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ABSTRACT

How can we efficiently identify the densest subgraph over relational
graphs? Existing dense subgraph discovery (DSD) approaches as-
sume that a relational graph H is already derived from a hetero-
geneous data source and they focus on efficient discovery of the
densest subgraph on the materialized H. Unfortunately, materi-
alizing relational graphs can be resource-intensive, which thus
limits the practical usefulness of existing algorithms over large
datasets. To mitigate this, we propose a novel Summary-bAsed
deNsest Subgraph discovery (SANS) system. Our unique summary-
based peeling algorithm forms the core of SANS. Following the peel-
ing paradigm, it utilizes summaries of each node’s neighborhood to
efficiently estimate peeling coefficients and subgraph densities at
each peeling iteration and thus avoids materializing the relational
graph completely. Through extensive experiments, we demonstrate
the efficacy and efficiency of SANS, reaching orders of magnitude
speedups compared to the conventional baselines with materializa-
tion, while consistently achieving at least 95% accuracy compared
to peeling algorithms based on materialization.

1 INTRODUCTION

Discovering dense subgraphs in a given network has broad appli-
cations in different domains such as system optimization by social
piggybacking [12], discovery of protein complexes [26, 32], infor-
mation dissemination analysis to discover filter bubbles and echo
chambers [18, 19, 21], and forms a building block of many graph
problems including reachability queries [8]. Most prior studies on
densest subgraph discovery assume that a materialized data graph
is available and accessible with low latency. However, in many
applications, the underlying network on which to discover densest
subgraphs is not explicitly available and tends to be present implic-
itly in the form of complex relationships between entities induced
by meta-paths [9, 22, 28, 35]. Materializing relational graphs, either
offline or online, can be prohibitively expensive.

Company A (anonymized for double-blinded review), one of
the leading technology enterprises, provides various online ser-
vices such as digital payment transactions and food delivery and
collects and stores relational data in heterogeneous format. To sup-
port business needs, they often perform analyses on relational
graphs derived from the heterogeneous data using meta-paths.
For example, market segmentation relies on community detection
over a relational graph induced by the “(customer)— (merchant)”,
while fraud detection over relational graphs induced by meta-path
“(customer)—(merchant) — (delivery-person)” is used to detect po-
tential collusion between delivery persons and deal-hunters. Ma-
terializing these relational graphs online can be both time and
memory-prohibitive. Specifically, our experiments reveal that re-
lational graph construction accounts for up to 99.58% of the total
time needed for discovering dense subgraphs over relational graphs.
Additionally, businesses such as market segmentation often require

on-demand analysis over different time spans to track the changes
in customer preferences, making pre-materialization across all time
spans impractical.

To this end, in this work, we address the challenge of densest
subgraph discovery (DSD) within relational graphs shaped by a
specific meta-path M, while avoiding the need to materialize them.
Our Contributions. To address these challenges, we propose a
novel system, Summary-bAsed deNsest Subgraph discovery (SANS)
for DSD. Our system distinguishes itself from prior studies by
introducing the following technical contributions.

Summary-based Peeling (Sec. 3). The core component of SANS is the

summary-based peeling algorithm. Specifically, instead of obtain-
ing the complete set of neighborhoods of each node, SANS directly
estimates densities utilizing neighborhood summaries of each node
in the relational graph, which can be constructed efficiently from
heterogeneous data sources through meta-path supervised sum-
mary propagation. This strategic approach sidesteps the extensive
resource demands typically associated with the materialization of
relational graphs. Combining with lazy maintenance of the neigh-
borhood summaries that becomes outdated due to removal of nodes
during peeling iterations, SANS showcases orders of magnitude of
superiority in terms of time and space efficiency over contemporary
methods for detecting the densest subgraph based on materialized
relational graphs.

Theoretical Results (Sec. 4). We prove that SANS provides a (2 + €)-
approximation to the corresponding DSD problem based on edge-
density metric. For triangle density, we devise a novel unbiased
estimator for the peeling coefficient, i.e., the number of triangles
containing each node and the triangle density for subgraphs gener-
ated during peeling iterations. Furthermore, our summary-based
peeling algorithm can support any density metric that can be com-
puted by the cardinality of node neighborhoods or cardinality of set
operations (union, intersection or difference supported by neigh-
borhood summaries [4]) of node neighborhoods.

