L (1 + |z|+ |z′|+ |y|) |z − z′|. (179)

Combining with the above Lemma, we have

L̂(Θ̃∗) =
1

n

n∑
i=1

ℓ
(
f
Θ̃∗(xi), f

⋆(xi)
)
=

1

n

n∑
i=1

(
ℓ
(
f
Θ̃∗(xi), f

⋆(xi)
)
− ℓ (f⋆(xi), f

⋆(xi))
)

≲
1

n

n∑
i=1

L
(
1 + |f

Θ̃∗(xi)|+ |f⋆(xi)|
)
|f

Θ̃∗(xi)− f⋆(xi)| (180)

Furthermore, by the same argument as in Lemma D.9, we have
∣∣(w(T)

j )Tx
∣∣ ≲ 1 for all j, thus we

have ∥∥∥σ(W̃ (T1)x+ b
)∥∥∥ ≲

√
m (181)

|f
Θ̃∗(xi)| = a∗σ

(
W̃ (T1)x+ b

)
≲ U
√
m. (182)

Also note that U ≲
√

(κT1 )4p(log d)4p

m and |f⋆(xi)| ≲ (log d)p. Thus by Jensen’s inequality and the
Lipschitz property of ℓ, we have

L̂(Θ̃∗) ≤ 1

n

n∑
i=1

L
(
1 + |f

Θ̃∗(xi)|+ |f⋆(xi)|
)
|f

Θ̃∗(xi)− f⋆(xi)| (183)

≲ L(κT1)2p(log d)2p
1

n

(
n∑
i=1

|f
Θ̃∗(xi)− f⋆(xi)|

)
≲ Laug

√
κ4pT1(log d)4p+2

m
. (184)

The proof is complete.
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Next, we consider the gap between the real features we learn W (T1) and the approximate features
W̃ (T1). Recall Θ̃∗ = (a∗, b(T1), W̃ (T1)) and Θ∗ = (a∗, b(T1),W (T1)).

Lemma D.29. Under the sample-size condition n ≳ T2
1d log dκ

2T1 + d1+1/T1κ2, also T1 =
o(log d) and under the event Eµ, we have∣∣∣L̂(Θ∗)− L̂(Θ̃∗)

∣∣∣ ≲ Laug

√
(κT1)4p(log d)4p

m
. (185)

We omit the proof here, since the only change is to change L to Laug.

Combining the above two lemmas, we directly get the bound for L̂(fΘ∗).

Lemma D.30. Under the same condition as Lemma D.28, we have L̂(fΘ∗) ≲

Laug

√
(κT1 )4p(log d)4p+2

m .

We now analyze the parameter output by the second-stage procedure,

Θ(T) = (a(T), b(T1),W (T1)) T = T1 +T2 (186)

in the new setting. Define J ′ = Laug

√
(κT1 )4p(log d)4p+2

m and U ′ =

√
(κT1 )4p(log d)4p

m . This is
similar to the above section, but simpler under the new setting.
Lemma D.31. We consider doing gradient descent on the ridge-regularized empirical loss

F (a) := L̂
(
(a, b(T1),W (T1))

)
+

β2

2
∥a∥2 (187)

with the hyperparameters β2 := J′

U ′2 and η2 = U ′2

LmU ′2+J′ .

Then for any T2 ≳ m
log d log(mκT log d) also under the event Eµ, our second stage algorithm returns

a(T) such that for Θ(T) := (a(T), b(T1),W (T1))

L̂
(
Θ(T)

)
≲ J ′ and ∥a(T)∥ ≲ U ′. (188)

Proof. Consider the training objective F (a) = L̂
((
a, b(T1),W (T1)

))
+ 1

2β2∥a∥2 with β2 = J′

U ′2 .

Let
a(∞) := arg min

a∈Rm
F (a) (189)

be the minimizer of F .

We further denote ϵ0 is the prescribed optimization tolerance ∥a(T)−a(∞)∥ ≤ ϵ0. Furthermore, let
ϵ0 = 1

mLaug
.

By optimality of a(∞) and the constructed comparator a∗ we have

F (a(∞)) ≤ F (a∗) = L̂(a∗) +
β2

2
∥a∗∥22. (190)

Here we only use that a∗ is a feasible point with ∥a∗∥ ≲ U ′ and L̂(a∗) ≲ J’ (Lemma D.30).

On the other hand,

F (a(∞)) = L̂(a(∞)) +
β2

2
∥a(∞)∥2 ≥ β2

2
∥a(∞)∥2, (191)

so combining with (331) gives

∥a(∞)∥2 ≤ ∥a∗∥2 + 2

β2
L̂(a∗) ≲ U ′2 +

2J ′

β2
= U ′2 +

2J ′

J ′/U ′2 ≲ U ′2. (192)

Thus
∥a(∞)∥ ≲ U ′. (193)
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and also
∥a(T)∥ ≤ ∥a(∞)∥+ ∥a(T) − a(∞)∥ ≤ ϵ0 + U ′ ≲ U ′ (194)

Moreover, from (331) and (334),

L̂(a(∞)) = F (a(∞))− β2

2
∥a(∞)∥22 ≤ F (a∗) ≲ J ′ +

β2

2
U ′2 ≲ J ′. (195)

Thus we have

|F (a(T))− F (a(∞))| ≲ sup
i∈[n+1,2n]

{
Laug

∣∣a(T)Tσ
(
W (T)xi + b(T)

)
− a(∞)Tσ

(
W (T)xi + b(T)

)∣∣}
+ β2(∥a(T)∥+ ∥a(∞)∥)∥a(T) − a(∞)∥

≲ Laug∥a(T) − a(∞)∥ · sup
i∈[n+1,2n]

∥σ
(
W (T)xi + b(T)

)
∥

+ β2(∥a(T)∥+ ∥a(∞)∥)∥a(T) − a(∞)∥ (196)

By previous proof ∥σ
(
W (T)xi + b(T)

)
∥∞ can be bounded by an absolute constant for all i under

event E . Thus we can have a loose ℓ2 norm bound and

|F (a(T))− F (a(∞))| ≲ Laug∥a(T) − a(∞)∥ · sup
i∈[n+1,2n]

∥σ
(
W (T)xi + b(T)

)
∥

+ β2(∥a(T)∥+ ∥a(∞)∥)∥a(T) − a(∞)∥
≲ Laug∥a(T) − a(∞)∥

√
m+ β2U

′∥a(T) − a(∞)∥
≲ (Laug

√
m+ β2U

′)ϵ0 ≲ J ′ (197)

Combining with the same argument as above,

L̂(a(T)) ≲ J ′. (198)

By Assumption 3′ on the loss function ℓ, the function F (a) − β2

2 ∥a∥
2 is convex and satisfies the

gradient Lipschitz condition

By the similar arguments as in the proof of Lemma D.18 , the lip constant for F satisfy Llip ≲
Lm+ J ′/U ′2.

Therefore, by Lemma E.13, if the step size η2 ≤ 1
Llip

, gradient descent will approximate a(∞) to
arbitrary accuracy in

T2 ≳
1

η2β2
log
(
∥a(T1) − a(∞)∥2/ϵ20

)
(199)

steps. Note that when the step size η2 = 1
Lm+J′/U ′2

1

η2β2
≲

U ′2Lm

J ′ (200)

Using the assumption that m ≲ d
D
4 and ∥a(∞)∥ ≲ U, ∥a(T1)∥ ≲ 1, we can further simplify:

1

η2β2
log

(
∥a(T1) − a(∞)∥2

ϵ20

)
≲

U ′2Lm

J ′ log(U ′mLaug) ≲
m

log d
log(mκT log d) (201)

Thus, we conclude that gradient descent will approximate a(∞) to arbitrary accuracy in at most

T2 ≳
m

log d
log(mκT log d) (202)

steps. The proof is complete.
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The following lemma bounds the gap between empirical loss and population loss.
Lemma D.32. Under the event E , where E is defined in Defination D.37 and the sample-size condi-
tion n ≳ T2

1d log dκ
2T1 + d1+1/T1κ2, also T1 = o(log d) we have∣∣∣L(fΘ(T))− L̂(fΘ(T))

∣∣∣ ≲ Laug

√
(κT1)4p(log d)4p+1

n
. (203)

Proof. Use the same argument as the proof of Lemma D.19 in Appendix D.5.14 and use the same
truncation, we can get

sup
f∈F

∣∣L̂M(f)− LM(f)
∣∣ ≲ LaugU

′
√

m log d

n
. (204)

We notice that under the event Eµ,M holds for all xi, i ∈ [n+ 1, 2n], thus L̂M(f) = L̂(f).
For the other term, we have

LM(f)− L(f) = E
[
ℓ(f(x), y)

]
− E

[
ℓM(f(x), y;x)

]
= E

[
ℓ(f(x), y)1{x /∈M}

]
≤ LE

[
(1 + |f(x)|+ |f∗(x)|) |f(x)− f∗(x)|1{x /∈M}

]
≲ L

(
E
[
|f(x)|21{x /∈M}

]
+ E

[
|f∗(x)|21{x /∈M}

])
≲ L

(√
E
[
f(x)4P{x /∈M}

]
+
√
E
[
(f∗(x))4P{x /∈M}

])
. (205)

Recall that it has been assumed that the activation function has bounded third derivatives as in
Assumption 2. Therefore, there exists an absolute constant Cσ > 0 such that

|σ(u)| ≤ Cσ(1 + |u|3) for all u ∈ R. (206)

Via a crude moment estimation bound (plus some hypercontractivity arguments), we can see the
right side is ≲ LU ′d−

D
8 . Thus, we have the following final estimation

sup
f∈F

∣∣L̂(f)− L(f)∣∣ ≲ LaugU
′
√

m log d

n
+ LU ′d−D/8. (207)

Since we have assume n ≤ dD/4, we have supf∈F
∣∣L̂(f) − L(f)∣∣ ≲ LaugU

′
√

m log d
n + LU ′d−

D
8 .

Plug in the formula for U and we get our desired result.

We then have the final proposition.

Proposition D.33. On the event E and the sample-size condition n ≳ T2
1d log dκ

2T1 + d1+1/T1κ2,
also T1 = o(log d) the excess population risk satisfies

L(fΘ(T))− L(f∗) ≲ Laugκ
2pT1(log d)2p+1

(√
1

n
+

√
1

m

)
. (208)

Roadmap to remove β = 0 assumption. We note that β = 0 assumption is not essential and
can be removed via a careful analysis. To be concrete, one can keep the ∆k and Vp,ϵ terms in
final generalization bound under the weakened assumption 3′. Next, we perform another round of
balancing those terms. The minimizer shall be slightly different and a bit technical troublesome, but
the final result remains the same up to logarithmic factors.

