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ABSTRACT

Entropy-based objectives are widely used to perform state space exploration in
reinforcement learning (RL) and dataset generation for offline RL. Behavioral en-
tropy (BE), a rigorous generalization of classical entropies that incorporates cog-
nitive and perceptual biases of agents, was recently proposed for discrete settings
and shown to be a promising metric for robotic exploration problems. In this work,
we propose using BE as a principled exploration objective for systematically gen-
erating datasets that provide diverse state space coverage in complex, continuous,
potentially high-dimensional domains. To achieve this, we extend the notion of
BE to continuous settings, derive tractable k-nearest neighbor estimators, provide
theoretical guarantees for these estimators, and develop practical reward functions
that can be used with standard RL methods to learn BE-maximizing policies. Us-
ing standard MuJoCo environments, we experimentally compare the performance
of offline RL algorithms for a variety of downstream tasks on datasets generated
using BE, Rényi, and Shannon entropy-maximizing policies, as well as the SMM
and RND algorithms. We find that offline RL algorithms trained on datasets col-
lected using BE outperform those trained on datasets collected using Shannon en-
tropy, SMM, and RND on all tasks considered, and on 80% of the tasks compared
to datasets collected using Rényi entropy.

1 INTRODUCTION

Reinforcement learning (RL) methods can successfully solve challenging tasks in complex envi-
ronments, even outperforming humans in a variety of cases (Mnih et al., [2015} |Silver et al., 2018)).
However, due to the online nature of standard RL algorithms and their reliance on informative, often
hand-engineered reward signals, RL methods are typically sample-inefficient and lack generalizabil-
ity to new tasks. Offline RL (Levine et al., [2020; [Prudencio et al., [2023)) is an alternative approach
that applies RL-based techniques to train policies entirely offline using static datasets of trajectories
collected from the target domain. The key innovation is that a single offline dataset can be relabeled
with a variety of different reward functions, enabling reuse of datasets to learn a variety of down-
stream tasks. This paradigm magnifies the importance of learning to generate datasets with diverse
coverage of the state space in hopes of covering regions that correspond to a wide a variety of down-
stream tasks |Yarats et al.| (2022). The design of existing algorithms for dataset generation (Pathak
et al.|[2017;|[Eysenbach et al.,|2018; [Lee et al.|[2019; Burda et al., 2019} [Liu & Abbeel, 2021} |Yarats
et al., 2021) relies on uncertainty metrics, such as entropy, to quantify the quality and control the
variety of state space coverage. This renders the choice of uncertainty metrics critical to the diversity
of datasets that can be achieved. While Shannon entropy (SE) and Rényi entropy (RE) have been
widely used as exploration objectives in RL|Hazan et al.|(2019); ILiu & Abbeel (2021)); Yarats et al.
(2021)); Zhang et al.| (2021)); 'Yuan et al.[ (2022), the variety of datasets that can be achieved using
them is limited. In the SE case this is due to the fact that SE provides just a single objective and
thus a single notion of optimal coverage (see Figure 2b). In the RE case, though its parametric form
provides a variety of notions of coverage, this coverage remains partial (see Figure 2b)) and comes at
the cost of instability arising due to its inherent discontinuity in parameter space (Suresh et al.|[2024)
and poor coverage for many parameter values (see Figure [I). Developing a family of exploration
objectives overcoming these issues remains an open question.

Recently, Suresh et al.| (2024) proposed behavioral entropy (BE), a novel generalization of classi-
cal entropies that composes SE with the probability weighting functions widely used in behavioral



Under review as a conference paper at ICLR 2025

[_Agent ]  [Probability Perception | [Range of Entropies | [ pataset ] Offline RL (CQL) Performance
N(0,1) ‘ 1000 I
[ Shannon wnlbogs 800
Shannon Agent Standard density standard entropy standard coverage -
g 600
N(0.1) - ’r g
v & 3
o o4 > W g
; ' , 2 400
[ ] / e NG fg=11 &
Rényi Agent standard density partial range of entropies unstable coverage
— 200 I
w(N(0,1)) X
( ) D 0 ™ o
[ ] e, i RS “'(, — 5.0 Walker Run Stand Walk
Behavioral Agent ; ; ; ;
reweighted density full range of entropies diverse coverage == Shannon BE m— Renyi

Figure 1: (Left) Comparison of Shannon entropy, Rényi entropy, and behavioral entropy (ours) and their
effects on dataset generation, shown in PHATE plots, when used as an exploration objective. (Right) Perfor-
mance comparison of an offline RL algorithm (CQL) for three downstream tasks on datasets generated using
Shannon, behavioral entropy (ours), and Rényi entropy for the parameter ¢ = 1.1 shown in the left-hand figure.

economics to model human decision making (Dhamil, 2016). In[Suresh et al.| (2024), the authors rig-
orously established two key facts: (i) BE is a valid generalization of the classical notion of entropy,
and (ii) BE provides the most general notion of entropy to date in the sense that its parametric form
captures a wider range of valid generalized entropies than existing parametric families of entropies,
such as RE. The first property guarantees BE is smooth in its parameter and attains its maximum
on the uniform distribution, which is critical for exploration and data generation applications aim-
ing for uniform coverage. The second property stems from BE’s definition in terms of probability
weighting functions (Prelec| [T998)), the use of which allows it to achieve a broader range of entropies
than comparable methods (see Figure[T). As[Suresh et al](2024) experimentally demonstrated on
robotic exploration problems, when BE is used as an objective this flexibility induces diverse ex-
ploration policies ranging from those providing coarse and widespread coverage of the environment
to dense and focused coverage, achieving the best performance and the widest variety of coverages
in discrete probability spaces compared with SE and RE. Together, these results establish BE as a
principled alternative to existing exploration objectives that provides a rich variety of exploration
behaviors and state space coverage. However, the current formulation of BE is restricted to discrete
probability distributions and the experimental evaluation provided in [Suresh et al.| (2024) limited to
classical, planning-based solutions to discretized, two-dimensional robotic exploration tasks. This
impedes the applicability of BE to more complex problems.

