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Abstract

We consider the problem of conformal prediction under covariate shift. Given
labeled data from a source domain and unlabeled data from a covariate shifted
target domain, we seek to construct prediction sets with valid marginal coverage
in the target domain. Most existing methods require estimating the unknown
likelihood ratio function, which can be prohibitive for high-dimensional data such
as images. To address this challenge, we introduce the likelihood ratio regularized
quantile regression (LR-QR) algorithm, which combines the pinball loss with a
novel choice of regularization in order to construct a threshold function without
directly estimating the unknown likelihood ratio. We show that the LR-QR method
has coverage at the desired level in the target domain, up to a small error term that
we can control. Our proofs draw on a novel analysis of coverage via stability bounds
from learning theory. Our experiments demonstrate that the LR-QR algorithm
outperforms existing methods on high-dimensional prediction tasks, including a
regression task for the Communities and Crime dataset, an image classification task
from the WILDS repository, and an LLM question-answering task on the MMLU
benchmark.

1 Introduction

Conformal prediction is a framework to construct distribution-free prediction sets for black-box
predictive models [e.g.,45, 160} 61} etc]. Given a pretrained prediction model f : X — ) mapping
features © € X to labels y € ), and n4 calibration datapoints (X, Y;) : ¢ € [n;] sampled i.i.d. from
a calibration distribution P, we seek to construct a prediction set C'(Xies) C ) for test features Xieq
sampled from a marginal test distribution P> x. We aim to cover the true label Y.y with probability
at least 1 — « for some « € (0, 1): that is, P(Yiest € C(Xiest)) = 1 — . The left-hand side of this
inequality is the marginal coverage of the prediction set C, averaged over the randomness of both
the calibration datapoints and the test datapoint (X, Yiest) ~ P2. In the case that the calibration
and test distributions coincide (P; = P;), there are numerous conformal prediction algorithms that
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construct distribution-free prediction sets with valid marginal coverage; e.g., split and full conformal
prediction [e.g., 29, 136].

However, in practice, it is often the case that test data is sampled from a different distribution
than calibration data. This general phenomenon is known as distribution shift [e.g., 41, 152]]. One
particularly common type of distribution shift is covariate shift [S0], where the conditional distribution
of Y| X stays fixed, but the marginal distribution of features changes from calibration to test time.
For instance, in the setting of image classification for autonomous vehicles, the calibration and test
data might have been collected under different weather conditions [25}65]. Under covariate shift,
ordinary conformal prediction algorithms may lose coverage.

Recently, a number of methods have been proposed to adapt conformal prediction to covariate shift,
e.g., in [15L 19,137,138 140, 55| 164]. Most existing approaches attempt to estimate the likelihood ratio
function 7 : X — R, defined as r(z) = (dP2,x /dP1 x)(x) for all z € X, where IP; x denotes the
marginal distribution of P; over the features. One can construct an estimate 7 of the likelihood ratio if
one has access to additional unlabeled datapoints sampled i.i.d from the test distribution P,. Methods
for likelihood ratio estimation include using Bayes’ rule to express it as a ratio of classifiers [12}40]
and domain adaptation [13}137]. However, such estimates may be inaccurate for high-dimensional
data. This error propagates to the coverage of the resulting conformal predictor, and the prediction
sets may no longer attain the nominal coverage level. Thus, it is natural to ask the following question:
Can one design a conformal prediction algorithm that attains valid coverage in the target domain,
without estimating the entire function r?

In this paper, we present a method that answers this question in the affirmative. We construct our
prediction sets by introducing and solving a regularized quantile regression problem, which combines
the pinball loss with a novel data-dependent regularization term that can be computed from one-
dimensional projections of the likelihood ratio r. Crucially, the objective function can be estimated
at the parametric rate, with only a mild dependence on the dimension of the feature space. This
regularization is specifically chosen to ensure that the first order conditions of the pinball loss lead to
coverage at test-time. Geometrically, the regularization aligns the selected threshold function with
the true likelihood ratio . The resulting method, which we call likelihood ratio regularized quantile
regression (LR-QR), outperforms existing methods on high-dimensional datasets with covariate shift.

Our contributions include the following:

* We propose the LR-QR algorithm, which constructs a conformal predictor that adapts to
covariate shift without directly estimating the likelihood ratio.

* We show that the minimizers of the population LR-QR objective have coverage in the test
distribution. We also show that the minimizers of the empirical LR-QR objective lead to
coverage up to a small error term that we can control. Our theoretical results draw on a
novel analysis of coverage via stability bounds from learning theory.

* We demonstrate the effectiveness of the LR-QR algorithm on high-dimensional datasets
under covariate shift, including the Communities and Crime dataset, the RxRx1 dataset from
the WILDS repository, and the MMLU benchmark. Here, we crucially leverage our theory
by choosing the regularization parameter proportional to the theoretically optimal value.

1.1 Related work

Here we only list prior work most closely related to our method; we provide more references in
Appendix [C| The early ideas of conformal prediction were developed in Saunders et al. [45]], Vovk
et al. [61]. With the rise of machine learning, conformal prediction has emerged as a widely
used framework for constructing prediction sets [e.g.,[36L 58, 159]]. Classical conformal prediction
guarantees validity when the calibration and test data are drawn from the same distribution. In
contrast, when there is distribution shift between the calibration and test data [e.g.,[5, 41, 50L 152} 54],
coverage may not hold. Covariate shift is a type of dataset shift that arises in many settings, e.g.,
when predicting disease risk for individuals whose features may evolve over time, while the outcome
distribution conditioned on the features remains stable [41].

Numerous works have addressed conformal prediction under distribution shift [37, 38} 140L 511 155]].
For example, Tibshirani et al. [S5] investigated conformal prediction under covariate shift, assuming
the likelihood ratio between source and target covariates is known. Lei and Candes [32] allowed



the likelihood ratio to be estimated. Park et al. [37] developed prediction sets with a calibration-set
conditional (PAC) property under covariate shift. Qiu et al. [40]], Yang et al. [64]] developed prediction
sets with asymptotic coverage that are doubly robust in the sense that their coverage error is bounded
by the product of the estimation errors of the quantile function of the score and the likelihood ratio.
Cauchois et al. [7] construct prediction sets based on distributionally robust optimization. In contrast,
our method entirely avoids estimating the likelihood ratio function.

To achieve coverage under a predefined set of covariate shifts, Gibbs et al. [15] develop an approach
based on minimizing the quantile loss over a linear hypothesis class. We build on their quantile
regression framework, but develop a novel regularization scheme that allows us to effectively optimize
over a data-driven class, adaptive to the unknown shift . A similar regularization is used in [66]],
which performs supervised learning under covariate shift by minimizing an upper bound of the test
risk. However, when one sets the loss function to equal the pinball loss, minimizing the objective in
[66] is not guaranteed to provide coverage at test-time, whereas our construction has asymptotically
valid coverage.

2 Problem Formulation

Preliminaries and notations. For « € (0, 1), the quantile loss £, is defined for all ¢, s € R as

1—a)(s—c)ifs > ¢,
lalc;s) ::{ fjc(c—zg ifslc. B @

Let the source or calibration distribution be denoted Py = P x X Py |x, where P; x is the marginal
distribution of IP; over features. Let the target or test distribution be denoted Py = Py x x Py x,
where Py x is the marginal distribution of P, over features. Since the conditional distribution of
labels given features Py | x is common to I’y and Py, the test distribution is a covariate shifted version
of the calibration distribution. Let E; denote the expectation over P;, i = 1,2. Let z — r(x) =
(dP2,x /dP1 x)(x) denote the unknown likelihood ratio function.

We consider both discrete and continuous label spaces ). When ) = R, prediction sets correspond
to prediction intervals. Recall that a prediction set C' : X — 2% has marginal (1 — «)-coverage in
the test domain if Py [Y € C(X)] > 1 — a. Let S : (z,y) — S(z,y) denote the nonconformity
score associated to a pair (z,y) € X x Y. Given a threshold function ¢ : X — R, we consider
the corresponding prediction set C' : X — 2Y given by C(x) = {y € V : S(x,y) < q(=)} for all
x € X. Thus a threshold function ¢ yields a conformal predictor with marginal (1 — «)-coverage in
the test domain if Po[S(X,Y) < ¢(X)] > 1 — a. Note that the use of an adaptive threshold function
is common in the conformal prediction literature, going back to [55]. We assume that o < 0.5. For
our theory, we consider [0, 1]-valued scores; however, in Appendix@ we comment on conditions
under which unbounded scores can be handled.

In this paper, a linear hypothesis class refers to a linear subspace of functions from X — R that
are square-integrable with respect to I’y x. An example is the space of functions representable by a
pretrained model with a scalar read-out layer. If ® : X — R? denotes the last hidden-layer feature
map of the pretrained model, where ® = (¢1, ..., ¢q) for ¢; : X — R for all i € [d], then the linear
class of functions representable by the network is given by {(v, ®) : v € R%}, where (-, ) is the ¢2
inner product on R%,

Problem statement. We observe n; labeled calibration (or, source) datapoints {(X;,Y;) : ¢ € [n1]}
drawn i.i.d. from the source distribution P;, and an additional n3 unlabeled calibration datapoints
S3. We also have ny unlabeled (target) datapoints So drawn i.i.d. from the target distribution Ps.
Given « € (0,1), our goal is to construct a threshold function ¢ : X — R that achieves marginal
(1 — a)-coverage in the test domain: P3[S(X,Y) < ¢(X)] > 1 — «a.

3 Algorithmic Principles

Here we present the intuition behind our approach. Our goal is to construct a prediction set of the
form C(z) = {y € Y : S(z,y) < q(z)}, where ¢ should be close to a conditional quantile of S
given X = z. The quantile loss ¢, is designed such that for any random variable Z, the minimizers
of the objective xk — El,,(k, Z) are the (1 — «)th quantiles of Z. This has motivated prior work



(15} 22]], where the authors minimize the objective h — E£, (h(X), S(X,Y)) for h in some linear
hypothesis class . At a minimizer h*, the derivatives in all directions g € H should be zero. Since
the derivative of the pinball loss with respect to its first argument is given by

O1la(c,s) =—(1—a)lfs >+ alls< =1[s < —(1—-a),

the chain rule implies that the directional derivative of h — El, (h(X), S(X,Y")) in the direction g
equals
0 0
O BAlla(h(X) + eg(X), S Y] =By | | (h(X) 4 cg(X)) - ha((X), S(X, V)
e=0 e=0

= Ei[g(X)(1[S(X,Y) < (X)] = (1 —a))],

where in the first step we interchanged derivative and expectation, applied the chain rule, and evaluated
at ¢ = 0, and in the second step we used the formula for the derivative of the pinball loss. Setting
this equal to zero, if g takes the form g(z) = dQx /dPy x (z) for some distribution Qx, thelﬂ this
equality reads Eg[1[S(X,Y) < h*(X)] — (1 — a)] = 0, which can be viewed as exact coverage
under the covariate shift induced by g for the prediction set z — {y € Y : S(z,y) < h*(x)}. In
other words, if the test distribution is Q = Qx X% IP’Y‘ x, then we have the exact coverage result

Eg[1[S(X,Y) < h*(X)]] = QIS(X,Y) < h*(X)] =1 —a.

Therefore, if the hypothesis class H is large enough to include the true likelihood ratio r =
dPy x /dP1,x, then the threshold function h* attains valid coverage in the test domain P, as desired.

3.1 Our approach

An adaptive choice of the hypothesis class. The above approach requires special assumptions on
the hypothesis class H. The choice of the hypothesis class poses a challenge in practice: if H is too
small, then coverage may fail, while if H is too large, then finite-sample performance may suffer due
to large estimation errors.

To address this challenge, our idea is to choose H adaptively. We start by considering the class of
hypotheses h that are close to the true likelihood ratio 7, as measured by E; [(h(X) — 7(X))?] being
small. By our remarks above, if we minimize E; [¢,, (h(X), S(X,Y"))] for h restricted to this set, we
obtain a threshold function with valid coverage under the covariate shift r.

Removing the explicit dependence on the likelihood ratio. The quantity E[(h(X) — 7(X))?]
depends on the unknown 7. However, we can expand this to obtain

E1[(A(X) = r(X))?] = Ea[h(X)?] + E1[-2r(X)h(X)] + Ea[r(X)?].

The term [E; [r(X)?] does not depend on the optimization variable h, so it is enough to consider the
first two terms. Due to the change-of-measure identity Eq [r(X)h(X)] = Ea[h(X)], the sum of these
terms equals

Eq[h(X)2] + By [~ 2r(X)A(X)] = E1[h(X)2] + Eo[~2h(X)).

A key observation is that neither of the terms E; [h(X)?] or Eo[—2h(X)] explicitly involve 7, and
thus they can be estimated by sample averages over the source and target data, respectively. Thus,
we can minimize E;[{,(h(X), S(X,Y))] over h € H while keeping Eq [h(X)?] + Ez[—2h(X)]
bounded. The threshold ~* will have valid coverage under the covariate shift r.