Empirical Results (Sec. 5). Experiments on real-world datasets demon-
strate that the SANS system scales well to large relational graphs
where baselines fail to terminate in a reasonable time and achieves
orders of magnitude speedup in most cases over baselines, while
yielding subgraphs with at least 95% density and comparable size
to the subgraph returned by peeling algorithms based on material-
ization. We also deploy SANS for fraudulent account detection over
the heterogeneous data from company A. The results demonstrate
that SANS can identify frauds with precision over 97%.

2 PRELIMINARIES
2.1 Notations and Problem Formulation

For concreteness of exposition, we model a heterogeneous data
source as a knowledge graph (KG). Specifically, a KG is denoted
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asG =1V «E-L°, whereV andE represent the sets of nodes and
edges. An edgé 2 E connects two nodeB+E2 V . The functionL
maps each node or edgE,or 4, to its type, L1 or L14°. For
simplicity of exposition, we assume that! 4° is solely determined

by the node types of it end nodes. Nevertheless, our methods can

directly handle multiple edge types between a pair of node types.

Note that our formulation and methods are orthogonal to the format
of the heterogeneous data and can be extended to support other data

sources such as relational databases.
Meta-pathsoriginally introduced in 8, are commonly used to
extract relational graphs from KGs [9, 17, 25, 35, 37].

Definition 1 (Meta-path).  An! -hop meta-path is a sequence
of node types denotedlds = 1Gpe G+"""* G 1°G°, whereGg is
the type of thedth node. The inverse bf is denoted asl 1 =
1GG 127" B G

Although our methods support any meta-patii , following the
established conventiond] 15 35, we consider symmetric meta-
paths which induces homogeneous relational graphs. A meta-path
M is symmetric ifM =M

Definition 2 (Matching Instance). ~ Amatching instancé ofa
meta-pathM , denoted *M ,isasequence of nodBg Ee"""*E 1*E°
in G satisfying:

882f0"""eh LI =G
882f0"""s! 1g 'Erlg1° 2 E.
We us€ 1G° to denote nodgin instance' , of the node typés.

Definition 3 (Relational Graph).  For a given K&, a sym-
metric meta-pattM induces a relational graphy; = +p e m °
from G where:

+m contains all nodes M that matchG in any instance oM ;

M contains all edgek= 1D« Efor any two nodeBe« B2 +), such
that there aré¢ * M in Gwith" 'G°=Dand" 1G°=E

(a) Exemplary KGG
Figure 1: A relational graph
a symmetric meta-path M.

(b) M
v derived from a KG G using

(c) Relational graph

Example 1. Fig. 1 presents an example e-commerce KG with three

Anon.

where X%+ fiDeE2 jD2( " E2(g Intherestofthe paper, 175
we abuse the notatiof to also denote the subgraph it induces. 176

Density Metrics dt °. We de ne a density metria for a subse( r
of vertices agll(° = Fjé(jo , whereF 1( ° represents the weight of the 133
induced subgraph » %Our proposed system supports a variety of 180
density metrics, including those wheie( ° represents the number 181

f edges (edge-density)l §, number of triangles (-density) 29, 18

183
184

or more generic functions w.r.t. node degrees [31] within{ ¥
For example, we give the de nitions of edge- anddensity.

Definition 4 (Edge-density). Givenaninduced subgraph{ V&= 185

(s ¥ Yulits edge-density is de ned dst(° = J%(Jl/‘" 186
187

Definition 5 ( -density). For an induced subgraph{ %= 188
1(» » VYalits triangle-density, also denoted adensity, il (° = 189
e , Where 1(°is the number of triangles in> % 190

@] o1
The problem ofdensest subgraph discové®sD) over relational 192
graphs is formally de ned as follows. 193
194
195
196

Problem 1 (ODSD). Given a relational graph (not necessarily
materialized) and a density metdé °, nd a set of vertice6  +
such thatd!( °©is maximizedi.e(, = ar(g r+naxd1(°” 107

For example, in Fig. 1(c), the subgraph induced by the node setizj
( = fDpeDe D3 yg forms the densest subgraph with density
1'6 over the relational graph in terms of the edge-density metric.

