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ABSTRACT

We propose RAdaGD, a novel family of adaptive gradient descent methods on
general Riemannian manifolds. RAdaGD adapts the step size parameter without
line search, and includes instances that achieve a non-ergodic convergence guaran-
tee, f(zr) — f(zx) < O(1/k), under local geodesic smoothness and generalized
geodesic convexity. A core application of RAdaGD is Gaussian Variational Infer-
ence, where our method provides the first convergence guarantee in the absence
of L-smoothness of the target log-density, under additional technical assumptions.
We also investigate the empirical performance of RAdaGD in numerical simula-
tions and demonstrate its competitiveness in comparison to existing algorithms.

1 INTRODUCTION

Riemannian optimization is an actively studied area due to its various applications relating to ma-

chine learning, computer vision, and statistics (Fillard et al., 2005; Bacak, 2014a; Hosseini & Sra,

2015; 2020; Kim et al., 2025a). In this paper, we consider the Riemannian optimization problem
min f(z)

where NCM is a geodesically convex subset of a Riemannian manifold M, and f: N — Risa

continuously differentiable geodesically convex function. A standard approach to solve this problem
is Riemannian gradient descent (RGD):

Tpy1 = exp,, (—s Grad f(z)).

Here, exp(-) denotes the exponential map at x, sy, is the step size at iteration &, and Grad represents
the Riemannian gradient. Asymptotic properties of RGD have been extensively studied in the liter-
ature; see, for example, (Absil et al., 2008; Bacdk, 2014a). When f is additionally a geodesically
L-smooth function, RGD is known to achieve the convergence rate f(zj) — f(zx) < O(1/k) with
a constant step size s = % (Zhang & Sra, 2016).

However, the use of RGD with a fixed step size of % has limitations since:

(i) assuming an L-smooth function with geodesic convexity is arguably a strong assumption,

(i) it requires prior knowledge of the smoothness parameter L.

To overcome this issue, the study of adaptive algorithms in Euclidean space has emerged recently
(Malitsky & Mishchenko, 2020; 2024; Latafat et al., 2024a;b; Oikonomidis et al., 2024; Zhou et al.,
2025; Li & Lan, 2025; Suh & Ma, 2025). However, the study of their extension to Riemannian
optimization is very limited. To the best of our knowledge, the only work is Ansari-Onnestam &
Malitsky (2025)", which extends the algorithm in Malitsky & Mishchenko (2024) to the Riemannian
setting.

In this work, we propose Riemannian Adaptive Gradient Descent (RAdaGD), inspired by Euclidean
adaptive methods (Suh & Ma, 2025). RAdaGD is a family of novel line-search-free adaptive al-
gorithms on Riemannian manifolds, which includes instances that guarantee the convergence rate
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Under review as a conference paper at ICLR 2026

fzr)— f(xx) < O(1/k), similar to RGD with constant step-size. We relax the usual L-smoothness
assumption to local smoothness and show that this condition is satisfied by C? functions.

Building on this local smoothness setup, we propose a new algorithm with provable guarantees.
Our main focus is Gaussian variational inference (GVI), which approximates a target distribution 7
on R”, most prominently a Bayesian posterior distribution, by a non-singular Gaussian. Interest in
GVl is intimiately connected to the celebrated Bernstein—von Mises theorem, which states that under
suitable regularity conditions on the likelihood function and prior distribution, a Bayesian posterior
asymptotically approaches a Gaussian shape (van der Vaart, 1998, Chapter 10). Yet, existing GVI
algorithms provide convergence guarantees only for L-smooth target log-densities (Lambert et al.,
2022; Quiroz et al., 2023; Diao et al., 2023; Kim et al., 2023). To the best of our knowledge, ours is
the first method with provable guarantees in the non- L-smooth setting. Moreover, numerical results
show it is competitive with or outperforms prior algorithms.

1.1 CONTRIBUTIONS
We summarize the contributions of this paper as follows.

* We provide RAdaGD, a family of novel adaptive gradient descent methods for Riemannian opti-
mization. RAdaGD automatically tunes the step size by approximating the local smoothness pa-
rameter, without an expensive calculation such as line search. We provide instances that achieve
a non-ergodic convergence rate f(zx) — f(z«) < O(1/k). To the best of our knowledge, this is
the first of its kind for Riemannian adaptive algorithms.

* While RAdaGD is inspired by Suh & Ma (2025), its extension to Riemannian manifolds requires
highly nontrivial arguments. Our algorithms differ from Suh & Ma (2025) in the step size rule
and the analyses, specifically to handle the parameter ¢ related to manifold curvature. We first
provide the analysis when ( is bounded and known, and also consider cases when it is unbounded
or unknown.

* Our results are provided for locally geodesically smooth and generalized geodesically convex
functions. Although generalized geodesic convexity can be considered a somewhat strong as-
sumption, local geodesic smoothness is a weaker assumption compared to the conventional L-
smooth assumption, allowing a broader class of functions. In particular, we show that all C
functions on a complete Riemannian manifold are locally geodesically smooth.

» Leveraging the advanced properties of the locally smooth setup discussed above, we show that
RAdaGD can be applied to Gaussian variational inference (GVI) under an additional technical
assumption. To the best of our knowledge, our algorithm is the first to guarantee convergence
for this application without assuming L-smoothness of target log-density. While having a supe-
rior theoretical convergence rate, we also show that our algorithm performs among the best in
practice. We also validate the effectiveness of our algorithm through numerical experiments in
possibly negatively curved spaces.

2 PRELIMINARIES

We provide the organization of prior works in Appendix A. A brief introduction to the Rieman-
nian notation is given in this section, while the detailed explanation is deferred to Appendix B.1.
Throughout this paper, we denote A as a n-dimensional differentiable manifold and (-, ), as the
inner product defined on each tangent space T, M, where z € M. We also denote ||v||, := +/(v,v),,
and omit the subscript when there is no ambiguity. For x,y € M, we denote the distance by d(z, y).
We denote geodesic curves (curves with zero acceleration) by . A geodesic that satisfies y(0) = z,

v(1) = y, and d(z,y) = fol IV (¢)]], dt is called a minimizing geodesic. The exponential map
exp,: T.M — M is defined by exp, (v) = (1), where v(0) = = and v/(0) = v. Here, T,,M is
the tangent space at x. We call the locally well-defined inverse the logarithmic map and denote it
by log,. The parallel transport I'Y: T, M — T, M transports tangent vectors parallelly along the
geodesic curve « such that v(0) = x and v(1) = y.

Given a differentiable function f : M — R, the Riemannian gradient of f at x, denoted by
Grad f(x) € T, M is the tangent vector satisfying (Grad f(z),v), = dfz(v) fod all v € T, M.
Here, df, is a differential of f at z. We say N C M is a geodesically convex subset of M if for all
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x,y € N there exists a geodesic + such that v(0) = x,v(1) = y, and y(¢) € N for all ¢ € [0, 1].
We say a differentiable function f : N — R is geodesically convex if

f(y) = f(x) + (Grad f(2),log, y),, Va,y € N. (1)

We impose the following assumptions on the manifold and the function, which are standard in
Riemannian optimization literature (Alimisis et al., 2020; 2021; Kim & Yang, 2022).

Assumption 2.1. The manifold M and the target function f satisfy the following conditions.

(i) M is a smooth complete manifold, and N C M is a geodesically convex subset of M. N
has a sectional curvature lower bound K ;;, > —oc.

(ii) Exponential maps, logarithmic maps, and parallel transports are all well-defined via the
minimizing geodesic on N. In particular, the exponential map and parallel transports are
computationally tractable.

(iii) The function f : N — R admits a minimizer on N.

Based on the first assumption, we define a parameter ¢ : [0, 00) — [1, 00) related to K, as

C( ) - 1 if Kmin Z 07 (2)
p) = PV — K min coth (p\/mein) otherwise.

In most cases, we will consider p = d(z, z,) for some z € N. Lastly, we follow the arithmetic
convention that § = oo and § = 0.

3 LOCAL GEODESIC SMOOTHNESS & GENERALIZED GEODESIC CONVEXITY

In this section, we define local geodesic smoothness and generalized geodesic convexity, which are
central to our analysis. We begin with local geodesic smoothness. This assumption allows for a
wider range of functions compared to the conventional geodesic L-smoothness assumption usually
considered in gradient descent. We discuss the details in the next subsection.

Definition 3.1 (Local geodesic smoothness). A function f : M — R is called locally geodesically
smooth if for every compact set K C M there exists a constant Ly such that

IT% Grad f(z) — Grad f(y)ll, < Lrd(z,y),  Va,y € K.

We next define generalized geodesic convexity (Ambrosio et al., 2008, Definition 9.2.4), also known
as convexity along generalized geodesics. While the definition was initially formulated in Wasser-
stein space, we use the extended definition for a general Riemannian manifold as introduced in Park
et al. (2025). As mentioned in Altschuler et al. (2021, § A.2), the added flexibility of generalized
geodesics is sometimes crucial for the study of RGD.

Definition 3.2 (Generalized geodesic convexity). A function f : N — R is called generalized
geodesically convex with base z € M if for all x,y € N, we have,

f(y) = f(x) + (I'7 Grad f(z),log, y —log. 7). 3)
f is called generalized geodesically convex if (3) holds for all z € N.

We clarify that generalized geodesic convexity implies geodesic convexity (1) by taking z = x, and
therefore constitutes a stronger assumption. Still, we note that various applications have been studied
under this assumption (Salim et al., 2020; Chewi et al., 2020; Ahn & Chewi, 2021; Altschuler et al.,
2021; Diao et al., 2023; Park et al., 2025).

3.1 IMPORTANT PROPERTIES OF THE SETUP

We now show that every C? function on a complete Riemannian manifold is locally geodesically
smooth. Even though this statement is somewhat trivial in Euclidean space, we were unable to find
its formal extension to Riemannian manifolds. Since this property is a core ingredient that enables
fruitful applications of our setup, we state it as a theorem to emphasize its importance.
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Theorem 3.3. Let M be a smooth complete Riemannian manifold. Assume that f € C*(M). Then,
f is locally geodesically smooth.

We provide the proof in Appendix C.1. Theorem 3.3 shows that the local geodesic smoothness is a
nice relaxation of the usual geodesic smoothness. For example, the squared distance function x
d?(z, p) is not globally geodesically L-smooth on non-Euclidean Hadamard manifold (Criscitiello
& Kim, 2025), but it is locally geodesically smooth as it is a C? function.

Now we prove the local version of the co-coercivity condition on a Riemannian manifold. This
extends the Euclidean version proposed in Suh & Ma (2025, Lemma 1). The proof is deferred to
Appendix C.3.

Proposition 3.4. Let K be a compact set on N. Assume that f : N — R is locally geodesically
smooth and generalized geodesically convex. Suppose K C B(c, R) and K := B(c¢,3R) C N for

some ¢ € N and R > 0. Denote the local smooth parameter of K as L+ Then, forall z,y € K,
1 x
J(@) = f(y) = (Grad f(y).log, ), — 57— ||} Grad f(y) — Grad f(@)[% 2 0. 4)
K

4 CONVERGENCE ANALYSIS OF RADAGD

Our Riemannian Adaptive Gradient Descent (RAdaGD) method is described in Algorithm 1. Our
algorithm is tractable as long as the exponential maps, Riemannian gradients, and parallel transports
are computationally tractable.

Algorithm 1 Riemannian Adaptive Gradient Descent (RAdaGD)

1: Imput: o € R, 59 > 0, {Ak}kzO’ {Bk}kZO’ {Bk}kzo’ A_1=0
2: fork=0,1,... do
3:
Tp+1 = expy, (—sk Grad f(z))
2
. 1 ‘ ['ge | Grad f(zg41) — Grad f(xk)‘ . s
k a T
1= 75 flzps1) — flar) + sk <Fmﬁ+l Grad f(xg+1), Grad f(:ck)>mk
Ay . 1
rs Ak 1+ 1 Ak L Bkil if 5, < Lp41
k} 5 ’I"k = Bk+1 —1 . 1 (6)
Ay Bk+1 (B—k T, ) if s, > o
Sgpa1 = mln{rksk, e } (7N
Lyt
4: end for

Throughout this section, with the definition (2) in mind, we denote
C_:: sug@(d(m,x*)), Ck :C(d(xkv‘r*))
xE

The algorithm above is defined by the sequences Ay, By, and By,. To start with the simplest case,
we assume ( is upper bounded and known. Such an assumption commonly appears in the Rieman-
nian optimization literature (Zhang & Sra, 2016; Zhang et al., 2016; Alimisis et al., 2021; Kim &
Yang, 2022). We provide a representative choice of Ay, By, and By, that achieves the non-ergodic
convergence rate f(xr) — f« < O (1/k), which matches the non-adaptive rate. To the best of our

knowledge, this rate is the first of its kind for Riemannian adaptive methods.

Theorem 4.1. Assume that ( < oo and known. Suppose f : N — R is locally geodesically
smooth and generalized geodesically convex. Suppose {x}}, . is generated by RAdaGD with A, =

a(k+1)+ 1+ By = a(k+ 1) and By, = a(k + 1) 4 {, where o € (0, 1]. Define L as
||F;g Grad f(Z) — Grad f(IO)HxO

[og Zoll,,

(®)

0=
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. . ~ .y . - Fy—1
with arbitrary T and initial point xq such that xq # Zo. Let r = (%3 + B%;C) , S0 = 1A L%),

R? = d(z0, 4 )?+(Bo+Co)st | Grad f(xo) |? and L be a smoothness parameter of f on Byp/(w,)U
B3a(z,2,)(7+). Then the following convergence rates hold for function value:

L 1 L
— f < i—,R = O — 9
f@e) = 1 “2ralk+1)+1+¢ (k) ©)
Also, the following convergence rates hold for gradient norm square:
212 1 L?
i Grad f(z)|P < % ————— _R=0(=).
weqminNGrad f(z)I” < = o= a ) <k2)

4.1 PROOF OF GENERALIZED CHOICE OF Ay, By AND By,

To prove Theorem 4.1, we establish the convergence rate for a more general choice of Ay, By, and
Bj,.. We start by establishing a Lyapunov analysis. While our analysis is inspired by Suh & Ma
(2025, Proposition 12), By, is introduced as a new parameter to handle ;. We provide the proof in
Appendix D.1.

Proposition 4.2. Suppose f : N — R is locally geodesically smooth and generalized geodesi-
cally convex. Suppose {x.} .~ is generated by RAdaGD with { A}, <, {Bk}j> and {Bk
satisfying - N -

}kzo

A +1 >, ~Ak
Akt1 Bj+1

A Bra\ !
>1 — > Vk >0 10
> 1, < B, + A >, >0, (10)
with some r € (0,1). Moreover, let s = r max {AO, %} %0 where L is defined in (8). Define
A_1=0,B_1 =Bg+y, x_1 = x0, S_1 = S0, and the Lyapunov function as

2

1 1
Vi = sp+1 A (f(z) — f) + isin |Grad f(x)||* + 3 Hlogwkﬂ T, VeE>-1, (1D

Fix k > —1. Suppose that the following inequality holds:
Bit1 > Bigr + Gt (12)
Then the following inequality holds:
Vit = Vie < (Skq 1Ak + skq1 — Skp2 A1) (fe — f(Tr11))

A B
—min{d 28 Sk Pk 2 Uy Grad f(ap)|? < 0.
2 Lgt1 2

13)

We immediately obtain the following boundedness result from the above Lyapunov analysis.

Corollary 4.3. In addition to (10), suppose that (12) holds for all k > ko — 1, for some ko > 0.
Then, {1} k>0 is bounded. Specifically, xy, € Br(xy) for all k > ko + 1, where R? = 2Vip—1-

Next, we establish a lower bound on the step size s;. We can obtain this lower bound by leveraging
the boundedness of the iterate xj, € Br(x4). The proof is deferred to Appendix D.2.

Lemma 4.4. Let f be geodesically smooth and generalized geodesically convex. Suppose {si} k>0
is generated by RAdaGD with { Ay };.~0, { Bk} >0 {Bk}k>o and sq satisfying the assumptions in

Corollary 4.3. Let L be a smoothness parameter of f on Bsg(x,) U Bgd(io7m*) (x4), where & is the
vector in (8) and R is defined as in Corollary 4.3. Then, we have:

i > vk > 1. (14)

r
L b
Leveraging Proposition 4.2 and Lemma 4.4, we obtain convergence rates for a generalized choice of
Ay, By, and By. The proof is provided in Appendix D.3.
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Theorem 4.5. Suppose f : M — R is locally geodesically smooth and generalized geodesically
convex. Define Lo as in (8). Suppose {xy}~ is generated by RAdaGD with { Ay}, { Bk} >0

{Bk}k>0 and sq satisfying the assumptions in Corollary 4.3. Define R as in Corollary 4.3 and L
as in Lemma 4.4.

(i) The following holds, which indicates a non-ergodic convergence rate when limy,_, o, A = oo:

L L
flzr) = fe < 2rAkR:O <Ak>

As a result, applying Proposition 3.4 with y = x and © = x, we have

L? L?
2 p—
IGrad f(z)||” < T kR =0 (Ak> .

