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Abstract

Continual learning, or lifelong learning, is a formidable current challenge to ma-
chine learning. It requires the learner to solve a sequence of % different learning
tasks, one after the other, while retaining its aptitude for earlier tasks; the continual
learner should scale better than the obvious solution of developing and maintaining
a separate learner for each of the k tasks. We embark on a complexity-theoretic
study of continual learning in the PAC framework. We make novel uses of commu-
nication complexity to establish that any continual learner, even an improper one,
needs memory that grows linearly with k, strongly suggesting that the problem is
intractable. When logarithmically many passes over the learning tasks are allowed,
we provide an algorithm based on multiplicative weights update whose memory
requirement scales well; we also establish that improper learning is necessary for
such performance. We conjecture that these results may lead to new promising
approaches to continual learning.

1 Introduction

Machine learning has made dizzying empirical advances over the last decade through the powerful
methodology of deep neural networks — learning devices consisting of compositions of parametrized
piecewise linear functions trained by gradient descent — achieving results near or beyond human
performance at a plethora of sophisticated learning tasks in a very broad number of domains. There
are several remaining challenges for the field, however, and in order to address these theoretical
work seems to be needed. These challenges include the methodology’s reliance on massive labeled
data, the brittleness of the resulting learning engines to adversarial attacks, and the absence of
robust explainability and the ensuing risks for applying the technique to classification tasks involving
humans. This paper is about another important ability that deep neural networks appear to lack when
compared to animal learners: They do not seem to be able to learn continually.

Brains interact with the environment through sensory and motor organs, and survive by learning the
environment’s ever changing structure and dynamics, constraints and rules, risks and opportunities.
This learning activity continues throughout the animal’s life: it is continual and life-long. We learn
new languages, new math and new skills and tricks, we visit new cities and we adapt to new situations,
we keep correcting past mistakes and misapprehensions throughout our lives.

It has long been observed that neural networks cannot do this [[18]. In fact, when a neural network is
tasked with learning a sequence of data distributions, the phenomenon of catastrophic interference
or catastrophic forgetting is likely to occur: soon, the performance of the device on past tasks
will degrade and ultimately collapse. This phenomenon seems to be quite robust and ubiquitous,
see [12, 20]. This inability is important, because many applications of machine learning involve
autonomous agents and robots, domains in which one needs to continually learn and adapt [20].

Submitted to the Workshop on Distribution Shifts, 36th Conference on Neural Information Processing Systems
(NeurIPS 2022). Do not distribute.



36
37
38
39
40
41
42
43
44
45

46
47
48
49
50
51
52
53

54
55
56
57
58
59

60
61
62
63
64
65

66
67
68
69
70

71
72
73
74
75
76
77
78
79

80

82

83

84
85
86
87
88
89

There is a torrent of current empirical work in continual/life-long learning. There is a multitude of
approaches, which can be roughly categorized this way: First, regularization of the loss function is
often used to discourage changes in learned parameters in the face of new tasks. Second, the learning
architecture (the parameter space of the device) can be designed so that it unfolds dynamically
with each new task, making new parameters available to the task and freezing the values of some
already learned parameters. Finally, there is the approach of replay, influenced by the complementary
learning systems theory of biological learning [18], in which previously used data are selected and
revisited periodically. Even though none of these families of approaches seems to be particularly
successful currently, our positive results seem to suggest that this latter replay approach may be the
most promising.

Theoretical work on PAC learning over the past four decades [29] has shed light on the power and
limitations of learning algorithms. The powerful tool of the VC-dimension [35]] captures nicely the
training data requirements of the learning task, while it also serves as a useful proxy for the number
of parameters required of any neural network for solving a particular PAC learning task. The PAC
theory’s predictions of computational intractability, on the other hand, have been upended by the
avalanche of deep nets, and the surprising aptness of gradient descent to approximate exquisitely a
certain broad class of non-convex minimization problems. This paper is a complexity analysis of
continual learning in the context of PAC learning.

How can one model continual learning in the PAC framework? Assume a sequence of k learning
tasks, that is, a sequence of distributions over labeled data from corresponding hypothesis classes.
Our goal is to learn these k tasks sequentially, starting from the first and proceeding, and end up with
a learning device that performs well on all. That is, the device with high probability tests well in all
tasks — this can be modeled by testing at the end on a randomly chosen task from those already
learned.

Obviously, this problem can be solved by training % different devices. The interesting question is,
can it be done with fewer resources, by reusing experience from past learning to achieve the next
task? Is there quantity discount in continual learning? Our results strongly suggest, in a qualified
way, a negative answer. Our main lower bound result is for improper learning — the more powerful
kind, where the learner is allowed distributions outside the hypothesis class — this is crucial, since
deep neural networks can be considered improper.

Our main result bounds from below the amount of memory needed for continual learning. Memory
has been identified at a recent continual learning workshop [24]] as one of the main bottlenecks in
the practice of continual learning. If we know that there is no “quantity discount” in memory, this
suggests that a new parameter space is needed to accommodate new learning tasks — in effect, one
essentially needs a new device for each task to avoid catastrophic forgetting.

On the positive side, we show that, if we are allowed to make multiple passes over the sequence of
tasks, an algorithm based on the multiplicative weight update competition of several learners (inspired
by the algorithm in [1]]) requires significantly less memory to successfully learn the distributions. At a
first glance, multiple pass algorithms may seem of limited value to life-long learning — after all, you
only live once ... But in application domains such as robotics or autonomous driving, the revisiting of
similar environments may be routine. Also, the positive result does suggest that the replay strategy in
continual learning explained above may achieve some less exacting goal than learning all distributions
— for example, passing the k + 1 distributions test with some high probability. We develop this idea
further in the Discussion section.

Finally, we show an exponential separation result establishing the power of improper learning
algorithms in the multi-pass case: We show that any proper learning algorithm requires at least
polynomial number of passes to match the performance of the best improper learner.

1.1 Our results

Let H be a hypothesis class with VC dimension d. Let X’ be its data universe and let b = log, | X'| be
its description size (so every hypothesis h € H maps X to {0, 1} and every data point takes b bits to
store). We are interested in continual learners that make one pass (or multiple passes) on a sequence
of k learning tasks Dy, .. ., Dy, each of which is a data distribution (i.e., supported on X’ x {0,1}).
When making a pass on D;, the learner can draw as many samples as it wants from D; and uses them
to update its memory. We consider the realizable setting where there exists a hypothesis h € H that is
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consistent with all D;’s. The goal of a (e, )-continual learner is to recover a function b : X — {0,1}
that, with probability at least 1 — §, has no more than e error with respect to every distribution D;.
We say a learner is proper if the function h is always a hypothesis in H, and we will consider both
proper and improper learners. We are interested in minimizing the memory of continual learners.
Formal definitions of the model can be found in the full version of this paper.

Our main result is a lower bound, showing that Q(kdb/¢)-bit memory is necessary for any general
improper continual learning algorithm. In other words, there is no gain in learning resources from the
sequential process:

Theorem 1.1. There exists a sufficiently large constant Cy such that the following holds. For any
e € (0,0.01) and any positive integers k, d and b with b > Cylog(kd/¢), there is a hypothesis class
‘H of VC dimension 2d over a universe X of description size b such that any (¢,0.01)-continual
learner for H over a sequence of k + 1 tasks requires Q(kdb/€) bits of memory.

Next we show that allowing a continual learner to make multiple passes can significantly reduce the
amount of memory needed. More formally, we give a boosting algorithm that uses only (k/¢)©(1/¢)db
bis of memory by making c passes over the sequence of & tasks. Note that, after a logarithmic number
of passes, the memory resource almost matches the requirement of a single task.

Theorem 1.2. Lete € (0,1/10] and k, d, b, ¢ be four positive integers. Let H be any hypothesis class
of VC dimension d over a data universe X of description size b. There is a c-pass (¢€,0.01)-continual
learner for H over sequences of k tasks that has memory requirement and sample complexity

k 2/c k 4/c kEtd
() ~db - poly(c,logk/e) and () it - poly(c, log kd/e),
€ €

€
respectively. Whenever ¢ > 4log(k/¢), the memory requirement becomes db - polylog(kd/¢) and the
sample complexity becomes O((k + d)/¢); both are optimal up to a polylogarithmic factor.

Our continual learner in Theorem [I.2]is improper, and our last result shows that this is necessary:
We prove that any proper c-pass continual learner needs (roughly) kdb/(c®¢) memory. This gives an
exponential separation between proper and improper continual learning in terms of c.

Theorem 1.3. There exists a sufficiently large constant Cy such that the following holds. For any
e € (0,1/4] and any positive integers c, k,d and b such that d > Coc and b > Cylog(kd/(ce)),
there is a hypothesis class H of VC dimension d defined over a universe X of description size b such
that any proper c-pass (€, 0.01)-continual learner for H over 2k tasks requires (1/c?) - Q(kdb/(ce))
memory.

The proof can be found at the full version of this paper.

1.2 Related work

Continual/Lifelong learning The study of continual/lifelong learning dates back to [33] with the
central goal of alleviating catastrophic forgetting [[19118]]. There is a surge of interest from both the
machine learning and neuroscience communities in recent years. Most empirical approaches fall
into three categories: regularization, replay, and dynamic architecture. The regularization approach
penalizes the movement of hypothesis function across tasks. The elastic weight consolidation (EWC)
[14] adds weighted ¢5 regularization to penalize the movement of neural network parameters. The
orthogonal gradient descent (OGD) [9, 6] performs gradient descent orthogonal to previous directions.
The replay based approach stores training samples from old tasks and rehearses during later task. The
experience replay method [26] stores old experience for future use. Instead of explicitly storing data,
[31] train a simulator of past data distributions using a generative adversarial network (GAN). [34]
propose a brain-inspired variant of the replay method. The dynamic architecture approach gradually
adds new components to the neural network. The progressive network approach [27] allocates new
subnetworks for each new task while freezing parts of the existing component. We note that almost
all current continual learning approaches suffer from a memory problem due to explicitly or implicitly
retaining information from past experience. In 16} [7]] the authors observe that allowing multiple
passes over the sequence of tasks helps improve the accuracy. We refer the interested reader to the
comprehensive survey of [20].

In contrast to the vast experimental literature, the theoretical investigation of continual/lifelong
learning is limited. Almost all existing theoretical analyses [28| 23} 12} |5} [21] fall into the dynamic
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architecture approach: They require known task identity at inference time and maintain task specific
linear classifiers. [2,|5] provide sample complexity guarantees for linear representation functions.
The work of [15]] is closer to ours, as they aim to quantify the memory requirement of continual
learning. However, they only show a lower bound of Q(db) for proper learning.

Communication complexity of learning The study of the communication aspect of learning was
initiated by the work of [1]]; they apply the idea of boosting and prove that O(dblog(1/¢)) bits of
communication is sufficient for learning a uniform mixture of multiple tasks, in sharp contrast with
the sample complexity lower bound of Q(d/¢). [13] study the two party communication problem
of learning and prove a sample complexity lower bound. Their work is significantly different from
ours as they consider an infinite data domain and data point transmission takes only one unit of
communication. This makes their communication model non-uniform and they focus on sample
complexity instead. In contrast, our work uses a finite data domain and takes into account the data
description size. Communication complexity has also been examined for convex set disjointness [3]]
and optimization problems [36].

In addition to these works, [8]] study space lower bound for linear predictor under streaming setting
and prove a lower bound of Q(d?) for a proper learner. Other related work includes the time-space
trade off [25, [11} 130, memorization [10, 4], and concurrent work of memory bounds on convex
optimization [17] and online learning [32} 22].

2 Discussion

The problem of continual, or lifelong, learning is a major and crucial open challenge for Machine
Learning, a key roadblock in the field’s quest to transcend the stereotype of individual specialized tasks
and make small steps towards brain-like learning: robust, unsupervised, self-motivated, embodied in
a sensory-motor apparatus and embedded in the world, where data collection is deliberate and the
sum total of the animal’s experience is applied to each new task. There seems to be a consensus in the
field that the chief problem in extending the practical successes of Machine Learning in this direction
is memory.

We formulated the problem of continual learning as a sequence of k£ PAC learning tasks followed by
a test, and showed a devastating lower bound for memory: the memory requirements for solving the
problem are essentially increased from that of individual tasks by a factor of k. That is, unless a new
approach is discovered — or the PAC formalism is for some fundamental reason inadequate to model
this variant of learning — continual learning is impossible, with respect to memory requirements, in
the worst case.

It has been argued that worst-case lower bounds do not always predict the difficulty of making
practical progress in computational problems, and that this is especially true in the context of Machine
Learning. However, such lower bounds have a way of identifying the aspects of the problem that
must be attended to in order to make progress, and pointing to alternative formulations that are more
promising. We feel that a comprehensive understanding of the theoretical difficulties of continual
learning is a prerequisite for making progress in this important front.

Our multi-pass approach and the ensuing upper and lower bounds were admittedly inspired by
streaming — an algorithmic domain of a very different nature than continual learning. However, it
does provide a nice demonstration of the power of improper learning. We believe that the multi-pass
MWU-based algorithm developed here may point the way to new empirical approaches to continual
learning, perhaps involving the periodic replay of past data, as well as competition between several
evolving variants of the learning device mediated by boosting. Naturally, experiments will be needed
to explore this direction.
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Abstract

Continual learning, or lifelong learning, is a formidable current challenge to machine learning.
It requires the learner to solve a sequence of k different learning tasks, one after the other, while
retaining its aptitude for earlier tasks; the continual learner should scale better than the obvious
solution of developing and maintaining a separate learner for each of the k tasks. We embark on
a complexity-theoretic study of continual learning in the PAC framework. We make novel uses
of communication complexity to establish that any continual learner, even an improper one,
needs memory that grows linearly with k, strongly suggesting that the problem is intractable.
When logarithmically many passes over the learning tasks are allowed, we provide an algorithm
based on multiplicative weights update whose memory requirement scales well; we also establish
that improper learning is necessary for such performance. We conjecture that these results may
lead to new promising approaches to continual learning.



1 Introduction

Machine learning has made dizzying empirical advances over the last decade through the powerful
methodology of deep neural networks — learning devices consisting of compositions of parametrized
piecewise linear functions trained by gradient descent — achieving results near or beyond human
performance at a plethora of sophisticated learning tasks in a very broad number of domains. There
are several remaining challenges for the field, however, and in order to address these theoretical work
seems to be needed. These challenges include the methodology’s reliance on massive labeled data,
the brittleness of the resulting learning engines to adversarial attacks, and the absence of robust
explainability and the ensuing risks for applying the technique to classification tasks involving
humans. This paper is about another important ability that deep neural networks appear to lack
when compared to animal learners: They do not seem to be able to learn continually.