In this work, we focus on discovering the set of nodesforming
the densest subgraph instead of returning the induced subgraph 5

¥ %aNote that after nding the set of node§ , based on appli-
cation requirements, »{ ¥can be materialized quite e ciently by
disregarding nodes outside ¢f . Exact algorithms foDSDrequire
time-consuming max- ow computations. In this work, we follow
the e cient peeling paradigm, which returns an approximated 208
densest subgraph with theoretical guarantees. 200

Peeling Coe cient i ([P. The peeling coe cient function, de- ;o

noted byi ( !IP, quanti es a node's marginal contribution to the 513
density of the induced subgraph »{ ¥lts calculation is dependent 5,

201

03
204
205
206
207

on the chosen density metric. We de rig; 1L° as follows: 213
i(IP=FY° F( nfDg° L

215

When the context is clear, we dropand denote the peeling coe -  ,;5
cient asi ‘[P for simplicity. 217

node types U (user ), A (account ), D ( device ). Sequence (U, A, pPeeling Paradigm. The peeling paradigm is a general iterative ap- 218

A, U) denotes a symmetric meta-pisth which induces the relational
graph  inFig. 1(c). Forinstance, two nddgandD; are neighbors

in 1 because there exist an instathice 1Dge Qye 3¢ 01° B° of M .
More intuitively, two usef® andD; are connected since they ever
login through the same devigg

We denote the set of neighborsbin \, asN1D°and thedegree
ofDin \ as# D = jN1DPj. Furthermore, = maxy,; # D°
denotes the maximum node degree i, . When the context is
clear, we drop the subscripfl and denote a relational graph as =
1+e ©for simplicity.

Induced Subgraph. Let =1+¢ °bearelationalgraphan@l +.
The induced subgraph of w.r.t.( isthe subgraph »>{( %= (s X %a°

proach forDSD. Given a relational graph , it begins by computing 219
the initial peeling coe cient of each node in and then obtainsa 220
sequence of subgraphs by peeling nodes iteratively. In each itera=21
tion, it peels the node with minimunpeeling coe cientupdatesthe 222
peeling coe cient for the set of nodes whose peeling coe cientis 223
in uenced by the peeling, and maintains the subgraph with largest 224
density. Finally, the subgraph of the largest density is returned. The 225
peeling coe cientis determined by the density metric to achieve 226
good approximations of the optimal. Our work adopts the peeling 227
paradigm because it can e ciently recover approximate densest 228
subgraphs with constant approximation guarantees while avoiding 229
expensive max- ow or linear programming computations required 230
by exact approaches, as discussed in the related work below. 231
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2.2 Related Work

Relational Graph Materialization. A straightforward solution of
our problem is to rst materialize the relational graph and then ex-
ecuteDSDalgorithms over it. Instead of enumerating all instances
of meta-paths, there has been a line of works on improving the e -
ciency for relational graph materialization. For example, Chatzopou-
los et al [7] proposed a method to enumerate instances of di erent
meta-paths through workload sharing. Guo et §l4] proposed the
algorithm to materialize relational graphs by boolean matrix multi-
plication, specially optimized for graphs with locally dense regions.
The generic worst-case optimal joirl[11, 24, 3( algorithm can
also be used for relational graph materialization through e cient
traversal of meta-path instances avoiding duplicate visit of nodes
in multiple meta-path instances. Our experiments (Sec. 5.2) reveal
that the materialization costs remain time-consuming and are the
bottleneck forDSDin relational graphs.

Densest Subgraph Discovery. There is a rich literature on the
problem of DSD. ExactDSD algorithms involve solving a max-
ow [ 10 13 or linear programming B] problem, which is not
scalable to large graphs. Thus, the peeling paradigm, which is e -
cient with approximation guarantees, has been widely adopted in
the literature. Charikaf6] proposed the peeling algorithm for edge-
density, which iteratively removes nodes with smallest degree and
returns the subgraph with largest edge-density generated during the
peeling iterations. Bahmani et gJ2] proposed to remove all nodes
with degree less tha2!1, n°d at each peeling iteration and prove
that this algorithm achieves a solution @1, n°-approximation.
Boob et al. §] proposed the multi-round peeling algorithm, which
obtains the densest subgraph by iteratively removing the node with
the smallest load, where the load of a node in each round is the sum
of its induced degree and its load in previous round. The peeling par-
adigm has also been extended to other density metrics. Tsourakakis
et al. 29 modeled the graph density as the number:otliques
contained in the graph and showed that the peeling algorithm of
repeatedly removing the node contained in the smallest number of
corresponding cliques achievesapproximation.