In this paper we propose using BE as a principled exploration objective for systematically gener-
ating datasets that provide diverse state space coverage in complex, continuous, potentially high-
dimensional domains. We hypothesize that using BE in this way will lead to superior offline RL
performance on BE-generated datasets compared with objectives providing an inferior diversity of
coverage, particularly SE and RE, but also the widely used Random Network Distillation (RND)
(Burda et all 2019) and State Marginal Matching (SMM) algorithms. There are
three primary challenges to using BE in this way: (i) a continuous-spaces version of BE must be for-
mulated; (ii) principled estimators for BE that enjoy theoretical guarantees while remaining tractable
in continuous, potentially high-dimensional settings must be developed; (iii) practical RL methods
for training BE-maximizing policies must be derived. We address all three of these challenges in
this work, then use the resulting RL method to generate datasets providing a rich variety of state
space coverage for subsequent offline RL. We experimentally confirm our hypothesis, demonstrat-
ing that BE-generated datasets lead to superior offline RL performance over SE, RE, RND, and
SMM datasets, and that offline RL methods enjoy better data- and sample-efficiency when applied
to BE- and RE-generated datasets compared with existing benchmarks. Our main contributions are:

» Behavioral entropy estimation in continuous spaces. We propose a version of BE appli-
cable to continuous probability distributions, derive k-nearest neighbor (k-NN) estimators
for BE with general probability weighting functions, and provide convergence guarantees
and probabilistic bounds characterizing the bias and variance of these estimators.
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Figure 2: Visualizations of probability weightings (left) and superior expressiveness of BE (right).

* Exploration and data generation via RL-based BE maximization. We derive practical
BE-maximizing exploration objectives and experimentally illustrate their effectiveness to
generate datasets with diverse levels of state space coverage in unsupervised RL settings.

* Offline RL performance on BE-generated data. We experimentally evaluate the perfor-
mance of offline RL algorithms for a variety of downstream tasks on BE, RE, SE, RND, and
SMM datasets. We find that BE datasets lead to superior offline RL performance over SE,
RE, RND, and SMM, and that offline RL methods enjoy better data- and sample-efficiency
when applied to BE- and RE-generated datasets compared with existing benchmarks.

2 BEHAVIORAL ENTROPY IN CONTINUOUS SPACES

Behavioral Entropy. The various notions of entropy that have been studied in the literature since the
initial work by (1948) quantify the uncertainty inherent in a random variable by measuring
how evenly distributed its associated probability density is over its support. Let X be a discrete
random variable over a finite set of M elements, and let p denote its probability mass function
(p.m.f.). Two classical and widely used entropies are the Shannon and Rényi entropies

1948; [Rényil, [1961)), given respectively by

1

(1) .

M M
H%(X) == log(p:)ps, HJ(X) = log» pl, q¢>0,g#1. (2
=1 =1

These entropy functionals, along with others such as Tsallis entropy [1988), belong to the
class of admissible generalized entropies satisfying the first three Shannon-Khinchin axioms (see
(Amigd et all, [2018)) for details). These axioms ensure that an entropy functional is well-behaved
by ensuring their continuity, stability with respect to addition or removal of known outcomes, and
maximality of the uniform distribution.

As mentioned in the introduction, the recent work (Suresh et al.| [2024) proposed composing Shan-
non’s entropy with the probability weighting functions widely used in behavioral economics to en-
code human cognitive and perceptual biases. The composition of Shannon’s entropy with Prelec’s
probability weighting function yielded BE, an admissible generalized entropy that
provides a tractable mathematical formalism for incorporating helpful human biases into uncer-
tainty quantification via entropy. The probability weighting functions used to encode human biases

are defined as follows (see (Dhamil, 2016, Ch. 2.2)).
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Definition 1. A function w : [0,1] — [0,1] is said to be a probability weighting function if it is
continuous, strictly increasing, satisfies w(0) = 0 and w(1) = 1, and has a unique, continuous, and
strictly increasing inverse.

The most widely used probability weighting function, and that which was the focus of [Suresh et al.
(2024), is Prelec’s probability weighting, given by

w(z) = e~ B(=logn)® 3> 0. 3)

Prelec’s function is smooth in both the probability and parameter space and has the ability to control
the fixed point and shape of the weighting function (see (Prelec| |1998; [Dhamil 2016) for details).
Figure [2alillustrates its effect on a Gaussian density. Equipped with equation 3| |Suresh et al.| (2024}
proposed and studied the following.

Definition 2. Letting w be as in equation 3] behavioral entropy is given by

M
HP(X) == w(p;)log(w(p)). )
i=1
The parameter v controls the shape of the perceived probability curve, enabling a wide range of
probability perceptions (see Figure[2a)) and the resulting perceived entropies, as illustrated in Figure
Under the condition that 3 = e(1—)log(log(M)) equationwas shown in |Suresh et al.| (2024)
to belong to the class of admissible generalized entropies. With this conditioning, equation [3|allows
control of the third fixed point of w, which is critical for ensuring BE remains an admissible entropy,
whereas other probability weighting functions lack this property (Dhami, 2016) and do not generate
meaningful, admissible generalized entropies.

