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Abstract

Many real-world systems are organized as networks where spatio-temporal dynamics un-
fold along connections and not discretely between nodes. Examples include utility networks
such as water distribution systems or gas networks, electrical grids, and traffic flow net-
works. Such systems are naturally modeled as metric graphs, where edges correspond to
one-dimensional Euclidean subspaces connected at vertices. Metric graphs are independent
of an underlying global Euclidean space, limiting direct application of typical PINNs and
operator-learning methods. Especially transport dynamics like advection require a method-
ology able to capture antisymmetric and long-range dependencies on graphs, which is itself
a challenge. We propose a novel physics-informed message passing operator that encodes
linear advection on metric graphs as an inductive bias. In the purely advective setting, the
operator provably recovers the exact dynamics up to a theoretically derived discretization
error without any training. Combined with trainable components like MLPs, our mes-
sage passing operator extends to realistic advection-reaction dynamics in water distribution
systems, where we achieve superior performance compared to baselines and zero-shot gen-
eralization across different graph topologies.

1 Introduction

In the last years, physics-informed graph neural networks (GNNs) have shown impressive zero-shot general-
ization capabilities when addressing dynamical systems on conventional graphs (Thangamuthu et al., 2022).
However, many real-world systems do not exhibit discrete node-to-node dynamics. Instead, dynamics unfold
along connections between nodes. Examples include quantum dynamics, water distribution systems, gas
networks, electrical grids, and traffic flow networks (Bottcher & Porter, 2024; Rossman et al., 2020). While
a common approach is to discretize the domain and recover a conventional graph, metric graphs naturally
capture the geometry of these systems. In a metric graph, each edge is associated with a one-dimensional
domain — an interval of edge-dependent length — governed by edge dynamics, expressed as an ordinary dif-
ferential equation (ODE) or, more commonly, a partial differential equation (PDE). In combination with
suitable coupling conditions at nodes, such as continuity or conservation of mass or flux, this defines a
coupled system of PDEs (Bottcher & Porter, 2024; Blechschmidt et al., 2025).

We identify advection, i.e., the transport of a substance through the presence of a flow field, as the main
driver for common edge dynamics on a variety of application domains, such as utility networks like water
distribution systems (Rossman et al., 2020) and gas networks (Gugat & Herty, 2022), traffic flow networks
(Gugat et al., 2005), telecommunication networks, and blood flow through vascular systems (Bressan et al.,
2014). From the machine learning (ML) perspective, an intuitive approach is to model such dynamics
with GNNs. However, spatio-temporal advection-dominated dynamics on metric graphs pose well-known
challenges in the context of GNNs. First, the directional nature of transport requires antisymmetric message
passing. Second, spatial dependencies can become global over time, requiring long-range spatial integration.
Furthermore, sharp gradients and shocks are preserved and propagated rather than smoothed out as in
diffusion-dominated settings. These high-frequency signals cannot be captured by GNNs with inherent
over-smoothing characteristics.
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In this work, we make use of a suitable inductive bias for linear advection to overcome these challenges and
model the dynamics accurately on node level. More precisely, we avoid computationally expensive sampling
of function evaluations along each edge space by solving the linear advection PDE using the Method of
Characteristics (MoC) and integrating the results in an iterative message passing architecture. This enables
an efficient and exact realization of the linear advection dynamics while maintaining end-to-end adaptability
if observational data is available.

Contributions We propose metric graph advection message passing (MeGA-MP), a message passing neu-
ral network (MPNN) framework that provably models linear advection on a metric graph iteratively without
requiring learning. More precisely, we rigorously derive MeGA-MP directly from the underlying physical
priors and provide a theoretical bound on the discretization error (Section 3). We show how MeGA-MP
can be used as a numerical solver for the spatio-temporal node forecasting task on a large-scale and realistic
metric graph with advection edge dynamics and demonstrate its overall power by extending it with learn-
ing components to solve advection-reaction edge dynamics. Moreover, we investigate the effect of both the
purely physics-driven and the learnable components of the model in two ablation studies (Section 4). To
benchmark MeGA-MP against classical solvers, we use the 1-dimensional Euclidean domain as a special case
of a metric graph (Section 5). A browser-version of our model with live control over inflow conditions is
available online!.

Related Work MeGA-MP can serve as a standalone numerical solver for linear advection, expressed as a
physics-informed MPNN-architecture. This formulation also allows a straight-forward extension with learn-
able components into a trainable MPNN to solve more complex, advection-dominated problems on metric
graphs. This positions the work at the intersection of numerical PDE solvers for metric graphs, physics-
informed ML, and ML for metric graphs. In this order, we will now discuss relevant existing approaches.

Numerical methods for metric graphs largely are specifically designed for quantum graphs, i.e., metric graphs
with edge dynamics and coupling conditions associated with the self-adjoint Laplace operator (Arioli &
Benzi, 2018; Brio et al., 2022; Bottcher & Porter, 2024). Such works benefit from the rich existing theory
on the Laplace operator (Berkolaiko, 2017; Berkolaiko & Kuchment, 2013; Kuchment, 2003; 2005; 2008).
In particular, the Laplace operator on a metric graph with continuity and Kirchhoff-Neumann coupling
conditions has an orthogonal eigenbasis, which can be utilized in different ways, e.g., by eigenfunction-based
spectral solutions (Arioli & Benzi, 2018; Brio et al., 2022; Bottcher & Porter, 2024). Besides quantum graphs,
numeric approaches also exist for specific application domains, such as water distribution systems (Rossman
et al., 2020; Shang et al., 2023), gas networks (Gugat & Herty, 2022) or traffic networks (Bressan et al., 2014;
Gugat et al., 2005). For a broader overview of application domains and related numeric approaches, we refer
to Bottcher & Porter (2024). However, numerical approaches typically require discretization of the continuous
edge domains, resulting in large numbers of degrees of freedom and increasing computational and memory
costs as the spatial resolution grows. In addition, numerical solvers can become computationally demanding
when high spatial or temporal resolution is required. These challenges have motivated the development of
ML-based approaches for solving dynamical systems.

To this end, Raissi et al. (2019) introduced physics-informed neural networks (PINNs), a framework for
neural networks (NNs) that learns the unknown solution of a given PDE on a continuous time and space
domain. Since PDE solutions depend on configurations like initial conditions, boundary conditions, and
control signals, PINNs typically learn the solution to one such configuration. Neural operators (Kovachki
et al., 2023) address this limitation by learning a map from functions that configure a PDE to its solution.
Prominent examples include DeepONet by Lu et al. (2019; 2021) and a variation of neural operators by Li
et al. (2020a;b;c; 2024). The majority of these methods are developed for Euclidean domains and do not
directly transfer to metric graphs.

This issue was recently addressed in different works that apply domain decomposition techniques. This trans-
forms the learning problem into solving dynamics on multiple Euclidean domains — the edge spaces — while
constraining correct coupling at nodes. Blechschmidt et al. (2022) use edge-specific PINNs in such a setup to
solve drift-diffusion equations on metric graphs. Since PDE parametrizations are — in line with typical PINN
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setups — not a model input, the approach cannot generalize to changing conditions. Laczké et al. (2025)
apply PINNs in a Richardson iterative scheme to solve the time-independent Schrédinger equation on metric
graphs. This allows the graph structure to be excluded from model training, making the approach graph
agnostic. However, generalization to changing PDE parameters is limited. Blechschmidt et al. (2025) address
this by utilizing DeepONets and building a lego-like graph-agnostic architecture to solve drift-diffusion equa-
tions on metric graphs. However, this framework requires a node-level optimization procedure to determine
interface boundary values for each new problem instance, introducing additional computational overhead at
graph interfaces. Moreover, all edge dynamics considered in these works are diffusion-dominated and thus
accompanied by the aforementioned Kirchhoff-Neumann conditions — a coupling condition fundamentally
different to the ones required for advection-dominated edge dynamics.

An orthogonal line of work has shown that the discretization of PDEs in time and space yield powerful
physics-motivated MPNNs suitable for conventional tasks on graphs, such as node classification (Chamberlain
et al., 2021; Eliasof et al., 2021; Rusch et al., 2022; Choi et al., 2023; Eliasof et al., 2024), but they do not
directly address the continuous edge domains characteristic of metric graphs. The reason is the difference
in geometry between a conventional graph with discrete node-to-node relations vs. a metric graph with
continuous edge spaces. See Appendix A for a detailed discussion, which we recommend reading after the
next section.

The existing ML-based methods discussed above either learn solutions for individual PDE instances (PINNs),
rely on interface optimization procedures (DeepONet-based approaches), or are designed for conventional
graphs without continuous edge domains. In contrast, MeGA-MP directly embeds the numerical structure
of linear advection on metric graphs into an MPNN architecture, providing a graph-native framework that
can be extended with learnable components while preserving the underlying physical coupling mechanisms.

2 Background

The common use case for graphs in dynamical system modeling is as a means of discretizing a continuous
Euclidean domain 2 C R™, with nodes representing spatial locations and edges encoding proximity in €2. For
example, a grid is a graph that approximates a multidimensional Euclidean space, preserves the structure
of the continuum, and is commonly used when solving PDEs with numerical schemes (Brandstetter et al.,
2022). The same concept has also been adopted to formulate physics-motivated MPNN architectures such
as ADR-GNN by Eliasof et al. (2024). Such a setup is not practical in cases where dynamical systems govern
the evolution of signals in networks such as water distribution systems, gas networks, electrical grids or
traffic flow networks. Instead, metric graphs can be employed, as they naturally capture the topology of the
original domain. In particular, the edges e,, € E of a metric graph G = (V, E) are parametrized by lengths
luv > 0 and, potentially, capacities aw,, > 0, and are associated with one-dimensional Euclidean subdomains
Qo = (0,1y,) aligned with the edge direction. Here, the graph G describes the system Q := U, c gy of
such subdomains coupled at nodes V', which correspond to the boundaries 9y, = {0, l,, } of the edge spaces
Q. We visualize the difference between metric graphs and graphs that discretize an underlying continuous
space using the example of advection in Figure 10 in Appendix A.

Dynamical Systems on Metric Graphs In this work, we focus on metric graphs with associated dy-
namics that govern the spatio-temporal evolution of signals along the graph. We model this system as a
finite, connected, and symmetric directed graph G = (V, E) together with the following properties which link
signals ¢, : R = R>0,t > ¢, (f) and cyp 1 R X Qyy = R0, (¢, 2) = cuo(t, 2) over time R, at each node v € V
and along the edge space Q,, = (0,l,,) of each edge e,, € E, respectively.

1. The edge dynamics are usually governed by a PDE that describes the change of the signal ¢, over
time R and along the edge space €2, of an edge e,, € E, that is,

6 uv t7
Oeurl2) _ 1,2, cunn ) (1)
forall t € R, z € Qu, = (0,ly4,) and known functions or coefficients v, that parametrize the

edge-wise PDE function f.
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2. The coupling conditions define how signals propagate through nodes in between adjacent edge spaces.
Specifically, a node v € V can be understood as the boundary z = [, or z = 0 of multiple adjacent
edge spaces (2, or 2, aligned with the direction of the corresponding incoming or outgoing edge
euw € E or e, € E, respectively.

Advection on Metric Graphs We model the edge dynamics, i.e., Equation (1), as the linear advection
PDE
Ocuy(t, 2) Ocuy(t, 2) @)
ot 0z

which describes how the signal ¢, is transported in presence of a divergence-free flow field v,, : R — R over
time R and along the edge space €,,. The flow field additionally satisfies

V’uu(t) = Vv (t) (3)

and we use the convention that the sign of a flow velocity vy, (t) is positive (negative) if the direction of the
corresponding edge e, € E aligns (does not align) with the direction of the physical flow, i.e., if the physical
flow is from u € N'(v) tov € V (from v € V to u € N(v)).

= —Vu(1)

The coupling conditions for advection-dominated dynamics describe how signals propagate in-between dif-
ferent edge spaces. On the one hand, the mizing at nodes

ZUGJ\/f (v,t) Quo (t) " Cuw (ta lu'u)
Zue/\/, (v,t) Quv (t)

c(t) =

(4)

describes how signals propagate from edges into nodes. On the other hand, the inflow continuity condition
Cun(t,0) = ¢ (t) for all uw € N_(v,t) (5)

describes how signals propagate from nodes into edges and can be seen as the local inflow boundary condition
of the edge dynamics (Eq. (2)). In Equation (4), gu.(t) defines the flow rate guy = Qupluy : R = R from
(temporal) inflow neighbors u € N_(v,t) = {u € N(v) | vup(t) > 0} of v € V at time ¢t € R, that are
neighbors u € N (v) where at time ¢, the physical flow field is directed from u to v. For details, we refer to
Appendix A.

Remark 2.1 (Global vs. local boundary conditions). Note that Equation (4) and (5) define local boundary
conditions of the edge dynamics, i.e., Equation (2). In contrast, global boundary conditions of the overall
dynamical system of the metric graph G correspond to Dirichlet boundary nodes v € Vi, C V for which the
signal ¢, (t) is known at all times ¢ € R.

3 Method: Metric Graph Advection Message Passing

In this section, we cast the advection edge dynamics (Eq. (2)) and corresponding coupling conditions (Eq.
(4) and (5)) into a novel message-passing framework that only requires knowledge of the system states
¢ = (¢y)vev at nodes and the flow field v = (v )ecr along edges. This is based on the observation that
Equation (4) is a special case of message-passing (cf. Appendix B) in the form of

cy(t) = Z Wy () O(t, Euw, €, v) with
ueN (v)

ReLU(quo(t))
Zué/\/(v) ReLU(qu (t))

where w,, (t) are the normalized weights that select inflows g, (t) > 0 to v € V only and scale the messages
generated by the message function ¢. In the current formulation, this requires knowledge of the signal
Cuv (t, luy) at the outflow boundary of each edge space €, = (0, ly,). However, instead of explicitly solving
the dynamics along the edge spaces ) = U, ey, we derive a representation of ¢ that only relies on
signals ¢ at nodes V. This leads to the following general problem we are trying to solve.

(6)

Wy (t) =

and ¢(t76uvvcay) = Cuv(taluv)7
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Figure 1: Characteristic curves along the edge e,, € E: If a curve originates at node u at time t — t,,
and terminates at node v at time ¢, we call it a pass-through (dark blue). If the direction is reversed, we
call it inverse pass-through (light blue). If a curve starts and ends at the same node, we call it a self-loop
(dark orange) if that node is u and inverse self-loop ( ) if that node is v. The corresponding
transport time dt,, > 0 (right) denotes the duration between the curve’s start and end. The shaded area
(gray) in the background shows a high-concentration pulse entering the domain at node u, that is constant
along characteristic curves.

Definition 3.1 (Spatio-temporal node forecasting with global boundary conditions). Let Vi, C V be a
subset of global boundary nodes (cf. Remark 2.1) and T'= {t; e R|i € I = {1,...,n}} a set of discrete
times. For a fixed time ¢; € T, we define the history set Tyi(t;) := {t1,...,t;} with cardinality ny;(¢;) =
|Thi(t;)| = i and the future set Ty (t;) := {tit1,...,tn} with cardinality ng,(¢;) = [Tw(t;)] = n —i. For
simplicity, we omit the dependency of nyi, ng, Thi and Ty, on t; if ¢; is clear from the context. The
spatio-temporal node forecasting problem with global boundary conditions refers to the learning problem
((co())vev\vi,teTns> (Co(t))vevi temiuti)) — (Cu(t))vev\1h teTr» that is the problem of inferring the signal
c at times in the future set from the signal ¢ at times in the history set and at boundary nodes V4,.

Throughout the rest of this section, we propose MeGA-MP, a MPNN that solves this problem for advection-
dominated edge dynamics, where the signal ¢ usually refers to a concentration. More specifically, in Section
3.1, we derive advection message passing by relating the edge dynamics to message generation and the
coupling conditions to message aggregation and update. In Section 3.2, we present the overall MeGA-MP
algorithm taking numerical aspects due to the discretization of time (Definition 3.1) into account.

3.1 Physical Derivation of MeGA-MP

Characteristic Curves We model advection of the concentration cy, : R X Q,, = R>¢ over time R and
along the edge space Qy, = (0,ly,) in between two nodes v € V and v € N (v) as the transport process
governed by Equation (2) with incompressible flow field v, : R — R. In this case, by the Method of
Characteristics (MoC), we can derive characteristic curves along which the function ¢, remains constant
over time R and space €.

Lemma 3.2 (Constant concentration along characteristic curves). Let ey, € E hold. If the function cy,
obeys Equation (2), for each ty € R and zy € R, the curve

t
Vto.zo ¢ Ltozo — R0, t— cup (t,zo + [y Vuo(8) ds)
s constant.

An intuition on Lemma 3.2 can be found in Appendix C.1.1. Figure 1 (left) visualizes several characteristic
curves for an exemplary flow field v, : R — R along an edge e, € E of length [, = 1[m]. Following Lemma
3.2, the concentration c,, is the same at all positions along such a curve. Consecutively, for the example
given in Figure 1 (right), knowing the concentration c, (¢t — dt,,) at the node u € N (v) (2 = 0) is sufficient
to determine the concentration ¢, (t) at node v € V' (z = l,,,). This can be observed for the heatmap in the
background of the figure, which shows a high-concentration pulse traveling from one boundary at z = 0 to
the other at z = [y, in dty, ~ 5[s].
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Transport Times To formulate this relationship as a message function, we need a way to compute the start
and end coordinates of characteristic curves that correspond to the sender and receiver node, respectively,
as well as the time shift dt,,,, which we call transport time. We also use specific terminology to differentiate
the following situations, which are also described visually in Figure 1 (left). To get a deeper understanding
of the different kinds of transport times, details can also be found in Appendix C.1.1.

Definition 3.3 (Transport times). Let ey, € F and t € R hold. If there exists a dt,, := 0ty (t) € R, such
that

t
/ Vo (5) ds = Ly (~1s,0,0 ) and
t—0t e

’

/tt Vuv(8> ds € (O,Zuv> ((*]u:wo)a (0-1111:)7 )

—0tyy

holds for all ¢ € (min{t — 8tyy,t}, max{t — &ty,,t}), we call dt,, a transport time, or, more concretely,
the pass-through (inverse pass-through, self-loop, ) time with respect to (w.r.t.) the edge
ew € E and time t € R. Usually, e,,, € E and t € R are clear from the context and we just say pass-through
(inverse pass-through, self-loop, inverse self-loop) time, just as we omit the dependency of dt,, on ¢ for better
readability.

Message Function If the flow v, is constant over time, the transport time dt,, is also constant, and
concentrations are shifted between the nodes v and v. If the flow v, varies, so does the transport time
Otyy, and instead of a clear shift, we observe more complex time warping. As this generalizes shift, we use
the prior as our message function. To compute a unique positive transport time for a given time ¢t € R, we
need to measure the distance traveled in an arbitrary time interval [t — dt, t]. For this purpose, we define the
function

t
z:R— R, §t — 2(dt) := / Uy (s) ds, (7)
t—5t

where we omit the dependency of z on t € R, ey, € F and the overall flow field v for better readability.

Using z, we can compute a positive transport time as the solution to the following optimization problem

(OP):
Sty := min {& >0 | 2(6t) € {~Lyu,0, zw}}. (8)

In Appendix C.1.1, we prove that if there exists a solution, this solution uniquely determines one of the
transport times from Definition 3.3 (cf. Theorem C.13). This in turn allows to define our advection-
message-generation functions as

Calt — Otuy)  if 2(6tun) = +luo

Coy (t - 5tuv) if Z((Stuv) =0 (9)

(b(ta €uv; C, V) = {

Especially to mention, using z again, ¢ automatically identifies whether information is carried along a(n)
(inverse) pass-through or a(n) (inverse) self-loop and outputs the information from the neighbor u € N (v)
or the node v itself accordingly. A rigorous derivation of Equation (9) under consideration of physical priors
and the intuition behind this can be found in Appendix C.1.1.

Metric Graph Advection Message Passing We define the metric graph advection message-passing
scheme that determines the concentration ¢, (t) at a node v € V and time ¢ € R as

e(t)= D wu(t) ¢t eun c,v) (10)

u€eN (v)

with wy, (t) as defined in Equation (6) and ¢(¢, €y, ¢, ) as defined in Equation (9).
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Theoretical Guarantees As elaborated in Section 2, advection on metric graphs is defined by multiple
physical priors, the edge dynamics (Eq. (2)) and the coupling conditions (Eq. (4)) and Eq. (5)). While the
former are defined on the open edge spaces Q,, = (0,l,,) only, the latter rely on the values c¢,,(+,0) and
Cuv(, luw) on the boundary 9Q,, = {0, 1y, } of Q4. Therefore, suitable smoothness assumptions on ¢, and
Vye are required in order to relate these principles.

Assumption 3.4 (Smoothness assumptions). For each ey, € E, let ¢y, : RX(0,y,,) = R>¢ be differentiable
and ¢y, : R X [0,14y] = R>0 and vy, : R — R continuous.

Under these assumptions, in Appendix C.1, we extend the findings from Lemma 3.2 and investigate the
different phenomena as introduced in Definition 3.3 more thoroughly. Based on that, we provide a rigorous
theory of why our advection message-passing scheme models the described physics ezactly, with the main
results as follows:

Theorem 3.5 (Physical alignment). Let v € V and t € R hold. We assume that Assumption 3.4 holds and
that for each uw € N (v), the OP (8) has a solution. If the function c, obeys the mizing at nodes (Eq. (4)) and
if for each u € N (v), the function c,, obeys the advection edge dynamics (Eq. (2)) with inflow continuity
condition (Eq. (5)), then Equation (10) with ¢ as defined in Equation (9) holds.

3.2 Final Algorithm: MeGA-MP

So far, we have introduced the advection message-passing operator (Eq. (10)). We will now explain how
it is applied in practice. For this, two aspects remain to be addressed: First, Equation (10) is defined
for continuous time ¢t € R, whereas in practice boundary values and flow fields are typically known as
measurements at discrete points in time. We therefore adapt Equation (10) to handle discrete temporal
information, described in paragraph Temporal Discretization. Second, the edge lengths 1 = (I.).cr and the
flow velocities v = (v,)ccr determine how far information travels over the metric graph. Under fast flow
conditions, information can traverse multiple edges of the metric graph within the time interval [¢,¢,] (cf.
Definition 3.1 and Appendix D). This cannot be captured by a single application of Equation (10), as it
depends only on the immediate 1-hop node neighborhood. We therefore adopt an iterative message-passing
scheme, described in paragraph Model Iterations. We define the resulting iterative scheme described by
Equation (11) as metric graph advection message passing (MeGA-MP).

Temporal Discretization We model the concentration ¢, : R = R>¢ at a node v € V as a discrete time
series (¢, (t))ter over equidistant discrete times t € T = {t; € R | i € I = {1,...,n}} with sampling interval
dt = t;y1 — t;. In accordance to Definition 3.1, we aim to estimate the signal y, := (¢,(t))ter,, € R™
at times ¢t € Ty, and at all non-boundary nodes v € V \ V4. To accommodate known values at times
t € Ty and unknown values at times ¢t € Tf,, we pad the known history x, := (¢, (t))ten,, € R™ with
zeros, yielding 65,0) = (xF,07) € R™itnta. Here, the zero entries are placeholders for the predictions
Vo = (&u(t))tery, € R™ ofy, (cf. Fig. 2and Eq. (11) below). Since the transport times dt,,, > 0 are positive
by definition (cf. Eq. (8)), applying Equation (10) to e for all v € V'\ W, shifts/warps information forward
in time, populating the padded entries with the solutions to the node forecasting problem. However, as both
edge lengths ,,, and flows v, are still continuous, time shifts ¢ — dt,,, of the message function ¢ (Eq. (9)) are
also continuous and not constrained to the discrete time points T'. Therefore, time warping is approximated
by interpolating between the two values at times ¢t; € T and t;41 € T for which t — 6ty, € [tj,t;41) holds.
We denote the discrete version of ¢ by ¢. In our experiments, we use linear interpolation as detailed in
Appendix B.1, but depending on the data, different interpolation methods can be considered.

Model Iterations As mentioned above, applying Equation (10) one time to é£°> for all v € V' \ V4 only
fully solves the node forecasting problem if all evaluations of the kind ¢, (t — dt,,) in Equation (9) index
known concentration values. This is only the case if either u € V}, is a boundary node, or if t — dt,, < t; lies
temporally before the upper bound of the known history 7};. The latter corresponds to a constraint on the
flow field v. However, generalizing this to arbitrary flow fields can be achieved by iterating Equation (10)
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Figure 2: Initial iteration of MeGA-MP (Eq. (11)). Messages are passed from inflow neighbors u € N_(v,t)
to the target node v (for all v € V): First, flow velocities v, are converted to the transport time dt,, (Eq.
(8)). Second, messages are generated via time-warping (Eq. (9)). Third, results are aggregated and assigned

to the target node v (Eq. (10)). The graph is directed according to the flow for visualization purposes. Grey
entries correspond to padded entries and masked features according to Equation (11).

via
Cv(t) ifte Ty = {th ...,ti}
égo)(t) = c¢(t) ifteTy ={tiy1,..,tn} and v € 4,
0 ifteTy andveV\V,
0 if t € Ty
() . (11)
&y ()= <0 ifteTy and v el for all k > 1,
Y uen (o) Wun(t) @(ts euy, €57V v) if t € Try and v € V\

&®)(t) for t € Ty,

N
<
—~
o~
~
I
(]

I

=1

where ¢(k=1) e RIVIX(nmmitnn) corresponds to the vectorized version of the function ¢ = (¢y)vev that contains
the values égk_l)(t) forallve Vandt e T = Ty UTq. To build an intuition for how these iterations relax
the constraint on v, note that in a single iteration k, a node v € V'\ W}, receives information at time ¢ from
its neighbors (or itself) at earlier times ¢ — dt,,, < t. This defines a spatio-temporal inflow tree of depth one,
along which information is passed. With each iteration, this spatio-temporal tree extends further through the
graph. As a result, the node v receives information from increasingly distant nodes at progressively earlier
times, eventually from either the known history Tj; or boundary nodes V},. Importantly, only at these leaves,
information is initially non-zero. Therefore, summing the values é,(}k) (t) over all k € N correctly aggregates
information from antisymmetrically distributed sending nodes in the inflow tree. A rigorous formalization
of this intuition can be found in Appendix C.2. The initial iteration (kK = 0 — k = 1) is visualized in
Figure 2. Subsequent iterations follow the same schema, but with node feature vectors that already contain
information at future time steps Tt,.

Theoretical Guarantees The following Theorem 3.6 ensures that the prediction ¥, = (é,(t))ter,, defined
by the last row of Equation (11) is computable in finite time for all v € V'\ V4,

Theorem 3.6 (Convergence of model iterations). There exists a x € N, such that e (t) as defined in
Equation (11) is equal to zero for allk >k, v €V and t € Tp; U Ty,.

Finally, we show that MeGA-MP (Eq. (11)) reproduces the ground-truth (Eq. (9)) if the interpolation
error is zero. An extended version of Theorem 3.7 with an error bound obtained through the temporal
interpolation can be found in Appendix C.2.