D.5 PROOF OF SUPPORTING LEMMAS IN APPENDIX D.3

D.5.1 PROOF OF LEMMA D.1

Proof. We split the expectation over w into the good event Ẽβ and its complement

E[∥Π∗r∥j ] = E
[
∥Π∗r∥j1Ẽβ

]
+ E

[
∥Π∗r∥j1¬Ẽβ

]
. (209)
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We first deal with the first term.

By the high-probability bound, we have ∥Π∗r(w)∥ ≤ K for all w, so

E
[
∥Π∗r∥j1Ẽβ

]
≤ KjP(Ẽβ) ≤ Kj . (210)

Next for the second one, we only need to invoke the trivial operator norm bound. By definition we
have

∥∥∥Σ̂T1

ℓ

∥∥∥ ≤ (1 + γ)T1 . Thus

∥r(w)∥ ≤ ∥Σ̂T1

ℓ ∥+ ∥Σℓ∥T1 ≤ 2M (211)
Hence

E
[
∥Π∗r∥j1¬Ẽβ

]
≤ (2M)jP(¬Ẽβ) ≲ (2M)jrT1d

−D (212)

Therefore we have

E∥Π∗r∥j ≲ Kj + (2M)jrT1d
−D and

[
E∥Π∗r∥j

]1/j
≲ K

[
1 +

(
2M

K

)j
rT1d

−D

]1/j
(213)

To bound the right side, further note
2M

K
=

2(1 + γ)T1

T1γ
√
2rD log d/d

=
2(1 + γ)T1

T1γ
√
2rD log d/d

γ ≤ 1/(2T1) (214)

Since (1 + γ)T1 ≤ eT1γ ≤
√
e, we get

2M

K
≲

1

T1γ

√
d

rD log d
≲

1

T1CH

√
n

rD log d
≲
√
n (215)

Thus via choosing a large enough universal constant D, we have for all j ≤ 4p(
2M

K

)j
rT1d

−D ≲ n2pd−D ≲ 1 (216)

and we finally obtain the desired conclusion via combining two terms.

D.5.2 PROOF OF LEMMA D.2

Proof. We want to ensure d

λ
2T1
r

K2 ≤ c2. Taking square roots on both sides, we note that this is
equivalent to √

d

λT1
r

K ≤ c and K ≤ c
λT1
r√
d
. (217)

To get a sufficient condition, we bound the two terms in K separately. Recall that we set

K = C

(
T1γ

√
rD log d

d
+ γT1

)
(218)

therefore we need

CT1γ

√
rD log d

d
≤ c

λT1
r

2
√
d

and CγT1 ≤ c
λT1
r

2
√
d
. (219)

Under these, we get K ≤ c
λT1
r√
d

as desired. Note that

γ = CH

√
d

n
and CCHT1

√
d

n

√
rD log d

d
≲ T1

√
rD log d

n
(220)

Then, to satisfy the first one, we require T1

√
rD log d

n ≲ λT1
r√
d

, which is equivalent to

n ≳
T2

1rDd log d

λ2T1
r

= T2
1rDd log dκ2T1 (221)

For the second one, we require
√

d
n ≲

(
λT1
r√
d

)1/T1

= λr

(
√
d)1/T1

which is equivalent to

n ≳
d1+1/T1

λ2
r

= d1+1/T1κ2 (222)

Combining the two parts above, the final conclusion directly follows.
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D.5.3 PROOF OF LEMMA D.3

Proof. From Lemma D.2 we know that K ≲ λT1
r√
d

. Then on the intersection of event Eα ∩ Ẽβ the
residual satisfies

∥r(w)∥ ≲ K ≲
λT1
r√
d
≤
√
log d/d. (223)

Moreover hn(w) = h(w) + r(w) and h(w) = ΣT1

ℓ w. Under Ẽβ , we have ∥h(w)∥ ≲
√
log d/d.

Therefore, under the event Eα ∩ Ẽβ we have

∥hn(w)∥ ≤ ∥h(w)∥+ ∥r(w)∥ ≲
√

log d/d. (224)

D.5.4 PROOF OF LEMMA D.5

Proof. Note that since every vector in span(Mat(Ew[(Π⋆hn(w))⊗2k])) is a vectorized symmetric
k tensor, it suffices to show that

E[(Π⋆hn(w))⊗2k](T ,T ) ≳

(
d

λ2T1
r

)−k

(225)

for all symmetric k tensors T supported on S∗ with ∥T ∥2F = 1.

For notation convenience, we denote wϵ := w/ϵ0 where we know wϵ ∼ Unif(Sd−1). Recalling
that Π⋆hn(w) = ΣT1

ℓ wϵ +Π⋆r(w) and the tensor binomial expansion, we have

(Π⋆hn(w))
⊗k

=

k∑
i=0

(
k

i

)(
ΣT1

ℓ wϵ

)⊗(k−i)
⊗ (Π⋆r(w))

⊗i (226)

Thus for any symmetric k-tensor T , we have〈
T , (Π⋆hn(w))

⊗k
〉
=

〈
T ,
(
ΣT1

ℓ wϵ

)⊗k〉
+ δ(w) (227)

where

δ(w) :=

k∑
i=1

(
k

i

)
⟨T ,

(
ΣT1

ℓ wϵ

)⊗(k−i)
⊗ (Π⋆r(w))

⊗i⟩ (228)

Note that by Young’s inequality,

E
[〈
T , (Π⋆hn(w))⊗k

〉2] ≥ E

[
1

2

〈
T ,
(
ΣT1

ℓ wϵ

)⊗k〉2
]
− E

[
δ(w)2

]
(229)

Therefore we need to upper bound E[δ(w)2] and lower bound E[ 12 ⟨T , (ΣT1

ℓ wϵ)
⊗k⟩2]. Intuitively

the δ(w) term should be negligible since r(w) is of small norm.

Note that there is a crude upper bound for δ(w). Contracting T in its first k − i slots and applying
the Frobenius Cauchy-Schwarz inequality gives∣∣∣∣⟨T ,

(
ΣT1

ℓ wϵ

)⊗(k−i)
⊗ (Π⋆r(w))

⊗i⟩
∣∣∣∣ ≤ ∥∥∥∥T ((ΣT1

ℓ wϵ

)⊗(k−i)
)∥∥∥∥

F

∥Π⋆r(w)∥i (230)

Hence

|δ(w)| ≤
k∑
i=1

(
k

i

)∥∥∥∥T ((ΣT1

ℓ wϵ

)⊗(k−i)
)∥∥∥∥

F

∥Π⋆r(w)∥i

≲
k∑
i=1

∥∥∥∥T ((ΣT1

ℓ wϵ

)⊗(k−i)
)∥∥∥∥

F

∥Π⋆r(w)∥i . (231)
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Via Cauchy–Schwarz again, we have

E[δ(w)2] ≲
k∑
i=1

√
E[∥T ((ΣT1

ℓ wϵ)⊗(k−i))∥4F ]E[∥Π⋆r(w)∥4i]

≲
k∑
i=1

E[∥T ((ΣT1

ℓ wϵ)
⊗(k−i))∥2F ]

√
E[∥Π⋆r(w)∥4i] (232)

where the second line is derived via the Gaussian hypercontractivity lemma that we will state at
Lemma E.22 in Section E.6 .

Next, let T̂ be the symmetric k tensor defined by T̂ (v1, . . . ,vk) = T (ΣT1

ℓ v1, . . . ,Σ
T1

ℓ vk). For
each i and each unit-Frobenius norm tensor V supported on S∗ we have

⟨T ((ΣT1

ℓ wϵ)
⊗(k−i)),V ⟩ = T̂ (wϵ

⊗(k−i), (ΣT1

ℓ )†V ) (233)

i.e. by moving ΣT1

ℓ from the arguments of T onto the test tensor one applies (ΣT1

ℓ )† to each slot of
V . By Cauchy-Schwarz again,∣∣∣∣T ((ΣT1

ℓ (w/ϵ0)
)⊗(k−i)

)
,V

∣∣∣∣ ≤ ∥T̂ (wϵ
⊗(k−i))∥F ∥(ΣT1

ℓ )†V ∥F . (234)

Since ∥(ΣT1

ℓ )†V ∥F ≤ 1/λiT1
r for ∥V ∥F = 1, taking the supremum over unit V gives the pointwise

bound

∥T
((

ΣT1

ℓ wϵ

)⊗(k−i)
)
∥F ≤ 1/λiT1

r ∥T̂ (wϵ
⊗(k−i))∥F (235)

Squaring and taking expectation over w yields

E[∥T ((ΣT1

ℓ wϵ)
⊗(k−i))∥2F ] ≤

1

λ2iT1
r

E[∥T̂ (wϵ
⊗(k−i))∥2F ] (236)

Combining with previous calculation, we have the estimation below

E[∥T ((ΣT1

ℓ wϵ)
⊗(k−i))∥2F ] ≤

1

λ2iT1
r

E[∥T̂ (wϵ
⊗(k−i))∥2]

≲

(
d

λ2T1
r

)i
E[⟨T , (ΣT1

ℓ wϵ)
⊗k⟩2] (237)

where the second inequality is deduced from the lemma below.

Lemma D.34. Let w ∼ Unif(Sd−1) and for each tensor T and each k ≤ p we have

E∥T (w⊗k)∥2F ≲ dp−kE⟨T ,w⊗p⟩2. (238)

The proof of Lemma D.34 is provided in Appendix E.5

We also know from Lemma D.1 that for any integer 1 ≤ j ≤ 4p we have under the high probability
event of Eα, which happens with probability at least 1−O(d−D) that[

E∥Π∗r(w)∥j
]1/j

≲ K (239)

Therefore, we have

E[δ(w)2] ≲ E[⟨T , (ΣT1

ℓ wϵ)
⊗k⟩2]

k∑
i=1

(
d

λ2T1
r

K2

)i
(240)

Because we have assumed n ≳ rDd log dκ2T1 + d1+1/T1κ2, we have the following from
Lemma D.2 that

d

λ2T1
r

K2 ≤ c2 (241)

with some prechosen absolute constant c. Thus via picking a small c and plugging the above bound
into the previous equation we have

Ew[δ(w)2] ≤ 1

4
E[⟨T , (ΣT1

ℓ wϵ)
⊗k⟩2]. (242)
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Combining everything gives

E[⟨T , (Π⋆hn(w))⊗k⟩2] ≥ E[
1

2
⟨T , (ΣT1

ℓ wϵ)
⊗k⟩2]− Ew[δ(w)2]

≥ 1

4
E[⟨T , (ΣT1

ℓ wϵ)
⊗k⟩2] (243)

≳ d−k∥T̂ ∥2F

≥
(

d

λ2T1
r

)−k

(244)

where the third line is via taking the expectation over w, the detailed proof for this can be also found
in Appendix E.5. The proof is finished.