Besides, graph reduction based optimizatiot§, 34, 39 have
been explored for e cient densest subgraph discovery, which re-
stricts expensive max- ow or linear programming computations
within a subgraph containing the densest subgraph.

All these works assume that the relational graph is already materi-ig 5 multi-level graphG 1V «E ©with node seV
alized and thus cannot scale to large heterogeneous data sources OWiggq edge s@ = gy Eg whereVgis the set of nodes of tyfe

to the requirement of materializing the relational graph. Speci cally,

graph reduction-based optimizations still require relational graphs t0 hat connect nodes betwaégiandVsg 1.

be fully materialized before reduction.

Community Search over Heterogeneous Information Net-
works (HIN). Recently, several works have focused on the com-
munity search problem over HINs based on meta-paths.

Fang et al. §] proposed to reveat:s M° -core from HINs, which
is equivalent to the -core in the relational graph induced by meta-
path M . The algorithm dynamically maintains neighbors for
each node in the relational graph through meta-path instances
and removes nodes with less thameighbors iteratively. Yang et
al. [39 introduced thet:» M° -Btruss and!:» M° -Ctruss models
for community search in KGs. Thee M° -Btruss is equivalent to

Conference'l7, July 2017, Washington, DC, USA

the: -truss in the relational graph induced byl , whereast:» M° - 291
Ctruss considers the overlaps between meta-path instances ancs2
does not correspond to existing models of cohesive subgraphs in the293
relational graphs. Jiang et alL§ studied the nested meta-path core 294
1:»  °-core, which aims at nding a subgraph that ise M° -core 295
for each meta-patim 2 . 296
The above methods focus on discovering subgraphs conforming 297
to certain topological community models with strict topological 298
constraints and can overlook relevant subgraphs with complex 299
topological structures3q. Instead, our work focuses on nding 300
the subgraph optimizing the density metric, which is more exible 301
than topology-driven community search methods. 302
Strouthopoulos and Papadopoulo®7] studied the discovery 303
of : -cores in hidden networks, where the existence of any edge 304
can only be decided viaprobe operatiorHowever, this work also 305
aims to nd subgraphs that conform to the-core model. Besides, 306
their method cannot handle large relational graphs since the probe 307
operations are time-consuming enumerations of meta-paths. 308
309

3 THE SANSSYSTEM 310

SANSis motivated by the observation that only theeeling coe - sl
cientof each node and thdensitief the sequence of generated 32
subgraphs during peeling iterations, which can be computed based 3
on statistics such as degree or number of triangles within the neigh- 4
borhood rather than the exact set of neighbors for each node in the 3!°
relational graph, are required by the peeling paradigm. Speci cally, 3¢
SANSavoids relational graph materialization by constructing and 37
maintaining neighborhood summaries for each node in the rela- 38
tional graph, which are capable of peeling coe cient and subgraph 3*°
density estimation during peeling iteration©ur system further 320
provides user de ned APIs for peeling coe cient and subgraph density?*
estimation to streamline its deployment for various density metricé??
(described in Appendix A.1 due to space limit). 323

Intuitively, the neighborhood summary is a-sized subset of 3%
each node's neighbors, uniformly sampled from its complete neigh- 32°

borhood in the relational graph. 326
Summary Construction. The neighborhood of each node in s27
can be obtained by propagating nodes in thatching graph 328

Definition 6 (matching graph). Given a KGG and a meta- 33
pathM =1G*Ge"""+G 1* G, thematching graphoBVI overG 331
= 08!Vs 332

contained in any matching instanceMf and Eg consists of all edges 334

Intuitively, each path from a node iV to V| represents an
instance of the query meta-patkl . By propagating all nodes i g,
along the edges of the matching graph frop to V, , each node in
V, receives all its neighbors in .1 However, explicitly obtaining
all neighbors of each node leads to a prohibitive time complexity of
$1j+j JE j°since each node il potentially retains all the nodes
it has received and then propagates these nodes to its successors”
through the edges irG . 343

To avoid such costs, we generate a random number uniformly ***

between intervalt0-1° for each nodeE 2 +, denoteddE. To begin %
346

INote that bothV g andV, are equal to the node set of relational graph . 347
348
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with, each node irV g maintains itself and the random number gen-
erated for it. During the propagation, each nodeWy 1 propagates

Anon.