Theorem 3.7 (Interpolation error). Letv € V and t € Ty; U Ty, hold. Let Assumption C.22 and C.23 hold.
If the temporal interpolation error is zero, i.e., if ¢ = @ holds, we obtain é,(t) = c,(t).
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Remark 3.8 (Initial value problems and efficiency). For the sake of efficiency in both computational and
memory complexity, we represent the solution of advection on a metric graph as time series at nodes only
(cf. Definition 3.1). The actual values along the 1-dimensional edge spaces are solved implicitly. This enables
our model to scale linearly with the number of nodes and, consequently, to handle even large graphs. For this
advantage, our method cannot directly receive classical initial value problems (IVPs), where dense values
cuv(t, 2) along the edge spaces ,, are known at ¢ = 0, except when they are constant. However, initial
values along edges can be transformed into time series at nodes and vice versa. This is visualized by the gray
characteristic curves in Figure 1. We will demonstrate this in Appendix D.2 as an extension of Experiment 2
in Section 5. This can also be used to recover the explicit signal along the edge spaces, as used in the demo.

Runtime Complexity The runtime of MeGA-MP depends on edge lengths [,,,,, flow velocities vy, number
of history and predictions steps ny; and ng,, respectively, and those of edges |E| in the graph. We analyze
runtime in two parts: Computation of transport times and the iterative message passing procedure (cf.
Algorithms 1, 2).

The number of iterations required to solve the dynamics depends on the number of edges that information
traverses within the future horizon T}, (cf. Appendix A). An upper bound on the number of iterations can
be defined as ku, = t;‘m:ji, where tymin = MiNe, e B te T, vuw (£)£0 IVZHW In line with other message-passing
algorithms, MeGA-MP also applies a message function per edge that processes vectors of length n = ny;+ng,,
resulting in a worst-case runtime of O(kypn|E|).

The runtime for computing the transport times 0t,, from the flow field v, (cf. Algorithm 1) depends
on edge lengths [, and velocities v,,. The worst case number of iterations of the inner loop is m =
min(n, MaXe, e B,teTr,vu. ()20 m), and since the outer loop iterates n times for every edge in F, the
resulting complexity is O(|E|mn) with an upper bound of O(|E|n?). Therefore, the overall worst-case
runtime amounts to O(|E|(kupn + n?)).

3.3 Extended Algorithm: MeGA-MP*

We defined MeGA-MP as the algorithm introduced in Section 3.2, characterized by the message aggregation
scheme (Eq. (10)), induced from the mixing at nodes (Eq. (4)), and the physics-informed advection message
function ¢ (Eq. (9)) within, derived from the advection edge dynamics (Eq. (2)) with inflow continuity condi-
tion (Eq. (5)). Formulating MeGA-MP as a message-passing operator allows straight-forward adaptations to
more flexible and also trainable models. This can be achieved by extending the (discrete) message-function
¢ (Eq. (11)/(17)). We refer to such extensions of ¢ as ¢, and denote the overall extended method as
MeGA-MP™. Note that this name stands for a concept rather than a specific method, since depending on
the specific formulation of ¢™, multiple variations are possible. On the one hand, added components can
depend on the local metric graph neighborhood A (v), just as ¢ does. The resulting MeGA-MP™ operator
can adapt to spatial dynamics other than linear advection. On the other hand, added components that
do not depend on the neighborhood yield a MeGA-MP™ operator that can adapt to additional non-spatial
dynamics, while spatially still representing linear-advection. We showcase one such extension in Section 4.

4 Experiment 1: Zero-Shot Transfer Learning of Advection-Reaction Dynamics on
Real-World Metric Graphs

In this section, we demonstrate the power of MeGA-MP using water quality data, a classical example of
an advection-reaction metric graph. To demonstrate that MeGA-MP can be used as a standalone solver
for linear advection, but also that it can be extended by a learnable component to account for additional
dynamics, we consider two physical configurations: a pure linear advection system, and a coupled advection-
reaction system. The objective of this experiment is to solve the node-level regression task, predicting the
temporal evolution of signals at nodes, as outlined in Definition 3.1.

We benchmark both MeGA-MP for advection and an example of MeGA-MP™ for advection-reaction dynam-
ics against baseline models, and run an ablation study to show the effect of the different components of both
models. Since advection is the only spatial dynamic in both configurations, MeGA-MP and MeGA-MP+
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should theoretically generalize to unseen topologies without retraining. We validate this zero-shot capability
by testing both configurations on an additional metric graph structure not contained in the training set.

The datasets are described in detail in Section 4.1, the comparison to baselines is in Section 4.2, and the
ablation study is in Section 4.3.

4.1 Domain and Dataset

Domain In this experiment, we consider water distribution systems (WDSs), in which nodes, such as
reservoirs or consumer junctions, are connected through pipes. As the pipes are associated with lengths, this
domain can be modeled as a metric graph. The WDSs Hanoi (Vrachimis et al., 2018) and L-Town (Vrachimis
et al., 2020) are shown in Figures 3 and 4, respectively. Both constitute well-known benchmark networks,
used by engineers in the water community.

= Pipe
Junction —_—
Reservoir 1

Figure 3: The WDS Hanoi with 32 nodes (31 con- Figure 4: The WDS L-Town with 784 nodes (782
sumer nodes V. and one reservoir node V;) and 34 consumer nodes V. and two reservoir nodes V;) and
pipes used for training and testing. 908 pipes used only for testing.

A common task in WDSs is to estimate the water quality by predicting the distribution of a substance
throughout the WDS. The two main drivers of such processes are advection and reactions (Rossman et al.,
2020). Reactions describe purely temporal changes in state variables such as chemical and physical trans-
formations, interactions with the environment, and decay. Typically, such dynamics are expressed as ODEs.
When combined with advection, they extend Equation (2) as follows:

Ocyuy(t, 2)
ot

Ocyy(t, 2)

=~ Vuwl?) 0z

+ fr(t, 2, eun), (12)

where f, is a substance-specific reaction term. For this experiment, we simulate the injection of chlorine
into the WDS. Chlorine decays over time due to chemical and physical interactions. Details on the specific
formalization can be found in Appendix D.1.

Dataset We generate two training, validation and test datasets by simulating water quality dynamics on
the Hanoi WDS under the two previously mentioned configurations. Specifically, the first dataset models
pure linear advection (Eq. (2)), while the second dataset models coupled advection-reaction dynamics (Eq.
(12)). To evaluate out-of-distribution topology generalization, we extend each test set by simulating the same
dynamics on a different metric graph, the L-Town WDS. All ground truth simulations are generated using
EPyt-Flow (Artelt et al., 2024) based on EPANET-MSX (Shang et al., 2023), a hydraulic and water quality
simulator for WDSs that supports advection and user-defined reactions such as Equation (32). Details on
the parametrization of these setups can be found in Appendix D.1. Each sample of the datasets consists of
a time series T over n = 701 steps, where the first time step ¢; corresponds to the history set Ty;(t1) = {¢1}
(np; = 1) and the remaining ng, = 700 steps correspond to the future set Ty, (¢1) (cf. Definition 3.1).

10
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4.2 Experiment 1.1: Comparison to Baselines

Models We consider two variants of our method: MeGA-MP, the purely physics-informed operator derived
in Section 3.2, and MeGA-MP™*, an extension with a non-spatial learnable component enabling adaptation
to the advection-reaction dynamics (Eq. (12)) by learning the reaction part from data. In the spirit of
Section 3.3, we modify MeGA-MP by extending its message function ¢ (Eq. (11)/(17)) with a multi layer
perceptron (MLP). The new message function ¢ is designed to be suitable for first-order reaction kinetics,
where the solution will be an exponential function. The resulting message function @™ is given by

OT(t, eur, €7 1) = @(t, ey, € P 1) - exp(|6tu| - MLP(p7h)), (13)

where p,, € (0,1] denotes normalized pipe diameters. Details on the architecture and the training of the
MLP can be found in Appendix D.1.

To show the ability of our model for transfer learning, we train it on the WDS Hanoi (cf. Figure 3) and test
it on both Hanoi and the unseen, much larger WDS L-Town (cf. Figure 4).

Baselines As this is the first approach for modeling advection on metric graphs, we select a few repre-
sentative baselines from the general graph domain. We compare ourselves to the GNN by Gilmer et al.
(2017) (“NNConv”) as a representative of conventional GNNs, the GNN specifically designed for WDSs
by Hermes et al. (2025) (“PDE-GNN?”), the transformer GNN by Rampések et al. (2022) (“GPSConv”) as
a representative for GNNs potentially able to handle global graph dependencies, and the dynamic-system
based GNN by Gravina et al. (2023) (“A-DGN”) as a representative for GNNs potentially able to handle
dynamical systems with long-range dependencies on graphs. For details regarding these baselines, we also
refer to Appendix D.1. There, we also provide details on why the adaptation of the methods for metric
graphs from Blechschmidt et al. (2022; 2025) and Laczké et al. (2025) were not applicable to our task.

Table 1: MAE between simulator ground truth (EPANET-MSX) and model prediction of the advection
and advection-reaction dynamical systems averaged across samples, nodes and time steps of the test
datasets. Hanoi is the graph seen in training, L-Town is the generalization network not seen in training.
The computation time for both networks and for each method is reported below (batch size = 1). The
preprocessing time is the time it takes to convert the flow field to transport times (Algorithm 1). For a fair
comparison to the simulator, this time has to be added to the computation time of all ML-driven models.

Advection Advection-Reaction
WDS Hanoi L-Town Hanoi L-Town
(train/test graph) (test graph) (train/test graph) (test graph)
|V| =32, |E| =34 |V| = 784, |E| = 908 |V| =32, |E| =34 |V| = 784, |E| = 908

NNConv 0.1693=+0.1610 0.2758+0.2345 0.1242+0.1132 0.2248+0.2113
PDE-GNN 0.0442+0.0770 0.16404+0.1909 0.0651+0.0808 0.41364+0.4206
ﬁ GPSConv 0.1878+0.2911 0.7429+2.7174 0.1381+0.1137 0.7319+1.7254
= A-DGN 0.0916+0.0885 0.2568+0.2225 0.1841+0.1310 0.2606-£0.1280
A-DGNp;, 0.4260+0.3247 0.2502+0.1612 0.4441+0.3340 0.16144+0.1060
MeGA-MP 0.0015+0.0076 0.0017-+0.0061 0.1062+0.1240 0.2349+0.2236
MeGA-MP+ 0.0015+0.0076 0.0018+0.0061 0.0013+0.0037 0.0008-0.0018
. NNConv 0.0041+0.0278 0.0029+0.0003 0.0023+0.0001 0.00284-0.0001
§ PDE-GNN 1.8648+0.0168 1.9251+0.0162 1.892640.0231 1.8925+0.0170
o GPSConv 0.008540.0004 0.0145+0.0005 0.0083+0.0001 0.0176+0.0085
g A-DGN 0.0266+0.0004 0.0271+0.0004 0.0260=0.0004 0.0267+0.0001
& A-DGNp;, 0.0074=+0.0001 0.04204+0.0003 0.0073=+0.0001 0.0418+0.0004
8 MeGA-MP 0.0447+0.0055 0.3964+0.0189 0.0449+0.0049 0.4063+0.0202
g MeGA-MP+ 0.0450+0.0050 0.4068+0.0194 0.0450+0.0050 0.40364+0.0173

o - preprocessing || 0.0920+0.0205  1.5156+0.1350 |  0.0992+0.0200  1.5184+0.1270

© Simulator ||~ 0.6724+0.1567  31.6906+2.6501 |  0.7520+0.1642  34.8503+2.9103

11
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Results and Analysis Table 1 reports the average mean absolute error (MAE)? for both configurations
and for both topologies together with the standard deviation over all samples, nodes and time steps. Com-
pared to all baselines, MeGA-MP and MeGA-MP™ show superior performance in the dynamics they are
designed for, while MeGA-MP can — as expected — not accurately model the additional reaction dynamics
(cf. Section 4.3). Under zero-shot transfer from Hanoi to L-Town, they show no significant increase in error,
whereas the performance of the baseline models degrades. An exception is the A-DGNp;, model, however,
this baseline underfits in the training setting, indicating that the improvement in performance may be due to
factors other than actual generalization. Table 1 also reports the compute time required to run the models
on individual samples (batch-size = 1). Since we use the transport times as input to each model, we report
the latter without the time it takes to convert the flow field to transport times and instead disclose it as a
separate row. Even when adding the preprocessing time to the compute time, each of the models is faster on
the large test network L-Town than the simulator that we use as the ground truth. The NNConv model is
the fastest, as it is a relatively simple MPNN. The runtime complexity of MeGA-MP and MeGA-MP*, on
the other hand, additionally depend on the edge lengths and flow field, as detailed in Section 3.2. However,
while MeGA-MP and MeGA-MP™ are slower than most baselines, it is faster than PDE-GNN, which has
second-best performance on the in-distribution setting.

We now compare the results qualitatively, first for the pure advection dataset, then for the advection-reaction
dataset.

Pure Advection Configuration: In Figure 5, we show the predictions of all models evaluated on the met-
ric graph Hanoi. Note that in this case, MeGA-MP does not have to learn, while the other GNN-baselines do.
The PDE-GNN models the time series the most accurate, the error mostly stems from misalignment, indi-
cating a failure to properly model transport times. A-DGN can follow the dynamics but exhibits smoothing
and fails to capture the high frequency components of the signal. NNConv and GPSConv clearly underfit
the data. In contrast, MeGA-MP is able to accurately model the time series at all visualized nodes. In
Figure 6, we show the predictions of all models evaluated on L-Town. It can be observed that none of the
baselines can precisely capture the signal at all nodes. PDE-GNN and A-DGN can follow the dynamics on
some nodes, like nodes 1, 2, 3, and 8. These are the nodes closest to the injection/boundary nodes (stars),
which suggests a failure to capture the long-range spatio-temporal dependencies between more distant nodes.
MeGA-MP does not show a clear deviation from the ground truth.

- Pipe
Junction

X Injection Nodes 3 1
— MeGAMP 7 W
NNConv

PDE-GNN o

GPSConv

1
ADGN E— .
-+ Simulator To-2 10-1 ‘
< 07 T T T T

Avg. Flow Velocity [2]

Time [hours]

Figure 5: Predictions of baselines and MeGA-MP for the advection dynamical system at a randomly
chosen subset of nodes of the WDS Hanoi. Hanoi is the graph on which all models are trained. Edge color
corresponds to the flow velocity averaged across all time steps of the sample.

2We clip the predictions of all baselines to the upper and lower bound of chlorine injections as especially PDE-GNN explodes
for some samples in the L-Town evaluation dataset.
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Figure 6: Predictions of baselines and MeGA-MP for the advection dynamical system at a randomly chosen
subset of nodes of the WDS L-Town. The L-Town metric graph is not part of the training set. Edge color
corresponds to the flow velocity averaged across all time steps of the sample.

Advection-Reaction Configuration: In Figure 7, we show the predictions of all models evaluated on
Hanoi. The observations are similar to the purely advective setting, the only significant difference is that
A-DGN underfits here, and for most nodes resembles a highly-smoothed average signal, similar to the other
two baselines NN-Conv and GPSConv. Again, MeGA-MP™ accurately models the signal. In Figure 8,
showing predictions of all models evaluated zero-shot (without any retraining) on L-Town, a similar degree
of underfitting can be observed. Only MeGA-MP™ can model the signal with high precision.

Overall, MeGA-MP and MeGA-MP™ are the only models that perform consistently accurate over multiple
nodes and generalize well from the training WDS Hanoi to the test WDS L-Town on the advection and the
advection-reaction dynamics, respectively. The different generalization behaviors of the different baselines
emphasize the challenges in modeling advection-dominated dynamics on metric graphs and why a suitable
physical prior is necessary.

—— MeGA-MP* NNConv ——— PDE-GNN —— GPSConv A-DGN ==« Simulator

0 2 4 6 8 10 0 2 4 6 8 10
Time [hours] Time [hours]

Figure 7: Predictions of baselines and MeGA-MPT for the advection-reaction dynamical system on the
WDS Hanoi. The selected nodes are the same as in Figure 5.
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Figure 8: Predictions of baselines and MeGA-MP™ for the advection-reaction dynamical system on the
WDS L-Town. The selected nodes are the same as in Figure 6. In the shown data sample, PDE-GNN
explodes and has therefore been excluded.

4.3 Experiment 1.2: Ablation Studies

In this section, we investigate how much the physics-informed components of MeGA-MP and MeGA-MP+
contribute to the superior performance observed in Section 4.2.

Models In our first ablation study, we investigate the contribution of the two components in the message
function o+ of MeGA-MPT, i.e., the non-learnable and physics-informed advection message function ¢ (Eq.
(11)/(17)), derived from the advection edge dynamics (Eq. (2)) with inflow continuity condition (Eq. (5)),
and the learnable reaction MLP (Eq. (13)). We do so by comparing the performance of MeGA-MP —
designed for advection dynamics — and MeGA-MP* — designed for advection-reaction dynamics — on both
the dataset for advection and advection-reaction dynamics.

In our second ablation study, we investigate the contribution of the message aggregation scheme (Eq. (10)),
induced from the mixing at nodes (Eq. (4)). We do so by training a model that has the same message
aggregation structure as given in Equation (10), but where we replace the message function ¢ not by ™,
which yields MeGA-MP™, but by a fully learnable MLP ¢~. Specifically, we design ¢~ as a 2-layer MLP
with SeLU activation (Klambauer et al., 2017) which has access to adjacent node information over the whole
time horizon T' = Ty; U Ty, and the corresponding pre-processed transport times:

0 (1 o, €D 1) = MLP (ég’H), k=), 5tu,,) ,
t

where similar to &= € RIVIx(mitnn) (cf. Eq. (1)), e € R+ corresponds to the vectorized

version of the function ¢ = (¢;,)yey containing the values é(k_l)(t) for all t € T = Ty U Try, and Oty
corresponds to the pre-processed vector dt,, = (5tuv)t€ThiUTfu € R™itnu of transport times. We denote
this modification of MeGA-MP by MeGA-MP~.

An overview of the different models in these ablations can be found in Table 2. The setup and datasets used
in this ablation are equal to the setup of experiment 1 described in Section 4.2.

Results and Analysis Table 2 also shows the performance of the different modifications to MeGA-MP.
As an extension of Table 2, we provide corresponding figures in Appendix D.1. Firstly, it is evident that
MeGA-MP~ performs significantly worse than the other two architectures in the purely advective setting.

14
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Table 2: MAE between simulator ground truth (EPANET-MSX) and predictions of different modifications to
MeGA-MP on the advection and advection-reaction dynamical systems averaged across samples, nodes
and time steps of the test datasets. The differences between the models is highlighted by the first three
columns.

Advection Advection-Reaction
Msg. Msg. Learn. Hanoi L-Town Hanoi L-Town
update function comp. | (train/test graph) (test graph) (train/test graph) (test graph)
via Eq. (10) V| =32,|E| =34 |V| = 784, |E| = 908 V| =32,|E| =34 |V| = 784, |E| = 908
MeGA-MP v ® x 0.0015=+0.0076 0.0017-0.0061 0.1062-+0.1240 0.2349+0.2236
MeGA-MP* v ot v 0.0015+0.0076 0.0018+0.0061 0.0013+0.0037 0.0008+0.0018
MeGA-MP~ v @~ v 0.0910=+0.0875 0.2169+0.1722 0.0971+0.0852 0.1873+0.3045

This indicates that the full strength of our approach does not only come from the message aggregation scheme
(Eq. (10)), induced from the mixing at nodes (Eq. (4), but also from the inductive bias in the advection
message functions ¢ (Eq. (11)/(17)) and thus, in ¢+ (Eq. (13)), derived from the advection edge dynamics
(Eq. (2)) with inflow continuity condition (Eq. (5)). Removing the physical priors from ¢ and thus, ¢t by
replacing it with a fully learnable function ¢~ does not suffice to model the complex antisymmetric and long-
range dependencies induced by the advection dynamics. Secondly, the on-par-performance of MeGA-MP
and MeGA-MP™ in the advection setting indicates that the additional MLP is not required when advection
is the only dynamic.

In the case of advection-reaction, only MeGA-MPT is able to accurately capture the added complexity from
the reaction term, emphasizing the utility of the simple modification in ¢*. Due to the inability to learn
dynamics, MeGA-MP fails to capture the reaction dynamic without the modification used in MeGA-MP™.
Furthermore, the fact that MeGA-MP~ performs worse than MeGA-MP™ indicates that the other GNN-
based baselines from Section 4.2 do not perform worse because of a different message aggregation function.

In summary, our ablation studies show the utility of coding the advection characteristics directly into the
model architecture. Without it, the model cannot reliably capture the challenging spatio-temporal depen-
dencies. This once again emphasizes the strength of physics-informed ML and carefully constructed inductive
bias over purely data-driven approaches in advection-dominated settings.

5 Experiment 2: Advection on a 1D Euclidean Domain

In this section, we empirically validate MeGA-MP by using it as a numerical solver for advection in a domain
where well-known versatile numerical solvers exist: On a 1-dimensional Euclidean domain. The advantage
of this domain is that it also resembles a metric path graph. The goal of this experiment is to compare the
characteristics of MeGA-MP to those of classical solvers. To this end, we compare our method against two
classical baselines: A semi-Lagrangian solver, as well as a method-of-lines formulation integrating over time
with a Runge-Kutta (RK4) solver using a WENOb5 scheme (Jiang & Shu, 1996) to approximate the spatial
derivatives. For details regarding the baselines, we refer to Appendix D.2.

Domain and Dataset The domain for this experiment is Q = [0,!], describing a 1-dimensional space of
length { = 100. We aim to predict the solution ¢(t,z) of a synthetic boundary value problem (BVP) at
equidistant grid points ¢ and z of the time and space interval [0, 100] and [0, 100] for different temporal and
spatial discretizations dt and dz from {%, %, %, %0, 11—0(?}, respectively. Conceptually, this models an
injection at the boundary z = 0, advecting along € over time ¢ € [0,100]. To enable a fair comparison, we
choose the BVP such that an analytical solution exists. The setup is described in detail in Appendix D.2.
In light of our discussion on IVPs and efficiency (Remark 3.8), we discuss a similar setup posed as an IVP
with boundary values in Appendix D.2, too.

Results and Analysis Table 3 shows the MAE of the different solvers at different space-time resolutions.
We find that MeGA-MP approximates the ground truth well and provides results competitive to other
solvers, as also reflected in Figure 19. It can also be observed that MeGA-MP shows the best performance
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Table 3: MAE between analytical ground truth and different solver solutions over all temporal and spatial
grid points. The entry “—” indicates divergence of the method. Find the full version of this table and the

runtime analysis in Appendix D.2.

dt dz semi- Lagr. RK4 MeGA-MP

0.1 0.10 || 0.0016+0.0050 — 0.0024+0.0081
1.00 || 0.0108+0.0230  0.0035+0.0073  0.0012+0.0068

10.00 || 0.0562+0.0764  0.0288+0.0415 0.0057+0.0182

1.0 0.10 0.0080+0.0144 — 0.0157+0.0298
1.00 0.0097+0.0137  0.0088+0.0155  0.0103+0.0208

10.00 || 0.0545+0.0720  0.0291+0.0395 0.0115+0.0222

10.0 0.10 || 0.0763+0.0964 — 0.0939-+0.0981
1.00 || 0.0728+0.0923 — 0.0915+0.0952

10.00 || 0.0671+0.0842 0.0728+0.0936 0.0761=+0.0763

when the temporal resolution is high (dt = 0.1), while it is less affected by changes in spatial resolution. This
is an expected result, as our method interpolates the signal at nodes temporally. Therefore, the interpolation
error correlates with the temporal resolution, as derived in depth in Appendix C.2. This is in contrast to the
baseline semi-Lagrangian solver, which interpolates spatially and thus benefits from higher spatial resolution.
RK4 becomes unstable for certain combinations of spatial and temporal resolutions.

The MeGA-MP solutions for dz = 1.0 are visualized in Figure 9, where the numerical smoothing from
interpolation is visible and pronounced. The latter is amplified because of the sharp peak and therefore
high-frequency content of the signal. For dt = 10 one can also observe that smoothing increases in z-
direction, i.e. in the direction of the flow field, as this coincides with the direction of spatial integration
and error accumulation (cf. Appendix C.2). More detailed visualizations of all combinations of space-time
discretization, an extended version of Table 3 and a runtime analysis can be found in Appendix D.2.

dt=0.100 dt=0.316 dt=1.000 dt=3.125 dt=10.000

100 1.00
o Ar gy
- T
g s0 0.50 S
[ s}
0.25 2
(7))

0 0.00

0 50 100 0 50 100 0 50 100 0 50 100 0 50 100

Space z (dz=1.0)

Figure 9: MeGA-MP solution of the BVP (33) for a fixed spatial discretization of dz = 1.0 for varying values
of temporal discretizations dt. Each vertical pixel row corresponds to the time series at a node (i.e., a grid
point), each horizontal row corresponds to one time step across all nodes. The sinusoidal flow field (Eq.
(35)) is always positive, i.e. the injected signal at the left boundary (z = 0) is transported towards the right
boundary (z = 100).

6 Discussion & Conclusion

In this work, we have introduced MeGA-MP, a message-passing formulation solving linear advection dynam-
ical systems on metric graphs. We have shown theoretically and empirically that it is a valid solver with
a provable error bound and that it can be extended to solve more challenging dynamics. Here we used an
MLP as the extension. However, following the structural archetype of MPNNSs in principle also allows more
complex integrations with existing GNNs.
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The comparison to other PDE solvers shows the saliency of our method, as our solution is comparable to
that of established numerical solvers in scenarios where a comparison is possible.

By experimenting on dynamics in WDSs we did not only show that our method can solve advection-
dominated dynamics on metric graphs, but also that MeGA-MP is directly applicable as a surrogate model
for water quality, specifically the modeling of chlorine. It closely models the simulator EPANET-MSX, while
being considerably faster and more flexible, as it integrates much better into the existing ML infrastructure.
Successful zero-shot transfer to unseen metric graphs further strengthens the positioning of MeGA-MP as a
viable surrogate model. We attribute this transferability to novel geometries mainly to the inductive bias
in our message-passing scheme, allowing a separation of spatial integration of graph signals by MeGA-MP
and data-driven adaptation to the additional non-spatial reaction dynamic using MeGA-MP™. It is unclear
to what extent the transferability persists when learnable spatial components are added. We will discuss
this in the following sections, but argue that in the presence of advection, MeGA-MP always contributes a
suitable inductive bias at low cost.