D.5.5 PROOF OF LEMMA D.6

Proof. Let
zT (w) := Vec(T )TMat(E[hn(w)⊗2k])†Vec(hn(w)⊗k). (245)

Note that Vec(T ) ∈ span(Mat(E[hn(w)⊗2k])) by Lemma D.5. Therefore,

Ew[zT (w)(hn(w)Tx)k] = Ew[Vec(T )TMat(E[hn(w)⊗2k])†Vec(hn(w)⊗k)Vec(hn(w)⊗k)TVec(x⊗k)]

= ⟨T ,x⊗k⟩. (246)

For the bounds on zT (w) we have the following estimation

Ew[zT (w)2] = Ew[Vec(T )TMat(E[hn(w)⊗2k])†Vec(hn(w)⊗k)Vec(hn(w)⊗k)TMat(E[hn(w)⊗2k])†Vec(T )]

= Vec(T )TMat(E[hn(w)⊗2k])†Vec(T )

≲

(
d

λ2T1
r

)k
∥T ∥2F , (247)

and

|zT (w)| =
∣∣Vec(T )TMat(E[hn(w)⊗2k])†Vec(hn(w)⊗k)

∣∣ ≲ ( d

λ2T1
r

)k
∥T ∥F ∥hn(w)∥k.

(248)
The proof is complete.

D.5.6 PROOF OF LEMMA D.9

Proof. Recall that from Lemma D.3 and D.4, under the high probability event of Eα ∩ Ẽβ ∩ Ẽη ,
which happens with probability at least 1−O(d−D) the following bounds hold

max
j∈[n+1,2n]

∥hn(w)Txj∥ ≲

√
log2 d

d
and ∥hn(w)∥ ≲

√
log d

d
. (249)

Those bounds will be helpful for us to construct the low-dimensional approximation in the second
stage.

Recall that we have set η = η1 = 1
C

(
d

log2 d

)1/(2T1)

where the universal constant C is chosen
sufficiently large so we can absorb the implicit constants hidden in the ≲ bounds. This means we
choose C to make sure on the same high-probability event the following controls are valid

ηT1∥hn(w)∥ ≤ 1 and max
j∈[n+1,2n]

|ηT1hn(w)Txj | ≤ 1 (250)

which indicates that

∥w̃(T1)∥ =
∥∥∥∥ 1

ϵ0
(−aj)T1ηT1Σ̂T1

ℓ w

∥∥∥∥ ≤ 1 (251)

43



Published as a conference paper at ICLR 2026

Note that w(T1) = 1
ϵ0
(−aj)T1ηT1

(∏T1−1
t=0 M (t)

)
w and by Lemma C.1, we have

∥w(T1) − ŵ(T1)∥ ≲ K ≲ ηT1

√
log d

d
(252)

Thus ∥w(T1)∥ ≤ 2∥w̃(T1)∥ ≲ 1 and we complete our proof.

D.5.7 PROOF OF LEMMA D.10

Proof. For any training point x and given initialization w, on events Eα ∩ Eζ ∩ Ẽβ ∩ Ẽη we have the
following control

z := (−η)T1hn(w)Tx ∈ [−1, 1]. (253)
By our previous assumption on the activation function, we have the following low dimensional
approximation result uniformly for z ∈ [−1, 1]∣∣∣Ea,b[v(ϵk)

k (a, b)σ(az + b)]− zk
∣∣∣ ≤ ϵk. (254)

Divide both sides by (−η)kT1 and substitute the features back we obtain∣∣∣∣ 1

(−η)kT1
Ea,b[v(ϵk)

k (a, b)σ((−ηa)T1hn(w)Tx+ b)]− (hn(w)Tx)k
∣∣∣∣ ≤ ϵk

ηkT1
. (255)

Recall that from Corollary D.6 under the high probability event Eα we have

Ew[zT (w)(hn(w)Tx)k] =
〈
T ,x⊗k〉 , (256)

And also recall from Lemma D.4 and the statement before the lemma we know that under the high
probability event Eα ∩ Eζ ∩ Ẽβ ∩ Ẽη

|ηT1hn(w)Txi+n| ≤ 1 (257)

ηT1∥hn(w)∥ ≤ 1 (258)

thus ∣∣fhT
(x)−

〈
T ,x⊗k〉∣∣

≤ ϵk
ηkT1

∣∣∣Ew[zT (w)1Eα∩Eζ∩Ẽβ∩Ẽη
]
∣∣∣+ 1

ηkT1

∣∣∣Ew[zT (w)1Eα∩Eζ∩(Ẽβ∩Ẽη)c
]
∣∣∣

+
1

ηkT1

∣∣∣Ew[zT (w)v
(ϵk)
k (a, b)σ((−ηa)T1hn(w)Tx+ b)1Eα∩Eζ∩(Ẽβ∩Ẽη)c

]
∣∣∣

≤ ϵk
ηkT1

|Ew[zT (w)]|+ 1

ηkT1

∣∣∣Ew[zT (w)1Eα∩Eζ∩(Ẽβ∩Ẽη)c
]
∣∣∣

+ η−kT1

∣∣∣Ew[zT (w)v
(ϵk)
k (a, b)σ((−ηa)T1hn(w)Tx+ b)1Eα∩Eζ∩(Ẽβ∩Ẽη)c

]
∣∣∣

(259)

We bound the third term first. Denote

X(a, b,w) :=
1

ηkT1
v
(ϵk)
k (a, b)zT (w)σ((−ηa)T1hn(w)Tx+ b). (260)

By Cauchy-Schwarz,∣∣∣Ea,b,w[X(a, b,w)1Eα∩Eζ∩(Ẽβ∩Ẽη)c
]
∣∣∣ ≤√Ea,b,w[X(a, b,w)2]

√
P(Eα ∩ Eζ ∩ (Ẽβ ∩ Ẽη)c) (261)

We bound the two factors on the right. Recall that it has been assumed that the activation function
has bounded third derivatives as in Assumption 2. Therefore, there exists a constant Cσ > 0 such
that

|σ(u)| ≤ Cσ(1 + |u|3) for all u ∈ R. (262)
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and also
|X(a, b,w)| ≤ Vk,ϵk |zT (w)|Cσ(1 + |ηT1hn(w)Tx+ b|3). (263)

We recall that the following crude bound works for all w
∥hn(w)∥ ≤ (1 + γ)T1 ≤ 2T1 (264)

where γ is defined in via directly bounding the operator norm of
∏T1−1
t=0 M (t). Notice that under

the event Eζ , we have ∥x∥ ≤ 2
√
d.

Thus via another crude bound we have |ηT1hn(w)Tx+ b| ≲ d and
|X| ≲ Vk,ϵk |zT (w)|d3. (265)

In addition, from Definition D.7 we also have Vk,ϵk = ∥v(ϵk)
k ∥∞ ≲ ϵ−βk ≲ dD/12. Also invoking

Ew[z2T ] ≲ dkκ2T1k∥T ∥2F from D.6, note that for T1 = o(log d), we have κT1 ≲ d, thus it shows
that we obtain √

E[X(a, b,w)2] ≤ Vk,ϵkd
3
√

E[z2T ] ≲ dD/12+3k/2+3∥T ∥F . (266)

Second, Lemma D.3 and D.4 give

P(Eα ∩ Eζ ∩ (Ẽβ ∩ Ẽη)c) ≤ P((Ẽβ ∩ Ẽη)c) ≲ d−D/2 (267)
when ι = 2D log d. Hence∣∣∣Ea,b,w[X(a, b,w)1Eα∩Eζ∩(Ẽβ∩Ẽη)c

]
∣∣∣ ≲ d−D/8∥T ∥F (268)

for sufficiently large universal constant D.

The above argument shows that the third term is negligible.

Then we bound the second term. Using essentially the same method and argument as above, we
obtain

1

ηkT1

∣∣∣Ew[zT (w)1Eα∩Eζ∩(Ẽβ∩Ẽη)c
]
∣∣∣ ≲ 1

ηkT1

√
Ew[z2T ]

√
P(Eα ∩ Eζ ∩ (Ẽβ ∩ Ẽη)c)

≲ d3k/2∥T ∥F d−D/4

≲ d−D/8∥T ∥F (269)

For the first one, we define the approximation error

∆k :=
ϵk

ηkT1
|Ew[zT (w)]| . (270)

By Cauchy–Schwarz,
∆k ≤

ϵk
ηkT1

√
Ew[zT (w)2]. (271)

Substitute the second-moment bound mentioned in Corollary D.6 and we obtain

Ew[zT (w)2] ≲

(
d

λ2T1
r

)k
∥T ∥2F (272)

thus

∆k ≲ ϵk
1

ηkT1

(
d

λ2T1
r

)k/2
∥T ∥F ≲ ϵkκ

kT1 logk d∥T ∥F . (273)

For the other moments, from Definition D.7 we have ∥v(ϵk)
k ∥∞ ≤ Vk,ϵk and

E[h2
T ] ≤

V 2
k,ϵk

η2kT1
E[zT (w)2] ≲ V 2

k,ϵk

1

η2kT1

(
d

λ2T1
r

)k
∥T ∥2F . (274)

Substitute η back and we can get
E[h2

T ] ≲ V 2
k,ϵk

(κ2T1 log2 d)k∥T ∥2F . (275)

Similarly, using |zT (w)| ≲
(

d

λ
2T1
r

)k
∥T ∥F ∥hn(w)∥k again and noticing the truncation terms in

the definition of hT (a, b,w), we have

∥hT ∥∞ ≲ Vk,ϵk(κ
2T1 log2 d)k∥T ∥F (276)

and the lemma is proved.
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D.5.8 PROOF OF LEMMA D.13

Proof. Since h(a, b,w) :=
∑
k≤p hTk

(a, b,w), combining with linearity of expectation, we have

fh(x) =
∑
k≤p

fhTk
(x) (277)

For each k, define the empirical error vector ok ∈ Rn by

ok(i) := fhTk
(xi)− ⟨Tk,x⊗k

i ⟩, i = n+ 1, . . . , 2n. (278)

Then for the aggregated function we have, for all xi from the second stage

fh(xi)− f∗(xi) =
∑
k≤p

ok(i), (279)

For now throughout this proof we equip Rn with the empirical ℓ2 norm, defined for any vector
v = (v(1), . . . , v(n)) ∈ Rn by

∥v∥2n :=
1

n

n∑
i=1

v(i)2. (280)

Hence we can write the empirical squared loss by

1

n

2n∑
i=n+1

(fh(xi)− f∗(xi))
2 =

∥∥∥∥∥∥
∑
k≤p

ok

∥∥∥∥∥∥
2

n

(281)

Note that we have ∥∥∥∥∥∥
∑
k≤p

ok

∥∥∥∥∥∥
2

n

≤

∑
k≤p

∥ok∥n

2

(282)

By Corollary D.11, each single-term error satisfies ∥ok∥2n ≲ ∆2
k + d−D/4∥Tk∥2F . Thus

∥ok∥n ≲ ∆k + d−D/8∥Tk∥F . (283)

Notice that by Lemma E.21 we have ∥Tk∥F ≲ r(p−k)/4 ≲ 1. Therefore∑
k≤p

∥ok∥n

2

≲

∑
k≤p

∆k + d−D/8
∑
k≤p

∥Tk∥F

2

≲

∑
k≤p

∆k + d−D/8p

2

≲

∑
k≤p

∆k

2

+
(
d−D/8

)2

≲

∑
k≤p

∆k

2

+ d−D/4 (284)

where the last step absorbs r, p into the ≲ constant. This proves equation (147).