Interestingly, it was shown in (Suresh et al., 2024) that using BE over other approaches led to sig-
nificant acceleration of robotic exploration tasks as well as emergent search behaviors similar to
breadth-first and depth-first search, depending on choice of a.. These results indicate that BE holds
promise as an objective for a broad range of exploration tasks in complex environments, yet|Suresh
et al.|(2024)) only applied BE to discrete, binary random variables. To pave the way for the applica-
tion of BE to more complex problems, we now extend it to continuous settings.

Differential Behavioral Entropy. In this subsection we extend the definition of BE to that of
differential BE, providing a novel entropy functional that is applicable in continuous, potentially
high-dimensional spaces. Let f € A(X) be a p.d.f. over X C R?, where d € N*. We first recall
the differential versions of Shannon’s entropy and Rényi entropy of order ¢, where ¢ > 0,q # 1,
which are defined, respectively, by

HS(f) = - /X log(f(2))f(x)dz,  (5) HE(f) = —

1—¢

log/X flx)dz.  (6)

We will use these expressions in our experimental comparisons below and thus include them here
for easy reference. We next state the definitions of our continuous-spaces analogues of equation 4]

Definition 3. For an arbitrary probability weighting function w, differential generalized behavioral
entropy is given by

HP0(f) = [ Jogw((@))u(f))da. @

In particular, substituting Prelec’s probability weighting from equation [3] into equation [7] yields
differential behavioral entropy, given by

HEoB(f) :5/ e B10B @ (Zog f(x))*dz. ®)
X

It is important to note that, unlike Definition [I] for probability weightings in the discrete setting,
where w : [0,1] — [0, 1] in the continuous setting w must be generalized to w : [0, 00) — [0, 00)
to accommodate arbitrary densities, f. Desirable structural properties of w are described in the
detailed statement of Theorem [2]in the appendix. We will henceforth abuse both terminology and
notation by omitting “differential” when referring to differential entropies and by suppressing the
dependence of equation [8|on «, 5 when these are clear from context.
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3 k-NEAREST NEIGHBOR BEHAVIORAL ENTROPY ESTIMATION

We next turn to the problem of BE estimation in continuous, potentially high-dimensional spaces.
To accomplish this, we derive k-nearest neighbor (k-NN) estimates of BE along the lines of the
estimates studied in (Kozachenko & Leonenkol [1987} |Singh et al., 2003; [Leonenko et al., 2008;
Sricharan et al.| 2012} |Singh & Pdczos| [2016) and others for Shannon and Rényi entropy. The k-NN
family of nonparametric estimators enables estimation of arbitrary densities from a finite number
of i.i.d. samples in continuous and potentially high-dimensional settings, making them particularly
well-suited to the RL context considered in the following section. Let f € A(R?) be a probability
density function (p.d.f.) over R?, where d € R*. Let X1, X»,...,X,, ~ f(-) be n € Nt iid.
samples drawn from f. In (Loftsgaarden & Quesenberryl, [1965; Devroye & Wagner, [1977)) and
subsequent works it was established that, for suitably chosen n and k, a reasonable approximation
of f is provided by the k£-NN density estimator

A kl(d/2+1
10 = g

where Ry »(x) = || — N Nj(x)||, is the Euclidean distance between x and its kth nearest neighbor
among {X1,...,X,} and I'(z) = [;°t* ‘e 'dt is the gamma function. When z = X;, we will
write R; ., = Ry n(X;) for simplicity. A natural first approximation to Shannon entropy of f is
given by the plug-in estimator

©))

HY,(f) = *% > log f(Xi) ~ Ex,mp( [f logf(Xi)} = 7/ log f(z) - f(z)dz.  (10)
=1

With this in mind, the naive approach to estimating equation [7|for general w is via

AP (1) = == 3 w(f(X0) logw(f(X,)). (11

n -
=1

n

Since X; ~ f(-), however, the estimator of equation[L1]is biased, since

HE ()~ By [-0(F(X0) logw(f(X)] = - / _w(f(@)logw(f(x) - f(z)dr. (12)

>\>
>

Dividing by the approximation f yields the alternative, importance sampling-corrected estimator

() = = D o) logw(F(X0) (13
~ L’U} f 1 ogw f i = — w f T ogw f T f(m) X
~ EXiNf(') [f(Xl) (f(Xi))log (f(Xz))] /" (f(z))logw(f( ))f(x)d :

Though this importance sampling-corrected plug-in estimator will be biased for the same reasons
detailed in (Singh et al., 2003} Thm. 8) for H ;f »(f), for large n and suitable & equationprovides
a reasonable estimator of equation 8] as characterized by the following results.

Theorem 1. Suppose that k = k,, — oo, % — 0, and lfgn
Lipschitz, that f is absolutely continuous, and that there exist ¢y, co > 0 suchthat 0 < ¢; < f(x) <

co < 00, forall x € X. Then f[,f;f”(f) — HB(f) both uniformly and in probability.

— 0o as n — oo. Assume that w is

The result follows from the strong uniform consistency of f (Devroye & Wagner, |1977).