(ii) Also, {x1},~, achieves minimum selection convergence rate

1 L
min )= fu) L ——R=0(~+],
ie{ko7---,k}(f( )= 1) 22?:1% Si <k>

and

) L2 L2
min ||Grad f(x;)|” < . R=0| 75—
i€{ko,. k} %) ik, min{A;, Bi} D ik Ai

1=ko
(iii) Lastly, we have limy_, o T = Ty for some minimizer T, when lim inf, min { A, B} > 0.

Readers may notice that the convergence results above depend on ko, which was mentioned in (12).
However, we can set kg = 0 by properly defining By, as demonstrated in the corollary below. Note

that the choices of {A};~0, { Bk}, and {Bk }k>0 in Theorem 4.1 are based on Corollary 4.6.

Corollary 4.6. Assume that { < oo and known. Define By, = B, + C for k > 0. Suppose {Ak}kzo
and { By} k>0 are chosen to satisfy (10). Then Theorem 4.5 holds true with

ko =0,  R?=d(zo,2.)+ (B + (o)s? ||Grad f(xo)|?.

In the above corollary, we assumed that the value of f is bounded and known. This is a standard
assumption in previous literature (Zhang & Sra, 2016; Zhang et al., 2016; Alimisis et al., 2021; Kim
& Yang, 2022) and is unproblematic in the non-negatively curved setting, where ( = 1. However, if
the manifold is negatively curved, such an assumption can be restrictive. In the next subsection, we
introduce two corollaries that extend to the case where each assumption is dropped.

4.2 EXTENSIONS TO POSSIBLY NEGATIVELY CURVED SPACES

Assuming { < oo can be ensured when the whole manifold is bounded, but such an assumption
can be thought of as too restrictive. The following corollary demonstrates that this boundedness
condition can be weakened through an inductive argument. Specifically, it suffices to assume that

the initial distance d(z, ) is bounded above by a known constant dg, from which we can derive
an explicit upper bound ¢, for {;. The boundedness of subsequent (. (for k > 0) then follows
inductively from the algorithm’s update rules, and the choices of {A}, {By}, {Bx}. The proof is
provided in Appendix D.5.

Corollary 4.7 (Extension for unbounded ¢). Assume that d(xg,x,) is bounded above by a known
constant dy. Suppose { A}, and { By}, are chosen to satisfy (10). Denote (, = ((R) where

R? = 85 + (Bo + ¢(do))s2 ||Grad f(x0)||>. Set B, = By, + Co for all k > 0. Then
Ck S 207 vk 2 01

and Theorem 4.5 holds true with ko = 0, R? = d(z0, 24)% + (Bo + (o)s2 ||Grad f(zo)|°.
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Corollary 4.7 tells us that the boundedness of ¢ in Corollary 4.6 is not mandatory. While Corol-
lary 4.7 offers a weaker assumption compared to Corollary 4.6, it suffers from the requirement

of prior knowledge of (. The following corollary states that, as a trade-off, if ¢ is known to be
bounded, we can still achieve the same asymptotic convergence rate without any prior knowledge
of (. A similar idea—replacing the known ( condition with a boundedness assumption—was also
explored in Dodd et al. (2024).

Corollary 4.8 (Extension for unknown ¢). Assume that { < co. Suppose that { A} >0 1Bk} >0
and {Bk}k>0 satisfy (10) and 1imk_,oo(l§k — By) = oc. Then there exists kg > 0 that satisﬁ_es
(12), and the convergence results in Theorem 4.5 hold true.

Remark 4.9. Note that we can find proper Ay, By, and By, that satisfy Corollary 4.8 without
knowing ¢ explicitly. For example, we may consider alternative choices A, = a(k + 1) + 1,

By, = a(k + 1), and By, = a(k + 1) for Theorem 4.1, with & € (0, ), when  is unknown. We
provide the details in Appendix D.6.

5 APPLICATIONS

In this section, we provide a core application of our method, Gaussian variational inference (GVI).
GVI can be formulated as an optimization problem on a non-negatively curved Riemannian mani-
fold. Additional applications under different geometries and tasks can be found in Appendix G.

The parameter choices we focus on in the experiments are as follows, which we found useful after
testing various candidates:

Lemma 5.1. Suppose that the manifold has non-negative curvature. Then Ay = 2(k +2)% +2,
By = 2(k +2)%1, and By, = 2(k + 2)°! + 1 satisfy the conditions in Corollary 4.6.

We note that these choices achieve a non-ergodic convergence rate f(zx) — f(z.) < O (1/k%1).
The proof of Lemma 5.1 can be done by simply checking that (10) holds, as we provide in Ap-
pendix E.1.1. While the parameters in Theorem 4.1 may be theoretically sound, they can suffer
from conservative stepsizes, as discussed in Suh & Ma (2025, § 5.3).

5.1 GAUSSIAN VARIATIONAL INFERENCE

The goal of GVI is to find the Gaussian distribution closest (in a Kullback—Leibler (KL) sense) to
the target distribution 7, which has density with respect to the Lebesgue measure given by 7(z)
e~V () for some measurable function V : R — R. Denoting by BW(R™) the space of non-singular
Gaussians on R", this optimization problem can be written as

#eél‘l}‘i]r(lmn) F(p) = Expu[V(X)] +Ex~pllog n(X)], (15)

=V(n) =H(n)

for the functional ¥ : BW(R") — R. Here, V is called the potential function (or simply the
potential) of 7, V denotes the potential energy, and H denotes the negative entropy. It is well known
that F () equals Dgp (4 ||7) up to an additive constant. For readers unfamiliar with GVI, one may
view F as the objective function f and p as the variable x used in Section 4.

A favorable aspect of this problem is that BW(R™) admits a Riemannian structure, namely the
Bures—Wasserstein (BW) geometry (Bhatia et al., 2019; Chewi et al., 2020; Altschuler et al., 2021;
Han et al., 2021; Thanwerdas & Pennec, 2022a;b; Thanwerdas, 2022). Any non-singular Gaussian
measure can be parameterized by its mean and covariance, i.e., u >~ (m, ) € R” x SPD(n), where
SPD(n) denotes the space of positive definite matrices in R™*™. Under the BW metric, BW(R")
becomes a product Riemannian manifold R" x SPD(n) with non-negative curvature (Takatsu, 2009,
Theorem 1.1). We throughout use p and (m,X) interchangeably to denote points on BW(R™).
Further details appear in Appendix B.2.

This geometric structure naturally suggests applying RGD methods, in particular RAdaGD, to solve
(15) with objective function f = F. To this end, we first check whether F is generalized geodesi-
cally convex and locally geodesically smooth, properties determined by the target distribution 7
through its potential V. Lemma 5.2 gives a sufficient condition for F to be generalized geodesically
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convex. Although this result is well known in Wasserstein geometry (Ambrosio et al., 2008; Salim
et al., 2020; Diao et al., 2023), we include a proof in Appendix E.1.2 for completeness.

Lemma 5.2 (Generalized geodesic convexity of F). F is generalized geodesically convex on
BW(R"™) if V is convex in R™.

We next establish the local geodesic smoothness of F. To the best of our knowledge, this property
has not been identified in either the Riemannian optimization or Wasserstein geometry literature.
The result is nontrivial, since the geodesic incompleteness of BW(R™) prevents a direct applica-
tion of Theorem 3.3 (Thanwerdas & Pennec, 2022b). Nevertheless, the same conclusion holds in
BW(RR™), as shown in Proposition 5.3. The proof is given in Appendix E.1.3.

Proposition 5.3 (Local geodesic smoothness of F). The following facts hold:
(i) Every C?(BW(R™)) function is locally geodesically smooth on BW (R™).

(ii) F locally geodesically smooth on BW (R™) if for some C,p,a > 0 and 8 € [0,2):
V(X)| < CO+ [ X]) exp(a] X|7), (16)

Lemma 5.2 and Proposition 5.3 together imply that F is locally geodesically smooth and generalized
geodesically convex whenever the target potential V' is convex, and satisfies the rather mild growth
condition. Many statistical models involve such potential V, ranging from classical L-smooth poten-
tials like Gaussian and logistic regression to more complex non-L-smooth potentials. In particular,
Lemma E.2 highlights examples including generalized linear models such as Poisson regression and
Gamma regression with log-link (McCullagh & Nelder, 1989).

With this background, we apply the RAdaGD algorithm to solve GVI (15) when V' is convex and
satisfies (16). The extension of RAdaGD and Corollary 4.6 to GVI problem is nontrivial, due to
the geodesic incompleteness of BW (R™). Nevertheless, with minor algorithmic adjustments and an
additional technical assumption, the same convergence guarantee holds, as shown in Corollary 5.4.
The modified algorithm BWAdaGVI and its proof are provided in Appendix E.1.4.

Corollary 5.4 (Adaptive Bures-Wasserstein gradient descent). Consider the optimization (15) where
V is convex and satisfies (16). Choose {Ak}kzo’ {Bk}@o’ and { By, } ;>0 to satisfy the assumptions
in Corollary 4.6 with { = 1. Let § € (0,1) be an arbitrarily small number. Run RAdaGD to solve
(15), with an additional minimization step on the step size (which corresponds to BWAdaGVI):

max; |)\i(EX~#k+1 [V2V(X)] - El;-il-l

If there exists € > 0 such that \pmin(Xy) > € forall k > 0, then Corollary 4.6 holds with N = M =
BWR™) andr <1-0.

Remark 5.5. The additional minimization of the step size in (17) and the uniform eigenvalue lower
bound in Corollary 5.4 are introduced to address geodesic incompleteness. Bounds on extreme
eigenvalues commonly appear in the Wasserstein geometry literature; see discussions on Xu & Li
(2025, Assumption 2). Particularly, Lambert et al. (2022, Lemma 6) enforced such condition via
maximum eigenvalue clipping under strongly convex V', while we did not pursue this direction. We
also note theoretically ideal cases where the condition holds (Appendix E.1.4). Empirically, the
assumption appears benign, as eigenvalues of the iterates stay bounded away from zero (Figure 1).

. 1-96
Sk+1 ¢ min {8k+1, )| } . (17

The ingredients of RAdaGD for BW(R™) space-the exponential map (Definition B.12), BW-
gradients (Definition B.13), and parallel transports (Definition B.15)-are explicitly known, ensuring
tractability. Both the exponential map and parallel transport are fully computable. A technical con-
sideration is that F and Gradgw F involve expectations (Remark B.14), which may lack closed-
form expressions. However, many practical statistical problems admit closed-form BW-gradients
(Lemma E.2); when they do not, stochastic approximations can be used (Ranganath et al., 2014;
Kim et al., 2023; Lambert et al., 2022; Diao et al., 2023; Luu et al., 2025), although we defer ex-
tending our theory to this generality to future work. Thus, the algorithm remains tractable for a wide
range of applications.

Corollary 5.4 improves upon previous GVI algorithms by replacing the global L-smoothness re-
quirement on V' with a weaker growth condition. This relaxation is crucial, as existing methods es-
tablish convergence only under the L-smoothness assumption (Domke, 2020; Lambert et al., 2022;
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Figure 1: Comparison between FBGVI (Diao et al., 2023) and our methods on Poisson regression
target m with £ = 50,n = 25. Left: F(ug) — Fin, Where Fripn is the minimum value among all
experiments. Right: Minimum eigenvalues A,i, (X%) over the iteration.

Diao et al., 2023; Kim et al., 2023), whereas many practical problems lack global smoothness. Thus,
our algorithm is, to the best of our knowledge, the first to provide provable convergence guarantees
for GVI in this broader setting under mild assumptions.

Bayesian Poisson regression is a representative case where global L-smoothness fails. For response
Y; € N and predictor X; € R"™ (i = 1,...,£), a Poisson regression model assumes Y; | X; ~
Poisson(exp(X 7)) independently across i. Assuming an improper prior on 6, the potential V' in

(15) takes the form y

V(o) = Z (exp(X]0) — ViX[0).

i=1
Because of its exponential dependencZe on 6, this V is not globally L-smooth. However, by
Lemma E.2, it is convex, satisfies the growth condition (16), and both V and its BW-gradient admit
analytic forms. Thus, RAdaGD is theoretically guaranteed and fully tractable for this problem.

We conduct numerical experiments on Poisson regression GVI, comparing our method with the
state-of-the-art algorithm of Diao et al. (2023) (denoted FBGVI). Since FBGVI requires global L-
smoothness of V, it lacks theoretical guarantees for this task. For our algorithm, we chose Ay, By,
and By, as in Lemma 5.1, with £ = 50 and n = 25, using independently generated X; ~ N(0,1,)
and Y; ~ Poisson(exp(#7X;)) for i = 1,...,¢. Figure 1 shows that our method outperforms
FBGVI across step sizes s = 1,1/2,1/4.

Our algorithm extends beyond the preceding example. Within GVI, the growth condition in Propo-
sition 5.3 covers many practical, non-L-smooth potentials (see Lemma E.2), where our method
remains applicable and effective. Beyond GVI, there are tasks under other geometries that either
fully satisfy our assumptions (Appendix G.3.1) or violate them but still see strong empirical per-
formance (Appendix G.2, G.3). Additional applications, including further GVI tasks and broader
Riemannian optimization problems, are presented in Appendix G.

6 CONCLUSION

In this work, we propose RAdaGD, a family of line-search-free adaptive gradient descent meth-
ods on Riemannian manifolds. Instances of RAdaGD achieve a non-ergodic convergence rate
f(zr) — f(xs) < O(1/k) and extend to possibly negatively curved manifolds, which is the first
of its kind. We establish convergence guarantees for functions that are locally geodesically smooth
and generalized geodesically convex. Local geodesic smoothness broadens applicability beyond the
standard L-smooth assumption, yielding the first algorithm with a theoretical guarantee for GVI
under locally smooth targets (BWAdaGVI).

We believe our paper can serve as a bridge to interesting directions for future work. Developing
Nesterov acceleration methods on manifolds by extending Euclidean adaptive accelerated methods
(Li & Lan, 2025; Suh & Ma, 2025), or non-adaptive accelerated Riemannian methods (Zhang & Sra,
2018; Ahn & Sra, 2020; Kim & Yang, 2022), can be worth pursuing. Seeking a proximal gradient
variant of our method may allow for an even wider range of applications (Chen et al., 2020; Huang
& Wei, 2022; Wang et al., 2022; Diao et al., 2023). Finally, considering a stochastic variant through
careful stochastic error control on Ly ; would also be meaningful (Bonnabel, 2013; Ranganath
et al., 2014; Zhang et al., 2016; Kim et al., 2023; Diao et al., 2023; Luu et al., 2025).
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APPENDIX

A PRIOR WORK AND MOTIVATION

A.1 RIEMANNIAN OPTIMIZATION

Riemannian optimization has become an essential framework for solving constrained problems
where the solution space admits a smooth manifold structure. Foundational works by Udriste (1994),
Absil et al. (2008), and Bacdk (2014a) established the theoretical basis for this field by introducing
key geometric concepts for optimization purpose. These geometric foundations enable the gen-
eralization of classical optimization methods such as gradient descent, conjugate gradients, and
Newton’s method to the Riemannian setting.

Early research in this area primarily established asymptotic convergence guarantees. More re-
cently, attention has turned toward non-asymptotic convergence analyses. A particular milestone
was achieved by Zhang & Sra (2016), who derived a non-asymptotic convergence rate for Rieman-
nian gradient descent (RGD), obtaining f(zx)— f(zx) < O(1/k) under the assumptions of geodesic
L-smoothness and convexity, using a constant step size s, = 1/L. Further studies of RGD and its
variants under a generalized geodesic convex setup are presented in Chewi et al. (2020); Altschuler
etal. (2021).

Subsequent efforts extended these results in several directions. Several authors developed acceler-
ated Riemannian optimization methods for geodesically (strongly) convex functions (Zhang & Sra,
2018; Ahn & Sra, 2020; Alimisis et al., 2020; 2021; Kim & Yang, 2022). However, full acceleration
in the sense of Nesterov has been shown to be impossible on Riemannian manifolds with negative
curvature (Hamilton & Moitra, 2021; Criscitiello & Boumal, 2022; 2023b).

Beyond the smooth setting, nonsmooth Riemannian optimization has also been explored. Ferreira &
Oliveira (2002) proved asymptotic convergence of Riemannian proximal point methods, with non-
asymptotic O(1/k) rates later provided by Bento et al. (2017). Chen et al. (2020) first developed
proximal gradient methods specifically for optimization over the Stiefel manifold with composite
objectives.

There are also some results on stochastic optimization over Riemannian manifold. In particular,
asymptotic convergence of Riemannian stochastic gradient descent was first shown by Bonnabel
(2013), with non-asymptotic rates for geodesically convex functions later established by Zhang &
Sra (2016). Subsequent work introduced variance-reduced variants such as Riemannian SVRG and
SAGA (Zhang et al., 2016; Sato et al., 2019).

A persistent challenge across these works is the reliance on strong assumptions that limit practical
applicability. Most convergence analyses that base on geodesic L-smoothness and convexity require:
1) global L-smoothness on a known set; 2) prior knowledge of the smoothness constant L; and 3)
boundedness of iterates, either assumed a priori or enforced through projections. Such restriction is
crucial on Riemannian manifolds; as noted in Alimisis et al. (2020, §4), there is some sort of duality
between convexity and smoothness with respect to the curvature of the manifold. For instance,
on non-positively curved manifolds, even a simple function = +— d?(z,p) is not geodesically L-
smooth. This simple instance implies that the condition 1, global L-smoothness, may become a
very restrictive condition on certain manifold, conjecturally manifolds with non-positive curvature.