For the moment bounds, we have by Cauchy–Schwarz

E[h2] = E


∑
k≤p

hTk

2
 =

∑
k,ℓ≤p

E[hTk
hTℓ

] ≤

∑
k≤p

√
E[h2

Tk
]

2

(285)

Substituting the second-moment bound mentioned in Lemma D.10, we obtain for each k,

E[h2
Tk
] ≲ V 2

k,ϵk
(κ2T1 log2 d)k∥Tk∥2F (286)
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hence √
E[h2

Tk
] ≲ Vp,ϵ(κ

T1 log d)k∥Tk∥F . (287)

Using the bound ∥Tk∥F ≲ r
p−k
4 ≲ 1 and summing over k ≤ p, we obtain∑

k≤p

√
E[h2

Tk
] ≲ Vp,ϵ

∑
k≤p

(κT1)k(log d)k ≲ Vp,ϵ(κ
T1)p(log d)p. (288)

where the last step absorbs the polynomial degree p into the ≲ constant. Further, squaring both sides
yields

E[h2] ≲ V 2
p,ϵ(κ

T1)2p(log d)2p (289)
which is the first inequality of Equation (293). For the sup-norm, substitute the sup-norm bound
mentioned in Lemma D.10 we know, for each k,

∥hTk
∥∞ ≲ Vk,ϵk(κ

2T1 log2 d)k∥Tk∥F . (290)

Combining the k bounds together we have

∥h∥∞ ≤
∑
k≤p

∥hTk
∥∞ ≲

∑
k≤p

Vk,ϵk(κ
2T1(log d)2)k∥Tk∥F ≲ Vp,ϵ(κ

2T1(log d)2)p (291)

This proves the second one of Equation (293), concluding our proof.

D.5.9 PROOF OF LEMMA D.14

Proof. We first bound ∥a∗∥ where a∗ = (a∗1, . . . , a
∗
m). Since

a∗j :=
1

m
h(aj , bj ,wj) (292)

and via Lemma D.13 we have the following moment estimation

∥h∥∞ ≲ Vp,ϵ(κ
T1)2p(log d)2p. (293)

Thus we directly get as desired

∥a∗∥2 ≲
V 2
p,ϵ(κ

T1)4p(log d)4p

m
(294)

To bound the square loss for finite width, take the basic decomposition

1

n

2n∑
i=n+1

(
fΘ̃(xi)− f∗(xi)

)2 ≤ 2
1

n

2n∑
i=n+1

(
fΘ̃∗(xi)− fh(xi)

)2
+2

1

n

2n∑
i=n+1

(fh(xi)− f∗(xi))
2
.

(295)
We next bound these two terms separately.

For the second term, by Lemma D.13 we have

2
1

n

2n∑
i=n+1

(fh(xi)− f∗(xi))
2 ≲

∑
k≤p

∆k

2

+ d−D/4 (296)

It thus suffices to control the Monte Carlo fluctuation term (the first term). Note that the parameters
are initialized symmetrically and this symmetry is preserved by first stage training, that is, the first
half neurons are free. Therefore we should group neurons into symmetric pairs to help the proof.

For j ≤ m/2, define

Zj(x) := a∗jσ((w̃j
(T1))Tx+bj)+a∗m−jσ((w̃m−j

(T1)
)Tx+bm−j), w̃j

(T1) = (−ηaj)T1hn(wj)
(297)

so that f
Θ̃∗(x)− fh(x) =

∑
j≤m/2 (Zj(x)− E[Zj(x)]). Introduce the truncated version

Zj(x) := Zj(x)1{|w̃j
(T1)Tx|≤1,|w̃(T1)T

m−j x|≤1} (298)
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By the concentration event Eµ, which occurs with probability at least 1 − O(d−D/2) we have
Zj(xi) = Zj(xi) for all n + 1 ≤ i ≤ 2n and all j ≤ m/2. Hence, on E , we have the follow-
ing decomposition

fΘ̃∗(xi)− fh(xi) =
∑

j≤m/2

(
Zj(xi)− EZj(xi)

)
+

m

2

(
EZj(xi)− EZj(xi)

)
︸ ︷︷ ︸

:=Bi

, (299)

We bound the second term Bi first.

Recall

Bi :=
m

2
(EZj(xi)− EZj(xi)) =

m

2
E[(Zj(xi)− Zj(xi))1Eα∩Eζ∩(Eβ∩Eη)c ], (300)

because Zj = Zj on E . By Cauchy-Schwarz,

|Bi| ≤
m

2
E[|Zj(xi)|1Eα∩Eζ∩(Eβ∩Eη)c ] +

m

2
E[|Zj(xi)|1Eα∩Eζ∩(Eβ∩Eη)c ]

≤ m

2

(√
EZj(xi)2 +

√
EZj(xi)2

)√
P(Eα ∩ Eζ ∩ (Eβ ∩ Eη)c)

≤ m
√
EZj(xi)2

√
P(Eα ∩ Eζ ∩ (Eβ ∩ Eη)c). (301)

The final inequality follows from the fact that truncation does not increase magnitude, that is,
|Zj(xi)| ≤ |Zj(xi)|. For a symmetric pair

Zj(xi) = a∗jσ(w̃j
(T1)Txi + bj) + a∗m−jσ(w̃m−j

(T1)T
xi + bm−j) (302)

Recall that it has been assumed that the activation function has bounded third derivatives as in
Assumption 2. Therefore, there exists an absolute constant Cσ > 0 such that

|σ(u)| ≤ Cσ(1 + |u|3) for all u ∈ R. (303)

Then, for any fixed i, j,

E[Zj(xi)2] ≲ (a∗j )
2(1+|ηT1hn(w

(0)
j )Txi+bj |3)2+(a∗m−j)

2(1+|ηT1hn(w
(0)
m−j)

Txi+bm−j |3)2.
(304)

Notice that under the event Eζ , we have xi is bounded for all i ∈ [n+ 1, 2n] by ∥xi∥ ≤ 2
√
d. Thus

via another crude bound, since we have
∣∣ηT1hn(w

(0)
j )Txi + bj

∣∣ ≲ d and
∣∣ηT1hn(w

(0)
m−j)

Txi +

bm−j
∣∣ ≲ d and we have √

EZj(xi)2 ≲ d3
√

(a∗j )
2 + (a∗m−j)

2

≲ d3
Vp,ϵ(κ

T1)4p(log d)4p

m
(305)

In addition, from Definition D.7 we also have Vk,ϵk = ∥v(ϵk)
k ∥∞ ≲ ϵ−βk ≲ d

D
12 , thus V 2

p,ϵ ≲ d
D
6

Also note that for T1 = o(log d), we have κT1 ≲ d, thus it shows that

√
EZj(xi)2 ≲

d4+4p+ D
12

m
(306)

This gives the intermediate bound

|Bi| ≲ m
d4+4p+ D

12

m

√
P((Eβ ∩ Eη)c) ≲ d4+4p+ D

12

√
P((Eβ ∩ Eη)c). (307)

By the concentration estimates proved above we have Pr((Eβ ∩ Eη)c) ≲ d−D/2 (union bound over
the m/2 independent draws yields the extra factor m), hence

|Bi| ≲ d4+4p+ D
12 d−D/4 ≲ d−D/8. (308)
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for sufficiently large universal constant D.

Fix any x ∈ {xi}2ni=n+1. The variables {Zj(x)− EZj(x)}j≤m/2 are i.i.d. and centered, so we can
use Berstein to bound the sum. Notice that (w(T1)

j )Tx and w
(T1)T
m−j x is truncated by the defination

of Zj(x), we have σ((w
(T1)
j )Tx + bj) and σ((w

(T1)
m−j)

Tx + bm−j) also bounded by a universal
constant.

Combining with a∗j =
1
mh(aj , bj ,wj), we have for a universal constant C

|Zj(x)− EZj(x)| ≤
C

m
∥h∥∞. (309)

Lemma D.35 (Hoeffding’s inequality). Let X1, X2, . . . , Xn be i.i.d. random variables with mean
µ and Xi ∈ [a, b]. Then,

P

{∣∣∣∣∣ 1n
n∑
i=1

Xi − µ

∣∣∣∣∣ ≥ t

}
≤ 2 exp

(
− 2nt2

(b− a)2

)
. (310)

Due to the fact that |Zj(x)| ≲ 1
m∥h∥∞, Hoeffding inequality then yields with probability at least

1−O(d−D)

∣∣∣∣∣∣
∑

j≤m/2

(Zj(x)− EZj(x))

∣∣∣∣∣∣ ≲ log d · ∥h∥∞√
m

. (311)

Recall from Lemma D.13 we have ∥h∥∞ ≲ Vp,ε(κ
T1)2p(log d)2p. Plugging these bounds into the

above one, it shows that

∣∣∣∣∣∣
∑

j≤m/2

(Zj(x)− EZj(x))

∣∣∣∣∣∣ ≲ Vp,ε(κ
T1)2p(log d)2p+1

√
m

. (312)

Therefore

∣∣fΘ̃∗(xi)− fh(xi)
∣∣ ≤

∣∣∣∣∣∣
∑

j≤m/2

(
Zj(xi)− EZj(xi)

)∣∣∣∣∣∣+ m

2

∣∣EZj(xi)− EZj(xi)
∣∣

≲

√
V 2
p,ϵ(κ

T1)4p(log d)4p+2

m
+ d−D/8 (313)

Squaring both sides and applying a union bound over the n training points, we obtain the following.