Limitations MeGA-MP is specifically designed for linear advection-dominated dynamics on metric graphs
and is naturally limited to PDEs where linear advection is the dominant spatial dynamic. The approximation
error is controlled by two factors: the temporal discretization and the number of message passing iterations
required to propagate information across the graph. The latter depends on the edge lengths and flow ve-
locities; short lengths and fast flows require more iterations, leading to greater accumulation of temporal
interpolation errors. Both effects are consistent with our theoretical error bound (Theorem 3.7) and empir-
ically supported by Experiment 2 (Section 5). We therefore recommend choosing sufficiently fine temporal
discretizations relative to the flow velocities in the system. Beyond numerical accuracy, MeGA-MP currently
assumes exact knowledge of the flow field, which could be unavailable in some practical settings. To this end,
MeGA-MP does not provide explicit uncertainty quantification, but the low execution time allows feasible
Monte-Carlo estimates of uncertainty.

Future Work Several directions can build naturally on this work. First, extending MeGA-MP to more
complex spatial dynamics, such as semi- and non-linear advection or advection-diffusion, and to more complex
temporal dynamics, such as multi-species reactions, via additional learnable operators is a promising avenue.
The latter, in particular, would bring this method closer to a full ML-driven surrogate model for the simulator
EPANET-MSX for WDSs. Second, exploring inverse problems such as identifying flow fields or reaction
coefficients from observational data would not only address the current limitation of requiring exact flow
field knowledge, but would further emphasize the practical advantages of such surrogates over numerical
simulators. Thirdly, a systematic investigation of robustness to noisy or incomplete parameters such as
flow fields is an important prerequisite for deployment of such systems in the real-world. Finally, metric
graphs governed by other PDEs beyond advection-dominated edge dynamics pose fundamentally different
challenges. A systematic study of these different problem classes, including benchmark datasets and baseline
evaluations, is an important direction for future work and the comparability of different methods across
domains.

Impact Statement

This work presents a physics-informed ML method for modeling spatio-temporal dynamics on advection-
dominated metric graph domains. The data used in this work is self-generated and does not contain personal
or sensitive information, ensuring no privacy concerns under GDPR or comparable regulations, or ethical
concerns. However, real-world deployment of such methods may require sensor data or consumption records
that can be linked to individual consumers. In such cases, data collection and processing must comply
with applicable data protection regulations, and anonymization or aggregation techniques should be applied
where possible.

The primary intended application of this work is modeling in scientific and engineering context, with the goal
of improving the efficiency and accuracy of simulations. We also acknowledge the potential broader impacts
of physics-informed ML including misuse and emphasize that responsible development and independent
validation are essential. For example, in safety-critical settings, incorrect model predictions could have
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negative consequences for the provision of essential services. Therefore, before deploying such systems in the
real world, a thorough investigation of failure modes is essential, including error-proneness under distribution
shift, sensitivity to misspecified physical parameters and the absence of uncertainty quantification in the
current formulation.

LLM Statement

This research was partially assisted by using large language models (LLMs) such as ChatGPT, Gemini or
Claude. More precisely, LLMs were used for retrieval and discovery, such as finding related work. However,
all related work cited in this paper was read and verified by the authors. Moreover, LLMs were used to
generate boilerplate code that has been checked for correctness by the authors. Finally, LLMs were used to
assist with editing and proofreading of selected parts of the manuscript with a focus on improving clarity
and readability. The scientific content, the experimental design, the code implementing the novel methods
presented in this work, the results, most parts of the text in this manuscript as well as the theory and
equations were not generated by LLMs.
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A Details on the Background

Advection on Metric Graphs Generally speaking, advection describes transport through the presence
of a flow field vy, : R x Q,, — R. For each time ¢ € R, the flow v, (t,) : Q4, — R defines a one-dimensional
vector field along the edge space Q,, = (0,1, ). By definition of incompressibility, div(iy,(t,)) = % =
0 holds, or equivalently, the vector field v, (¢,-) is constant on Q,, = (0,,,), modeling the edge e,, € E.
Analogously, the vector field v, (¢, -) is constant on ,,, = (0, ) = (0, Ly, ), modeling the contrasting edge
esu € E. Since both constant vector fields vy, (t,:) and v,,(t,-) model the same physical phenomenon,
namely the constant, actually observable physical flow field between the nodes v € V and uw € AN (v), but
along contrasting directions (the beginning of the edge ey, is the end of the edge e,, and vice versa), the
orientation of v, (t, ) must be the opposite of the one of v,,(¢,-). Since they both correspond to the same,
constant physical flow field, vy, (t,-) = —vup(t,-) (Eq. (3)) must hold, and since they do not depend on
space, we omit the spatial dependency.

Together with the convention of signs (cf. Section 2), this allows to formally define the inflow neighbors from
v € V at time ¢ € R, i.e., neighbors where there is a flow from v € N'(v) into v € V at time t € R, as

N_(v,t) :={u € N(v) | sgn(vy,(t)) = =1} = {u € N(v) | sgn(vyy(t)) = 1}. (14)

While incompressibility of a single flow field v, (¢, -) implies the independence of the spatial variable z € Q,,,
the incompressibility of the overall flow field ¥ = (v.)ccr translates to the fact that the sum of flow rates
Guw (t) = QuyVup(t) into a node v € V' is equal to the sum of the flow rates ¢, (t) = apuluu(t) out of v:

Z Quv (t) = Z e (t)

wEN_ (v,t) wEN; (v,t)

The Challenges of Advection-dominated Dynamics on Metric Graphs Advection-dominated dy-
namical systems on metric graphs, entail the challenge of complex, antisymmetric, and spatio-temporal
dependency structures. We want visualize this using the simple example of an advection metric path graph,
that is, a sequence of nodes (v, v1, ..., v,,) With edges e;(;41) in-between two consecutive nodes v; and v; .
We assume that the corresponding edge spaces €2;(;41) are of equal size [;(;4+1) = 1m and have a constant
flow field of vj; 1) = 2m/s for all ej;41) € E. If we access information at each of the nodes v; at dis-
crete time points to, ..., ¢;, tiy1,... with temporal discretization dt = ¢,41 — ¢; = 60s, information travels

dt - vjj41) = 60s - 2m/s = 120m per time step dt, which corresponds to % = 120 hops in the path
graph. By this, the signal ¢,(¢;) at a node v at time ¢; depends on the signal ¢, (¢;) at time ¢; and a node
u which lies 120 hops upstream of v. If such path does not exist, the path will be shorter and will originate
at boundary nodes. The above example provides a sketch how the spatial dependency structure depends on

the lengths, the flow field and the temporal discretization.

For more complex structured graphs and more complex configurations of PDE-parameters, the spatial de-
pendency structure will be a tree that extends from the target (root) node v at time ¢ to upstream nodes
(leafs) as the node w in the example above (also see Appendix C.2). The dependency tree will extend further
in directions with high flow rate and less in direction where the flow rate is lower. This results in two major
challenges for standard MPNNs: Firstly, the extent of the receptive field can vary drastically across the space
of the metric graph and over time due to varying PDE-parameters, making it impossible to find a single
suitable number of message passing layers. Secondly, the receptive field can be highly asymmetric. These
two properties require highly selective and anisotropic message passing that depends on the structure of the
metric graph, flow field and the temporal discretization.

While there already exist work that discusses graphs and GNNs specifically taylored to advection problems
(Chapman, 2015; Eliasof et al., 2024), the underlying graph structure corresponds to a discretization of the
Euclidean space; a paradigm different from the one on metric graphs (cf. Section 2). We highlight this
difference in Figure 10.
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Acyy(t, 2)
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Figure 10: Advection on a metric graph (top) vs. on a non-metric graph (bottom): A metric graph is a
system of one-dimensional subspaces 2, = (0, l,,), corresponding to edges e,, € F, which are coupled at
nodes V. Each edge e, is associated with a one-dimensional PDE that defines the dynamics of the signal
Cuv(t, z) over time ¢ € R and along the edge space z € Qy, = (0,1y,), parametrized by a known function
Vyy- In case of advection, the known functions v = (Vyy)e,,cr correspond to the time-dependent flow field
of the metric graph affecting the spatio-temporal evolution of the signals ¢, (dark blue, light blue, dark

orange and lines). The coupling condition that defines the signal ¢,(t) at a node v € V and
over time ¢ € R can be expressed as a weighted aggregation of features ¢(t, ey, €, V) = cup(t, lyy) at the
boundary z = Iy, ( around v) of the edge spaces ), associated with incoming edges e,

(cf. Eq. (6)). Leveraging the edge dynamics, their value can be traced back to either features ¢, (t — dty,)
of neighboring nodes v € N_(v,t) (dark blue lines) or features ¢, (t — dt,,) of the node itself (
) and at earlier, over the time and neighboring nodes varying times ¢ — 0t,,, (cf. Eq. (9)).

In contrast, a (conventional, non-metric) graph can be considered as a discretization of the spatial Euclidean
space ) = R™ (gray area). Here, edges e,, € F preserve proximity in between nodes V', corresponding to
coordinates in the Euclidean domain. The overall space {2 = R™ is associated with a multi-dimensional PDE
that defines the dynamics of the signal ¢(t,v) := ¢, () over time ¢ € R and space v € V C , parametrized
by a function v. In case of advection, the discretized advection-operator of the underlying multi-dimensional
and continuous advection-PDE Bcg—t(t) = —v(t) - Veyu(t,z) defines a node update ¢, (t 4+ dt) that aggregates
the net inflow from neighboring nodes u € N, (v) minus the outflow to neighboring nodes u € Mgy (v) and
at a fixed time ¢ € R (black and gray lines and aorund v). In practice, the discretized
version v = (Vyy)e,,cr Of the continuous flow field is a learned parameter of a GNN.
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B Details on the Method

Message Passing has become a common principle in GNNs (Gilmer et al., 2017). It describes how local
information at the nodes of a graph is passed to neighboring nodes. Message passing as defined in Gilmer
et al. (2017) consists of three consecutive steps: Message generation, message aggregation, and node update.
Message generation describes how a feature vector at one node is transformed as it is sent to a neighbor.
Message aggregation and node update describe how multiple messages arriving at a node are accumulated
into a single feature vector and update the features at the target node. A general formulation of this method
is given by

x,(t+1)=10 Z ¢(Xu(t)axv(t)aquv(t))a x(t) | , (15)

u€eN (v)

where ¢ is the message generation function, Y is a permutation-invariant aggregation function (e.g. sum or
mean), 6 is a function that updates the features x,, of node v € V', and q,, are optional edge features of the
edge ey, € E from node v € N (v) to node v € V. Moreover, ¢ denotes the message-passing iteration step.

B.1 Final Algorithm: MeGA-MP

Interpolation Different interpolation schemes can be applied for time warping, depending on the use case.
A version of linear interpolation of a value ¢, (t — dt,,) can be modeled as

cu(t = Otuw) & a(ty) - cult;) + altjsr) - cultjsr) (16)
with a(t;41) := 0wty and a(tj) =1- Ity for the j € I such that ¢ — 8t,, € [tj,tj+1) holds.

tj+1—t; tj+1—t;

Model Tterations Based on Equation (16), we formally define ¢(t, €., ¢*), v) from Equation (11) as

(k) (k) .
. a(t; + Cy t:) + al(t; - Cy t; 1fZ 5tuv S _luv;luv
(p(t7euv,c(k),u) — ( ]) A(k)( ]) ( J+1) A(k)( J+1) : ( ) €4 } (17)
a(tj) ) (tj) +a(tjs1) - Cv (thrl) if 2(tuw) =0

for the j € I for which t — 0y, € [t;,t;41) holds. In practice, we precompute the transport times dt,,

and implement ¢ as an interpolation operator Z [a&f )](t — Otyy) at the correct node w € {u,v} that does not
depend on the flow field v anymore (cf. Algorithm 2).

Further details on the implementation can be found in algorithms 1 and 2.
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Algorithm 1 Preprocessing: Converting flows v, (t) to transport times 0t,,(¢t) (Definition C.6). This
algorithm is implemented in a parallelized /vectorized form for efficiency.

1

NN DD DN NN DN NN = == = = = =
[ S A S A el e IS A el

Inputs: Flow velocities v, € R™ for edge e,, € F for n time steps (n = ny; + ngy); Edge length 1, € R
for edge ey, € E.

C < cumsum(v,,) € R**! > cumulative distance traveled over time, with Cy =0
AT € R™ init. empty > array to store transport times
M3t € {0,1}™ init. zero > array to store if self-loop occurs at time ¢
> Compute (inverse) pass-through transport times

fort=0ton—1do > Trace characteristic curve starting at time ¢
for x =t down to 0 do > Trace backward along time steps
dpi +— Cy — Cy > distance traveled between x and t

if dy+ > 1, then > true for pass-throughs

interpolate & between C, and C, 1 if needed
AT, + t — % ; break
else if d,; < —l,, then > true for inverse pass-throughs
interpolate & between C, and C,; if needed
AT, + & —t ; break

end if
end for
: end for > Compute self-loop transport times
fort=1ton—1do > Trace characteristic curve starting at time ¢
for x =t down to 1 do
di Cp1 —Cy;dy +— Cp — C > distance differences between consecutive steps
if sign(dy) # sign(dz) then > zero-crossing indicates self-loop

interpolate zero crossing: & < x — do/(d2 — dy)
ATy + sign(ds) - (t — 2)
M;' < 1 ; break
end if
end for

: end for

Output: AT € R*; M*! € {0,1}" > AT} > 0 < transport in edge dir., AT} < 0 < transport opposing
edge dir.

Algorithm 2 MeGA-MP: Metric Graph Advection Message Passing

1:

A

10:
11:
12:
13:
14:
15:

Inputs: Graph structure G = (V, E); Initial node states / known history = € RIVI*¥»i; Transport times
Otyy(t) for each edge ey, € F and for each time step t; € T, where |T'| = n = ny; + ng,.

(0 pad(z, ns) > pad initial condition by prediction length ng,

Apply Dirichlet boundary conditions to z(9) at boundary nodes

Tout z(© > initialize output accumulator

for i =1to x do > Iterate until convergence, c.f. Theorem 3.6
for each node v € V and time ¢ do > Message-Passing

(1) (i—1)
X, G Wy (T qu t— Oty (t))Lys _
vt ZUEN(’U) ( )( [ ]( ( )) Mgl (¢)=0 of. Ea. 1 Sec. 3.2 1 B.1

+ [N = tun () Lazzs 1)=1)
end for
ng)t —~0 YveV,VteT > Set to zero at boundary nodes.
Tout < Tout + m(z)
end for
if boundary values exist then
Set zout at boundary nodes
end if

Output: zus > final node states after advection message passing
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C Details on Theoretical Guarantees

C.1 Physical Derivation of MeGA-MP

While in Section 3.1, we provide an intuition on how MeGA-MP incorporates the physical priors from Section
2, in this section, we present a rigorous derivation of our metric graph advection message passing algorithm
based on these priors. More precisely, we prove that Equation (10) is equal to the mixing at nodes (Eq. (4))
given the advection dynamics (Eq. (2)) with inflow continuity condition (Eq. (5)) and suitable smoothness
assumptions (Assumption (3.4)). We repeat these priors for convenience while giving an overview of the rest
of this section.

In Section C.1.1, we derive the message-generation function ¢ as defined in Equation (9) based on the
advection edge dynamics. For each e, € I, this refers to the change of the concentration ¢y, : Rx €2y, = R>0
over time R and along the edge space Q,, = (0, l,,,), determined by the incompressible flow field vy, : R = R
over time R. Formally, this is defined by the PDE

Ocuy(t, 2)
ot

Ocyy(t, 2)

= Vo (t) 9z

(Equation (2)).

In Section C.1.2, we derive the message aggregation and node update scheme ¢, (t) as defined in Equation
(10) based on the coupling conditions given by the mizing at nodes and the inflow continuity condition. For
each v € V, the former refers to the concentration ¢, : R = R>¢ over time R, determined by a weighted
aggregation of the concentrations ¢y, (-, lyy) carried by the flow rates guy, = Qupluy : R = R from (temporal)
inflow neighbors u € N_(v,-) over time R. Formally, this is defined as

u o) Quv(l) * Cup t, Ly
colt) = 2o (o Buo(t) - Cunll: ) (Equation (4)).
ZuGNf (v,t) Quv (t)

For each edge e, € F, the latter refers to the concentration cy, : R x £, — R>¢ over time R and at the
temporal inflow boundary z = 0 of the edge space Q,,, = (0, l,,), determined by the concentration ¢, : R — R
of the temporal inflow neighbor u € N_(v,-) over time R. Formally, this is defined by

Cun(t,0) = ¢, (t) for all w € N_(v,t)  (Equation (5)).

The mixing at nodes and the inflow continuity condition formalize the following intuition: On the one hand,
if there is a (physical) flow from v € N_(v,t) to v € V entering the edge e,, € E at time ¢t € R, the
concentration ¢, (t,0) at the beginning z = 0 of that edge e, is equal to the concentration ¢, (t) at the node
u out of which the flow flows into that edge (local inflow boundary condition). On the other hand, if there
is a (physical) flow from u € N_(v,t) to v € V leaving the edge e,, € E at time ¢t € R, the concentration
Cuv(t, lyy) at the end z = [, of that edge e,, contributes to the weighted aggregation at the node v into
which the flow flows out of that edge (local outflow boundary condition).

While the edge dynamics (Eq. (1)) are defined on the open edge spaces Q,,, = (0, ), the coupling conditions
(Eq. (4) and Eq. (5)) rely on the values ¢y, (-, 0) and ¢y (-, luy) on the boundary 0Qy, = {0,1y,} of Quy.
Therefore, suitable smoothness assumptions on ¢, and v,, are required to be able to transfer information
in-between the edge spaces and its coupling boundaries.?

Assumption (Assumption 3.4). For each e,, € E, let
o Cyp : R % (0,14,) = R>o be differentiable,
o Cyp : R % [0,14,] = R>0 be continuous and

e VUup : R — R be continuous.

3Note that strictly speaking, we also need some part of the assumptions simply for Equation (2) or more generally, Equation
(1), to be well-defined.
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Remark C.1 (Symmetry of signals). Note that next to the physical priors introduced above, simply because
of the fact that we model a metric graph as symmetric directed graph G (cf. Section 2),

Cvu(tv Z) = Cu'u(ta lyuw — Z) (18)

holds for all v € V, u € N(v), t € Rand z € Q,, = [0,1,,]. That is, given that we consider a symmetric
directed graph G = (V, E) and the contrasting edges €y, ey, € E of length l,, = l,,, we expect that the
signal ¢, (t, z) along the edge e, at time ¢ and position z € [0, l,,] is equal to the signal along the edge e,
at time ¢ and position Ly, — 2 = Ly, — 2 € [0, luy] = Quo-

C.1.1 Message Generation: Advective Transport Along Edges

Throughout the rest of this section, we assume that for each e,, € E (that is, for each v € V and
u € N(v)), Equation (2) with coupling conditions as defined by Equation (4) and (5) and smothness as-
sumptions as defined by Assumption 3.4 holds. According to Equation (6), the message-generation function
O(t, eyp, €, V) = Cuy(t, lyy) relies on the signal ¢y, (-, 1) over time R and at the temporal outflow boundary
z = lyy of the edge space Qy, = (0,l4,). Since we are only aware of the signal ¢, (-,0) over time R and
at the temporal inflow boundary z = 0 of each edge space €, = (0,l4,) through the inflow boundary
condition (Eq. (5)), computing ¢(t, €y, ¢, ) would normally require to explicitly solve the edge dynamics
along the whole edge space €, = [0,1,,]. This is typically done by computationally expensive numerical
solvers. However, our message-generation function ¢ builds upon the MoC to avoid the explicit computation
of concentrations ¢, (-, 2) in between the boundaries, i.e., for all z € (0, l,,). More specifically, we can derive
characteristic curves along which the function ¢,, remains constant over time R and space 2.

Lemma C.2 (Constant concentration along characteristic curves (full version)). Let e, € E hold. If the
function ¢y, obeys Equation (2), for each tg € R and zg € R, the curve

Vto,zo * Tto,zo — RZO
t o Cu (t, 20 + ftto Vuw (8) ds)

is constant on

’

¢
Tio20 = {t ER|0< 2 +/ Vuo(s) ds < Ly VE € [ min{to, t}, max{to, t}] }

to

Intuitively, in Lemma 3.2, we fix an arbitrary time ¢y € R and a position zg € R and follow any particle that
is at this position zg at this time tg along the path z(t) := zo—i-fttg Vv (8) ds it travels during the time ¢t —tg (or
to —t) for some time ¢ € T}, ,, with possibly varying flow velocities v, (s) for all s € [min{¢o, ¢}, max{to, t}].
If we assign a concentration ¢, (to, z9) to this particle, the concentration should stay constant along the path
this particle travels. The choice of t € T}, ., guarantees that the before-mentioned path remains within the
edge ey, or in other words, in the open sub-domain R x Q,, of the function ¢,, on which Equation (2) is
defined on, as we will investigate in detail in the next Remark C.3.

Remark C.3 (On Ty, ). Since for ey, € E, the velocity v, : R — R can change its sign, for each tp € R
and zg € R, the function

¢
z:R— R, t— z(t) ::zOJr/ Vi (8) ds
to

is differentiable (and thus, continuous), but not monotone, meaning that even if z2(to) = 20 € Quy
and z(t) € Qy, holds for a ¢t € R, this does not automatically mean that z(t) € €, holds for all
t € [min{ty,t}, max{to,t}], too. However, since Equation (2) only holds on the open sub-domain R x €,,,, of
the function ¢y, : R X [0, lys] = R>0, any path from z(t9) = 2o to z(t) = zo + ftto Vyuy(8) ds parametrized by
time needs to be fully included in the space interval Q,, = (0, l,,). In other words, ¢t € T}, ., needs to hold.

Since the set T3, ., can also be empty, we are interested in when this is not the case and what properties it
satisfies in this case. The following Lemma C.4 answers these questions.
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Lemma C.4 (On Ty, .,). Let eyy € E, tog € R, 29 € R hold and let Ty, ,, be defined as in Lemma 3.2.

1. If zo & Qo holds, then Ty, ., = 0 holds.
2. If 2o € Quy holds, then Ty, ., # 0 holds. Even more, to € Ty, », holds.
3. If zg € Qup holds, there exist t; € [—oo,tg) and t, € (tg, 0] such that

(a) if t; # —oo holds, zy + f:o' Vyp(8) ds € {0,1,,} holds,

(b) if t, # 400 holds, 2o + fttor Vup(8) ds € {0,lyy} holds and

(C) Tto,zo = (tl,tr) = (t() — (to - tl),to + (tr - to)) holds.

Equivalently, there exist dt;, §t, € (0,00] such that Ty, ., = (to — dti,to + Ot,) holds.

Since according to the previous Lemmas 3.2 and C.4, for any to € R and zy € §,,, the concentration ¢, is
constant along characteristic curves v, ,, on an non-empty time interval Ty, ., = (t1,1;), it suffices to know
the value of ¢, at one position in this time interval to have knowledge of the concentration over all times
in the interval:

Theorem C.5 (Advective transport along edges). Let ey, € E hold. If the function ¢y, obeys Equation (2),
for each tg € R and zg € Qyy,

t
Cuv (t7 zo + / Vuv(s) dS) = Cyv (t7 20 +puv(t07t) (t - tO)) = Cuv(t0> ZO)

to

holds for all t € Ty, ., with Ty, ., as defined in Lemma 3.2 and for the mean velocity

T (to, t) 1= fttOVuv(S) ds ift#t(): ﬁf:ol/w(s) ds ift#tg
uv\l0, : 0 zft:to 0 th:to

According to Lemma C.4.3, for any tp € R and 2y € {2y, the set T}, ., usually corresponds to a time interval
Tiy.20 = (f1,t;) such that on its boundary 9(t,t;) = {t1,t.}, the information reaches exactly one of the ends
of the edge ey, i.e., the node v € V or the node u € N (v). In view of the coupling conditions (Eq. (4)),
this motivates to leverage the advective transport along edges, i.e., Theorem C.5, and combine it with the
inflow boundary conditions defined through Equation (5), in order to derive a representation of the advection
coupling conditions (Eq. (4)) that does not depend on the concentrations ¢, (,,,) at the end z = [, of
the edges ey, for each u € N_(v,t), but on the concentrations ¢, (t — 0ty ) and ¢, (t — dty,) at suitable times
t — Otyy € R. This, in turn, will serve as the basis for our message-passing algorithm (cf. Eq. (6) and (9)).

Intuitively, the time shift ¢, € R will correspond to the time that any information requires to travel along
the edge e, with the flow v,, : R = R from one of the nodes v € V or u € N'(v) until it reaches the node
v € V again. From the sender perspective, two different scenarios can occur: Either, the information leaves
the node u € N'(v) at time ¢ — dt,, € R and enters the node v € V at time ¢ € R. We will call this scenario a
pass-through. Or, the information leaves the node v € V' at time ¢ — dt,,, € R and starts traveling to the node
u € N(v), but before it reaches that node, the flow v, = —v4, : R — R changes its sign and the information
enters the node v € V' at time t € R again. We will call this scenario a self-loop. Of course, the sign of the
flow can also change multiple times before the information enters the node v € V. As a first step, we now
formalize the aforementioned pass-through and self-loop times formally and collect some helpful properties
to get a deeper understanding of such. In practice, also corresponding inverse phenomena will appear. In
summary, we call these times transport times, a name which we will motivate later.

Definition C.6 (Transport times). Let e,, € F and ¢t € R hold. If there exists a dt,, € R, such that
t
/ Vo (8) ds = 1y, and (19)
t—Gtyn
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’

/tt Vyuy(8) ds € (0,1yy) (20)

—Stue

hold for all ¢ € (min{t — 0ty t}, max{t — dty,, t}), we call dt,, the pass-through time w.r.t. the edge ey, € E
and time t € R. If instead, there exists a dt,, € R, such that

t
/ Vyy(8) ds = — 1y and (21)
t—0t e

’

/t C(s) ds € (—1uy.0) (22)

_étuv

hold for all £ € (min{t — 0t,y, t}, max{t — dt,y,t}), we call 6t,, the inverse pass-through time w.r.t. the edge
ew € E and time t € R. If instead, there exists a t,, € R4, such that

t
/ Uy (s) ds = 0 and (23)
t—Gtus

’

t
/ Vuv(s) ds € (0, luv)y (24)
t—0tyy

hold for all ¢ € (min{t — 0tyy, t}, max{t — dtyy,t}), we call 0t,, the self-loop time w.r.t. the edge e,, € E
and time t € R. If instead, there exists a dt,, € Rxg, such that

t
/ Vuy(8) ds = 0 and (25)
t— Gt

’

/t  (s) ds € (<L, 0), (26)

_étuv
hold for all ¢ € (min{t — ty,,t}, max{t — 6ty,,t}), we call 6t,, the inverse self-loop time w.r.t. the edge
eww € F and time t € R.

Usually, ey, € E and t € R are clear from the context and we just say pass-through time, inverse pass-through
time, self-loop time or inverse self-loop time.

The following lemmas help to get a deeper understanding of the different kinds of transport times.

Lemma C.7 (Pass-through time). Let e,, € E and t € R hold. If there exists a pass-through time 6t,, € R
w.r.t. eyy € E and t € R, the following properties hold:

1. 0tyy € Reg and thus, t — 6ty # t holds.

2. There exists no other pass-through time of the same sign (i.e., there exists either exactly one or no
positive pass-through time, and there exists exactly one or no negative pass-through time).