For clarity, we only present the propagation process of summary comn+
struction for nod&y. To begin with, we generate a random number4os

the nodes and random numbers it maintains to its successors and for each node i¥ g, and then propagate noded4p along with corre- 409

each node inVgwill only retain nodes corresponding to-smallest
random numbers it receives. Finally, each nod&/in will receive:
neighbors along with the corresponding random numbers forming
the summary of its neighborhood. Since the random numbers are
generated uniformly for each node in the relational graph and each
neighborhood summary contains theneighbors corresponding to
the smallest random numbers, the neighbors in the neighbor-
hood summary of a given node forms a uniformly sampled subset
of its neighborhood. Combined with the random number gener-
ated with each node, our neighborhood summary is a cardinality
sketch B, 4], which can be used to estimate a variety of peeling
coe cients for DSD. As such, we circumvent the prohibitive costs
of materializing the relational graph.

To achieve good approximation for peeling coe cients and sub-
graph densities, we perform multiplé J independent propagations
and construct di erent neighborhood summaries for each node.
Coe cients estimation. In general, our summary-based peeling
algorithm can support any density metric that can be computed by
the cardinality of node neighborhoods or cardinality of set opera-
tions (union, intersection or di erence supported by neighborhood
summaries §]) of node neighborhoods. We describe edge-density
(cardinality of node neighborhoods) and-density (intersection
of node neighborhoods) in detail as two representative metrics.
We also discuss the estimator f@rmean density 1] and density
metrics with general size functionslfg in Appendix A.2. Expecta-
tions in estimators are implemented by taking average overthe
independent summaries for each node.

Edge-densityThe peeling coe cient of nodeE i.e. its degree
# 12, and the density of subgraphgenerated during peeling itera-

tions are estimated by estimato#s*E° anddg *( © respectively B, 4]
. #“'lE)
1IpP=_" 1(o= _E2(7 =
e EX 1P Y, ! da'( 2 @
where” B denotes the -th smallest random numbeEreceives.
-density.To estimate the peeling coe cients *E°, we note that
R

1P = _D2NE ID'E, where 1DeEdenote the number of trian-
gles containing edgéD+ E and can be estimated through neighbor-
hood summaries dbandEas

~1De = 1 inNo 1 7 o]
DeE = #1P  #1D 7D Bl 1
where” 1D« E denote the: -th smallest distinct random number
among the union of random numbers receivBar E
Thus, we estimate 1B as the multiplication of degreé E° and
the average number of triangles containing an uniformly sampled
adjacent edge dt To ensure the unbiasedness of the estimator, we
divide\ summaries of each node into 3 partitions, and use each
partition to estimate# 1, 1DeEand to sample adjacent edge of
Erespectively.
i i
~1De P 1P
~1[D = #1 D2Ke o= _EX
P = #1P 2 ke d I 3 (3)
whereK g denote the set of uniformly sampled neighbors contained
in the partition of summaries for adjacent edge sampling.

sponding random numbersgin V 4. During the propagation, each 410
node in the matching graph will only keep the 2 nodes corresponding ot
the smallest random numbers it receives. Speci 8alhgceives four 412
noded Dpe D* B3 Iyg from Og and01, but it will only keep two nodes 413
with 2-smallest random numbers. When propagation has nished4
Dy in V4 receives its neighborhood summafi€ss 0"+ 1D;+0"4°g. 415
Neighborhood summaries of other nodes are constructed similarly ant
depicted in Fig. 2(b), where they are utilized for coe cients estimatiori7

Suppose the edge-density metric is considered, the peeling coe cient
of Dy is estimated a#Dy° = M:DAQ 1= 2"33 which has smallest 419
estimated degree. Thus, nBgés going to be removed in the rst 420
peeling iteration. Th? density of the current remaining subgraph i$*!