Brains interact with the environment through sensory and motor organs, and survive by learning
the environment’s ever changing structure and dynamics, constraints and rules, risks and opportu-
nities. This learning activity continues throughout the animal’s life: it is continual and life-long.
We learn new languages, new math and new skills and tricks, we visit new cities and we adapt to
new situations, we keep correcting past mistakes and misapprehensions throughout our lives.

It has long been observed that neural networks cannot do this [MMO95]. In fact, when a neural
network is tasked with learning a sequence of data distributions, the phenomenon of catastrophic
interference or catastrophic forgetting is likely to occur: soon, the performance of the device on
past tasks will degrade and ultimately collapse. This phenomenon seems to be quite robust and
ubiquitous, see [GMXT13, PKP*19]. This inability is important, because many applications of
machine learning involve autonomous agents and robots, domains in which one needs to continually
learn and adapt [PKPT19].

There is a torrent of current empirical work in continual/life-long learning. There is a multitude
of approaches, which can be roughly categorized this way: First, reqularization of the loss function is
often used to discourage changes in learned parameters in the face of new tasks. Second, the learning
architecture (the parameter space of the device) can be designed so that it unfolds dynamically with
each new task, making new parameters available to the task and freezing the values of some already
learned parameters. Finally, there is the approach of replay, influenced by the complementary
learning systems theory of biological learning [MMO95]|, in which previously used data are selected
and revisited periodically. Even though none of these families of approaches seems to be particularly
successful currently, our positive results seem to suggest that this latter replay approach may be
the most promising.

Theoretical work on PAC learning over the past four decades [SSBD14] has shed light on the
power and limitations of learning algorithms. The powerful tool of the VC-dimension [VC15] cap-
tures nicely the training data requirements of the learning task, while it also serves as a useful
proxy for the number of parameters required of any neural network for solving a particular PAC
learning task. The PAC theory’s predictions of computational intractability, on the other hand,
have been upended by the avalanche of deep nets, and the surprising aptness of gradient descent to
approximate exquisitely a certain broad class of non-convex minimization problems. This paper is
a complexity analysis of continual learning in the context of PAC learning.

How can one model continual learning in the PAC framework? Assume a sequence of k learning
tasks, that is, a sequence of distributions over labeled data from corresponding hypothesis classes.
Our goal is to learn these k tasks sequentially, starting from the first and proceeding, and end up
with a learning device that performs well on all. That is, the device with high probability tests well
in all tasks — this can be modeled by testing at the end on a randomly chosen task from those
already learned.



Obviously, this problem can be solved by training k different devices. The interesting question
is, can it be done with fewer resources, by reusing experience from past learning to achieve the next
task? Is there quantity discount in continual learning? Our results strongly suggest, in a qualified
way, a negative answer. Our main lower bound result is for improper learning — the more powerful
kind, where the learner is allowed distributions outside the hypothesis class — this is crucial, since
deep neural networks can be considered improper.

Our main result bounds from below the amount of memory needed for continual learning. Mem-
ory has been identified at a recent continual learning workshop [RTCM™21| as one of the main
bottlenecks in the practice of continual learning. If we know that there is no “quantity discount” in
memory, this suggests that a new parameter space is needed to accommodate new learning tasks
— in effect, one essentially needs a new device for each task to avoid catastrophic forgetting.

On the positive side, we show that, if we are allowed to make multiple passes over the sequence
of tasks, an algorithm based on the multiplicative weight update competition of several learners
(inspired by the algorithm in [BBFM12|) requires significantly less memory to successfully learn
the distributions. At a first glance, multiple pass algorithms may seem of limited value to life-
long learning — after all, you only live once ... But in application domains such as robotics or
autonomous driving, the revisiting of similar environments may be routine. Also, the positive result
does suggest that the replay strategy in continual learning explained above may achieve some less
exacting goal than learning all distributions — for example, passing the £+ 1 distributions test with
some high probability. We develop this idea further in the Discussion section.

Finally, we show an exponential separation result establishing the power of improper learning
algorithms in the multi-pass case: We show that any proper learning algorithm requires at least
polynomial number of passes to match the performance of the best improper learner.

1.1 Our results

Let H be a hypothesis class with VC dimension d. Let X’ be its data universe and let b = logy |X|
be its description size (so every hypothesis h € H maps X to {0,1} and every data point takes b
bits to store). We are interested in continual learners that make one pass (or multiple passes) on
a sequence of k learning tasks Dy, ..., Dy, each of which is a data distribution (i.e., supported on
X x {0,1}). When making a pass on D;, the learner can draw as many samples as it wants from
D; and uses them to update its memory. We consider the realizable setting where there exists a
hypothesis h € H that is consistent with all D;’s. The goal of a (¢, §)-continual learner is to recover
a function h : X — {0,1} that, with probability at least 1 — §, has no more than € error with
respect to every distribution D;. We say a learner is proper if the function h is always a hypothesis
in ‘H, and we will consider both proper and improper learners. We are interested in minimizing the
memory of continual learners. Formal definitions of the model can be found in Section 2.

Our main result is a lower bound, showing that Q(kdb/e)-bit memory is necessary for any general
improper continual learning algorithm. In other words, there is no gain in learning resources from
the sequential process:

Theorem 1.1. There exists a sufficiently large constant Cy such that the following holds. For any
e € (0,0.01] and any positive integers k,d and b with b > Cylog(kd/€), there is a hypothesis class H
of VC dimension 2d over a universe X of description size b such that any (€,0.01)-continual learner
for H over a sequence of k + 1 tasks requires Q(kdb/e) bits of memory.

Next we show that allowing a continual learner to make multiple passes can significantly re-
duce the amount of memory needed. More formally, we give a boosting algorithm that uses only



(k/e)°0/9)db bis of memory by making ¢ passes over the sequence of k tasks. Note that, after a
logarithmic number of passes, the memory resource almost matches the requirement of a single task.

Theorem 1.2. Let e € (0,1/10] and k,d, b, ¢ be four positive integers. Let H be any hypothesis class
of VC dimension d over a data universe X of description size b. There is a c-pass (€,0.01)-continual
learner for H over sequences of k tasks that has memory requirement and sample complexity

2/c k 4/c Etd
() -db - poly(c, log k/e) and <> sy poly(c, log kd/e),
€ € €

respectively. Whenever ¢ > 4log(k/e), the memory requirement becomes db - polylog(kd/e) and the
sample complexity becomes O((k + d)/e€); both are optimal up to a polylogarithmic factor.

Our continual learner in Theorem 1.2 is improper, and our last result shows that this is necessary:
We prove that any proper c-pass continual learner needs (roughly) kdb/(c3¢) memory. This gives
an exponential separation between proper and improper continual learning in terms of c.

Theorem 1.3. There exists a sufficiently large constant Cy such that the following holds. For any
€ € (0,1/4] and any positive integers c,k,d and b such that d > Coc and b > Cylog(kd/(ce)), there
is a hypothesis class H of VC dimension d defined over a universe X of description size b such
that any proper c-pass (e, 0.01)-continual learner for H over 2k tasks requires (1/¢2) - Q(kdb/(ce))
memory.

1.2 Technique overview
1.2.1 Lower bounds for improper learning

We start by explaining the main ideas in our lower bound proof of Theorem 1.1.

The third party. Communication complexity is a commonly used approach for establishing lower
bounds in learning theory. Some of recent examples include [DKS19] and [KLMY19], both of which
make reductions from two-party communication problems. A natural formulation of our continual
learning setting as a two-party communication problem is to split the k£ tasks D, ..., Dy as inputs
of Alice and Bob, and the goal is to lowerbound the one-way communication complexity for Bob
to output a function that has small loss for every D;. However, this two-party approach is doomed
to fail since Alice can just send a hypothesis function h € H that is consistent with her tasks (by
Sauer-Shelah, each function in H can be described using roughly db bits). After receiving h, Bob
can output a function A’ such that for any x € X: (1) If x is in the support of any D; held by Bob,
I (x) is set according to D;; (2) Otherwise, h'(x) = h(x). It is easy to verify that h’ achieves 0 loss
for all D; (given that we are in the realizable setting).

The reason why the two-party approach fails is that it fails to capture the following key challenge
behind improper learning with limited memory: The function returned by the learner at the end,
while can be any function, it must have a concise representation since it is determined by the
learner’s limited memory. Our main conceptual contribution in circumventing this difficulty is the
introduction of a third party: Charlie as a tester. While Dy, ..., Dy are split between Alice and
Bob as before, Charlie receives a data point drawn from a certain mixture of distributions of Alice
and Bob and needs to return its correct label after receiving the message from Bob. This three-
party model captures the challenge described above since the number of bits needed to represent
the function (in the message from Bob to Charlie) is counted in the communication complexity.
We believe that the introduction of a third party in the communication problem may have further
applications in understanding communication /lower bounds for improper learning problems in the
future.



A warm-up: Low-dimensional data. We will consider ¢ as a small positive constant throughout

the overview for convenience. We start with a warm-up for the case when the data universe is low-

dimensional, i.e., when b := logy, X = O(log(kd)), and we aim for a memory lower bound of Q(kd).
The basic building block is the following one-way three-party communication problem:

e Let B = kd. Alice holds a single element a € [B] with label 1;
e Bob holds B/2 elements from [B] \ {a} with label 0;

e Charlie receives an element that is either a with probability 1/2 or drawn uniformly from
Bob’s elements with probability 1/2, and needs to output its label.

It is not difficult to show that either Alice sends (1) bits of information to Bob, or Bob needs to
send Q(B) bits of information to Charlie, in order for Charlie to succeed with say probability 2/3.

Next we construct a hypothesis class H and use it to define a communication problem that (1)
can be reduced to the continual learning of 4 and (2) can be viewed as an indexing version of the
direct sum of kd copies of the building block problem described above. The data universe X of H
is [k] x [d] x [B] (so b = O(log(kd)) given that B = kd). Each hypothesis h; 4 : X — {0,1} in H is
specified by an i € [k] and A = (ay,...,aq) € [B]¢ as follows:

1 ifac17éi
hia(x) =41 ifx; =1iand 23 = a,,

0 otherwise (i.e., z1 =i and 3 # a,)

where x = (21,2, 23) € [k] x [d] x [B]. It is easy to show that H has VC dimension O(d). In the
three-party communication problem:

e Alice holds (a; ; : i € [k],j € [d]), where each a; j is drawn from [B] independently and
uniformly at random, and she views her input as a sequence of k£ data distributions
Dy, ..., Dy, where D; is uniform over (a;; : j € [d]) and all labels are 1.

e Bob holds i* drawn uniformly random from [k] and (A; : j € [d]), where each A; is a
size-(B/2) subset drawn from [B] \ {a;- j} independently and uniformly at random. Bob
views his input as a data distribution Dy that is uniform over U;A; and all labels are 0.
(Note that Dy, ..., Dy are realizable in H.)

e Charlie holds *, j* and r*, where j* is drawn uniformly from [d] and 7* is a; ;= with
probability 1/2 and is drawn uniformly from A;« j+ with probability 1/2, and Charlie needs
to return the label of (i*, j*,r*).

On the one hand, there is an intuitive reduction from this three-party communication problem
to continual learning of H: Alice and Bob simulate a continual learner for H over their k + 1 data
distributions Dy, ..., Diy1 and Bob sends the memory of the learner at the end to Charlie. Charlie
recovers a function h : X — {0,1} from Bob’s message and uses it to return the label of (i*, j*, r*).
As a result, communication complexity of the three-party communication problem is a lower bound
for memory requirement of the continual learning of H (of VC dimension O(d)) over k + 1 tasks.

On the other hand, to see (informally) why Q(kd) is a natural lower bound for the communication
complexity, we note that Alice has no idea about i* and j* so the amount of information she sends
about a;« j is expected to be o(1) if her message to Bob is of length o(kd) (this can be made formal
using information-theoretic direct-sum-type arguments). When this happens, Bob must send Q(B)
= Q(kd) bits (even if Bob knows j*) in order for Charlie to have a good success probability.
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Figure 1: Hard instances of improper learning. A black dot indicate label-1 data, white back-
ground /dot means missing data, gray background means label 0 data. The left figure illustrates
the hard instance of continual learning. The right figure presents the basic building block of the
asymmetric communication problem.

Handling high-dimensional data. The key technical challenge behind the proof of Theorem 1.1
comes from the high-dimensional data case, i.e., when b = log, |X'| > log(kd), in which case our
target lower bound is Q(kdb) instead of Q(kd). A natural approach is to change the parameter B
in the building block communication problem of the low-dimension case to (roughly) 2° and show
that it has a communication lower bound of €(b). However, this is not true as one can randomly
hash Alice’s input element a € [B]. For example, the players can use public randomness to partition
[B] into 100 random sets By, ..., Bigp of equal size and Alice sends O(1) bits to Bob to reveal the
B; that contains a. Bob can forward ¢ to Charlie and Charlie returns 1 if his element lies in B;
and 0 otherwise. Given that Bob’s set most likely has small overlap with B;, this simple O(1)-bit
protocol succeeds with high probability, and it holds no matter how large B is. The above issue
does not come up in the low-dimensional case since we only need an (1) lower bound for Alice’s
message there. There is indeed a deep connection with the so-called representational dimension of
a hypothesis class (see [BNS19, FX15] for the exact definition). For example, for every hypothesis
class H, under uniform data distribution, there always exists an e-net of H with size O(e~%) and it
is independent of the representation size b of its data universe [Hau95].

We overcome this technical challenge by imposing combinatorial structures on the hypothesis
class through the line functions. A line function f,; is defined over a finite field IFIQ) and is specified
by a,b € Fp; it labels (x,y) € F2 1 iff it lies on the line az +y = b (mod p). The representational
dimension of line functions is known to be Q(log p) [Aar04, FX15| which matches the representation
size 2logy p. More precisely, one needs to reveal Q(log p) bits about (a, b) in order for a second party
to distinguish whether a point is drawn uniformly from the line or uniformly from ]Fz%'

However, a lower bound on the representational dimension is far from enough for our purpose.
We need a lower bound for the following three-party one-way communication problem as our building
block (which plays a similar role as the building block problem in the low-dimensional case):

e Alice holds a line over IFIQ). Bob holds a set of points of ]F']% in which points of exactly 0.2p
lines are excluded, one of which is the line of Alice.

e Charlie receives a query point in IF'Z that is either (1) drawn uniformly from the line of Alice
with probability 1/2, or (2) drawn from Bob’s set uniformly with probability 1/2, and the
goal is to tell which case it is.