Introducing a normalizing scalar. We also need to make sure that h is a valid likelihood ratio under
dPy x, of the form g(x) = dQx /dP; x () for some distribution Qx. This imposes the constraint
J h(x)dPy x (x) = 1, which can be equivalently achieved for any non-negative h by scaling it with
an appropriate scalar 5. In our analysis, it turns out to be convenient to use the optimization variable
[h and consider the class of functions h such that E;[(8h(X) — r(X))?] is bounded for some scalar
B € R. By the above discussion, the term Eq [r(X)?] is immaterial and it is sufficient to impose the
constraint that mingeg (Eq [82h(X)?] + E2[—28h(X)]) is bounded.

*This holds due to the change of measure identity Ep[dQ/dP(X) - h(X)] = Eg[h(X)] for all integrable
functions h.



Algorithm 1 Likelihood-ratio regularized quantile regression

Input: n; labeled source datapoints, no unlabeled target datapoints, ns unlabeled source datapoints
1: Compute scores S; = S(z;,y;) forall i € [n]

2: Solve (h, B) € argming ez, ger B [lo (h(X), S(X,Y))] + AE3[52h(X)?] + MNEo[—28h(X)],
where Eq, [Eo, [E3 denote expectations over the source, unlabeled target, and unlabeled source data;

Return: Prediction set C(z) « {y € Y : S(x,y) < h(z)} with asymptotic 1 — a coverage in the
target distribution

Replacing the constraint with a regularization. Instead of imposing a constraint on
minger (E1[82h(X)?]+Ea[—2Bh(X)]), we can use this term as a regularizer. Given a regularization
strength A > 0, we can solve

min {El[éa(h(X), S(X,Y)]+ A gleiﬂré(ﬁl [B2h(X)?] + EQ[—wh(X)})} .

Since the first term does not depend on S, this is equivalent to the joint optimization problem

samin{La(h,B) = Er[£a (h(X), SCX,Y))] + ME[FK(X)?] — Esl28h(X)))}. (LR-QR)

3.2 Algorithm: likelihood ratio regularized quantile regression

We solve an empirical version of this objective. We use our labeled source data {(X;,Y;) : ¢ € [n1]} to
estimate E;[¢,,(h(X), S(X,Y))], our additional unlabeled source data S to estimate E;[3?h(X)?],
and our unlabeled target data S, to estimate A\Eo[—23h(X)]. Letting B, B, and 5 denote empirical
expectations over {(X;,Y;) : i € [n1]}, S2, and Ss, respectively, we then solve the following
empirical likelihood ratio regularized quantile regression problem, for A > 0:

(i ) € arg, min_ {Ea(h,5) i= Balla(h(X), SCX,Y))] + NE[5h(X 7] — NEo[28h(X)]}.

(Empirical-LR-QR)

Our proposed threshold is ¢ = h. See Algorithm In the following section, we justify this algorithm
through a novel theoretical analysis of the test-time coverage.

4 Theoretical Results

4.1 Infinite sample setting

We first consider the infinite sample or “population” setting, characterizing the solutions of the LR-QR
problem from (LR-QR) in an idealized scenario where the exact values of the expectations E;, E,
can be calculated. In this case, we will show that if the hypothesis class H is linear and contains the
true likelihood ratio r, then the optimizer achieves valid coverage in the test domain. Let 3, be the
projection of r onto  in the Hilbert space induced by the inner product (f, g} = E;[f g]E] The key
step is the result below, which characterizes coverage weighted by r,.

Proposition 4.1. Let H be a linear hypothesis class consisting of square-integrable functions
with respect to Py x. Then under regularity conditions specified in Appendix |E| (the conditions
of Lemma , if (h*,5%) = (h},5%) is a minimizer of the objective in Equation with
regularization strength X > 0, then we have E1[r4(X)1[S(X,Y) < h*(X)]] > 1 — a.

The proof is given in Appendix |l As a consequence of Proposition if H contains the true
likelihood ratio 7, so that 73, = r, then in the infinite sample setting, the LR-QR threshold function
h* attains valid coverage at test-time:

Ei[r(X)1[S(X,Y) < *(X)]] = Po[S(X,Y) < A" (X)] > 1 - a.

3Explicitly, given an orthonormal basis {1, . . ., @4} for H, we have r = Zle (r, i) -



However, in practice, we can only optimize over finite-dimensional hypothesis classes, and as a result
we must control the effect of mis-specifying H. If 7 is not in H, we can derive a lower bound on the
coverage as follows. First, write

Ei[r(X)1[S(X,Y) < h*(X)]]

= Eqi[ru(X)1[S(X,Y) < A" (X)]] + E1[(r(X) — ru(X))L[S(X,Y) < R*(X)]].
By Proposition the first term on the right-hand side is at least 1 — «. Since the random
variable 1[S(X,Y) < h*(X)] is {0, 1}-valued, the second term on the right-hand side is at least
—E1[(r(X) — r4(X))+], where (x)+ = max{0, 2} for x € R. We set our threshold function ¢ to
equal h*, so that our conformal prediction sets equal C*(z) = {y € Y : S(z,y) < h*(x)} for all
x € X. Thus, we have the lower bound

Py[Y € CF(X)] = Eo[r(X)1[S(X,Y) < A" (X)) = (1 — @) = Ea[(r(X) — r2(X))+]-
Geometrically, this coverage gap is the result of restricting to 7{. This error decreases if H is made
larger, but in the finite sample setting, this comes at the risk of overfitting.

4.2 Finite sample setting

From the analysis of the infinite sample regime, it is clear that if the hypothesis class H is made
larger, the test-time coverage of the population level LR-QR threshold function ~A* moves closer
to the nominal value. However, in the finite sample setting, optimizing over a larger hypoth-
esis class also presents the risk of overfitting. By tuning the regularization parameter A, we
are trading off the estimation error incurred for the first term of Equation (LR-QR), namel

£y —E1)[la(h(X),S(X,Y))], and the error incurred for the second and third terms of Equation

@, namely A(Es — E3)[82h(X)2] + A(Ey — Eq)[—28h(X)]. Heuristically, for a fixed h, the former
should be proportional to 1/,/n1, and the latter should be proportional to A(1/,/n3 +1//nz). Thus,

if we pick X to make these two errors of equal order, it will be proportional to 1/ (ns + n3)/n;.

Put differently, in order to ensure that the Empirical LR-QR threshold A from Equation
has valid test coverage, one must choose the regularization \ based on the relative amount
of labeled and unlabeled data. The unlabeled datapoints carry information about the covariate
shift r, because r depends only on the distribution of the features. The labeled datapoints provide
information about the conditional (1 — «)-quantile function g, which depends only on the
conditional distribution of S| X. When ) is large, our optimization problem places more weight on
approximating r (the minimizer of E; [(8h(X) — r(X))?] in 8h), and if X is small, we instead aim
to approximate ¢; _,, (the minimizer of E; [¢,,(h(X), S(X,Y))] in k). Therefore, if the number of
unlabeled datapoints (no + ng3) is large compared to the number of labeled datapoints (n1), our data
contains much more information about the covariate shift , and we should set A to be large. If instead
n is very large, the quantile function ¢; _, can be well-approximated from the labeled calibration
datapoints, and we set A to be close to zero. In the theoretical results, we make this intuition precise.

In order to facilitate our theoretical analysis in the finite sample setting, we consider constrained
versions of Equation and Equation (Empirical-LR-QR). Fix a collection ® = (¢, ..., dq) "
of d basis functions, where ¢; : X — R fori € [d|. Let Z = [Bmin, Omax] C R be an interval with
Bmin > 0. Let Hp = {{7,®) : ||7|l2 < B < oo} be the B-ball centered at the origin in the linear
hypothesis class spanned by {¢1, . .., ¢q}. We equip H g with the norm ||h|| = ||v||2 for b = (v, D).

At the population level, consider the following constrained LR-QR problem: (h*, 5*) €
arg minpey 5 gez La(h, B). Also consider the following empirical constrained LR-QR proble

(h,B) € arg,_min__ La(h,5). @

We begin by bounding the generalization error of an ERM (il, B ) computed via Equation .

Theorem 4.2 (Suboptimality gap of ERM for likelihood ratio regularized quantile regression). Under
the regularity conditions specified in Appendix[E} and for appropriate choices of the optimization
hyperparametersﬂ for sufficiently large ny,ns, n3, with probability at least 1 — §, any optimizer

“For brevity, this notation overloads the definition of (h, ) from (Empirical-LR-QR). From now on, (h, 3)
will refer to the definition from (2), and the one from will not be used again.

5Speciﬁcal]y, suppose that Smin < Blowers Bmax = Buppers and B > Bupper, Where the positive scalars Siower,
Bupper» and Bupper are defined in Lemma|[L.4]in the Appendix, and depend on the data distribution and the choice
of basis functions, but not on the data, the sample sizes, or the regularization parameter \.




(fL, B) of the empirical constrained LR-QR objective from (2)) with regularization strength A > 0 has

suboptimality gap Ly(h, 3) — Lx(h*, 5%) with respect to the population risk (LR-QR) bounded by

Eoen 1= A/ 1/no +1/ns + ¢ /\/ny + " /\/Ana,

and c,c, ¢ are positive scalars that do not depend on ).

The proof is in Appendix E} The generalization error £y, is minimized for an optimal regularization
on the order of

N o3 (1 /ng + 1/ng) "3, 3)

which yields an optimized upper bound of order £}, = O (n1—1/3 (1/ne + l/ng)l/6 + 1/\/111). As

gen

can be seen from Appendix[H ¢, ¢/, ¢’ depend only polynomially on the radius B.

As a corollary of Theorem[4.2] we have the following lower bound on the excess marginal coverage

of our ERM threshold / in the covariate shifted domain. Let r3 denote the projection of r onto the
closed convex set H 5 in the Hilbert space induced by the inner product (f, g) = Eq[fg].

Theorem 4.3 (Main result: Coverage under covariate shift). Under the same conditions as Theo-

rem consider the LR-QR optimizers h and ﬁ Sfrom 2) with regularization strength A > 0. Given
any 6 > 0, for sufficiently large nq,no, n3, we have with probability at least 1 — § thaﬂ

P, [y € é(x>] > (1— @) + 2BAE; [(rp(X) — BR(X))?] = Eeov — (1 — a)Eq [|r(X) — rp(X)]],

where Eoy := A (1/ng + 1/713)1/4 A+ A'(ng) M4+ )\1/2/”1/4’ r denotes the projection of T
onto Hp, and A, A’ are positive scalars that do not depend on .

The proof is in Appendix [Kl This result states that our LR-QR method has nearly valid coverage
at level 1 — o under covariate shift, up to small error terms that we can control. The quantity &,y
vanishes as we collect more data. The term E4 [|r(X) —r 5 (X)|] captures the level of mis-specification
by not including the true likelihood ratio function r in our hypothesis class H g. This can be decreased
by making the hypothesis class H p larger. Of course, this will also increase the size of the terms
A, A’ in our coverage error, but in our theory we show that the dependence is mild. Indeed, the terms
depend only on a few geometric properties of H p: they depend polynomially on the radius B, on the
eigenvalues of the sample covariance matrix of the basis ®(X) under the source distribution, and on
a quantitative measure of linear dependence of the features; but not explicitly on the dimension of the
basis. We also note that the dimension of the feature space dim(X) does not appear in our results;
only dim(H) affects our bounds.

We highlight the term 23AE; [(r5(X) — 3h(X))2], which is an error term relating the projected like-

lihood ratio p to the LR-QR solution Sh. Crucially, this term is a non-negative quantity multiplied
by A, and so for appropriate A it may counteract in part the coverage error loss. Consistent with
the above observations, we find empirically that choosing small nonzero regularization parameters
improves coverage. Moreover, we find that choosing the regularization parameter to be on the order
of the optimal value for &y is suitable choice across a range of experiments.

Our proofs are quite involved and require a number of delicate arguments. Crucially, they draw on a
novel analysis of coverage via stability bounds from learning theory. Existing stability results cannot
directly be applied, due to our use of a data-dependent regularizer. For instance, in classical settings,
the optimal regularization tends to zero as the sample size goes to infinity, but this is not the case
here. To overcome this challenge, we combine stability bounds [48| 49] with a novel conditioning
argument, and we show that the values of L at the minimizers of L and L are close by introducing
intermediate losses that sequentially swap out empirical expectations £, , ]Eg, 5 with their population

counterparts. We then leverage the smoothness of L, to derive that the gradient of L at ( B , iz) is small.
Finally, we show that a small gradient implies the desired small coverage gap.

SThe probability P2 [Y e C(x )} is over (X,Y) ~ P2, conditional on C.
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Figure 1: (Left) Coverage. (Right) Average prediction set size on the Communities and Crime dataset.
5 Experiments

We compare our method with the following baselines: (1) Split/inductive conformal prediction
[31L136]; (2) Weighted-CP: Weighted conformal prediction [55]]; (3) 2R-CP: The doubly robust method
from Yang et al. [64]]; (4) DRO-CP: Distributionally robust optimization [7]; (5) DR-iso: Isotonic
distributionally robust optimization [[19]]; (6) Robust-CP: Robust weighted conformal prediction [T].

5.1 Choosing the Regularization Parameter

Equation (3)) suggests an optimal choice of the regularization parameter \ in the LR-QR algorithm.
Guided by this, we form a uniform grid of size ten from A*/10 to A*. We then perform three-fold
cross-validation over the combined calibration and unlabeled target datasets (without using any
labeled test data) as follows: we train the LR-QR threshold for each A, and compute as a validation
measure the #2-norm of the gradient of the LR-QR objective on the held-out fold. We pick A with the
smallest average validation measure across all folds.