Though asymptotic guarantees like Theorem [I] are somewhat reassuring, in practice we will use
finite k£ in our k-NN estimators and therefore need a more fine-grained characterization of the bias

and variance. Unfortunately, for finite k, the approximator H ,E »“(f) remains biased as n — co

due to the biasedness of f for fixed k£ and the lack of a known bias correction procedure for our
BE approximator H,f;lw( f). This contrasts with the situation for simpler estimators like those for

Shannon and Rényi entropies, for which explicit bias correction terms are known (see |Singh et al.
(2003)); ILeonenko et al.[ (2008); [Singh & Poczos| (2016)). Nonetheless, we establish probabilistic
guarantees on the bias and variance of our proposed BE estimator in the following main result.
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Theorem 2. Suppose f and w satisfy suitable differentiability and continuity conditions. Then, for
€ > 0, it holds with probability 1 — ¢ that

O(%)g + O (2)310gn+\/1°g(:/5)> ifd > 2,

‘E[ﬁ:f#(f)}—HB’w(f)F 0(5) 10 logn + T%”) i 1a (14)
Var (I?,f;f’(f)) -0 (i) . (15)

The proof and a precise statement of the result are provided in the appendix. Equipped with the k-
NN estimators and theoretical guarantees derived in the foregoing, we next turn to their application
in the RL setting.

4 BEHAVIORAL ENTROPY IN THE REINFORCEMENT LEARNING CONTEXT

In this section we leverage the k-nearest neighbor generalized behavioral entropy estimates devel-
oped in the previous section for general probability weightings to derive a practical reward function
that can be used in conjunction with standard RL methods to maximize behavioral entropy of an RL
agent’s state occupancy measure.

Behavioral Entropy as an RL Objective. State occupancy measure entropy has been used as an
exploration objective for RL in a wide range of previous works (Hazan et al.,|2019; |Liu & Abbeel,
2021} Yarats et al.,[2021;Zhang et al.} 2021;Yuan et al.,|2022). In order to formally define behavioral
entropy for state occupancy measures in this context, we first provide preliminary background on
Markov decision processes (MDPs). Let an average-reward MDP M = (S, A, p, ) be given, where
S is the state space, A is the action space, p : S x A — A(S) is the transition probability kernel
mapping state-action pairs (s,a) € S x A to probability distributions p(-|s,a) € A(S) over the
state space, and r : S X A — R is the reward function. Given a policy 7 : S — A(A) mapping
states to probability distributions over the action space, M evolves as follows: at timestep ¢ € N,
the system is in state s;, action a; ~ 7(+|s¢) is selected and executed, a reward r; = r(s¢, az) is
received, the state transitions according to s¢;11 ~ p(+|s¢, at), and the process repeats. To each
policy 7 is associated the long-run average reward J(m) = limp_, %Eﬂ[zz:ol r;], and the goal
is to determine an optimal policy 7* = arg max,. J(m).

Under mild conditions on the transition kernel and policy (see (Puterman, [2014)), each policy 7
induces a state occupancy measure d,(-) € A(S) capturing the long-run state visitation behavior
induced by m over S. When S is continuous, for a measurable subset B C S we have d.(B) =
lim;_,o P(s; € B). We will henceforth assume that each measure d,; has a corresponding p.d.f.
and abuse notation by denoting the value of this p.d.f at s by d,(s). |'| State occupancy measure
entropies can be obtained by directly substituting f = d, and X = S in the entropy definitions in
equation 3] equation[6] and equation[8] In particular, the behavioral entropy induced by 7 resulting
from this substitution in equation[§]is given by

HBB(d,) :5/ e~ A loeld= (D)™ (_log d, (s))*ds. (16)
S

We propose to use equation [16|as an exploration objective. To achieve this, we leverage the k-NN
estimator of equation[I3]developed in the preceding section to derive a reward function 7 such that
J(m) ~ HP*P(d,) in the following subsection.

Behavioral Entropy Reward Derivation. We next build on the k-NN estimator of equation
to derive a practical reward function 7 such that J(7) ~ HP5(d.). Our derivation is similar to
the reward derivations followed in (Liu & Abbeel, 2021} [Yarats et al., 2021) for Shannon entropy
and (Yuan et al.,|2022) for Rényi entropy. Once we are equipped with this reward, we can leverage
existing RL methods to learn behavioral entropy-maximizing exploration policies. Let s1,..., s, ~

'Similarly, 7 induces a state-action occupancy measure A\ (s,a) = dr(s)m(als). In this work we focus
on state occupancy measures, but all results and methods can be extended to apply to state-action occupancy
measures in a straightforward manner.
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d(-). Substituting f = d, and s; = X into equation@ fori = 1,...,n, we have that c?,r(sl) =
kT(d/2+1)/nm¥/2RY, ., where R; i, = ||si — NNj(s:)||, and N Ny (s) denotes the k&-NN of s;

i,k,n’
within {s;}i=1. .. Recalling that w(z) = e~#(—198(@)” 'we can write
w(dy (s;)) = e~ (= oahT(@/24 1) —log(nn /2R )])” (17)
— e_ﬂ(dIOgRi,k.n“l'Dk,n)a, (18)

where Dy ,, = —log(kI'(d/2 + 1)) + log(nr?/?) = log ((nm%/?)/(kI'(d/2 + 1))). Substituting
equation[I8]into equation [[3] gives