estimated aga?(0° = oo #'DP° = 183 422
423
424
425
426
427
428
429
430
431
432
Figure 2: Neighborhood summary construction (sub gure 433
(a)) and coe cient estimation (sub gure (b)) based on edge- 434
density metricand : = 2. Sub gure (a) illustrates the detailed 435
propagation for neighborhood-summary construction of Dy, 436
where elements with red strikethrough are discarded due to 437
: -size limitation. Note that the relational graph in (b) is only 438
for demonstration and not materialized in our algorithm. 439

Summary-based Peeling with Lazy Maintenance. Summary- 440
based peeling algorithm employs neighborhood summaries for 441
DSDover relational graphs e ciently without materialization. To 442
begin with, the algorithm rst constructs neighborhood summaries 443
through propagation over the matching graph. In each peeling 444
iteration, the algorithm estimates the peeling coe cients for each 445
node based on neighborhood summaries and removes the nodei4s
with minimum estimated peeling coe cients. After node peeling, 447
the algorithm estimates the density of the remained subgraph. The 448
algorithm proceeds until only one node is remained in the relational 449
graph. Finally, the subgraph generated during peeling iterations 4s0
with largest estimated density is returned. The detailed pseudo-code 451
is deferred to Appendix A.3 due to space limit. 452

During peeling iterations, nodes are iteratively removed and 453
the remaining subgraph is changed continuously. Thus, the neigh- 454
borhood summaries can become outdated. To avoid reconstructsss
neighborhood summaries at each peeling iteration, we propose a4s6
lazy summary maintenanapproach for e cient maintenance of 457
neighborhood summaries. At each peeling iteration, when a node 458
Eis peeled, we removE and the corresponding random number 459
AP from neighborhood summaries containirig Since each origi- 460
nal neighborhood summary before maintenance retains neighbors 461

Example 2. Fig. 2(a) presents a running example of neighborhoodcorresponding to the smallest random numbers, after removing 462
summary construction through propagation over the matching graph.E, it still retains the: 1 neighbors corresponding to smallest 463

4
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random numbers, which can still be used for peeling coe cient ~ Table 1: Statistics of KGs used in the experiments, where 523
and subgraph density estimation with slightly reduced accuracy. IL*V°j and jL*E°j denote the numbers of node and edge 524
We reconstruct neighborhood summaries whenever their size falls types, and jMj is the number of evaluated meta-paths. 525
below a given threshold to strike a balance between the number Dataset | jVj JEj [ JL Ve | JLIE®] | jM] 526
of reconstructions and estimation accuracy. IMDB | 21.4K| 86.6K 4 6 679 527

ACM | 10.9K| 548K 4 8 20 o8
4 THEORETICAL ANALYSIS PDEI\I;IPd :gii ;22-2& i 160 14782 529

. . . u e . .

In this sectlon,. we prove that th§AN$system baseq on pelghbor- FreeBase | 180K | 1.06M 8 36 151 530
hood summaries provides good estimators f@8Dwith di erent 531
density metrics. Speci cally, fobSDover relational graphs based 532
on edge density, we prove th&ANScan return a subgraph with 533

according to Theorem 3 since peeling coe cient estimation re- s34
quires5L° = $1:° time to nd the largest random number in  s3s
the neighborhood summary. In practice, we nd that is small 536
when optimizing the edge-density metric (see Sec. 5.2). The intu-=;z;
ition behind this is the following. The neighborhood summary of 535
Edge-density. Charikar [6] shows that by using degre# & of a node will only be updated during those peeling iterations wheq 539
each nodeE as thepeeling coe cientthe peeling algorithm, run the removed node happens to correspond_ to a random number in s.o

the neighborhood summary. For a no@avith large degree, the 543

on a materialized relational graph, can achieve a 2-approximation ! : - X
guarantee for the densest subgraph based on edge-density. We ex-UPdate of its neighborhood summary will only take place witha sz

tend Charikar's result and prove that the summary-based algorithm SMall probability: «# 1 due to its large neighborhood. On the  ss;
gives 211, n°-approximation ofDSDwith high probability (w.h.p.). other hand, for nodes with small degrees, since nodes are removeds,,
: in the ascending order of degrees, these nodes will be removed durss

constant approximated edge density compared to the optimal dens-
est subgraph. FdDSDbased on -density, we prove thaBANSpro-
vides an unbiased estimation of peeling coe cients anddensities

of subgraphs in each peeling iteration. The detailed all proofs are
deferred to Appendix A.4 due to space limit.