Recent years have witnessed efforts to relax these restrictive assumptions. For instance, Martinez-
Rubio et al. (2024) and Martinez-Rubio & Pokutta (2023) removed the iterate boundedness assump-
tion for RGD and an accelerated variant, respectively. Nevertheless, these methods still require
knowledge of the geodesic smoothness parameter L over a predetermined set, limiting their appli-
cability in settings where such global information is unavailable.

Our work represents a significant advance beyond the current state of the art by addressing these
persistent limitations simultaneously. Unlike most existing methods, our approach eliminates the
need for prior knowledge of the smoothness parameter L while maintaining non-vanishing stepsize
and achieving O(1/k) non-ergodic convergence rates. This combination of features has not been
attained by any prior stochastic or deterministic method in the literature. Theoretically, our method
requires only local geodesic smoothness assumptions without needing to assume iterate bounded-
ness. While we employ a stronger generalized geodesic convexity condition, this trade-off enables
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substantially weaker smoothness requirements that are satisfied by C? functions and thus widely ap-
plicable to practical problems like Gaussian variational inference where global L-smoothness does
not hold. We discuss this topic in more detail in the next subsection.

A.2 ADAPTIVE ALGORITHMS

The textbook step size selection of gradient descent
Tpt1 = xp — SpV [ (k)
is s, = £ for L-smooth convex functions, achieving a convergence rate of f(zy)—f(z,) < O(1/k).
There are several limitations of this step size selection, which are:
(i) The assumption that the function class requires global smoothness L for V f can be restrictive.
(i) Even when f is L-smooth, prior knowledge of L may be difficult to obtain.

(iii) L is a global parameter, so % can be too conservative a choice.

One classical approach that addressing this issue is line search (Goldstein, 1962; Larry Armijo,
1966), which has been widely studied in the literature, but its computational cost can be considered
a limitation. For a more detailed discussion, please refer to (Malitsky & Mishchenko, 2024, § 1).

The development of an adaptive step size method that is

(i) line-search-free,

(i) parameter-free; adapts the approximated local smoothness parameter to choose the step size,
(iii) guarantees theoretical convergence, and
(iv) for locally smooth convex functions

was first proposed by Malitsky & Mishchenko (2020). To clarify the terminology, we note that from
now on when we refer to ‘adaptive’ we will mean methods that satisfy these four properties.” The
method AdGD, introduced in this paper, selects the step size based on an approximation of the local

smoothness parameter using the last two iterates, defined as Ly, = v/ (IT ;B:Z{ (if‘l)” . Even though

it achieves an ergodic convergence rate f (&) — f(zx) < O(1/k), where &y, is a weighted average
of x1,...,x, AAGD was the first adaptive method that satisfies all four properties mentioned above
for convex function minimization.

Initiated by Malitsky & Mishchenko (2020), various follow-up works studying adaptive methods
have since emerged; here, we introduce a few. Oikonomidis et al. (2024) introduced an adaptive
method in the prox-grad setup, named AdaPDM. They leveraged two pieces of local information,
b, = <vf(zk’1f‘;zji(f;i"’lxk“_z’“> and ¢, = <Vf(UEfo§f*vl;&Z{;i’i)ll‘_mk), while choosing the step
size. They also extended their method to primal-dual setting and introduced AdaPGM. Latafat et al.
(2024a) generalized AdaPGM to a family of algorithms AdaPG%". Malitsky & Mishchenko (2024)
also introduced an adaptive method for the prox-gradient setup, called AdProxGD, by sharpening
and extending their previous method, AdGD. Zhou et al. (2025) introduced an adaptive method,
named AdaBB, based on the Barzilai-Borwein method Barzilai & Borwein (1988). They chose the
<vf(xk)_vf(xk—1)7xk_xk—1
IV f(zF) =V =+ 1)
bound on the step size: Z ;> E= ”f = 2 (k), closing an open problem raised by Malitsky
& Mishchenko (2024). Furthermore AdaBB also considers extensions to the prox-gradient setup
and to locally strongly convex functions. Nevertheless, achieving a non-ergodic convergence rate
remains a challenge for all of these adaptive gradient descent methods, as noted in Malitsky &
Mishchenko (2024).

step size based on the approximation Ly =

, and achieved a larger lower

The first adaptive method with non-ergodic (or last-iterate) convergence was introduced by Li &
Lan (2025) and is named AC-FGM. They choose the step size based on a novel approximation of
the smoothness parameter,

—5 IV (@) = V(@)
flo) = f(xp—1) + (Vf(xr), 2p—1 — xk)

2This clarification is based on (Malitsky & Mishchenko, 2024, § 1).

Lr = (18)
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Surprisingly, they achieved not only a non-ergodic rate but also an accelerated rate, f(z)— f(z4) <
@) (1 / k:2). Leveraging the same approximation of the smoothness parameter, Suh & Ma (2025)
sharpened the constant with their new method, AdaNAG, by providing a Lyapunov analysis. In-
spired by the Lyapunov analysis, Suh & Ma (2025) also introduced AdaGD, which was the first
adaptive gradient descent method with a non-ergodic convergence rate, f(x) — f(z4) < O(1/k),
without momentum. As a side note, while momentum may not pose significant difficulties in the
Euclidean setup, it can become a bottleneck when extending to Riemannian setup (Criscitiello &
Boumal, 2022; 2023b).

A.2.1 ADAPTIVE ALGORITHMS FOR RIEMANNIAN OPTIMIZATION AND LOCAL SMOOTHNESS

Similar to Euclidean optimization, RGD @441 = exp,, (—sx Grad f(zx)) with s, = + is a pop-

ular method for geodesically convex and geodesically L-smooth functions. While the limitations
discussed at the beginning of this subsection also apply to Riemannian optimization, developing
adaptive methods can also be beneficial.

However, compared to Euclidean optimization, extending to locally smooth functions can be even
more critical, since the conventional geodesic L-smoothness assumptions of RGD exclude a number
of important applications in Riemannian optimization. For instance, as noted throughout the paper,
even the simple function z — d?(z, p) fails to be geodesically L-smooth on a Hadamard manifold
(Criscitiello & Kim, 2025). Consequently, many applications have been considered without fully
established theoretical guarantees, even when certain problem parameters are known.

Despite this demand, studies of adaptive methods that satisfy the four properties discussed earlier
are limited,? particularly regarding the extension to locally smooth functions. This motivated us to
develop a Riemannian adaptive gradient descent method inspired by AdaGD (Suh & Ma, 2025).
Recalling that AdaGD leverages the approximation (18) to achieve a non-ergodic convergence rate,
our method RAdaGD employs a similar approximation (5). Since the well-definedness of (5) heav-
ily relies on the inequality (4), we assume generalized geodesic convexity (Definition 3.2), which
is often assumed in the study of RGD, as mentioned in (Altschuler et al., 2021, § A.2). In the
meantime, RAdaGD benefits from the extension to local smoothness, as C? functions satisfy this
property (Theorem 3.3), enabling a wider range of interesting applications. In particular, RAdaGD
enables applications to the Gaussian variance inference problem with a target log-density that lacks
L-smoothness, for which we provide more context in the next subsection.

A.3 VARIANCE INFERENCE

Variational inference (VI) (Peterson & Hartman, 1989; Jordan et al., 1999; Wainwright & Jordan,
2008; Blei et al., 2017) is a task to approximate a target distribution 7 to some family of distributions
M, called variational family. Formally, one can write the variational inference task as follows:

Find g, := arg min D(u||7) (19)
pnemM

for some discrepancy metric D between probability measures. The need of such approximation roots
from the sampling; often, 7 is a distribution whose sample is hard to obtain. Natural case is when 7
is a posterior distribution from Bayesian inference. In principle, one can obtain the exact samples of
7 from Markov Chain Monte Carlo (MCMC) methods. However, MCMC method is often require
heavy computational costs, particularly in high-dimensional setting. VI detours this problem by
allowing reduced emphasis on sample accuracy in return for computational gains. Specifically, one
chooses M in (19) to be easy-to-sample distributions. If one obtains . by solving (19), one can use
samples from p, as approximated samples from 7. In this regard, VI provides a fast and scalable
alternative to MCMC.

In Equation (19), there are two choices that the user have to make: a variational family M and a
discrepancy metric D. The choices of these components determine the nature of the optimization

3There is an adaptive method for Riemannian optimization (Shi et al., 2025), but it involves a different setup
and only partially satisfies the discussed properties. We also regard methods with nonincreasing step sizes, such
as Dodd et al. (2024), as a different line of work. This is because the step size may not capture local smoothness
information, as discussed in (Malitsky & Mishchenko, 2024, § 1), and thus violates (ii). Ansari-Onnestam &
Malitsky (2025) is a work that directly fits the discussed conditions, but it is currently withdrawn.
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problem (19). For the discrepancy metric D, the most canonical choice is KL-divergence. In this
setting, if 7 has a density of the form 7(x) o exp(—V (z)) for some measurable function V' : R” —
R, one can show that Dgy (||7) = F (i) + const where F is in (15). Thus, solving the optimization
problem (15) is equivalent to performing variational inference with respect to KL-divergence. For a
variational family M, two notable cases are M = BW(RR"), the family of Gaussian measures, and
M = P(R)®", the family of product measures. These correspond to Gaussian variational inference
(GVI) and mean-field variational inference (MFVI), respectively.

The literature on variational inference (VI) can be broadly divided into two strands: analyzing its
statistical approximation properties, and developing algorithms with provable guarantees. In this
work, we focus on its algorithmic aspects. For statistical approximation, interested readers may
refer to Han & Yang (2019) for MFVI and Katsevich & Rigollet (2024); Margossian & Saul (2025)
for GVL

For the algorithmic aspects, the study of algorithms for MFVI are mainly based on coordinate as-
cent method, called CAVI (Blei et al., 2017, §2.4). The algorithmic convergence guarantees for
MFVI is an active area of research (Bhattacharya et al., 2025; Arnese & Lacker, 2024; Lavenant
& Zanella, 2024; Jiang et al., 2025; Kim et al., 2025b). For GVI, one of the most direct and stan-
dard approaches to solving (15) is to view it as an optimization problem over the parameter space,
treating the parameterization as a subset of R4 (Paisley et al., 2012; Ranganath et al., 2014; Domke,
2020; Quiroz et al., 2023; Kim et al., 2023). In contrast, recent developments emphasize respecting
the natural geometric structure of the BW(R") space. In particular, beginning with Lambert et al.
(2022), works such as Diao et al. (2023); Luu et al. (2025) have studied solving (15) with respect to
the Bures—Wasserstein geometry. Our work aligns with this direction.

B PRELIMINARIES

B.1 RIEMANNIAN GEOMETRY

In this section, we review the basics of Riemannian geometry, and introduce the important functional
properties. For the full detail, we refer to the classical textbooks, such as Lee (2012; 2018); Boumal
(2023).

A n-dimensional differentiable manifold M is a topological space that is locally diffeomorphic to
an open set in R". Ata point x € M, a tangent vector is a velocity vector of a smooth curve on M
that passes through x. A tangent space 1, M is the vector space consisting all such tangent vectors.
The space TM := [ [, ,; T M is called the tangent bundle.

Often, this tangent space T,/ is conveniently expressed in the form of the vector field, which
takes a point in a manifold as an input and returns a tangent space vector at that point. A map
X : C®(M) — C°°(M) is called a smooth vector field if it is a derivation, i.e., X satisfies

X.(fg) = X(Hg() + f()X.(9).
Here - € M is the input of the function. A set of smooth vector fields on M is denoted by X(M).
As the name derivation indicates, one can think of the vector field as a directional derivative along
the direction of the vector field.

A Riemannian manifold (M, (-, -) ) is a differentiable manifold equipped with a Riemannian metric
(-»+),» which is an inner product on each tangent space 7,/ and a smooth map on x € M. A
Riemannian manifold is a manifold equipped with an inner product for each tangent space, called a

Riemannian metric. Then, the notion of norm naturally extends as ||v||,, := /(v,v),. Forz,y € M,
the distance d(z,y) is the infimum of the length of all piecewise continuously differentiable curves
from x to y.

For (x,v) € TM, a smooth curve v, : [0,1] = M with 4,(0) = « and 7/, (0) = v is called a
geodesic if it is a critical point of the energy functional defined by

B0 =5 [ IOl a.

For instance, a straight line 7, (¢) = x + tv in Euclidean space is a geodesic. If a geodesic such that

~(0) = x and (1) = y satisfies d(z,y) = fol I/ ()] dt, then we call this geodesic the minimizing
geodesic.
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Geodesics induce the notion of exponential map and logarithmic map. The exponential map
exp, : ToM — M is the map defined by exp,(v) = 7,(1). The exponential map transports
the point x in the direction of the tangent vector v following the geodesic v,. It is well-known
that the exponential map is local diffeomorphism in some neighborhood of 0 € T, M, denoted by
U. Thus, the exponential map allows the inverse map on U, which is called the logarithmic map
log, : exp,(U) — T,M. Note that the exponential map and logarithmic map are locally well-
defined, but may not be globally. The manifold M is called complete if exp,, is defined on entire
T,.M.

Geodesics also provide a way to transport vectors from one tangent space to another, called parallel
transport. A parallel transport F('y)i(l] : Ty4oyM — T4,y M is a way to transport a tangent vector
along the curve ~ parallely. Given a geodesic, the parallel transport need to satisfy the following
property:
L(7)57'(s) = ().

It is known that the linear operator I' with the above property is unique. Hence, the notion of
geodesic uniquely determines the parallel transport. If v is a geodesic curve such that v(0) =
z,7v(1) = y, then we simply denote I'(){ as I'Y, a (geodesic) parallel transport from 73, M to T, M.

Geodesics and the corresponding parallel transports define an operator called Levi-Civita connection
or covariant derivative, which moves a tangent vector to another tangent vector along the certain
direction. Specificaly, a covariant derivative is an operator V.- : X(M) x X(M) — X(M) defined
by

- P)in X (vt + 1)) — X (y(1))
VX (7(t)) 1= lim ——= ; :
Under Levi-Civita connection, geodesics have zero-acceleration. Meaning, the following equation
holds if and only if y is a geodesic:
V' () = 0.
In this regard, often geodesics are denoted by constant speed geodesic.

The last geometric concept induced from the covariant derivative is curvature. The Riemannian
curvature tensor R(-,-)- : X(M) x X(M) x X(M) — X(M) is defined by the following formula:

R(X,Y)Z =VxVyZ - VyVxZ - Vixy|Z
where [-, -] denotes a Lie bracket.

The key geometric quantity in our analysis is sectional curvature, which generalizes Gaussian cur-
vature in a 2-dimensional surface. For p € M, denote X, a set of two-dimensional subspaces in
T,M. For o, € %, the sectional curvature K : 2, — R is defined by the following formula:

K(Up) = (R(u,v)v, u>p

where {u, v} is an orthonormal basis of o,.

Lastly, we introduce the notion of Riemannian gradient and geodesic convexity. Given a differen-
tiable function f : M — R, the Riemannian gradient of f at x, denoted by Grad f(z) € T, M is
the tangent vector satisfying the following property:

(Grad f(x),v), = df.(v) VYveT,M.

Here, df, is a differential of f at z. We say N C M is a geodesically convex subset of M if for all
x,y € N there exists a geodesic « such that v(0) = x,v(1) = y, and y(¢) € N for all ¢ € [0, 1].
We say a differentiable function f : N — R is geodesically convex if for all z,y € N,

fly) = f(z) + (Grad f(z),log, y),, -

We note that the choice of geodesic, parallel transport, and covariant derivative are mutually equiv-
alent: once one of these structures is specified, the other two are uniquely determined. In this
work, we adopt the perspective of starting with geodesics, defined as critical points of the energy
functional, which in turn uniquely determine the associated parallel transport and the Levi—Civita
connection. This approach follows Spivak (1979), whereas other texts, such as Lee (2018), take the
alternative route of beginning with a connection and subsequently developing the other structures.
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B.2 BURES-WASSERSTEIN GEOMETRY

In this appendix, we briefly introduce Bures-Wasserstein space BW(R"™), a space of Gaussian mea-
sures equipped with Wy metric. This space is known to be a Riemannian manifold (Modin, 2017;
Bhatia et al., 2019; Han et al., 2021; Thanwerdas, 2022).

One of the most intriguing aspects of this space is that it admits two equivalent geometric formu-
lations: the optimal transport & Otto calculus viewpoint and the Riemannian geometric viewpoint.
While both lead to the same underlying geometry, they offer distinct perspectives. Depending on the
problem at hand, one may choose the Otto calculus formulation or the Riemannian formulation, as
each has its own advantages in different contexts.

In terms of the analyses of gradient methods (including RAdaGD or precisely BWAdaGVI), it is
more common to take Otto calculus based approaches (Jordan et al., 1998; Salim et al., 2020; Lam-
bert et al., 2022; Diao et al., 2023; Park et al., 2025). In this regard, we mainly provide the Otto
calculus formulation of BW(R™), and briefly mention the equivalence between Riemannian for-
mulation. Main takeaways of this appendix is to provide the detail on how one can implement
ingredients in RAdaGD (exponential map, parallel transport, BW-gradients) under BW (R™) geom-
etry.