We prove that in order for Charlie to succeed with high probability, either Alice needs to send a
message of length Q(log p) to Bob, or Bob needs to send a message of length Q(p%°) to Charlie. We
leave the technical detail of this lower bound to Section 3, and outline the key intuition here: (i) The
advantage of the line function is that Charlie needs Q(log p) bits of information about Alice’s line to
succeed with high probability; (ii) If Alice’s message has length o(log p), then many of Bob’s O(p)
candidate lines are equally likely to be Alice’s line, in which case Bob must send a large amount of
information to Charlie to satisfy (i).

The rest of the proof is similar to the low-dimensional case. We introduce a hypothesis class
H and a three-party communication problem that (1) can be reduced to the continual learning of
‘H and (2) can be viewed as an indexing version of the direct sum of kd copies of the building
block problem. See Figure 1 for an illustration for hard instances of the communication problem.
Our lower bound is then obtained by reducing to that of the building block problem via standard
compression and direct-sum arguments.

1.2.2 The multi-pass algorithm

When a continual learner can make ¢ passes over the sequence of tasks, we show that its memory
requirement can be significantly reduced to (roughly) (k/e)°(1/9)db. In this overview, we focus on
the case when ¢ = O(log(k/¢)).

Our algorithm builds on the idea of multiplicative weights update (MWU) [AHK12| or boosting
[Sch90], which has been used before in similar but different contexts.

e [BHPQ17, CZZ18, NZ18| focus on the sample complexity of multi-task learning. By viewing
each distribution D; (i € [k]) as an expert, one can run MWU over O(log k) rounds and
return the majority vote. Implementing their algorithm as a O(log k)-pass continual learner
reduces the memory to O(db/e + k), with the optimal sample complexity of O((d + k)/e).
However, the linear dependence on € in the memory upper bound is inevitable, as they treat
each distribution as a black box.

e [BBFM12] focuses on the communication aspect of PAC learning over a uniform mixture of
tasks and gives an approach that achieves a logarithmic dependency on €. More precisely,
their protocol first draws O(d/e) samples from the uniform mixture distribution D and
maintains a weighted distribution over the empirical samples set (initially set to be uniform).
Each round, it only transmits O(d) samples and obtains a weak learner with O(1) error. By
updating the weighted distribution via MWU and taking a majority vote after O(log(1/¢))
rounds, the communication complexity is O(db).

MWU with rejection sampling. Our approach resembles that of [BBFM12|. The algorithm
optimizes the loss on the uniform mixture D = (1/k) Zle D; of Dy,..., Dy and obtains an (e/k)-
accurate classifier of D, which is a sufficient condition for the continual learner to succeed. However,
to execute the MWU algorithm, the continual learner cannot draw an empirical training set as it
requires Q(kdb/e) memory already. Instead, we run the boosting algorithm over the entire distri-
bution D and implicitly maintain the importance weight of every data point. In particular, (1) we
explicitly compute the importance weight of each distribution D;; (2) we implicitly maintain the
updated weight of every data point in D;. For (1), we can simply estimate the empirical weights
via finite samples and a multiplicative approximation suffices. For (2), we cannot explicitly write
down the updated weights of every single data point, but it suffices to sample from the updated
distribution. In particular, we can run rejection sampling on the original distribution D;, and due to
the MWU rule, the updated weights are within a multiplicative factor of O (k2 /€%). Combining with
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Figure 2: Hard instance of proper learner.

a standard analysis of MWU, this yields an algorithm of memory 6(db + k) and sample complexity
O(k%d/e?).

Optimal sample complexity via truncated rejection sampling. The major disadvantage
of the previous approach comes from the increase of sample complexity. At a first glance, it seems
impossible to use o(kd/e) samples as it is the minimum requirement to achieve (e/k)-error over
the uniform mixture distribution D. Technically, the overhead comes from both estimation of the
weights and the rejection sampling step, as the weight could blow up by a factor of O(k?/e?). The key
observation is that one can iteratively truncate the top O(e/c)-quantile of the update distribution
at each round. This brings a total loss of O(e) for each distribution D; after ¢ rounds (hence
breaking the aforementioned lower bound) and this is affordable. Meanwhile, the truncated data
distribution is within a multiplicative factor of O(1/¢) from the original data distribution D; due to
a Markov bound. Hence, both sampling and estimation get easier and introduce O(1/¢€) overheads
only. Combining with a robust analysis of MWU and a streaming implementation, overall, our
algorithm requires O(log k/€) passes, O(db) memory and sample complexity O((d + k)/e).

1.2.3 Lower bounds for multi-pass proper learning.

Finally, we outline the proof of Theorem 1.3 which gives a memory lower bound for proper learners
that make ¢ passes on k tasks. We reduce from the classical pointer chasing problem. In the two-
party pointer chasing problem, Alice and Bob hold two maps fa, f : [n] — [n], respectively. Let
g :[n] = [n] be g(i) := fr(fa(i)), and gV (i) = g(i), g7 (3) := g(¢\""1(4)). The goal is for Bob to
compute g(°t1) (1) (mod 2). When Alice speaks first, if 2c+ 1 rounds of communication are allowed,
O(clogn) total communication is sufficient; on the other hand, when only 2¢ rounds are allowed,
there is a lower bound of Q(n/c — clogn) [NW91, Kla00, Yeh20].

The major technical challenge lies in the construction of our hypothesis class which allows us to
embed the pointer chasing problem in its multi-pass continual learning.

First attempt. Again we ignore € and assume it to be a small positive constant. We also assume
b > log(kd) for simplicity. Given c, k,d and b, our goal is to construct a hypothesis class H with
VC dimension O(ed) and representation size O(b) such that its continual learning over 2k tasks
requires Q(kdb/c?) memory. Let n = kdb. We start by describing the data universe X of H and



show that input pairs (fa, fp) with fa, fp : [n] = [n] of the pointer chasing problem can be viewed
equivalently as a special class of Boolean functions over X.

To this end, we partition X into Y U Z, Y (or Z) is partitioned into k blocks Y7,...,Ys (or
Z1,...,Zy), each block Y; is further partitioned into d cells Y; 1,...,Y; q (or Z;1,..., Z; 4), and each
cell Y; ; (or Z; ;) is a disjoint copy of [(kdb)®] (which we will view as a tuple from [n]® given that
n = kdb). Note that log, |X| = O(blog(kdb)) = O(b) as promised. Next we view f4 as kd data
points in X, one from each cell Y; j: (fa(1),..., fa(b)) identifies an data point in Y7 ; (viewing Y7 3
as a copy of [n]?) and in general (fa((i — 1)db+ (j — 1)b+1),..., fa((i — 1)db+ (5 — 1)b + b))
identifies an data point in Y; ;. Similarly we view fp as kd data points, one from each cell Z; ;.
Then (f4, fp) corresponds to the function h that is 1 over these 2kd data points and 0 elsewhere.

Let H denote the class of all such Boolean functions h over X' (for now). Then ideally we would
like to reduce the pointer chasing problem about (f4, fg) to the c-pass continual learning of H. To
this end, we have Alice and Bob follow the following steps:

e Given f4, Alice prepares the following k£ data distributions Dy, ..., Dg: each D; is uniform
over the d data points she identifies in Y; (one from each Y; ;) using fa and all are labelled 1;

e Given fp, Bob prepares the following k data distributions Dy1, ..., Dog: each Dy, is
uniform over the d data points he identifies in Z; using fp and all are labelled 1;

e Alice and Bob run a c-pass proper continual learner for H over these 2k data distributions
using 2¢ — 1 rounds of communication; When the continual learner terminates, Bob uses the
function h € H it returns (since the learner is proper) to decode f4 and then solve the
pointer chasing problem.

There are two issues with this approach. First, the idea of having Bob recover f4 at the end
feels too good to be true. One would see the caveat when analyzing the VC dimension of H defined
above, which turns out to be O(kd) instead of the O(cd) we aim for. To resolve this issue, we
refine the definition of the hypothesis class H by requiring each h € H to have ¢ + 1 special blocks
Y;, each of which contains d data points labelled by 1 and everything else labeled by 0 as before;
all data points in other non-special blocks must have label 1, and the same condition holds for Z.
As expected, these 2¢ 4+ 2 special blocks are exactly those involved in the pointer chasing process.
On the one hand, this refinement makes sure that the VC dimension of the new # stays at O(cd)
instead of O(kd); on the other hand, if Bob recovers h, he can obtain label-1 data points from those
¢+ 1 relevant blocks of Y which are sufficient for him to follow the pointer chasing process.

Incorporating error correction codes. The second issue is that the function A € H that Bob
receives from the continual learner only has the weak guarantee that its loss with respect to each
D; is small. In particular, for any relevant block Y; of Y, this means that Bob is only guaranteed to
recover a large portion of the d label-1 data points in it (or equivalently, a large portion of db many
entries of f4 in which one of them is the next pointer for Bob to follow). However, this is not good
enough since the wrong data points may contain the entry of f4 that Bob should follow.

Our key idea to circumvent this issue is to incorporate error correction codes (ECC) into the
construction. To this end, the new data universe X will be similarly partitioned into blocks Y;
and Z; but now each block Y; has 2d cells Y; 1,...,Y] 24 instead, each cell being a disjoint copy of
[(kdb)?]. Taking the first block Y7 as an example, Alice will still identify d elements in [(kdb)®]:

(fA(l)a e '7fA(b))7 R (fA((d_ 1)b+ 1)7 e '>fA((d_ 1)b))



using fa but now she will apply the Reed-Solomon code to obtain a 2d-tuple (z1,. .., 224) with z;
€ [(kdb)?] (for now imagine that [(kdb)’] is a finite field). The function will have 2d data points
labelled 1 in Y7: z; in each Y7 ;. Modifying the hypothesis class H this way allows Bob to fully decode
the ¢+ 1 relevant blocks in Y even if he only receives a hypothesis h € ‘H from the continual learner
that has small loss on every D;. We believe that the use of ECC may find broader applications in
helping understand the complexity of learning problems in the future.

1.3 Additional related work

Continual /Lifelong learning. The study of continual/lifelong learning dates back to [TM95|
with the central goal of alleviating catastrophic forgetting [MC89, MMO95|. There is a surge of
interest from both the machine learning and neuroscience communities in recent years. Most em-
pirical approaches fall into three categories: regularization, replay, and dynamic architecture. The
reqularization approach penalizes the movement of hypothesis function across tasks. The elastic
weight consolidation (EWC) [KPR'17] adds weighted /5 regularization to penalize the movement
of neural network parameters. The orthogonal gradient descent (OGD) [FAML20, CKDT20| per-
forms gradient descent orthogonal to previous directions. The replay based approach stores training
samples from old tasks and rehearses during later task. The experience replay method [RAS*19]
stores old experience for future use. Instead of explicitly storing data, [SLKK17]| train a simula-
tor of past data distributions using a generative adversarial network (GAN). [vdVST20| propose
a brain-inspired variant of the replay method. The dynamic architecture approach gradually adds
new components to the neural network. The progressive network approach [RRDT 16| allocates
new subnetworks for each new task while freezing parts of the existing component. We note that
almost all current continual learning approaches suffer from a memory problem due to explicitly or
implicitly retaining information from past experience. In [LPR17, CRRE18] the authors observe
that allowing multiple passes over the sequence of tasks helps improve the accuracy. We refer the
interested reader to the comprehensive survey of [PKP*19].

In contrast to the vast experimental literature, the theoretical investigation of continual/lifelong
learning is limited. Almost all existing theoretical analyses [RE13, PU16, BBV15, CLV22, PR22|
fall into the dynamic architecture approach: They require known task identity at inference time and
maintain task specific linear classifiers. [BBV15, CLV22] provide sample complexity guarantees for
linear representation functions. The work of [KHD20| is closer to ours, as they aim to quantify the
memory requirement of continual learning. However, they only show a lower bound of Q(db) for
proper learning.

Communication complexity of learning. The study of the communication aspect of learning
was initiated by the work of [BBFM12[; they apply the idea of boosting and prove that O(dblog(1/€))
bits of communication is sufficient for learning a uniform mixture of multiple tasks, in sharp contrast
with the sample complexity lower bound of Q(d/e) . [KLMY19] study the two party communication
problem of learning and prove a sample complexity lower bound. Their work is significantly different
from ours as they consider an infinite data domain and data point transmission takes only one unit
of communication. This makes their communication model non-uniform and they focus on sample
complexity instead. In contrast, our work uses a finite data domain and takes into account the data
description size. Communication complexity has also been examined for convex set disjointness
[BKMS21]| and optimization problems [VWW20].

In addition to these works, [DKS19] study space lower bound for linear predictor under streaming
setting and prove a lower bound of ©(d?) for a proper learner. Other related work includes the time-
space trade off [Raz18, GRT18, SSV19| and memorization [Fel20, BBFT21].
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2 Preliminaries

PAC learning. We formulate the problem of continual learning through the PAC learning frame-
work. Let X’ be the data universe. A hypothesis (or a function) is a mapping h: X — {0,1}, and a
hypothesis class H contains a collection of such functions. A sample is a pair from X x {0,1} and
a data distribution D is a distribution of samples, i.e., a distribution over X x {0,1}. Given a set
S of n samples { (i, y:) }igjn), the empirical loss of a function h with respect to S is defined as

ts(h) =~ 3 1[h(x) £ 1),
’S| (z,y)ES

Given a data distribution D, the loss of h with respect to D is is defined as

tp(h) = (%1;)1; HME) # 1.

Definition 2.1 (PAC learning [Val84|). Given a hypothesis class H over X, an (e,0)-PAC learner A
with sample complexity n is a learning algorithm that, given any data distribution D over X x {0, 1},
draws n samples S ~ D" and outputs a function h : X — {0,1} such that

P ¢r(h) > min ¢n(h* < 4.
o FE s () 2 min () 4] <

In the realizable setting, we assume that there exists a hypothesis h* € H that satisfies {p(h*) = 0.
Hence an (¢€,8)-PAC learner satisfies that

P (p(h) > €] <6.
SND",hr:A(S) [to(h) > ] <

We say a learner is proper if it always outputs a hypothesis from the class H; an improper learner
is allowed to output an arbitrary mapping from X to {0,1}.

The VC dimension measures the complexity of a function class and captures its learnability.

Definition 2.2 (VC dimension [VC15|). Given a set of data S = {z1,...,xq} C X, we say the set
S is shattered by function class H if |H(S)| = 2¢, where H(S) := {(h(x1),...,h(zq)) : h € H} C
{0,1}?. The VC dimension of H is defined as the largest cardinality of sets shattered by H.