This validation measure is motivated by our algorithmic development: the first-order conditions of
the LR-QR objective play a fundamental role in ensuring valid coverage in the test domain. While
the model is trained to satisfy these conditions on the observed data, we seek to ensure this property
generalizes well to unseen data. Thus, our selection criterion is based on two key observations: (1) a
small gradient of the LR-QR objective implies reliable coverage, and (2) the regularization parameter
A balances the generalization error of the two terms in LR-QR. By minimizing this measure, we
select a A that optimally trades off these competing factors.

Finally, we re-train the LR-QR threshold on the entire calibration and unlabeled target datasets using
this best A, and report coverage and interval size on the held-out labeled test set. This ensures that no
test labels are used during hyperparameter tuning. Additionally, in Appendix [B] we provide deeper
insights on different regimes of regularization in practice through an ablation study.

5.2 Communities and Crime

We evaluate our methods on the Communities and Crime dataset [42]], which contains 1994 datapoints
corresponding to communities in the United States, with socio-economic and demographic statistics.
The task is to predict the (real-valued) per-capita violent crime rate from a 127-dimensional input.

We first randomly select half of the data as a training set, and use it to fit a ridge regression model f as
our predictor. We tune the ridge regularization with five-fold cross-validation. We use the remaining
half to design four covariate shift scenarios, determined by the frequency of a specific racial subgroup
(Black, White, Hispanic, and Asian). For each of these features, we find the median value m over the
remaining dataset. Datapoints with feature value at most m form our source set, and the rest form our
target set. In other words, in each scenario, the source set consists of data points with below-median
frequency of the specified racial subgroup, while the target set contains those with above-median
frequency. This creates a covariate shift between calibration and test, as the split procedure only
observes the covariates and is independent of labels. We then further split the target set into roughly
equal unlabeled and labeled subsets. The unlabeled subset and the calibration data (without the
labels) is used to estimate 7, while the labeled test subset is held out only for final evaluation. The
same procedure is applied to each of the four racial subgroups, creating four distinct partitions.
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Figure 2: (Left) Coverage, (Right) Average prediction set size on the RxRx1 dataset from the WILDS repository.

Experimental details. The nonconformity score is s(x,y) = |y — f(z)|. Several baselines require
an estimate of the likelihood ratio , which we obtain by training a logistic regression model p to

distinguish unlabeled source and target data. We then set # = ﬁ, where p(x) is the predicted
probability that z came from the target distribution. The hypothesis class H consists of all linear

maps from the feature space to R. All experimental results are averaged over 1000 random splits.

Results. Figure [T] displays the results. Notably, split conformal undercovers in two setups and
overcovers in the other two. Methods that estimate » and DRO fail to track the nominal coverage,
particularly in the first setup on the left. However, the LR-QR method is closer to the nominal level
of coverage, showing a stronger adaptivity to the covariate shift.

5.3 RxRxl1 data - WILDS

Our next experiment uses the RxRx1 dataset [53] from the WILDS repository [23]], which is designed
to evaluate model robustness under distribution shifts. The RxRx1 task involves classifying cell
images based on 1339 laboratory genetic treatments. These images, captured using fluorescent
microscopy, originate from 51 independent experiments. Variations in execution and environmental
conditions lead to systematic differences across experiments, affecting the distribution of input
features (e.g., lighting, cell morphology) while the relationship between inputs and labels remains
unchanged. This situation creates covariate shift where the marginal distribution of inputs shifts
across domains, but the conditional distribution Py x remains the same.

We use a ResNet50 model [20] trained by the WILDS authors on 37 of the 51 experiments. Using
the other experiments, we construct 14 distinct evaluations, where each experiment is selected as
the target dataset, and its data is evenly split into an unlabeled target set and a labeled test set. The
labeled data from the other 13 experiments serves as the source dataset.

Experimental details. The nonconformity score is s(x,y) = —log f.(y), where f,(y) is the
probability assigned the image-label pair (z,y). To estimate 7, we train a logistic regression model
p on top of the representation layer of the pretrained model to distinguish unlabeled source and
target data, and we set 7 = %ﬁ' We set the hypothesis class H to be a linear head on top of the
representation layer of the pretrained model. Experimental results are averaged over 50 random splits.

Results. Figure 2] presents the coverage and average prediction set size for all methods. To enhance
visual interpretability, we display results for eight randomly selected settings out of the 14, with the
full plot provided in Figure [3|in the Appendix. The x-axis shows the indices of the test condition.
LR-QR adheres more closely to the nominal coverage value of 0.9 compared to other methods.

Notably, split conformal prediction, which assumes exchangeability between calibration and test data,
shows under- and overcoverage due to the covariate shift. The coverage of weighted CP and 2R-CP is
also far from the nominal level, showing that directly estimating the likelihood ratio and conditional
quantile is insufficient to correct the coverage violations in the case of high-dimensional image data.
Further, the superior coverage of LR-QR is not due to inflated prediction sets.



5.4 Multiple choice questions - MMLU

Finally, we evaluate all methods using the MMLU benchmark, which covers 57 subjects spanning a
wide range of difficulties. To induce a covariate shift, we partition the dataset by subject difficulty:
prompts from subjects labeled as elementary or high school are used for calibration, while those from
college and professional subjects form the test set.

Motivated by the design from [26], we follow a prompt-based scoring scheme adapted for LLMs:
we append the string “The answer is the option:” to the end of each MMLU question and feed the
resulting prompt into the Llama 13B model without generating any output. We then extract the
next-token logits corresponding to the first decoding position (i.e., immediately after the prompt) and
consider the logits associated with the characters A, B, C, and D. These four logits are normalized
using the softmax function to produce a probability vector over the answer options.

Experimental details. The nonconformity score is s(z,y) = 1 — f(z),, where f(x), is the
probability assigned to the correct answer. For 7 and ‘H, we compute prompt embeddings as follows.
We extract the final hidden layer outputs from GPT-2 Small to obtain 768-dimensional embeddings.
We then apply average pooling across all token embeddings in a prompt to obtain a single fixed-length
vector representation for each input. We fit a probabilistic classifier p using logistic regression on the
unlabeled pooled embeddings from the source and target data, and we set #* = ﬁ. We set H to be a
linear head on top of the representation layer of the pretrained model.

Results. As shown in Table |1} our LR-QR method achieves near-nominal coverage and has the
smallest average prediction set size among methods that achieve approximately 90% or higher
coverage, demonstrating both validity and efficiency under covariate shift.

Table 1: Comparison of Methods by Coverage and Set Size (mean =+ std)

Metric Nominal LR-QR DRO WCP
Coverage (%) 90.0+0.0 89.6+12 99.7+03 865+15
Set Size - 338 +0.15 3.92+0.20 3.31+0.12
Metric SCP DR-iso Robust-CP 2R-CP
Coverage (%) 78.1+2.1 9634+06 958+0.7 96.9+0.5
Set Size 2.60 +0.10 3.64 +£0.18 3.56+0.14 3.80+0.17

6 Discussion

We proposed the LR-QR method to construct prediction sets under covariate shift. While we have
provided strong guarantees on the coverage of our method, it would be desirable to have results that
control of the slack in coverage in specific scenarios depending on the structure of the likelihood ratio
and the hypothesis space. Our work concerns uncertainty quantification and may have positive social
impact for reliable decision-making. We do not envision any negative social impact of our work.
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A Additional figures

B Ablation studies

Here we provide an ablation study for A, the regularization strength that appears in the LR-QR
objective. In the same regression setup as Section instead of selecting A via cross-validation,
here we sweep the value of A from 0 to 1, and we plot the coverage of the LR-QR algorithm on
the test data. Here, note that the split ratios between train, calibration, and test (both labeled and
unlabeled data) are fixed and similar to the setup in Section[5.2] We report the averaged plots over
100 independent splits.

Figure[]displays the effect of different regimes of A. At one extreme, when A\ is close to zero, the LR-
QR algorithm reduces to ordinary quantile regression. In this regime, the LR-QR algorithm behaves
similarly to the algorithm from [[15], without the test covariate imputation. In other words, when we
set A = 0, we try to provide coverage with respect to all the covariate shifts in the linear hypothesis
class that we optimize over. As we can see in Figure 4] this can lead to overfitting and undercoverage
of the test labels. As we increase A, as a direct effect of the regularization, the coverage gap decreases.
This is primarily due to the fact that larger )\ restricts the space of quantile regression optimization
in such a way that it does not hurt the test time coverage, since the regularization is designed to
shrink the optimization space towards the true likelihood-ratio. Thus, the regularization improves the
generalization of the selected threshold, as the effective complexity of the hypothesis class is getting
smaller. That being said, this phenomenon is only applicable if A lies within a certain range; once A
grows too large, due to the data-dependent nature of our regularization, the generalization error of the
regularization term itself becomes non-negligible and hinders the precise test-time coverage of the
LR-QR threshold. As is highlighted in Figure ] our theoretical results suggest an optimal regime for
A which can best exploit the geometric properties of the LR-QR threshold.

C Related work

The basic concept of prediction sets dates back to foundational works such as Wilks [63]], Wald [62],
Scheffe and Tukey [46l], and Tukey [56}157]. The early ideas of conformal prediction were developed
in Saunders et al. [45]], Vovk et al. [61]. With the rise of machine learning, conformal prediction has
emerged as a widely used framework for constructing prediction sets [e.g., 2 4} [8-11, [16H18, 27—
311, 34436, 143|158, 159]]. A wide range of predictive inference methods have been developed [e.g.,
1412411331137, 138 1401, 1441 147, |51]].
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Numerous works have addressed conformal prediction under various types of distribution shift
[137, 138} 140, 151} 1SS]]. For example, Tibshirani et al. [S5] investigated conformal prediction under
covariate shift, assuming the likelihood ratio between source and target covariates is known. Lei
and Candes [32] allowed the likelihood ratio to be estimated, rather than assuming it is known. Park
et al. [37] developed prediction sets with a calibration-set conditional (PAC) property under covariate
shift. [3] present the nonexchangeable conformal prediction algorithm for arbitrary distribution shifts,
assuming that the optimal weights for their method are known. Qiu et al. [40], Yang et al. [64]]
developed prediction sets with asymptotic coverage that are doubly robust in the sense that their
coverage error is bounded by the product of the estimation errors of the quantile function of the
score and the likelihood ratio. Cauchois et al. [7] construct prediction sets based on a distributionally
robust optimization approach. Gui et al. [19] develop methods based on an isotonic regression
estimate of the likelihood ratio. They provide theoretical guarantees for the difference between the
population-level distributionally robust risk and its empirical counterpart. However, their results do
not directly lead to coverage guarantees under distribution shift in our setting, as that would further
require characterizing the effect of estimating the likelihood ratio.

Qin et al. [39] combine a parametric working model with a resampling approach to construct
prediction sets under covariate shift. Bhattacharyya and Barber [6]] analyze weighted conformal
prediction in the special case of covariate shifts defined by a finite number of groups. Ai and Ren
[1]] reweight samples to adapt to covariate shift, while simultaneously using distributionally robust
optimization to protect against worst-case joint distribution shifts. Kasa et al. [23]] construct prediction
sets by using unlabeled test data to modify the score function used for conformal prediction.

Our algorthm works by constructing a novel regularized regression objective, whose stationary
conditions ensure coverage in the test domain. We can minimize the objective by estimating certain
expectations of the data distribution—which implicitly involve estimating only certain functionals
of the likelihood ratio. We further show that the coverage is retained in finite samples via a novel
analysis of coverage leveraging stability bounds [48] 49]. We illustrate that our algorithms behave
better in high-dimensional datasets than existing methods.

D Notation and conventions

Constants are allowed to depend on dimension only through properties of the population and sample
covariance matrices of the features, and the amount of linear independence of the features; see the
quantities Amin(2), Amax> Cmins Cmax, a0d Cindep defined in Appendix@ In the Landau notation (o, O,
0), we hide constants. We say that a sequence of events holds with high probability if the probability
of the events tends to unity. We define S; as the features of the labeled calibration dataset. All
functions that we minimize can readily be verified to be continuous, and thus attain a minimum over
the compact domains over which we minimize them; thus all our minimizers will be well-defined. We
may not mention this further. We denote by 1[A] the indicator of an event A. Recall that H denotes
the linear hypothesis class H = {(y,®) : v € R%}. This defines a one-to-one correspondence
between R and . This enables us to view functions defined on R? equivalently as defined on .
In our analysis, we will use such steps without further discussion. Unless stated otherwise, H is
equipped with the norm ||| := ||v||2 for h = (v, ®). Given a differentiable function ¢ : H — R, its
directional derivative at f = (-, ®) € H in the direction defined by the function g € H is defined as
d% __oP(f +£g). Note that if we write g = (7, @) for some 7 € R?, then the directional derivative
of ¢ at f equals (7, V,¢(7)), where V.,p(v) denotes the gradient of ¢ : RY — R evaluated at

v € R?%. When it is clear from context, we drop the subscript A from the risks L and L.

E Conditions

Condition 1. Suppose Co = sup ¢y ||®(x)||2 is finite.