We list the results mainly without providing the full derivation. For detail, we refer to Ambrosio
et al. (2008); Villani (2008); Santambrogio (2015); Chewi (2024) for general Otto calculus, and
Takatsu (2009); Altschuler et al. (2021); Lambert et al. (2022); Diao et al. (2023); Park et al. (2025)
for Otto calculus on BW(R™).

B.2.1 OTTO CALCULUS

We first begin with the general Otto calculus on the space of probability measures, and then focus
on BW(R™), which allows the finer analyses. We denote P,(R™) to be the space of probability
measures on R™) which have the finite pth moment, P ,.(R"™) to be the space of probability mea-
sures on R", which are absolutely continuous with respect to Lebesgue measure and have the finite

second moment, and £2(p) = {f R = R [|f(@)])? du(z) < oo}. For p,v € Pp(R™), let
I'(u, v) be a set of couplings of 1 and v. Wasserstein distance between p and v is defined as follows.
Definition B.1 (Wasserstein metric). Let u,v € P,(R™). Denote I'(u,v) to be a set of coupling
measures of u and v. p-Wasserstein distance between | and v is defined as follows:

WP(pu,v):= inf Ege —9y||"1.
2 = b By =yl

This is known to be a well-defined metric, and the metric space (P,(R™),W,) is called p-
Wasserstein space.

Brenier (1991); Jordan et al. (1998); Otto (2001) showed (Pz 4.(R™), W2) endows a richer geomet-
ric properties than mere P, (R™). Specifically, while (Ps 4.(R™), W3) is not precisely a Riemannian
manifold, its geometry is almost same to the non-negatively curved Riemannian manifold. The
following theorem serves as the key ingredient for such observation (Brenier, 1991):

Theorem B.2 (Brenier Theorem). If i1, v € Ps qc(R™), then

W2 s = 1 EIN [T — 2i|: i T_d 22 .
5 (s v) S 1T (x) — || Tep(ﬁi{l%:u” idll 2 ()

Denote the minimizer as T, ,,. Then T}, ,, is unique p-a.e. and is a gradient of some convex function
¢ on R" p-a.e. Furthermore, T, , o T, , = id. The minima T, , is called the optimal transport
map from i to v.

Theorem B.2 gives a notion of tangent direction at y (Chewi, 2024, §1.3).

Definition B.3 (Riemannian metric in 2-Wasserstein space). For p € Pz 4.(R™), a tangent space
T, Paac(R™) C L%(u) is defined by
L2 (p

TuPaac(R") = {V [ e C=(R")}
Here, C°(R™) is a set of compactly supported smooth functions on R". The Riemannian metric
here is L?(p1)-inner product, i.e., (v, w),, = Ezp[(v(z), w(2))].
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One can naturally define a geodesic curve in (P 4.(R™), W3), by pushforwarding the interpolation
between particles to the measure space.

Definition B.4 (Geodesic in Wasserstein space). A geodesic curve 7y : [0, 1] — Pa 4c(R™) such that
v(0) = pand (1) = v can be defined as follows:

V(1) = (1= t)id +1T,,) ., -

The exponential map and logarithmic map are then defined accordingly.
Definition B.5 (Exponential map and Logarithmic map in Wasserstein space). For p,v € Ps 4.(R™)
and v € L*(u), exponential map and logarithmic map of (Pa.q.(R™), W2) are defined as follows:
expu(v) = (v + id)gp,
log, (v) =Ty, —id.

Ambrosio & Gigli (2008) defined a geodesic parallel transport on 2-Wasserstein space.

Definition B.6 (Parallel transport). For p, v € Pa qc(R™) and v € T, P2 qc(R™),
Lvi=1,(voT,,).

Here, 11. is a projection operator L*(-) — T.Pa 4.(R™).

While this definition of parallel transport is theoretically sound, in terms of tractability this notion of

parallel transport is hard to deal with; it involves the projection operator II which lacks an explicit

form. In this regard, one often considers dropping out II and using the un-projected parallel transport

I'v =wvoT,, as the parallel transport from £*(v) to £(1). Such construction is widely adopted

in 2-Wasserstein geometry literature; see Ambrosio et al. (2008); Salim et al. (2020); Park et al.

(2025) for instances. Perhaps surprisingly, this un-projected parallel transport still imposes favorable
properties of parallel transports.

Proposition B.7 (Un-projected parallel transport). For j1,v € Paqc(R™) and v € L2(p), define
I‘Zv :=wvoT,,. Then,

1. T}, is linear operator on L2(p).

2. T%oT¥ = id,

3 (vw), = <FZU,F;’w>V.

Proof. The property 1 is direct: for v,w € £?(u) and a,b € R, I'’,(av + bw) = av 0 T}, , + bw o
Ty = al’jjv+ bl w.
The property 2 is from Theorem B.2.

The property 3 is a direct consequence of the change of the measure formula:

<v7w>ﬂ = /(v(x),w(x)) d(Ty, ) 40 () = /(v oT,  (x),woT,,(x))dv(z) = <FZU,FZw>V.

O

By Proposition B.7, we can consider using the un-projected parallel transport - o T, , as a parallel
transport.

Next, we introduce the notion of Wasserstein gradient. Wasserstein gradient is defined analogously
to the Riemannian gradient formula df, (v) = (Grad f(x),v),.

Definition B.8 (Wasserstein gradient). For a functional F : Pa 4.(R™) — RU{oc0}, the Wasserstein
gradient of F at yi the mapping Gradwy, F (1) € L%(1) satisfying the following equation:

OF (1), = (Gradw, F(1), o), -
Here,  is arbitrary sufficiently regular curve of measures on P 4c(R™) with g = p and v, €

L2(pt) is the vector field satisfying the continuity equation Oy ji; = —div(psv;).

21



Under review as a conference paper at ICLR 2026

One has the following explicit formula:

e
Gradw, F(u) =V &(;L).
Here, V is Euclidean gradient and 5}(;78‘) is the first variation.

Here, the role of 4/(0) is changed to vg. More generally, one can think of v; as a velocity at j;,
playing the similar role to 4/(¢) in Riemannian manifolds. For the derivation, we refer to Chewi
(2024, Theorem 1.4.1).

Consequently, all the notions of (generalized) geodesic convexity and local geodesic smoothness
can be formulated in terms of this un-projected parallel transport and Wasserstein gradient.

Definition B.9 (Generalized geodesic convexity and local geodesic smoothness in Wasserstein
space). Let F : Py qc.(R™) — RU {00} be a differentiable functional.

1. F is called generalized geodesically convex with base m € Pa 4.(R™) if for all p,v €
P2.ac(R™)
F(v) = F(p) + (Gradw, F (1) © Tr,ps Trw — Do) -

If for given p and v F is generalized geodesically convex with base m = p, it is called
geodesically convex, and if F is generalized geodesically convex with base m for all m €
P2,ac(R™), then it is called generalized geodesically convex.

2. F is locally geodesically smooth if for all compact set K C Pa q.(R™) there exists a
constant Ly > 0 such that

|Gradw, F(v) o T},,, — Gradw, F(p)][, < LW (u,v) Yu,v € K.

B.2.2 OTTO CALCULUS ON BW(R")

Now, we turn our attention to specifically to BW(R™), where much finer analyses are doable.

The first advantage to consider BW(R"™) space is that the optimal transport map has the explicit
form, particularly as the affine map.

Definition B.10 (Optimal transport map between Gaussian). The optimal transport map between
1o = N(mo, Xo) and p1 = N(mq,X1) is defined as follows:

Thuo o () = ma + 20_1/2(23/22123/2)1/2251/2(ac —mo).

Definition B.10 provides two favorable results.

First, since affine transform of the Gaussian is also a Gaussian, from Definition B.4 every geodesic
interpolation between two Gaussians is also Gaussian. This shows BW (R™) is a geodesically convex
subset of 2-Wasserstein space. In addition it implies BW(R™) is totally geodesic submanifold of
2-Wasserstein space (Lee, 2018, Exercise 8.4).

Second, we can identify p = N(m, %) = (m,X) € R" x SPD(n) and T,BW(R") = (a,S) €
R™ x Sym(n). Here, SPD(n) is the space of the symmetric positive definite R™*™ matrices, i.e.,
positive semi-definite matrices, and Sym(n) is the space of R"*¢ symmetric matrices. By writing
an affine map as T'(z) = a+ S(xz —m) for fixed m (which is the mean of 1), any affine map starting
at u = N(m,X) can be parameterized by (a, S). Under this identification, we can view BW(R™)
space as a product Riemannian manifold of R™ x SPD(n). Then one can parameterize every quantity
in Appendix B.2.1 by this product manifold sense. For instance, the vector corresponding to the

optimal transport map T, ., is (m1, 5 /2 (S8 25,5/ %)1/25,1/2).

We can define Riemannian metric, exponential map, logarithmic map, and Bures-Wasserstein gra-
dient in terms of parameters as well. These are basically just parameter-wise representations of the
formula in Appendix B.2.1. We want to emphasize that the formulation we will introduce may be
different with some other Bures-Wasserstein geometry literature (Thanwerdas & Pennec, 2022b).
This is again because we are taking into account the Otto calculus formulation, and these two for-
mulations are equivalent.
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Definition B.11 (Riemannian metric of Bures-Wasserstein space). Let u = N(m,X). The Rieman-
nian metric of BW (R™) is define by

<(ao, SO)7 (ala Sl)>u = <Cl0, a1>Rn + t’/‘(S()ESl).

The 2-Wasserstein distance between two Gaussian distributions, ; = N(m;,%;) fori = 0,1, has
the explicit form

W2 (110, 1) = lmo — ma||” + tr(So + Ty — 2(25/°515¢/%)1?2).

=dpw (¥0,%1)

Definition B.12. (Lambert et al., 2022, Appendix B.3) Let j1; = N(m;, %;). The exponential map
and a logarithm map in BW (R"™) are defined by

expy, ((a,5)) = N (a+mo, (S + D)So(S + 1),
log,,, (1) = (m1 —mo, S /(225152552 — 1)

fora e R", —I < S € Sym(n).

Definition B.13. (Lambert et al., 2022, Appendix B.3) Bures-Wasserstein metric of the functional

F can be written as a function on R™ x PSD(n), the space of the mean and covariance. Then, for
m € Rand ¥ € PSD(n),

Gradpw F(m, 2) = (Vi F(m, X),2VsF(m, X)).

See Lambert et al. (2022); Diao et al. (2023) for further discussion.

Remark B.14 (BW-gradients for KL-divergence). In particular for the functional 7 = V + H we
are considering in our main paper (Section 5.1), one gets the following form of the BW-gradients
(Lambert et al., 2022):

Gradpw V(m, ) = (Exn(m,s) [VV(X)], Exonm,s)[V2V (X))
Gradpw H(m, %) = (0,-%71)
Gradpw F(m, 2) = (Exn(m,s) [VV(X)], Exonim,s) [V V(X)] - S71)

If V is not Ct or C2, VV and V2V can be regarded as the weak derivatives.

Using the isometry between the function representation and the vector-matrix representation of
T,BW(R™), we can define the following operation, which can be used to construct the (un-
projected) parallel transport.

Definition B.15. For (a,S) € T,,BW(R") and (b, R) € T,,BW(R™), we have the following
operation.

(a,S)o(b,R) = (a+ Sb— Smi,SR).
In particular,

mo,% _1/2 1/2 1/2 1
Fgm?’zﬁg(a’ §) = (a,5%, / (Eo/ 2120/ )25, / )-

Note the above formulations are just parameterization of the general Otto calculus in Ap-
pendix B.2.1, and one can write in either way to proceed. Throughout the paper, we will inter-
changably use the transport map formulation and vector-matrix formulations of BW (R™) geometry.
Precisely, we will mainly use the transport map based formulation for the proofs, and the vector-
matrix formulation for the algorithmic aspects.

It is known that BW(R"™) space is geodesically incomplete, if one restricts to non-singular Gaus-
sian distributions (Thanwerdas & Pennec, 2022a). On the other hand, if one includes the singluar
distributions, then the space become geodesically complete (Takatsu, 2009), while the space is no
longer precisely a manifold, but a cone. In addition, it is also known that BW (R™) is non-negatively
curved manifold without the curvature upper bound. See Park et al. (2025, Lemma A.33, A.42) for
the detail.
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C DEFERRED PROOFS FOR SECTION 3

C.1 PROOF OF THEOREM 3.3

For any compact set K, we have diam(K) := D < oo. We denote B(K, D) := {p| d(p, K) < D}.
Claim: The below quantity L is well-defined and finite:

LK = sup ||Hess f(p)“op
pEB(K,D)

To prove the claim, note B(K, D) is compact from Hopf-Rinow Theorem. In addition, from f &
C?(M), the map p ~ ||Hess f(p)||,, is continuous. As a result, the function p + ||Hess f(p)

admits the minimum and maximum on a compact set B(K, D). This proves the claim.

llop lop

Take x,y € K, let  be the minimizing geodesic with v(0) = y and (1) = x. Define
G(t) = Fi’/(t) Grad f(y(t)).
Observe

Gt) — tim ey Grad SO+ 1) ~ ) Grad £5(0)
h—0 h

(t)
O o (Fg(t) Fz(t-rh)) Grad f(y(t +h)) — F:(t) Grad f(v(t))
h—0 h
o o [ Tateen Grad f1(t+ 1)) — Grad f(2(1)
(1) 0 h

(111)
Iy Vi) Grad f(7(¢)).

Here, (i) is from the property of the parallel transport and the fact that v(t), v(¢ + h) and y lie on the
same geodesic 7, (ii) is from the fact that the parallel transport is the continuous linear operator, and
(iii) comes from the definition of the covariant derivative and the fact that f € C*(M).

Next, we show
[ V5) Grad f(v(1))]| < [[Hess f(v(£))l,,, 15 (D] - (20)

Note this inequality trivially holds if V) Grad f(y(t)) = 0. Otherwise, observe the following
calculations:

2
| V5y Grad f(7(1))||” = (V@) Grad f(¥(t)), V) Grad f( 1))
() .
= (Hess f(v(t))¥(t), Vi) Grad f(7(t)))
(i)
< [[Hess f(y()F(O [V Grad f(+(1))]|
< [[Hess f(v() |, IO [ V4) Grad fF(v(1))]| -
Here, (i) is from the definition of Riemannian Hessian, and (ii) is from Cauchy-Schwarz inequality.
Furthermore, we have v([0, 1]) C B(K, D), as for all ¢ € [0, 1]
d(y(t), K) < d(v(t),y) < td(z,y) < D.
Together with the construction of L, we get
sup ||Hess f(*y(t))Hop < Lg. (21)

t€0,1]
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With these ingredients, we apply Fundamental Theorem of Calculus to get

T Grad f(2) - Grad £)] = | | 1G’(t>dtH < / e dr

» / |V51) Grad f(+(t)) || dt

(ii)

2 [ s 100 501 < s s S0, [ o)
0 telo,

(g) LKd($7 y)

Here, (i) is from the isometry of the parallel transport, (ii) is from (20), and (iii) is from (21) and the
fact that ~y is the minimizing geodesic. [

C.2 AN AUXILIARY LEMMA USED IN THE PROOF OF PROPOSITION 3.4

In this subsection, we state and prove a lemma that is used in the proof of Proposition 3.4. This can
be considered as a local version of inequality (11.11) in Boumal (2023).

Lemma C.1. Let f : M — R is locally geodesically smooth function. For a compact set K C M,
there exists L such that.

f(y) < £() + (Grad f(z) log, v), + 2 d(w,y)  Vay € K.

The proof follows (Park et al., 2025, Lemma A.18). By the definition of the Riemannian logarithmic
map, we get 7/ (0) = log, y. By Fundamental Theorem of Calculus and properties of the parallel
transport,

FOO) + [ G ot = o)+ [ (Grad f0). ' 0)

=
<
~
I
~
—~
=2
—~~
—_
~—
I

:f(x)+/0 <Fv(0> Grad f(7(t)), 7 (0)>dt:f(:c)+/01< 7 oy Grad f(y ()),logxy> dt.

Then, by subtracting f(z) + (Grad f(x),log, y) from the both hand sides,
1
) = @) = (Grad (). log, 9) = | (T Grad f(3(1)) = Grad £ (2). log, )

/ |05y Grad £(+(8)) — Grad ()| log, yl| dt

For (i) we used Cauchy-Schwartz inequality. For (ii), we used the local geodesic L-smoothness
with L be the local geodesic smoothness parameter for the compact set B(K, D) where D :=

diam(K). This holds as ([0, 1]) C B(K, D), which was shown in the proof of Theorem 3.3. For
(iii) we used the fact that the geodesic curve satisfies d(x,y(t)) = td(x, y) due to the constant speed
property. O

C.3 PROOF OF PROPOSITION 3.4

Proof of Proposition 3.4. We combine the proof strategy of Park et al. (2025, Lemma B.2) and
Suh & Ma (2025, Lemma 1). Let z := exp, (7L% (Grad f(y) — T'¥ Grad f(a:))) Note z,y €
K
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B(c, R) C B(c,3R). We first show z € B(c, 3r).

d(z,¢) < d(c,z) + d(y, 2) < R+ H LlK (Grad f(y) — T Grad f())

Y

1

< Rt 2 [Grad f(y) ~ T Grad f(@)], < R+ d(,)
K

< R+d(z,c)+d(c,y) < 3R.