Lemma 2.3 (SaueraASShelah Lemma [Sau72, She72|). Let H be a hypothesis class with VC' di-
mension d, then for any S C X with |S| = n, [H(S)] < 3L, (M). In particular, |H(S)| < (en/d)?
ifn>d.

Lemma 2.4 (Learning with empirical risk minimization (ERM) [VC15]). Let H be a hypothesis
class with VC dimension d. Given any data distribution D over X x {0,1} that is realizable in H,
the ERM learner A(S) :={h € H : £s(h) = 0} is an (¢,0)-PAC learner with sample complexity

n=o (BN,

€
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Continual learning. We next define the continual learning problem.

Definition 2.5 (Continual learning). Let H be a hypothesis class with VC dimension d over a data
universe X of description size b == [logy |X|]|. In the continual learning problem over H, a learner
has sequential access to k tasks, specified by k data distributions Dy, ..., Dy over X x{0,1}. We will
focus on the realizable setting: there exists a hypothesis h € H such that ¢p,(h) =0 for all i € [k].

A continual learner A with m bits of memory is initiated with a memory state My € {0,1}"™ and
the learning process is divided into k stages. During the i-th stage, A can draw as many samples as
it wants from D; and use them to update the memory state from M;_1 to M; € {0,1}™:

SZ' ~ ’D;k and MZ‘ = A(Mi_l, Sz)

At the end, A recovers a function h : X — {0,1} from My. We say A is an (e, )-continual learner
for H over k tasks if, with probability at least 1 — 4§, the function h satisfies p,(h) > € for alli € [k].
Similar to the standard PAC model, a learner is proper if it always outputs a hypothesis h € H. We
are interested in understanding the memory requirement m as a function of k,d,b and € for both
proper and improper learners.

A c-pass continual learner is defined similarly, except that it can now make ¢ sequential passes
on D1,...,Dy. We are interested in understanding m as a function of ¢, k,d,b and e.

Remark 2.6 (Sample complexity). Our lower bounds for continual learning presented in Theorem
1.1 and 1.3 are for memory requirements (which make them stronger); our algorithm in Theorem
1.2, on the other hand, has sample complezity comparable with its memory requirement.

Remark 2.7 (Representation issue and bit complexity). Our memory bounds are measured in terms
of bit complexity. We assume a finite data universe X in which each data point can be written as
b = [logy |X|] bits. Due to the SauerdASShelah Lemma, the total number of hypotheses in H is
20(db) ynd thus, writing down a hypothesis in H requires at most O(db) bits.

Notation We write [k] ={1,2,...,k} and [a:b] = {a,a+1,...,b}. We write (4,7) < (i, ') if (1)
i<ior(2)i=1andj<j. Forany z,y,2 € R, x =y =+ 2z means = € [y — z,y + z]. The natural
logarithm of x is generally written as log z, and the base 2 logarithm is written as log, x. For any
two random variables A, B, we use ||A — B||tv to denote the total variation distance, KL(A || B) to
denote the KL divergence between A, B and I(A; B) to denote the mutual information. The entropy
function is written as H(A). For any set S, we write a ~ S if the element @ is drawn uniformly at
random from S.

Prerequisites from information theory. We provide some basic facts in information theory.
The proof of Fact 2.9 is provided in the Appendix A for completeness.

Fact 2.8. If Ay,..., A, are totally independent, then

> I(A;B) < I(Ay,...,An; B).

i€[n]

Fact 2.9. For any random variables A1, ..., An, B, we have

> I(AiB) <I(Ay,...,AnB)+ Y H(A;) — H(Ay, ..., Ay).

i€[n] i€[n]
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Fact 2.10. If Aq,..., A, are totally independent when conditioning on C, then
> I(Ai; B|C) < I(Ay,..., Ay B|C).

i€[n]
Fact 2.11. For random variables A, B, C, D, if B, D are independent when conditioned on C, then
I(A; B|C) < I(A; B|C, D).
We also need the following compression lemma from [JPY12.
Lemma 2.12 (Lemma 3.4 in [JPY12], taking ¢t = 1). Let X,Y, M, R be random variables such that
I(X;M|Y,R) <c and I(Y;M|X,R)=0.

There exists a one-way public-coin protocol between Alice and Bob, with inputs X and Y respectively,
such that Alice sends a single message of size at most

5 1
et +O<log€/)

6/
to Bob and at the end of the protocol, Alice and Bob both hold a random variable M’ such that

[(X.Y, M, R) = (X,Y,M", R)||, < 6¢'

3 Lower bounds for continual learning

We restate our memory lower bounds for continual learning.

Theorem 1.1. There exists a sufficiently large constant Cy such that the following holds. For any
e € (0,0.01] and any positive integers k,d and b with b > Cylog(kd/€), there is a hypothesis class H
of VC dimension 2d over a universe X of description size b such that any (€,0.01)-continual learner
for H over a sequence of k + 1 tasks requires Q(kdb/e€) bits of memory.

Our plan for the proof of Theorem 1.1 is as follows. In Section 3.1 we first introduce a three-
party one-way (distributional) communication complexity problem parameterized by two positive
integers n,d and a prime number p, where we use f, 4, to denote the Boolean-valued function
that the three parties would like to evaluate and i, 4, to denote the (joint) distribution of their
inputs. Given k,d,b and e that satisfy conditions of Theorem 1.1, we construct a hypothesis class
H = Hp qp,e with VC dimension 2d + 1 and description size b in Section 3.2, and show via a simple
reduction that the memory requirement of any (e,0.01)-continual learner for H over k + 1 tasks is
at least the communication complexity of f, 4, over 4, with (roughly) n ~ k/e and p ~ 2b/2
Finally we prove that the communication complexity of latter is at least Q(min(,/p, ndlogy p)) in
the rest of the section, from which Theorem 1.1 follows directly.

3.1 Communication problem

Let n,d be two positive integers and p be a prime. We will consider p to be sufficiently large (given
that we will set p to be roughly 2b/2 in the reduction and that Cj can be chosen to be a sufficiently
large constant in Theorem 1.1). Let ¢ := |0.2p]. The communication problem we are interested in
is one-way, distributional, and has three players Alice, Bob and Charlie. We start by describing the
probability distribution ji, 4, over inputs X,Y and Z of Alice, Bob and Charlie, respectively.

We follow the following procedure to draw (X, Y, Z) ~ fi,, 4p:
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1. For each i € [n| and j € [d], we draw a; j = (a; j1,a;j2) from [p] x [p] independently and
uniformly at random. Each a;; defines a line in [p] x [p], denoted by L(a; ;) C [p] % [p],
which contains all points (r1,r2) € [p] x [p] such that a; j1r1 + 72 = a; ;2 (mod p).

2. Next for each i € [n] and j € [d], we draw a size-t subset A; ; of [p] x [p] independently and
uniformly at random but conditioning on a; ; € A; ;. We write L(A; ;) C [p] X [p] to denote
the union of these ¢ lines: L(A;;) = Uaea, ; L(a).

3. Finally we draw i* € [n], j* € [d] and a secret bit s* € {0,1} independently and uniformly
at random. If s* = 0, we draw a point 7* = (r{,r3) from [p] x [p] \ L(As ;<) uniformly at
random; if s* = 1, we draw 7* from L(a; j~) uniformly at random. Note that possible
choices of r* are disjoint in these two cases given that a;« j» € A j«.

4. The input X of Alice is (a;; : i € [n],j € [d]).
The input Y of Bob consists of (A4;; : i € [n],j € [d]) and i*.
The input Z of Charlie consists of ¢*, j* and r*.
The goal is for Charlie to output a bit that matches s*.

Equivalently we can define a Boolean-valued function f,, 4,(X,Y, Z) that is set to be 0 by default
if (X,Y,Z) is not in the support of pi,, 4, and is set to be s* if (X,Y, Z) is in the support of ji,, 4,
(note that s* can be uniquely determined by (X, Y, Z) given that a; j« € A= j+). Thus the problem
we are interested in is the distributional communication complexity about f, 4, over i, 4.

An (mjy, m2)-bit one-way deterministic communication protocol is a triple (II, Ilg, IT3) of func-
tions, where (1) II;(X) € {0,1}™ is the message from Alice to Bob, (2) IIx(Y,II;) € {0,1}™2 is
the message from Bob to Charlie, and (3) II3(Z,II2) € {0,1} is Charlie’s output.

Our main technical result in this section is the following lower bound.

Theorem 3.1. Let n,d be two positive integers and p be a sufficiently large prime. Any (mq,mg)-bit
protocol that fails in computing fn 4, over iy 4, with probability at most 1/40 must have

m1 = Q(ndlogyp) or ma > /p.
We delay the proof of the theorem to Section 3.3.

3.2 Hypothesis class
Let k,d,b and € be parameters that satisfy conditions of Theorem 1.1. Let

m=k LoltJeJ =© <f>

using € < 0.01, and let p be the largest prime with

9b/2 9b/2
< —— 5o that =0 —
P= vnd P vnd

satisfies logy p = O(b) given that b > Cplog(kd/¢€) for some sufficiently large Cy in Theorem 1.1.
We describe the hypothesis class H = Hy 4 below. We start with the data universe X" of H.

Data universe. Let X = [n] X [d] x ([p] X [p]). The description size of X" is no more than b by
our choice of p. For any data point x € X, we write z = (z1, z2,x3) where x1 € [n], x2 € [d] and
x3 = (z31,232) € [p] X [p]. For any i € [n],j € [d], we refer to X; = {x € X : 21 = i} as the i-th
block and X;; = {x € X : 11 = 14,29 = j} as the j-th cell of the i-th block.
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Hypothesis class. Each function h in the hypothesis class H is specified by an index i € [n] and
a tuple (a1, ...,aq) € ([p] x [p])? such that h : X — {0, 1} is defined as

1 if A 7é 1
h(z) =<1 ifz; =i and x3 € L(ag,)
0 ifxy =idand z3 ¢ L(ay,)

In short, h € H has label 1 everywhere except in the i-th block &;, where each cell &; ; (j € [d]) is
all 0 except for points on the line L(a;).
A quick observation is that H has VC dimension at most 2d.

Lemma 3.2. The VC dimension of H is at most 2d.

Proof. For any subset S = {:1:(1), e ,x(Qd‘H)} of size 2d + 1, we prove H can not shatter S. First,

if there exists two indices 1,42 € [2d + 1] such that azgil) # xglé), then H can not shatter (0,0) on

1) _ o (2d+1) _
1 ==

(x(il),:c(i2)). On the other hand, suppose x x = 1 for simplicity, then there must

exists i1,49,i3 € [2d + 1] such that z() 2(2) 208) satisfy azgl) = ng) = wéi3), that is, there are
three data points in the same cell. (1) If (xé”l), xé”Q)), (a::(;ﬁ), a::(,f%)), (:ngi),xg‘;)) are on a same line of
([p] x [p]), then H can not shatter (1,1,0) on (), 2(2) 2(3)) (2) If they are not on the same line,
then pick any index i4 € [2d+ 1], we can assume 2(4) is not on the same cell and same line with any

two of (1), 2(2) (3 WLOG. Then H can not shatter (1,1,1,0) on (z(1), £(2) g(is) z(4)), O]

Via a simple reduction, we show below that communication complexity lower bounds for f, 4,
over [, 4, can be used to obtain memory lower bounds for the continual learning problem.

Lemma 3.3 (Reduction). If there is an (e, d)-continual learner with an m-bit memory for Hy qp.e
over k 41 tasks, then there is an (m,m)-bit protocol that fails in computing fr a4, over pin g, with
probability at most 0.01 + 9.

Proof. Fix any pair of inputs X and Y of Alice and Bob, respectively, where X contains (a;; : ¢ €
[n],j € [d]) and Y consists of i* and (A;; : i € [n],j € [d]). Conditioning on X and Y, Charlie’s
input Z contains i*, j* and r*, where j* is uniform over [d] and r* with probability 1/2 is uniform
over L(as j+) and with probability 1/2 is uniform over [p] x [p] \ L(A; j+). We describe below a
communication protocol such that Charlie fails with probability no more than 0.01 + 6.

Let X be the data universe of Hy 45 Given their inputs X and Y, respectively, Alice uses X
to a construct a sequence of k data distributions Dj, ..., Dy and Bob uses Y to construct one data
distribution Dj4q over X x {0,1}. We first describe these distributions and then show that they
are consistent with a function h € Hy gp.:

1. Let o :== [1/(100€)]|. For each i € [k], D; is a uniform distribution over data points
(1,22, 23), where 1 = (1 — 1)a+1,... i, 2 € [d] and x3 € L(ag, z,) (so there are adp
points in total in the support of each D;, each with probability 1/(adp)). All points in D;
are labelled 1. Alice can construct all these k distributions using her input X only.

2. Bob constructs a data distribution Dy that is uniform over (x1,x2,x3), where x1 = i¥,
xg € [d] and x3 € ([p] x [p]) \ L(Ai* 4,), and all points are labelled 0. Given that Bob has ¢*
and all of A;«; in Y, Bob can construct Dy using his input Y only.

3. It is clear that these data distributions are consistent with a function h € Hj, g4 that is
specified by i* and (a1, .., @i q).
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The communication protocol has Alice and Bob simulate the (e, §)-continual learner for Hy qp.¢
where Alice passes the memory of the learner after going through Dy, ..., Dy to Bob and Bob finally
passes the memory to Charlie after going through Dy,1. So both messages of Alice and Bob have
m-bits and with probability at least 1 — §, Charlie has in hand a function h* : X — {0, 1} such that
p(h*) < eforall Din Dy,...,Dkyi. We finish the proof by showing that when this event happens,
Charlie fails with probability no more than 0.01 (over randomness of Z conditioning on X and Y').

First, let ¢’ be the integer such that (i — 1)a+ 1 < i* < ¢’«a. Then the number of data points
x = (z1,22,x3) With 1 = i*, xp € [d], 3 € L(as, »,) and h*(z) # h(z) is no more than € - adp
using £p, (h*) < e. Thus, Charlie fails because of one of these points with probability at most

1 eadp < 0.01

2 dp — 2

using o < 1/(100¢). The other error 0.01/2 comes from that {p,  (h*) < e < 0.01. O
We are now ready to prove Theorem 1.1 (assuming Theorem 3.1 for now):

Proof of Theorem 1.1. Given an (e, 0.01)-continual learner with an m-bit memory for Hy 45 over
k +1 tasks, by Lemma 3.3, there is an (m, m)-bit protocol that fails in computing f,, 4 Over pin 4,
with probability at most 0.02 < %. Hence by Theorem 3.1, we conclude m > Q(min{ndlog, p, \/p}) =
Q(kdb/e). O

3.3 Communication lower bound

We prove the communication lower bound in Theorem 3.1. The proof proceeds as follows. First we
prove a lower bound for the communication problem over one single cell in Section 3.3.1. Then we
follow a standard direct sum argument to extend it to a lower bound for f,, 4, over p, 4, in Section
3.3.2.