Theorgnlw 1. Let( denote the subgraph returned&;&rNSwE have  ing early peeling iterations and thus also do not require summary s
dst(° 2‘1‘1—(n° w.p. atleastl ?° provided = 1F log L}°. reconstruction w.h.p. 547

-density. The time complexity of triangle-densitp SDwith SANS 548
is$1 10\ OLHE j, j+j: 2, j+]logjt+jo° since peeling coe cient 549
estimation has complexit®: © = $ 1: 2. Speci cally, computing 550

-density. We note that the intersection operation required by
estimating number of triangles breaks the probabilistic bounds of
our estimators. We can nevertheless prove that the estimat&®

andd- 1(° based on neighborhood summaries are unbiased estima- the Intersection Of two summaries has complexity: ! and: inter 551
. . . sections are required sinceneighbors are sampled in the summary. ss,

tors for the peeling coe cient !E° and density of any subgraph - . .
enerated during peeling iterations We empirically observed (see Table 2 in Sec. 5.2)\thas small 553
9 gp 9 ' when optimizing triangle-density. Although nodes are removed ss4
Theorem 2. Given any subs¢t + andE2 (, we have B = in ascending order w.r.t. the number of triangles containing them  sss
E»™1PYandd 1(° = Exd (% instead of degree, we can still expect a smallin practice since 556
Further, we give the analysis over the complexity of the summary- € triangle number is positively correlated with degree. 557
based peeling algorithm for di erent density metrics. 558
559
Theorem 3. The time complexity of summary-based peeling is 5 EXPERIMENTS 560
$1 0\ OE j,j+j51 0, j+]logj+j°° and the space complexity 5.1 Experimental Setup 561

is$L\ jV j,JE j° where5®: © denotes the time complexity for
peeling coe cient estimation using neighborhood summarie$ and
denotes the total number of neighborhood summaries reconstruct
during the peeling iterations.

<]

Datasets.We conduct our experiments on ve real-world datasets 562
consisting of KGs . The statistics of the datasets are reported in 563

ble 1.IMDBs a KG about actors and directors of moviesCM 564
and DBLRre two academic KGs denoting the co-authorships be- 565

The time complexity is signi cantly in uenced by the number tween researchers through papers and publishing ventegoMed 566
of summaries constructed as well as the numbernf summaries is a biomedical KG representing the relationships between genesgse?
reconstructed due to node removals during the peeling iterations. chemicals, and diseases of di erent specieseeBaseis extracted 568
The value of\ is theoretically bounded in the worst case so that from a general-purpose KG developed by Google. 569
our method achieves approximation guarantees for edge-density Meta-path Generation. We useAnyBURL[2(] to extract a set 570
and triangle density. The value &f , which is in uenced by both of candidate meta-pathil. We set the con dence thresholdto 0.1 571

the speci ¢ structure of the relational graph as well as the density for AnyBURLand take the snapshot at ten seconds. Note that our 572
metric, is often small as indicated by our experiments. We leave the proposed approaches are orthogonal to the method for meta-path 573

theoretical study of as a future work. Functio®?®: ©is determined generation. ColumfMjin Table 1 shows the number of meta-paths 574
by the target density metric. found on each dataset. 575

We then analyze in detail the complexity of ol BANSsystem Compared Methods. To our best knowledge, no prior works have 576
when deploying it to edge-density and-density respectively. focused onDSD over unmaterializedrelational graphs. We thus 577
Edge-density. The time complexity of edge-density optimization = compare peeling algorithms implemented through cBANSsys- 578
with the SANSsystem is$ &: 1\ |\ °YE j j+j. , j+]logj+jo° tem with algorithms based on explicitly materialized relational 579
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graph. For fairness of comparison, we wanted to give the base-
lines the advantage of the most e cient materialization. We exper-
imented with various approaches for relational graph materializa-
tion including matrix multiplication [14] and Leapfrog TrieJoin3Q
(more details in Appendix A.5). We found Leapfrog TrieJoin to be
the most e cient and used it for materializing the relational graph
for the baselineg.