Therefore, z € B(c,3R). Note K is compact by Hopf-Rinow theorem.

Now, since z € N by the assumption, observe
f(@) = fly) = fx) = f(z) + f(2) = f(y)

Li
— <I‘Z Grad f(z),log, z — log, x>y + <Grad f(y),log, z>y + 7K ||1ogy sz

IN2

@ <1"g Grad f(z),log, x> - 21;% |Grad f(y) — T'¥ Grad f(;v)Hz
K

i 1 "

w_ (Grad f(x),log, y) — oY HGrad f(z) =T} Grad f(y)”i .
K

We used generalized geodesic convexity and Lemma C.1 for (i), the construction of z for (ii), and
Lemma F.2 for (iii). Rearranging the final formula and swapping  and y yield the desired result. [

We additionally provide a useful corollary of Proposition 3.4 in the convergence analysis proofs
presented later.

Corollary C.2. (Suh & Ma, 2025, Corollary 2) Let f : N — R be a locally geodesically smooth
and generalized geodesically convex function. Assume x,y € B(c, R) and K := B(c¢,3R) C N for
some ¢ € N and R > 0. Then, the following statements hold:

1. If f(z) — f(y) + (Grad f(y), log, x) = 0, then
HF; Grad f(y) — Grad f(ar:)Haj =0.

2. If f(x) — f(y) + (Grad f(y),log, x) # 0, then

1 ||T Grad f(y) — Grad f(2)||
0< — <Lz
2 f(y) - f(x) + (Grad f(y),log, z)

where Ltz is the local smoothness parameter of K.

Proof. For the first argument, the result directly follows from Proposition 3.4.
For the second argument, geodesic convexity and non-zeroness yield
f(x) = f(y) + (Grad f(y),log, ) > 0.
Since ||H2 > 0, this proves the non-negativeness. For the upper bound, since f is generalized

geodesically convex and locally geodesically smooth, Proposition 3.4 holds. Dividing the both

hands sides of (4) by f(y)_f(x)_éid Fa)Ton, leads to the desired claim. O

y)
D DEFERRED PROOFS FOR SECTION 4
D.1 PROOF OF PROPOSITION 4.2

We show the following lemma to show Proposition 4.2.
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Lemma D.1. The following equality holds for any k > —1:
Vir1 — Vi

1
e

+ (k1A% + Skt1 — Ser2Akt1) (fe — f(@r41))

i1 (f(enen) = fo+ (Grad f(wpi1),0g, ,, 72 ))

2

2 2
_ HIngk+1 Te|| — Crt1 HlogMJrl xk;+2H +2 <10gmk+1 Tht2, logmlc+1 x*>>

+ Sk1 4k (f(fﬂk+1) — flxy) + <Grad f(@kt1),10g,, .| $k>

Th+1

1 2
t oL ‘r;;ﬂ Grad f(zps1) — Gradf(xk)H )
+ Qk,
(22)
wher ifk >0
Spr1A B +
Qu= -t (1 Bt Ot g Grad e
2L 41 Ay
. By sj, 2
—2(1 = seLisa) (T, Grad f(aeen), Grad flae) ) + (14 =5 Liea ) [|Grad £ |
k Sk+1
and QQ_1 = 0.

2
term:

Proof. Reorganizing difference of % Hlogwrl Ty

2

2 1
-3 HIOng+1 Ty

1
o

1
= 5 Hlogmk+2 Ty

1
+ §Ck+182+1 |Grad f(zrs1)]|” + kst <Grad f(@kt1),1og,, .| x*>

2 2
- ’ — Gry15i4 |Grad f(zpg1)[|? — 28541 <Grad f(@k41),1og,, $*>)

‘logszrl Ty

1 2

~2 (Hlogw o

1
+ 54k+15i+1 |Grad f(zg41)]|* + skt <Grad f(@kt1),1og,, | 5U*>

2 2
_ ’ — Ckt1 Hlogszrl xk+2H + 2 <logxk+l Th+2, logrk“ x*>>

‘loggjchrl Ty

Reorganizing difference of sy 1 Ak (f(xk) — fi) term:

skr2 A1 (f(Tra1) = fo) = sk A (f(wr) — fi)
= (Sk+1 Ak + Skt1 — Skr2Ak+1) (fe — f(@r11)) + sp11(f(@ht1) — fr)

+ Sk14k (f(ka) — flxy) + <Grad f(@kt1),10g,, .| $k>

Th+1

+

o
2Lk41

2
Ior, Grad f(zg41) — Grad f(:rk)H )

Tr41

Sgr1A 2
— sk+14k <Grad f(@kt1),10g,, .| $k> — ‘ Iex  Grad f(zg41) — Grad f(ffk)H :

Thk+1 2Lk—+1
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Combining two, we have

1
] L

1
= 5 Hlogmk+2 Ty

+ (k41 Ak + sk41 — Skr2Ak11) (fx — f(@r41))

s (onn) - 1) = (5 [opa o+ stz - 1)

2 ’ 2

2
‘logszrl Te|| — Crr1 HIOngl xk+2H +2 <logxk+1 Tk+2, 10g17k+1 x*>>

+ Skp14k (f(ka) — flxy) + <Grad f(@kt1),10g,, .| $k>

Th41

el

2
Pat, Grad f(wgs1) — Grad f (o) )
+ Qr,
where
-1
Qr = §Ck+182+1 |Grad f(zps1)]|” = spr1 A <Grad f(@k41),log,, ffk>

 se1 Ak ‘
2Lk

T

2
re Gradf(karl)—Gradf(azk)H .

Th+1

First, consider the boundary case k = —1. By the definition that A_; = 0, B_; = By + (g, and
Tr_1 = xg, We obtain

= 1 1
Q-1+ 553 Bo ||Grad f(xo)|* — 5571 By [|Grad f(z—1)|* = 0,

which proves the result.

For k£ > 0, we conclude the desired equation by verifying
~ 1 1
Qr + §Si+1Bk+1 IGrad f(zx41)]) — isin IGrad f(x)]*

__ Sk414k [ (1 ~ Bry1 + G
2Lk 41 Ay

stiLacn ) [Grad f o)

By s?
-2 (1 — SkLk+1) <F£’Z+l Grad f(xk+1), Grad f($k)> + (1 + Pk %k

Ay, Sk+1
where right hand side is the definition of Q);. This can be verified by using Lemma F.2 and compar-
ing the coefficients carefully. O

Lkﬂ) ||Gradf<wk>2]

Leveraging Lemma D.1, we can show Proposition 4.2.

Proof of Proposition 4.2. First, for the fixed k (as stated in the Proposition, which satisfies £ > —1),
we can verify the following inequality by the stepsize rule (7):

Skt2 < Sk+1- (23a)

k+1

Furthermore, if this k satisfies & > 0, i.e., K # —1, then the following inequalities also hold based
on stepsize rule (7) and the condition (12):

Ay

Spay < —k g, (23b)
o Bri1+ Cey1 k
A, 1
Spaq < if splpy <1, (23¢)
o Byt + Cey1 Ly PRk
A, B+ Gn) L1 .

< [ = fspL > 1. 23d

Sp+1 < (Bk + A, o if sglgq1 > (23d)
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The desired inequality (13) then follows from applying Lemma D.1 with ( = ;1. We now show
how each term is upper bounded in Lemma D.1 with { = (1.

From the definition of (x1, we obtain {(d(zgi1,2+)) = Crr1. Applying Lemma F.1 with z =
Th41,Y = Tht2, D = T, yields:

2
+ Crr1 Hlogmk“ Ik“” —2 <logmk+l Tht2, logmk+1 x*>

2
< Hlogmk+1 Ty

Hlogmk+2 Ty

which implies the first term in Lemma D.1 is nonpositive.

The second term appears exactly in the upper bound of (13), and is nonpositive by (23a) and f, <
f(@p41).

For the third term, geodesic convexity (which is guaranteed by the generalized geodesic convexity)
between x4+ and z, leads to

f@ie) = fl@.) + (Grad f(wea) log,, , 2.) <0,

Th41

The fourth term vanishes, by the construction of Ly ;.

It only remains to show the bound on Qg, i.e., it remains to show:

. A s B
Qr < —mm{;Lk+1 , sti} ||Gradf(xk)|\2.
k+1

For k = —1, both sides equal zero by definition, verifying the inequality.

For k£ > 0, it suffices to show:

B .
Qr + 7]63% |Grad f(zx)]|* < 0 if spLpy1 <1

Ap sk41

—k |Grad f(zx)|> <0 if sgLpyq > 1.
2 Ly

Qr +

First, we show the coefficient of the ||Grad f(241)||” term is nonnegative. If s, Ly, < 1, from
(23d), we have

B A B
o Brn e s (Ae Bt o) o
14k By /4k
If s;; Li+1 > 1, inequality (23c¢) directly ensures the nonnegativity of 1 — BIC%WS]C+1L]€+1.

Then we use Lemma F.3 with v = Grad f(z) and w = Grad f(zy1). Considering the discrimi-
nant of the quadratic form, our goal reduces to showing:

B
(1= spLpi1)” — (1 - kJrlA—’_CkHSk—O—lLk+l> <0 if s L1 <1,
k
B B 2
(1 —spLiy1)” — <1 - k+1+<k+13k+1Lk+1> Zk Sk Ly <0 if sp L1 > 1.
Ay, Ap Spy1

Each case can be proved as follows:

* spLg4+1 < 1. From (23b) we have

Bii1 + Ceqr
Ay

Note that For arbitrary 61, d3 € [0, 1], if d2 < 61 we know

Spp1Lpt1 < spLpqa.

(1—=61)% = (1—=02) <(1—=01) — (1 =82) =65 — 61 <0.

We obtain the desired result by substituting §; = siLy41 and do =

Brt+1+Ck
= Sk L

29



Under review as a conference paper at ICLR 2026

* Sy Lg4+1 > 1. From (23d) we know

1 > A n B 1+ Gy
Sk+1Lk+1 .Bk -Ak

holds. Therefore, recalling that 1 — 2s;, L1 < 0, we obtain:

Bri1+ Cey1 By s,
1-— L — L
( Ay Sk+14k+1 AL Shi1 k+1
By 1 Bry1 + C
A (Sk+1Lk+1 - +1Ak< = silipr = silin > (1- siLii1)

Now we move on to the case L1 = 0. Note that this implies sy L1 = 0 < 1. From Corol-
lary C.2 we have Grad f(zj) = 2% Grad f(2g+1). Then from the same calculation done to (22)

Tr+1

2
but without ﬁ HGrad f(z) — T2 Grad f(xk+1)’

Tk+41

, and leveraging Lemma F.1 as discussed
before for the first term we have:

Vier = Vie < (Sk1 4k + sk1 — Se24k41) (fe — f(Tr41))
+ 8k+1(f(Tht1) — fo — (Grad f(@g11), Th1 — 24))
+ sk+1 Ak (f(zr41) — fak) — (Grad f(zg41), To1 — 2k)) 24)
+ Qk
< (Skr1Ak + k41 — Skr2Ak1) (e — f(@r41)) + Qu,

where
Qr = —skSkr1 Ak <F§:+1 Grad f(xgy1), Grad f(xk)>

1 1
t 5 8ke1 (Bras + Gun) [ Grad f(ax)|* — 552 By [|Grad £ (2)])”

Note that following inequality follows from (23b):
Sk1 (Brg1 + Cry1) — spAp < 0.

Therefore, by leveraging the fact Grad f(xx) = I'%¢  Grad f(xg+1),

Th41
1 9 1 15 9
Qk = 55k+1 (k1 (Bt + Qo) — se k) [|Grad f(zp)[|” — | 5skskr14k + 55 B | [|Grad f(zk)l|
1
< —§sin ||Grad f(l‘k)||2 )
Substituting into (24), we obtain the desired result (13). O

Proof of Corollary 4.3. From (13), we know that Vj, ;1 < V}, holds for all k¥ > ky—1. Consequently,
we obtain

[log,, =.|> < 2Vi_1 < 2Viy 1 = R, Yk > ko

which implies our desired statement. This concludes the proof. O

D.2 PROOF OF LEMMA 4.4

1

Define Sj;, = min {%0’ S PRRREE, Lik} We prove the following by induction:

sp > rSy, Vk > 1. (25)

- -1
From (7) and the lower bound r,f > (‘g—’; + Bj—:l) from (6), we have

s mind ey B (LAY 1 1) 1Y
S1 <= 1Iin § max O,AO min AO,Bl ’I”LO7T'L1 = min T’LO,TLl =To1.
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Thus (25) holds for & = 1. Assume (25) holds for k, now we show that it also holds for k + 1.
Applying the induction hypothesis s > 7S and (10), we obtain the following inequality, which
completes the proof of (25):

~ -1
Ap—1+1 A A, B 1
Sp41 = min min{’€1+ ﬂ}rSk, (k + k+1>

Ak Bpys By, Ay

1
> min {rSk., 7‘} =7Sk+1-
Lit1

To prove (14), recall that we have zj, € Bg(x.) from Proposition 4.2 and &g € Byz,,z,) (%)
Therefore, from Corollary C.2, we know that Ly, < L for & > 0, where L is a smoothness parameter
of f on B3r(x,)UBsg(z,2,)(7+). Again, the compactness of this set is guaranteed by Hopf-Rinow
theorem. Therefore, we have Sj, > % From (25), we conclude (14). O]

D.3 PROOF OF THEOREM 4.5

The statements in Theorem 4.5 follow from Proposition 4.2 and Lemma 4.4.

For notation simplicity, denote Cj, = min {% z’;:l , %si} First, summing up (13) from ky — 1 to

k — 1 we have

k1
1
Vit Y ((5i+1Ai — Sit2Aip1 + sip1) (f(zit1) — fi) + C; [|Grad f(331)||2> < V-1 =5 R

i=ko—1

Combining with s;11 Ak (f(zx) — fx) < Vi, we have

k k—1
skt Ar(f(@r) = fo) + Y (sidimt = sipnAs +5:) (@) = )+ Y Cil|Grad f(z)|* < SR.

i=ko i=ko—1

N =

(26)

o Function value, last iterate.
Recalling (23a), we know that the summations in (26) are nonnegative. Therefore, from (26), we
have s;41Ax(f(2x) — f) < 3R. Dividing both sides by sy, Ay, and applying Lemma 4.4, we
obtain:

L L
f(:vk)—f*SMR:O(Ak)

e Gradient norm square, last iterate.
As mentioned in Theorem 4.5, by applying Proposition 3.4 with y = z;, and x = x, to the above
inequality, we have:
9 L? L?
Grad <—R=0(—].
Grad fan)I? < R =0 ()
* Function value, minimum norm selection.
Next, considering only the function value terms on the left-hand side of (26), we obtain
k
1
ser1Ak(f(2r) — fo) + Z (siAic1 — sip1Ai +8)(f(zi) — fo) < §R~ (27)
i=ko
Observing the sum of the coefficients of the f(xz;) — f. terms, we see that
k k k ,
Sky1 Ak + Z(SiAifl —8ip1A4; +8;) = 51Aky—1 + Z 8; 2 Z 8; = Zk7
Z:ko Z:kg l:ko
where the second inequality is from Lemma 4.4. From (23a), we know s; A;_1 —$;414;+s; > 0
for all ¢ > k. Gathering these observations, from (27) we conclude

L L
. N <L p_ Ly
z‘e{g;}.r.l.,k}(f(ml) £ < 2’/“k‘R 0 (k)
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* Gradient norm square, minimum norm selection.
From Lemma 4.4, we know si, Sg+1 > % and from Corollary C.2, we know ﬁ

ing on the squared gradient norm terms in (26), enlarging the upper bound of the summation to

1
> 7. Focus-

k, and recalling the definition Cj, = min {% z’;—:ll, Brg2 |\ we obtain:
r2 k k 1
30 > min{A4;, B} ||Grad f(z;)|* < > Ci[|Grad f(z;)||* < SR @

i=ko—1 i=ko

Note that, for simplicity, we have changed the lower bound of the summation to k. Therefore,

we conclude
L2

- - R.
T2 ik, min {4, B;}

i Grad f(z;)|* <
o in |Grad f(z:)|” <

Lastly, from the second inequality of (10), it follows that lim sup,,_, .. g—z < 00. Therefore, we

imkg Ai

obtain Aj, = O (min { Ay, By}), we conclude m =0 <,€1>
* Point convergence to a minimizer.

We follow the strategy of Suh & Ma (2025, Theorem 5). Take X = {z |  is a minimizer of f}.

From the proof of Proposition 4.2, we have 2, € Bg(x.), which is (relatively) compact by Hopf-

Rinow theorem. In addition, from (28), we have limy_, ., ||Grad f(z;)||> = 0. Hence, cluster

points of {x, } belong to X. Then, setting ay, = 255114k (f(xx) — f«) + 52 By ||Grad f(zy,)

and using Lemma F.4 leads to the desired result.

2
[

D.4 PROOF OF THEOREM 4.1

Note that Theorem 4.1 is a special case of Corollary 4.6. The condition By, = By, + C is clear from
the definition, it remains to check that the parameter choice of Theorem 4.1 satisfies the conditions
in Theorem 4.5.