3.3.1 Communication problem over one cell

Let p be a sufficiently large prime. We first focus on the following three-party one-way distributional
communication problem over one single cell [p] x [p]. The inputs (a*, A*,r*) of the three players
Alice, Bob and Charlie are drawn from a distribution p, as follows: (1) Alice’s input a* is drawn
from [p] x [p] uniformly at random, which defines a line L(a*) of p points; (2) Bob’s input A* is a
size-t subset of [p] x [p] drawn uniformly at random conditioning on a* € A*, and we write L(A*)
to denote the union of L(a) over a € A*; (3) With probability 1/2, Charlie’s input r* € [p] x [p]
is drawn uniformly at random from L(a*); with probability 1/2, r* is drawn uniformly at random
from ([p] x [p]) \ L(A*). The function f,(a*, A*,r*) that Charlie needs to compute is set to be 1 if
r* € L(a) and 0 if 7* € ([p] x [p]) \ L(A").
Our goal is to prove the following lower bound for computing f, over p,:

Lemma 3.4. Let IT = (113, Iy, II3) be an (m1, mg)-bit one-way deterministic communication pro-
tocol. If my < 0.05logy p and mo < \/p, then Charlie has error probability at least 9/200.

In the proof we use II; (or Ilz) to denote the random variable as the m;j-bit (or ma-bit) message
from Alice to Bob (or from Bob to Charlie, respectively). Lemma 3.4 is a direct corollary of Lemma
3.5 and Lemma 3.6 below. In Lemma 3.5 we show that our construction makes sure that in order for
Charlie to succeed with high probability, he must receive at least (1 —o0(1)) log, p bits of information
regarding the hidden line a from IIs. Formally, we have
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Lemma 3.5. For any communication protocol I1 = (111,113, 113), we have

19 1 I(a®IIp)+1
Sl ol e Al 1
+35 (1)

Pr IT succeeds on (a*, A*, 1)
logy p

(a*vA*vT*)N/pr - %

We next prove the mutual information I(a*;II3) is small for any deterministic communication
protocol II with small amount of communication. Formally

Lemma 3.6. Let IT = (11, Iy, II3) be an (mq, mg)-bit one-way deterministic communication pro-
tocol. If my < 0.05logy p and mo < /p, then we have I(a*;1l3) < 0.08log, p.

Combining Lemma 3.5 and Lemma 3.6, we conclude the proof of Lemma 3.4.

Proof of Lemma 3.5. Fixing a message [l = ﬁg from Bob, we upper bound the probability that 11
succeeds on (a*, A*,r*) ~ p, conditioning on Il = Il,. For convenience, we write 1, i, to denote
this conditional distribution.

With I, fixed, let H C [p] x [p] be the subset of points that Charlie returns 1 on input r if
r € H and returns 0 if » ¢ H. We further define a set of lines S from H: a € [p] x [p] is in S iff at
least 90% of points in L(a) lie in H. We divide into two cases:

Case 1: |S| > p. Let ay,...,a, be any p lines in S. We have

U Z@) | E =D |(Lla)nH)\ | Llg)| > D max (0.9p — (i —1),0) > 0.4p.

i€[p] i€[p] jeli—1] i€[p]

On the other hand, fixing any inputs @ and A of Alice and Bob such that Bob sends IIy, we have
(9] % [P\ L(D)| = 97— pt = 0.89?

and the correct answer for all these points are 0. As a result, we have that when (a*, A*,7*) ~ p,
conditioning on a* = @ and A* = A, the probability that IT errors is at least

1 0.8p° +0.4p* —p*
2 p? -

0.1.
This implies that IT succeeds on (a*, A*, %) ~ I, 7, with probability at most 0.9.

Case 2: |S| < p. We show that the probability that II succeeds on (a*, A*,r*) ~ p 7 is at most

19 1 2logyp— H(a* |1l =1Ip) +1
20 20 logy p '

(2)

To see this, we examine the distribution of a¢* conditioning on Ily = ﬁg and write ¢ to denote the
probability that a* € S. Using |S| < p, we have

2 _
H(@ [Ty = 1) < g-togy (2) + (1= ) oy (527

1 1
< q-log, (q) + (1 —q) - logy <1_q> +qlogy p + (1 — ) logy p?

<14 (2-gq)-logyp.
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Hence, we have
S210g2p—H(a ]H2:H2)+1. 3)
logy p

Given that every line not in S has at least 10% of points not in H, II errors on (a*, A*,r*) ~ pu =
p,Il2

with probability at least
1 2logyp— H(a* |y =1I5) + 1

(1=q) — > -
(1=a)- 15235~ 3 logy p

N =

from which (2) follows.
Combining the two cases (and noting that 0.9 < 19/20), we have
19 1 2logyp— H(a* |l =1) +1
Pr IT succeeds on (a*,A*,r*)} < —+—- 82 (a” | 115 2) & .
20 20 logy p

(a* 7A* )T )N/-Lp’ﬁ2

As a result, using H(a*) = 2logy p we have

Pr [H succeeds on (a*, A*, 7“*)}
(a*vA*aT*)N:u’P

=Y Pr[=T  Pro |
o (a* A% r*)~p, 5,

(19 1 210g2p—H(a*]H2=ﬁ2)+1>

IT succeeds on (a*, A*, 7“*)}

<N Pl =1 | = + —
_Z r[ 2 2] 20 20 log, p
12
19 1 I(a%1lp) +1
20 20 logop
O

We conclude the proof.
Proof of Lemma 3.6. For convenience, we denote m; = 7ylogyp with v < 0.05. For any realization

of Alice’s message 1} = ﬁl, define
Img(T1y) = {a € [p] x [p] : 1 (a) =TIy }.

Next we write Iljage to denote the set of ﬁ1 such that Img(ﬁl) is large:

~ ~ p2_’y
Marge = {Hl : )Img(Hl)‘ > 100 }
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First we show that to bound I(a*;Il3), it suffices to bound I(a*;1Iy | II; = ﬁl) for II; € Marge:

I(a™; 1) < I(a*;11;115)
< I(a*;Ig | 1) + v logy p
= Z Pr [leﬁl] -I(CL*;HQ |H1 :ﬁl)
1/_\[lenlarge
+ Z Pr[II; = ﬁl] I(a*; Ty | T, = I0;) 4+ ~vlogy p
1/_Ilinlarge
~ . ~ 1 p?> -
SA Z Pr [Hl :Hl} I(a* 1 | T :H1)+]? "To00 P -2logyp + vlogy p
HIEHIarge
= Z Pr [Hl = ﬁl] . I(CL*;HQ ’ H1 = ﬁl) + (")/ + 0.02) log2 p. (4)
1/_Ilenlarge

The fourth step holds since |Ug;, oy Img(IL1)| < p” - % and Alice’s distribution is uniform over
arge
[p] % [p]. _
It suffices to show that for any message II; € Ilj;ge, we have

I(a*; Ty | T, = II}) = 0,(1). (5)

Fixing a message ﬁ1 € Ijarge, let’s take a pause and review the distribution of (a*, A*,7*) ~ p,
conditioning on IT; = II;. In particular, let’s denote the distribution of (a*, A*) as I, 1, because we

don’t care about r* in this lemma; (a*, A*) ~ ft, i, 1s drawn as follows:

1. Sample a line ¢* from Img(ﬁl) uniformly at random;
2. Sample a set of t — 1 lines from [p] x [p] \ {a*} uniformly at random and add a* to form A*.

Let §* = A* NImg(Il;) and T* = A*\ S*. We prove that |S*| is large with high probability, when
(a*, A*) ~ f, i, Formally, after drawing a*, we draw a sequence of ¢ — 1 lines from p] x [p] \ {a*}
without replacements. The probability that the ith line is in Img(II;) is at least

0.01-p> 7 —i _ p?

>
p? — 101
using t = 0.2p. Using Chernoff bound, we have
1—
pr (1871 < | < et ), )
(a*7A*)NMp7ﬁ1 200

Denote C' = p'=7/200. We show that to prove (5), it suffices to prove that

I(a* Ty | Ty = 10y, [S*] = ¢) = 0,(1) (7)
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for every ¢ > C. This is because
I(a*; 1 | T = I0;) < I(a®; 1, | 10 =TIy, |S¥)
=Y pr [\s*\ —c | = ﬁl] I (a% Ty | T =10, [S7] = c)

c>C
+ ZPI‘ [‘S*| =cC | H1 Iﬁl] ‘I<CL*;H1 |H1 :ﬁla’S*‘ :C)
c<C

IN

Y Pr [\S*| —c|IL = ﬁl] I (a% Ty | T =10, ]S% = ¢) + o(1).  (8)
c>C

The first step holds as |S*| is independent of a* when conditioning on IT; = II; (see Fact 2.11). The
last step follows from (6) and that a* takes values in [p] x [p].

For a fixed ﬁl € Ijarge and a fixed ¢ > C, we prove (7) in the rest of the proof. Let’s again take
a pause and think about the distribution of a*, S*,T* and Il when conditioning on II; = ﬁl and
|S*| = ¢. Equivalently, a*, S*, T and Iy can be drawn as follows:

1. Draw a sequence of ¢ lines a1, ..., a. uniformly from Img(ﬁl) without replacements;
2. Draw a subset T* of size t — ¢ from ([p] x [p]) \ Img(Il;) uniformly at random;
3. Draw i* € [c] uniformly at random; and
4. Set a* = a;-, S* = {ay,...,ac} and Iy = Iy(S* U T*,1I;).
From this description we have that
I(a* Ty | Ty =10y, |S*| = ¢) < I(a*; 10y | Ty = 113, ]S*| = ¢, %)

1 ~
= =3 (e | T = 00,187 = c,i" = i)
i1€c]

Zf(ai;ﬂ2|H1=ﬁ1>|S*|=C) (9)

i1€c]

1
c

The first step holds since conditioning on II; = II; and |S*| = ¢, the index ¢* and the line a* are
independent (no matter what ¢* is, a* is always uniform over Img(ﬁl)); the last step holds since ¢*
is independent of (ay,...,a.,Il2) so knowing whether i* =i or not does not affect the distribution
of (ai y HQ)
Let N = [Img(I;)| > p2~7/100. To bound the RHS of (9), we have
Z I(ai;Hg | H1 = Hl, ’S*‘ = C)
1€]c]

< I(al...ac;H2]H1:ﬁ1>‘S*‘ :C)

+ZH(az‘\H1=ﬁ1,|5*|:c)—H(a1...ac |H1:ﬁ1,|S*]:c)

1€c]
< mg+c-logg N — ZlogQ(N—i—l—l)
i€lc]
N
:m2+Zlog2 <Ni+1>
i€lc]

20



where the first step holds due to Fact 2.9. Using ¢ <t = 0.2p and N > p?>~7/100, we have

( ) t 2t2
Z log, <

1€]c]

< 100p”
N_(-N—¢= P>

1€[t] ie[t]

where we used logy(1 + ) < 2z when > 0. Combining with (9) and ¢ > C, we have

~ 100p”
I(a%; T, | T =10y, S = ¢) < mQJrfp:op(l), (10)
where we used the assumption that v < 0.05 and mg < ,/p. This finishes the proof of (7). O

3.3.2 Proof of Theorem 3.1 via a direct sum argument

Finally we apply the compression protocol from [JPY12| (see Lemma 2.12) and a direct sum argu-
ment similar to that of [CSWYO01, BBCR13, BR11, Bral5] to reduce the lower bound of Theorem

3.1 to that of Lemma 3.4 for one cell.

Proof of Theorem 3.1. Recall in the one-cell problem, Alice receives a € [p] x [p], Bob receives a
size-t subset A of [p] x [p] with a € A, and Charlie receives r € [p] x [p], distributed according to fi,.

Assume for a contradiction that there is an (my,mg)-bit deterministic communication protocol
(IIy, Iy, I13) for fy ap over pipq, with my = o(ndlog p), ma < /p, and failure probability at most
1/40. We first use it to obtain an (mq, m2)-bit public-coin communication protocol II' for the single
cell communication problem f, over p, that has the same failure probability as II. While the first
message [T} of II' has length m; (which is too large to reach a contradiction with Lemma 3.4), we
show the amount of (internal) information it contains is small:

I(IT;a | A, R) = o(logp),

where R denotes the public random string of II". Then we apply a compression on I} to obtain a new
public-coin communication protocol II” for the single-cell problem such that the first message has
o(log p) bits only (while the second message remains the same as IT"). This leads to a contradiction
with our lower bound for the single-cell problem in Lemma 3.4.

Consider the single-cell communication problem f, over p,, with (a, A,7) ~ pu, as inputs of the
three players, respectively. Given II = (IIy, Iy, II3) for f, 4, over p, 4p, we describe a public-coin
protocol for the single-cell communication problem as follows:

1. Public-coin randomness R: The protocol starts by sampling a public-coin random string R.
First R contains ¢* € [n] and j* € [d] sampled independently and uniformly at random. For
each (4,7) € [n] x [d] with (¢,7) < (¢*, %), R contains a; ; drawn from [p] x [p] independently
and uniformly at random. For each (i, j) € [n] x [d] with (4,7) > (¢*,7%), R contains a size-t
subset A; ; sampled from [p] x [p] independently and uniformly at random.

2. Alice, Bob and Charlie run II on (X, Y, Z) constructed as follows and Charlie returns the
same bit that II returns. The input X of Alice contains (a;; : i € [n],j € [d]), where a; ; for
each (i,7) < (4%, j*) is from R, a;« j= is set to be a (which is her original input in the
single-cell problem), and a; ; for each (7,7) > (7%, %) is sampled from A; ; (from R)
independently and uniformly at random using her private randomness. The input Y of Bob
contains i* and (A;; : i € [n],j € [d]), where A, ; for each (7,7) < (%, 5%) is sampled as a
size-t subset of [p] x [p] that contains a; ; (from R) independently and uniformly at random
using his private randomness, A;« ;= is set to be A (which is his original input), and A; ; for
each (i,7) > (¢*,7*) is from R. Finally the input Z of Charlie contains ¢*, j* and r (which is
his original input).
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It is easy to verify that when (a, A, r) ~ p,, the triple (X, Y, Z) above is distributed exactly the
same as [i, 4, and thus, the error probability of the above single-cell protocol IT" is exactly the same
as the error probability of II (at most 1/40).