3. The mean velocity

t t
TVup(t) 1= Ty (t — Oy, t) = ][ Vo (8) ds = 1 / Uy (8) ds
t—6tuy

5tuv t—0tyy

during the time interval [min{t — dty,,t}, max{t — dtu,,t}] as defined in Theorem C.5 is equal to

Tup(t) = 51;:” and thus satisfies

Vup(t) > 0 < Oty > 0 and
Tup(t) < 0 <> Oty < 0.
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4. The flows quy(t — 0tyy) and quy(t) linked to the velocity vy, (-) = % satisfy

(t)>0  if 6ty >0
<0

Quo (t - 5tuv); Quv (t) lf 5tuv <0 ’

{QUU (t - 5tuv)a qu

According to Lemma C.7, if a pass-through time §t,, > 0 is positive, so does Ty, (t) > 0 hold, and there is
an average flow from the node u € N'(v) to the node v € V during the time [t — 6t,,t].* If in contrast, a
pass-through time dt,, < 0 is negative, so does 7, (t) < 0 hold, and there is an average flow from the node
v € V to the node u € N(v) during the time [t,t — 6t,,].° In both cases, the time 0t,, = #(t) is exactly
the time that any particle transported by the average flow G, (t) = .y Vup(t) needs to travel along the edge
euy Of length [,,,. Therefore, we call dt,, the pass-through time. The cases are intuitively connected by the

equality®
t t—0tyn t—0tyuy
/ Vo (8) ds = / —Vyup(8) ds = / Vyu(8) ds,
t—6tun t t

where in dependence of the sign of the pass-through time dt,, € Ro, we use the oriented of the two integrals
on the left- or right-hand side for interpretation. We can make similar observations for self-loop times.

Lemma C.8 (Self-loop time). Let ey, € E and t € R hold. If there exists a self-loop time 6ty € Rz w.r.1.
ew € E and t € R, the following properties hold:

1. There exists no other self-loop time of the same sign (i.e., there exists either exactly one or no
positive self-loop time, and there exists exactly one or no negative self-loop time).

2. The mean velocity

Pust) = Pttt )= vl ds= s [ o) as

t—0tuw &uv t—0tye

during the time interval [min{t — 0t,,,t}, max{t — dtyy,t}| as defined in Theorem C.5 satisfies
Vup(t) = 0.

3. The flows quy(t — Styy) and quy(t) linked to the velocity vy, (-) = qa—vz) satisfy

0  ifdtyy >0

0

if 6ty <0

quv(t - 6tuv) >0, QUU(t) <
un(t - (%U«’U) <0, quv(t) >

According to Lemma C.8, independent on whether a self-loop time dt,, € Ry is positive or negative,
Vuy(t) = 0 holds. If a self-loop time dt,, > 0 is positive, there is an average flow from the node v € N (v) to
itself during the time [t — 0t,,,t].” If in contrast, a self-loop time dt,, < 0 is negative, there is an average
flow from the node u € N (v) to itself during the time [t,t — 6t,,].% In both cases, the time dt,, is exactly
the time that any particle transported by the average flow G, (t) = oy Tup(t) = 0 needs to travel from u
along some part of the edge e, until the flow changes its sign and the particle travels back to the node u it
came from. Therefore, we call §t,, the self-loop time.

4More precisely, since in this case, gy (t — tuw), quou(t) > 0 holds, we know that at time ¢t — §ty» € R and ¢t € R, there is a
flow from u € N_(v,t — §tuw) NN_(v,t) to v € V. Note that we tacitly ignored the case of zero flows here due to Remark E.1.
5More precisely, since in this case, quv(t — 8tusy), quo(t) < 0 holds, we know that at time ¢ € R and t — §ty, € R, there is a
flow from v € V to u € Ny (v,t) NNy (v,t — Stuy). Note that we tacitly ignored the case of zero flows here due to Remark E.1.

6The proof follows similar arguments as given in, e.g., the proof of Lemma C.9.

"More precisely, since in this case, quy(t — 6tuy) > 0 and quv(t) < 0 holds, we know that at time t — 6ty € R, there is a
flow from u € N_(v,t — §tyy) to v € V, while at time ¢ € R, there is a flow from v € V to u € Ny (v,t). Note that we tacitly
ignored the case of zero flows here due to Remark E.2.

8More precisely, since in this case, quv(t) > 0 and gy (t — dtyy) < 0 holds, we know that at time ¢ € R, there is a flow from
u € N_(v,t) to v € V, while at time ¢ — 6tyo € R, there is a flow from v € V to u € Ny (v,t — dtyy). Note that we tacitly
ignored the case of zero flows here due to Remark E.2.
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As another result that will turn out to be useful in practise, by the symmetry of the underlying graph G
and the conservation of flows (Eq. (3)), an inverse pass-through time induces a pass-through time and vice
versa, while an inverse self-loop time induces a self-loop time and vice versa.

Lemma C.9 (Inverse pass-through time). Let ey, € E and t € R hold. §t,, € R is an inverse pass-through
time w.r.t. ey, € E and t € R if and only if (iff) 0tyy := dtuy € R is a pass-through time w.r.t. e,, € E and
teR

Lemma C.10 (Inverse self-loop time). Let ey, € E and t € R hold. Oty € R is an inverse self-loop time
w.r.t. ey € E and t € R iff 0ty := 0tyy € R is a self-loop time w.r.t. ey € E andt €R

We now collected all relevant properties which help us to prove the main results of this section as motivated
above: Given a pass-through time 6t,, € R w.r.t. ey, € E and t € R, we can re-write the concentrations
Cuv (b luy) and cyy (t — Gtyy, L) at the end z = Iy, =y, of the edges ey, and ey, using the concentrations
¢y : R—= R>¢ and ¢, : R = R>q, respectively:

Theorem C.11 (Pass-through time). Let ey, € E and t € R hold. If the function cy, obeys Equation (2)
and there exists a pass-through time 6ty € Rxo w.r.t. ey, € E and t € R, we obtain

luw
Cuv(tvluv) = Cuv(t - 5tu7j70) = Cuyv <t - t)v()) .

Puv(

Even more, the concentrations cyy, (-, luy) and cyy (-, lyn) at the end z = lyy = lyy of the edges ey, € E and
eyy € E are connected to the concentrations ¢, and ¢, of the nodes of that edge, respectively, by

Cuv (y lyw) = Cu(t — 0lyy)  if Oty >0
Coult = Otup, lyw) = colt)  if Oty <0

According to Theorem C.11, if a pass-through time dt,, > 0 is positive, the concentration ¢, (t,l,,) at time
t € R and at the end of the edge ey, € E, along which there is an average flow from the node u € N (v) to
the node v € V during the time [t — §t,., t], is equal to the concentration ¢, (t — 0t,,) at the node u € N (v)
and —dty, < 0 units of time earlier than t. If in contrast, a pass-through time dt,, < 0 is negative, the
concentration Cyy (t — 0tyy, lyy) at time ¢ — oty € R and at the end of the edge ey, € E, along which there
is an average flow from the node v € V to the node u € N (v) during the time [t,t — dty,], is equal to the
concentration ¢, (t) at the node v € V and +6t,, < 0 units of time earlier than t — dt,,,.

Analogously, given a self-loop time dt,, € R w.r.t. ey, € E and t € R, we can re-write the concentration
Cou(t, lyy) at the end z = Iy, = 1y, of the edge ey, using the concentration ¢, : R = R>p:

Theorem C.12 (Self-loop time). Let ey, € E and t € R hold. If the function ¢y, obeys Equation (2) and
there exists a self-loop time 6ty € Rzo w.r.t. ey € E and t € R, we obtain

Cuv (t,0) = yp(t — dtyyp, 0).
Even more, the concentration cyy(-,ly,) at the end z = Ly, = lyy of the edge e, € E is connected to the
concentration c, of the node of that edge by

Cou(tylyn) = cu(t — Otyy)  if Oty >0
Coult — Otup, lpw) = cu(t)  if 6ty <0

According to Theorem C.12, if a self-loop time dt,, > 0 is positive, the concentration ¢y (t,l,,) at time
t € R and at the end of the edge e,, € F, along which there is an average flow from the node u € N (v)
to itself during the time [t — 0y, ], is equal to the concentration c,(t — dty,) at the node u € A (v) and
—0tyy < 0 units of time earlier than t. If in contrast, a self-loop time dt,, < 0 is negative, the concentration
Cou(t = Oty lyy) at time ¢ — dt,,, € R and at the end of the edge e,, € F, along which there is an average
flow from the node u € M (v) to itself during the time [¢,¢ — dt,,], is equal to the concentration ¢, (t) at the
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node u € N (v) and +dt,, < 0 units of time earlier than t — .

In summary, Theorem C.11 and Theorem C.12 illustrate the time shift required to pass information
from one node to another. Therefore we call these shifts transport times, and the underlying concepts serve
as a basis for our advection-message-generation function ¢ (cf. Eq. (6)). To be able to properly define it,
we need to make sure that for each edge e,,, € F and time ¢t € R, such a transport time exists and is unique.
For the sake of brevity, for such a pair, we define the function

t
z:R— R, §t— 2z(dt) := / Vuw(8) ds  (Equation (7)),
t—5t

where we omit the dependency of z on ey, € E, t € R and the overall flow field v for better readability.
Then we obtain the following existence and uniqueness result:

Theorem C.13 (Existence and uniqueness of positive transport times). Let e, € E and t € R hold. If
Uy (t) # 0 holds and the set

A (t) ::{5t € (0,00) | /tt& Vao(s) ds € {—luv,O,luv}}
:{6t € (0,00) ‘ z(0t) € {—luv,O,luu}}

is not empty, the following properties hold:

1. 8tyy :=min Ay, (t) = min{dt € (0,00) | 2(6t) € {~luv,0,lu0}} € (0,00) exists.

2. Oty s a positive pass-through time, inverse pass-through time, self-loop time or inverse self-loop
time. More specifically, 6ty, is (always w.r.t. ey, andt) ...

. an inverse pass-through time <= 2(0tyy) = —lyo,
. a self-loop time or an inverse self-loop time < 2(0tyy) =0,
. a pass-through time <= 2(0tuw) = luw.

3. There exists no other positive pass-through time, inverse pass-through time, self-loop time or inverse
self-loop time than 0t,,.

Theorem C.13 guarantees that the mapping

s:Rx E x F(R,R") — (0,00), (t,€yp,V) — 8(t, €ye, V) := Oty (27)

is well-defined. Throughout most parts of this work, ¢t € R, ey, € E and v = (V.)ecr are known from
the context and we use the notation dt,, as a shortcut for s(t, ey, ) to ease notation whenever it is
reasonable. Finally, this allows to define the advection-message-generation function in accordance to the
results of Theorems C.11 and C.12 as

¢:Rx Ex F(R,R™) x F(R,R"™) — Rxq,

Cu(t - 6tuv) 1f Z(étuv) S {_luv; luv}

Equation (9)).
Co(t — 8tyy)  if 2(0tyy) =0 (Equation (9))

(t, eyv, C, V) — &(t, eyy, C, V) = {

Remark C.14 (Double assignment phenomenon). Note that through the relation®

t t
/ Vyy(8) ds = —/ Vun(8) ds,
t—G6tuy t—Gtuyy

9See, e.g., the proof of Lemma C.9.
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two neighboring nodes v € V and u € N (v) will be assigned to the same transport time dt,,,, corresponding
to either pass-through and inverse pass-through times (cf. Lemma C.9) or self-loop and inverse self-loop
times (cf. Lemma C.10). We call this the double-assignment phenomenon.

In the following Section C.1.2, we integrate our advection-message-generation function ¢ into the coupling
conditions (Eq. (4)) and show that the resulting representation of such corresponds to our advection-
message-passing algorithm as presented in Section 3 (Eq. (10)) and which automatically handles the double-
assignment phenomenon.

C.1.2 Message Aggregation and Update: Mixing at Nodes

As investigated in the previous Section C.1.1, for a node v € V and a time ¢t € R, we are interested in a
representation of the advection coupling conditions (Eq. (4)) that does not depend on the concentrations
Cuv(t, Luy) at the end z = [, of the edges e,, for each u € N_(v,t), but on the concentrations ¢, (t — dt,,)
and ¢, (t — 0ty ) shifted by suitable transport times dt,, € R. Since in practice, we can only assume to have
knowledge of the past, the suitability refers to the requirement that d6t,, > 0 should hold. Theorem C.13
guarantees the existence and uniqueness of such.

In this subsection, we prove that the message-generation function as defined in Equation (9) indeed assigns
to each time ¢ € R and each edge e,, € E a message ¢(t, e, ¢, ) that determines the correct representation
of ¢yy(t, lyy) from the correct source under consideration of the concentrations ¢ and the flow field v. The
following lemma will help reaching this goal.

Lemma C.15 (Transport times). Let ey, € E andt € R hold. In the setting of Theorem C.13, the following
property holds:

1. Otyy is (always w.r.t. ey, andt) ...

Oty
Oty
Oty
Oty

{~luvsluv} and quy(t) > 0,
{=luv, luv } and quq(t) < 0,
0a
0a

. a pass-through time

m m

. an inverse pass-through time

. a self-loop time nd quy(t) <0,

nd Guy(t) > 0.

)
)
)
)

— z(
— 7(
— z(
. an inverse self-loop time — z(

Lemma C.15 justifies why in the definition of the advection-message-generation function ¢ (Eq. (9)), we
do not need to distinguish between pass-through and inverse pass-through or self-loop and inverse self-loop
times and though automatically handle the double assignment phenomenon (cf. Remark C.14): Taking
into account the sign of the flow rate g,,(t) at time ¢ € R, corresponding counterparts will vanish in the
coupling condition due to the summation over inflow neighbors u € N_(v,t) only (cf. Eq. (4)) and in our
advection-message-passing algorithm due to the ReLU-function (cf. Eq. (6) and (10)).

Moreover, the assumptions of Theorem C.13 and Lemma C.15 are naturally satisfied in the contexts where
they are applied: On the one hand, summands where the velocity v, () is equal to zero do not contribute
by construction of the coupling conditions (4). On the other hand, whenever the set A,,(¢) is empty (that
is, no transport time exists), we assume to have knowledge of the values ¢, (t) for the respective times ¢: In
cases of initial value problems, these values are known by definition (cf. Remark 3.8); for boundary value
problems we assume an initial state of zero at non-boundary nodes, these values ¢, (t) for the respective
times t are then also zero by definition.

Consequently, we can combine the results from the advective transport along edges (Section C.1.1) with the
results of this Section to obtain a message-passing representation of the coupling conditions (Eq. (4)) which
indeed coincides with our final advection-message-passing scheme (10):

Theorem C.16 (Physical alignment (full version)). Let v € V and t € R hold. We assume that Assumption
3.4 holds and that for each u € N'(v), Ayy(t) is not empty (that is, the OP (8) has a solution). If the function
cy obeys the mizing at nodes (Eq. (4)) and if for each uw € N (v), the function cy, obeys the advection edge
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dynamics (Eq. (2)) with inflow continuity condition (Eq. (5)), then

cy(t) = Z W (t) - € (t — Otyn) + Z Wy (T) - u(t — Otyy) = Z Wy (t) - @(t, eyw, €, V)
ueN (v) ueN (v) ueN (v)
2(8tyw)=Fluw 2(8tuw)=0

holds, where 6t,,, = min A, (t) is the transport time as defined in Theorem C.13. In other words, Equation
(10) with ¢ as defined in Equation (9) holds.

C.2 Error Bounds on MeGA-MP

In this section, we first provide some theory on a special graph structure, trees, and introduce further notation
along the way (Section C.2.1). This does not only allow to formalize the full version of Theorem 3.7, but
also to prove Theorem 3.6 and 3.7 (Section C.2.2). Nevertheless, the following sections can also help to get
a deeper understanding of our iterative algorithm, Equation (11), whose intuition was already describe in
Section 3.2.

C.2.1 Preliminaries: Trees with Children-Aggregation Scheme

In this section, we first investigate on the intuition behind the message passing scheme (10) (and analogously,
Eq. (11)), which — by the definition of the weights w,, (Eq. (6)) — can also be written as

Cy (t) = Z Wryv (t) ' ¢(ta €uv; C, V)-

wEN_ (v,t)

For simplicity, let us assume that the message function ¢ outputs ¢(t, €yy, €, V) = ¢y (t — 0tyy) (cf. Eq. (9)),
that is, that at time ¢, we observe a pass-through along the edge e,, and not a an inverse self-loop (cf.
Lemma C.15). In this case, Equation (10) can — with (1) a change in notation and (2) using the more formal
notation from Equation (27) — be written as

(1) (2
Cv(t) = g wvlu(t) * Cyy (t - 6tv1v) = g wvw(t) * Coyy (t - §(t, €viv;s V))
—_————

v EN_(v,t) v1 EN_(v,t)

=:t1
For each inflow neighbor v; € N_(v,t) of v at time ¢, we can again apply Equation (10), yielding

co(t) = Z Z Wy, o () + Wogu, (E1) - Cop (81 — 8(E1, €0y0,, V7))

v1EN_ (v,t) va€EN_ (v1,t1)

=:to

Intuitively, we can repeat this process as often as we want until a neighborhood N_ (v, ;) is empty, which
by definition is the case if v; € V4, is a source node. What we create along the way are paths p = ((vg, to) :=
(v,t), (v1,t1), (va2,t2),...) of both locations v; € V and times ¢; € R for indices [ = 1,2, ... along which we
trace back information that contributes to the signal ¢, (¢).1° Knowledge of such paths, which we call inflow
paths, can be helpful in case where the signal ¢, (f) at time ¢ is unknown, expressing it through signals ¢,, ()
at earlier times ¢; < t. While the graph G is a symmetric directed graph (cf. Section 2), the set of all such
inflow paths P(v,t) defines a tree structure’!, which we construct formally and iteratively from the root
node (vg,tg) = (v,t) to leaf nodes in the next Section C.2.2. Before, we provide a general result on trees
with children-aggregation aggregation schemes:

Theorem C.17 (Trees with children-aggregation scheme). Let T = (A, E) be a finite tree with root node
aop € A, internal nodes Agypy and leaf nodes Ajeqp (that is, A = {ao} U Asne U Ajeqr holds). If each node a € A
is associated with a magnitude x, € R that satisfies

Ty = Z Wap - xp for all a € {ap} U Ay,
beC(a)

10Note that the indices | = 1,2, ... do not necessarily correspond to the discrete times indices I in Section 3.2.
HNote that by definition, the transport time is positive (Theorem C.13). Therefore, t > t1 > ta > ... holds.
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(a0, o)

= (a1, 15,)

= (0«2]‘2, w2jz)

(a,2q) = = (i, 1) € Aint
— | T~
wab Lo = Z Wap * Th )
beC(a)
(b7 $h) (b7 wb) = = (a(l+1)jr+1’x(l+1)jz+1) (b "L'b)

= (a@,-1)jy, 1+ Tt~ 1)y, 1) € Aint

= (@@, T1,5,,) € Aleas

Figure 11: A visualization of the concepts from Theorem C.17.

where the set C(a) C A consists of the children of a € A and wqy is a weight of the edge eq, € E that depends
on both the parent a € A and its child b € C(a), then the magnitude xo = x4, of the root node ag € A is
determined by the magnitudes x;, := Tay, of the leaf nodes aj, € Ajeas by

Zo = Z w(a()a"'aalp) “ Ll

p=(ao;...,a1,, ) €EP (a0, Aleaf)

where P(ao, Aleaf) is the set of paths connecting the root node ag to one of its leaf nodes Ajeqr and
l,—1
w(ag, ..., ay,) := H Wagagsy
=0

is the product of weights along a(n) (arbitrary) path p = (ao, ...,a;,) € P with length I, € N.

A visualization of such a tree can be found in Figure 11.
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C.2.2 Construction of Inflow Trees

In this section, we first provide some intermediate results — Theorem C.20 and Theorem C.21 — that help
proving Theorem 3.6 and 3.7. In order to prove the former, we construct suitable trees in the sense of
Theorem C.17 as already motivated in Section C.2.1:

Definition C.18 (Inflow tree and interpolation inflow tree). Let G = (V, E) be an advection metric graph
as defined in Section 2. Let v € V and ¢ € R hold.

We define the inflow tree T (v, t) of v at time ¢ using the notation from Theorem C.17 by iteratively defining
the nodes and children per layer [ € Ny of the tree until a stopping criteria is fulfilled:

o [ = 0-th layer: We choose the root node ay = (vo, to) := (v,1).

e [ + 1-th layer: Given a parent node a; = (ug,v;,%)*? in the I-th layer, we choose its children

aj+1 = (Ui41,vi4+1,t141) € C(a;) as each combination of

— an inflow neighbor u;11 € N_(v;, ;) of v; at time ¢; and

— the corresponding shifted time ¢y, := ¢; — §(t;, €y, ,0,, V) obtained through the time shift
applied to t; using the (positive) transport time $(t1, €y, v,,v) > 0 (cf. Eq. (27)) along the
edge ey, v, € F and

— the corresponding source node'?

.f t u vy 07
Vg = Ui+1 1 Z(§( U Cupqqrvg V)) 7é (28)
v if z(s(t1, eupyr0, 7)) = 0.

o We stop the construction after an a;4+1 = (w41, vi+1,t+1) if a stopping criteria is fulfilled, which
for now can be any stopping criteria, or until naturally, the neighborhood N_(v;y1,%,+1) is empty,
which is by definition the case if v;1; € V}, is a source node.

o We denote the set of paths connecting the root node ag = (vg,tg) = (v,v,t) to one of its leaf nodes
Ajear by P(v,t), which is an abbreviation for P(ag, Ajeat)-

We similarly define the interpolation inflow tree 7 (v,t) of v at time ¢ using the notation from Theorem C.17
by iteratively defining the nodes and children per layer [ € Ng of the tree until a stopping criteria is fulfilled:

o | = 0-th layer: We choose the root node ag = (v, to) := (v, t).

o [+ 1-th layer: Given a parent node a; = (u;, v, t;) in the I-th layer, we choose its children a;; =
(Up41,141,t1+1) € C(a;) as each combination of

— an inflow neighbor w;41 € N_(v;,t;) of v; at time ¢; and
— an corresponding interpolation time ¢;1 € {t;,t;41} for the j € I for which t; —g(t;, e, 0, V) €
[tj,t;4+1) holds (cf. Eq. (17))* and

— the corresponding source node v;1 analogously to Equation (28).1°

12Note that the definition of a; 1 does not depend on wu;, which is why this step is well-defined for I = 0 and I + 1 = 1, too.

13In the former case, we observe a pass-through along the edge €upy vy, that is, information flows from v;41 = w41 to v;.
In the latter case, we observe an inverse self-loop along the edge ey, v, that is, information flows from v;41 = v; to v;. For
more details, see Section C.1.

MSimilar to the construction to the inflow tree T (v,t), t; — 8(t1, €uyyqv;,v) is the — possibly not in the observable, dis-
crete subdomain of R lying — shifted time obtained through the time shift applied to ¢; using the (positive) transport time
s(t1, euyyqv;,v) > 0 (cf. Eq. (27)) along the edge ew,, v, € E. Note that for [ € N, ¢; already corresponds to one of the discrete
time points that are known, that is, there exists an j € I such that ¢; = t; holds.

15Note that the definition of v;4+1 does not depend on t;4 1, which is why the corresponding source node v; 1 of both ¢, =t;
and t;4q = tj11 is the same.
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o We stop the construction after an a;11 = (ujy1,v141,t4+1) for which t;41 € Ty = {t1,...,t;} or
tig1 € Tty = {tit1, -, tn} and v 41 € V4, holds.'6

o We denote the set of paths connecting the root node ag = (vg,to) = (v,t) to one of its leaf nodes
Ajear by P(v,t), which is an abbreviation for P(ag, Ajeat)-

Remark C.19 (Finite depths of interpolation inflow tree). We want to explicitly highlight that for each
v € V and t € R, the stopping criteria for the interpolation inflow tree 7A'(v,t) is fulfilled at some point.
In other words, the interpolation inflow tree 7 (v,t) has a finite depth and each path p = ((vo,to) =
(v, ), (ur,v1, 1)y (U, v, t1,)) € 75(11, t) has a finite length I, € N. This is because by definition of the OP
(8), we assume positive transport times (also see discussion above Theorem C.16). Consequently, t = ¢y >
t1 > t2 > ... holds and for arbitrary ¢ € R, at some point, #;, € T},; must hold.

We now leverage these trees together with Theorem C.17 to prove the following two intermediate results,

~

which allow to reconstruct the magnitudes ¢, (t) and cg,k)(t) of interest along inflow paths:
Theorem C.20 (Closed form of advection message passing). Let v € V and t € R hold. Let T (v,t) be the
inflow tree of v at time t as defined in Definition C.18. If ¢, (t) is defined by Equation (10), then

lp—1

Cv (t) = Z H Wy 10 (tl) " Coy, (tlp) (29)
=0

p=((vo,t0)=(v,t),(u1,01,t1)...,(u1,,v1, t1,) ) EP(v,t)

with weights wy, , v, (t1) according to Equation (6) holds.

Theorem C.21 (Closed form of advection message passing iterations). Let v € V and t € Ty; U T, hold.
Let ’f'(v, t) be the interpolation inflow tree of v at time t as defined in Definition C.18. Let k > Max, 5, ;) lp

hold. If ég,k)(t) is defined by Equation (11), then

l—1
&P (1) = > I o (t0) - altisn) | - e5790w,)  (30)
p=((vo,t0)=(v,t),(u1,v1,t1)...,(u1, w1, b1, ) ) EP(v,t) =0

with weights wy,, v, (t1) and a(ti41) according to Equation (6) and (16), respectively, holds.

Theorem C.21 already allows a proof of Theorem 3.6, which is given together with the other proofs in
Appendix E.

For the proof of Theorem 3.7, we need to make some further assumptions: While Equation (29) and (30)
are already of similar structure, the number of paths p € P (v,t) grows exponentially by a factor of 2!, where
[ is the depth of the tree T'(v,t) and 7'(1;,15), as compared to the number of paths p € P(v,t). This is due
the fact that per time that we observe in the inflow tree T'(v,t), we observe two interpolation times in the
interpolation inflow tree 7 (v,t) (cf. Definition C.18). To make each summand in Equation (30) comparable
to a summand in Equation (29), we need to make the following assumptions:

Assumption C.22 (Identifiable paths). Let v € V and ¢ € R hold. Let T(v,t) and 7T (v,t) be the inflow
tree and the interpolation inflow tree from Definition C.18, respectively. We assume that each path p =
((P0,t0) = (v,t), (fix, D1, 11)..., (U, 01, ,11,)) € P(v,t) is uniquely identifiable with a path p = ((vo,to) =
(v,t), (u,v1,t1)..., (wr,,v1,, t1,)) € P(v,t) in the sense that @; = u; and 9; = v; holds for all [ = 1,...,1,,.