1

n

2n∑
i=n+1

(
fΘ̃∗(xi)− fh(xi)

)2
≲

V 2
p,ϵ(κ

T1)4p(log d)4p+2

m
+ d−D/4 (314)

By the initial decomposition and Lemma D.13,

1

n

2n∑
i=n+1

(
fΘ̃∗(xi)− f∗(xi)

)2
≲

∑
k≤p

∆k

2

+ d−
D
4 +

V 2
p,ϵ(κ

T1)4p(log d)4p+2

m
, (315)

which is (177). This completes the proof.
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D.5.10 PROOF OF LEMMA D.15

Proof. From Lemma D.14 and Lemma D.13, we know that with high probability at least 1 −
O(d−D/2) there exists a∗ ∈ Rm such that for Θ̃∗ = (a∗, b(T1), W̃ (T1)),

1

n

2n∑
i=n+1

(
fΘ̃∗(xi)− f∗(xi)

)2
≲

∑
k≤p

∆k

2

+ d−D/4 +
V 2
p,ϵ(κ

T1)4p(log d)4p+2

m

≲

∑
k≤p

∆k

2

+
V 2
p,ϵ(κ

T1)4p(log d)4p+2

m
(316)

The last inequality is because m ≤ dD/4, so d−D/4 ≲ 1
m , thus d−D/4 can be absorbed by

V 2
p,ϵ(κ

T1 )4p(log d)4p+2

m

By Jensen’s inequality and the Lipschitz property of ℓ, we have

L̂(f
Θ̃∗)− L̂(f∗) =

1

n

n∑
i=1

[
ℓ(f

Θ̃∗(xi+n), yi)− ℓ(f∗(xi+n), yi)
]

≤ L
1

n

n∑
i=1

|f
Θ̃∗(xi+n)− f∗(xi+n)|

≤ L

√√√√ 1

n

n∑
i=1

(
f
Θ̃∗(xi+n)− f∗(xi+n)

)2
≲ L

∑
k≤p

∆k +

√
V 2
p,ϵ(κ

T1)4p(log d)4p+2

m

 .

(317)

The proof is complete.

D.5.11 PROOF OF LEMMA D.16

Proof. Note that∣∣∣L̂(fΘ̃∗)− L̂(fΘ∗)
∣∣∣ = ∣∣∣∣∣ 1n

n∑
i=1

[
ℓ(f

Θ̃∗(xi+n), yi)− ℓ(fΘ∗(xi+n), yi)
]∣∣∣∣∣

≤ L sup
i∈[n]

∣∣f
Θ̃∗(xi+n)− fΘ∗(xi+n)

∣∣
≤ Lm sup

i∈[n],j∈[m]

∣∣∣a∗
jσ((w̃j

(T1))Txi+n + bj)− a∗
jσ((wj

(T1))Txi+n + bj)
∣∣∣

≤ Lm∥a∗∥ sup
i∈[n],j∈[m]

∣∣∣σ((w̃j
(T1))Txi+n + bj)− σ((wj

(T1))Txi+n + bj)
∣∣∣ .

(318)

By Assumption 2 we know that σ′(0) = 0, σ′′(0) = 1 and
∣∣σ(3)(·)

∣∣ ≤M . So we can bound the gap
of σ((w̃j

(T1))Tx+ bj)− σ((wj
(T1))Tx+ bj) by the following lemma.

Lemma D.36. If an activation function σ satisfies σ′(0) = 0, σ′′(0) = 1 and
∣∣σ(3)(·)

∣∣ ≤ M , then
we have for all x, y ∈ R:

|σ(x)− σ(y)| ≤
[
1
2 (|x|+ |y|) +

M
2 (|x|2 + |y|2)

]
· |x− y|. (319)
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Proof of Lemma D.36. Define r(t) := σ(t)− 1
2 t

2 − σ(0). Since σ′′(0) = 1 and ∥σ(3)∥∞ ≤M , we
have that σ′′ is M -Lipschitz. Hence

|r′(t)| = |σ′(t)− t| =
∣∣∣∣∫ t

0

(σ′′(s)− 1) ds

∣∣∣∣ ≤ M
2 |t|

2. (320)

By the mean value theorem,

|r(x)− r(y)| ≤ sup
ξ∈[x,y]

|r′(ξ)| · |x− y| ≤ M
2 max{|x|, |y|}2|x− y|. (321)

Therefore,

|σ(x)−σ(y)| ≤ 1
2 |x

2−y2|+ |r(x)−r(y)| ≤ 1
2 (|x|+ |y|)|x−y|+

M
2 max{|x|, |y|}2|x−y|. (322)

Finally, since max{a, b}2 ≤ a2 + b2, we get the conclusion.

Back to the proof of Lemma D.16, under event Eµ, from Lemma D.9 notice that for all x

in {xi}2ni=n+1, we have (w
(T1)
j )Tx and w

(T1)T
m−j x are truncated, so σ((w

(T1)
j )Tx + bj) and

σ((w
(T1)
m−j)

Tx+ bm−j) are bounded by a universal constant. Respectively, we have (w̃
(T1)
j )Tx and

w̃
(T1)T
m−j x are truncated, so σ((w̃j

(T1))Tx + bj) and σ((w̃m−j
(T1)

)Tx + bm−j) are also bounded
by a universal constant. Thus we have∣∣L̂(fΘ̃∗)− L̂(fΘ∗)

∣∣ ≤ Lm∥a∗∥ sup
i∈[n],j∈[m]

∣∣σ((w̃j
(T1))Txi+n + bj)− σ((wj

(T1))Txi+n + bj)
∣∣

≲ Lm∥a∗∥ sup
i∈[n],j∈[m]

∣∣(w̃j
(T1))Txi+n − (wj

(T1))Txi+n
∣∣

≲ Lm∥a∗∥
√
d sup
i∈[n],j∈[m]

∥∥w̃j
(T1) −wj

(T1)
∥∥

≲ Lm
1

ϵ0
∥a∗∥

√
dηT1∥∆∥ (323)

where ∆ is defined in Lemma C.7, and from this lemma, we have the bound

∥∆∥ ≲
(
5
4

)T1−1 ·Md2 · ϵ20 (324)

By Assumption 7 , we know that ϵ0 ≤ 1
Cϵmn1/2d7/2

(
4
5

)T1 , where Cϵ is a universal constant. More-

over, we have ∥a∗∥2 ≲
V 2
p,ϵ(κ

T1 )4p(log d)4p

m . Thus, it holds that∣∣L̂(fΘ̃∗)− L̂(fΘ∗)
∣∣ ≲ Lm

1

ϵ0
∥a∗∥

√
dηT1∥∆∥

≲ Lm∥a∗∥dT1 ·
(
5
4

)T1−1 ·Md2 · ϵ0

≲ Lm

√
V 2
p,ϵ(κ

T1)4p(log d)4p

m
d3 log dM

1

Cϵm
√
nd

7
2

≲ L

√
V 2
p,ϵ(κ

T1)4p(log d)4p

m
log d

1√
n
≲ L

√
V 2
p,ϵ(κ

T1)4p(log d)4p

m
. (325)

The proof is complete.

D.5.12 PROOF OF LEMMA D.17

Proof. Lemma D.15 implies that

L̂(f
Θ̃∗) ≲ L

∑
k≤p

∆k +

√
V 2
p,ϵ(κ

T1)4p(log d)4p+2

m

 . (326)
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Lemma D.16 further suggests that∣∣∣L̂(fΘ̃∗)− L̂(fΘ∗)
∣∣∣ ≲ L

√
V 2
p,ϵ(κ

T1)4p(log d)4p

m
. (327)

By combining these two bounds, we easily obtain∣∣∣L̂(fΘ∗)− L̂(f∗)
∣∣∣ ≲ L

∑
k≤p

∆k +

√
V 2
p,ϵ(κ

T1)4p(log d)4p+2

m

 . (328)

The proof is complete.

D.5.13 PROOF OF LEMMA D.18

Proof. From Lemma D.17, we have the following bound

L̂(fΘ∗) ≲ L

∑
k≤p

∆k +

√
V 2
p,ϵ(κ

T1)4p(log d)4p+2

m

 = J (329)

Consider the training objective F (a) = L̂
((
a, b(T1),W (T1)

))
+ 1

2β2∥a∥2 with β2 = J
U2 .

Let
a(∞) := arg min

a∈Rm
F (a) (330)

be the minimizer of F .

We further denote ϵ0 is the prescribed optimization tolerance ∥a(T)−a(∞)∥ ≤ ϵ0. Furthermore, let
ϵ0 = 1

mL .

By optimality of a(∞) and the constructed comparator a∗ we have

F (a(∞)) ≤ F (a∗) = L̂(a∗) +
β2

2
∥a∗∥22. (331)

Here we only use that a∗ is a feasible point with ∥a∗∥ ≲ U and L̂(a∗) ≲ J (Lemma D.17).

On the other hand,

F (a(∞)) = L̂(a(∞)) +
β2

2
∥a(∞)∥2 ≥ β2

2
∥a(∞)∥2, (332)

so combining with (331) gives

∥a(∞)∥2 ≤ ∥a∗∥2 + 2

β2
L̂(a∗) ≲ U2 +

2J

β2
= U2 +

2J

J/U2
≲ U2. (333)

Thus
∥a(∞)∥ ≲ U. (334)

and also
∥a(T)∥ ≤ ∥a(∞)∥+ ∥a(T) − a(∞)∥ ≤ ϵ0 + U ≲ U (335)

L̂(a(∞)) = F (a(∞))− β2

2
∥a(∞)∥22 ≤ F (a∗) ≲ J +

β2

2
U2 ≲ J. (336)

Thus we have

|F (a(T))− F (a(∞))| ≲ sup
i∈[n+1,2n]

{
L
∣∣a(T)Tσ

(
W (T)xi + b(T)

)
− a(∞)Tσ

(
W (T)xi + b(T)

)∣∣}
+ β2(∥a(T)∥+ ∥a(∞)∥)∥a(T) − a(∞)∥

≲ L∥a(T) − a(∞)∥ · sup
i∈[n+1,2n]

∥σ
(
W (T)xi + b(T)

)
∥

+ β2(∥a(T)∥+ ∥a(∞)∥)∥a(T) − a(∞)∥ (337)
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By previous proof ∥σ
(
W (T)xi + b(T)

)
∥∞ can be bounded by an absolute constant for all i under

event E . Thus we can have a loose ℓ2 norm bound and

|F (a(T))− F (a(∞))| ≲ L∥a(T) − a(∞)∥ · sup
i∈[n+1,2n]

∥σ
(
W (T)xi + b(T)

)
∥

+ β2(∥a(T)∥+ ∥a(∞)∥)∥a(T) − a(∞)∥
≲ L∥a(T) − a(∞)∥

√
m+ β2U∥a(T) − a(∞)∥

≲ (L
√
m+ β2U)ϵ0 (338)

Denote ϵopt = (L
√
m + β2U)ϵ0 = L

√
m+β2U
mL . It is easy to know that ϵopt = L

√
m+β2U
mL =

1√
m

+ J
UmL ≲ J . Thus, we obtain

L̂(a(T)) ≲ J. (339)

Denote
ϕi := σ(W (T1)xi + b(T1)) ∈ Rm, i = n+ 1, . . . , 2n. (340)

By Assumption 3 on the loss function ℓ, the function F (a) − β2

2 ∥a∥
2 is convex and satisfies the

gradient Lipschitz condition

∥∇L̂(a1)−∇L̂(a2)∥ =

∥∥∥∥∥ 1n
2n∑

i=n+1

(
ℓ′(a⊤

1 ϕi)− ℓ′(a⊤
2 ϕi)

)
ϕi

∥∥∥∥∥
≤ 1

n

2n∑
i=n+1

∣∣ℓ′(a⊤
1 ϕi)− ℓ′(a⊤

2 ϕi)
∣∣ ∥ϕi∥

≤ L

n

2n∑
i=n+1

∣∣(a1 − a2)
⊤ϕi

∣∣ ∥ϕi∥
= L

(
1

n

2n∑
i=n+1

∥ϕi∥2
)
∥a1 − a2∥.