We next bound the amount of internal information the first message IT; = I1 (X) contains:

I( ll;a’A>R):I(H1;a|AaR)'

To this end, note that these four random variables we care about can also be drawn equivalently as
follows: First we draw (a;; : i € [n],j € [d]) uniformly and then draw (A4;; : i € [n],j € [d]) as size-t
subsets that contain a; ; uniformly at random. Next we draw i* € [n] and j* € [d] uniformly. Finally
we set 117 to be Hl(a,J 20 € [n],j € [d]), a tobe a j+, Atobe Ajs j=, R tobe (i*, j*, a2 ., AL ),
where we write a;% j+ to denote the ordered tuple of a;; with (¢,7) < (i*,j*) and A> to denote
the ordered tuple of A;; with (¢, 7) > (4%, j*).

In this view we have the following sequence of inequalities:

1
I(Hl;a | AvR) - % Z I(Hl’aZaJ | azijiJaAZj)
ie[n]vje[d]
1
< % Z I(Hlaal,] |(1”,A11,...,An7d)
i€[n],j€[d]
1
= % . I(Hl;al,la ceeyQnd | A1,17~ . "An,d) < % — O(lng),

where the second step follows from Fact 2.11 as A< is independent of a; j conditioning on a;* i A,

Afj, the third step follows from the chain rule of mutual information.

Now we apply Lemma 2.12 on the first message II} of II. Formally in Lemma 2.12 we take X
to be the input a of Alice, Y to be the input A of Bob, R to be the public randomness, and M to
be the first message I} from Alice to Bob. Setting ¢/ = 1/600 in Lemma 2.12 and noting that IT}
is independent of Y conditioning on X and R, we can replace the first message II} by a public-coin
one-way protocol from Alice to Bob, where Bob uses the random variable M’ in Lemma 2.12 as the
message from Alice to continue to run IT'. Let IT” be the new public-coin protocol. Then the length

of its first message by Lemma 2.12 is at most

% +0 <log :,) = o(logp)

¢

and the length of its second message is still at most ,/p. The error probability of II” is at most

1 Lol — Lo 1 9
40 40 100 200
by Lemma 2.12. This contradicts with Lemma 3.4. Hence we conclude the proof. O

4 Memory efficient multi-pass algorithm

When the continual learner is allowed to take multiple passes over the sequence of tasks, the memory
requirement can be significantly reduced. Formally, we recall the following theorem:
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Algorithm 1 Multi-pass continual learner

1: Initialize a = %(%)_2/07 n =log =2, €t = (14155, vte[0:
2: Initialize N = ©(THEL) pyy = (S8t — g(relke)2))
3: fort=1,2,...,cdo

4 W+ 0,8« DY

5 fori=1,2,...,k do

6: {(@ityr Titr) }rep—1) ¢ ESTIMATEQUANTILE(D;, ha, ..., hy—1)
7 Wi < ESTIMATEWEIGHT(D;, by, ..., hi—1)

8 Wy — ﬁ%'+-ﬁh¢

9 13“ < TRUNCATEDREJECTIONSAMPLING(D;, hy, ..., hi—1)
10: for each training data in Sy do

11: With probability w; /@, replace it with a sample from ﬁi,t
12: end for

13: end for

14: hy = arg mingey £s, (h)

15: end for

16: Return h = maj(} ¢ )

Theorem 1.2. Let e € (0,1/10] and k,d, b, ¢ be four positive integers. Let H be any hypothesis class
of VC dimension d over a data universe X of description size b. There is a c-pass (€,0.01)-continual
learner for H over sequences of k tasks that has memory requirement and sample complexity

2/c 4/c
(k> -db - poly(c, log k:/e) and (k> rd, poly(c, log kd/e),
€ € €

respectively. Whenever ¢ > 4log(k/¢€), the memory requirement becomes db - polylog(kd/e) and the
sample complexity becomes 6((k + d)/e€); both are optimal up to a polylogarithmic factor.
Notation Let § = 0.01 be the confidence parameter and v = ﬁ. We assume a lexical order
for elements in X and slightly abuse of notation, for any z1,z2 € X and ¢q1,q2 € R, we write
(x1,q1) < (z2,q2) if (1 < q2) V(q1 = @2 A1 < x2). Let pp,(z) be the probability density of x
on the i-th distribution D; (i € [k]). It is WLOG to assume up,(v) = o(z5) for every i € [k] and
x € X, as one can always append logsy(c/€) random bits to the data point x.

ESTIMATEQUANTILE(D;, hy, . .., ht—1)

cforT=1,2,...,t—1do
S?  ~ pM

1,0, T

1
2
8 Sipe=A{(e.y) €Y, (@ exp(n Yy 1he(x) # y))) = (@it Giew), Vv € [T — 1]}

4: Sort {(z,exp(n ., _; 1[h(x) # y]))}xeggt _ and select the the top e;-quantile (zitr, Git,r)
. i3

6

. end for
: Return {(zit.7,Gistr) b reje—1)

Overview of the algorithm We provide a high level overview of our approach, the pseudocode
can be found at Algorithm 1. Our algorithm is based on the idea of boosting (note that this means
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ESTIMATEWEIGHT(D;, h1, ..., hi—1)
1: SY ~ D
2 Siy = {(x,y) € S (w,exp(n o)1 L[ (2) # ) = (@i, Gier), V7 € [t = 20}
8: Return 770 35, ) g, min{exp(n S (@) # Y)), Gios1}

TRUNCATEDREJECTIONSAMPLING(D;, by, ..., he—1)

Sample (z,y) ~ D;

Reject and go back to Step 1if 37 € [t — 2], s.t. (z,exp(n ., Lhw(x) #Y])) = (Titr, Git,r)
Sample A from [0, g ¢ ¢+—1] uniformly

Reject and return to Step 1 if A > min{exp(n ij_:ll 1[hy(z) # Y]), it -1}

Return (z,y)

it will be improper). During each pass t € [c], the algorithm maintains a hierarchical truncated set
of the i-th data distribution D; for each i € [k]. Let

v

Xitr =2 €X: (I,GXP(Z 1[he(x) #y])) 2 @it Gpp), Vv € [T =1] o, V7 € [t] (11)
=1

and we take Xj;q1 = --- = A1 = & in the above definition. These are hierarchical sets and with
high probability satisfy (See Lemma 4.2 for the proof)

(1) Xy C X1 C--- C Xip1, Vie k]t ec];
<2> Xi,C,T c.--C Xi,f—i—lﬂ' - Xi,T,T: Vi € [k], T E [C]

These sets are obtained via the ESTIMATEQUANTILE procedure, which iteratively computes the top
e;-quantile of D;.

Roughly speaking, & ; ;—1 is the “support” of D; in the ¢-th pass. Our algorithm performs multi-
plicative weights update over every data point in X and the distribution D; gets reweighted at every
round. ESTIMATEWEIGHT estimates the updated weight of X;;;_1 with the top €-quantile trun-
cated. TRUNCATEDREJECTIONSAMPLING has access to the original distribution D; and performs
rejection sampling to get samples from the truncated distribution.

We sample the training set S; of the ¢-th round in a streaming manner. Initially we add N
dummy samples. In the i-th task, we discard old data and replace them with a new one with
probability @w;;/w;. We run ERM over the training set S; at the end, and derive a hypothesis h;.
The final output is determined by the majority vote h = maj(zte[c] ht), defined as

h(z) =maj [ Y he(x) | =

te(c]

{1 Dtepq (@) = ¢/2

0 otherwise

We sketch the proof of Theorem 1.2 and detailed proof of this section can be found in the
Appendix B. We first prove that the ESTIMATEQUANTILE procedure provides good estimations on
the quantile each step.

)

250, the following event holds

Lemma 4.1 (Quantile estimation). With probability at least 1 —
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1. For anyi € [k|,t € [c],T € [t —1],

Py Kxexpnzl{h %y})) (xztf,qm]e[(l—wet,(uwet].

(2,y)~Di|r€X; t +

Here D;|lz € X+ denotes the conditional distribution of D; on the event of x € Xj .

2. Denote Py r = Priy yop,[x € Xiy7]. For anyi € [k],t € [c],7 € [t — 1],
Pitry1 € (1= A +v)e)Pier, (1= (1 —7)et) Pigr]

We next prove the sets { X1 }ici] te[e],rey) have a hierarchical structure.
Lemma 4.2 (Hierarchical set). Condition on the event of Lemma /.1, we have

L Xy CXigy1 S~ C X1, Vi€ k]t e[d;

2. Xier € CXisp1r CXigr, Vie[k], 7€

We formally define the updated distribution at each pass. Ideally, we sample from the truncated
distribution.

Definition 4.3 (Truncated distribution). For any i € [k],t € [c|, define the truncated distribution
Di,t,trun as

1[z € Xj44-1] - pp, (x) - min{exp(n 23;11 1hr(z) #y]), Gite—1}

/"LD’L,t,trun (':L‘) = / / . +—1 , Y 3 \V/CE E X.
dowex 1" € Xipya] - pp,(27) - minfexp(n 375 k- (2) # Y1), Gie—1}
The mized truncated distribution D irun 15 defined as
k . t—1 ~
1Dy (@) = >iz1 L[z € Xige] - pp,(x) - min{exp(n 3775 1[h-(z) # y]), Gipe—1} Ve e X,

Zle Yowex 1@ € Xy 1] - pp,(2') - min{exp(n 22;11 1[h.(2") # y]), (/J\i,t,t—1}’

To connect Dygrun and Diygwrun, we define the weights {w;}icqy

t—1
Wit = Z 1z € Xjt4—1] - pp,(2) - min {exp(nz 1[hr(z) # y])@i,t,t—l}

rzeX T=1

wi ¢
Zi’e[k] Wyt g
(k] according to {pi}icix), and then drawing from D i yun. That is to say, Dy grun = Zle PitDi t trun-

and p;y = The mized distribution Dj trun can be derived by first drawing an index @ from

We next prove that the ESTIMATEWEIGHT procedure approximately estimates the weight of
each distribution D; ;.

Lemma 4.4 (Weight estimation). Condition on the event of Lemma /.1, with probability at least

1— 20, the ESTIMATEWEIGHT procedure outputs W;; = (1 £ a/8)w;¢. Furthermore, define p;+ =
wz t

W’ then pi+ = (1 + o/3)pis for any i € [k],t € [c].

We then analyse the TRUNCATEDREJECTIONSAMPLING process and prove that it returns a
sample from D; ; tryn Without much overhead on sample complexity.
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Lemma 4.5 (Truncated rejection sampling). For any i € [k],t € [c|, condition on the event of

Lemma /.1, the TRUNCATEDREJECTIONSAMPLING (D;, hy, . .., hi—1) returns a sample from the dis-
tribution of Djtirun- With probability at least 1 — 2%, the total number of samples that have been

dc? log® (kdc/ed) )

€Ex

drawn for the training set {St}ic( s at most O (

For any t € [c], define ﬁt,trun = Zﬁzl Pi.tDit trun- Recall that our algorithm samples and updates
the training data S; in a streaming manner. It is easy to verify that each data of Sy is drawn from
Dt,trun-

N

Lemma 4.6. For any t € [c], the training set Sy is drawn from ﬁmrun.

Additionally, combining Lemma 4.4 and Lemma 4.5, one can prove ﬁt,trun is close to D¢ trun

Lemma 4.7 (Bounded TV distance). For any t € [c], conditioned on the events of Lemma 4.1 and
Lemma 4.4, the empirical truncated distribution Dyiun and truncated distribution Dy iun satisfies

”Dt,trun - Dt,trunHTV < 04/3~
By a standard application of VC theory, we can show the hypothesis h; returned by Algorithm
1 in the t-th pass achieves good accuracy on Dy trun.
)

Lemma 4.8. For anyt € [c|, condition on the events of Lemma 4.7, with probability at least 1 — 55,
we have Up, .,(ht) < §.

Now we are able to derive the accuracy guarantee.

Lemma 4.9. Let h = maj(Zte[c] hi) be the function returned by Algorithm 1, with probability at
least 1 — %, Ip,(h) < € holds for any i € [k].

Proof. We proceed the proof by conditioning on the event of Lemma 4.1, Lemma 4.4 and Lemma
4.8. The key is to track the following potential

k t—1
=23 S an@epn Y 1) £y, tefet 1]
i=1 2E€X; 441 =1

Note that, when t = 1, we take Xj;o = X and therefore ®; = %Zle Y wex o, () = 1; When
t = c+ 1, for the purpose of purpose, we extend the definition to & .41 . by imagining an extra
pass and assuming that the hierarchical property holds (i.e., Lemma 4.2) as well.
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For any ¢ € [2: ¢|, we have that

log ®¢11 — log ®;

k
o i, (2) exp(n 3oy 1 (x) # 1))
g;xegﬂt Zle Zz’e&tt_l po, (') exp(n 27:1 [hr(2') # y])

p, (%) exp(n Y1y - () # y])
lo
- g;x;tzz 1Zze)(”t 1, (2') exp(n 32725 b (2) # )
p,(2) exp(n $42) 1[h. () # 9))
= lo - ex 1|hs(x
gZ?z 121%“ o) exp(n S 1 (@) £ g PO E )
p, () - minf{exp(n X212} 1 (2) # y]), i1}
< lo T -exp(nllh:(x
B gZ;Z 1290%“ () - min (e (1 S ke () £ 9G] o) F )
k . t—1 ~
. o, () - min{exp(n 07! 1y (2) # ), G} ee(rilin(e
- gZXZ S S, () - minexp(n S 1lhne) £ o) e ) ) 7o)
— 108(1 = £y s (he) + £, o (1) - exp ()
< log(1 — a+ a-exp(n))
< log2(1 — «) (12)

The second step follows from X; ;11 C X+ (see Lemma 4.2), the fourth step follows from

-1
eXp(UZ 1[hr(x) #Y]) < -1, VT € Xy

=1

The fifth step follows from &;;; C X1, the sixth step follows from the definition of /p, ,,, (ht)
and the seventh step follows from ¢p, .. (h:) < o (Lemma 4.8) and we plug in n = log(1=2) in the
last step.