It is sufficient to che~ck the conditions iq(lO). Since Ag1 — Ax = o < 1, the first inequality of (10)
holds. Also, Ay — Bry+1 = (1 — ) + ¢ > 0, the second inequality if (10) holds. Now, observe that

~ — _ _ _ — ~\2
Av B _Byt14C, BitoatC_, (@4 OB+ (140? _ a+(+ U5
By A By, By +1+¢ Bi(Bi +1+() By +1+4¢
is decreasing for £k > 0, since By, is increasing. Hence, the third inequality of (10) holds with

N -1
r= (%g + qu—;rc) . Finally, we obtain:

k k
1
; min {4;, B;} = ; a(i+1) = sa(k+1)(k+2).
We obtain the desired result by Corollary 4.6. O

D.5 PROOF OF COROLLARY 4.7

Proof of Corollary 4.7. We first establish that Vj < %R. Observe that %R = V_; as B_; is defined
by By + (o, and by the definition, {; = {(d(x0, z4)). Applying Proposition 4.2 with &k = —1 yields
theresult Vo < V_; = %R, as required.

Next, we prove by induction that for all k > 0, x4, € B \/E(x*), Coy1 < ZU, and the inequalities
in (13) hold.

First, consider the base case when & = 0. Since ((r), defined in (2), is nondecreasing in 7,

we have ((d(zg, 7)) < ((dy). Moreover, we have d(z1,2,)? < 2V < R < 83 + (Bo +
((do))st ||Grad f(zo)||>. Hence, z; € B g(x,), and, by the monotonicity of ((-), ¢; =
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92 — — . ~ —
cCater.2) = ¢ (VB -+ (Bo-+ C(@)5Grad f(ao) ) =Co. With B = B+ > B 4o
the conditions of Proposition 4.2 are satisfied with & = 0. Applying Proposition 4.2 with £ = 0
implies (13) holds with k = 0.
We now proceed to the inductive step. Assume that for some k > 0that x4 € B \/E(x*), Chr1 <
ZO and (13) hold forall 0 < k < k. Then we have

A9 w0)2 < 2V, 2V, <o <2V < R < dy + (Bo + C(do))s2 [|Grad f(xo)||?

which implies z7 , , € B\/ﬁ(az*), and, again by monotonicity of (+), Cigo < Zo- Noticing BIE+2 =
By + (o > By 5 + (jyo- and applying Proposition 4.2 with k£ = k + 1 shows that (13) holds
with k = k + 1. This completes the induction.

Finally, following the same progression as in the proof of Theorem 4.5, the desired result follows
directly. O

D.6 DETAILS RELATED TO REMARK 4.9

Proof of Corollary 4.8. Since limy_,oo (B — Bi) = 00, there exists ko such that B, — By, > ¢
holds for all £ > kg. The statement follows immediately from Theorem 4.5.

O

Details related to Remark 4.9.  Recall that the choices under consideration are A, = alk+1)+1,
By =a(k+1),and By, = a(k + 1), with a € (0,1] and & € (0, o). We first check that
lim (B, — By) = (@ —a)(k+1) = 00
k—o0
holds since & € (0, «). Therefore, (12) holds by Corollary 4.8.

The rest of the argument can be carried out in a similar manner to Appendix D.4, and we provide it
here for completeness. First, from « € (0, 1], it follows that:

Ak—i—l*Ak:aSla Ak—BkH:l—azO, sz()

Next, since
A, B a 1 l-a « A, —(1—-a)B « 1 a— @)+ aa
Bk Ak « Bk Ak (0% AkBk (0% AkBk OéAk

is decreasing for k& > 0, since both Ay and By, is increasing. Therefore, (10) holds. Lastly, we know
k k 1
> min{d;, Bi} =) a(i+1)= 50 (b +1)(k+2) = (ko + 1) (ko +2)) .
i:ko i:ko

Therefore, by Corollary 4.8, we obtain

L 1 L
_ < - R = -
flax) f**2roz(k—|—1)+1R O(k)
and
, o 2L2 1 L2
. < — .
egnin NGrad Sz I” < S G ) — e s D 22 © (k:2

E DEFERRED PROOFS FOR SECTION 5

E.1 DEFERRED PROOFS FOR SECTION 5.1
E.1.1 PROOF OF LEMMA 5.1

It is sufficient to check Ay = 2(k +2)% +2, By, = 2(k +2)°%, and By, = 2(k + 2)°! + 1 satisfy
the conditions in (10). First, by mean value theorem, for some k € [k 4 2, k + 3] we have

Appr — A =2 ((k+3)% = (k+2)"1) =2 x 0.1 x k7.
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Since k — k%9 is nonincreasing function and k > 2, we have
Apyr —Ap <2x01x2799 <1,
Therefore, the first inequality of (10) holds. Also,
Ap — By =2k +2)° —2(k +3)% + 1= — (Apy1 — Ag) +1 >0,

the second inequality if (10) holds. Finally, the existence of r € (0, 1) in the third inequality of (10)
follows from the facts

~ -1 . -1
Ak Bk+1 . Ak Bk+1 1 1
=* k> 1 =+ =1+1)"'==>0.
<Bk+ . >0, Vk >0, Jim B, A ( ) 2>O

E.1.2 PROOF OF LEMMA 5.2

We show the generalized geodesic convexity of }V and H, and then how combining these two leads
to the generalized geodesic convexity of F. For the definition of generalized geodesic convexity in
BW(R"™) space, see Definition B.9.

First, we show if V is convex then V is generalized geodesically convex. To this end, fix any base
m € BW(R"™). Then, for all 1, v € BW(RR"), there exist optimal transport maps T ,, and T .

Let Z ~ . From the convexity of V', one gets
V(Tr0(2)) 2 (VV(T7 u(2)), Tr p(2) = Tr u(2)) -

Take the expectation over Z ~ . Then, using the fact that Wasserstein gradient of ¥V = VV (from
Definition B.8 and Santambrogio (2015, Section 8.2)), one gets the generalized geodesic convexity
of V with base 7. Since the above argument holds for any 7 € BW(R"), we get the generalized
geodesic convexity. For non-differentiable V', one can consider V'V as the weak gradient.

The generalized geodesic convexity of H is established in Diao et al. (2023, Lemma 3.2).

Above two facts show that if V' is convex then V and H are generalized geodesically convex. Then,
for any 7, u, v € BW(R"™),

V(V) Z V(/J’) + <GradBW V(,U,) o Tﬂ',,ua 87 T7r,;¢> 5

H(v) > H(p) + (Gradgw H(p) © Trps Trw — T o) -

Summing these two inequalities lead to the generalized geodesic convexity of F. O

E.1.3 PROOF OF PROPOSITION 5.3

Proof of (i). We first show any C? function on BW(IR") is always locally geodesically smooth,
as stated in Theorem 3.3. However, since BW(IR™) is not a geodesically complete manifold, Hopf-
Rinow theorem is not direct, and as a result one cannot directly apply Theorem 3.3. That said,
note the only part the completeness of the manifold is used is when we show the compactness of
K := B(K, D), which is the set that contains all the minimizing geodesic segment. For BW (R"),

we use an alternative set for B(K, D) which still guarantees the same properties (compactness,
containing geodesics). Precisely, we show the lemma below:

Lemma E.1. For given pg, 11 € BW(R™), denote the minimizing geodesic from pu1 to 2 as v, i, -

Them, the set
K= J o ((0.1])
Ho,u1 €K

is a compact on BW (R"™).

Proof of Lemma E.1. Define G: BW(R™) x BW(R"™) x [0,1] = BW(R") as:

G(po, p1,t) = Yo, p1 (t)-
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On the other hand, from Chen et al. (2019, Equation (9)), we know that any Bures—Wasserstein
geodesic between pig := (Mg, o) and pq := (mq, 31) is (uniquely) defined by

2
G((mo, Xo), (m1,%1),t) = ((1 —t)mg + tmy, 281/2 ((1 — )% + t(23/2212(1)/2)1/2) Z01/2) .

Leveraging the fact that the mappings ¥ — X! and ¥ +— X!/2 are continuous on SPD(n), and
that the binary operations used above (addition, scalar multiplication, matrix multiplication, etc.)
are continuous, we know that G is a continuous function. Since K x K x [0, 1] is a compact set,

K=G (K x K x[0,1]).

is an image of a compact set under a continuous function G, and therefore is a compact set. This
concludes the proof. O

Now, by taking Ly := sup, ||[Hess f(p)|lop, one can proceed as in Theorem 3.3 and conclude
that any C? function on BW(RR") is locally geodesically smooth.

Proof of (ii). Since we showed every C? function on BW(R") is locally geodesically smooth,
it is sufficient to show that potential energy functional and entropy functional are C2. Note the
differentiable structure of BW(R™) is determined by the differentiable structure of R™ x SPD(n).
Hence, by Theorem 3.3 it is sufficient to show these functions are C?(R"™ x SPD(n)) (and in fact
they are C*°(R™ x SPD(n))).

First, for V, write the Gaussian density of N(m, X) as ¢, 5, i.e., ,

am,n(2) = (27T)n/12|2|1/2exp (— %(z —m) 27 (2 — m))

Since smoothness is local property, consider (m, ), and some compact neighborhood K. We show
V is smooth on U = int(K).

As V is written by the expectation, we invoke the dominated convergence theorem, which constitutes
the most technical part of the proof. First, since K is compact, there exist fixed constants B > 0
and 0 < mg < M such that

”mH S Ba mg < /\min(z) S /\max(z) S MK V(m,Z) S K

Now, for any multi-index o = (o, x) and any (m, ) € U,

V(2)D, 5m,s(2) = V(2) X Po(S7, 2 = m) g, (2) (29)
with some P, which is a polynomial of the degree p, < |ay,| + 2 |ax].
Now, recall for any (m, ) € K, E*1||Op < 1/mg, (det 2)~2 < Apin(8) "2 < (mg)~"/2,

and Apax (—371) = —m < —M#K. Writing y = 2z — m, for any (m, %) € U C K,

1 2
|V (2) D 50m n(2)| < CIV ()| (1 + [917) lgm s ()] < C V()] (1+ [|y]|P=)e = V]
for some constant C' > 0 that depends on m g, My, and «, but not on m and X.

Next, we plug-in (16). This leads to

allz B — 1 2
[V (2) D2 st ()] < CL+ [[2[P)(1 + Jy|[P= etz ez W™,

Then, from ||m| < B, we have (1 + ||z||”) < C(1 + ||y||”) for some C' > 0. In addition, from
B € 1]0,2), there exists another constant C' > 0 such that

8 1 2
eaHZH < Ce®k i .
Therefore, we get

|V (2) D2, sqmn ()| < C(1 + [JylPP=)e” 7= 91 = G(y)
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where C'is the constant that does not depend on (m, X).

Clearly, G(y) is integrable over £'(R™) from the fact that [ G(y)dy is the Gaussian moment.
Hence, G/(y) is the integrable majorant of V' (2) Dy, w.gm,x(2) for any (m,¥) € U.

Therefore, by dominated convergence theorem, for any |«| > 0 and any (m,X) € U

Dy, sV(m, ) :/ V(2) Dy, sqm s (2)dz. (30)

n

Once dominated convergence theorem is established, the rest is straightforward. Since ¢y, »(2) is
smooth on m and X, D;‘;)qug(z) is well-defined. In addition, from (29) and the fact that all
moments of the Gaussian are well-defined, the integral at RHS of (30) is well-defined. Hence,
Dy, V(m, X)) is well-defined for any multi-index o This proves V € C*°(R" x SPD(n)).

Proof of (iii). For the entropy, one observes the Gaussian entropy has the form of
1
H(m,S) = —g(1+log27r) — 5 logdet . 31)

This function does not involve m and is clearly smooth on & € SPD(n). As aresult, H € C*°(R" x
SPD(n)).

Proof of (iv). Lastly, V', H being locally geodesically smooth trivially implies the local smoothness
of F. For F =V + H and for any compact set K, let the local geodesic smoothness parameters of
V and ‘H are L}/(, L}'é respectively. Then, for all z,y € K,

IT Grad F(u) — Grad F(v)|| < ||IT% Grad V(u) — Grad V(v)|| + ||T% Grad H(u) — Grad H(v)]|
< (L + LE)Wa(p, v).
One concludes by taking L%, = LY. + L7t O

E.1.4 PROOF OF COROLLARY 5.4

Algorithm 2 Bures-Wasserstein Adaptive Gradient Variational Inference (BWAdaGVI)

1: Input: Log-potential V(X), mg € R™, g = €I, s > 0, {Ak}kzo, {Bk}kzo, A, =0,

0 €(0,1).
2: fork=0,1,... do
3:
Mp1 = Mg — skExp [VV(X)], e = N(my, Zi)
Sk = Exn [VV(X)] = 2
Skr1 = (I = s1Sk) Sk (I — 5£Sk)
k1 = Exmp o [VV(X)], g1 = N(mgg1, k1)
Sk+1 = EXNHk+1[v2V(X>] - El;il
2
P 1 Tk, 1 (akt1, Ses1) — (ak,Sk)HM_
e 2 Flprgr) — Flur) + s (TF oy (argr, Ses1), (ar, Sk)>uk
. -1
. . {Ak—lJrl A } Ak+Bk+1 1 1-6
Sp41 = min{ min ¢ ————, — Sk, | =— ,
h Ae B S\ BT A, L1’ maxi=1,..n [Ai(Sk41)|
(32)
4: end for

We follow the proofs of Section 4, while incorporating the details needed to handle the geodesic
incompleteness and specific geometry. We in fact prove more general statement here: for any F €
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C?(BW(RR")) and generalized geodesically convex satisfies the claimed convergence rate. Over the
proof, we will write u = (m, X).

First, from the transport map representation of Bures-Wasserstein space and Definition B.13, one
can write Gradpw F (1) (x) = Vi, F(m, X) + 2V F(m, X)(z — m). Hence, V Gradpw F (1) =
2V F(m,¥), and [|V Grad F(u) |, = 2max;=1, .. n [Xi(VsF(m, X))|.
Now, we check the new choices of stepsizes ensure the well-defined gradient iterates. First, observe
1-946 1
SsE < <
maXi—=i,..n |/\1(V Gl"adBw .F(,uk))‘ ||V GradBw .F(/Lk)

|op'

Hence, I — 5,V Gradpw F (i) > 0, meaning T),, ,,, ., = (id — s, Gradpw F(j)) is convex.
By the Brenier theorem, this means the gradient iterate is the minimizing geodesic, and as a result
the logarithmic map is properly defined as 7}, ,, ,, —id. In addition, I — 5,V Gradpw F (tx) = 0
implies it is invertible, so that the exponential map is well-defined.

Now, we set kg = 0 and B r = By + 1 for all k in the proof of Proposition 4.2. In addition, one sets
Lyapunov functional by

2
#k+1'

1 1 .
Vi = sk Aw(F (k) = F(u)) + 552 Bi || Gradpw F (i) I” + 5 || Trccr o, — |

This exactly coincides with (11) under BW (R™) geometry. Then, Lemma D.1 with { = 1 is still
valid, as it is just the rearrangement of the terms. Next, one checks whether Proposition 4.2 is still
valid under the changed stepsizes. As in Proposition 4.2, we check the non-positivity of the terms
appearing in Lemma D.1.

* First term: One gets the non-positivity of the first term by the use of Lemma F.5.

 Second term: As in the proof of Proposition 4.2, the stepsize rule (7) and F(u.) <
F(pr+1) gives the non-positivity.

* The third term is guaranteed to be non-positive from the geodesic convexity, which is guar-
anteed from the generalized geodesic convexity of F.

¢ To check the fourth term, notice

1 ||Gradpw F(41) © Ty, s, — Gradsw Flu)||”
2 Flpns1) — Flur) + sk (Gradpw F(prt1) © Ty pipsr» Gradpw F(ur))

The denominator is non-positive, due to the generalized geodesic convexity. Rearranging
the above inequality, the fourth term becomes non-positive.

L1 > —

* One remains to check @ < 0. For Ly, # 0, the sign discrimination test does not
involve the explicit value of Lj1, so we have Q, < 0 for L1 # 0. For Ly, 1 = 0,
since L1 > 0 it implies Gradpw F (ux) = Gradpw F (ftk+1) © T,y » DY the use of
Corollary F.11. Hence, one can proceed the same as in Proposition 4.2.

Above calculations prove that the conclusion of Proposition 4.2, i.e., non-increasing Lyapunov func-
tional, is still valid for this problem.

Then, one is left with providing the lower bound of the stepsize, i.e., analogous result to Lemma 4.4.
To this end, we first observe that non-increasing Lyapunov functional gives

W3 (ks i) < 2V = s3(Bo + 1) || Gradw F(po) |* + Wi (o, 1) =: R*.
Then, from Definition B.11,
Jmk —ma)? < R? and  day(Sk, Ba) = tr(S + 5. — 2(57°5.503)VY?) < B2 (33)

Thus, for all mo, ..., my, are contained in K, := B(m., R) where the ball is with respect to
Euclidean metric.

Next, we claim the condition on d%y;, (3, £.) gives the uniform control over the largest eigenvalue
of ;.. To check this, from Bhatia et al. (2019, Theorem 1),

tr(Xy + 2y — 2(2,1/22*2,1@/2)1/2) = min

2
‘2}/2 _ 21/2UH < R2. (34)
UeO(n) F
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By triangular inequality, for any U € O(n),

Mmax(Z) = |2kl < B - =/%0

+ HE}/QU
op

<[st-se], o
op F

op

_ Hz}f - zi/QUHF VA (50).