Assumption C.23 (Equal time for jumping into history). Let v € V and ¢ € R hold. Let 7 (v,t) be the
interpolation inflow tree from Definition C.18. In the definition of each ¢;41 € {t;,t;41}, we assume that
tj,tj+1 € Ty, or tj,tj_H € Ty holds.

16Note that similar to the construction to the inflow tree 7 (v,t), we can also chose any other suitable stopping criteria. We
chose the one that we will need later. Also note that with this stopping criterium, if ¢t € T}; or ¢t € Ty, and v € V}, holds, the
creation of the tree 7 (v,t) stops immediately and does only consist of the path p = ((vo, to) = (v,t)) of length zero.
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Assumption C.22 is satisfied as long as the inflow neighborhoods N_ (v, ), from which we choose an inflow
neighbor u;4; when creating a path in 7 (v,t), are equal to the corresponding neighborhoods N_ (7, ),
from which we choose an inflow neighbor ;11 when creating a path in ’7A‘(v,t). This is guaranteed if the
underlying flow field v that defines these neighborhoods does not change its orientation during the time
intervals [t;,t;41] for which ¢; € [t;,¢;41) holds. If the assumption holds, it allows the following definition.
Definition C.24 (Joint paths). Let v € V and t € R hold. Let T(v,t) and 7 (v,t) be the inflow tree
and the interpolation inflow tree from Definition C.18, respectively. Let assumption C.22 hold. If the path
P = ((0o,t0) = (v,t), (g, 01,%1)..., (t,,, 0lp,flp)) € 73(1), t) is uniquely identifiable with the path p = ((vg, tp) =
(v, ), (ur,v1, 1) (u,, v, t1,)) € P(v,t), we define the joint path of p by

ﬁ = ((U(ht(]) - ('U,t), (ulvvlvtlvfl)a ceey (ulpvvlpatlpvflp))~ (31)

We can still consider p as an element of 7A'(v7 t), since we only added information that are unused, in, e.g.,
Theorem C.21.

Moreover, Assumption C.23 guarantees that there exist two such paths that are exactly equal up to the last
flp € {tj,tj41} for a j € I in the sense of Definition C.18. Finally, using the property that per such two
paths ending in such two left and right interpolation bounds, the factors a(t;) and a(t;+1) add up to one,
we can canonically extend the sum in Equation (29) to the sum in Equation (30) using the joint paths. This
allows to prove Theorem 3.7, which in its full version is phrased as follows:

Theorem C.25 (Interpolation error (full version)). Letv € V and t € Ty;UT}, hold. Let T (v,t) and T (v,t)
be the inflow tree and the interpolation inflow tree of v at time t as defined in Definition C.18, respectively.
Let Assumption C.22 and C.23 hold. Then the prediction error in-between c¢,(t) and é,(t) is given by

e (t) — ¢u(t)]

< Y alty,enady) | Jew, (b)) = co (B Hlew, (8] [w(to, oo ty,—1) — w(to, ..oy i, —1))]

Temporal interpolation error Accumulated weighting error

with joint paths p = ((vo,to) = (v,t), (u1,v1,t1, 1), .0, (w01, b1y, 11)) € P(v,t) according to Definition
C.24,

Ip—1 Ip—1
aty, ... f,) = H altiy1)  and  w(to,...,t1,—1) == H Wy 10, (F1)
=0 =0

with weights wy, v, (t;) and a(ti41) according to Equation (6) and (16), respectively. If the temporal inter-
polation error is zero, we obtain |c,(t) — é,(t)| = 0.

Theorem C.25 states that the error between the ground truth ¢, (¢) and the prediction é,(¢) solely stems from
the time interpolation: On the one hand, the temporal interpolation error is the error from observing a value
Cuy, (fgp) at a node v, € V and at a discrete time ¢;, € T};, when actually, we needed to observe the value
Cuy, (tlp) at an eventually non-discrete time ¢;, € R. On the other hand, for exactly the same reason, the
weights wy, , 4, (f;) that we observe at discrete times {; € Th; U Ty, might differ from the weights Wy v, (1)
that we needed to observe at non-discrete times ¢; € R for all | = 1,...,l, — 1, yielding the accumulated

weighted error. Both errors decrease with decreasing content of high frequencies in concentrations ¢ and
flow fields v.

D Details on the Experiments

D.1 Experiment 1: Zero-Shot Transfer Learning of Advection-Reaction Dynamics on Real-World
Metric Graphs

Domain In both networks Hanoi and L-Town, we model chlorine decay, which is part of the edge dynamics
in Equation (12), as a first-order reaction over time and also include interactions with the pipe wall, which
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depend on the pipe diameter p,, € R>o. This is formally defined as

Ak ) cun(ts ), (32)

uv

fr(tvz7euv) = - (kb +

where the parameters k;, € R>o and k,, € R>( control the intensity of chlorine decay over time and due to
wall reactions, respectively.

Dataset We generate datasets of 1000 training, 200 validation, and 200 testing samples for the Hanoi
WDS, and 200 testing samples for the L-Town WDS. Each sample consists of n = 701 time steps with a
time difference of dt = 60 (in s) and corresponds to a time series T that describes the distribution of chlorine
c over discrete time points ¢ € T and through the WDS G, determined by advection or advection-reaction
dynamics as described in section 4.1. The chlorine is injected over time ¢t € T at boundary nodes V},. The
samples differ in graph topology, in flow fields and injection pattern (boundary condition). We now describe
this data generation process in more detail. As stated in Section 4, we use EPyT-Flow (Artelt et al., 2024)
based on EPANET-MSX (Shang et al., 2023) as the simulator.

e Fixed parameters: Boundary nodes V}, at which chlorine is injected correspond to reservoir nodes
V;. This corresponds to one and two boundary nodes in the case on Hanoi and L-Town, respectively.
For the advection-reaction datasets, the values of the reaction coefficients in Equation (32) that
model the decay of the concentration are set to k, = 0.04 and k,, = 0.034.

o Varying graph topology: In order to vary graph topology, we sample pipe lengths l,,, ~ U(0.1, 80)
(in m) and pipe diameters p,,, ~ U(0.06,0.025) (in m) uniformly per sample at random. To maintain
the typical WDS topology of larger pipes at reservoirs and successively smaller pipes towards leaf
nodes, diameters are ordered from low to high, as in the original WDSs Hanoi and L-Town.

e Varying flow fields: In order to generate scenarios with different flow fields, we vary nodal de-
mands d(t) = (dy(t))yev that directly determine the flow field v(t) = (Ve(t))eecr through hydraulic
equations (Rossman et al., 2020). Empirically, independent random demands yield spatially homo-
geneous flow fields. To introduce spatial variations of the flow fields, we apply spectral clustering
s:V — {0,...,n.} on the binary network adjacency matrix to partition the network into n. = 4
clusters for Hanoi and n. = 7 clusters for L-Town. Then the demand pattern for a node v € V is
sampled from a cluster-shared Gaussian process plus independent noise:

. a9
dv(t):fs(v)(t)+evv €v NN(07012)7 fs(v) NgP(OaK)v K(Zh?) = exp (2 0<122 J) ) .
-0.12- (n—1)2
The resulting hydraulics show flow velocities v that vary in space and time and can also change
direction. Assigning demands d,(¢) may result in physically implausible states that generate negative
pressures, however, these states can be easily made plausible by offsetting the heads accordingly,
which would have no effect on the flows. Therefore, the flows are physically plausible and since the
quality simulation only depends on flows and not on pressures, the resulting evolution of chlorine in
the system is still valid.

o Varying injection patterns: The injection patterns ¢, (t) (Dirichlet boundary condition) in which
chlorine is injected at boundary nodes v € V;, are sampled from the Fourier function space (using
the first M modes) as follows:

M
_ 1 t . t
Cy(t) = E = (a;C cos <2kﬂ'60 : 700) + by, sin (2k7r60 : 700)) ,

¢ (t) _ Ev(t) — minger év(t) c [0 1]
v maxer Cy(t) — minger €, (t) B

with M ~ U;n(3,30), a ~ U(0.5,1.5), and ag, b, ~ N(0,1), for all v € W, t € T. Here Uy
corresponds to an integer-valued uniform distribution. Three samples from this function space are
visualized in Figure 12.
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Figure 12: Example patterns used for the chlorine injection at boundary nodes V},.

The MLP that is intended to learn the reactions consists of two linear layers with 8 neurons each,

and a SELU activation (Klambauer et al., 2017) in between. We train the model with the Adam optimizer
(Kingma & Ba, 2014) over 250 epochs with a batch size of 256 using a learning rate of 0.001 that is reduced
by a factor of 0.2 if the training loss did not decrease for the last 3 epochs. The loss function is the MAE.
Boundary nodes are masked.

Baselines The baselines we compare ourselves to are:

o NNConv: As a simple baseline, we use the kernel-based MPNN from Gilmer et al. (2017). The

node feature matrix X € RIVIX" with n = ny,; + ngy is populated with the complete time series at
boundary nodes V4, as well as the first time step as the known history Tj; at all other nodes V' \ V.
The edge feature matrix E € RIZI*3" contains the time series of scaled edge flows, edge capacities,
and transport times. Node and edge features are first mapped into a latent space via two separate
linear layers. After that, GG-NN convolutional layers (Gilmer et al., 2017) (NNConv implementation
from torch-geometric) are applied. The message function is implemented as a two-layer MLP with
a ReLU activation between the two layers. The messages are aggregated via sum aggregation and
decoded by a single linear layer calibrated manually.

PDE-GNN: Hermes et al. (2025) is a PDE-style GNN which solves initial and boundary value
problems and has been proposed for chlorine estimation in WDSs. The model learns a PDE function
that is integrated by Euler integration. Calibrated manually, we apply the same scheduler with 0.2
learning rate decay upon training loss plateau over 3 epochs and we set the initial learning rate
to 0.001. The time step used for Euler integration is set to dt = 0.25. Some hyperparameters are
tuned, other hyperparameters are left as specified in Hermes et al. (2025).

GPSConv: Rampések et al. (2022) is a graph transformer that we include as a representative of
an architecture capable of capturing global dependencies. As positional encodings, we utilize the
graph Laplacian eigenvectors, since positional encodings based on random walks would degenerate
to zero if the initial conditions are zero. The Laplacian positional encoding is truncated to 30
components, allowing the transfer-learning experiment from Hanoi (32 nodes) to the L-Town (784
nodes), and embedded to 8 dimensions via a linear layer. We tune the message-passing module,
which corresponds to the parameter ® in Table 4, candidates are NNConv, GINE, and GatedGCN
(Gilmer et al., 2017; Hu* et al., 2020; Bresson & Laurent, 2017), which are architectures that can
accommodate edge features.

A-DGN: Gravina et al. (2023) is a dynamical-systems based GNN, where the message-passing
operation acts as a differential operator, similar to an ODE. As such, it computes updates ‘98—)[( of
the node features X that are integrated over several layers [ via Euler integration with a step size
of €. This model allows deep architectures that are stable and non-dissipative, mediated through
antisymmetric weight matrices applied to the output of any message passing layer ®. We use
this model in the weight-sharing style and select the same options for ® as for GPSConv. As
generalization is a focus here, we evaluate two variations A-DGN and A-DGNp;,, to account for the
difference in size of the training and evaluation graph: The first is a hyperparameter tuned baseline,

while for the second variant, we change the number of iterations of the trained model to the graph
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diameter. We have found that the latter works much better when the step size € is adapted as well.

Specifically, we set € = 6%%7 and num__iters’ = diameter(G).

o PINN-based approaches on metric graphs (Blechschmidt et al., 2022; Laczké et al., 2025) are
effective for learning solutions of specific PDE settings on metric graphs and are suited for inverse
problems. However, PINNs are not operator-learning frameworks: A change in PDE parameters or
boundary conditions typically requires retraining. Since our focus is on flexible models that gener-
alize across varying flow conditions and topologies, PINN-based approaches are not an appropriate
baseline in our setting.

o« PI DEEPONET is a LEGO-like neural operator for metric graphs (Blechschmidt et al., 2025)
originally developed for drift—diffusion edge dynamics. While this approach is highly effective for
diffusive dynamics, its direct application to purely hyperbolic problems such as linear advection is
not straightforward. First, the method assumes flow-directed edges, effectively imposing a fixed
transport direction that is incompatible with more general advection fields that can change direc-
tion. Second, at inner nodes the coupling is enforced through Kirchhoff-Neumann conditions, which
conserve diffusive gradient fluxes d.c. For hyperbolic dynamics, the flux is defined as v(t, 2)c(t, 2)
which would require a different coupling law such as mixing. For these reasons we omit this work
as a baseline for now.

All models are trained using the Adam optimizer over a maximum of 1000 epochs. During training we
validate the model every 10 epochs and training is stopped early if the validation loss did not improve over
the last 50 epochs.

For a fair comparison of MeGA-MP and MeGA-MP™ to the other methods, we run a small-scale hyperpa-
rameter tuning for every baseline method using Optuna (Akiba et al., 2019). The search space is specified
in Table 4. Every configuration is trained for 60 epochs. Trials are terminated at an earlier epoch if the
trial’s result is worse than the median of results of previous trials at the same epoch (median pruning).
New configurations are sampled based on the tree-structured Parzen Estimator (TPE) (Watanabe, 2025)
implemented in Optuna.
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Table 4: Optuna Search Space for Different Model Types

Parameter NNConv PDE-GNN GPSConv A-DGN
hidden__dim {64, 96, 128, 160}

num,__layers {2, 3, 4, 5, 6}

learning_rate [1074,3 x 1073] (log)

weight _decay [1076,107] (log)

batch__size {16, 32, 64} (tests with larger batch-sizes were not successful)
clip__grad_norm {1074,0.5,1.0,2.0, -}

N (training) 700 {32,100, 150} 700 700
dropout - (0.0, 0.3] (0.0, 0.3] -
num__heads - - {2,4,8} -
attn_dropout (0.0, 0.3]

step__size | €

{1/4,1/3,1/2, 1}

{1.0, 0.1, 0.01, 0.001 }

{1.0, 0.1, 0.01, 0.001 }

Y
P - - { NNConv, GINE, GatedGCN } | { NNConv, GINE, GatedGCN }
num__iters - - - {1, 2,5, 10, 20, 50 }
Fixed Hyperparameters
Thi 1
ng (evaluation) 700
L1

loss_fn

epochs

60 (hyperparameter tuning) / 1000 (training, with early stopping)

Results

As an extension of our ablation studies in Section 4.3, in Figures 13 to 16, we compare the

performance of MeGA-MP, MeGA-MP* and MeGA-MP~ on both the advection and the advection-reaction
dynamical systems as well as on Hanoi and L-Town qualitatively.
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Figure 13: Predictions of MeGA-MP, MeGA-MPT and MeGA-MP~ for the advection dynamical system
on the WDS Hanoi. The selected nodes are the same as in Figure 5.
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Figure 14: Predictions of MeGA-MP, MeGA-MP™ and MeGA-MP~ for the advection dynamical system
on the WDS L-Town. The selected nodes are the same as in Figure 6.
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Figure 15: Predictions of MeGA-MP, MeGA-MP™ and MeGA-MP~ for the advection-reaction dynamical
system on the WDS Hanoi. The selected nodes are the same as in Figure 5.

D.2 Experiment 2: Advection on a 1D Euclidean Domain

Domain and Dataset The boundary value problem which we analyse in Section 5 is given by

dc(t, z) dc(t, z)
o - W,

w2

for all ¢t € [0,100] and z € [0,100] and with u; = 38 and oy = 18. Its analytical solution is computed
analogously to the solution of the initial value problem with boundary condition, as discussed next.

27t

100

with v(t) = 0.3 -sin < ) + 0.3 and

(33)
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—— MeGA-MP  —— MeGA-MP* MeGA-MP~ === Simulator
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Figure 16: Predictions of MeGA-MP, MeGA-MP™ and MeGA-MP~ for the advection-reaction dynamical
system on the WDS L-Town. The selected nodes are the same as in Figure 6.

Additionally, in this Appendix, we analyze the initial value problem with boundary condition given by

Jc(t,z) oc(t, z) 2mt

o~ YW g, 100

0.2 = e G € ;Z“Z)2> L e{t.0) = exp (; ( ;tutf)

for all ¢ € [0,100] and z € [0,100] and with pu, =8, 0, = 2.5, iy = 38 and o, = 18.

with  v(t) = 0.3 -sin < > + 0.3 and

(34)

To compute an analytical solution, we can solve the initial value problem c¢;y,,(t, 2) and the boundary value
problem ¢y, (t, z) separately and sum the individual results. This decomposition is possible since for a
positive and incompressible flow v(¢) > 0, characteristic lines do not cross and each point of the solution
corresponds to a value of either the initial value function or the boundary value function.

The initial value problem is solved by integrating the velocity field to compute the spatial shift of the
Gaussian ¢(0, z) for each ¢ € [0,100], via t — 2 (¢) := fot v(s) ds. The antiderivative of v(t) is given by

u(t)0.3<tms§fﬂ+ 1>,

= (35)

and the solution of the initial value problem is ¢;»p(t, 2) = ¢(0, 2z + z((t)).

To solve the boundary value problem, we find the transport time d¢(z) from the boundary at z = 0 to every

other point z in the domain. We leverage the same procedure as for our MeGA-MP (cf. Eq. 8) and compute

0t(z) as the unique solution of foét(z) v(s)ds = z. Since v(t) is strictly increasing the solution is unique

and well-defined. According to Theorem C.11, the coordinate (¢ 4 dt(2), z) lies on the characteristic curve
that intersects the boundary at (t,0). We can shift the boundary value Gaussian accordingly and obtain
Chup(t, 2) = c(t + 0t(2),0). The solution to the initial value problem with boundary condition is then

c(t, z) = ciup(t, 2) + cpup(t, 2)
In practice, we compute the respective values numerically at each discrete spatial and temporal grid point.

Next to the analytical solution, the numerical and analytical solvers we compare ourselves to are:
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e Semi-Lagrangian scheme: We use a custom semi-Lagrangian solver. For every grid point z € Q)
and iteration step m + 1, the method computes the departure point 2z’ of a particle arriving at z
by tracing backward along the velocity field v(¢,2). Since the departure point 2’ is a continuous
coordinate, we interpolate spatially to compute the new solution ¢(¢,+1, 2). If we assume a spatially
constant and temporally piecewise constant flow field, the departure point is simply 2’ = z — dt -
V(tn,z). Otherwise, it is approximated by integrating the characteristic ODE Z—f = —v(t,z) via
the RK4 method. The result is then ¢(tp41,2) = Z[c(ty, )](2’), where T is the spatial interpolation
operator like the linear interpolation in Eq. (16).

o Runge-Kutta-4 is the classical order-four Runge-Kutta (RK4) numerical method for solving PDEs
(and ODESs) of the kind

with the update rule
dt
C(tn+1, Z) = C(tn, Z) + E (k‘l + 2k + 2k3 + ]€4)

where n € N is the iteration step, dt is the step-size and k1 = f(t, 2,¢), ko = f(tn + %, c(tn,z) +
Bk1), ks = f(tn + L, c(tn,2) + Lko) and ks = f(t, + dt,c(tn,z) + dtks). We apply the RK4
within a method-of-lines setup. The right-hand side function f(t,z,c) approximates the negative
spatial derivative of the flux via a fifth-order Weighted Essentially Non-Oscillatory (WENO5) scheme
(Jiang & Shu, 1996) using Lax-Friedrichs flux-splitting for numerical stability. Specifically, left- and

right-moving flux components are reconstructed separately at cell interfaces, resulting in the spatial

o L. . . . I ~
derivative approximation at cell grid-points i: f(t,z;,¢) &~ ——2—=12 where Fj /o represent

the combined numerical interface fluxes.

Baselines and Results In Figure 17, the analytical solution of the boundary value problem, which serves
as ground truth, and the MeGA-MP solution are visualized at different discretizations and on the whole
resulting grid. Moreover, in Figure 18, the analytical solution of the initial value problem with boundary
values, which serves as ground truth, and the MeGA-MP solution are visualized at different discretizations
and on the whole resulting grid. Additionally, in Figure 19, we visualize the solutions of the initial value
problem with boundary conditions (34) for different solvers and different temporal and spatial discretizations
at the last step t = 100.

As an extension of Table 3, in Table 5, we compare our method to the numerical solvers at different dis-
cretizations. We also report the runtime of each method in Table 6. It can be observed that a larger number
of edges (smaller dz) results in longer runtime, which is expected. Note that these values are only meant to
convey a rough idea of time complexity since there may be several ways to improve the performance of the
baselines. We ran all methods on the CPU.

E Proofs

E.1 Proof of Lemma 3.2 and C.2

Lemma (Lemma 3.2 and C.2). Let ey, € E hold. If the function c,, obeys Equation (2), for each ty € R
and zy € R, the curve

Vto,z0 ¢ Lto,20 RZO

t > cun(t,z0 + ftto Vuy(8) ds)

is constant on

’

¢
Tioz0 = {t ER|0< 2 +/ Vuo(s) ds < Ly VE € [ min{to, t}, max{to, t}] }

to

46



Under review as submission to TMLR

i
i

1.0 1.0

e
i

ddddd dddda
arararoral rdrdl
w02 J. 100{ 8

(a) Analytical solution. (b) MeGA-MP solution.

Figure 17: Solutions of the boundary value problem (33) for different temporal and spatial discretizations
and on the whole resulting grid
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Figure 18: Solutions of initial value problem with boundary condition (34) for different temporal and
spatial discretizations and on the whole resulting grid.

Proof. Let cyy @ R x 4y — Rs>o obey Equation (2) (note that Equation (2) is only defined for
z € Quy = (0,0l4)). We can consider its space coordinate z as a function z : R — €, parametrized
by time. Consequently, we can use the method of characteristics (cf. Habermann (2013)) to derive
the following system of ODEs from Equation (2) for the composed, now only time-dependent function
Cuv : R = R0, Cuu(t) := cun(t, 2(1)):

deyy (t)
dt

dz(t)
dt

dt
=1

:07 :l/uv(t)a % =
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Figure 19: Solutions of the initial value problem with boundary condition (33) for different solvers and
different temporal and spatial discretizations at the last step ¢ = 100.

Table 5: MAE between analytical ground truth and different solver solutions over all temporal and spatial
grid points. The entry “—” indicates divergence of the method.

dt dxr | semi- Lagr. RK4 MeGA-MP

0.1 0.10 | 0.0016+0.0050 — 0.0024+0.0081
0.32 | 0.004640.0114  0.0013+0.0043 0.0013+0.0058

1.00 | 0.0108+0.0230 0.0035+0.0073  0.0012+0.0068

3.12 | 0.0239+0.0422 0.0105+0.0152 0.0023+0.0113

10.00 | 0.0562+0.0764  0.0288+0.0415 0.0057+0.0182

0.32 0.10 | 0.0027+0.0060 - 0.0071=+0.0162
0.32 | 0.0038+0.0075  0.0108+0.0325 0.0049+0.0123

1.00 | 0.0095+0.0184  0.0042+0.0082 0.0031+0.0092

3.12 | 0.0227+0.0400 0.0117+0.0160 0.0036+0.0126

10.00 | 0.0557+0.0754  0.0304+0.0418 0.0071+0.0189

1.0 0.10 | 0.0080-+0.0144 - 0.0157+0.0298
0.32 | 0.0080+0.0129 — 0.0143+0.0277

1.00 | 0.0097+0.0137 0.0088+0.0155 0.0103+0.0208

3.12 | 0.0206+0.0324 0.0100+0.0155  0.0081+0.0165

10.00 | 0.0545+0.0720 0.0291+0.0395  0.0115+0.0222

3.12 0.10 | 0.0250+0.0364 — 0.0384+0.0535
0.32 | 0.0243+0.0350 - 0.0375+0.0524
1.00 | 0.0231+0.0315 - 0.0345+0.0491

3.12 | 0.0254+0.0321  0.0231+0.0333 0.0242+0.0370
10.00 | 0.0504+0.0639 0.0299+0.0406 0.0238+0.0314
10.0 0.10 | 0.0763+0.0964 - 0.0939+0.0981

0.32 | 0.0752+0.0954 - 0.0933+0.0977
1.00 | 0.0728+0.0923 - 0.0915+0.0952
3.12 | 0.0675+0.0852 — 0.0843+0.0904

10.00 | 0.0671+0.0842  0.0728+0.0936 0.0761+0.0763

By the fundamental theorem of calculus, we observe that for each ¢y € R and 2y € R, the function

t
z:R—R, tl—>z(t)::zo+/ Vo (8) ds

to
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Table 6: Time in seconds that it takes each method to solve the BVP. The time it takes for the preprocessing

to convert flows into transport times (s. Algorithm 1) is included in these values. The entry

divergence of the method.

dt dx | semi- Lagr. RK4 MeGA-MP | Analytical

0.1 0.10 | 58.1295 - 63.1235 0.2867
0.32 16.9899 1.0589 5.9495 0.0792

1.00 5.5392 0.8999 1.3102 0.0416

3.12 1.7895 0.8881 0.5884 0.0097

10.00 0.6871 0.8863 0.1444 0.0039

0.32  0.10 18.0842 - 13.9027 0.0398
0.32 5.4553 0.3194 1.7582 0.0130

1.00 1.6860 0.2795 0.5185 0.0049

3.12 0.6071 0.2794 0.2051 0.0019

10.00 0.2222 0.2766 0.3668 0.0013

1.0 0.10 6.0633 - 6.0126 0.0109
0.32 1.7784 - 1.1763 0.0029

1.00 0.5320 0.0893 0.2651 0.0012

3.12 0.1810 0.0883 0.0628 0.0007

10.00 0.0699 0.0871 0.0218 0.0005

312 0.10 1.7991 - 3.6538 0.0024
0.32 0.5470 - 0.7568 0.0012

1.00 0.1691 - 0.1539 0.0007

3.12 0.0582 0.0283 0.0470 0.0006

10.00 0.0223 0.0281 0.0191 0.0004

10.0  0.10 0.5620 - 2.3683 0.0012
0.32 0.1711 - 0.4693 0.0008

1.00 0.0570 - 0.1159 0.0005

3.12 0.0189 - 0.0400 0.0005

10.00 0.0075 0.0088 0.0172 0.0005

W_»

indicates

satisfies the second ODE. Therefore, by the first ODE, we can conclude that the function ¢, is constant along
characteristic curves (¢, z(t)) = (¢, z0+ ftto Vuw(8) ds) along the time R as well as along the space interval €,
i.e., within the edge ey, of length [,,, > 0. Therefore, taking into account the domain and co-domain of ¢,
Vup and z as a function, to,¢ € R and z(t') € Qu, = (0, 1,,) need to hold for all t € [min{to, ¢}, max{to,}].}"

In summary, the curve v, : Ty,,2, — R>0,t — cuu(t, 20 + j;to Vuw(8) ds) is constant on

t
Tho 2o = {t eER|0< 2 —l—/ Vuw(s) ds < Ly VE € [ min{to, ¢}, max{to, t} }

E.2 Proof of Lemma C.4

’

to

Lemma (Lemma C.4). Let ey, € E, to € R, 29 € R hold and let T}, ., be defined as in Lemma 3.2.