For any i € [k], define

Xi,bad = {l' € Xi,c+1,c : Z 1[ht($) ?é y] > 0/2} .

t=1

That is to say, &jpagq contains all data points that are wrongly labeled by function h in X .41 c.
Note that

Beyy = Z > o, (@) exp(n Y 1[h(z) # y))

=lzcXy ot+1,c

Y. wpi(@)exp(n ) Lh(z) #y))
t=1

TEX; c+1,c

> up,(x) exp(ne/2). (13)

TEX; bad

v
N o

Y
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Now taking a telescopic summation on Eq. (12), we have

clog2(1 —a) > log®.y1 — log Py = log Py1 > ne/2 + log Z up,(z) —logk
TEX; bad
l-«

+log Y pp,(z) —logk,

TEX; bad

—Elo
2 & «

where the second step holds as ®; = 1, the third step holds due to Eq. (13), we plug in n = log 1?70‘
%)—2/0

in the last step. Rearranging these terms and plug in o = i( -

log Z up,(z) —logk < clog2v/a(1 — o) < log(e/2k),

TEX; pad

Therefore, we have

€
S up(x) < 5 (14)
TEX pad
For those outside of &j 1.4, we have
€
mlj%[l‘ ¢ Xiert,e) <1 —(1—(1—7)ect1) < 3cep < 3 (15)

The first step follows from Lemma 4.1, the third step holds as €y = 5. Combining Eq. (14) and
Eq. (15), we conclude ¢p,(h) < € and finish the proof. O

We now wrap up the proof of Theorem 1.2.

Proof of Theorem 1.2. The accuracy guarantee of Algorithm 1 has already been established by
Lemma 4.9. We next calculate the memory requirement and sample complexity.

Memory requirement For the memory requirement, we need (1) storing the training data S,
which takes O(N) < O((%)Q/Cdb log(kc/d))) bits; (2) storing samples S7; for ESTIMATEQUANTILE,
which takes O(bc + Mibeg) = O(bc* log(ke/§)) bits using streaming implementation; (3) storing
samples S}, for ESTIMATEWEIGHT, which takes O(log(k/¢)) bits using streaming implementation;
(4) storing the hypothesis hq, ..., he, which takes O(dbc) bits; Hence the total space requirement is

k 2/c
0 ((6> dblog(kc/8) + bctlog(ke/8) + dbe + log(k/e)> .

Sample complexity Algorithm 1 draws (Mjc+Ms)ke = O(kc” log(kc/é)e_l—k(%)‘l/cch log(ke/8)e™ 1)
samples for estimating weights and quantile. By Lemma 4.5, with probability at least 1 — 2, the

207
training set {S;},¢[q takes O (M

=t ) samples. Hence the sample complexity is

4/c

2/c
) <<k> dc?log3(kde/ed)e ™t + ke log(ke/d)e ™t + <k> kc? log(kc/d)e_l) :
c €

This concludes the proof. O
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5 An exponential separation result for multi-pass learning

We prove a lower bound for the memory requirement of c-pass proper continual learners, showing
that making ¢ passes can only help save memory by a factor of no more than ¢. This is in sharp
contrast to the 1/¢ saving in the exponent by the improper learner presented in the last section.

Theorem 1.3. There exists a sufficiently large constant Cy such that the following holds. For any
e € (0,1/4] and any positive integers c,k,d and b such that d > Cyc and b > Cylog(kd/(ce)), there
is a hypothesis class H of VC' dimension d defined over a universe X of description size b such
that any proper c-pass (€,0.01)-continual learner for H over 2k tasks requires (1/c?) - Q(k’db/(ce))
memory.

5.1 Pointer chasing

We reduce from the classic communication problem of pointer chasing.

Definition 5.1 (Pointer chasing [PS82|). Let n and ¢ be two positive integers. In a pointer chasing
problem, Alice gets an input map fa : [n] — [n] and Bob receives another input map fp : [n] — [n].
The pointers wM, w® .. are recursive defined as

w(l) = 17 w(2) = fA(w(l))7 w(3) = fB(w(Q))7 w(4) = fA(w(g))7 w(5) = fB(w(4))7

In the communication problem, Alice speaks first and the communication proceeds in at most 2¢ — 1
rounds. The goal is for Bob to output the binary value of w2 (mod 2).

The problem requires Q(n/c — clogn) bits of (total) communication:

Theorem 5.2 ([NWO91, Kla00, Yeh20|). The randomized communication complezity of the pointer
chasing problem (with error probability at most 1/3) is at least n/(2000c) — 2clogn.

5.2 Hypothesis class

Let ¢, k,d and b be four positive integers. We describe the hypothesis class H = H. 45 that will
be used to prove our lower bound in Theorem 1.3. We start with the data universe X of H:

Data universe. Let p be the smallest prime with p > (kdb)®. The data universe X consists of
X =Y UZ, where Y and Z can be further partitioned into

Y=Y U---UY, and Z=2ZU---,Z,

and each of ¥; and Z; is a disjoint copy of [2d] x [F,,.

For notation convenience, we use a 4-tuple x = (z1, z2, z3,z4) to represent a data point z € X,
where x; € {1,2} determines x € Y (when x; = 1) or x € Z (when z; = 2), 9 € [k] indicates that
x is from Y,, or Z,, (depending on the value of x1), x3 € [2d] and x4 € F).

We will refer to a triple g € [k] x [d] x [b] as a pointer (looking ahead we will set n = kdb in our
reduction from the pointer chasing problem over [n]), and write @ = [k] X [d] X [b] to denote the
set of pointers. Let B = {1,..., (kdb)’} be (kdb)® elements in F; the choices do not matter. Given
|B| = (kdb)®, we view each element a € B as a tuple (ay,...,a) of b pointers with a; € Q; this can
be done by picking an arbitrary bijection between B and QP.
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Hypothesis class. Our main challenge lies in the construction of the hypothesis class H. First
we review the Reed-Solomon code, which is a key building block of our construction.

Definition 5.3 (Reed-Solomon code). Let p be a prime number and let m,n be two positive integers
that satisfy n < m < p. The Reed-Solomon code RSy, ,, : Fy — F' maps Fy to F}' by selting
(21,--+,2m) = RSy m(y1,...,yn), where zj; = Z yif;_l, Vj € [m],
i€[n]
where f; is the j-th element of ¥, under an arbitrary ordering.

We need the following error correction guarantee of Reed-Solomon code.

Lemma 5.4. For any distinct y,y' € T}, 2 = RS, ;n(y) € Fy' and 2’ = RS, 1 (y') € T} satisfy

Getmliz £z (1= )m.

We can describe the hypothesis class H now. Each function hy : X — {0,1} is specified by a
tuple A = (a;; € B :i € [2c+1],j € [d]). As discussed earlier, we view each a;; in A as a tuple
(@i je: € € [b]) from Q. We use the following procedure to determine hy over X =Y U Z:

1. Initialization: Let I : [k] — [2¢ + 1] U {nil} and J : [k] — [2¢ + 2] U {nil} be two arrays such
that all entries are set to nil. Let ¢() € Q be a point set to be (1,1,1).

2. For each 7 =2,...,2¢c+ 2 (letting ¢ denote the previous pointer q(Tfl)):

(a) If 7 is even and I(q) = nil, we set hy(x) for all data points = in Yy, as follows (the fact
that I(q1) = nil makes sure that we have not set h4(x) for points in Y; 4, before). Let

(21,- .., 22a) = RSaga(ar_11,-..,ar-1,4) € F20. (16)
For each data point x € X with 1 =1 and 22 = qq,
1 ifxy=
ha(e) =4 T
0 if x4 # 244

Recall that 3 € [2d] and x4 € F,,. We set I(q1) =7 — 1 (since h4 has been set for
points in Yy, using (a;—1; : j € [d]) from A). Before moving to the next loop, we set
the new pointer ¢(™) to be ar_1,4, 4, € Q (vecall that g € [d], g3 € [b], and we view each
ar—1,4, € B as a tuple from Q).

(b) If 7 is even and t = I(q1) # nil, we don’t need to set h4 for points in Y;, (since they
have already been set using (as; : j € [d])). We just set the new pointer ¢(7) = ay 4, 4,-

(¢) The cases with 7 being odd is symmetric, with Y being replaced by Z and I being
replaced by J. If 7 is odd and J(g1) = nil, we set ha(z) for points in Z,, as follows: Let

(21,--.,22a) = RSqpa(ar_11,...,ar-1,4) € F20. (17)

For each data point x € X with z1 = 2 and z9 = ¢1, we set

ha(z) 1 ifxy = 2z,
xTr) =
4 0 if x4 # 244

We set J(q1) =7 — 1 and set the new pointer ¢{™) to be ar_1 4, 45
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(d) If 7 is odd and t = J(g1) # nil, we just set the new pointer ¢(7) = ay 4, 45

3. For any Y; with I(i) = nil (so these data points have not been set yet), we set ha(z) =1 for
all points in Y;; similarly for any Z; with J(7) = nil, we set ha(z) = 1 for all points in Z;.

This finishes the description h4 and the hypothesis class H.
We first observe that the VC dimension of A is bounded above by O(cd).

Lemma 5.5. The VC dimension of H is at most 4cd + 2¢ + 2d + 1.

Proof. For any subset S C X with size |S| = 4cd 4+ 2¢ + 2d + 2, we prove that the hypothesis class
‘H can not shatter S.

Case 1 [SNY| > (c+1)(2d+1) +1. Let Sy = {20 ... z(c+DRHDFIY € G N Y. First,
if Sy contains data points from at least ¢ 4+ 2 blocks, that is, there exists ¢ + 2 indices 41, ..., %ct2
such that Y;; NSy # 0,...,Y; ., NSy # 0, then H can not shatter (0,...,0). The reason is
that for any function h € #, there are at most (¢ + 1) blocks contain label 0 data points, i.e.,
[{i € [k] : I(i) # nil}| < ¢+ 1. On the other hand, if Sy contains data points from at most (¢ + 1)
blocks, then by pigeonhole principle, there exists an index ¢ € [k] such that [Sy NY;| > 2d + 2. Note
that any function h in H either labels all data points in Y; with 1, or labels at most 2d data points
with 1, hence H can not shatter (1,...,1,0).

Case 2 |SNZ|>c(2d+ 1)+ 1. This follows from a similar argument of the first case.
In summary, whenever |S| > (2¢+1)(2d+ 1) + 1 = 4ed + 2c+ 2d + 2, H can not shatter the set
S. Hence the VC dimension of H is at most 4cd + 2¢ + 2d + 1. O

5.3 Reduction from pointer chasing to proper learning

We prove Theorem 1.3 by reducing from the communication problem of pointer chasing.

Proof of Theorem 1.3. For notation convenience, we use €, ¢, k’',d and V' to denote parameters in
the statement of Theorem 1.3 (because we will use k,d and b to denote integers used to specify
the hypothesis class H). So € € (0,1/4] and ¢, k', d’, V' are positive integers such that d' > Cyc and
b' > Colog(k'd’ /(ce)) for some sufficiently large constant Cp.

Let o = |1/(4€)| and k = K'a = ©(k'/€). Let d be the largest integer such that

ded +2¢+2d+2 < d

so we have d = O(d'/c) given that d’ > Cyc. Finally, we choose b to be the largest integer such that
the description size log, |X| of hypothesis class Hc 44 is at most b'. Given that

logy |X| = O(blog(kdb))

and ' > Cplog(k'd'/(ce)), we have that b is a positive integer that satisfies

bl
b=Q| ——— .
<log(k’d’b’/ (ce)) >
With these choices of k,d and b, we use H = H 1.4 as the hypothesis class in the rest of the proof,
which has VC dimension at most d’ and description size at most b'. We prove below that any c-pass
(€,0.01)-continual learner for H over 2k’ tasks must require Q(kdb/c?) memory; the theorem follows
since by our choices of k,d and b, we have

kb (K@ s 1Y g (HaY\ 1 s (K
2 e c log(k'db/(ce)) ¢2) e ) 2 ce )

31




For this purpose, we show that any c-pass (e,0.01)-continual learner for H over 2k’ tasks with
an m-bit memory can be used to obtain a protocol for the pointer chasing communication problem
with parameters n := kdb and ¢ (as in Definition 5.1) that has total communication 2cm and success
probability 0.99. Our goal then follows from Theorem 5.2.

Reduction. With n := kdb, we let p be the following bijection between @ = [k] x [d] x [b] and [n]:
p(i,3,0) = (i — 1)db+ jb+ £, for all (i,4,¢) € Q.

with p(1,1,1) = 1.
On input fa : [n] — [n], Alice creates k' data distributions Dy, ..., Dy over X as follows. First
she views f4 as a tuple of pointers (y; ;¢ € Q : i € [k],j € [d], £ € [b]), with

vige =" (falp(0,3,:0)) € Q.
She also views v; j = (Yij1,---,Yijb) € Q" as an element in B (and recall that B is a subset of F,).

For each i € [k'], the data distribution D; is constructed as follows:

e The distribution D; is supported on Y;_1)a41,- - -, Yia- For each j: (i — 1)a+1 < j <ia,
D; has probability 1/(2ad) on each of the following 2d points in Yj:

(17j7 1, Zj,l)a SRR (Lja 2d, Zj,2d)7
where (zj1,. .., 2j24) come from

(Zj71, ey Zj,?d) = RSd,Qd(yj,la . ,yj,d) = ng
Note that there are 2ad points so the probabilities sum to 1. All these points are labelled 1.

Similarly Bob uses f5 : [n] = [n] to create k' data distributions Dy/y1, ..., Doys; the only difference
is that these distributions are supported on Z. We prove in the following claim that these 2k’ data
distributions are consistent with a function h: X — {0, 1} in the hypothesis class H.

Claim 5.6. For any fa :[n] — [n] and fp : [n] — [n], there is a function h in H that is consistent
with all 2k' data distributions D1, ..., Doyr.

Proof. Let wW, ... w@*2) be defined in Definition 5.1 using f4 and fg. Consider the function
h € M specified by the tuple (a;; € [B] : i € [2c +1],j € [d]), where a;; = y,-14,0), ; for
i € [2c+1],7 € [d]. It is easy to verify that h is consistent with Dy, ..., Day. O

After creating these data distributions (with no communication so far), Alice and Bob simulate
a c-pass (€,0.01)-continual learner for H over Dy, ..., Doy . If the c-pass learner uses m-bit memory,
the simulation can be done by a (2¢ — 1)-round protocol with total communication O(cm). At the
end of the simulation, Bob recovers from the learner a function hy € H for some tuple A = (a;; €
B:ie€[2c+1],j € [d]). With probability at least 0.99, we have

lp,(ha) <€, forallie 2K (18)

Let ¢, ..., ¢t € Q be the sequence of 2¢+2 pointers obtained by following the procedure on A
described in the definition of the hypothesis class H. The following claim shows that whenever h 4

satisfies (18), we must have p(¢(7) = w(™) for all 7 € [2¢ + 2], where w(V, ..., w(>***2) are defined in
Definition 5.1 using fa and fg. As a result, to end the protocol, Bob just follows the procedure to
compute ¢V, ..., ¢+ and output p(q(20+2)) (mod 2). This gives a (2¢—1)-round communication

protocol for the pointer chasing problem with success probability 0.99. This finishes the proof. O
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Claim 5.7. When hy satisfies (18), we have p(¢\") = w™ and

for even T

for odd T

a., (r— .
Yo =4 @
q1 »J

CaaT )
forallT=2,...,2¢+2 and j € [d].