Condition 2. For the population covariance matrix ¥ = E1[®® ], we have Apin(X) > 0 and
Amax (X) is of constant order, not depending on the sample size, or any other problem parameter.
Condition 3. For the sample covariance matrix 3. = % w3 @(zg)®(zx) ", we have both

)\mm(f]) > Cmin > 0 and )\max(f)) < cmax Of constant order with probability 1 — o(ngl).
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Condition 4. Defining C as in (7) in Appendix assume there exists an upper bound C' ypper O
E[C1] of constant order.

Condition 5. The conditional density fg\x—, exists for all *x € X, and C; =
suP,ex [|fs)x=2(8)|loc is a finite constant.

The following can be interpreted as an independence assumption on the basis functions.

Condition 6. Suppose inf,cga—1 E[|(v, )[] > cingep > 0 for some constant cingep.

Condition 7. Suppose % 2 Calign > 0 for some minimizer hy of the objective in Equa-

Eqi[|h}
tion (18)) with regularization A = 0.

Condition 8. Suppose E1[r?] is finite.
Condition 9. The constant function h : X — R given by h(z) = 1 forall x € X is in H.

The following ensures that the zero function 0 € H is not a minimizer of the objective in Equation (LR}
QR).
Condition 10. For each \ > 0, there exists h € H and 3 € R such that

Eq [l (h, S)] + AE1[(Bh — 1)?] < E1[€a (0, S)] + AE1[r?].
F Constants

The following are the constants that appear in Theorem 4.2}
p1 = QﬁiaxBC% + 2BmaxCo, 1 = Qﬂiincmin, 1 -« C@,

61 — Lp%7 62 — 4p2 6401@1 l12802a2
M1 2ﬂmmcmm
Further,
1 8 16
Az := (1 —a)(BCs +1)4/ 3 log 5 Ay = \/i(ﬁmaxBClp)w log — 5 max {Bmax BCo,4} ,

As = A1 + Ay, a1 := 20 (Coupper + Co2max) (1 + Buax BCa), a2 := (1 — a)Ca(C1 upper + C1,max)-
The following are the constants that appear in Theorem 4.3}

Aﬁ = Qﬁmax\/ 4BQ/\maX(E); A7 =\ 4BQﬂI%aXAmax(E)7 AS = QB2CfAmaX(E), Ag = A6 —|— A7,

and

A10 = AgAé/Q, A11 = maX{Ag 1/2 AgAl/Q},
Agg = AgAé/Q, Ayz = A8A3/ , A= AsAl/Q

G Generalization bound for regularized loss

The following is a generalization of Shalev-Shwartz and Ben-David [48| Corollary 13.6].

Lemma G.1 (Generalization bound for regularized loss; extension of [48l]). Fix a compact and convex
hypothesis class H equipped with a norm || - ||z, a compact interval T C R, and a sample space Z.
Consider the objective function f : H XTI xZ — Rgivenby (h, B, z) — f(h,B,2) == J(h,B,2)+
R(h,B), where R : H x T — R is a regularization function, and J : H x T x Z — R can be
decomposed as J (h, 3, 2) == Jy(h, B, z1)+ Ja(h, B, z2) for two functions Ty, Jo : HxIx Z — R.

Given distributions D1, Dy on Z, let L : H x T — R be given for all h, 3 by
L(h, B) =Ez,~p,, z,~D, [ (N, B, Z1, Z3)]

denote the population risk, averaging over independent datapoints Z ~ Dy and Zs ~ Ds. Suppose
that for both Z ~ Dy and Z ~ Ds, |J1(h, B, Z)| and | T2 (h, 8, Z)| are almost surely bounded by a

quantity not depending on h € H and 3 € T.
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Let £ : HxT — R denote the empirical risk computed over Z; 1 i Dy, i € [m1]and Z; 5 i Do,
j € [ma)], given by

mao

) 1 & 1
‘C(h75) = 7771 ;jl(hvﬂv Zi,l) + mig jzz:le(hvﬁvzj,Q) + R(haﬁ)

Assume that for each fixed € T and z € Z,

* h— Ji(h, B, 2) is convex and p-Lipschitz with respect to the norm || - || z,

* h—= Ja(h, B, z) is convex and p-Lipschitz with respect to the norm || - |57, and

« b L(h,B) is p-strongly convex with respect to the norm || - |l with probability 1 —
o(my ! +my "),

where the deterministic values p = () and p = p(3) may depend on .

Let (h, 3) denote an ERM, i.e., a minimizer of L(h, 3) over H x T. Let hg denote a minimizer of the
empirical risk in h for fixed .

Suppose the stochastic process 3 — Wpg given by Wz = L(hg,8) — L(hg, B) for 8 € T obeys
(W5 — Wga/| < K|S — p'| forall B,8" € T for some random variable K, and suppose that the
probability of Ky, m, < Kmax converges to unity as mq, mg — 00, for some constant K.
Suppose that there exists a constant C > 0 such that for all 8 € T,

4p(B3)?
w(B) s¢

Then for sufficiently large my, ms, with probability at least 1 — 0,

“

1205 4) — 206 5) <\ O (1 g,

Remark G.2. A special case is when we do not have any data from D-, and instead all m; datapoints
are sampled i.i.d. from D;. In this case, defining with a slight abuse of notation J := [J1, the
statement simplifies to the analysis of the empirical risk

£(1,8)i= = > T (03, Zia) + R(h. ).
=1

If for each fixed 5 € Z, we have that h — J (h, 3, z) is convex and p-Lipschitz with respect to the
norm || - ||, and if |7 (h, 3, Z)| is almost surely bounded by a quantity not depending on h € H and
B € I for Z ~ Dy = Do, then under the remaining assumptions, we obtain the slightly stronger

bound
PN PPN 16C K pax
h — L(h <Yy —.
£, B) - LB < | =5

We omit the proof, because it is exactly as below.

Remark G.3. We relax the strong convexity assumption on the regularizer R from Shalev-Shwartz and
Ben-David [48| Corollary 13.6], substituting it with the less restrictive condition of strong convexity

of the empirical loss L. In order to use assumptions that merely hold with high probability, we impose
a boundedness condition on J.

Proof. Fix f and let E denote the event that h —> lj(h, B) is u-strongly convex in h. By assumption,
E occurs with probability 1 — o(my* +my').

We modify the proof of Shalev-Shwartz and Ben-David [48, Corollary 13.6] as follows. Let
Zi ~ Dy and Z), ~ Dy be drawn independently from all other randomness. For a
fixed i € [mi)], let b — L;1(h,3) denote the empirical risk computed from the sample
(Zia, s Zic10, 23, Zigats s Zony 1) U (Z12, -, Ziny 2), and let B denote an ERM for this

18



sample. Let I be drawn from [m] uniformly at random. The variables .J, £ s2(h, B), ﬁ(ﬁj) are defined
similarly but for the sample from Ds.

Note that for fixed [, similarly to the argument in Shalev-Shwartz and Ben-David [48], Theorem
13.2], we have

E[L(hg, B)] = Ezinp, 25, [T (hp, B, Z1) + Tolhg, B, Z3) + R(hs, B)]
=Ez p,,2;~D, [jl(il(ﬁl)a B,Zr1) + J2(B(BJ), B.Z12) + R(hg, B)]
and
E[L(hg, B)] = E[J1(hs, B, Zr.1) + To(hs, B, Z12) + R(hgs, B)].
Therefore
E[L(hg, B) — Lhs, B)) =BT (A, B, Z1.1) — Ti(hs, B. Z11)))
+(E[(hS, B, Z12) — Falhs, B, Z12))).

Further, splitting the expectations over E and its complement E°, this further equals

EWT(RY, B, Z11) — Ti(hs, B, Z1))UE]) + E(T (RS, B, Z1.1) — Ti(hs, B, Z1,1))1[EF]))
5)

+ (E[(J2(hS", B, Z12) — Ta(hs, B, Zs2)LIE)) + E[(Ta(hS, B, Z12) — Ta(hs, B, Zs2))1[E)).

On the event E, h — LA(h7 B) is p-strongly convex. Now, consider the setting of Shalev-Shwartz
and Ben-David [48] Corollary 13.6]. We claim that the arguments in their proof hold if we replace
the regularizer h +— )\Hh||2 by h — R(h, (), as they only leverage the strong convexity of the

overall emplrlcal loss £. Indeed, working on the event E, since Lis p-strongly convex, we have that
L(h) — L(hg) > Lpllh — hg|? for all h € H. Next, for any hy, hy € H, we have

Ji(ha, B, Z11) — Ji(h1, B, Z1 1)
mi
Ji(he, B, 27) — Ji(ha, B, Z1)

miy

L(hy) — L(h1) = £1,1(h2) - ﬁ[,l(hl) +

Setting ho = ﬁf(j[) and h; = fL, since ﬁg) minimizes h — £ 1,1(h, ), and using our lower bound on
L(Rh) — L(hg), we deduce
Db 8, 210) = Tilhs. 8, Z10) Tk, 8,21) = Ti(hs, B, Z3)

1 ~(I) 59
—ullhy’ —h < . (6
Sl bl — — ©®

Since by assumption, h — Ji(h, 3, z) is p-Lipschitz, we have the bounds |J; (/Azg), B,Zr1) —

T, B, Z11)| < plhy” ~ g and 7,0 b8, 24) = Ti(hg, B, Z9)| < plhs” — h|. Plugging
. . () 3 -

these into Equation (EI), we obtain §u||hﬁ —hg? < ;—iﬂhé ) — hg||, so that ||h( —hg|l < 4”([3) .

= p(B)m
Using once again that h — 71 (h, 8, z) is p-Lipschitz, we find | J; (B(BI), B,Z11)—T (hﬂ, B,Zr1)| <
4p(B)*
u(Bymy*
Similarl 7,0 _ P 4p(8)*
y, on the event F, we have the bound \Jg(h B, Z12) — T2(hg, B, Zj2)| < Thus

u(B)ymsz "
o ,BEQH ;(p 5()@12 , respectively. Due to (@),

and

the first and third terms are bounded in magnitude by
their sum is at most C'(m; ' 4+ m; *).

By our assumption that |7y (h, 3, Z)| and | J2(h, 8, Z)| are almost surely bounded by a constant for
both Z ~ D; and Z ~ D,, and our assumption that P [E¢] = o(m ' +my 1), the second term and
fourth terms from () sum to o(my* + my"). Thus for for each 3, for sufficiently large 1, mao,
we have E[|W;s]] < 2C(m; " 4+ my ). By Markov’s inequality, for any fixed ¢ > 0, [Ws| > t with
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probability at most ? (mf1 +mqy 1). We now use chaining. Let N be an e-net for Z. Then using
the fact that by assumption, the process W is K, ,-Lipschitz, and by a union bound,

P |sup [Wg| > Ky mee +1| <P
BET

2C _ _
sup |[Wg| > t} <IN|==(m7" +m5").
BeEN t

Pick N with |[N| = 1/¢, and set t = %(mfl + mgl)%. We deduce that

4C _ 101
sup |[Wa| > Ky m,€ + 5 (m] by my hH=
BeT IS

with probability at most 2. Set e = \/K 20— (my' +m3"). We deduce that
my,mo

16CK,
sup |Wﬁ‘ > \/ 57”1#112 (m1—1 + m2—1)
BET

with probability at most g. Since the probability of K, m, < Kmax converges to unity, for
sufficiently large m1, mo,

16CKmax , _
sup [Ws| > \/5 (mi* +m3)
BET

holds with probability at most . Since [W;3| < supgcz [Wp|, we may conclude. O

H Lipschitz process

Lemma H.1 (Lipschitzness of minimizer of perturbed strongly convex objective). Let C C R be a
closed convex set. Suppose 1 : C — R is u-strongly convex and g : C — R is L-smooth. Suppose
also that ¢ + g is convex. Let x,, denote the minimizer of v in C, and let x4 denote the minimizer
of ¥ + g inC. Then for any x € C,

[2g1g = Zylla < —(Lllzprg — ll2 + [Va(@)]2)-

==

Proof. Since v is u-strongly convex and since x4, T are minimizers of ¢ + g, ¥ respectively,

V(W + 9)(@yptg), Tyag — Ty) + (V(2y), Ty — Tytg)
Vg(Typtg) Tptg — Typ)

< —(Vg(Tytg), Typrg — Ty)

= _<v9(x¢+g) - Vg($)7$¢+g - CL'¢> - <v9($)7xd)+g - $w>7

pillzgrg — Tpll3 < (VU (Tprg) — VI (2y), Typrg — Typ)
= {
-

so that by L-smoothness of g,

pllzyrg — 2lls < Lllzprg — 2l + 1Vg@)2)12g1g — 2ull2,

which implies the result. O

Lemma H.2 (Lipschitzness of minimizer of perturbed ERM). Under Condition (I} with ) from
Condition and with the notations of Lemma we have with respect to the norm || - || on Hp that

B = hgis Ci-Lipschitz on L, and 3 — ﬁfzg is Cy-Lipschitz on I, where
CVl = (Bijn)\min(i))_l((QBmax)\max(i)B + C<I>) + 4ﬂmax>\max(2)B); C2 =B+ BmaxCL (7)

Proof. First, consider h 5. Fix 8 > ' in Z. Recalling the definition of L from (Empirical-LR-QR),
the difference between the objectives L(h, 8) and L(h, 8’) is the quadratic

g(h) := L(h, B) — L(h, B') = XE3[(8* — (8')*)h?] + AE2[—2(8 — B')h].
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We claim that g is 2A(32 — (8)%) Amin (3)-strongly convex and 2X(32 — (8')%) Amax (2)-smooth in h.
To see this, write h = (v, ®) for v € R?, and note that g can be rewritten as
9() = A(B* = (87 "2y = 2(8 = By Eo[ @],
a quadratic whose Hessian equals 2)(3% — (3')2)32, which implies the claim.
Similarly, we claim that the function ¢ (h) := L(h, 8') is 2\(8")2 Amin(3)-strongly convex in h. To
see this, again write h = (v, ®) for v € R?, and note that 7 can be rewritten as
V() = AB) Ty + Erlla(yT @, 5)] + AE2[-267T ).