1. If zo & Quy holds, then Ty, ., = 0 holds.

2. If zy € Quyp holds, then Ty, ., # 0 holds. Even more, to € Ty, », holds.

3. If zg € Qy, holds, there exist t; € [—00,to) and t, € (tg, 0] such that

17Especially to mention, the requirement zg + ftto Vuw (8) ds € Quyp does not suffices, cf. Remark C.3.
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(a) if t; # —oo holds, zy + f;’ Uy (8) ds € {0,1,,} holds,

(b) if t, # 400 holds, 2o + fttor Vup(8) ds € {0,lyy} holds and

(C) EO,ZO = (tl,tr) = (to — (t(] — tl),t(] + (tT — t())) holds.

Equivalently, there exist 0t;, 0t € (0,00] such that Ty, ., = (to — 01, to + 0t,) holds.

Proof. Similarly to Remark C.3, we define the function

t
z2:R—R, t— 2(t) := 29 —|—/ V() ds.

to

By the fundamental theorem of calculus, the function z is differentiable and therefore, continuous. Moreover,
using the function z, we can re-write the set T3, ., as

Ty = {t ER| 2(t) € Quy = (0, 1) V¢ € [min{to, ¢}, max{to, t}] }

1.: If zg & Qyy holds, let us assume that Ty, ., # 0 holds. By definition of T}, .,, there exists a ¢t € R, such
that z(t') € Qu, holds for all t € [min{ty, ¢}, max{t,t}]. However, for t =ty € [min{to, ¢}, max{to,t}], we
obtain z(t ) = z(to) = zo + fttoo Vo (8) ds = zo & Qyp — a contradiction.

2.: If z9p € Qup holds, we obtain z(tg) = 29 + fttoo Vuo(8) ds = zg € Qu and therefore, trivially,
to € Tty.2, and Ty, 5, 7 0 holds.

3.: We define the sets

Ap:={t € (=00, to] | 2(t') & Qyy} and
Ay ={t € [to,+00) | 2(t) & Vo }.

Based on these sets, we choose

max 4; if A # 0 min A, if A, # 0
tl = . a d tr = . .
0 if A; =0 +00 if A, =10

If 29 € Qu, holds, as seen above, z(tg) = zp € Qu, holds. Therefore, we observe that to & A and ¢y & A,,
or equivalently, A} C (—o0,tp) and A, C (to,+00) hold. Consequently, our choices of | and ¢, indeed satisfy
t) € [—00,tp) and t, € (o, 00] and even more, ty € (1, ¢,) holds.

We now want to show that for these choices, indeed, 5(a) - 5(c) hold.

3(a), 3(b):  If ti # —co holds, z + [ vu(s) ds € {0,l,} holds and if t, # oo holds,
Zo + ffo’ Vo (8) ds € {01y, } holds.

The claims are equivalent to show that if A; # ) holds, z(t) € {0,l,,} holds and if A, # () holds, z(t,) €
{0,y } holds.

If A; # 0 holds, let us assume that z(t;) & {0,l,,} holds. Since ¢} = max A € A}, z(t;) > Ly or 2(t) < 0
must hold. Without loss of generality (W.l.o.g.), let us assume that z(#;) < 0 holds. Since z is continuous
and 2(tg) = 20 € Quy, i.e., 0 < 2(tp) holds, according to the intermediate value theorem, there exists a
t' € (t,to) such that z(t') = 0 holds. Therefore, we can conclude that max A; = t; < t € A; holds - a
contradiction to the choice of t; = max A;.

If A, # 0 holds, let us assume z(t,) € {0, 14, } holds. Analogous arguments lead to a contradiction.

3(c), step 1: Ty, -, C (t1,t,) holds.
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Let t € Ty, ., C R and let us assume that t & (¢1,1,), or equivalently, t <t <ty or £ > ¢, > to holds.

Case 1: If t < tg and A} # () holds, we observe that ¢ < #;, = max A, < ty must hold. By definition of
Tho.z0r 2(t) € Quy holds for all ¢ € [min{to,t}, max{ty,t}] = [t,to]. However, by definition of A, for
t =t €[t,to) C[t,to], 2(t) = (1) & Quo holds — a contradiction to the first conclusion.

Case 2: If t <ty and A; = 0 holds, we observe that ¢t < ¢; = —oo must hold — a contradiction.

Case 3: If t > to and A; # () holds, we observe that ¢ > ¢, = min A, > t; must hold. By definition of
Ty, 2(t') € Quy holds for all ¢ € [min{to,t}, max{to,t}] = [to,?]. However, by definition of A, for
t =t € (to,1] C [t,to], 2(t) = 2(t:) & Qup holds — a contradiction to the first conclusion.

Case 4: If t >ty and A; = 0 holds, we observe that ¢t > ¢, = +0o must hold — a contradiction.

3(c), step 2: (t,t;) C Ty, 2, holds.

Let t € (t1,t,) C R and let us assume that ¢t ¢ T}, ., holds.

Case 1: If t < to and A; # 0 holds, by definition of T, .,, there exists a t € [min{to,t}, max{to,t}] = [t,to] C
(t1,t0] = (max Aj, to] such that z(tl) & Q. holds. Therefore, we can conclude that max A; = t; < t e A
holds — a contradiction to the choice of ¢, = max A;.

Case 2: Tf t < to and A} # () holds, by definition of T}, .,, there exists a t € [min{to,t}, max{to,t}] =
[t,t0] C (t1,t0] = (—00, o] such that z(t,) & Q. holds. Therefore, we can conclude that t € A holds — a
contradiction to Ay # 0.

Case 3: Tf t > to and A, # ) holds, by definition of Ty, ., , there exists a t € [min{to,}, max{to,t}] = [to,?] C
[to,t:) = [to, min A,) such that z(t') & Q. holds. Therefore, we can conclude that min A, = t, > ¢t € A,
holds — a contradiction to the choice of ¢, = min A;.

Case 4: If t > to and A, # 0 holds, by definition of T}, .,, there exists a ¢ € [min{to, ¢}, max{to,t}] =
[to,t] C [to,t.) = [to, +00) such that z(t') & Qy, holds. Therefore, we can conclude that t € A, holds — a
contradiction to A, # (. O

E.3 Proof of Theorem C.5

Theorem (Theorem C.5). Let ey, € E hold. If the function ¢, obeys Equation (2), for each ty € R and
Zp € qu;

t
Cuv <t, z0 + / Vo () ds) = Cuv (t, 20 + Do (to, t) (t —t0)) = cun(to, 20)

to

holds for allt € Ty, ,, with T, -, as defined in Lemma 3.2 and for the mean velocity

fuvun(s) ds ift#to _ [ [y vun(s) ds ift#to
0 ift = to 0 ift = to

?uv(to, t) = {

Proof. For each typ € R and zp € Qy, C R, by Lemma 3.2, vy, 5, () = cuv(t, 20 + ftz Vyy(8) ds) = ¢ holds for
all t € Ty, -, and a constant ¢ € R>o. Thus, it suffices to show that ¢ = ¢y, (to, 20) holds.

Let us assume that ¢ # ¢y, (to, 20) holds. Since zg € Qy,, by Lemma C4, ¢y € Ti, ,, holds. However, for
t =10 € Tiy,20, We ObtaIn ¢ = vy, 4, (1) = cyo(t, 20 + f:ﬂo Vo (8) ds) = cuw(to, 20) — a contradiction. Therefore,
Cuv (L, 20 + ftto Vyuy(8) ds) = cuw(to, 20) holds. Finally, by definition of 7, (to,t), for t # tg, we obtain

B t—ty [ t
Vuv(tht) : (t - tO) = Vuv(s) ds = Vuv(s) ds,

t—to Jy, to

allowing to conclude that ¢y, (t, 2o + ftto Vuu(8) ds) = cuw(t, 20 + Tuw (to,t) (t — to)) holds. O
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E.4 Proof of Lemma C.7

Lemma (Lemma C.7). Let ey, € E and t € R hold. If there exists a pass-through time dt,, € R w.r.t.
ew € E and t € R, the following properties hold:

1. 0tyy € Reg and thus, t — 6ty #t holds.

2. There exists no other pass-through time of the same sign (i.e., there exists either exactly one or no
positive pass-through time, and there exists exactly one or no negative pass-through time).

3. The mean velocity

t t
1
T (£) 1= T (t — Gt £) = ][ Vn(s) ds = / Vn(s) ds
t—6tu, Otuv Ji—st,,

during the time interval [min{t — 0ty,,t}, max{t — dty.,t}] as defined in Theorem C.5 is equal to

Vup(t) = (Sl;—:v and thus satisfies

Vup(t) > 0 <> dtyy > 0 and
Tup(t) < 0 <> Oty < 0.

4. The flows quq(t — 0tyy) and quy(t) linked to the velocity vy, (-) = % satisfy

Quuv (t - 5tuv)) Quv (t)
Quv (t - 5tuv)a Quv (t)

if 0tyy >0

>0
<0 if bty <0

Proof. 1.: Let us assume that dt,, = 0 holds. Consequently, (1) by basic results from analysis, (2) condition
(19) and (3) definition of the pipe length ,, > 0,

t t

(3)

0 ) / Vuw(8) ds @ / Vo (8) ds @ luw > 0
t—0 t—0tyy

holds — a contradiction.

2.: Let us assume that there exist two different pass-through times 014y, 0t2us € Rxo with the same
sign. If 0t14y, Otayy > 0 holds, without loss of generality (w.l.0.g.), let 0 < §t14, < 02y, hold. Consequently,
fort =t — 0ty € (t — dtaup, t) = (min{t — 0toyy, t}, max{t — dtayy, t}), by (1) by basic results from analysis
and (2) condition (19), we obtain

’

t t t
/ Vo (8) ds ) / Vyuo(8) ds — / Vo (8) ds @ luw — luw @ 0
t t t

—dtouw —dtouw —0t1uy

— a contradiction to condition (20).
If 6t140, Otaus < 0 holds, w.lo.g., let 8toyy < dt1ue < 0 hold. Consequently, for ¢ = t — t14, € (t,t—Otoyy) =

(min{t — §toyy, t}, max{t — dtoy,, t}), we can use the same calculation to again obtain a contradiction.

3.: By (1) definition of the mean velocity U,,(t — 0tyy,t) as defined in Theorem C.5 and (2) condi-
tion (19), we indeed obtain

t 1 t lu’u
ﬁuv(t) = puv(t - 5tuvat) (2 ][ Vuv(s) ds (2 / Vuv(s) ds (E—) _—.
t—0tyy 6tuv t—0tuw 5tuv

The second claim then follows by the fact that by definition of the pipe length, [,, > 0 holds.
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4.: If 0ty > 0 holds, let us assume that gy, (¢ — 0ty,) < 0, and consequently, vy, (¢ — dty,) < 0 holds. Since
vy € C°(R,R) is continuous, there exists a t € (t — 0tyy,t) = (min{t — 6ty,, t}, max{t — §t,y,t}) such that
Vuy(8) < 0 holds for all s € (¢ — dtyy,t ). Consequently, by (1) basic results from analysis, we obtain

’

! (1)
/ Vup(8) ds < 0
t

_6tuv
<0

— a contradiction to condition (20).

Similarly, if dt,, > 0 holds, let us assume that ¢, (t) < 0, and consequently, v,,(t) < 0 holds. Since
vuw € C°(R,R) is continuous, there exists a t € (t — dtyy,t) = (min{t — dty,, t}, max{t — dt,y,t}) such that
Vuy(8) < 0 holds for all s € (¢,t). Consequently, by (1) basic results from analysis and (2) condition (19),
we obtain

’

t t t
/ Uy (8) ds ) / Vo () ds—/ Vo (8) ds > lyy
t—0tyy t—8tyy t N—~—
—_————

<0
@ —————

1)
<0
| ——
>0

— again a contradiction to condition (20).

In contrast, if dt,, < 0 holds, let us assume that gy, (t — dt,,) > 0, and consequently, vy, (t — 0ty,) > 0 holds.
Since vy, € C°(R,R) is continuous, there exists a t € (t,t — 6ty,) = (min{t — §tyy, t}, max{t — 6t,,,t}) such
that vy, (s) > 0 holds for all s € (t ,t — dty,). Consequently, by (1) basic results from analysis, we obtain

’

¢ ) =8ty
/ Vuw(8) ds = —/ Vyp(8) ds <0
t t’ S~——

_5tuv
>0

1)
>0

— again a contradiction to condition (20).

Similarly, if dt,, < 0 holds, let us assume that ¢, (t) > 0, and consequently, v,,(t) > 0 holds. Since
vy € C°(R,R) is continuous, there exists a t € (t,t — 0ty,) = (min{t — 6y, t}, max{t — §t,y,t}) such that
Vuw(s) > 0 holds for all s € (t,t). Consequently, by (1) basic results from analysis and (2) condition (19),
we obtain

’

t W [ t
/ Vun(8) ds = / Vuw(8) ds —/ Vo (8) ds
t—8tyy t—ty t'

’

t t
€8]
= / Vo () ds+/ Vo (8) ds > Ly,
t—Stuy t N—~—
>0
(2) %’_/
=luv 0
>0
|
>0

— again a contradiction to condition (20).

Remark E.1. Note that if one of the flow rates discussed above are zero, that they can only be zero in this
point of time, but not on a whole sub-interval of the time interval [min{t — 6t,,,t}, max{t — §t,,,t}].

More precisely, if 0., > 0 holds, let us assume that there exists an € > 0 such that for all s € [t — 0ty,,t —
Stup + €), Guv(s) = 0, and consequently, v, (s) = 0, holds. Thus, for t = min{t — §ty, +€,t} € (t — dtyy,t) =
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(min{t — §tyy, t}, max{t — dty,,t}), by (1) basic results from analysis, we obtain

’

¢
/ Uyp(s) ds o)
¢

_5tuv \V—/

— a contradiction to condition (20). In combination with the findings above, therefore, gy, (t — dty,) > 0
needs to hold, and if the (unlikely) case qy.,(t — 0ty») = 0 indeed applies, we observe that for all € > 0 there
exists an § € [t — 0tyy,t — dtyy + €) such that g,,(s) # 0, and consequently, v, (s) # 0, holds. Along the
same lines, one can also show that indeed, g, (s) > 0, and consequently, v,,(s) > 0, holds (otherwise, we
would again obtain a contradiction to condition (24)).

The other cases are analogous adaptations of this discussion and the findings above.

E.5 Proof of Lemma C.8

Lemma (Lemma C.8). Lete,, € E andt € R hold. If there exists a self-loop time 0ty, € Rzo w.r.t. €y € E
and t € R, the following properties hold:

1. There exists no other self-loop time of the same sign (i.e., there exists either exactly one or no
positive self-loop time, and there exists exactly one or no negative self-loop time).

2. The mean velocity

Vup(t) 1= Uy (t — Oy, ) = ][t Vo (8) ds = 1 /t Uy (8) ds

t—6tus Otuw Ji—st,,

during the time interval [min{t — 0ty,,t}, max{t — dty.,t}| as defined in Theorem C.5 satisfies
Ty (t) = 0.

3. The flows quy(t — 8tyy) and guy(t) linked to the velocity vu,(-) = % satisfy

(Juv(t - 5tuv) >0, qu(t) <0 if Otyy >0
Quo(t = Otuy) <0, quo(t) >0 if Oty <0

The proof of Lemma C.8 is very similar to the proof of Lemma C.7 and only requires a few changes. The
interested reader can compare both proofs and investigate why the changes are required, and how they
induce the different results in Lemma C.8.3 as compared to Lemma C.7.4.

Proof. 1.: Let us assume that there exist two different self-loop times 0t1yy, 0t2us € Rzo with the same sign.
If 6t140, 0oy, > 0 holds, w.l.o.g., let 0 < 0tq4, < Otoy, hold. Consequently, for t =t—0tiu € (t—Otoyy,t) =
(min{t — dtoyy, t}, max{t — dtayw, t}), by (1) by basic results from analysis and (2) condition (23), we obtain

’

¢ ¢ ¢
/ Vyu(8) ds W / Vo (S) ds — / Vo (S) ds @o_0%0
¢ ¢ ¢

—0tayuw —dtauw —0t1uw

— a contradiction to condition (20).

If §t14v, 0oy, < 0 holds, w.l.o.g., let dtoy, < dt14, < 0 hold. Consequently, for t = t— Oty € (t,t—tauy) =
(min{t — dtayy, t}, max{t — dtayy, t}), we can use the same calculation to again obtain a contradiction.
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2.: By (1) definition of the mean velocity Ty,(t — 0tyy,t) as defined in Theorem C.5 and (2) condi-
tion (23), we indeed obtain

¢ 1 t
Ty () := Do (t — St ) ) ][ Vo (8) ds @ / Vuw(8) ds @ 0.
=5t Otuv Ji—st,,

3.: If 5ty > 0 holds, let us assume that gy, (t — 0ty,) < 0, and consequently, vy, (t — dty,) < 0 holds. Since
Vup € CY(R,R) is continuous, there exists a t € (t — 0ty t) = (min{t — 0tyy, t}, max{t — dt,,, t}) such that
Vyuu(8) < 0 holds for all s € (t — dtyy,t ). Consequently, by (1) basic results from analysis, we obtain

’

¢ )
/ Vup(8) ds < 0
t

_6tuv
<0

— a contradiction to condition (24).

Similarly, if dt,, > 0 holds, let us assume that ¢, (t) > 0, and consequently, v,,(t) > 0 holds. Since
vuy € C°(R,R) is continuous, there exists a t € (t — 0tyy,t) = (min{t — dty,, t}, max{t — dty,,t}) such that
Vun(s) > 0 holds for all s € (',t). Consequently, by (1) basic results from analysis and (2) condition (23),
we obtain

’

¢ W [t ¢
/ Vuo(8) ds = / Vo (S) ds —/ V() ds <0
t—6tun t—8tyy tN—~—
—_——————

>0
(2) %f_/
=0 <1>
>0
| ——
<0

— again a contradiction to condition (24).

In contrast, if dt,, < 0 holds, let us assume that gy, (t — dt,,) > 0, and consequently, vy, (t — 0ty ) > 0 holds.
Since vy, € C°(R,R) is continuous, there exists a t € (t,t — §ty,) = (min{t — §tyy, t}, max{t — dt,,,t}) such
that vy, (s) > 0 holds for all s € (t ,t — 0ty,). Consequently, by (1) basic results from analysis, we obtain

’

t ) t—6tuy
/ Vo (8) ds = f/ Vyu(8) ds <0
t—0tyv t N——

>0

()
>0
— again a contradiction to condition (24).

Similarly, if dt,, < 0 holds, let us assume that ¢, (t) < 0, and consequently, v,,(t) < 0 holds. Since
Vuy € C°(R,R) is continuous, there exists a t € (£, — 0ty,) = (Min{t — 6tyy, t}, max{t — dt,,,t}) such that
Vyuy(s) < 0 holds for all s € (¢, ). Consequently, by (1) basic results from analysis and (2) condition (23),
we obtain

/

¢ o [t ¢
/ Vyy(8) ds = / Vo (8) ds —/ V() ds
t—Gtyo t—0tyu t

/

W [t t
= / Vo (8) d5+/ Vuu(8) ds <0
t—8tye t N~

<0
(2) \W_/
=0 o)
<0
—_—————
<0

— again a contradiction to condition (24).

95



Under review as submission to TMLR

Remark E.2. Note that if one of the flow rates discussed above are zero, that they can only be zero in this
point of time, but not on a whole sub-interval of the time interval [min{t — dt,,,t}, max{t — §ty,, t}].

More precisely, if dt,, > 0 holds, let us assume that there exists an € > 0 such that for all s € [t — 0tyy, t —
Otuy +€), Guu(s) = 0, and consequently, v, (s) = 0, holds. Thus, for ¢ = min{t — 0t,, +¢€,t} € (t — dtyop, t) =
(min{t — 8tyy, t}, max{t — dty,,t}), by (1) basic results from analysis, we obtain

’

t
/ Vyo(8) ds o)
t—0t gy =~

=0

— a contradiction to condition (24). In combination with the findings above, therefore, gy, (t — dtyy) > 0
needs to hold, and if the (unlikely) case gy, (t — 0ty,) = 0 indeed applies, we observe that for all € > 0 there
exists an s € [t — 0tyy,t — Oty + €) such that g,,(s) # 0, and consequently, v,(s) # 0, holds. Along the
same lines, one can also show that indeed, gy, (s) > 0, and consequently, vy, (s) > 0, holds (otherwise, we
would again obtain a contradiction to condition (24)).

The other cases are analogous adaptations of this discussion and the findings above.

E.6 Proof of Lemma C.9

Lemma (Lemma C.9). Let ey, € E and t € R hold. 0ty, € R is an inverse pass-through time w.r.t. e,, € E
and t € R iff 6tyy := Otyy € R is a pass-through time w.r.t. e, € E andt € R

Proof. “=" 1If 6t,, € R is an inverse pass-through time w.r.t. e,, € E and ¢ € R, by (1) the fact that the
geometric pipe features are symmetric in the sense that l,, = l4, and ay, = @y, holds for all v € V and
u € N(v), (2) definition of the flow velocity vy, (-) = 242 (3) the conservation of flows (cf. Eq. (3)) and
(4) condition (21), we obtain b

t t
/ Vvu(s) ds (1):273) _/ Vuv(s) ds @ _(_luv) (—i) lvua
t—0tye t

—0tuy

that is, condition (19) is satisfied for dt,., := dty, and w.r.t. e,, € E and t € R.

Similarly, by additionally using (5) condition (22), we obtain

/ Vyu(8) ds (123) —/ Vuw(8) ds € (0, 1yy) ) (0, 1pn),
t t

— 8t — 6ty

that is, condition (20) is satisfied for 6t := 0ty, and w.r.t. e, € E and t € R. Therefore, dt,, := 0ty € R
is a pass-through time w.r.t. e,, € E and t € R.

“=" If Otyy = Otyy € R is a pass-through time w.rt. e,, € F and t € R, by (1) the fact that the
geometric pipe features are symmetric in the sense that l,, = [y, and ay, = @y, holds for all v € V' and
u € N(v), (2) definition of the flow velocity vy,(-) = 22 (3) the conservation of flows (cf. Eq. (3)) and
(4) condition (19), we obtain o

t ) t
/ Vun(8) ds (123) —/ Uyy(8) ds @ —(lpw) = —luw,
t t

— St —6tyy

—
~—

that is, condition (21) is satisfied for dty, := dt,, and w.r.t. e,, € E and t € R.

Similarly, by additionally using (5) condition (20), we obtain

’

t t 5
/ Vao(s) ds 2P / Vou(5) d5 € (=1, 0) Y (“lus, 0),
tfétuv t

—Otuw
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that is, condition (22) is satisfied for 6t,,, := 0t,, and w.r.t. e,, € E and t € R. Therefore, dt,, := t,, € R
is an inverse pass-through time w.r.t. e,, € F and t € R. O

E.7 Proof of Lemma C.10

Lemma (Lemma C.10). Let ey, € E and t € R hold. 6ty, € R is an inverse self-loop time w.r.t. e,, € E
and t € R iff §tyy := Otyy € R is a self-loop time w.r.t. e, € E andt € R

The proof of Lemma C.10 is very similar to the proof of Lemma C.9 and only requires a few changes. The
interested reader can compare both proofs and investigate why the changes are required, and how they
induce the different results in Lemma C.10 as compared to Lemma C.10.

Proof. “=" If 0t,, € R is an inverse self-loop time w.r.t. e,, € E and t € R, by (1) the fact that the
geometric pipe features are symmetric in the sense that l,, = [y, and ay, = @y, holds for all v € V' and
u € N(v), (2) definition of the flow velocity vy, (-) = %2 (3) the conservation of flows (cf. Eq. (3)) and
(4) condition (25), we obtain b

t t
/ Vpu(S) ds (1.2:3) —/ Vyy(8) ds @ —-0= 0,
t t

_6tuv _6tuv

that is, condition (23) is satisfied for dt,, := dt,, and w.r.t. e,, € E and t € R.

Similarly, by additionally using (5) condition (26), we obtain

’

t t (5)
/ Uy (8) ds (123) —/ Vuw(8) ds € (0, 1yy) ) (0, 1pw),
t t

— Oty — Oty

that is, condition (24) is satisfied for dt,, := 0ty, and w.r.t. e,, € E and ¢t € R. Therefore, §t,., := dty, € R
is a self-loop time w.r.t. e,, € F and t € R.

“” If Sty = Oty € R is a self-loop time w.r.t. e,, € F and ¢ € R, by (1) the fact that the geo-
metric pipe features are symmetric in the sense that l,, = l,, and ay, = @qu, holds for all v € V and
u € N(v), (2) definition of the flow velocity vy, (-) = 222 (3) the conservation of flows (cf. Eq. (3)) and
(4) condition (23), we obtain h

t t
/ Vo (8) ds (1.29) 7/ Upy(s) ds = —(0) = 0,
t—t o t

— Oty

that is, condition (25) is satisfied for dty, := dt,, and w.r.t. e,, € E and t € R.

Similarly, by additionally using (5) condition (24), we obtain

’

t t 5)
/ Vo (8) ds (1.2:3) —/ Vpu(8) ds (6 (=lyu, 0) @ (—luv, 0),
t

— St t—0tyw

~—

that is, condition (26) is satisfied for 6t := 0t,, and w.r.t. e,, € E and t € R. Therefore, dt,, := t,, € R
is an inverse self-loop time w.r.t. e,, € F and t € R. O

E.8 Proof of Theorem C.11

Theorem (Theorem C.11). Let ey, € E and t € R hold. If the function c,, obeys Equation (2) and there
exists a pass-through time dt,, € Rzo w.r.t. ey € E and t € R, we obtain

luv
cuv(taluv> - Cuv(t - 6tuv70) = Cuyv <t - Vuv(t)70> .
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Even more, the concentrations cyy, (-, lyy) and cpu(-ylow) at the end z = L, = lyy, of the edges ey, € E and
ewu € E are connected to the concentrations ¢, and ¢, of the nodes of that edge, respectively, by

Cuv (t7 luv) = Cy (t - 6tuv) if 0tyy >0
Coult — Otup, lpw) = Co(t)  if 6ty <0

Proof. The main idea of this proof is to use the continuity of the function ¢y, € C°(R x [0,ly,],R>0) to
transfer the results from the advective transport along edges, i.e., Theorem C.5, to the ends of the edge
eww € E, ie., to the functions ¢,, ¢, € C*(R,Rx0).

The crucial part is that we would like to apply Theorem C.5 for tg =t — dty,, 20 = 0 and ¢t € R as given.
However, the first problem is that zg = 0 € Q,, = (0,1,,) does not satisfy the condition of Theorem C.5.
Moreover, since for this choice,

to t
zo—l—/ Vyu(s) ds=20+0=0 and zo—i—/l/uv(s)ds:zo—i—lw:luv

to tO

hold, t ¢ T,., does also not satisfy the condition of Theorem C.5. Intuitively, we first have to
transfer the information from the boundary of the edge e, to the inside of the edge using the continuity
of the function ¢, € CH(RX[0,lyy], R>0). Afterwards, we can use Theorem C.5 for slightly modified zo and ¢.