n

1 1

PP (de) = —— 3 ———w(dn(s:)) log w(dx (s,)) (19)
ni dﬂ(si)
3 n nﬂd/QRfkn —B(d10g Ri xn+Dp.n)® o
=Cy —_bhn 08 Ri.knt+Den)” (dlog Ry 1 n + Di 2
n;kf(d/Z—i—l)e (d1og Riein + Din)™  (20)
1 < o
o — Y Ry pe skt Do) (dlog Ry g + Din)” 2D
=1
1 — N
o RY —B(dlog Ri k.n)™ (4] Rign)". 22
X nz ¢ hn€ (dlog Ri k.n) (22)

i=1

where the approximate proportionality in equation 22] follows from the fact that, under suitable
conditions on n, k (see, e.g., Theorem [T) the contribution of Dy, to the value of equationis

negligible. Since E[H ,f ;LO"B (d)] =~ HB>8(d,) by Theorems |1|and [2| and since equation [22]is
approximately proportional to H ,f o B (dr), equation [22|suggests
7(s,a) = ||s = NNu(s) ||y e /4108l NN O (dlog ||s — NNy (s)]],)" (23)

as a suitable proxy reward for maximizing behavioral entropy in an RL context. For numerical
stability, we follow (Yarats et al., 2021} Liu & Abbeell [2021)) by making the additional simplification
of setting d = 1 and adding a constant ¢ > 0 inside the logarithms to obtain

f/‘(s7 a,) = ||3 — NNk(3)||2 e*ﬁ(log(”S*NNk(S)|‘2+C))a (log(Hs — NNk(S)”Q + C))a . 24)

Armed with this reward, any standard RL method can be applied to learn exploration policies ap-
proximately maximizing the behavioral entropy of equation A visualization of equation [24] with
a comparison to the SE reward function is provided in Fig. ﬁl the appendix. We apply equation[24]
to the problem of exploratory data generation for subsequent offline RL in the next section.

5 EXPERIMENTAL RESULTS

The experiments pre-

sented in this section (Epvironment Task | BE RE SE RND SMM
(i) provide qualita- Walker Stand | 990.38 983.93 95493 947.89 496.09
tive insights into the Walk | 904.66 87820 895.89 73577 409.46
state space coverage Run | 385.07 440.53 360.64 341.03 140.29
achieved by policies ™ Guadruped  Walk | 845.31  776.64 755.79 699.22 425.11
that maximize BE, Run | 52232 49075 490.46 490.66 27538

RE, and SE, and (ii)

examine the utility of Taple 1: Comparison of best offline RL performance across all datasets, training
BE-maximizing poli- seeds, and offline RL algorithms.

cies for performing

offline dataset generation for subsequent offline RL compared with datasets generated using the SE
and RE objectives and datasets generated using the RND and SMM algorithms. The state space
coverage visualizations that we present suggest that BE-generated datasets achieve a wider variety
of coverage than RE- and SE-generated datasets, and that the RE objective is unstable as a function
of ¢ and provides poor coverage for ¢ > 1. We also provide coverage visualizations for RND and
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SMM datasets in the appendix. In our offline RL experiments, we demonstrate that offline learning
on BE datasets leads to superior performance over SE, RND, and SMM datasets on all five tasks,
and superior performance to RE datasets on four out of five tasks (see Table[T).

Experimental Setup. For our experiments, we generated BE, RE, SE, RND, and SMM datasets for
the Walker and Quadruped environments using the Unsupervised Reinforcement Learning Bench-
mark (URLB) framework m @ﬁﬂ We subsequently generated t-SNE plots
& Roweis, 2002) and PHATE plots (Moon et al, [2019) from the BE, RE, SE, RND, and SMM

datasets to visualize their varying state space coverage. Finally, we performed offline RL trainin [ﬁ

on all datasets using the Exploratory Data for Offline RL (ExORL) framework (Yarats et al., 2022
We emphasize that the datasets we generated contained just 500K elements, only 5% as many as the
10M-element datasets considered in the ExORL framework (Yarats et al., [2022), and that we per-
formed just 100K offline training steps, only 20% of the 500K performed in ExXORL. Despite these
limitations, we achieved comparable performance to that achieved in (Yarats et al.} 2022)), indicating
that using BE-generated data for subsequent offline RL leads to significant improvements in both
data- and sample-efficiency.

Dataset Generation and Visualization. For
dataset generation, we used the Active Pre-

Training (APT) algorithm (Liu Abbeel, . v
implemented in the URLB framework .‘*, - * T~ .

to maximize BE using the reward proposed in o A, R X
equation [24] for various values of «, RE us- L a=02 Ca=05 Yla=07

ing the reward proposed in [Zhang et al.| (2021)

for various values of ¢, and SE using the de- 4 _
fault reward from|Liu & Abbeel|(2021). Specif- . . )
ically, for behavioral and RE we considered |4 .. ;
a € {0.2,0.5,0.7,0.9,1.5,2.0,3.0,5.0} and Ly LA
g € {0.2,0.5,0.7,0.9,1.1,2.0,3.0,5.0}.For =09 - a=15
each of the « and ¢ values, as well as for SE, we
trained APT on the corresponding reward for ll :
I

500K pretraining steps on both the Walker and
Quadruped environments, collecting the result- p..38
ing trajectories to form our datasets. This re- SR o0 4 :‘; 3.0
sulted in 17 datasets for each environment, for
a total of 34 datasets. To ensure a fair com-
parison across entropies, for the APT hyperpa-
rameters we used the default URLB pretraining
hyperparameter values across all datasets (see
Table 2] in the appendix). For the datasets gen-
erated using the Random Network Distillation

(RND) (Burda et al.} 2019) and State Marginal
Matching (SMM) |Lee et al.| (2019) algorithms,

we similarly trained for 500K pretraining steps
and for consistency we used the same RND and
SMM hyperparameters considered in URLB.