By Lemma the second term is convex, and since the third term is linear, it too is convex. The

Hessian of the quadratic first term is 2A(53')23, from which it follows that 1 is 2A(3')2 Amin(3)-
strongly convex.

Thus ¢ and g satisfy the conditions of Lemma[H.T] which implies the bound

g = B | < A Amin(2)) 7 IV g (Bg)llz + 2087 = (8))Amx () - s = By}, (®)
where ﬁg = 597 8,5 denotes the minimizer of g in H . Since

Vg(y) = MB = B)((8 + 525y — 28, (@),
and by |8],]8'] < Bmax |7/l < B, and Condition [1} we have
IV9(7)llz < A(dBmaxAax (£) B +2Ca) |8 — 5|
for 8,8’ € Z and h € Hp. Plugging this into the bound (8] on ||}AL5 — BB’ || and using the fact that
B = Buin and [|hg[, [ gl < B,
lhs — hs|| <
(QAﬁ[%in)‘min(i))il(>\(4ﬁmax)\max(2)B + 2C<I>)|6 - ﬂ/| + SAﬁmdx)\mdx(i)B|ﬁ - ﬁ,|)
Thus we may take
C1 = (B2 Amin(2) ™ ((2Bmax dnax (2) B + C) + 4Brmax Amax () B).

For the map 8+ Bhg, fix 8 > 8" in Z, and write || 8 — 8'hg|| < B — B'[l|hsll + 18|l s — s .
For the first term, note that since A s € Hp implies ||| < B, the first term is bounded by B|S — ).
For the second term, note that since |3’| < max and since 5 +— ﬁg is C1-Lipschitz on Z, the second
term is bounded by SiaxC1 |5 — f’|- Summing, we deduce that 8 — Bh s is Co-Lipschitz on Z, where
Cy = B + BnaxC1. O

Lemma H.3 (Lipschitzness of minimizer of perturbed auxiliary ERM). Under Condition[I} we have
that B — hg is C-Lipschitz on L, and 3 — Bhg is Cy-Lipschitz on L.
Proof. The proof is almost identical to Lemma[H.2] O

Recalling ¢y, and cpax from ConditionE[, define
Cl,max = ( glincmin)_l((2ﬁmaxcmaxB + C@) + 4BmaxcmaxB)7 CZ,max =B+ ﬁmaxcl,maxv ©)]

so that by ConditionEI, C1 < C1max and Cy < O max With probability tending to unity over the
randomness in Ss.

We now compute the Lipschitz constants of the processes used in the proof of Theorem [4.2]
Recall L from (T3), L from (Empirical-CR-QR), L from (12), and Hp = {(7,®) : |7]l2 < B < oo}
from Section For any fixed 8 € Z, define hg as the minimizer of h +— L(h, ) over Hp,

which exists under the conditions of Theorem 4.2|due to our argument checking the convexity of
h +— L(h, ) in Term (I) in the proof of Theorem 4.2
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Lemma H.4. Assume the conditions of Theorem Define the stochastic processes V_Vg and Wg on
T given by 3+ (L — f/)(flg, B) and B ([i - ﬁ)(izﬂ, B), respectively. Then W is K1 x-Lipschitz
on I with probability tending to unity as ny,ns,ng — 00, and WB is Ko x-Lipschitz on T with
probability tending to unity as ni,ns, ng — 00, where

Kl,)\ = 20@(02,upper + CQ,max)(l + ﬁmaxBC’@)A =: CL1)\,
KQ,)\ = (1 - a)CQ(Ol,upper + C’1,max) =.az,

with C1 max and C max are defined in ©) and where C'1 upper satisfies Condition and C2,upper 1=
BC% + BmaxCaCh upper- In fact, W is Ky x-Lipschitz on T with probability tending to unity condi-

tional on Sy, and W' is Ky x-Lipschitz on L deterministically, when conditioning on Sz, Ss, when the
event C < C max holds.

Proof. We start with the process W. Consider 3, 8 € Z. Note that for any (h, ), using the definition
of L from (12), we have the identity
L(h, B) = L(h, ) = Eq[la(h, $)] = Ei[ta(h, 5)].
Thus we may write
Wy — Wy = (Bi[la(hs, 9)] = Ealla(hp, 9)]) — (Bi[la(hs, S)] — Ealta(hs, S))),
so that

(W5 = W <Ei[[la(hs,S) = lalhs, S)|| + Bi|la(hp, S) = La(hp, S)] (10)
Note that we have the uniform bound
[ba(hp, S) = La(hg, S)| < (1—a)|hs — hy|
< (1—a)Cshg = hp | < (1 —)CaCh|B — '],

where in the first step we applied Lemma [N.2] in the second step we used Condition [I] to apply
Lemma and in the third step we used Lemma Thus the first term in Equation (I0)
is bounded by (1 — a)CeE;[C4]|8 — B'|, and the second term in Equation is bounded by

(1 — a)CsE,[C1]|8 — B'|. Summing, we deduce that
W5 — War| < (1 — a)Co(B1[C1] + Ea [C1])|B - 8],
so that the process W is K-Lipschitz with K5 := (1 — a)Cqs(E1[C1] + I, [C4]).

We now condition on Sy, S3. Observe that C'y, Cy are S3-measurable (as 3 from Condition [3is
Sz-measurable). Since E;[C1] < C upper, 0n the event that C; < Cf max, We have Ky < Ko 3,
where K3 » = (1 — @)Co(C1upper + C1,max), as claimed.

We now continue with the process W. Consider 3,3’ € Z. Note that for any (h, 3), using the
definition of L from Equation , we have the identity

L(h, B) = L(h, B) = (AE3[8*h%] + XE[—~28h]) — (\E3[8%h?] + AEa[—25h]).
Thus we may write
Ws — War = AEs[5°h3] — Es[(8')°h3]) + A(E2[-28hs] — Eo[-26"hs])
— MEs[82h3] — Es[(8")2h51) — M(Ea[~26hs] — Eo[~28'hg)),
so that
Wa — War| < ABs[|6%h5 — (8')h | + 2XEa[|Bhs — 5By
+ ABs[|82h% — (8)2h [ + 27 E2(|Bhs — 5'he ] (11)
The integrands of the first and third terms of Equation (TT)) can be uniformly bounded as
16215 — (81| < |Bhs — Bl | - |8l + B'hr| < CollBhs — B'hl| - CallBhs + B'hs|
< CpCalB — B'| - 203 fnux B = 2Bmax BCFCo| 8 — B'].
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where in the first step we used difference of squares, in the second step we used Condition [I] to
apply Lemma|[N-4] in the third step we applied Lemma[H.2]to bound the first factor and the triangle
inequality and the bounds 8 < fmax for 8 € Z and ||h|| < B for h € Hp to bound the second

factor. The integrand of the second and fourth term in (TI)) can be bounded as | Bﬁﬁ - p ilﬁ/| <

Co||Bhs — B'hs|| < CeCo|B — B3|, where in the first step we used Conditionto apply Lemma
and in the second step we applied Lemma[H.2]

Plugging these into our bound in Equation (TT), we deduce
W5 — Wai| < (2C (E2[Ca] + Es[Ca]) + 26maxC3 B(Bs[Co) + E3[Co])) A8 — 8],
so that the process W is K-Lipschitz with
K1 = (2C(E2[Cs] + E2[C5]) + 2BmaxC2 B(E[Co] + E5[Cal))A.

We now work conditional on &;. On the event that C'; < C max and Cy < Cg max, and by ConditionEI,
we have K1 < Ky max, Where

Kl,)\ - (2C<I>(02,upper + C2,max) + 2ﬁmaxC<2I>B(CZ,upper + CQ,max)))\
- 20@(02,upper + CQ,max)(]- + ﬁmaxBC':b))h

Since C1 < C1 max and Ca < C max With probability tending to one due to Condition[3] K < K »
and K> < K3 ) both hold with probability tending to one if we uncondition on &1, and we are
done. O]

I Proof of Proposition[4.1]

Fix A > 0. Under the assumptions of Lemma there exists a global minimizer (h*, 8*) of
L(h, B). The first order condition with respect to 3 reads 2AE; [h*(X)(8*h*(X) — r(X))] = 0. By
Lemma|N-3] the first order condition with respect to h reads

By [p7(X) (P x [S(X, Y) < PH(X)] = (1 = @))] + 2AE, [B7R(X) (67h"(X) — r(X))] = 0
for all h € H. Setting h = r4 in the second equation, and subtracting (/3*)? times the first equation
from the second, we deduce that

Ey [p7(X) (P x [S(X, Y) < P7(X)] = (1 = ))]

+ 2AE1[B7 - 70 (X) - (B7h(X) = 7(X))] = 2AE1[B - 57R7(X) - (B7h"(X) — 7(X))]
= Ei [ (X)(Ps x [S(X,Y) < h*(X)] = (1 = a))]
+ 2B [ (r (X) — B7h" (X)) (8" (X) — r(X))]
= Ei[h" (X)Psx[S(X,Y) < h*(X)]] = (1 — @) = 2A8"Ea[(r(X) — B7"(X)?] = 0.
Therefore,
Ex[r (X)Ps x [S(X,Y) < b (X)) = (1 — ) + 28" Ea[(rae(X) — B°h*(X))?),

which implies the result.
J  Proof of Theorem 4.2
Recall that Sy are the features of the labeled calibration dataset. We also recall the notation [E; and

Ej for j = 1,2, 3 from Section Given the unlabeled test data Sy and the unlabeled calibration data
83, define the auxiliary risks for h € Hp, 8 € Z,

L(h, 3;82,83) := E1[la(h, )] + AE3[32h?] + AEo[—25h] (12)

and
L(h, B; 81) := Bi [la(h, S)] + AE3[8°h%] + AEo[—-25h)]. (13)

Let
(h,B) € arg _min _ L(h,B; S, S3). (14)

23



For convenience, we leave implicit the dependence of L and (ﬁ, B) on Sy, S and the dependence of
LonS;.

In order to study the generalization error, we write

L(h, B) = L(h*, ) = (L(h, §) = L(h, 8)) + (L(h, B) — L(h, 3)) + (L(h, B) = L(h, B))
+ (L(h, B) = L(h, B)) + (L(h, B) = L(R*, 57)) + (L(h", B%) — L(W", 5)).

Since (h, ) is a minimizer of the risk L, we have L(h,B) — I:(h B) < 0, and since (h, 3) is a

minimizer of the risk L, we have L(k, 3) — L(h*, %) < 0. Thus our generalization error is bounded
by the remaining four terms:

+ (L(h, B) = L(h, B)) + (L(h", B%) = L(h", 87))
(DH+ L)+ (III)+ (IV). (15)
We study the generalization error by conditioning on the unlabeled calibration or test data. Then
our regularization becomes data-independent. Conditional on S, Term (I) can be handled with

Lemma|[G.I]above. Conditional on Sy, Ss, Term (II) can be handled with Lemma[G.T|above. Terms
(III) and (IV) are empirical processes at fixed functions, conditional on Sy, Ss.

Term (I): We work conditional on &;. First, note that due to the definition of L from
(Empirical-LR-QR), we can write for any (h, ),

L(h, ) — L(h, B) = L(h, B) — L(h, B).

Since L(h, 8) — L(h, 8) can be viewed as a difference of a population risk AEs[32h2] + AEo[—2h]
and an empirical risk AE3 %2}12] + AE,[—28h] with “regularizer" E;[¢y (h, S)], this expression
G.1

enables us to apply Lemma (G.1|to bound L(h, ) — L(h, 5).

Explicitly, we can write
1. . . 1.
Lk B) = B[8h?] + Bo[~26H] + B1[la(h, 5)].

Hence, fixing 3, we can apply Lemma@ choosing m; = ng and mo = no. Further, we choose
H = Hp = {{(7,®) : |7l < B < oo} with the norm (v, ®) = ||7||2. Moreover, letting
z = (¢",2") for 2”2’ € X, and £ = 1/)\, we use the objective function given by (h,z) —
filh,z) = TJ(h, B, z) + R(h, B), where J (h, 8, z) = J1(h, B, z) + J2(h, B, z), and where

jl(hvﬁaz) :BQh(‘x”)Qa j?(hyﬁaz) = _2ﬁh’(xl)7 R(hvﬁ) :gﬁl[za(has)]
We now check the conditions of Lemma

Boundedness: Note that |71 (h, 8, 2)| = |B|*|h(z")|? < B2 (BCa)?, where in the second step we
used | 8] < Bmax for B e, and We used h € ‘Hp and COHdlthIlItO apply Lemma- IN.4| Similarly,
note that |72 (h, 8, 2)| = 2|8||h(z")] < 2BmaxBCas, where in the second step we used || < Bmax
for 6 7, and we used h € Hp and Cond1t10nl to apply Lemma[N.4] Thus |7, (h, 8, z)| and
|72 (h, B, )| are both bounded by the sum 32, (BCq)? + 28max BCo.