(341)

By previous arguments, ∥σ
(
W (T)xi + b(T)

)
∥∞ can be bounded by an absolute constant for all

i ∈ [n + 1, 2n] under event E . In addition, we have 1
n

∑
i ∥ϕi∥2 = Tr( 1n

∑
i ϕiϕ

⊤
i ) ≤ supi ∥ϕi∥2.

Thus the Lip constant for F satisfies Llip ≲ Lm + J/U2. Therefore, by Lemma E.13, if the step
size η2 ≤ 1

Llip
, gradient descent will approximate a(∞) to arbitrary accuracy in

T2 ≳
1

η2β2
log
(
∥a(T1) − a(∞)∥2/ϵ20

)
(342)

steps.

Note that when the step size η2 = 1
Lm+J/U2

1

η2β2
≲

Lm+ J/U2

β2
≲

U2Lm

J
(343)

Using the assumption that m ≲ d
D
4 and ∥a(∞)∥ ≲ U, ∥a(T1)∥ ≲ 1, we can further simplify:

1

η2β2
log

(
∥a(T1) − a(∞)∥2

ϵ20

)
≲

U2Lm

J
log(Um) (344)

Thus, we conclude that gradient descent will approximate a(∞) to arbitrary accuracy in at most

T2 ≳
U2Lm

J
log(Um) (345)

steps. The proof is complete.
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D.5.14 PROOF OF LEMMA D.19

Proof. Let F
(
b(T),W (T)

)
:= {f(x) = aTσ(W (T)x + b(T)),Θ : ∥a∥ ≲ U}. Note that under E

we have fΘ(T) ∈ F . We first define a new event for x ∼ N (0, I) under fixed W (T) and b(T)

M(j)
α :=

{
|hn(w(0)

j )Tx| ≤ ∥hn(w(0)
j )∥

√
4D log d

}
(346)

Define the finite-width event for the initialization as the intersection Mα :=
⋂m/2
j=1 M

(j)
α . It is

straightforward to have P(Mα|Hℓ, {w(0)
j }mj=0) ≥ 1 − O(d−D). We also define another event for

x in order to bound its first r components

Mβ :=

{
sup
k∈[r]

|(x)k| ≤
√

4D log d

}
(347)

Applying a union bound gives immediately P(Mβ) ≥ 1−O(d−D).
DenoteM =Mα ∩Mβ . Define the truncated loss

ℓM(t, y) := ℓ(t, y)1{x ∈M}. (348)

L̂M(f) :=
1

n

n∑
i=1

ℓM
(
f(xi+n), yi+n

)
, LM(f) := E

[
ℓM(f(x), y)

]
. (349)

By the symmetrization lemma,

sup
f∈F

∣∣L̂M(f)− LM(f)
∣∣ ≤ 2Eσ

[
sup
f∈F

1

n

n∑
i=1

ξiℓ
M(f(xi+n), yi+n)] (350)

where {ξi}ni=1 are i.i.d. Rademacher signs independent of {(xi+n, yi+n)}ni=1. Denote S :=
{(xi+n, yi+n)}ni=1. For fixed (xi+n, yi+n), the mapping t 7→ ℓM(t, yi+n) has Lipschitz constant
in t satisfying ∣∣ℓM(t, y)− ℓM(s, y)

∣∣ = |ℓ(t, y)− ℓ(s, y)| · 1{x ∈M} ≤ L|t− s|. (351)

Thus, by the Ledoux–Talagrand contraction inequality Lemma E.5 applied coordinatewise to the
maps t 7→ ℓM(t, yi+n),

Eξ

[
sup
f

1

n

n∑
i=1

ξiℓ
M(f(xi+n), yi+n)] ≤ LEξ

[
sup
f

1

n

n∑
i=1

ξif(xi+n)

]
= LR̂adn(F). (352)

Recalling Radn(F) = E[R̂adn(F)], we obtain the in-expectation bound

ES

[
sup
f∈F

∣∣L̂M(f)− LM(f)
∣∣] ≤ 2LRadn(F). (353)

Furthermore, for x under the event M, by the same argument as in Lemma D.9, we have∣∣(w(T)
j )Tx

∣∣ ≲ 1 for all j, thus we have∥∥∥σ(W (T)x+ b(T)
)∥∥∥ ≲

√
m (354)

|f(x)| = aTσ
(
W (T)x+ b(T)

)
≲ U
√
m. (355)

ℓM(f(x), y;x) = ℓ(f(x), y)1{x ∈M}
≤
(
ℓ(f(x), y)− ℓ(f∗(x), y)

)
1{x ∈M}

≤ L |f(x)− f∗(x)|1{x ∈M}
≲ LU

√
m+ L(log d)p ≲ LU

√
m. (356)

We now give the following two high probability events in order to bound the gap between empirical
loss and population loss.
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Definition D.37 (Event Eτ and E). We say the event Eτ holds if

sup
f∈F

∣∣L̂M(f)− LM(f)
∣∣ ≲(LRadn(F) + LU

√
m

√
log d

n

)
, (357)

Using the standard empirical-to-population deviation bound by Lemma E.4 , we have Eτ holds with
probability at least 1−O(d−D).
Furthermore, we define event

E := Eµ ∩ Eτ . (358)
Hence, by the preceding probability bounds (and a union bound), E occurs with probability at least
1−O(d−D/2).

By Lemma E.6 we have Radn(F) ≲ U
√

m
n . Thus

sup
f∈F

∣∣L̂M(f)− LM(f)
∣∣ ≲ LU

√
m log d

n
. (359)

We notice that under the event Eµ,M holds for all xi, i ∈ [n + 1, 2n], thus L̂M(f) = L̂(f). For
the other term, we have

LM(f)− L(f) = E
[
ℓ(f(x), y)

]
− E

[
ℓM(f(x), y;x)

]
= E

[
ℓ(f(x), y)1{x /∈M}

]
≤ LE

[
|f(x)− f∗(x)|1{x /∈M}

]
≤ L

(
E
[
|f(x)|1{x /∈M}

]
+ E

[
|f∗(x)|1{x /∈M}

])
≲ L

(√
E
[
f(x)2P{x /∈M}

]
+
√
E
[
(f∗(x))2P{x /∈M}

])
. (360)

Recall that it has been assumed that the activation function has bounded third derivatives as in
Assumption 2. Therefore, there exists an absolute constant Cσ > 0 such that

|σ(u)| ≤ Cσ(1 + |u|3) for all u ∈ R. (361)

Via a crude moment estimation bound, we can see the right side is ≲ LUd−
D
8 . Thus, we have the

following final estimation

sup
f∈F

∣∣L̂(f)− L(f)∣∣ ≲ LU

√
m log d

n
+ LUd−D/8. (362)

Since we have assume n ≤ dD/4, we have supf∈F
∣∣L̂(f) − L(f)∣∣ ≲ LU

√
m log d
n . Plug in the

formula for U and we get our desired result.

D.5.15 PROOF OF LEMMA D.21

Proof. Let ϵmin := min0≤k≤p ϵk. Because x 7→ x−β is strictly decreasing on (0,∞), we have
max0≤k≤p ϵ

−β
k = ϵ−βmin. Also note that

∑p
k=0 ϵk ≥ (p + 1)ϵmin, with equality if and only if all ϵk

are equal. Consequently,

Φ({ϵk}) ≥ A
(
(p+ 1)ϵmin + (Cm + Cn)ϵ

−β
min

)
(363)

and equality holds precisely at symmetric choices ϵ0 = · · · = ϵp. Therefore the problem reduces to
minimizing the strictly convex one-variable function

g(ϵ) := (p+ 1)ϵ+ (Cm + Cn)ϵ
−β (ϵ > 0). (364)

Since
g′(ϵ) = (p+ 1)− β(Cm + Cn)ϵ

−(β+1) (365)
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and
g′′(ϵ) = β(β + 1)(Cm + Cn)ϵ

−(β+2) > 0, (366)

there is a unique critical point, which is the global minimizer

ϵ∗ =

(
β(Cm + Cn)

p+ 1

) 1
β+1

(367)

Substituting back and using (Cm + Cn)(ϵ
∗)−β = p+1

β ϵ∗ yields

min g = (β + 1)β− β
β+1 (p+ 1)

β
β+1 (Cm + Cn)

1
β+1 . (368)

Multiplying by LA gives the stated expression for minΦ.

Finally, as p is fixed, its contribution can be absorbed into the ≲ constant, also note that 1 ≤ (β +

1)β− β
β+1 ≤ 2 thus we get

min
{ϵk>0}

Φ = A · (β + 1)β− β
β+1 (p+ 1)

β
β+1 (Cm + Cn)

1
β+1

≲ A(Cm + Cn)
1

β+1

≲ κ2pT1 log2p+1 d

(√
1

m
+

√
1

n

) 1
β+1

. (369)

The proof is complete.

D.5.16 PROOF OF LEMMA D.23

Proof. Let τ :=
√

log d
log κ , so T1 = ⌈τ⌉ ∈ [τ, τ + 1]. Then

κ2T1 = exp
(
2T1 log κ

)
∈
[
d
2
√

log κ
log d , κ2d

2
√

log κ
log d

]
, (370)

and therefore

T2
1d log d · κ2T1 ≲ κ2(log d)2d

1+2
√

log κ
log d (371)

Moreover, since 1
T1
≤ 1

τ =
√

log κ
log d , we have

d1+1/T1κ2 ≤ κ2d
1+

√
log κ
log d (372)

and combining the two bounds yields

T2
1d log dκ

2T1 + d1+1/T1κ2 ≲ κ2 log(d)d
1+2

√
log κ
log d ≲ d

1+2
√

log κ
log d (log d)2. (373)

The proof is complete.