(a) PHATE plots for BE for Walker.
q=102 =05 ¢=07

j:- l'.' - -
g T 3
P - A '

To provide qualitative insight into the state () pHATE plots for Renyi for Walker. Coverage for
space coverage of the SE, RE, and BE datasets, ¢ = 3.0, 5.0 similar to ¢ = 2.0.

we generated two-dimensional ¢-SNE

Roweis|, 2002) and PHATE 1, Figure 3: PHATE plots for Walker tasks.
2019) plots of the trajectories they contain}| We
also generated ¢-SNE and PHATE plots for the RND and SMM datasets, pictured in Figure [12]in
the appendix. While ¢-SNE has been previously used to visualize RL trajectory data
[2021)), to our knowledge this is the first time PHATE plots have been used to visualize such data.

Zhttps://github.com/rll-research/url_benchmark

*https://github.com/denisyarats/exorl

*10K representative samples from each dataset were gathered uniformly, totaling 170K samples for each
domain from 17 datasets. ¢-SNE and PHATE were implemented on this aggregated 170K-element dataset to
ensure uniformity in projections for each dataset and then correspondingly represented individually for clarity.


https://github.com/rll-research/url_benchmark
https://github.com/denisyarats/exorl
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PHATE tends to better retain global structure such as the temporal nature of trajectory data, while
t-SNE obscures it (Moon et all 2019). Figure [3] indicates that while both BE and RE-generated
datasets provide more flexible levels of state space coverage than SE, BE-generated datasets achieve
a wider variety of coverage than RE. See the appendix for ¢-SNE and PHATE plots for the remaining
datasets. Importantly, these plots indicate that the RE objective is unstable as a function of ¢ and
provides poor coverage for ¢ > 1, while the level of coverage provided by BE varies smoothly in «.
We provide experimental support for this in the following section, where highly unstable offline RL
performance on RE datasets and the contrasting stability on BE datasets is illustrated in Figure 4]
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Figure 4: Comparison of offline RL performance over the entropy objectives used in dataset generation. Plots
show mean and standard deviation over five seeds. Dotted line shows performance of RL policy trained online
until approximate optimality.

Offline RL Experiments. We compared the TD3, CQL, and CRR offline RL algorithms
et all 2018} [Kumar et al, 2020} [Wang et al.| 2020) implemented in the ExXORL framework on the
datasets generated as described above for all eight « values and for ¢ € {0.2,0.5,0.7,0.9,1.1}.
We omitted offline RL training for RE datasets with ¢ € {2.0,3.0,5.0} after observing in initial
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trials that performance was no better than for ¢ = 1.1 and typically worse (see poor performance
on ¢ = 1.1 datasets in Figure ). To gain insight into the effect of using larger datasets, we also
considered a 3M-element SE-generated dataset. Altogether we considered 17 datasets: eight BE,
five BE, two SE, and one each for RND and SMM. On the Walker datasets we considered the Stand,
Walk, and Run tasks, while on Quadruped we considered the Walk and Run tasks. For each of the
5 x 17 = 85 task-dataset combinations, we trained each of TD3, CQL, and CRR for 100K offline
training steps, evaluating performance every 10K training steps. For each of the 255 task-dataset-
algorithm combinations, we repeated this training process for a total of 5 different seeds, resulting
in our training 1275 offline RL policies altogether. To ensure a fair comparison across all entropies,
we used default EXORL hyperparameter values across all datasets (see Table[3]in the appendix).

As summarized in Table [T} offline RL training on BE-generated datasets leads to superior perfor-
mance over SE-, RND-, and SMM-generated datasets on all five tasks we considered, and superior
performance to RE-generated datasets on four out of five tasks. Figure[]provides a detailed overview
of the experimental results for o € {0.2,0.5,0.7,0.9,1.5} and ¢ € {0.2,0.5,0.7,0.9,1.1} (com-
plete results for all « values are shown in the appendix). This figure illustrates that BE-generated
datasets lead to significantly better performance over the other methods on Quadruped Walk and
Walker Walk for the best-performing « values, while offline RL performance on RE datasets for
the best-performing values of ¢ is only slightly below that of BE datasets in Quadruped Run and
Walker Stand. These trends hold across all algorithms for each of the tasks. On Walker Run, the
best-performing RE parameter clearly leads to superior offline RL performance over both BE and
SE datasets in the TD3 and CQL trials, but performance on BE datasets is again better than on RE
datasets in the CRR trials. Performance on SMM datasets is clearly inferior across all tasks consid-
ered. Performance on RND datasets is inferior on Walker tasks, but is almost competitive with BE on
Quadruped tasks. Interestingly, the 3M-element SE datasets lead to strong downstream performance
on Walker Stand and improved downstream performance over the S00K-element SE datasets on the
Walker Stand and Run tasks, but the 3M-element SE datasets actually lead to worse performance
compared with the S00K-element SE datasets on both Quadruped tasks and TD3 performance on
Walker Walk. Overall, best offline RL performance on BE-generated datasets clearly exceeds best
performance on RE datasets on 13 out of 15 task-algorithm combinations and best performance on
SE, RND, and SMM datasets on 15 out of 15 task-algorithm combinations.