Since the above upper bound holds for any choice of U € O(n), by taking the minimum over
U € O(n), one gets

Amax(zk,) S R + V Amax(z*) (35)

In addition, since we assumed the uniform lower bound of the eigenvalues of ¥, we know for all

i=0,... .k
zieKE::{2:|djzj<R+\/m>I}.

Note Ky is compact (e.g., one can use Heine-Borel theorem with respect to Frobenius norm).

Now, we construct the compact set K C BW(R"):
K = (K x K5) U{ (0, %0) }

Then, K is the compact set that contains all y; as well as fio. Then, one gets K O K from
Lemma F.8 and L from Proposition F.9.

Then, one repeats Lemma 4.4, with substituting L by

~ -~ su V Gradgw F
Ly = max {LK7 Puc | 1-— 5BW (M)HOP}

and

s . 1 1-6
= min -, .
" is0k | Li IV Gradpw F (i),

Note L < oo from the compactness of K. The induction part is direct from the condition 1—§ > r.
The uniform lower bound of S}, can be established by L, < Lx < Lk for k € N, which is from
Corollary F.11, and sup,c |V Gradpw F(pk)|l,,, < sup,c |V Gradpw F(u)|l,, < (1-6)Lk.

llop
Since we established the non-increasing Lyapunov functional as well as the lower bound of the
stepsizes, one can follow directly the proofs in Theorem 4.5 (i) and (ii) to obtain the desired result.

For the point convergence result (Theorem 4.5 (iii)), one can take the above K as the (relatively)
compact set containing {i } .. Since Lemma F.4 holds for general metric space, the argument is
valid regardless of geodesic incompleteness.

O

Comments on Remark 5.5 We provide three theoretically ideal cases when one can ensure the
uniform eigenvalue lower bound assumption.

Case 1. Uniform upper bound on the function value gives the uniform eigenvalue lower bound:

We show if sup;_; _, F(u;) < M for some M > 0, then inf;—1 g Amin(2;) > X for some

Ao > 0.

.....

First, recall m;, € E(m*7 R) from (33). Since V is continuous, one has

Vinin :=  min  V(m) < V(my)
meB(m.,R)

uniformly for all £ € N.
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Since V is convex, from the Jensen’s inequality and the explicit form of 7 in (31), one has

n

1
M > F(ur) = Exonmg, s [V (X)] 5 (14 log2m) — 3 log det 3y,

1
>V(myg) — g(l + log2m) — 3 log det X,
n 1
2> Vinin — 5(1 +log2m) — ilog det 3p.

Then, one has
Amax (Z8)™ ™ Amin (Bx) > det > exp (2Vinin — n(1 4 log 27) — 2M) .
Using (35), one gets
2Vinin — n(1 +log27) — 2M
)\min(Ek) Z exp( Vi n( + ) 7T) ) =: )\0

(R + v/ Amax(Z4))" 1

which is the uniform bound independent of k.

O
Case 2. A good initialization gives the uniform eigenvalue lower bound.

Next, we show a good initialization gives also gives the uniform lower bound of the smallest eigen-
values. Precisely, we show if p is initialized to satisfy

R? = s3(Bo + 1) ||Gradsw F(uo)[|* + W3 (110, 1) < Amin(54), (36)
then there exists Ao > 0 which is the uniform eigenvalue lower bound.

From (34) and the standard inequality between the operator norm and Frobenius norm, there exists
U € O(n) such that

Hz}f _x2y

<=2 -=u|| < r
op F
Then, from Weyl’s inequality on singular value,

‘o—min(zjlg/z) - Umin( i/ZU)‘ < HE]16/2 - 1/2U < R.

op

Since orthogonal matrix preserves the singular values, we have
VAmin(32) = R < v/ Awin ().
Therefore, if R < Amin(Xx), we have the uniform eigenvalue lower bound by )\ =
( Amm(z*)—R)Q.
O

Case 3. A priori upper bounds on Ayay(4) and W (o, p14) give the uniform eigenvalue lower
bound:

Lastly, we show if one has the information about Apax () and W2 (o, ), then one can en-
sure the eigenvalue lower bound, though requiring much smaller stepsize. To this end, write

R > R+ v/ Amax(3s) in (35). Note this quantity requires the a priori upper bounds of Ayax(Xy)
and W (o, ). We precisely show if ¥y, = %I , then X511 also has the same bound.

To this end, we claim that by choosing ¢ to be

2
117R

ensures the uniform eigenvalue lower bound. Under this choice of J, observe the stepsize rule
satisfies

< - & :
L17R™ ||V Gradpw F(pr+1) |,

Sk41 (38)
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Unlike Case 1 and 2, Case 3 directly modifies the stepsize rule, so we need to check whether the
proof of Corollary 5.4 is still valid. Fortunately, this is direct; since the proof of Corollary 5.4 works
regardless of the choice of § (for the condition 1 — § > 7, since r is just the lower bound (10), one
can choose smaller r to make the condition valid for given ¢, with the cost of constant factor in the
convergence rate), all the proof arguments will be valid. The only thing we are left is to show the
above choice of § ensures the uniform lower bound on the eigenvalues of the iterates.

We will follow the proof of Lambert et al. (2022, Lemma 6). One can consider their h =
sk/ || [VV (X)), and their V2V (Xj) as the normalized B, [V2V (X)]/ || Ex[VZV (X)] [,,1n
our setting. Then, by the same arguments, one can check ¥ 1 is the generalized Bures-Wasserstein
barycenter of

Sk Sk
"= (l B [v2v<x>]op> o+ 2 (e 05
where
< [, BV  E(VV(X)
E‘(” ||Ek[v2v<x>1op> = (” ||Ek[v2v<x>1||op>'

Next, suppose e/ < ¥i. Then, as (35) is still valid (note this bound holds regardless of the existence
of eigenvalue lower bound), we have
, €< AX)<4R

e <A(Zk) <R, <AMED <

==
a | =

where the last upper bound is from the same argument as in Lambert et al. (2022, Lemma 6). Next,
as in Lambert et al. (2022, Lemma 6), we apply Altschuler et al. (2021, Theorem 1). Using the
above eigenvalue bounds, one can check their «, 8 in Altschuler et al. (2021, Theorem 1) for our

case becomes )
1 e 1
= (——=+Y¥), B=—+2R
o= (omt %) P
Then, by Altschuler et al. (2021, Theorem 1) if 2si/||E,, [VQV(X)]HOP < «/(28), we get
Amin(Zk+1) > «/4. Since we would like to guarantee Apin(Zx+1) > ¢, set /4 = e. Then
solving €, v, and 3 with respect to R gives

1 4 13—
——, a=—, B=—R
“or “Tor "7
Summarizing the above arguments, if Apin(Xx) > (9R) ! and sy, satisfies
2

Sk<

< (39
7R |[E,, [V2V(X)]|

op

then A\pin(Zre1) > (9R)~!. Since (9R)~! does not depend on k, we have the uniform lower
bound. Then, since

IV Gradpw F(ui)op = B [VV O+ 2], = B [PV O, »
the stepsize (38) satisfies (39). This means if we initialize >y > (9§)‘1[ , the new stepsize rule
(38) ensures the eigenvalue lower bound X, = (9R) 11 for all k > 0.

In conclusion, all the proofs of Corollary 5.4 are valid under the choice of § in (37), and the uniform

eigenvalue lower bound condition is guaranteed without any additional assumption. Hence, with ¢§
being (37), Corollary 5.4 is valid without any additional assumption. O

Special case when one can drop the uniform eigenvalue lower bound assumption Particularly,
Case 3 gives the fully explicit algorithm which does not require any eigenvalue assumptions, if
one considers fixed mean Gaussian variational families with strongly convex potential V. This is
because from Lambert et al. (2022, Equation (7)), if V' is a-strongly convex, then one has

Amax(Zs) < /e, Wi(po, 1) < tr(Zo) 4 tr(2,) < tr(Zo) + d/a.
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Hence,

2
R = (% $3(Bo + 1)2 | Gradgy F(juo) | + tr(S0) + dfer + 1/a)

which is fully explicit and known for any fixed . One can plug-in this value to (37), which
guarantees the convergence result of Corollary 5.4 without any additional assumption.

E.1.5 EXPLICIT FORM OF POTENTIAL AND GRADIENT

Lemma E.2 (Closed form of potential and BW-gradient). For any potential V : R™ — R of the

form
L

1
V(o) = 5GTQQ +¢76 + Z ciexp(al0) +C
i=1
where Q = 0,q,a; € R", ¢; > 0, and constant C, V is convex and satisfies (16). Moreover,
the corresponding objective F(m, X) and its Bures-Wasserstein gradient Gradpw F(m, X)) admit
explicit closed-form expressions given by:

¢

1 1 1

F(m,X) = 5(‘51"(@2) +mTQm) +q¢"m + E i exp <X1Tm + 2XZ-TEXZ-> ~3 logdet ¥ 4 C,
i=1

Gradpw F(m, %) =

¢ ¢
1 1
T T T T T
<Qm +q+ Eﬂ c; X; exp <Xi m+ §Xi EX¢> ,Q + é 1 ¢; X; X, exp (Xi m+ iXi ZXi>
Proof. Convexity of V follows directly from

L
VV(0) =Q+ > aiX;X] exp(X]0) = 0.

i=1
In addition, V trivially satisfies (16).

For the closed form expression, the formula of the moment generating function of multivariate nor-
mal distribution gives for any X; € R",

1
Eon(m,s) [exp(X]0)] = exp <XiTm + QXfEXi) . (40)

In addition, the expectation of quadratic form for any # with mean m and the covariance ¥ is
explicitly known:

Eo[07 Q0] = tr(QX) + mT Qm. (41)

Using (40), (41), linearity of the expectation, and the closed form of # (31) yield the explicit form
of F.
For BW-gradient of F, we have

¢
Egon(m,s)[VV(0)] = QEg[0] + q + Z i X;Eo[exp(X]0)],
=1
¢
E@NN(HL,Z)[V2V(9)] = Q + Z CZXZXZTEH [exp(XzTg)]

=1

Plug-in (40) to the above formula. Then, using Remark B.14 yields the claimed result. O

F AUXILIARY LEMMAS

This section includes the auxiliary lemmas needed for Appendix C, D, and E.
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F.1 AUXILIARY LEMMAS FOR COMPLETE RIEMANNIAN MANIFOLDS
We first introduce an existing inequality concerning metric distortion on manifolds, whose proof can
be found in (Zhang & Sra, 2016, Lemma 5).

LemmaF.1. Let C : [0,00) — [1,00) be the function defined by (2). Then, for the vertices x,y,p €
M of a uniquely geodesic triangle, we have

2
[log, p||” < lllog, p|I* + ¢(d(p, 2)) |log, yl|* — 2 (log, y,log, p) - (42)

We also introduce some basic property of the Riemannian logarithmic map for the intermediate
calculation.

Lemma F.2. Forall z,y € M, let 'Y be a parallel transport from x to y induced from the minimiz-
ing geodesic connecting x and y. Then,

I'Ylog, y = —log, z.

Next, we show the sign determination of the quadratic form by discriminant test is still valid in
Riemannian manifold.

Lemma F.3. Let M be a Riemannian manifold, and p,q € M. Then, if a > 0, ¢ > 0, and
b2 — dac < 0, then

a ||U||Z2) + b<ng,w>q +c ||wHZ >0, YoeT,M weT,M.

Proof. If one writes z := |[v|[,,,y = |[w]|,, then the standard discriminant test on real numbers
gives
az® — bl zy + cy* > 0.
From the Cauchy-Schwarz inequality and the isometry of the parallel transport, for all b € R
b<ng,w>q > —1b) ||ng||q Jwll, = —[b| zy.
Therefore, ) )
allvll, + b<ng,w>q +cllwll, = az® — bl zy + cy* > 0.
O

Next, we provide the generalization of the result of Malitsky & Mishchenko (2024, Lemma 2)
to metric spaces, which will be used to prove the asymptotic convergence to a minimizer for our
algorithm.

Lemma F.4. Let (M, d) be a metric space. Let A C M be the relatively compact set, and X C M
be some fixed set. Suppose {xy}, .y C A be a sequence whose cluster points belong to X and

{ar} ey be a sequence in R . If {xp} o and {ap } oy satisfy
d*(xpy1, ) + appr < d*(xp, ) +ap Vo € X,
then {xy} o converges to some element in X.
Proof. Let z', 72 be any cluster points of {z;} sen- Then, since A is relatively compact, there exist
Ty, and y,, two subsequences of {xk}keN, such that z,, — 7' and Tp; — 72. For fixed z € X, the

sequence d?(x, ) + ay is non-negative and non-increasing, hence by the monotone convergence
theorem the limit limy,_, o (d? (), ) + ay) exists. Then,

lim (d?(zp, T') + ag) = lim (d*(xg,, 7') 4+ ax,) = lim ay,
k—o00 11— 00 ) i—00
= lim (d*(zy,,7") + ax,) = d*(@*,7") + lim ay,.
]*}OO j*}OO
Hence, one gets lim;_,o, ag, = d? (fz, El) + lim; ;o ax;. By repeating the above argument sym-

metrically using limy,_, o0 (d? (21, T2) +ay) = limj_wo(d2 (7, L T2) + ay, ), one gets lim; . ay, =

d?(7%,T') + lim;_, o a,. Thus, one gets d?(F',Z%) = 0 and as a result T* = 72. O
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F.2 AUXILIARY LEMMAS FOR BW(R"™) SPACE

To prove Corollary 5.4, we need the similar results we obtained in Appendix F.1 on BW (IR™) space.
Despite the absence of the completeness, it turns out that Bures-Wasserstein space have the similar
properties. We provide the analogous statements for 2-Wasserstein space and BW (R™) we discussed
in Section 3 and Appendix F.1 that do not require the completeness.

Lemma F.5. Forany p,v,m € Py 4.(R™) and T, 1, being the optimal transport map from a to b, the
following inequality holds:

. 2 . 2 . 2 . .
1 Toe — id|2 < Ty — ]2 + Ty — ]2 =2 (T, — id. Typx — i),

The result trivially extends to BW (R™) space.

Proof. NoteT), .oT, , is also a (possibly non-optimal) transport map from v to 7. By the optimality
of the optimal transport map T, ,

, 2 @)
ITym = idll}, < Dm0 Tou = il = | Tioim — Tl

v Iz

<9112 . 2 . .
= Ty — |2+ | Ty — idl|? — 2(Tp — id, Ty — id),

For (i), we used Proposition B.7 and Theorem B.2. O

Note while we never used the curvature information to prove this, this result is indicating ( = 1 for
P2 qc(R™) space. In fact, Pa 4. (R™) space is non-negatively curved space, so this is a natural result.

Lemma F.6. Forall j1,v € P 4.(R™), we have
(T —id) o Ty, = —(Ty, — id).

Again, the result trivially extends to BW (R") space.
Proof. This comes directly from Theorem B.2 and Proposition B.7. O

Next, we show the sign determination of the quadratic form by discriminant test is still valid in
2-Wasserstein space.

Lemma F.7. Forall ji,v € P24.(R"), ifa >0, ¢ > 0, and b*> — 4ac < 0, then

allv]? +b(wo T, ,w), +clwll] >0, Vv &T,Psa(R"),w € T,Paac(R").

Proof. The same proof of Lemma F.3 works, once one simply substitutes the isometry of the parallel
transport by Proposition B.7.

We now extend Proposition 3.4 and Corollary C.2 to BW(R™) space. Due to the fact that BW (R™)
space is not geodesically complete, one cannot directly apply Proposition 3.4 to this setting. How-
ever, it turns out that one can still obtain the same conclusion under this specific geometry. Specifi-
cally, observe that the geodesic completeness is used when verifying the compactness of the ball
K = B(c¢,3R), which is chosen to contain the point z in the proof of Proposition 3.4 for all

x,y € K. We show one can still construct the similar compact set K for this problem, by using the
explicit formula of tangent space, exponential map, and parallel transport.

Lemma F8. Ler K C BW(R") be a compact set, and F : BW(R™) — R be a continuously

differentiable function. Then, there exists a Ly > 0 that only depends on K and F, and K > K
that only depends on Lo, F, and K such that for all L > Lg and all (mg, Xo), (m1,%1) € K,

O 1 m _
(m, E) = eXp(mhzl) (—L (GradBW f(ml, 21) — Fgm[ljzgég GradBW .F(mo, Eo))) c K.

Proof. We first consider the space of 0-mean Gaussians, so that we can restrict the analyses to
SPD(n).
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Since K is compact in SPD(n) and the eigenvalue map is continuous, there exists My > my > 0
such that forall ¥ € K

0<mg < )\min(E) < )\max(z) < Mg < oco.

Denote H := Gradpw F (1) — I‘g; Gradpw F(2o). Since Gradgw F is continuous, there exists
Gg € ]0,00) such that

sup ||Gradpw F(X)||y, = Gk

SeK

Then, by triangular inequality and the isometry of the parallel transport (Proposition B.7)
|Hlls,, < |Gradpw F(Zo) | + [Gradsw F(S1)] < 2Cx.