D.5.17 PROOF OF LEMMA D.25

Proof. Plugging in U and J we get

T2 =
U2Lm

J
log(Um)

≲
V 2
p,ϵ(κ

T1 )4p(log d)4p

m Lm

L

√
V 2
p,ϵ(κ

T1 )4p(log d)4p+2

m

log
(√

V 2
p,ϵ(κ

T1)4p(log d)4pm
)
≲ V 2

p,ϵκ
5pT1(log d)5pm (374)
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Note that we have Vk,ϵk ≲ ϵ−βk by Defination D.7 , and also note that ϵk =
(
β(Cm+Cn)

p+1

) 1
β+1

form
Lemma D.21, thus

T2 ≲ V 2
p,ϵκ

5pT1(log d)5pm ≲ ϵ−βk κ5pT1(log d)5pm

≲

 p+ 1

β(
√

1
m +

√
1
n )


β

β+1

κ5pT1(log d)5pm

≲ min (m,n)
β

2(β+1)κ5pT1(log d)5pm ≲ κ5pT1(log d)5pm2 (375)

Moreover plugging m = (log d)4p(β+1)+1d
4p(β+1)

√
log κ
log d and T1 := ⌈

√
log d
log κ⌉ in, we get

T2 ≲ κ5pT1(log d)5pm2 ≲ κ5p(log d)8pβ+13p+2d
(8pβ+13p)

√
log κ
log d . (376)

The proof is complete.

D.5.18 PROOF OF LEMMA D.26

Proof. By Lemma D.25 we have

T2 ≲ κ5p(log d)8pβ+13p+2d
(8pβ+13p)

√
log κ
log d . (377)

Plugging m = (log d)4p(β+1)+1d
4p(β+1)

√
log κ
log d , n = Cκ2(log d)2d

1+2
√

log κ
log d in we get

nmd · T = nmd · (T1 +T2)

≲ κ2(log d)2d
1+2

√
log κ
log d (log d)4p(β+1)+1d

4p(β+1)
√

log κ
log d κ5p(log d)8pβ+13p+2d

(8pβ+13p)
√

log κ
log d

≲ κ5p+2(log d)12pβ+17p+5d
2+(12pβ+17p+2)

√
log κ
log d (378)

(379)

The proof is complete.

E TECHNICAL BACKGROUND

E.1 HERMITE POLYNOMIALS

We briefly introduce Hermite Polynomials and Hermite Tensors.
Definition E.1 (1D Hermite polynomials). The k-th normalized probabilist’s Hermite polynomial,
hk : R→ R, is the degree k polynomial defined as

hk(x) =
(−1)k√

k!

dkµβ

dxk (x)

µβ(x)
, (380)

where µβ(x) = exp(−x2/2)/
√
2π is the density of the standard Gaussian.

The first such Hermite polynomials are

h0(z) = 1, h1(z) = z, h2(z) =
z2 − 1√

2
, h3(z) =

z3 − 3z√
6

, · · · (381)

Denote β = N (0, 1) to be the standard Gaussian in 1D. A key fact is that the normalized Hermite
polynomials form an orthonormal basis of L2(β); that is Ex∼β [hj(x)hk(x)] = δjk.

The multidimensional analogs of the Hermite polynomials are Hermite tensors.
Definition E.2 (Hermite tensors). The k-th Hermite tensor Hek : Rd → (Rd)⊗k is

Hek(x) :=
(−1)k√

k!

∇kµγ(x)
µγ(x)

, (382)

where µγ(x) = exp(− 1
2∥x∥

2)/(2π)d/2 is the density of the d-dimensional Gaussian.
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The Hermite tensors form an orthonormal basis of L2(γ); that is, for any f ∈ L2(γ), one can write
the Hermite expansion

f(x) =
∑
k≥0

⟨Ck(f), Hek(x)⟩ where Ck(f) := Ex∼γ [f(x)Hek(x)] ∈ (Rd)⊗k. (383)

E.2 UNIFORM GENERALIZATION BOUNDS

Definition E.3. The empirical Rademacher complexity of a function class F on finite samples is
defined as

R̂adn(F) = Eξ

[
sup
f∈F

1

n

n∑
i=1

ξif(Xi)

]
(384)

where ξ1, ξ2, . . . , ξn are i.i.d. Rademacher random variables P(ξi = 1) = P(ξi = −1) = 1
2 . Let

Radn(F) = E[R̂adn(F)] be the population Rademacher complexity.

Then we recall the uniform law of large number via Rademacher complexity, which can be found in
Theorem 3.3 in Mohri et al. (2018)

Lemma E.4. Assume that f ranges in [0, R] for all f ∈ F . For any δ ∈ (0, 1), with probability at
least 1− δ over the i.i.d. training set S = {X1, . . . , Xn} we have

sup
f∈F

∣∣∣∣∣ 1n
n∑
i=1

f (Xi)− Ef(X)

∣∣∣∣∣ ≤ 2Radn(F) +R

√
log(4/δ)

n
(385)

Then we recall the contraction Lemma in (Vershynin, 2018, Exercise 6.7.7) to compute Rademacher
complexity.

Lemma E.5 (Contraction Lemma). Let φi : R 7→ R with i = 1, . . . , n be β-Lispchitz continuous.
Then

1

n
Eξ sup

f∈F

n∑
i=1

ξiφi ◦ f (xi) ≤ βR̂adn(F) (386)

The next Lemma estimates the Rademacher complexity.

Lemma E.6. Let f(x) = aTσ(Wx + b) be our two layer neural network with our previous
assumptions on the activation functions in Assumption 2. Let

F = {fΘ : ∥a∥ ≤ Ba, ∥wj∥ ≤ C, ∥b∥∞ ≤ C} (387)

where C is a universal constant. Then we have the following estimation Radn(F) ≲ Ba
√
m√
n

.

Proof.

Radn(F) = Ex,ξ

[
sup
f∈F

∣∣∣∣∣ 1n∑
i

ξi(a
Tσ(Wxi + b))

∣∣∣∣∣
]

≤ Ba
n

Ex,ξ

[
sup
f∈F

∥∥∥∥∥∑
i

ξiσ(Wxi + b)

∥∥∥∥∥
]

≤ Ba
n

√√√√√Ex,ξ

sup
f∈F

∥∥∥∥∥∑
i

ξiσ(Wxi + b)

∥∥∥∥∥
2


=
Ba√
n

√√√√√Ex

 m∑
j=1

σ(wT
j x+ bj)2

 ≲
Ba
√
m√
n

(388)
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E.3 UNIVARIATE APPROXIMATION

We will consider the following activation function

σ(t) =

{
2|t| − 1, |t| ≥ 1,

t2, |t| < 1.
(389)

Lemma E.7. There exists v0(a, b), supported on {±1} × [2, 3], such that for any |z| ≤ 1

Ea,b[v0(a, b)σ(az + b)] = 1, sup
a,b
|v(a, b)| ≲ 1. (390)

Proof. Let v0(a, b) = 12 · 1a=1(b− 5
2 ) ·

1b∈[2,3]

µ(b) . Then, since z + b ≥ 1,

Ea,b[v0(a, b)σ(az + b)] = 6

∫ 3

2

(b− 5

2
)σ(z + b)db (391)

= 6

∫ 3

2

(b− 5

2
)(2z + 2b− 1)db (392)

= z · 6
∫ 3

2

(b− 5

2
)db+ 6

∫ 3

2

(b− 5

2
)(2b− 1)db (393)

= 1. (394)
The proof is complete.

Lemma E.8. There exists v1(a, b), supported on {±1} × [2, 3], such that for any |z| ≤ 1

Ea,b[v1(a, b)σ(az + b)] = z, sup
a,b
|v(a, b)| ≲ 1. (395)

Proof. Let v0(a, b) = 1a=1(−24b+ 61) · 1b∈[2,3]

µ(b) . Then, since z + b ≥ 1,

Ea,b[v1(a, b)σ(az + b)] =
1

2

∫ 3

2

(−24b+ 61)σ(z + b)db (396)

=
1

2

∫ 3

2

(−24b+ 61)(2z + 2b− 1)db (397)

= z

∫ 3

2

(−24b+ 61)db+
1

2

∫ 3

2

(−24b+ 61)(2b− 1)db (398)

= z. (399)
The proof is complete.

Lemma E.9. There exists v2(a, b), supported on {±1} × [−2, 3], such that for any |z| ≤ 1

Ea,b[v2(a, b)σ(az + b)] = z2, sup
a,b
|v(a, b)| ≲ 1. (400)

Proof. First, see that ∫ 2

−2

σ(z + b)db =

∫ 2+z

−2+z

σ(b)db (401)

=

∫ −1

−1

(−2b− 1)db+

∫ 1

−1

b2db+

∫ 2+z

1

(2b− 1)db (402)

= [−b2 − b]−1
−2+z +

2

3
+ [b2 − b]2+z1 (403)

= (z − 2)2 + (z − 2) +
2

3
+ (z + 2)2 − (z + 2) (404)

= 2z2 +
14

3
. (405)
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Let v2(a, b) = 1a=1
1b∈[−2,2]

µ(b) − 7
3v0(a, b) Then

Ea,b[v2(a, b)σ(az + b)] =
1

2

∫ 2

−2

σ(z + b)db− 7

3
(406)

= z2 +
7

3
− 7

3
= z2. (407)

The proof is complete.

Lemma E.10. Let v(b) = − 1
2k(k − 1)(k − 2)(1− b)k−3 · 1b∈[0,1]

µ(b) . Then

Eb[vk(b)σ(z + b)] = zk · 1z>0 −
k(k − 1)

2
z2 − kz − 1. (408)

Proof. Plugging in vk(b) and applying integration by parts yields

Eb[vk(b)σ(z + b)] =

∫ 1

0

−1

2
k(k − 1)(k − 2)(1− b)k−3σ(z + b)db (409)

= [
1

2
k(k − 1)(1− b)k−2σ(z + b)]10 −

∫ 1

0

1

2
k(k − 1)(1− b)k−2σ′(z + b)db (410)

= −1

2
k(k − 1)σ(z) + [

1

2
k(1− b)k−1σ′(z + b)]10 −

∫ 1

0

1

2
k(1− b)k−1σ′′(z + b)db (411)

= −1

2
k(k − 1)σ(z)− 1

2
kσ′(z)−

∫ 1

0

k(1− b)k−11|z+b|≤1db (412)

When 1 ≥ z > 0, we have

−
∫ 1

0

k(1− b)k−11|z+b|≤1db = −
∫ 1−z

0

k(1− b)k−1db = [(1− b)k]1−z0 = zk − 1. (413)

When −1 ≤ z ≤ 0, we have

−
∫ 1

0

k(1− b)k−11|z+b|≤1db = −
∫ 1

0

k(1− b)k−1db = −1. (414)

Since z ∈ [−1, 1], we have that σ(z) = z2 and σ′(z) = 2z. Therefore for z ∈ [−1, 1]

Eb[vk(b)σ(z + b)] = zk · 1z>0 −
k(k − 1)

2
z2 − kz − 1. (415)

The proof is complete.