We observed sensitivity of performance to parameters o and ¢ as well as choice of offline RL algo-
rithm. Regarding the latter, notice in Figure[7]in the appendix that on Walker Walk the SE-generated
datasets are competitive with the average and best-performing BE datasets in the TD3 trials, while
BE datasets significantly outperform SE ones in both the CQL and CRR trials. On Quadruped Run,
on the other hand, performance on BE and SE datasets remains roughly the same across all algo-
rithms, while average RE performance is significantly worse (see appendix for average performance
plots for all tasks). These results suggest that offline RL algorithm performance depends in a com-
plex way on the choice of exploration objective used in dataset generation. Well-performing, flexible
objectives such as BE — and to a lesser but still significant extent, RE — therefore merit additional
study as tools for dataset generation for offline RL.

6 CONCLUSION

In this work we developed the theory and practice of behavioral entropy in continuous spaces, en-
abling the incorporation of human cognitive and perceptual biases into uncertainty perception in
complex, real-world scenarios. We first developed and analyzed k-nearest neighbor estimators for
BE with general probability weightings. We subsequently derived practical reinforcement learning-
based methods for maximizing BE under Prelec’s probability weighting in sequential decision-
making problems, enabling the use of BE as a state space exploration objective in the RL context.
Leveraging these algorithmic developments, we experimentally investigated the utility of BE for
dataset generation for offline RL. Our experiments demonstrate that BE-generated datasets lead to
superior offline RL performance over both Shannon and Rényi entropy-generated datasets, that BE
is stabler and therefore easier to use as an exploration objective compared with Rényi entropy, and
that BE-generated datasets lead to improved data- and sample-efficiency for offline RL over exist-
ing methods. As a limitation, due to the computational burden of dataset generation and offline RL
training for a nontrivial variety of « and g values additional environments and offline RL algorithms
were not considered. These limitations are important directions for future work.

10
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A APPENDIX

A.1 PROOFS

Fix a probability weighting function w and let g(y) = —% log(w(y))w(y). Fix ap.d.f. f € A(X),

where X C R? is compact. Fix n,k € N, and let X1,..., X, ~ f(-). Recall the definition of f
from equation@ Let ;1 denote the Lebesgue measure and B,(z) = {2’ € R?| ||/ — z||, < r}.

Define
170 = = [ tog(u(r@)ur@)ds [ glr@) s, es)
() = - Z T R X)) = 1 ig<f<xi>>, 26)
AL == 3 s (w60 = 13 ofx). @
Our goal is to establish a bound on the error
a5 ()] - HE()]. 28)

In general, for finite k, even as n — oo the approximator H f »(f) will remain biased due to the

biasedness of f for fixed k and the lack of a known bias correction procedure for our BE approx-
imator H ,f ~“(f). This contrasts with the situation for simpler estimators like Shannon and Rényi
entropies, for which explicit bias correction terms are known (see Singh et al.| (2003); |[Leonenko
et al.| (2008); Singh & Pdczos|(2016)). Nonetheless, in Theorem@] we are able to build on existing
results to establish a probabilistic bound on equation 28] We first recall the following result.

Lemma 1 ((Singh & Pdczos| [2016). Suppose that, for some & € (0,2], f is &-Holder continuous
and strictly positive on X. Suppose furthermore that there exists a function f, : X — RT and
a constant f* such that 0 < f.(z) < fBr(I)f(y)dy/,u(Br(x)) < ff<oo forallx € X,r €
(0,v/d), and assume that [;° e~z f(z)dz < co. Then

& [HE()] - HP ()| = 0 (fj)s @) Var (HP" (£)) = 0 (%) RN

The proof of this result follows directly from that of (Singh & Pé6czos|, 2016, Thm. 5) due to the
fact that H2-*(f) is an unbiased estimator of HZ*(f). Also note that the variance bound can be

trivially strengthened to apply to H ,f 2 (f) due to the fact that the latter is simply the sample average
of n 1.1.d., bounded random variables:

Corollary 1. Under the conditions of Lemma Var (ﬁ ,f (f )) =0(%).

n

It remains to characterize equation We first recall another useful result from the literature. For
a given set S C X, radius r, and m > 0, let A/ (S, 7) denote the covering number, the minimum
number of balls of radius 7 needed to cover S. Let ||-|[,, denote the operator norm.

Lemma 2 ((Zhao & Lai, [2022)). Suppose there exist Cy,Co, C3, Ny > 0 and 8 € (0,1] such that
the following conditions hold:

VQ
() HVJ{((;))Hz <Cy; (i) 7“ ;(:C))H"” < Oy (idd) V> 0,P(f(x) <t) < Cst?;
(iv) N {z|f(z) >m},r) < %, for some v > 0 and all m > 0.

Then, for € > 0, it holds with probability (w.p.) 1 — € that
@ (ﬁ)dlognnL\/log(:/e)) ifd > 2,
o leogn—l—\/bg:(,?/E)) ifd=1,2.

13

3D

(2) = f(2)] =

sup
xr



Under review as a conference paper at ICLR 2025

We are now in a position to prove our main result.

Theorem 2. Suppose f satisfies the conditions of Lemmas[I|and 2} Assume w is Lipschitz continu-
ous. Then, for e > 0, it holds w.p. 1 — ¢ that

o) +o((E) ogn+ \/1°g<,j/5)> ifd>2,

¢ (32)
O(E) +0( Elogn + 1°g<,§/5)> ifd=1,2.