Proof. We prove by induction on 7 = 2,...,2¢c + 2. We start with the base case when 7 = 2. Note
that p(¢™") = 1 = w® since p(1,1,1) = 1. We also have I(q§1)) = 1. Assume for a contradiction

(a1,1,---,014) # (Y1,1,- -+ Y1,d)-
Then it follows from the error correction guarantee of Reed-Solomon code that at least d entries of
RSq24(a1,1,-.-,a1,4) and RSg2q(y1,1,---,Y1,4)

are different. This implies that Dy is inconsistent with A4 on at least d points and thus,

d 1
bp,(hg) > — > —
Di( A)_Sad_2a>€’

a contradiction with (18). So (a11,...,a1.4) = (y1.1,---,y1.4). To prove p(¢?) = w?, note that

¢ = ar11 = yia1 = (Falp(1,1,1)) = p7 ' (fa(1) = p~" ().

This finishes the proof of the base case.
The induction step is similar. Assume that the statement holds for all 2,...,7 — 1 and we now
prove it holds for 7 < 2¢ + 2. Assume 7 is even; the ?roof for odd 7 is symmetric. Consider two
)

cases. If in the 7-th loop of the procedure, t = I(qY_1 = nil, then ¢ < 7 and qu_l) = qg). Hence
Yglr 5 = Y1) (19)
(r=1)

for all j € [d] follows from the inductive hypothesis. If in the 7-th loop, I(¢; ) = nil, then we set
I (qYﬁl)) = 7 — 1 at the end of this loop and (19) follows from an argument similar to the base case
using the error correction guarantee of Reed-Solomon code. So (18) holds in both cases.

In both cases, let t < 7 — 1 be the final value of I(qYﬁl)). Then

¢ = Gy T gfr=D) = Yglr=n) =) ((r-1) = p! (fA (P(Q(T_l)))) =p ' (w),

where the last step used the inductive hypothesis p(q(T_l)) = w(™=Y. This finishes the proof. [

6 Discussion

The problem of continual, or lifelong, learning is a major and crucial open challenge for Machine
Learning, a key roadblock in the field’s quest to transcend the stereotype of individual specialized
tasks and make small steps towards brain-like learning: robust, unsupervised, self-motivated, em-
bodied in a sensory-motor apparatus and embedded in the world, where data collection is deliberate
and the sum total of the animal’s experience is applied to each new task. There seems to be a con-
sensus in the field that the chief problem in extending the practical successes of Machine Learning
in this direction is memory.
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We formulated the problem of continual learning as a sequence of k PAC learning tasks followed
by a test, and showed a devastating lower bound for memory: the memory requirements for solving
the problem are essentially increased from that of individual tasks by a factor of k. That is,
unless a new approach is discovered — or the PAC formalism is for some fundamental reason
inadequate to model this variant of learning — continual learning is impossible, with respect to
memory requirements, in the worst case.

It has been argued that worst-case lower bounds do not always predict the difficulty of making
practical progress in computational problems, and that this is especially true in the context of
Machine Learning. However, such lower bounds have a way of identifying the aspects of the problem
that must be attended to in order to make progress, and pointing to alternative formulations that
are more promising. We feel that a comprehensive understanding of the theoretical difficulties of
continual learning is a prerequisite for making progress in this important front.

Our multi-pass approach and the ensuing upper and lower bounds were admittedly inspired by
streaming — an algorithmic domain of a very different nature than continual learning. However, it
does provide a nice demonstration of the power of improper learning. We believe that the multi-pass
MWU-based algorithm developed here may point the way to new empirical approaches to continual
learning, perhaps involving the periodic replay of past data, as well as competition between several
evolving variants of the learning device mediated by boosting. Naturally, experiments will be needed
to explore this direction.
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A Missing proof from Section 2

Proof of Fact 2.9. One has

iI(Ai;B) = ZH H(A;|B)
=1

ZH(AZ-) — H(Aj|Ay,..., Ai_1,B)

IN

— ZH(A’) — H(Aij|Ay, ... Aiy)

+ ZH(Az’Aly . 7Ai—1) — H(AZ’AL R ,Ai_l,B>

n

:ZH(Ai)_H(Al""7A) Z (A17B|A17-~aAz—l)
=1

=1

= Y H(Aj) = H(Ay,..., Ap) + I(As,..., Ay; B).
This concludes the proof. O

B Missing proof from Section 4

First, we provide the proof of Lemma 4.1.

Proof of Lemma /4.1. Fix an index i € [k| and a round ¢ € [¢], we prove the first and second claim
by induction. The base case 7 = 0 holds trivially and suppose it continues to hold up to time 7 —1,
then

_ 3
E[|Si, ) = E[IS{, . N Xl = M el (v € Xips] = (1= (14 9)e) ™ My = My,
z,y)~ L

where the first step follows from the definition of SZ - the second step follows from the linearity
of expectation, the third step holds due to the inductive hypothesis, and the last step holds as
(= (7))t 21— (47 (t—1)> 3

Therefore, by Chernoff bound, one has

)
H thﬂXi’tﬂ—‘ <M1/2] Sexp( M1/36)_ 60k YY)
Si. _~D

i,t,T

(20)

Now we condition on | S} el = 188 N Xt x| > My/2. For any X € [0,1], define the exact A-quantile

of {(,exp(n 7y 1(®) # YD)} e g)drjocsy . 10 b (Zisrn,ditrn). The ESTIMATEQUANTILE
returns the e;-quantile of the empirical sample, then we have that

Pr [(mi,t,ﬂ'aa\i,tﬁ) = (x’i7t,7',(1+’y)€t7Q’i7t,T7(1+’y)€t):| < eXp( €ty M1/24) = 60ke YR (21)
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where the second step holds by Chernoff bound the fact that tie breaking only affects o(ep/c?)
quantile. Similarly,

J
< —.
~ 60kc?

Combining Eq. (21), Eq. (22) and an union bound, we can conclude the proof the first claim. Note
that

Pr [(%,t,n@,t;) = (xi,t,f,(lf'y)ENq'i,t,‘r,(lf’y)et)] < eXp(_€0'YQM1/6) (22)

.
Xitr \Xitr1 = {LU € Xipr: (w,exp(nd_ UHhe(x) #y})) = (ifi,t,r,@;,t,r)} :

T=1
and therefore,
Ptz € (1= (A +7)e) - Pigr, (1= (1 =7)e) - Pigsl-

Hence completing the proof of second claim. O
We then prove

Proof of Lemma 4.2. The first claim holds due to definition and therefore we focus on the second
claim. We prove by induction on 7. Fix an index ¢ € [k], the case of 7 = 1 holds trivially, as
Xi1g == X1 = & by definition. Suppose the induction holds up to time 7 — 1, then we prove
Xit+1, € Xt holds for any ¢ € [7 : ¢ — 1]. By definition, we have (i) Xj 41+ C Xj¢41,-—1 and by
induction, (ii) Xj¢11,,—1 € &j+-—1. Condition on the event of Lemma 4.1, it suffices to prove for
any data point € Xj ;41 -, it does not belong to the top (1 + v)e;-quantile of Xy ,—1.

First of all, we know data points in & ;41 7—1\&; 41, has decent amount of probability, i.e.

Pr [v€ X1 1\Xir1,0] > (1 —=7)es1 - Pigr1r—1-

Combining (i) and (ii), these data points belong to &;;_1, i.e.,
Xiti1r—1\Xig+1,r C Xitr1.

Hence it suffices to prove data points in & ;41 -—1\Xj+41,- take up at least (1 + ~)e portion of
Xitr—1 (again, assuming the event of Lemma 4.1 holds), i.e.,

(1 —=y)eq1- Pigs17—1 > 1 +v)ePigr—1. (23)
This is true as

(1 —7)etr1 Z( 1—(1—9)e >CZ< 1—(1—9)e >T_1 o P

(I+7)e 1= (1+7)e 1= (1+ 7)€+t T Pittir-1)
where the first step holds due to the choice of parameter (see Lemma B.1), the third step holds due
to Lemma 4.1. Hence, we have proved Eq. (23) and concludes the proof. O

Next, we prove

Proof of Lemma /.4. For any i € [k],t € [c], according to the Definition 4.3:

t—1
wiy = Y 1z € Xjps1] - pp,(z) - min {GXP(UZ 1[h-(z) # y])@,t,t_1}

TeEX =1

= E
e~Di =1

t—1
1z € Xjt¢—1] - min {GXP(UZ 1[h-(z) # y)), @',t,t—l}] :
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Note each term

t—1

1[z € Xz}t,t—l] - min {GXP(H 1[{h-(z) # y])?@ﬂf,t—l} € [0, Z]\i,t,t—l]a (24)

T=1

condition on the event of Lemma 4.1, the expectation satisfies

x~D;

t—1
E ll[x € Xiy4-1] - min {expmz 1 (z) yb,au,t_l}]

T=1

x~D;

-1
> K [1[33 € Xjtt—1\Xit ] - min {exp(nz 1[h-(z) # y)), Z]\i,t,t—l}]

=1

E 1z € Xitr1\Xitt] - Gt

x~D;
= (Pitt—1— Pitt) Qi
. 1 .
> (1 =)t i—1Git—1 > S Etliti-1- (25)

The second step holds as every z € X;;;—1\Xj . satisfies exp(n Zi;ll 1[h-(z) # y]) > Gits—1 (see
the definition at Eq. (11)), the third step holds due to the definition of P; 1 and P, the fourth
step holds due to Lemma 4.1 and the last holds as (1 — )P ;-1 > (1 —9)(1 — (1 + 7))t > L.

Recall in the procedure of ESTIMATEWEIGHT, we draw My = Q(log(kc/d)/epa?) samples from
D; to estimate w; ¢, hence we have

R o
Pr [!wz‘,t —wi| > ng’,t]
1 G o
= Pr A Z min{exp(nz 1[h () #Y]), Gitt—1} — wie| > Wit
2 (xyy)esff)tﬁ/\’i,t,tfl T=1

< 2exp(—Mya’e; /384) < 20he”

where the first step holds due to the definition of ?Zt, the second step holds due to Chernoff bound,
Eq. (24) and Eq. (25), the last step follows from the choice Ms.
Using an union bound over all ¢ € [k], we further have

. Wi 4 e Wit e
Pip= (1% g)kiz =1+ g)pz‘,t
> i1 Wiy D=1 Wit ¢
holds with probability at least 1 — 2%6. We finish the proof by applying an union bound over
t € [c]. O

We next analyse the TRUNCATEDREJECTIONSAMPLING procedure.

Proof of Lemma 4.5. The first claim follows directly from the TRUNCATEDREJECTIONSAMPLING
procedure. In particular, it rejects element from X\AXj;;—1, and for element z € X;;;_1, it accepts

with probability min{exp(n Y 1_ L[ (%) # y)), Gits—1}/Tits1-

For the second claim, condition on the event of Lemma 4.1, we first bound the expected overhead
of TRUNCATEDREJECTIONSAMPLING. Note TRUNCATEDREJECTIONSAMPLING would not reject
element in X; ;1\ X;+ and

_ 1
Prfz € X\l > (L= el > (1= = (1+7)e) e > e,
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where the first two steps hold due to Lemma 4.1 and the last step holds due to the choice of ;.
Hence, the overhead from rejection sampling is at most 2/¢p (in expectation). R
Fix a round t € [¢], for any i € [k], the expected number of samples drawn from D;; equals

n; ¢ = —~— - N and it satisfies
’ Zi’giwi’,t

k k ~ k N
wt Z/<w’t/,t

g ni,tzNE %SNwLNg log —="—"—

1 i1 Zi/gi Wi ¢ i— Ei’gi—l Wy ¢

Zz‘e[k] Wi,

< log e

< O(Nlog(k/e))

where the first step follows from the definition, the second step follows from “T_b < log ¢, the last
step holds as Wy 4 > Py g1 > % (Lemma 4.1) and

t—1 9
i1 < exply Y 1) #4]) < expl(c— 1)) =0 (%)
T=1
holds for any i € [k].

Via a simple application of Chernoff bound, one can prove with probability at least 1 — %,
(1) the total number of sample drawn from the truncated distribution {Djtrun}icpr) 1S at most
O(N log(kdc/e€d)), (2) the overhead of TRUNCATEDREJECTIONSAMPLING procedure never exceeds
O(clog(kdc/ed)/e€). Using an union bound, the total number of sample being drawn for the training
set {St}ie|q are bounded by

C2 0] 3 C/€
O(N log(kde/ed)) - O(clog(kdc/ed)/e) - ¢ < O (d ! g;j‘l / ‘”) .

We conclude the proof here. O
Next, we prove Lemma 4.6 and Lemma 4.8.

Proof of Lemma 4.6. For any t € [c], and for any training sample preserved at the end, it comes from

. . - Wyt . Dot cit Wit W; ¢ o~ ..
the i-th task with probability S, Hi,ziﬂ S By~ oo Bus Dit- For any training
sample comes from the i-th task, by Lemma 4.5, it follows from the distribution D; ¢ trun- O

Proof of 4.8. The algorithm draws N = O(d—kl#(kc/a)) samples from ﬁt’tmn and runs ERM on it.

)

500> the output hypothesis satisfies

Due to the realizable assumption, with probability at least 1 —

o o
eDt,trun (ht) S Eﬁt,trun (ht) + § S 57

where the first step follows from Lemma 4.7, the seconds step holds due to the VC theory (see
Lemma 2.4) O

Lemma B.1 (Technical lemma). Let e € (0,1/10),c¢>1, v = 10%, e = (14 1) 55, then

(1 —7y)éet > ( 1-(1-9)& )c'

(1+7)e I— (1T +7)er1
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Proof. The RHS satisfies

< 1—(1—9)e )C: (1+76t+1+76t+6t+1—6t)c
1-— (1 + ")/)Et_t,_l 1-— (1 +"}/)6t

€\C
< (1 7)
_(+C2

2
< exp(D) <1+

The second step holds as yery1 < g3,7€ < 353, €41 — € < 32 and 1 — (1 + Yerr1 > 1/2,
the second step follows from 1 4+ x < exp(x), the third step follows from exp(x) < 1 + 2z when
z € (0,1/10).

Meanwhile, the LHS satisfies

(1—7)et1 1) 10c¢® — 1 2¢
(1+v)e ¢’ 102 +1~ c’

We complete the proof. O
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