Convexity: Write h = {7, ®) for v € R% The map h +— Jy(h, B, z) can equivalently be written
as vy — B2y T ®(2")®(2") ", a quadratic whose Hessian equals the positive semidefinite matrix
282®(2")®(2") . Thus h + Ji(h, B, 2) is convex. The map h ++ J»(h, 3, z) can equivalently be
written as y — —23~ " ®(2'), which is linear, hence convex.

Lipschitzness: Write h = (7, ®) for v € R%. The map h — J;(h, 3, z) can equivalently be written
as y — B2y T ®(z")®(2") T+. The gradient of this quadratic is given by v + 232® (2" )®(2") T.
The norm of this gradient can be bounded by

128°@(2")@(2") T2 < 218122 (z") 3]17]l2 < 287.BC3,

where in the first step we applied the Cauchy-Schwarz inequality, in the second step we used
18] < Biax for B € Z, ||v||2 < B, and Condition Next, the map h — Jo(h, 8, z) can equivalently
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be written as y + —23v ' ®(2’). The gradient of this linear map is given by v +— —23®(z’).
The norm of this gradient can be bounded by 2|3]||®(z’)|| < 28maxCa, where we used | 3| < Smax
for 8 € 7 and Condition Thus the norm of each of these gradients is bounded by the sum
p1 = 232 BC2 + 2B Co, and the maps h — Ji(h,3,2) and h — Ja(h, 3, 2) are both p;-
Lipschitz.

Strong convexity: Since h — £, (h, s) is convex for all s € R by Lemmaand since h — Fy[A]
is linear, the map h +— EE1[ly(h, S)] — 2E5[R] is convex. Consider the map h +— Es[32h2).
Writing h = (7, ®) for v € R, this can be rewritten as y BQ'VTEA)% a quadratic whose Hessian
equals 2323, By 8 > S for 8 € T and Condition it follows that with probability 1 — o(nz ') =
1—o(ny' +nzt), the map h — By 3[f1(h, Z)] is p1-strongly convex, where Z = (X", X') with
X" is uniform over X» and X" is uniform over X3, and where p1 := 2832, cmin. In particular,
h %f)(h, B) is convex.

Let 51 = 4;—?. Let K, denote the Lipschitz constant of the process V_Vﬁ, where K; < K ) with
probability tending to unity conditional on S; by Condition 4] and Lemma[H.4] From Lemma|[G.T]
applied with € = 1/\, L= +L,and £ = 1L, and W = (L — L)/, we obtain that conditional on
&1, for sufficiently large no, ng, with probability at least 1 — %, we have for Term (I) from (13),

%Term @ < \/1601}{1)\/)\ <1 + 1).

6/4 Up) ns

64CINK 11 T 1
Teem @ <€ ¢ (Lo l)oan/Io L
1) D) ns N9 ns

where we define A; = 4/ 646%‘“. Since the right-hand side does not depend on &1, the same bound
holds when we uncondition on S;.

Thus

Term (IT): We work conditional on S,, S3. The risks L and L share the same data-independent
regularization A\E3[3%h?] + AE2[—24h]. Write z = (z, s) for x € X and s € [0, 1]. Fixing 3, we
apply Lemma [G.1] with the objective function (h, 2) — f(h, 2) = J (h, 3, z) + R(h, 8), where

T (h,B,z) = La(h(z),s),  R(h,B) = \E5[B2h?] + AE2[—2h].

Since the empirical risk L is computed over the i.i.d. sample Z; = (X;,S;) for i € [nq], we use
the modified version of Lemma |G. 1| given in Remark In particular, we check boundedness,
convexity, and Lipschitzness of 7 without writing it as a sum J; + Js.

Boundedness: we have the uniform bound, for all i, 3, z
[T (h,B,2)] < A = a)lh(x) —s| < (1 —a)(|h(z)| +1) < (1 - a)(BCs +1),  (16)

where in the first step we used Lemma|N.T] in the second step we used the triangle inequality and
s € [0, 1], and in the third step we used h € Hp and Conditionto apply Lemma

Convexity: By Lemma[N.3| h — J (h, 3, z) is convex.

Lipschitzness: Fix h = (v, ®) and b’ = (7', ®) in Hp, where 7, € R%. Note that
|~7(h7ﬂv Z) - j(ha Ba Z)' = MO/(h(x)a S) - Ea(h’,(x)v S)|
< (L=a)lh(z) = W (2)] < (1 — a)Co|h = ]|,

where in the second step we used Lemma[N.2] and in the third step we used Condition [I|to apply
Lemma[N.4] Thus h +— 7 (h, 3, z) is pa-Lipschitz, where ps := (1 — )Cl.

Strong convexity: To analyze R, first observe that since h — AEo[—24h] is linear, it is convex.
Writing h = (v, ®) for v € R?, the term h — AE3[3%h2] in R can be rewritten as v +— 32y "3,
a quadratic whose Hessian equals 20323, By 8 > Bumin for 8 € Z and Condition |3] it follows
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that with probability 1 — o(n3 ') over Sz, S3, the map h + R(h, 3) is u2-strongly convex, where
112(A) := 2A\B3,Coin-

Let 52()\) = 4‘(’2) Let K> denote the Lipschitz constant of the process Wpg; recall that conditional
on Sy, 83, Ko < K ) deterministically on the event C; < C' max by Lemma|H.4] By the version of
Lemmam given in Remarkn G.2| conditional on Sz, S3, if h +— R(h, B) is ua )\) -strongly convex,

and if C'; < C max. then for sufficiently large n,, with probability at least 1 — 5 , we have

16C(\) Koy Ao
(6/8)yn1 Vo

Term (II) < ) (7

where we define Ay = 4/ % and 62 =3 B Aoy . Unconditioning on Ss, Ss, since R(h, 5)

is p2(\)-strongly convex with probability tendmg to unlty by the above analysis, and since by
Condition 3| we have C'; < C max With probability tending to unity, we deduce that for sufficiently

large n1, ng, ng, with probability at least 1 — é, (T7) still holds.

Term (III) We work conditional on 83, S3. Since h from (T4) lies in H g, we may use the bound in
Equatlon to obtain sup,. y [lu(h, S)| < (1 — @)(BCs + 1). Thus by Hoeffding’s inequality
[21], with probablhty atleast 1 — é we have

i PV B) — (B . (1 - a)(BCy +1),/L1og s
(£~ L) B) = (B — En)lta(h, 9)] < e Jivoes
where we define A3 = (1 — a)(BCqp + 1) %log %.

Thus we have Term (III) <

F
Term (IV): Note that we may write

(L= L)(h*,B") = (B2 = E2)[M(B"R")?] + (Es — E3)[-2A8"R"].

Since ||h*|| < B by h* € Hp and since Condition[1] holds, we may apply Lemma|N.4]to deduce that
Sup,cy |h* ( )| < BCg. Consequently, for § € Z, we have the uniform bound sup,c » |BR* (z)| <

Bmax BCs. By Hoeffding’s inequality [21], with probability at least 1 — g, we have

A(BmaxBC{))Q\/ % IOg %
1/ M2 '

By another application of Hoeffding’s inequality, with probability at least 1 — %, we have

. AN (Binax BCo) %log %
(s — Eg)[—208°h"]| < v .
V13

Summing, with probability at least 1 — § we have the bound

- AMBmax BCp)?y/310g 8 AN(Brax BCp)y/ % log 16
(L —L)(h*,87) < 2z " 20

A/ N2 A/ N3
Using the inequality a + b < v/2v/a2 + b2 for all a, b € R, we deduce Term (IV) < Ay /= + L

1 16
Ay = \@(ﬁmaxBab)\/ 3 log 5 max {Bmax BCao,4} .

Returning to the analysis of (I3]), and summing all four terms while defining A5 = A; + A4, with
probability at least 1 — § we obtain a generalization error bound of

a A 1
L(hvﬁ)_L(h*aﬁ*)<A5)\ 7+7+A3

(B2 — Eo)[A(B*h")?]| <

where we define

1 LA 1 1
N ? NORViE
The result follows by taking ¢ = A5, ¢ = A3z, and ¢’ = As.
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K Proof of Theorem

We use the following result to convert the generalization error bound in Theorem[#.2]to a coverage
lower bound.
Lemma K.1 (Bounded suboptimality implies bounded gradient for smooth functions). Let f :

RY — R, for some positive d'. Suppose x* is a global minimizer of f. Suppose x' is such that
f(a') < f(x*) +e. Suppose h € R% is such that the map g : R — R given by t +— f(x' + th) is
L-smooth, i.e. |g" (h)| is uniformly bounded by L. Then

/(@' h)| = [V f(2')"h| < V2Le|[h2.

Proof. Assume there exists h and § > 0 with f'(z'; h) > d]||h||. Setting y = =’ — th,
fla" —th) < f(z') = tf'(a"s h) + 52| h||*.
Sett = 6/(L||h||) to obtain

fla' —th) < fla') = & + & = fa') — &7

Since f(2’) < f(z*) + ¢, wehave f(2' —th) < f(z*) +e— %. If 6 > v2Le, then f(2' —th) <
f(x*), a contradiction.

A similar argument with f'(2’; h) < —d||h|| and y = 2’ + th yields the same contradiction. Hence

—V2Le|h|| < f'(«'; h) < V2Le|Al. O

By Condition [T] and Condition [5] we may apply Lemma [N.3] to deduce that the Hessian of our
population risk L from (LR-QR)) in the basis {¢1, ..., ¢4} is the block matrix

Ei[®D7 (fsx(h) +208%)] Ei[2A87(28h —7)]

VEL(h, ) = Eq[208(28h — 7)) E1[2R?]

Thus by 8 < Bmax, ||| < B for h € H , Condition[5] and Jensen’s inequality, we have the uniform
bounds

sup  [03L(h, B)| < 2AE1[h*] < 2AB* Anux () =: 11
heHp,BER

and

sup [ VEL(h, B)ll2 = ||E1 (@@ T (f51x (h) + 208%)][l2- < (C + 2AB300) Amax (2) =2 v2.
heH,B€T

By Lemma|L3]and Lemmal|L:4] a global minimizer of the objective in Equation (CR-QR) exists, and
since Bmin < Blower> Bmax = Bupper, and B = Bypper, any such minimizer lies in the interior of Hp x .
Thus we may apply Lemma to the objective function L. We utilize two directional derivatives
in the space H x R. The first is in the direction 03 x 1, the unit vector in the 5 coordinate. Since

(fL, B ) € Hp x Z, the magnitude of the second derivative of L along this direction is bounded by v .

The second is in the direction of the vector r g x 0, where r g the projection of r onto the closed convex

set 5 in the Hilbert space induced by the inner product (f, g) = E;[fg]. Since (iL, B) € Hp X T,
the magnitude of the second derivative of L along this direction is bounded by 5.

Given h, let a)v\er(X) =P [S < }AL(X)|X:| — (1 — a). Now, on the event E that L(h,5) —
L(h*, 3*) < Egen» we apply Lemma [K.1| with f being (v, 3) — L(h,, 8), z* being (h*, %), o’

being (h, 3), € = Egen, and the directions specified above, with their respective smoothness parameters
derived above. Using the formulas for VL from Lemma|N.5|and the bound ||rz|| < B, we obtain
that on the event F,

|2AE1[(Bh —1)]| < €1, [Ei[rpCover] + AEq[28r5(Bh — r)]| < &,

where 51 = 1/ 2V15genv 52 = 4/ 2B2V25gen-
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For any h and (3, we may write
E: [rsCover] = (Ey[rzCover] + AE1 [2875(8h — r)])
— AE1[2B8(8h)(Bh — )] = AE1[25(rp — Bh)(Bh —7)].

Evaluating at (ﬁ, B), the first term is at most £ in magnitude, the second term is at most 3251 in
magnitude, and the third term equals 28AE; [(r5 — $h)?]. We deduce

E: [rpCover] > 2BXE [(rp — Bh)?] — 521 — Es.
Since Cover € -(1-a),q,
|1 [rCover] — E [rpCoverl] < (1 — a)Ea[|r — rs]].
We deduce that
Eq[rCover] > 26\E4[(rp — Bh)?] — 3261 — & — (1 — o) [|r — r5]].