Since ||HH2E = tr(HXH), one has

H <|H|p < < =: Ck.
|| ||op H ||F /7mK /7mK

Now, we claim any Lo > C is the desired L. Define € := 1 — C'x /Ly, which lies on (0, 1] from
the condition Ly > Cg > 0. We then set

K :={Y|mygl =X < 4MyI}.
We show K is the claimed compact set. This set is compact from Heine-Borel theorem on R"™*"

with a matrix norm (e.g. Frobenius). Then, frome < 1, K C K. Thus, we are left to show Y e K.
This is sufficient to show the eigenvalue bounds of 3.

Now, for any L > Ly, since the tangent space is Sym(n), Ay, := I — H/L is symmetric. Using the
explicit form of the exponential map (Definition B.12),

S = ALY Ap = (z}/QAL)T (z}/QAL) .
Thus,
Amin(5) = (amm(z}/QAL)f, Amasx (%) = (amax(z}/QAL))Q
where o is the singular value. Now, using the inequalities between the singular values,
Tuin(B17AL) 2 0min (217)0min(AL) = vV Awmin (B1)Tmin (AL) 2 /MK Omin(AL),
Omax(Z17AL) < e (B1)0max (A2) = v Aanax(B1) Fmae (A1) < v/ Micmae (A1),

Now, we bound op,in (Ar) and oax(Ar). Since Ay, is symmetric, the singular value o;(Ar) =
|[Ai(AL)| = |1 — X\;/L|. Hence,

. i max; | \; | H|| L
omin(AL)Zmilnl—fz EI—MEI—Twzl—(l—e)%ze,
) Iy q I
Omax(AL) < max 1—% <14 maxi A s1+”L” <l+ <2

Aggregating the results, one gets
62'rnK < )\min(i) < )\max(i) < 4MK
This means . € K, which completes the proof for the 0-mean case.

The extension to arbitrary BW(R") is direct, since product of compact sets are compact. We iden-
tified the compact set for matrix component, and one can simply take the same B(c, 3R) as we did
in Proposition 3.4 for Euclidean mean part.

Proposition F.9. Suppose F : BW(R") — R is generalized geodesically convex and locally
geodesically smooth. For any compact set K, there exists Lx > 0 such that for all u,v € K

F (W) =F(u)—(Gradpw F(u), Ty, — id)

1
W |Gradgw F(v) 0 Ty, — Gradw F ()|}, > 0.
K
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Proof. First, we take L the same as in the proof of Lemma E.8. Then, by Lemma F.8, there exists

a compact set K such that it contains all (m, i) (which is defined in Lemma F.8) for all L > L.
Now, define

Ly :=max {Log, Ly}

where L is the local smoothness parameter of the compact set K. Then, Ly is also a lo-
cal smoothness parameter of K, which is the compact set containing both v as well as 7 :=

exp,, (— i (Gradpw F(v) — I'’, Gradpw f(u)) by Lemma F.8.

Now, one can proceed with the exactly same proof as in Proposition 3.4, with the following substi-
tutions:

* Use u, v, minstead of z, y, z.

* Use L instead of L.

* Use Definition B.9 for the definition of generalized geodesic convexity and local geodesic
smoothness.

e Use Lemma F.6 instead of Lemma F.2.

 Use Definition B.5, Proposition B.7, and Definition B.8 for the exponential map, logarith-
mic map, parallel transport, and Riemannian gradient.

O

Remark F.10 (From P ,.(R™) to BW(R™)). Note unlike the previous lemmas dealt with the gen-
eral Py ,.(R™), from this proposition we narrowed down our focus to BW(R™) specifically. This is
because the compactness argument in Lemma F.8 required the explicit form of the BW(R"™) geom-
etry.

Corollary F.11. Let 7 : BW(R"™) — R be a generalized geodesically convex and locally geodesi-
cally smooth function. Then, the following statements hold:

1. Forany p,v € BW(R™) with F (v) — F(n) + (Gradsw F(v), T, — id) =0,
||GradBw .F(U) ] TIMV — GradBW ]-'(,u) HM =0.

2. Let K C BW(R™) be a compact set. Then there exists L > 0 such that for all i,v € K
with F(v) — F(u) + (Gradpw F(v), T, — id) # 0,

) < _1 |Gradsw F(v) o Ty, — Gradgw Fll, _ 7
= T2F(w) — F(u) + (Gradpw F(0), T, —idy,

Proof. One can proceed the same as in the proof of Corollary C.2, but based on Proposition F.9.
Note we dropped the condition on B(c¢,3R) and N, since we set N = M = BW(R"). O

G ADDITIONAL EXPERIMENTS

We provide additional experiments that will also validate the strength of RAdaGD over various tasks.
All experiments were conducted in free version of Google Colab environment, and no experiment
took more than 5 minutes to run.

G.1 ADDITIONAL EXPERIMENTS ON GAUSSIAN VARIATIONAL INFERENCE
We conduct GVI experiments on two additional problems. Since both fall within the scope of

Lemma E.2, BWAdaGVI is accordingly endowed with the theoretical guarantees provided by Corol-
lary 5.4.
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Smallest eigenvalue tracking

KL-Divergence over the iterations. FBGVI (s = 1/1)
2-Wasserstein over the iterations. RAdaGD O(K)
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Figure 2: Comparison between Diao et al. (2023) and our methods with different choice of Ay, By
on Gaussian target 7 € BW(R?°). Left: KL-divergence Dxp(ux ||7). Middle: Squared 2-
Wasserstein distance W3 (j1x, 7). Right: Minimum eigenvalues Ay, (35) over the iterations.

1. 7 is a Gaussian target, corresponding to a quadratic potential V. In this case, V is con-
vex and L-smooth, so both BWAdaGVI and FBGVI (Diao et al., 2023) enjoy provable
guarantees.

2. 7 is the distribution of the response variable in log-link Gamma regression, a generalized
linear model. Although the canonical link for Gamma regression is the inverse function,
the log-link is often preferred due to the unfavorable behavior of the inverse (Czado, 2004,
Page 21). In this setting, if

}/i | Xi Nd F(Shape = q, scale = eXp(z)) 7
o

then the corresponding potential is

¢
V(8) = az (YZ exp(—X;'0) + XZ»TH).
i=1
Typically, the shape parameter « is either assumed to be known (e.g., « = 1 corresponds
to exponential regression) or replaced by an estimate. For this experiment, we assume
it is known. Notably, due to the exponential dependence on 6, this potential is not L-
smooth. Consequently, FBGVI (Diao et al., 2023) lacks a theoretical guarantee in this
setting, whereas BWAdaGV]I continues to provide one, as condition (16) is satisfied.

We chose the same Ay, By, and By, as in Section 5.1. For the Gaussian target task, we used V(z) =
%(m — ,um,e)TEfule (2 — fiyrue ) for randomly generated figye and 10771 < Sye < I on R™ x PSD(n)
with n = 20. This problem has 1-smooth target log density. The experiment results are aggregated
in Figure 2. Note our method outperforms FBGVI even when the task is geodesically L-smooth.
This is due to the fact that the adaptiveness allows to choose the stepsizes at each step which may
not be valid globally but valid locally.

For Gamma regression task, we used X; ‘<% N(0,1,) and V; | X; ‘&' T(5,eX/9/5) for i =
1,...,50 and n = 25. Again, Figure 3 shows that our method outperforms FBGVI with various
step size selections s = 1/3,1/6,1/12. In particular, 1/6 was in fact the numerically optimal
stepsize for FBGVI among our experiments. In addition, we observe that, in both experiments, the
smallest eigenvalues remain uniformly bounded away from zero.

G.2 ADDITIONAL EXPERIMENTS ON THE SPHERE

We additionally demonstrate the numerical strength of our algorithm on Rayleigh quotient maxi-
mization problem, a standard benchmark task on non-negatively curved manifold. While this prob-
lem is not geodesically convex, RGD methods have shown strong empirical performance (Alimisis
et al., 2021; Kim & Yang, 2022). In this regard, we provide the numerical experiments on this
problem. Given H € Sym(n), Rayleigh quotient maximization problem is written as follows:

1 T
i =——-z Huz.
Jin, J(@) = —g0 He
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Figure 3: Comparison between FBGVI (Diao et al., 2023) and our methods on Gamma regression
target w with £ = 50,n = 25. Left: F(ug) — Fin, Where Fripn is the minimum value among all
experiments. Right: Minimum eigenvalues A,i, (X%) over the iteration.

Rayleigh quotient —0.5x7Hx target over the iteration.
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Figure 4: Rayleigh quotient maximization. The stepsize was chosen by 1/L with L = A\pax(H) —

)\min

The above function f is geodesically Amax(H) — Amin (H)-smooth (Kim & Yang, 2022, Proposi-
tion 7.1), while not geodesically convex. Hence, we note neither RGD nor RAdaGD provides the
theoretical guarantee. For numerical experiment, We considered n = 1000 and H = %(B + BT)

where the entries of B € R™*™ were randomly generated by the Gaussian distribution N (0,1/n).
This setup is the same setup as in Kim & Yang (2022, §7). For RAdaGD, we considered the same
instance as in Lemma 5.1. The result is displayed in Figure 4. We observed numerical strength of
our method.

G.3 ADDITIONAL EXPERIMENTS ON HADAMARD MANIFOLDS

While our primary motivation is the GVI problem, we also demonstrate the applicability of our
method on Hadamard manifolds i.e., non-positively curved manifolds. Our algorithm is particularly
suitable here: as discussed in Section 3, geodesic smoothness is highly restrictive on Hadamard
manifolds, whereas the C? condition remains general.

For the experiments on Hadamard manifolds, we consider two parameter choices: the benchmark
parameters from Lemma 5.1, and an alternative set derived from Corollary 4.8 which can cope with
unknown (.

Lemma G.1. Assume that { < oo. Then Ay, = 2(k +2)%! +2, B, = 2(k +2)°, and By, = aBy,
with a = 0.999 satisfy the conditions in Corollary 4.8.

Proof. The verification of (10) can be done in almost the same way as in Lemma 5.1, whose proof
we provide in Appendix E.1.1. The only difference is that lim_, (g—: + Bj“—:l) o (i + 1)_1,
instead of 1.
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What remains is to show that limkﬂoo(Bk — By) = oo, which is clear since

k— o0

Br—Bp=(1—a)B, =0.001 x 2(k +2)% /2 .

G.3.1 OPTIMIZATION ON LOG-DETERMINANT FUNCTION

In this section, we focus on the optimization problem on SPD(n). While Bures-Wasserstein (BW)
metric provides one specific geometry on SPD(n), many algorithms lose its theoretical guarantee
under BW metric due to the geodesic incompleteness of the space (Han et al., 2021; Thanwerdas
& Pennec, 2022a; Thanwerdas, 2022). On the other hand, there is another geometry on SPD(n)
called Affine invariant metric (Fillard et al., 2005; Pennec et al., 2005). This metric is defined by
dar(A, B) := |[log A=Y/2BA~Y/2||  and (S,R), = tr(A~*SA'R) for S, R € Sym(n). This
metric induces non-positively curved geometry on SPD(n) with geodesic completeness and the
curvature bound [—1/2, 0] (Criscitiello & Boumal, 2023a). There is a family of functions under this
geometry where the assumptions of our methods are met.

Proposition G.2. For any C*? convex function ¢ : R — R, the functional fs(X) = ¢(log det X) is
locally geodesically smooth and generalized geodesically convex on (SPD(n), day).

Proof. First, we consider g(X) = logdet X. We first show for any arbitrary base B and X,Y €
SPD(n),

9(Y) — g(X) = (T'§ Grad g(X),logg Y —logg X ). (43)

To verify this, first observe that Grad g(X) = X. This can be verified by the definition of Rieman-
nian gradient. Riemannain gradient is defined by the operator satisfying for all H € Sym(n)

tr(X ! Grad g(X)X 'H) = (Grad g(X), H) y = dgx(H) = tr(X ' H).

For the last inequality we used the well-known formula for the derivative of log-determinant func-
tion. Since X € SPD(n), this implies Grad g(X) = X.

Next, we show Ff}X = B. To check this, from the definition of the parallel transport in
(SPD(n), dar) (Nguyen, 2022, Supplement 1.1),

X = (BX H2x(BXx HY)T = B.

Hence,

(I'¥X,logg Y —logg X) = (B,logg Y) — (B, logz X) .
Now, for any matrix M, from the definition of the Riemannian metric on d 4 and logarithmic map
(Nguyen, 2022, Supplement 1.1),

(B,logg M) = tr(B~logg M) = tr(B~Y/?log(B~Y2M B~'/?)BY/?) = tr(log(B~Y/2MB~1/2))
=logdet(B~Y2MB~Y/?) = —logdet B + log det M.
Therefore,
(I X,logz Y —logp X) =logdetY —logdet X = g(Y) — g(X)
which shows (43).
Now we are left with the ¢ part. By the convexity of ¢,
¢og(A)—pog(B)>¢'(9(B)(9(A) — g(B)) = ¢'(9(B)) (I'z Grad g(B),logc A — log¢ B)
= <F% Grad(¢ o g)(B),loge A —log B)

where the last equality is from the chain rule and linearity of the parallel transport and gradient. This
completes the proof.

For the local geodesic smoothness, since (SPD(n),d4;) is the smooth and geodesically complete
Riemannian manifold (Thanwerdas & Pennec, 2022b), Theorem 3.3 is applicable. As discussed in
the proof of Proposition 5.3, the differential structure of the manifold is invariant with the Rieman-
nian metric, and one gets the desired result by the smoothness of log det(-). Since ¢ is C and log
and det are smooth on SPD(n), fs is C2. O
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Target f(X) = log det X — 1] over the iteration. Target f(X) = log det X — 1] over the iteration. Target fiX) = tr(XC) — logdetX over the iteration.
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Figure 5: Comparison between RAdaGD and various stepsizes RGD on SPD(n) for different tasks.
We set n = 50. We chose the RGD stepsize for non L-smooth tasks by the quantities that make the
RGD iterates stable. Left: f(X) = [logdet X — 1>. Middle: f(X) = |logdet X — 1|*. Right:
f(X) =tr(XC) —logdet X.

log det X coincides (up to an affine transformation) with the Gaussian entropy H discussed in Sec-
tion 5.1. Hence f,(X) corresponds to the entropy matching or regularization. Such functions
frequently appear in composite objectives as the penalty term. While the full composite may not
satisfy our theoretical assumptions, the fy(X) part does, and our method has shown strong empiri-
cal performance in these cases.

Accordingly, we report three experiments: two directly optimizing f(X) = [logdet X — ¢|* and
F(X) = [logdet X — ¢|* for some ¢ € R, which fully meet our assumptions in Theorem 4.5, and
the other optimizing the composite function f(X) = tr(XC) — logdet X for some C € SPD(n)
which, despite weaker theoretical guarantees, has important practical implications as a generaliza-
tion of linear semidefinite programming as well as the log-likelihood of Wishart distribution (Boyd
& Vandenberghe, 2004; Wang et al., 2010; Han et al., 2021). Note [logdet X — c|2 is geodesically
2n-smooth, while the other two functions are not geodesically L-smooth. The experiments are sum-
marized in Figure 5. Our method achieves either comparable or superior performances and shows
robustness to step-size choices.

G.3.2 FRECHET MEAN ESTIMATION

We show the validity of our method on Fréchet mean estimation (or barycenter) problem, which is
a standard benchmark in Riemannian optimization literature (Alimisis et al., 2021; Kim & Yang,
2022). Fréchet mean estimation problem is widely studied problem in non-Euclidean statistics. In
particular, Fréchet mean imposes favorable statistical properties on non-positively curved spaces
(Sturm, 2000; Bacék, 2014b; Yun & Park, 2023; Brunel & Serres, 2024; Kim et al., 2025a). For a

hadamard manifold M and for given {p1, ..., p,} C M, the empirical Fréchet mean over p; is
1 n
« = argmin f(x) := = dQJ:,i.
p g fla) =5 ; (x,pi)

This problem is known to be geodesically n-strongly convex (Kim & Yang, 2022, Proposition 7.2),
while not generalized geodesically convex. On the other hand, this function is C2 and thus locally
geodesically smooth, while not geodesically L-smooth. Hence, neither RGD nor RAdaGD guaran-
tees the convergence for this problem.

In this regard, we conduct experiments on Fréchet mean estimation problem on Hadamard mani-
folds. We analyze two experiments: one is SPD(n), which was what we used in Section 5, and the
other is the hyperbolic space. Hyperbolic space is widely used in machine learning for hierarchical
representation learning (Nickel & Kiela, 2017), and as a result Fréchet mean on this space is also one
of the standard benchmarks (Alimisis et al., 2021; Kim & Yang, 2022). The results are presented
in Figure 6. While not outperforming, our method is still comparable to the standard RGD on both
tasks.
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Figure 6: Comparison between RGD with different stepsizes and our method on Fréchet mean
estimation problem under different geometries. We chose L that makes the RGD iterates to be well-
defined. Left: SPD(10) with 10000 points. Right: H? with 1000 points.

H LLM USAGE
This paper made use of Large Language Models (LLMs) primarily for editing grammar, spelling,

word choice, and sentence clarity. In addition, LLMs were used occasionally to help with minor
coding tasks during the experiments.
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