To do so, we define the two functions
t—e
z :(min{0, 6ty }, max{0, 0ty ) — R, € — z(e€) := / Vo (8) ds and
t
Z :(min{0, 0ty }, max{0, 0ty }) — R, € — Z(e) :=

We first have to prove some technical details regarding these functions (Step 1) in order to be able to apply
Theorem C.5 as illustrated above (Step 2). Afterwards, we can use the results from Lemma C.7 about the
sign of the flow at time ¢ — dt,, in dependence of the sign of the pass-through time dt,, in combination with
the local inflow boundary conditions defined through Equation (5) to be able to transfer the results from
the advective transport along edges to the end of the pipes (Step 3).

Step 1: The functions z and Z satisfy the following properties:

1. z, Z and z + Z are continuous.
2. im(z) C (0,lyy), im(2) C (0, 3luv) C (0,1yy) and im(z + 2) C (3,lu) C (0,l4).

3. lime,0 2(€) = Ly, lime0 Z2(€) = 0 and lim.0 z(€) + 2(€) = lyp-

Note that the limit is to be understood for € € (min{0, dt,, }, max{0,0t,,}) in the domain of z and Z, i.e., if
Sty > 0, (min{0, 5ty }, max{0, dt,y }) = (0, dty,) holds, and the limit € — 0 is to be understood as the limit
€\ 0,€ < 0tyy. In contrast, if 0t,, < 0, (min{0, dty, }, max{0,dty,}) = (dtyy, 0) holds, and the limit e — 0
is to be understood as the limit € 0, € > 0ty,.

1.: By the fundamental theorem of calculus, the function ¢ — ffi st Vuv(s) ds is differentiable and
therefore, continuous. Therefore, as a composition of continuous functions, the functions z, Z and z + Z are
continuous.

2.: By (1) basic transformations, (2) definition of z, Z and z + Z, respectively, and (3) condition
(20), we obtain

&

im(z) = {z(€) | € € (min{0, §ty, }, max{0, 0tyy})}
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@ {/tt_e Vuo(8) ds ‘ €€ (mil’l{o,5tuv}7maX{0,(5tuv})}

—Otyw

t—e
@ { / uuls) ds | £ = € (minft, — by}, max{r,t — 5%})}
t

—0tuy

(3
C (0,1yn).

=

By additionally using that therefore, (4) z(€) € (0,l,,) holds for all € € (min{0, dt,,}, max{0, dt,,}), we
obtain

2(e) | € € (min{0, 8ty }, max{0, 5y, })

{
@ {l“"_z(e) ’ €c (min{O,étuv},maX{O,5tuv})}
(

0, %luv) and
z(€) + Z(€) | € € (min{0, 0ty }, max{0, oty })}

e 22| e uino, om0, 00

€ € (min{0, 0y, }, max{0, §tw})}

3.: By (1) continuity of z, Z and z + Z, respectively, (2) definition of 2z, Z and z 4 Z, respectively and (3)
condition (19), we obtain

t
tim 2(e) £ 2(0) @ / Van(s) ds 2 Lo,
t—08t e

e—0
luv - ;
lim 3(e) 2 50) @ w20 @
e—0 2
lim 2(e) + 2(e) 2 2(0) + 2(0) 2 1.

e—0

Step 2: Cyuy(t, luy) = Cup(t — 0tyy, 0) = cyo(t — %, 0) holds.

v

For each € € (min{0, 0ty }, max{0, dt,, }), we can now choose ty = t — dty, € R and — as shown in Step
1 — 2z = Z(e) € (0,1y,). Consequently, for each € € (min{0, dt,,}, max{0,dt,,}), by (1) the choices of
to =t — 0tyy € Rand zg = Z(€) € (0,1yy), (2) the definition of z and Z from Step I and (3) the results from
Step 1, we observe that

—~

t—e ) t—e (2) (3)
20 +/ Vup(8) ds = Z(e) +/ Vun(8) ds = Z(€) + z(€) € (0,lys),
t

to —8tu

and therefore, t — € € Ty, ., = Ty_s1,, 5() holds.'®

Therefore, by (1) the results from Step 1, (2) the continuity of the function ¢, € C*(R x [0, l4],R>0), (3)
definition of z and (4) Theorem C.5 applied to tg = t—06tu., 20 = 2(€) € (0,luy) and t—e € Ty, oy = Ti_s¢,,,.2()
we obtain

(1) o i
Cuv(ty luw) = Cuwp (21_{1(1)1% €, ll_r)r(l) z(€) + z(e))

18Note that all the technical work of constructing z and % in Step I is because we would actually like to choose zp = 0 and
t € R as given, however, this zp and this ¢ do not satisfy the requirements of Theorem C.5.
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) .. _ -
= 21_% Cuv (t €, Z(E) + Z(E))

3) e
= lirr(l) Cuw <t —€e, Z(e) +/ Vun (8) ds)
t

e ~~ t—8tuo

(1)
€ (0,luv) (1)
=z(€) € (0,luv)

:z(e)+5(e)(é)(0¢lw)
@ _ 3
= lim cu (¢ = Otuy, 2(€))
@ Cuv (t — Oy, lim 2(6))
e—0

W ot — Stun, 0).

Finally, as seen in Lemma C.7.3, dty, = % holds, and we can conclude

Cuv(t — Otuy, 0) = Cup (t T ) )

Do ()

Step 8: If 8ty > 0 holds, cyy(t,luy) = cu(t — 0tuy) holds. If §ty, < 0 holds, cpu(t — 0tyy, lyw) = ¢, (t) holds.

If 6t,, > 0 holds, by (1) Step 2 and (2) Equation (5) together with the fact that by Lemma C.7.4, gy, (t —
dtuy) > 0 holds, we obtain

Cun(ts L) 2 an(t — St 0) 2 calt — Stu).

If instead, dt,, < 0 holds, by (1) Equation (18) for z = l,., (2) Step 2 and (3) Equation (5) together with
the fact that by the conservation of flows (Eq. (3)) and Lemma C.7.4, gy, (t) = —quv(t) > 0 holds, we obtain

Cvu(t - 5tuvv lvu) (é) Cuv (t - 5tuva 0) (:2) Cuv (t7 Zuv) (2 Cyu (t7 0) (i_) Cy (t)

E.9 Proof of Theorem C.12

Theorem (Theorem C.12). Let ey, € E and t € R hold. If the function c,, obeys Equation (2) and there
exists a self-loop time Oty € Rug w.r.t. eyy € E and t € R, we obtain

Cuw (t,0) = Cyp(t — dtyy, 0).

Even more, the concentration c,y(-,lyy) at the end z = Ly, = lyy of the edge ey, € E is connected to the
concentration ¢, of the node of that edge by

Cou(tylyn) = cu(t — Olyy)  if Oty >0
Coult — Otup, lpw) = cu(t)  if Sty <0

The proof of Theorem C.12 is very similar to the proof of Theorem C.11 and only requires a few changes.
The interested reader can compare both proofs and investigate why the changes are required, and how they
induce the different results in Theorem C.12 as compared to Theorem C.11.

Proof. The main idea of this proof is to use the continuity of the function c,, € C1(R x [0,ly,],R>0) to

transfer the results from the advective transport along edges, i.e., Theorem C.5, to the end of the edge
ew € E, ie., to the function ¢, € C*(R,Rxo).
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The crucial part is that we would like to apply Theorem C.5 for tg =t — §ty,, 20 = 0 and t € R as given.
However, the first problem is that zop = 0 & 4, = (0,l,,) does not satisfy the condition of Theorem C.5.
Moreover, since for this choice,

to t
zo+/ Vy(8) ds=20+0=0 and zo+/uuv(s)ds:zo+0:0

to to

hold, t ¢ T3, ., does also not satisfy the condition of Theorem C.5. Intuitively, we first have to
transfer the information from the boundary of the edge e, to the inside of the edge using the continuity
of the function ¢,,, € CY(RX[0,lyy],R>0). Afterwards, we can use Theorem C.5 for slightly modified zy and ¢.

To do so, we define the two functions
t—e

z :(min{0, 6tyy }, max{0, 5ty }) — R, € — z(e) := / Vuw(8) ds and
t—5ty
Z :(min{0, 6ty }, max{0,0t,, }) — R, e — Z(e) := %

We first have to prove some technical details regarding these functions (Step 1) in order to be able to apply
Theorem C.5 as illustrated above (Step 2). Afterwards, we can use the results from Lemma C.8 about the
sign of the flow at time ¢t — §t,,, in dependence of the sign of the self-loop time dt,, in combination with the
local inflow boundary conditions defined through Equation (5) to be able to transfer the results from the
advective transport along edges to the end of the pipe (Step 3).

Step 1: The functions z and Z satisfy the following properties:

1. z, Z and z + Z are continuous.

2. im(z) C (0,lyy), im(2) C (0, 3luy) C (0,1yy) and im(z + 2) C (0, 2lu) C (0, luw)-

3. lime,02(€) = 0, lime,0 2(€) = 0 and lim._,o 2(€) + Z(¢) = 0.
Note that the limit is to be understood for € € (min{0, dt,, }, max{0,dt,,}) in the domain of z and Z, i.e., if
Otuy > 0, (min{0, §ty, }, maxq{0,0t,, }) = (0, 0tye) holds, and the limit € — 0 is to be understood as the limit

€ \(0,€ < 0ty,. In contrast, if §t,, < 0, (min{0, éty, }, max{0, 5ty }) = (0tyuy,0) holds, and the limit e — 0
is to be understood as the limit € /0, € > §ty,.

1.: By the fundamental theorem of calculus, the function t — ftt_ st Vuv(s) ds differentiable and
therefore, continuous. Therefore, as compositions of continuous functions, the functions z, Z and z + Z are
continuous.

2.: By (1) basic transformations, (2) definition of z, Z and z + Z, respectively, and (3) condition
(24), we obtain

im(z) = {z(€) | € € (min{0, 5ty }, max{0, 0ty })}

t—e
@ { Vuo(s) ds | € € (min{07§tw},max{075tuv})}

t—0tuo

—~
—

t—e
= { / Vo (8) ds ‘ t — e € (min{t,t — Oty }, max{t, t — 6tuv})}
¢

_6tu'u

(3)
C (0,1yn)-

By additionally using that therefore, (4) z(e) € (0,l,,) holds for all € € (min{0, 0ty }, max{0,dty,}), we
obtain

im(2) Y {3(e) | € € (minf0, 8typ b, max{0, 6tue})
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—~
=
I

—~
M

~—

€ € (min{0, dt,, }, max{0, 6tuv})}

C (O,%luv) and
im(z+ 2) = {z(e) + 2(¢) | € € (min{0, 0ty }, max{0, 6ty })}

2(e) + ? | e € (min{0, 8t,,}, max{, &w})}

€ € (min{0, 6ty }, max{0, 5157“,})}

3.: By (1) continuity of z, Z and z + Z, respectively, (2) definition of z, Z and z + Z, respectively and (3)
condition (23), we obtain

lim z(€) W z(0) © Vo (8) ds © )
e—0 t—8tuy
lim 2(0) L 20) 2 20 @
e—0 2
lim 2(e) + 2(6) 2 2(0) + 3(0) 2 0.

Step 2: cyuy(t,0) = cup(t — 0tyy, 0) holds.

For each € € (min{0, dty, }, max{0, dt,, }), we can now choose ty = t — dty, € R and — as shown in Step
1 — 2z = Z(e) € (0,1y,). Consequently, for each € € (min{0, dt,,}, max{0,dt,,}), by (1) the choices of
to =1t — 0tyy € R and zg = Z(¢) € (0,l4y), (2) the definition of z and Z from Step I and (3) the results from
Step 1, we observe that

e W e @ )
zo + Vun(8) ds = Z(e) + Vuo(8) ds = Z(e) + z(e) € (0,lys),

to

and therefore, t — € € Ty, ., = Ty_s1,, 5(e) holds.'
Therefore, by (1) the results from Step 1, (2) the continuity of the function c¢,, € C*(R x [0, ly],R>0), (3)

definition of z and (4) Theorem C.5 applied to tg = t—0ty., 20 = Z(€) € (0,1lyy) and t—e € Ty, oy = Ti_st,, . 2(c)
we obtain
Cun(t,0) 2 e (lim t— e lim 2(e) + 2(6))
e—0 e—0

= lim ey (¢~ €, 2(e) + 2(0))

®) e
= lim ¢y, (t —€e, Z(e —|—/ Vi (8) ds)
e—0 ~—~ t—8tuy
—_————

(1)
€ (0,luv) (1)
=z(€) € (0,luv)

:z(5)+e(e)(3(o,lu,v)

= ll_l;% Cyv (t - 5tuva Z(E))

2 e (t — Ot o, lim 2(6))

9Note that all the technical work of constructing z and % in Step I is because we would actually like to choose zp = 0 and
t € R as given; however, this zp and this ¢ do not satisfy the requirements of Theorem C.5.
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W oa(t — 8tus, 0).

Step 8: If Sty > 0 holds, cou(t, low) = cu(t — dtuy) holds. If Gty < 0 holds, cypyu(t — Oy, luw) = cu(t) holds.

If 6ty > 0 holds, by (1) Equation (18) for z = Iy, (2) Step 2 and (3) Equation (5) together with the fact
that by Lemma C.8.4, gy, (t — 0ty,) > 0 holds, we obtain

Coultylon) L cun(t,0) 2 oot — Gtun, 0) L et — 6tun).

If instead, dt,, < 0 holds, by (1) Equation (18) for z = L, (2) Step 2 and (3) Equation (5) together with
the fact that by Lemma C.8.4, ¢y, (t) > 0 holds, we obtain

(1 2) 3
Coult — Stuns low) 2 Cun(t — tun; 0) 2 cn(t,0) 2 cu(t).

E.10 Proof of Theorem C.13

Theorem (Theorem C.13). Let e, € E and t € R hold. If vy, (t) # 0 holds and the set
¢
A1) ::{ét €0.5) | [ vls) dse {—zuv,o,zw}}
t—5t
={5t € (0,00) ‘ z(dt) € {_luvaoaluv}}

is not empty, the following properties hold:

1. 8tyy = min Ay, (t) = min{6t € (0,00) | 2(6t) € {—luv,0,luu}} € (0,00) exists.

2. 0ty is a positive pass-through time, inverse pass-through time, self-loop time or inverse self-loop
time. More specifically, 0ty is (always w.r.t. ey, andt) ...

. an inverse pass-through time = 2(0tuw) = —luw,
. a self-loop time or an inverse self-loop time < 2(0tyy) =0,
. a pass-through time — 2(0tuy) = luw-

3. There exists no other positive pass-through time, inverse pass-through time, self-loop time or inverse
self-loop time than Sty .

Proof. By the fundamental theorem of calculus, the function ¢ f: Vuw(8) ds is differentiable and
therefore, continuous. Therefore, as a composition of continuous functions, the function z is continuous.

1: By assumption, A,,(t) # 0 holds. Moreover, by definition, the value 0 € R is a lower bound of
Auw(t) C (0,00). Therefore, it suffices to show that A,,(t) is closed in R; in this case, the minimum of
Auw(t) exists.

To do so, let (0t,)nen be a sequence in A,,(t) such that dt, — oty holds for n — co. We need to show that
dto € Aup(t) holds.
Step 1.1: 2(to) € {—luv, 0, lyy } holds.

On the one hand, by the continuity of z, we obtain that z(dt,) — z(dtg) holds for n — co. One the other
hand, since (t,)nen is a sequence in Ay, (t), (2(6t,))nen is a sequence in {—l,,, 0,1y, }. Consequently, since
{=luv, 0, Ly} is closed in R, the limit z(dty) is also an element of {—lyy, 0, Ly}
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Step 1.2: §ty > 0 holds.

Since (0t,)nen is a sequence in Ay, (t), dt, > 0 holds for a n € N. Consequently, the limit 0ty = lim,, o, 0ty
satisfies 0ty > 0, and it suffices to show that dty # 0 holds.

Let us assume that 0ty = 0 holds. By the continuity of v, and the assumption that v, (t) # 0 holds, there
exists an € > 0 such that vy,(s) > 0 or vy, (s) < 0 holds for all s € (t —¢,¢t +¢). W.lLo.g., we can assume
that € < I, holds (else, we choose a smaller e that naturally satisfies this condition). Consequently, (1) by
basic results from analysis,

¢ (1)
2(5t) = / Vo) ds # 0 (36)
t—O0t ==~
>0 or <0

holds for all 6t € (0,¢€). Specifically, since dt,, — dtg = 0 holds for n — oo, for the ¢ > 0 from above, there
exists an ng € N such that for all n > ng, |dt,| < € holds; and since (t,)nen is a sequence in A, (t), even
more, dt, € (0,€) holds for all n > ng. Consequently, for all n > ng, Equation (36) applies to dt,; and since
again (0t, )nen is a sequence in Ay, (t), even more,

Z’(dtn) S {_luva luu} (37)

holds for all n > ng.

At the same time, by the continuity of z, we obtain that for the ¢ > 0 from above, there exists an n; € N
such

|2(5t) — 2(t0)| < € (38)

holds for all n > n;.

Bringing these findings together, by (1) basic transformations, (2) Equation (37) (3) the definition of z (cf.
Equation (7)), (4) the assumption that dty = 0 holds, (5) basic results from analysis, (6) Equation (38) and
(7) the choice of €, we obtain

(2.3.4.5) © @

| + lyy — O |2(0t,) — 2(0t0)] < € < luw

for all n > max{ng,n1} — a contradiction.

2: For 0ty := min Ay, (), we show an even stronger claim (namely Lemma C.15.1) in several steps.

Step 2.1: imz)(g 5¢,,) C (—luv, 0) U (0,lyy) holds.

Let us assume that there exists a 0t € (0, dt,,) such that z(dt) € (—o0, —lyw] U {0} U [l4w, 00) holds.

Case 1: If 2(6t) € {—luv, 0,14y } holds, we obtain §t € A, (t) with 6t < dt,, — a contradiction to the choice
of §ty, = min Ay, (¢) as the minimum of A, (¢).

Case 2: If 2(t) € (—o0, —lyp) holds, by the fact that z(0) = 0 holds and the intermediate value theorem,
there exists a 6t € (0,0t), such that z(6t') = —l,, holds. Consequently, we obtain 0t € Ay, () with
5t < 0tuy — a contradiction to the choice of §t,, = min A,,(t) as the minimum of A, (¢).

Case 3: If z(6t) € (lyy, 00) holds, by the fact that z(0) = 0 holds and the intermediate value theorem, there
exists a 6t € (0,0t), such that z(6t ) = Iy, holds. Consequently, we obtain 6t € Ay, (t) with 6t < 8t,, — a
contradiction to the choice of §t,,, = min A, (¢) as the minimum of A, (¢).

Step 2.2: Either im 2|(0,5¢,,) C (—luww,0) orim 29 5¢,,) C (0,1luy) holds.

By step Step 2.1, im 2/(0,5¢,,) C (—luv,0) U (0,lyy) holds. Let us assume that there exist 0t1, 0ty € (0, 0tyy)
such that z(dt1) € (—lyuw,0) and z(dt2) € (0,1y,) holds. Again by the mean value theorem, there exists a

64



Under review as submission to TMLR

0t € (dt1,02), such that z(dt) = 0 holds. Consequently, we obtain 0t € A,,(t) with §t < dta < dty, — a
contradiction to the choice of dt,, = min A,,(t) as the minimum of A, ().

Step 2.8:  If additionally, z(0ty,) = —luw holds, then imzs¢,,) C (—luv,0) holds. If in contrast,
additionally, z(0tyy) = luw holds, then im 2z s¢,,) C (0,lu) holds.

By step Step 2.2, either im 2|(g,s¢,,) C (—luv, 0) or im 2| s5¢,.,) C (0, lyy) holds. If additionally, z(0tuy) = —luw
holds, let us assume that there exists a 6t € (0,dty,) such that z(dt) € (0,{,,) holds. Again by the
intermediate value theorem, there exists a 0t € (dt, 6tyy), such that z(ét/) = 0 holds. Consequently, we
obtain 6t € Ay (t) with 6t < 8ty — a contradiction to the choice of 8ty = min Ay (t) as the minimum of
Ao (2).

If in contrast, z(dty,) = Ly holds, let us assume that there exists a §t € (0, 8ty ) such that z(6t) € (—lyy, 0)
holds. Again by the intermediate value theorem, there exists a 6t € (8t, 5ty ), such that z(6t) = 0 holds.
Consequently, we obtain 5t € Ay (t) with 5t < 8ty — a contradiction to the choice of dt,, = min Auw(t)
as the minimum of A, (t).

Step 2.4: For ty, := min A, (t), we obtain

im Z1(0,6tuy) < (_lumo) if Z((Stuv) = —lyo,
im 2)(0,5¢,,) C (—luv,0) or im2js¢,,) C (0,0un)  if 2(6tu) =0,
im Z|(0,6tus) - (0, luv) if Z((Stuv) = lyo.

The claim follows immediately from Step 2.2 and Step 2.5.

Step 2.5: 8ty is (always w.r.t. ey, andt) ...

.. an inverse pass-through time <— 2(0twy) = —luyo,
.. a self-loop time or an inverse self-loop time <= 2(tyy) =0,
.. a pass-through time = 2(0tuy) = luw-

“=71f 6ty is an inverse pass-through time, by (1) definition of z and (2) condition (21), we obtain
t
2(0tuy) ) / Vo (8) ds @ —l -
t—8t o

Analogously, if dt,, is a self-loop time or an inverse self-loop time, we use condition (23) or (25) to conclude
that 2z(dty,) = 0 holds. If dt,, is a pass-through time, we use condition (19) to conclude that z(dty,) = luy
holds.

“<="If 2(0tyy) = —lyy holds, by (1) definition of z and (2) this assumption, we obtain

—

t
/ Vao(5) ds 2 2(6tus) 2 —lun.
t

_6tuv

that is, condition (21) is satisfied.

Consequently, for any t € (min{t — dtyy, t}, max{t—dty,,t}) = (t—0tyuy, t), or equivalently, for any t =t—6t
with 0t € (0,0tyy), by (1) by basic results from analysis, (2) condition (21), (3) definition of z and (4) Step
2.4, we obtain

’

t W [t t )
Vo (8) ds = Vo (8) ds — Vo (8) ds € (—lyy, 0),
t— 6t t t—6t

—0tuy

(2) (3) (4)
= —luv =12z(6t) € (—luv,0)
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that is, condition (22) is satisfied, too, and thus, dt,, is an inverse pass-through time.

Analogously, if z(dt,,) = 0 holds, we use this assumption to show that condition (23), which is equal to
condition (25), is satisfied. If z(0ty,) = lu, holds, we use this assumption to show that condition (19) is
satisfied. Consequently, we use these conditions and Step 2.4 to show that condition (24), (26) and (20) are
satisfied in alignment with the conditions in Step 2.4. We leave the details out, but a summary of the cases
to be considered is given as follows:

A

t ) t' =t—st
Vo () ds—/ Vo (8) ds = / V() ds
¢ ¢

t—6tuw —dt —6tyy
= —luw € (~luv,0) € (—luv,0) i 2(5tuy) = —lus
=0 € (—lyv,0) € (0,lyv) if 2(dtuy) = 0 and im 2|(0,5¢,,,) C (—luw,0)
=0 € (0, lyw € (—lyv,0) if 2(8tyey) = 0 and im 21(0,5tyn) C (0, lyw)
= luw € (0,luw € (0,luv) if 2(0tuw) = luw

3.: Similar to the proof of Lemma C.7.2 and Lemma C.8.1, let us assume that there exist two different
and positive times 6¢14v, 0t2uy € Rzo which are each either a pass-through time, an inverse pass-through
time, a self-loop time or an inverse self-loop time. W.l.o.g., let 0 < 14, < oy, hold. Consequently, for
t =t —Oti € (t — Stoyw, t) = (min{t — dtoyy, t}, max{t — dtayuy, t}), by (1) by basic results from analysis
and (2) one or two of the conditions (19), (21), (23) or (25)2°, we obtain

’

! w [ ' @
/ Vu’u(s) ds = / Vuv(s) ds — / Vuv(s) ds € {_2luv7 _luva 07 luv7 2luv}
t—0touy t—0taun t—6t1uw

— a contradiction to one of the conditions (20), (22), (24) or (26)%!. O

E.11 Proof of Lemma C.15

Lemma (Lemma C.15). Let ey, € E and t € R hold. In the setting of Theorem C.13, the following property
holds:

1. Otyy is (always w.r.t. ey, andt) ...

. a pass-through time < 2(0tuy) € {—luv,luv} and qu,(t) > 0,
. an inverse pass-through time <> 2(0tyy) € {—luv, luw} and qu,(t) <0,
. a self-loop time < 2(0tyy) = 0 and quu(t) < 0,
. an inverse self-loop time <= 2(0tyy) = 0 and qu,(t) > 0.

Proof. “=" 1f §t,, is a pass-through time, similarly to Step 2.5 in the proof of Theorem C.13.2, by (1)
definition of z and (2) condition (19), we obtain

t
2(5t0y) 2 / Vuo(5) ds 2 Ly € {=lu, Lu}-
t

_6tuv

Moreover, by Lemma C.7 and the choice of 6t,, > 0, ¢y (t) > 0 holds. Since gy, (t) # 0 holds by assumption,
Guv(t) > 0 follows.

20Note that we have 3 -3 = 9 possible combinations: If §t2y, is a pass-through time, we work with condition (19). If dtouw
is an inverse pass-through time, we work with condition (21). If dt2y, is a(n) (inverse) self-loop time, we work with condition
(23), which is equal to condition (25). Each of these three options need to be combined with the three analogous options for
the second time t14y.

21Note that we have four possible combinations: If §ta,. is a pass-through time, we work with condition (20). If §tay, is an
inverse pass-through time, we work with condition (22). If dt2y is a self-loop time, we work with condition (24). If §t2y. is an
inverse self-loop time, we work with condition (26).
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Similarly, if dt,, is an inverse pass-through time (w.r.t. ey, and t), by (1) definition of z and (2) condition
(21), we obtain

t
Z((;tuv) (2 / Vuv(s) dS (i) *luv S {*lﬂﬂnluv}-
t—0tyy

Additionally, we use Lemma C.9 to conclude that dt,, is a pass-through time w.r.t. e,, and t. Therefore,
by (1) the conservation of flows (Eq. (3)), (2) Lemma C.7 and the choice of §t,, > 0 considered as a
pass-through time w.r.t. e,, and ¢, we obtain

1)
quv(t) = 7q1)u(t) < 0.
——

@
>0

Since quy (t) # 0 holds by assumption, g, (t) < 0 follows.

Analogously, if dt,, is a self-loop time, we use condition (23) to conclude that z(dt,,) = 0 holds and Lemma
C.8 to conclude that g,,(t) < 0 and thus, g..,(t) < 0 holds. If dt,, is an inverse self-loop time, we use
condition (25) to conclude that z(dt,,) = 0 holds and Lemma C.10, the conservation of flows and Lemma
C.8 to conclude that gy, (t) = —@u.(t) > 0 and thus, g, (¢) > 0 holds.