‘We now bound the quantity 3251 + &. First, since va + b < v/a + Vb for all a,b>0, Theorem
implies that

1o T 1\t oA .11
Ve < ANV (m + m) + nf/4 + Ay NI
1 1

We may write £ = /201 Egen = VAB2 A (2) - A1/2 \/Egen» s0 that for 3 € T we have
B2 < BracV/AB Anax(8) - N2/ Egen = AGA2 /e
Using the inequality v/a + b < v/a + v/b for all a, b > 0, we may bound
& = /2B en < V/4AB2B2 0 Amax (2) - M2/ Egen + 1/2B2C  Aman (Z) + /Egen
=t A7AY2\/Egen + As/Egen,

B2E1 + E2 < AAY?\/Eqen + ATNY?\/Eqen + As\/Egen
=: AgAY2 /Eqen + Ag/Egen-

Plugging in our bound on /&, and grouping terms according to the power of A, we deduce that
3281 + & < Eeov, Where Eqoy equals

1/4 1/4 1/4 —1/4

1 1 1 1 1 A A A

Ao (+> A+ An (1/4‘*‘( +> >A1/2+A12 + 22 A 71
n ny

Thus

. 1/4 1/4
UP) ns 2 ns nl/ nl/

and where A1, . .., A14 are the positive constants given in Appendix [ It follows that on the event
E7
Ei[rCover] > (1 — @) + 28AE: [(rp — B)?] — Euoy — (1 — Q)4 [|r — r5]).

By Theorem .2] E occurs with probability 1 — ¢ for sufficiently large ny,n2,n3, and we may
conclude.

L. Unconstrained existence and boundedness

In this section, we prove apriori existence and boundedness of unconstrained global minimizers of
the population objective Equation (LR-QR). We write (h3, 55) for a minimizer of the unconstrained
objective in Equation (LR-QR) with regularization strength A > 0.

In Lemma|[L.T] we show that under Condition[I0] we may eliminate 3 from Equation (CR-QR)), so
that Equation (CR-QR) is equivalent to solving the following unconstrained optimization problem
over h:

min By [t (h, 8)] — AR

. 18
heH\{0} Eq[h?] (1%
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Lemma L.1. Under Condition for X = 0, given any minimizer (h}, B3) of the objective in
Equation @ with regularization )\, h} is a minimizer of the objective in Equation @) with

regularization \. Conversely, if h is a minimizer of the objective in Equation (18)) with regularization
A, then there exists a minimizer (h}, 8%) of the objective in Equation (LR-QR) with regularization

such that hy = h.

Proof. By Condition [0} the minimization in Equation (CR-QR) with regularization A can be taken

over H \ {0}. Further, since the projection of 7 onto span{h} := {ch : ¢ € R}, for h # 0 is given by

E {Zﬁ? h, we may explicitly minimize the objective in Equation (LR-QR) over (8 via

(3]
) = 0a(h, ) + A (wﬁ B 1%1[{}?]2> ’

’]

lo(h,S) + Arﬂni}gl@l[(ﬁh —7)?] = Lo(h, S) + \E,
S

Eafrh],\*

E,[h?]
where in the second step we applied the Pythagorean theorem. Since the term AE,[r<] does not
depend on the optimization variable h, we may drop it from the objective, which yields the objective

in Equation (T8). It follows that / is a minimizer of the objective in Equation iff h = h} for
some minimizer (h}, 85) of the objective of Equation (LR-QR). O

=Ly(h,S) 4+ A <E1 [r?] — Ey

Lemma L.2. Let vy, denote the projection of r onto H in the Hilbert space induced by the inner
product (f,g) = E1[fg]. Then under Condition [5|and Condition |9} there exists 6* > 0 such that
El[S} — a‘lEl[éa(H*rH, S)] > 0.

Proof. Define g : R — R by g(0) = E1[S] — o 'E1 [l (0*r3, S)]. Clearly g(0) = 0. Note that by
Condition[§] Pg|x [S = 0] = 0, so that

9'(0) = —a "Eq[ry (P x[S < 0] = (1 —a))] = o' (1 — a)Eq[ra].

By Condition[9] Ey[ry] = Ei[ry - 1] = Eq[r - 1] = E1[r] = 1, s0 ¢’(0) > 0. Thus there exists
6* > 0 such that g(0*) > g(0) = 0, as claimed. O

Lemma L.3 (Existence of unconstrained minimizers). Under Condition[2] Condition[3} Condition |6

Condition [/} Condition[8| Condition[9} and Condition[I0} for each X > 0, there exists a global
LR-QRY).

minimizer (h}, %) of the objective in Equation (

Proof. Fix A > 0. By Condition [I0]and Lemma [L.] it suffices to show that there exists a global
minimizer of the objective in Equation (I8). Let G(h) denote the objective of Equation (I8). Define

the function h = 0*ry € H \ {0}, where 0* is chosen to satisfy Lemma With cipgep from
Condition@ define B(\) := 2ci;§ep(l +a E €y (h,S)]) > 0and

B\ = %Amm(z)*l/?a@l (5] — @ Eq [£a(h, S)]) > 0.

We show that if ||2]| > B()) or ||h|| < b()), then G(h) > Q(ﬁ) Consequently, the minimization in
Equation can be taken over the compact set {(y, ®) : b(A) < ||v]]2 < B(\)} C H, so that by
continuity of G on H \ {0}, a global minimizer 1} exists.

To see this, first suppose ||2]| > B()). Then writing h = (~, ®) for v € R? and applying Lemma
the triangle inequality, and S € [0, 1],

E1[la(h, S)] = aEa[lh = S|] = a(Ea[[R]] = Ea[|S]]) = (Er[|(y, B)[] = 1). (19)

By Condition |§| and our assumption that ||h|| > B()), this implies that E[¢y(h,S)] >
a(B(A)Cingep — 1). Further, by the Cauchy-Schwarz inequality,

El[’l"h]Q < sup El [TiL/]Q

< —— < Eq[r).
E [Pl hean oy Bal()?] "
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Thus by Lemma and Condition G(h) = a(B(N)Cindgep — 1) — AE1[r3,]. To prove the inequality
G(h) > G(h), it suffices to show that

_ )\El[th

(BN Cingep — 1) = AE1[13,] > Eq[lo(h, S)] SR

]El [7";7.]2
N N E1[h?]

a(B(X)Cindep — 1) > Eq[¢a(h, S)]. This holds by our choice of B(\), which finishes the argument

in this case.

Next, suppose ||| < b()). By Lemma the triangle inequality, and S € [0, 1],

E1[la(h, )] Z aEa[lh — S]] Z a(E1[S] — Eq[[]]). (20)

Indeed, since h is a scalar multiple of 4, we have E; [732{] = , so the inequality reduces to

As above, the Cauchy-Schwarz inequality implies the bound %1[{}@]2 <E; [7“72_[] We deduce that

G(h) > a(E4[S] — Ed[Ih])) — XE4[r%].
Writing i = (v, ®) for 4 € R?, our assumption that [|A|| < b()) implies that
E1[|2]) < Ex[|h*]/2 = Ex[y T @@ T1]"? < b(A) Amax(2)'2,
which when plugged into our lower bound on G(h) yields
G(h) > a(Ea[S] — b(A) Amax (£)'/?) — AB1 [r3].

To prove the inequality G(h) > G(h), it suffices to show that

7 1/2 2 7 Eq[rh]?
a(E1[S] — b(A) Amax (2) %) — AE1[r%] > E1[o(h, S)] — A —.
E,[h?]
As above, since h is a scalar multiple of 74, we have [E; [r%} = ]?Ell[[rgf , so the inequality reduces to

(E1[S] = b(A\) Amax (2)Y/2) > By [l (B, S)].
This holds for our choice of b()\), finishing the proof. O

Lemma L.4 (Bounds on unconstrained minimizers). Under the conditions used in Lemma [L.3)
for all X > 0, for any minimizer (R}, 55) of the objective in Equation (LR-QR), we have that
Hhin S (Blower, Bupper) and 6; € (ﬂlowerv ﬂupper); where

1

Biover = 5 Amax(2) ™2 (B[S] — o' Ealla (077w, S)]) > 0, 1)

BUPPef = 201;<}ep(a_1E1[€a(9*7"H, S)] + 1)7 Blower =

Calign

— s > 0,
Bupper)\max(z)l/2

5 _ ]El[rz]l/2
apper lglowerAmin(E)l/2 ’

and where 6* > 0 is as in Lemma|L.2|and 14 denotes the projection of  onto H in the Hilbert space
induced by the inner product (f, g) = E1[fg].

Proof. In order to derive our bounds, we consider the reparametrized optimization problem

. ]El[’f‘h]2
heﬁl\%o} flEl[ga(hv S)] - El[h2]

(22)

for £ > 0. We claim that for £ > 0, any minimizer of the objective in Equation is of the form
hi Je To see this, note that for £ > 0, the objective of Equation || with regularization A = 1/¢
can be obtained by scaling the objective of Equation by the positive factor 1/£. Next, by
Condition e may apply Lemma|L.1]to deduce that 2 € H \ {0} is a minimizer of the objective

in Equation l| with regularization A = 1/£iff h = h} /-
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In particular, by Lemma[L3] for all £ > 0, there exists a global minimizer of Equation (22) with
regularization . In the case that £ = 0, it is clear that any minimizer h’_ of the objective in
Equation (22) with regularization £ = 0 has the form h}, = 6r4 for some scalar > 0.

Since there exists a minimizer of the objective in Equation for all regularizations ¢ in the
interval [0, c0), we may apply Lemmato deduce that for all £ > 0 we have E; [, (h] /e S)] <

We prove lower and upper bounds on [[2] . || for all § > 0. We begin with the lower bound.

Lower bound: By 20), we have E, [{,,(h?

1/¢:9)] 2 a(E1[S] — Eq[|h] ¢[]). Rearranging, we obtain
the lower bound
Ev[|hy/el] > E1[S] — a7 Eafta (k% 9)).

By Lemma there exists 0* > 0 such that E1[S] — a1 [£, (0% 13, S)] > 0. Setting b, = 0*ry
and plugging in the expression for Bigwer given in (1)), our lower bound becomes E4 [|A} /§|] >

Amax (£)Y/2 Biower. We now convert this L' norm bound to an L? norm bound as follows. Write
hi e = (7 /e ®) for vy /e € R?. By the Cauchy-Schwarz inequality, we obtain the upper bound

E1 (Il < Exllhg el = Edl(r7e) T2 T /el < Anax ()12 177 -

Combining this with the lower bound E [|h] / > Amax (2) /2 Biower, We deduce that |[h
H“Yik/gHz > Biower, as claimed.

sl =
Upper bound: We prove the upper bound in a similar manner. By the first two steps in (T9), and using
S € [0, 1], we have

E1[la(h/e, 9)] = a(Ba[lh] /el = Eo[IS]]) = a(Eaflhy/el] = 1).

Rearranging, we obtain the upper bound Ey[[h] (|| < a B [la (R, S)] + 1. Write hyje =

(11> @) for vy )¢ € RY. Since we have already established that ||2} s¢ll > Biower > 0, we know that

'yf/g # 0. Thus we may write
75/5 D]
||'71/§||2

By Condition@ this is at least || 77/ [|2Cingep- Combining these upper and lower bounds on Eq [[2] ¢ ],

Ea[[P1/el] = Eall(01/e @)1 = (177 ell2En

we obtain ||} [|2Cindep < a B [ly (R, S)] + 1. Isolating 177 /¢ |2, we have

155 /el = 177 /¢ ll2 < Cingep(@ 'Ea[ba(hie, )] + 1) < Bupper,
as claimed.

Having established 0 < Biower < infasq||R3]] < supysg [|R3|] < Bupper < 00, We turn to upper
and lower bounds on ;. As shown in the proof of Lemma [L.1} if (3}, 33) is a minimizer of

the objective in Equation (LR-QR) with regularization A, then 55 = EI%IH[;EE]. By Condition
A

% > Calign > 0 for some minimizer (hg, 5;) of the objective in Equation (LR-QR) with

regularization 0. By Condition[T0]and Lemma|L.1] & is a minimizer of the objective in Equation (I8)

with regularization A > 0 iff h = h} for some minimizer (h3, 5%) of the objective in Equation (LR{

[QR). Thus by Lemma|L3] for all A > 0, there exists a global minimizer of Equation (18), and we may

apply Lemma|[M.1|to Equation 1} to deduce that for any A > 0 we have % 2 Calign > 0.
A
Consequently, by our bounds on A7, Condition and the Cauchy-Schwarz inequality, if we write

h} = (7%, ®) for v € RY, then we have

* Calign Calign Calign
ﬂ)\ > * = * ¥ > = 5lower
E1[|h>\|2]1/2 El[('Y,\)T(I)(I)T’Y)\]l/Z Bupper)‘ma)((z)l/2

and
El[T2]1/2 El[T2}1/2 -
E1[|h’f\\2]1/2 < BlowerAmin(E)l/Z = ﬁupperv
completing the proof. O

Bx <
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M Monotonicity

Lemma M.1. For some set X and f,g : X — R, let x(c) = argmin,cx (f(z) + cg(x)), where
f, g are such that for some interval T C R, the minimum is attained for all c € T. Then G : T — R,
G : ¢ g(z(c)) is non-increasing in c.