B [820 ()] - HP ()| =

Proof. First notice that
[ [H0 (0] = 1B ()| < [ [ () = HE=(9)]| + B [HE= ()] - HE(5)]. 33)

The second term can be bounded using Lemma |1} so it just remains to bound the first term. Recall
that A" is compact, f is bounded strictly away from 0 on X, and w is Lipschitz. We therefore have
that g is the product of Lipschitz, bounded functions and is therefore itself Lipschitz on its domain.
Let K denote the minimal Lipschitz parameter of g. Rewriting equation [33]in terms of g, we obtain

~Bw w 1 & R
E[AZ%0 0~ HE (]| = | SE [o(f(x) - g(7(X0)] | (34)
i=1
1 n .
< =3 E[Jo(f(x0) - 9 (x0)] (35)
i=1
(a) .
=E [|g(f(x1) - g7 (X)) (36)
< KE [|f(x1) = £(X1)]] &)
< KE {sup ’ fla) - f(x)” (38)
where equation [a] follows from the fact that the X1, ..., X,, are i.i.d. An application of the law of
total probability and Lemma[2]to the last term completes the proof. O

14
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A2

HYPERPARAMETERS

Optimization hyperparameter

Value

replay buffer capacity
mini-batch size
agent update frequency
discount factor ()
optimizer
learning rate
critic target rate (7)
exploration stddev clip
exploration stddev value

10°
1024
2
0.99
Adam
1074
0.01
0.3
0.2

APT hyperparameter

forward net architecture
inverse net architecture
representation dimension
k in NN approximator
average top k in NN

(512 + dim(A)) — 1024 — 512 ReLU MLP
(2 x 512) — 1024 — dim(.A) ReLU MLP
512
12
True

RND hyperparameter

representation dimension
predictor, target network architecture
normalized observation clipping

512
dim(S) — 1024 — 1024 — 512 ReLU MLP
5

SMM hyperparameter

skill dimension
skill discriminator learning rate
VAE learning rate

4
10—3
10—2

Table 2: Data generation hyperparameters

Shared hyperparameter Value
replay buffer capacity 108
mini-batch size 1024
agent update frequency 2
discount factor () 0.99
optimizer Adam
number of hidden layers 2
hidden dimension 1024
learning rate 10~
critic target rate (7) 0.01
training steps 10°
TD3 hyperparameter
stddev clip 0.3
CQL hyperparameter
CQL-specific o 0.01
Lagrange False
number of sample actions 3
CRR hyperparameter
number of samples to estimate V' 10
transformation indicator

Table 3: Offline RL hyperparameters
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Figure 6: Ablation result comparing the effect of performing 100K vs. 200K offline RL training
steps on a 3M-element dataset generated using Shannon entropy as exploration objective. These
results suggest that performing additional offline RL training has only a marginal effect on down-
stream task performance.
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Figure 7: Offline RL results averaged over all «, ¢ values.

A.4 QUANTITATIVE COVERAGE EXPERIMENTS
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(b) Volumetric coverage for data generation on Quadruped

Figure 8: Visualization of evolution of smallest hypersphere radius 7 (normalized by the maximum
radius achieved over all datasets) over the course of data generation training step 7" for the Walker
and Quadruped domains. We refer to this coverage metric as volumetric coverage. Welzl’s algorithm
was used to determine the radius 7. 10K data points were sampled uniformly from every 50K
iteration increment and cumulatively added to get a total of 100K samples for 500K iterations.
Volumetric coverage varies considerably with the choice of parameters and data generation methods.
For the range of parameters « and ¢ that we considered, BE exhibits higher volumetric coverage than
RE on average on the problems under consideration. SE volumetric coverage was about average,
while RND and SMM volumetric coverage differed sharply across domains: RND outperformed all
other data generation methods on Walker, while SMM was not far behind; on Quadruped, on the
other hand, both underperformed. Values of ¢ < 1 enjoy higher volumetric coverage for RE on
both tasks, while values of & < 1 enjoy higher volumetric coverage for BE on Quadruped; since
¢ < 1,a < 1 tend to correspond to superior downstream offline RL performance (see Fig. [3), this
suggests volumetric may be positively correlated with performance on downstream tasks. We also
note note that RE with ¢ > 1 in general shows both poor volumetric coverage and poor qualitative
coverage (PHATE and t-SNE), which might correspond to its poor performance in all tasks. These
relationships are not conclusive, however, and further investigation is needed.
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A.5 ADDITIONAL QUALITATIVE VISUALIZATIONS

a=3.0

(a) TSNE plots for GBE for Walker

(b) TSNE plots for Renyi for Walker

Figure 9: TSNE plots for Walker
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(a) PHATE plots for GBE for Quadruped
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(b) PHATE plots for Renyi for Quadruped

Figure 10: PHATE plots for Quadruped
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(a) t-SNE plots for RND and SMM for Walker (b) t-SNE plots for RND and SMM for Quadruped
d SMM RND SMM RND

v

“

(c) PHATE plots for RND and SMM for Walker (d) PHATE plots for RND and SMM for Quadruped

Figure 12: Qualitative visualization of SMM and RND for data generation

A.6 BE REWARD FUNCTION VISUALIZATION
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Figure 13: Visualization of the BE reward function equation@by varying the parameter « with 3
conditioned according to (4) from (Suresh et al, 2024) with M = 512, denoting the representation
dimensions. These visualizations highlight the diversity and variety of rewards that can be obtained
by a BE-maximizing reward function (blue region) as compared to the single SE objective (dotted
black line).
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