“<” If 2(0tuw) € {—luv,luv} holds, we know by Theorem C.13.2 that dt,, is either a pass-through
time or an inverse pass-through time.

If additionally, gy, (t) > 0 holds, let us assume that dt,, is an inverse pass-through time. Consequently, by
the same arguments as in the inclusion above, we can conclude that in this case, gy, (t) = —¢uu(t) < 0 holds
— a contradiction.

If instead, additionally, g,,(t) < 0 holds, let us assume that dt,, is a pass-through time. Consequently,
by the same arguments as in the inclusion above, we can conclude that in this case, g,,(t) > 0 holds — a
contradiction.

If 2(6tyy) = 0 holds, we know by Theorem C.13.2 that dt,, is either a self-loop time or an inverse
self-loop time.

If additionally, gu.(t) < 0 holds, let us assume that dt,, an inverse self-loop time. Consequently, by the same
arguments as in the inclusion above, we can conclude that in this case, ¢, (t) > 0 holds — a contradiction.

If instead, additionally, g, (t) > 0 holds, let us assume that dt,, is a self-loop time. Consequently, by
the same arguments as in the inclusion above, we can conclude that in this case, ¢u,(t) < 0 holds — a
contradiction. O]

E.12 Proof of Theorem 3.5 and C.16

Theorem (Theorem 3.5 and C.16). Let v € V and t € R hold. We assume that Assumption 3.4 holds and
that for each u € N(v), Auy(t) is not empty (that is, the OP (8) has a solution). If the function c, obeys
the mizing at nodes (Eq. (4)) and if for each u € N (v), the function c,, obeys the advection edge dynamics
(Eq. (2)) with inflow continuity condition (Eq. (5)), then

co(t) = S ww®) et —0tw) + Y wu(t) et = Otw) = Y wuu(t) - @(ts euns €, V)

ueN_ (v,t) wEN_ (v,t) ueN (v)
2(8tyw)=Elyo 2(8tuy)=0

holds, where t,,, = min Ay, (t) is the transport time as defined in Theorem C.13. In other words, Equation
(10) with ¢ as defined in Equation (9) holds.

Proof. Well-definedness: Since by assumption, for each u € N'(v), the set A,,(t) as defined in Theorem
C.13 is not empty, according to Theorem C.13.1, a transport time dt,,, = min A, (t) € (0, 00) exists for each
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u € N(v). Even more, by Theorem C.13.3, is it uniquely determined by the condition that it is positive,
allowing to define the map N (v) — (0,00),u + dty, that associates a unique transport time with each
neighbor u € N (v). Especially to mention, for each v € A(v) and by definition of the transport time dt,,
(Theorem C.13), 2(dtuy) € {—luv, 0, luy } holds.

Equality: By (1) definition of the in-, out- and no-flow neighborhoods and (2) the conservation of
flows (Eq. (3)), we obtain

Ni(v,t) A {u € N(v) | sgn(gu.(t)) =1} @ {u € N(v) | sgn(qu,(t)) =F1} and

No(@) 2 {u e Nw) | sen(gou(®) = 0} 2 {u e N(v) | sgn(gun)(t) = 0}

Clearly, these three sub-neighborhoods define a partition of the neighborhood A (v), that is, they are pairwise
disjoint and N (v) = N_(v,t) UN, (v,t) UNpy(v,t) holds. Together with the definition of the ReLU function
ReLU(q) = max{0, ¢} for all ¢ € R, we observe that for each u € N'(v),

Quov (t) ifuce N_ (’U, t)
ReLU(quv(t)) = {0 if ue Ny(v,t) (39)
0 if u € No(v,1)

holds. Consequently, by (1) Equation (4), (2) Equation (39), (3) the definition of the weights wy,(¢) (Eq.
(6)), (4) the well-definedness investigations from above and (5) basic transformations, we obtain
u v Quv t)- Cyv taluv
C’U(t) (:) Z EN_(v,t) ( ) ( )
Zue/\/,(u,t) Guo ()
(2 ZueN(v) ReLU(quv(?)) - cun(t, luv)

(3)

= Z Woyw (t) gens (t7 luv)
ueN (v)

(:) Z Wyw (t) * Cuv (t7 luv)
uEN_(v,t)

(g) Z Wy (t) * Cyu (ta luv) + Z Wy (t) * Cyw (tv luv)
ueEN_ (v,t) ueEN_ (v,t)

2(8tuw)==Elyuw 2(8tyy)=0

This proves the first equality. Since the definition of N_(v,t) indicates that g, (t) > 0 is positive, by Lemma
C.15.1, the transport times 6t,, > 0 in the first sum are pass-through times, while the transport times
Otyy > 0 in the second sum are inverse self-loop times. Since again by Lemma C.15.1, the other direction
also holds, we can conclude the calculations as follows: By (1) applying Theorem C.11 t0 ¢y (¢, lyy) in the
first sum and Lemma C.9 and Theorem C.12 to ¢y (t, lyy) the second sum, (2) the definition of ¢ (Equation
(9)), (3) basic transformations, (4) the definition of the transport time dt,, (Theorem C.13) and again, (5)
the definition of the weights wy,(t) (Eq. (6)), we obtain

WY wn) et =dtw)+ S walt) - et — 5tu)

ueEN_(v,t) wEN_ (v,t)
2(0tuv)=%luo 2(0tuy)=0
(i) Z wuv(t) ’ ¢(t, €y, C,s V) + Z wuv(t) ’ ¢(t7 €uv, C, V)
u€EN_(v,t) wEN_ (v,t)
2(0tuv)==luy 2(0twuy)=0
e S W (1) - $(1, eun, €, V)
weN_ (v,t)

Z(étuv ) 6{_luu 707lu'u }
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@ Z Wayw (t) . (i)(t, €uv, C, V)

ueEN_ (v,t)

= Z Wyv (t) : ¢(t7 €uv, €y V)'

weN (v)
This proves the second equality. O

E.13 Proof of Theorem C.17

Theorem (Theorem C.17). Let T = (A, E) be a finite tree with root node ag € A, internal nodes Ay and
leaf nodes Ajeqs (that is, A = {ao} U At U Ajeap holds). If each node a € A is associated with a magnitude
o € R that satisfies

Toq = Z wab - xp for all a € {ap} U Asps, (40)
beC(a)

where the set C(a) C A consists of the children of a € A and wqp is a weight of the edge eqp, € E that depends
on both the parent a € A and its child b € C(a), then the magnitude xo := x,, of the root node ag € A is
determined by the magnitudes x;, := Ta,, of the leaf nodes ai, € Ajear by

xrog = Z w(ao,...,alp) 'SL’lp, (41)

p=(ao;...,a1,, ) EP (a0, Aleaf)

where P(ao, Aieas) be the set of paths connecting the root node ag to one of its leaf nodes Ajeqp and

l,—1

w(ag, ..., a,) == H Wayars (42)
1=0
is the product of weights along a(n) (arbitrary) path p = (ao, ..., a;,) € P with length I, € N.

Proof. For the sake of brevity, in this proof, we use the abbreviation P = P(ag, Ajcat)-

Step 1: For each |l € N, we obtain

Tay = E w(ao, ..., ar,) * Ta,, + E w(ag, ..., ar) - Tq; - (43)
p=(ac,.az, ) EP: p=(ao, a1, )EP:
1,<1 Ip>1

We prove the claim by induction to [ € N.

Induction base: If [ = 1, by (1) Equation (40) applied to z,,, (2) a change in notation, (3) basic transfor-
mations, (4) the definition of w (cf. (42)) and (5) the choice of I = 1, we obtain

@ Z
I(LO = w(lgb . xb

beC(ao)
(2,3)
= g Wagay * La,y + E Wagay * Tay
a1 €C(ap)NAlcat a1€C(ap)NAint
(3)
= § Wagar * Lay + E Wagay " Tay
p=(ao,a1)€P: p=(ao,a1,...,a1,, ) EP:
lp=1 Ip>1
(4)
= E w(ag,ar) - Tq, + E w(ag,ar) - xq,
p=(ao,a1)€EP: p=(ao,...,a1, ) EP:
ly=1 Ip>1
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(3,5)
= Z w(ao, .-, a,) - Ta,, + Z w(ag, ...,ar) - T, -

p=(ao,--ra1, ) EP: p=(a0,.ra1, ) EP:
1,<1 Ip>1

induction hypothesis: Equation (43) holds for all [ < 1 € N.

Induction step: By (1) the induction hypothesis, we obtain

1)
Loy = E w(ag, ..., ar,) “Tay, + E w(ag, ...,ar) - T, -
p=(a0,.—a1, )EP: p=(ac, a1, ) EP:
1,<l Ip>1

Similar to the induction base, by (1) Equation (40) applied to z,,, (note that since I < I, a; € Ajpy must
hold), (2) a change in notation, (3) basic transformations and (4) the definition of w (cf. (42)), we transform
the second summand to

Z w(ag, .., ar) - Tq,

p=(ao,...,a1, ) EP:

1>l
W
g w(ag, .., ap) - Warb * T
p=(ao,...,a1,)EP: beC(ar)
Ip>1
(2,3)
= w(a07 sy al) ' E Wajarrr " Tagyq + E Wararpr " Targa
p=(ao,...,a1,)EP: ar+1€C(ar)NAleat ai+1€C(ar)NAin
Ip>1+1

(3)
= w(ag, .- A1) * Wayarsy * Tagsy
p=(a0,.,a1,)EP:  air41€C(ar)NAleas

+ E E W(@o, -y Q1) * Wagar s * Tayys

p:(ao,...,alp)E’P: aHlEC(al)ﬁA;n
Ip>1+1

I

w(ao, ceny al) . walaH_l *Tagyq
p=(ao,-.-,a1, )EP:
lp=1+1

+
(]

w(ag, .- 1) * Wayarsr * Tagyy
p=(ao,...,a1, )EP:
Ip>1+1

(4) 3 3
- w(a/07"'7alaa’l+l) 'xaprl + w(a()a-"aal7al+l) .'/EGH»I'
p=(ao,...,a1, ) EP: p=(ao,...,a1, ) EP:
lp=1+1 Ip>14+1

Bringing it all together, again by (1) basic transformations, we obtain

Ty = Z w(ao,...,alp) “Tay, + Z W(QOw-'aal) “Tay

p=(ao,...,ar, )EP: p=(ao;...,a1, ) EP:
1,<l 1p>1

= Z w(ao, ..., ar,) - Ta,,

p=(ao,...,ar, )EP:
1,<1

+ § w(a07"'7a'l7a'l+1) 'J’,‘al+1
p:(ag,‘..,alp)EP:
lp=l+1
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(]

w(ag, ..., ar, Gi41) - Tay,
p=(ao,...,ar,)EP:
lp>1+1

(]

w(ao, ..., ar,) - Tay,
p=(ao,...,ar, )EP:
lp<l+1

(]

w(ao, ..., ar,) * Ta,,

w(ag, ..., G141) - Tayy,y

+
I~

1p>l+1
(1)
= E w(ag, ..., a,) ‘T, T+ E w(ag, ..y G141) * Tayy s
p=(ao,...,ar,)EP: p=(ao,-..,a1, )EP:
1, <l+1 Lpy>1+1

which concludes the induction step.

Step 2: Equation (41) holds.

Since T is finite, that is, 7 an acyclic graph with a finite number of nodes |A| < oo, also each path p € P
has to be finite. Therefore, we can choose | = max,epl, € N. Consequently, the second sum in Step 1 is
empty and the condition in the first sum in Step 1 is naturally satisfied. This yields Equation (41). O

E.14 Proof of Theorem C.20

Theorem (Theorem C.20). Letv € V andt € R hold. Let T (v,t) be the inflow tree of v at time t as defined
in Definition C.18. If ¢,(t) is defined by Equation (10), then

I,—1

Cﬂ(t) = Z H Wy 10 (tl) * Cop, (tlp)
=0

p=((vo,to)=(v,t),(u1,v1,t1)...,(ur, ,v1p 1, ) EP(v,t)

with weights wy, v, (t1) according to Equation (6) holds.

Proof. For each layer I € Ny of the tree, we now associate each node a; = (u,v;,t;) € A of that layer with
the magnitude z; := x4, := ¢y, ().

Step 1: Together with these magnitudes, T (v,t) defines a tree in terms of Theorem C.17.

In order to prove the claim, we first of all investigate on the term ¢(t;, €y, v, €, V) for a given parent node
a; = (uy, vy, ;) in the I-th layer and its child node a;y1 = (w41, v141,t141) € C(a;).?2 Indeed, by (1) Equation
(9) and (2) the definition of the inflow tree T (v,t) (Definition C.18), for any [ € No, ¢(ti, €y, 0, ¢, V) is

22Especially to mention, by definition of the inflow tree 7 (v,t) (Definition C.18), u;41 € N_(vs,t;) holds, that is, the edge
€up v € FE exists.
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equal to
d)(tl, e'u.lJrlvl ,C, V)
1) ) Cuyyy (tl - §(tlaeul+1’umy)) if Z(§(tl7eul+1vmu)) € {_luvvlu’u}v
Co, (b1 — §(tlu GUH_“;“V)) if Z(@(th euz+1’Uz7V)) =0
) €
)

{*luvv luv}v (44)
) =0

(
(i) Cupyq (tl-‘rl) if Z(§(tla Cuppiv V
Cu, (tiv1)  if 2(s(t, Cuppqvs V

(2)
= Cuqq (tl+1)

@
= Li+1-

Consequently, again by (1) the definition of the inflow tree T (v,t) (Definition C.18), (2) Equation (10) and
(3) Equation (44), for any a; € {ag} U Ay, we obtain

1)
Ta, =T = Cy,(t)

©)
- Z wu1+1’Ul (tl) : ¢(tl7 eul+1’l}l ) C7 V)

w1 EN_ (vg,ty)

(3)
= Z Wy yqv; (tl) CLl+1
w41 EN_(v,t1)

B
- Wararyr “ Lagyq

aj11€C(ar)

with weights

Wararpr = Wuygiv (tl)' (45)
Consequently, 7 (v,t) is a tree in terms of Theorem C.17.

Step 2: Equation (29) holds.

Again by (1) the definition of the inflow tree T (v,t) (Definition C.18), (2) Theorem C.17 (which we can
apply according to Step 1) and (3) Equation (45), we obtain

) (€)
cu(t) = ¢y to) = o

2
© Z w(ag, ...,ar,) - oy,

p=(ao,...,a1,, ) €P (a0, Alear)
I,—1

(173)
= Z H Wy g1y (tl) " Cuy, (tlp)’

p=((vo,to)=(v,t),(u1,v1,t1)..., (w1, V1, b1, ) ) EP(v,1) =0
which was to show.

E.15 Proof of Theorem C.21

Theorem (Theorem C.21). Let v € V and t € Tj,; U Ty, hold. Let T (v,t) be the interpolation inflow tree of
v at time t as defined in Definition C.18. Let k > max p, , lp hold. If é,gk)(t) is defined by Equation (11),
then

&P (1) = > (H Wy (1) 'a(tl+1)> e, ()

p=((v0,t0)=(v,8),(u1,v1,t1)-.,(ury, v, 1, ) ) EP(v,8) N\ =0
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with weights wy, v, (t1) and a(tiy1) according to Equation (6) and (16), respectively, holds.

Proof. Similar to the proof of Theorem C.20, for each layer [ € Ny of the tree, we now associate each node
a; = (ug, v, 1) € A of that layer with the magnitude z; := x4, := éf,’f_l)(tl).

Step 1: Together with these magnitudes, 7A'(v7t) defines a tree in terms of Theorem C.17.

In order to prove the claim, we first of all investigate on the term (t;, €y, v, ¢F=0+1) 1) for a given parent
node a; = (uy,v;,t;) in the I-th layer and its child node a;+1 = (wj+1,vi41,ti41) € C(a;). Indeed, by (1)
Equation (17), for any I € No, (¢, euHm,é(k*(lH)), v) is equal to

So(tla euH_l’UL 9 é(k_(l-‘rl))a V)
A(k—(1 ~(k—(1 .
(2 {a(tj) : C'ELH»I( +1))<tj) + a’(tj+1) ! ci(u+1( +1))(tj+1) if Z(§(tl7 euz+1vmy)) € {_luva luv}a

A(k—(14+1 A(k—(1+1 .
a(tj) : ng (+ ))(tj) + a(tj+1) : Ci(Jz (+ ))(tj+l) if Z(ﬁ(tla eul+1vlay)) =0
for the j € I for which t; — §(t;, €u,, v, V) € [tj,tj41) holds. Following (1) the definition of the interpolation

inflow tree 7 (v,t) (Definition C.18), we obtain

A(k—(1
‘P(tlveul+1v“c( (Jrl))ul/)

Alk—(14+1 .
Z tip1€{tj,tj 41} a(tl+1) . Cﬂ(tur]( ))(tl+1) if Z(§(tl7€ul+1v“’/)) € {_luvvluv}7
@) tr=s(ti,eu; g v V) ElL; t41)
- Alk—(14+1 .
Z tip1€{tj,tj41}: a(tl+1) : CSJ[ ( ))(tl+1) if Z(@(t1766uz+1vzzu)) =0
tr =5t euy g vy V)€l ti41)
(1) L(k—(1
- Z altipr) - 6D 1) (46)

tip1€{t .t 41}
tr—s(ti,eup g v V)€ t541)

1
(:) Z a(tl+1) cXTig1-

tip1€{tj,tj41}:
tr—s(t1,euy g o VIE[L; 1)

Consequently, again by (1) the definition of the interpolation inflow tree 7 (v,t) (Definition C.18), (2) Equa-
tion (11), (3) Equation (46) and (4) basic transformations, for any a; € {ag} U Ay, we obtain

@) (k=
Xg, 1= X = cgff D(t))

(2 "
= Z wul+1yl (tl) . Sp(tl7evl+1v“c(l€ (l+1))7lj)
w1 EN_ (vg,ty)

- Z Wargwn () ( Z alti41) 'xz+1>

w1 EN- (vr,tr) tip1€{tj,tj41}:
ti—s(t,eu; v V)ELL) ti+1)

= > > Way ey, (B1) - altig1) - Tiga

w41 EN_ (vi,t1) tip1€{t; tj1}:
ti—s(tr,e+1),V)€Eltti41)

E Wajarr1 " Tagyq

aj+1€C(ar)

—
=

—~
—
—

with weights

Wasari1 -~ Wupgv (t1) - altiy1). (47)
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A

Consequently, 7 (v,t) is a tree in terms of Theorem C.17.

Step 2: Equation (30) holds.

Again by (1) the definition of the interpolation inflow tree 7 (v, t) (Definition C.18), (2) Theorem C.17 (which
we can apply according to Step 1) and (3) Equation (47), we obtain

eP(t) 2 i (t0) ©

Vo

2)
= Z w(ag, ..., ar,) - x1,

p=(ao,...,a1, ) EP(ao,Atcat)

lp—1
(1,3) A(k—
= Z H Way 10 (t) - a(ti) | - cz(;Ile lp)(tlp)’
p=((v0,t0)=(v,t),(w1,01,t1)-.,(uty, 01, 1, ) ) EP(v,t) \ =0
which was to show. O]

E.16 Proof of Theorem 3.6

Theorem (Theorem 3.6). There exists a k € N, such that e (t) as defined in Equation (11) is equal to
zero for allk >k, veV andt € Ty UTy,.

Proof. Let v € V=W U(V\ W) and ¢ € Ty; U Tx, hold.

Case 1: If t € Ty or t € Ty, and v € W, holds, by Equation (11), éqgk)(t) is equal to zero if k > 0
and equal to cg,k)(t) itk=0.

Case 2.1: Ift € Ty, v € V\ W and k& > MAX, e, 1) l, holds, by Theorem C.21, we can express
égjk)(t) as functions of ég,lf;l”)(tlp) for paths p = ((vo,t0) = (v,t), (ur,v1,t1)...s (w,,v1,,t,)) € P(v,t).
By definition of ﬁ(v,t), ti, € Ty or t, € Ty and vy, € V;, holds and even more, #;, is the first of the
times top =t > {1 > ... > {;, which satisfies this criterion (that is, ¢; € T, and v; € V' \ W, holds for all
1=0,...,l, — 1). Therefore, by Equation (11), for each of these different lengths I, < k, ég,’f;l”)(tlp) is equal
to zero if k > I, and equal to ¢y, (1) for k =1,

(k)

Case 2.2: Ift € Ty, v € V\ W and k < Max, 5, 1) I, holds, we can only express é (t) as func-

tions of ég,]f;l”)(tlp) for paths p = ((vo,t0) = (v,t), (u1,v1,t1)..., (w,,v1,,t1,)) € P(v,t) which additionally
satisfy [, < k. For these paths, the same findings as in Case 2.1 hold.

For all remaining paths which satisfy I, > k, we can express ég,k)(t) as functions of ég,lf_l) ) = 6(?) (t;) for

I =k < l,. Since in this case, t; € Ty, and v; € V' \ V}, holds, by Equation (11), ég,lf*l)(tl) = 65,?) (1) is equal
to zero.

Case 2: In summary, if t € Ty, and v € V'\ 4, holds, we can express ég,k)(t) as functions of ég’f;l”)(tlp) which

are only non-zero for k € {I, | p € P(v,t)}.

Finally, we choose k = max,cy maXier,;uTs, MAX, 5, 1) lp. Then the claim follows as long as [, € 75(11, t) is
finite for all v € V and t € T,; U Tt,. We have discussed that this is the case in Remark C.19. O]

E.17 Proof of Theorem 3.7 and Theorem C.25

Theorem (Theorem 3.7 and Theorem C.25). Let v € V and t € Tj; U Ty, hold. Let T (v,t) and T (v,t) be
the inflow tree and the interpolation inflow tree of v at time t as defined in Definition C.18, respectively. Let
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Assumption C.22 and C.23 hold. Then the prediction error in-between c,(t) and &,(t) is given by

|Cv (t> - 6v (t)|

S Z a(fl,...,tlp)~ |Cvzp(tlp) _Cmp(flp” +|Cvzp(tlp)| . |’w(t0,...,tlp,1)—w(fo,...7£lp,1)|
75(1)

Temporal interpolation error Accumulated weighting error

with joint paths p = ((vo,to) = (v,t),(ul,m,tl,fl),...,(ulp,vlp,tlp,flp)) € 75(11,1?) according to Definition
C.24,

l,—1 Ip—1
a(ty, ...t,) = [ altisa) and  w(to,..fr,—1) = [ wurrrn (B)
=0 =0

with weights wy, v, (t;) and a(tiy1) according to Equation (6) and (16), respectively. If the temporal inter-
polation error is zero, we obtain |c,(t) — é,(t)| = 0.

Proof. By Theorem C.20 and C.21,

lp—1
co(t) = Z <H Way 10, (tz)) ‘o, (t1,) and

p=((v0,0)=(v,t),(u1,01,1).--, (U1, vy, ,t1, ) EP(v,t)  \ 1=0

a ) = > <H ) 'a(tl+1)> e ()

p=((vo,to)=(v,t),(u1,v1,t1)...,(uy, 01, ,tlp))e‘ﬁ‘(v,t) =0

holds for all & > mMax, s, 1 l,. As already discussed in the proof of Theorem 3.6, for a k < MAX, ey 1) lp,
paths p € P(v,t) with [, < k contribute with the same contribution égk_l”)(tlp) = ey, (t1,) to e (t) as

lp
0 (for I = k < 1,). More

specifically, considering a flexible k € N, each path contributes only once to éq(,k)(t), namely for k = [,.
Therefore, ég,]f;l”)

Consequently, by

they would for a larger k, while the ones with [, > k contribute with ég’f_l)(tl)

(ti,) = O, - Cu, (t1,) holds for all k& > [, and also gives a meaning for cases k < [,.
1) Equation (11) and (2) the findings above, we can express é,(t) by

—~

0

M

& (t) =

k=0

)

Ip—1
A(k—1
= > [T w0 'a(fl+1)> e (1)

k=0 p=((vo,t0)=(v,t),(u1,v1,t1)..,(ury, w1, ,t1,, ) ) EP (v,1) <ZO

lp—1
(2)
= > 1T wurssu ) - a(tl+1)> - Cuy, (t1,)-

p:((v()ﬂt()):(vvt)a(ulavlatl)“‘a(ulp1'Ulpvtlp))€75(vvt) <ZO

Now we want to use the shared paths p from Equation (31) to express ¢,(t) and é,(¢) using the same
summands. To achieve this, it is important to note that as an artifact of the interpolation, there are multiple
paths p € 75(1), t) that are identifiable with a single path p € P(v,t). However, due to the fact that certain
interpolation weights a(t;11) add up to one, a single contribution ¢,, (t,) of a path p € P(v,1) to ¢y(t),
weighted by the weight

lp—1

H Wy v, (tl) )
=0
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can be distributed to the multiple contributions ¢, (,) of a path p € P(v,t) to cy(t), weighted by the
weights

lp—1
H Wy (tl) . a(tl-i-l)
=0

associated with corresponding paths p € P(v,t) that each are identifiable with the path p € P(v,t). Using
the shared paths p notation from Equation (31), this allows to express both ¢, (t) and é,(t) as
lp—1

colt) = > LT w0 a(le)) cu, (f,) and

$=((v0,t0)=(v,8),(u1,01,t1,81),., (ui,, v1, b1y ,E1y, ) EP (v,1) <l=0

e® () = Z H Wy 4oy (B1) - a(fm)) e, (t,),

=((v0,t0)=(v,8),(u1,01,t1,81) .., (ui,, v1,, b1y, 81, ) EP(v,1) <l_0

making the sums perfectly comparable. Therefore, by (1) basic transformations and triangle-inequality
and (2) the fact that |wic; — waca] = |wicr + waer — wacy — wacs| = |wacr — wacy + crwy — crws] <
|c1 — ca| + |e1||wr — wa| holds for any wy,ws € [0,1] and ¢1,c2 € R, we obtain

|CU (t) - év (t)|

" lp—1 lp—1 lp—1
< Z H a(ti+1) H Wayq0; (t) |- Coy, (tlp) - H Wy g0 (t) |- Coy,, (tlp)
seP(vg) \ 1=0 =0 ———" =0 ———"
p ' €[0,1] €[0,1]
@) lp—1
< > I attivn) ] - |cv, (t,) = cu, (t1,)]
peEP(v,t) \ =0

-1 1,—1
+ ‘C'Ulp (tlp)‘ ’ H Wy 10 (tl) - H Wy 10 (tl) )
1=0 =0

If the temporal interpolation error is zero, that is, if ¢ = ¢ holds, all interpolation times #; corresponding to
left interpolation bound will be equal to ¢, hand have interpolation weights a(f;) = 1. Interpolation times #,
corresponding to right interpolation bounds have interpolation weights a(f;) = 0 (cf. Eq. (16). Therefore, in
this case, the only non-zero summands in the error bound are the ones where t; = #; holds for all I =0, ..., lp,
in which case |¢,(t) — é,(t)| = 0 holds. This proves the claim.
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