Lemma E.11. There exists vk(a, b), supported on {±1} × [−2, 3], such that for any |z| ≤ 1

Ea,b[vk(a, b)σ(az + b)] = zk, sup
a,b
|vk(a, b)| ≲ poly(k). (416)

Proof. We focus on k ≥ 3. We have that

Eb[vk(b)σ(z + b)] = zk · 1z>0 −
k(k − 1)

2
z2 − kz − 1. (417)

Eb[vk(b)σ(−z + b)] = (−z)k · 1z<0 −
k(k − 1)

2
z2 + kz − 1. (418)

Therefore if k is even
Eb[v(b)σ(z + b) + v(b)σ(−z + b)] = zk − k(k − 1)z2 − 2. (419)

Let vk(a, b) = 2avk(b) + k(k − 1)v2(a, b) + 2. Then

Ea,b[vk(a, b)σ(az + b)] = Eb[vk(b)σ(z + b) + vk(b)σ(z − b)] + k(k − 1)z2 + 2 = zk. (420)
If k is odd,

Eb[v(b)σ(z + b)− v(b)σ(−z + b)] = zk − 2kz. (421)
Let vk(a, b) = 2avk(b) + 2av1(a, b). Then

Ea,b[vk(a, b)σ(az + b)] = Eb[vk(b)σ(z + b)− vk(b)σ(z − b)] + 2kz = zk. (422)
The proof is complete.
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E.4 CONVEX OPTIMIZATION

Denote f(x) as a C1 function defined in Rd. Assume that

• There exists m > 0 such that f(x)− m
2 ∥x∥

2 is convex.
• ∥∇f(x)−∇f(y)∥ ≤ L∥x− y∥.

The following result is standard and can be found in most convex optimization textbooks like Boyd
& Vandenberghe (2004).
Lemma E.12. There exists a unique x∗ such that f(x∗) = infx f(x). And if we start at the point
x0 and do gradient descent with learning rate η, if η ≤ 1

m+L , then we will get

∥xk − x∗∥2 ≤ ck∥x0 − x∗∥2 (423)

where c = 1− η 2mL
m+L .

We compute the minimal number of the required iterations.
Corollary E.13. Let ϵ ∈

(
0, ∥x0 − x∗∥

)
be a target squared-distance accuracy. In order to have

∥xk − x∗∥2 ≤ ϵ2 it is enough to have

k ≳
m+ L

ηmL
log
(
∥x0 − x∗∥2/ϵ2

)
(424)

The above corollary can be verified from a direct computation.

E.5 SPHERE LEMMAS

Lemma E.14. Let ν ∼ χ(d). Then,

E[ν2k] =
k−1∏
j=0

(d+ 2j) = d(d+ 2) · · · (d+ 2k − 2) = Θ(dk). (425)

Proof. Write ν2 ∼ χ2(d) with density proportional to x
d
2−1e−x/2 on x > 0. Using the Gamma

function identity,

E[ν2k] = E
[
(ν2)k

]
= 2k

Γ
(
k + d

2

)
Γ
(
d
2

) =

k−1∏
j=0

(d+ 2j). (426)

Since
∏k−1
j=0 (d + 2j) ≍ dk for fixed k (e.g., by Stirling or monotonicity of the ratio), we obtain

Θ(dk).

Lemma E.15. Let w ∼ Unif(Sd−1). Then,

E
[
w⊗2k

]
=

Ew∼N(0,Id)[w
2k]

Eν∼χ(d)[ν2k]
. (427)

Proof. This follows from w = νw with ν ∼ χ(d), w ∼ Unif(Sd−1) independent.

Corollary E.16. By Wick/Isserlis’s formula for Gaussian moments,

Ew∼N(0,Id)[w
⊗2k] = (2k − 1)!!Sym(I⊗k) (428)

Meanwhile, Lemma E.14 shows Eν∼χ(d)[ν2k] = Θ(dk). Hence overall we have

E[w⊗2k] ≍ d−kSym(I⊗k). (429)

Corollary E.17. Let T be a symmetric p-tensor with dim(span(T )) = r. With probability at least
1− 2d−D

∥T (w⊗k)∥F ≲ ∥T ∥F

√
r⌊

k
2 ⌋(log d)k

dk
. (430)
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Proof. Denote Y := ∥T (w⊗k)∥F . We first bound the second moment. Flatten T as a matrix
M ∈ Rdp−k×dk so that T (w⊗k) = M(w⊗k). Then

E[Y 2] = E∥M(w⊗k)∥2F = ⟨M ,MCk⟩ = ∥MC
1/2
k ∥

2
F ≤ ∥M∥2F ∥Ck∥op, (431)

where Ck := E[w⊗k(w⊗k)⊤] = E[w⊗2k] on the dk-dimensional k-mode space. Next, from
Lemma E.15 and Wick/Isserlis’ formula for Gaussian even moments, Ck = ck,dSym(I⊗k) with
ck,d ≍ d−k. Restricting to the r-dimensional span of T (on each paired contraction) yields an extra
factor r⌊k/2⌋ from pairing counts. Hence

E[Y 2] ≲
r⌊k/2⌋

dk
∥M∥2F =

r⌊k/2⌋

dk
∥T ∥2F . (432)

We then bound Y with high probability. The map w 7→ T (w⊗k) is a homogeneous polynomial of
degree k restricted to Sd−1. By (spherical) hypercontractivity for degree-k polynomials on Sd−1,
Lemma E.22, for all q ≥ 2,

∥Y ∥L2q(Sd−1) ≤ (C
√
q)k∥Y ∥L2(Sd−1). (433)

Combining with equation (432) gives ∥Y ∥L2q
≲ (C

√
q)k∥T ∥F

√
r⌊k/2⌋

dk
and applying Markov’s

inequality to Y 2q with q ≍ D log d yields

P

(
Y ≳ ∥T ∥F

√
r⌊k/2⌋(log d)k

dk

)
≤ 2d−D (434)

which concludes the proof.

E.5.1 PROOF OF LEMMA D.34

Proof. As in the previous proof, flatten T into M ∈ Rdp−k×dk . Then

E∥T (w⊗k)∥2F = ∥MC
1/2
k ∥

2
F ≤ ∥M∥2F ∥Ck∥op, Ck = E[w⊗2k] = ck,dSym(I⊗k), (435)

so ∥Ck∥op ≍ ck,d ≍ d−k. On the other hand,

E⟨T ,w⊗p⟩2 =
〈
T , E[w⊗2p]T

〉
= cp,d∥T ∥2F with cp,d ≍ d−p. (436)

Therefore
E∥T (w⊗k)∥2F ≲ ∥T ∥2F d−k ≲ dp−kcp,d∥T ∥2F = dp−kE⟨T ,w⊗p⟩2 (437)

which proves the claim.

E.6 SUPPORTING TECHNICAL LEMMAS

Lemma E.18 (Norm Concentration for Gaussian Samples). Let x1, . . . ,xn ∼ N(0, Id) be i.i.d.
Gaussian vectors. Then with probability at least 1− n exp(−cd), we have

∥xi∥ ≤ 2
√
d ∀i ∈ [n] (438)

where c is some positive universal constant.

Proof. Note that ∥x∥2 follows a chi-sqaured distribution with freedom d and standard concentration
for the chi-squared distribution, for instance Theorem 2.8.2 in Vershynin (2018) gives us

P(∥xi∥ ≥ 2
√
d) ≤ exp(−cd) (439)

with some universal positive constant c. The result follows with a union bound argument.

Lemma E.19 (Coordinate concentration parameterized by D). Let x1, . . . ,xn
i.i.d.∼ N(0, Id) and fix

r ∈ [d]. For any D > 0, with probability at least 1− 2nrd−D,

max
i∈[n],k≤r

|(xi)k| ≤ 2
√
D log d. (440)
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Proof. For Z ∼ N(0, 1), P(|Z| ≥ t) ≤ 2e−t
2/2. Setting t =

√
4D log d gives P(|Z| ≥√

4D log d) ≤ 2d−2D. Then we do a union bound over all i ∈ [n] and k ≤ r.

Let the Hermite expansion of our target be f(x) =
∑p
k=0

1
k! ⟨Ck, Hek(x)⟩ where Ck ∈ (Rd)⊗k is

the k-tensor defined by Ck := Ex[∇kf(x)] and supported on S∗. Here Hek is the unnormalized
k-th Hermite tensor.
Lemma E.20 (Parseval’s Identity).

1 = Ex[f(x)
2] =

p∑
k=0

1

k!
∥Ck∥2F (441)

As an immediate consequence of Lemma E.20 we have ∥Ck∥2F ≤ k!. Note that f(x) also has the
following tensor expansion

f(x) =
∑
k≤p

⟨Tk,x⊗k⟩ (442)

The following lemma shows ∥Tk∥F ≲ r
p−k
4 ≲ 1.

Lemma E.21. There exist T0, . . . ,Tp such that

f(x) =
∑
k≤p

⟨Tk,x⊗k⟩ (443)

and ∥Tk∥F ≲ r
p−k
4 ≲ 1 for k ≤ p.

Proof. Note that from the Taylor expansion of f(x) we have

Tk =
∇kf(0)

k!
=
∑
j≤p−k

Cj+k(Hej(0))

k!j!
=

∑
2j≤p−k

(−1)j(2j − 1)!!C2j+k(I
⊗j)

k!(2j)!
. (444)

We recall from the consequence of Lemma E.20 that ∥Ck∥2F ≤ k! and therefore,

∥Tk∥F ≲
∑

2j≤p−k

∥C2j+k(I
⊗j)∥ ≲ r

p−k
4 ≲ 1. (445)

We shall use the next Gaussian hypercontractivity lemma from Theorem 4.3, Prato & Tubaro (2007).
Lemma E.22. For any ℓ ∈ N and f ∈ L2(γ) to be a degree ℓ polynomial where the input distribu-
tion γ = N(0, Id), for any q ≥ 2, we have

Ez∼γ [f(z)
q] ≤ Cq,ℓ

(
Ez∼γ

[
f(z)2

])q/2
(446)

where we use Cq,ℓ to denote some universal positive constant that only depends on q, ℓ.

We also need this Spherical hypercontractivity lemma from Beckner (1992); O’Donnell (2014).
Lemma E.23. Let Ym be a spherical harmonic of degree m on Sd−1. Then for all 1 < p ≤ q <∞
we have

∥Ym∥Lq(Sd−1) ≤
(q − 1

p− 1

)m/2
∥Ym∥Lp(Sd−1). (447)

In particular, for any polynomial P of degree at most m and q ≥ 2 we have ∥P∥Lq(Sd−1) ≤ (q −
1)

m
2 ∥P∥L2(Sd−1).
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