Proof. Letcy,ca €Z, ¢1 < ca. At ¢ = ¢q, the minimizer x (¢ ) satisfies:
f(a(er)) + ag(@(ar)) < fa(e2)) + crg((cz)).
At ¢ = ¢g, the minimizer x(c2) satisfies:
f(a(e2)) + c2g(@(c2)) < fla(e1)) + cag(@(cr)).
Adding the two inequalities, we find
[f(z(e1)) + erg(a(en))] + [f(z(c2)) + cag(a(ca))]
< [fa(er)) + cag(z(en))] + [f(z(e2)) + crg(a(ca))].
Subtracting the common terms f(z(c1)) + f(x(cz2)) leads to
c1g(z(er)) + cag(z(c2)) < eag(z(er)) + crg(a(cz)).
Rearranging, and factoring out ¢; and ¢y, we find
ci[g(a(er)) = gla(c))] — e2[g((c1)) — g(a(c2))] < 0.

Thus, (¢1 — ¢2) [g(x(c1)) — g(x(c2))] < 0. Since ¢z — ¢1 > 0, the inequality implies g(z(c1)) >
g(x(cq)), as desired. O

N Helper lemmas
Lemma N.1. [fa < 0.5, then ajc — s| < ly(c,s) < (1 —a)|e— s|forallc,s € R.

Proof. If s > ¢, then {,(c,s) = (1 —a)(s —¢). Since s — ¢ > 0 and @ < 1 — o, we have
a(s—c) < Ly(c,s) < (1—a)(s—c), which implies afc — s| < lo(c,s) < (1—a)le—s|. If s <c,
then ¢, (c, s) = a(c—s). Since c—s > 0and o < 1—a, we have a(c—s) < £, (¢, s) < (1—a)(c—s),
which implies a|c — s| < £n(c,8) < (1 — a)|c — s|.

Lemma N.2. If a < 0.5, then the map R — R given by ¢ — £, (c, s) is (1 — a)-Lipschitz.
Proof. If s < ¢1 < cg, we have 0 < £y (ca,8) — lo(c1,8) = a(ca — ¢1), which by o < 0.5 is

at most (1 — a)(c2 — ¢1). Hence |[£y(ca,8) — £a(c1,8)] < (1 —a)lea —c1. Ife; < s < ¢z and
lo(ca,s) = Lo(c1, s), then we have

0 < ly(ea,8) —lolcr,s) =alea—s)— (1—a)(s—c1) <alea—s)+a(s—c1) = ales — 1),

which by a < 0.5 implies |[{,(c2,8) — £o(c1,8)] < (1 — a)lea —c1]. If e < s < ¢ and
lo(ca,s) < Ly(cy, s), then

0 < ly(er,8) —lo(ca,s) = (1 —a)(s—ec1) —ale —s)
SI-a)(s—ca)+ (1 -a)(cz —s) = (1 —a)(c2 — ),

hence |{,(c2,8) — La(c1,8)] < (1 — «)|eg — ¢1|. Finally, if ¢; < ¢o < s, we have 0 < £, (c1,8) —
lo(ca,8) = (1 —a)(eq — ¢1), hence [€y(ca,8) — La(c1, )| < (1 — a)lea — e O

Lemma N.3. The map H — R given by h — £, (h(z), s) is convex for all z € X and s € R.

Proof. Write h(z) = (v, ®) for v € R?. Tt suffices to show that the mapping R? — R given by
v+ Lo (y T ®(x), 5) is convex. But this map is the composition of the linear function R — R given
by 7 + T ®(x) and the convex function R — R given by ¢  £,(c, s), hence it is convex. O
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Lemma N.4. Under Condition[l} if h € H, then sup ¢ x |h(z)| < Copl|hl|, where we use the norm
given by ||h|| = |||z for h = (v, ®). In particular, if h € Hp, then sup ¢y |h(z)] < BCs.

Proof. Writing h = (7, ®) for v € RY, we have sup,cy [h(2)] = sup,cx (7, ®(2))] <
sup,cy [[7]l2]|®(x)||2 < Cs||h||, where in the second step we applied the Cauchy-Schwarz in-
equality. O

Lemma N.5. Consider the function ¢ : R? — R given by p(v) = E1[ls(h(X),S)], where
h = hy : X — Ris given by h(z) = (v,®(x)) for all x € X. Then under Condition [I| and
Condition |3} ¢ is twice-differentiable, with gradient and Hessian given by

Vap(7) = Eo(Psx [h(X) > S] = (1= a)@(X)],  Vie(y) = Eilfsx (h(X))2(X)2(X)"].

Consequently, given 7 € RY, defining g : X — R as g(x) = (7, ®(x)) for all x € X, the
directional derivative of ¢ : H — R in the direction g is given by (7, V(7)) = E1[(Pg x [M(X) >
Sl= (1 —a))g(X)].

Proof. For each x € X, define the function n(-;z) : R — R given, for all u, by 7(u;s)
Eg|x=z[la(u, S)]. For each s € R, define the function x(-; s) : R — R, where for all u, x(u; s)
allu > s] — (1 —a)lu < s].

By the definition of the pinball loss £, (-, -), and since by Conditionthe conditional density fg|x—q(-)
of S|X = z exists for all z € X, the derivative of ¢, (u, S) with respect to u agrees with the random
variable x(u;.S) almost surely with respect to the distribution S| X = x. Also, note that for fixed u €
R, |x(u; S)| is bounded by the constant (1 — ). By the dominated convergence theorem, it follows
that v — n(u;z) is differentiable, and that its derivative equals %77(“; r) = Egx=z[x(u; 5)],
which, by the formula for x(u; S), can be written as aPg x—,[u > S| — (1 — @)Pgjx—,[u < S].
Thus for all w € R and z € X, we may write -Zn(u;z) = Pgjx_,[u > 5] — (1 — a). Since
by Condition the conditional density fs|x—, of the distribution S|X = x exists for all z € X,
it follows that the cdf v — Pg x_,[u > 9] is differentiable for all v € R and all z € X with
derivative given by u > fg|x—,(u). Thus the map u %n(u; x) is differentiable for all x € X
with derivative given by u — fs|x—.(u). In particular, n(-; ) is twice-differentiable with second
derivative given by fgx—(-).

Next, for each * € X, define the function ¢(;x) : RY — R given by ¥(y;z) =
Eg|x—s[la(hy(z),S)], where h = h, = (7, ®). For each 2 € X, letev(;;z) : R — R be
given by ev(y;z) = hy(x), where h = h, = (7, ®). Then ¢(-;z) is given by the composition
n(;x) oev(-;x). Since ev(y;x) = (v, P(x)), ev(+; x) is linear, it is smooth. Its gradient is given
by V.ev(v;z) = ®(z) for all v € R?, and its Hessian is zero. It follows that 9 (-; z) is twice-
differentiable. By the chain rule, the gradient of (+; x) is given by

Vo(v; @)

(u; ) Vyev(y;z) = (Pyix=[h(z) > 5] = (1 — ) ().

u=ev(7y;x)
Since the map v — Pg|x—,[h(z) > S] — (1 — «) is given by the composition 2 n(-;z) o ev(+; z),
we may again apply the chain rule to deduce that the Hessian of ¢ (-; x) is given by

2

= 522" Vaev(y;z) - ®(@)" = foix—u(h(z))®(z)®(x)".

u=ev(yiz)

V2y(y; o)

(u; )

Returning to our original function ¢, note that by the tower property, ¢(v) = E1[¢)(7; X)]. Note that
IV (y; z)||2 is at most

[Psix=a[h(z) > 5] = (1 — a)[[[@(z)[l2 < (|Ps|x=z[h(z) > S]] + (1 — @))|®(2)]2 < (2 — a)Cs,

where in the first step we used the triangle inequality, and in the second step we used the fact that
Pgix—z[h(z) > S] < 1and Condition Similarly, we may bound the Frobenius norm || - || of

V24(y;z) by
|fs1x=(h(2))[[|@(2)®(2) " ||r < Cp||@(2)[I5 < C;C3,
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where in the first step we used Condition|[l] the identity ||vv " || = ||v||3, and in the second step we
used Condition 5| Since the entries of V1)(-; ) and V24 (-; ) are bounded by constants, we may
apply the dominated convergence theorem to deduce that ¢ is twice-differentiable, with gradient
given by V() = E1[V,(v; X)] and Hessian given by VZ(7) = E1[V24(v; X)].

Finally, since the directional derivative of ¢ in the direction g is defined as (¥, V,¢(7)), we may
plug in our expression for the gradient to deduce

(7, Vye(7)) = (7, Ea[(Ps x [A(X) > ] = (1 — @) 2(X)])
= E1[(Pg)x [0(X) > 5] = (1 = a)) (7, 2(X))]
= Ei[(Ps x[2(X) > 5] = (1 — a))g(X)].
The result follows. O

O Unbounded scores

In this section, we comment on our assumption that S € [0, 1] a.s. Given an arbitrary a.s. finite score
S, and given the sigmoid function ¢g : R — R given by g(x) = ﬁ, the composition g(5) is a.s.
[0, 1]-valued. As the proof of Theorem only requires boundedness, this allows one to obtain the
generalization bound for arbitrary score functions.

However, the proof of Theorem 3| places a boundedness assumption on the conditional density of
S|X =zin Condition which precludes us from directly applying the transformation trick given
above. We claim that Condition [5]can be replaced with the following alternate condition:
Condition 11. (1) The conditional density fs|x—, exists for all x € X; (2) there exists a constant
Cy > 0and a real k > 0 such that for all s € (0,1), we have

Fsix=a(s) < Cr(Is| ™" + 1= 5| 7),
uniformly in x € X; (3) the basis ® obeys

sup Eq[(y, ®(X)) "] < oo,
yeSd—1

and (4) the quantity B, defined in Lemma obeys Byyper < Cg L Wwhere Co is defined in
Conditionl[l]

In other words, we can allow the conditional density of S|X = x to diverge at a polynomial rate
near s = 0 and s = 1, so long as ® obeys a certain moment condition, and so long as apriori, the
population LR-QR objective can be restricted to a sufficiently small ball.

One can consider point (3) of Condition[IT]as a slight strengthening of Condition[6] a quantitative
independence condition on the basis functions. Regarding point (4) of Condition note that by
inspecting the definition of Bypper, we see that an upper bound on Bypper imposes (a) a lower bound on
Calign in Condition|7] as well as (b) an upper bound on E;[¢,(6*7,.S)], which states that optimally
scaling the projection 74 can yield a threshold function with low pinball loss.

Now, we sketch how utilizing Condition[TT|implies Theorem[4.3|for unbounded scores. In the original
proof, Conditionis used in order to control expressions of the form [E; [®(X)®(X)” fs x (h(X))]],

uniformly for v € R? with 0 < Biower < ||7]|2 < Bupper, Where h(X) = (v, ®(X)). By Condition
and Jensen’s inequality, this is bounded by E1[| fg|x (h(X))|], up to constants. By point (2) of
Condition this in turn is bounded by E; [|h(X)|~* + |1 — h(X)|~¥], up to constants. By point
(3) of Condition and the bounds 0 < Biower < [|7]l2 < Bupper» the first term Eq [|h(X)|7*] is
uniformly bounded. Next, by the triangle inequality, the Cauchy-Schwarz inequality, Condition [T}
and point (4) of Condition[TT] we have

1 —h(X)|>1—|h(X)| > 1— CoBupper >0,
so we may uniformly bound the second term by
]El[‘l - h(X)|7k] < (1 - CQBupper)7k~
Putting these bounds together, we see that Condition[TT|provides the desired uniform control.
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Finally, if we utilize Condition [[T]instead of Condition[3} then the sigmoid transformation allows us
to generalize Theorem@beyond bounded scores. Note that for g, the conditional density f(s) x=z
of the transformed score g(.5) obeys

1
Fos)x=a(t) = me\X:x <10g 1t_t)

for all ¢ € (0,1). Consequently, if the original density fg x—,(s) is supported on R with
polynomially-decaying tails as s — oo, then the transformed density diverges like ~ (¢(1 —
£))~ (M) as ¢ — 0,1, which satisfies Condition[11|with k = 1 + & for any & > 0.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The claims in the abstract and introduction are supported by the theoretical
results in Section 4 and the experiments in Section 5.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: We discuss the limitations of our work in the Discussion section.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: All theorems are always stated with their required assumptions, and full proofs
are provided in the appendix.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: All experimental details are provided in Section 5, including dataset informa-
tion. An open-source GitHub repository will be released upon publication.

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

37



Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer:

Justification: The software package implementing our method and reproducing the experi-
ments will be released as an open-source GitHub repository upon publication. The datasets
used are publicly available.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: The experimental settings are described in Section 5. We evaluate pretrained
models without training.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: Our plots include error bars.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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8.

10.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

¢ For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: We perform small-scale experiments and provide sufficient detail on the set-up.
Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]

Justification: The research conducted in this paper follows the NeurIPS Code of Ethics in all
aspects.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: We discuss the potential social impact of our work in the Discussion section.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.
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If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards

12.

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: The paper does not involve the release of any pretrained models, image
generators, or datasets that pose a high risk of misuse.

Guidelines:

The answer NA means that the paper poses no such risks.

Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: All datasets and sources used in this paper are properly cited.

Guidelines:

The answer NA means that the paper does not use existing assets.
The authors should cite the original paper that produced the code package or dataset.

The authors should state which version of the asset is used and, if possible, include a
URL.

The name of the license (e.g., CC-BY 4.0) should be included for each asset.

For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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13.

14.

15.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: This paper does not release new assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.
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* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: The core methodology in this research does not involve LLMs.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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