FlowE[13 and FlowT[23 apply the max- ow method to nd

the optimal densest subgraph given the materialized relational
graph in terms of edge-density and-density respectively.
CoreExacf39 is a core-based exact algorithm f@¥SDin terms

of edge-density.

KCCA[3§ is a counting-based approach for exd26Din terms

of -density.

PeelH 6] and PeelT[29 apply the peeling paradigm to nd the
approximate densest subgraph given a materialized relational
graph, in terms of edge-density and-density respectively.
SansEand SansTare peeling algorithms implemented through
SANSIn terms of edge-density and-density respectively.

Fang et al. §] propose to use edge- and vertex-disjoint core mod-
els for community search over meta-path induced relational graphs.
While e ective for certain meta-paths, this model is not suitable
for general meta-paths with extra node constraints due to its rigid
topological restriction. For example, iMDBit will only return
an edge/vertex-disjoing-core for 28.7% and 26.8% meta-paths dis-
covered byAnyBURLrespectively. Thus, we do not compare with
these models.

Parameter Setting. In our experiments, we set =24,: =4and
\ = 1for both SansEand SansTby default. We conduct parameter
sensitivity analysis of and\ for e ciency and e ectiveness in

Sec. 5.2 and Sec. 5.3 respectively, and choose the default valueg

of hyperparameters to ensure th&ansEand SansTreturn a sub-
graph with a density larger than 0.95 of the densities achieved by
methods based on materialized relational graphs on average across
datasets, while minimizing the time consumption. Results in Sec. 5.3
demonstrate that peeling algorithms based on GANSsystem
with default parameters can in practice yield results comparable to
materialization-based peeling methods .

Evaluation Metrics. (1) For e ciency, we report the average run-
time of each algorithm to nd the densest subgraph per meta-path.
(2) For e ectiveness, we quantify by the ratitbetween the density

of the subgraph returned by our methodS#&nsEand Sans} and

the density achieved by the corresponding materialization-based
peeling methodsReelEand Peel).

Environment. All experiments are conducted on a Linux Server
with AMD EPYC 7643 CPU and 256 GB memory running Ubuntu
20.04. All algorithms are implemented in C++ witB3optimization

and executed in a single thread. We release the source co8ANS

in an anonymous repository.

5.2 E ciency Evaluation

Time Consumption. In Table 2, we present the execution time per
meta-path for each method. We have the following observations.
First our methodsSansEand SansThased on theSANSsys-
tem are much more e cient than materialization-based methods.

2| eapfrog TrieJoin is also known to be worst-case optimal.
Shttps://anonymous.4open.science/r/SANS-CFFC/README.md

Anon.

Materialization-based methods cannot handle all experimental casessso
in reasonable timerlowEandFlowTcan only handle small datasets: 640
FlowEdoes not terminate in 24 hours except on datasétBand
ACMwhile FlowTonly completes oiMDBdue to time-consuming
global ow computations CoreExacts more e cient than FlowEas
it performs ow computation only on dense cores. Nevertheless, it
still cannot handle dataset8ubMednd FreeBasewithin 24 hours
due to time-consuming ow computations. Materialization-based
methodsKCCAandPeelTfor -density do not complete oDBLP
PubMedndFreeBasedue to the time consuming triangle counting
or enumeration operation. In contrast, our methods can handle all 649
experimental cases e cientlySansEand SansTcomplete on the 650
largest dataseFreeBasewithin 0.34 and 3.64 seconds per meta- 651
path respectively on average. Compared to materialization-basedss2
peeling methodsSansEachieves up to 53 speedup ovePeelE 653
on PubMedndFreeBase andSansTachieves up to 1063speedup 654
over PeelTon ACM 655
Secondwve can observe that methods based®ANSsystem are 656
more robust to complex density metrics than prior peeling algo- 657
rithms based on materialization, in terms of e ciency. To see this, 658
notice that forPeelEoptimizing edge-density metric, the relational 659
graph materialization stage dominates its time consumption. The 660
materialization time consistently occupies more than 85% of total es1
time of PeelEacross datasets and up to 99.58% on data€dHow- 662
ever, this ratio drops signi cantly forPeelToptimizing -density, 663
which is much more time-consuming thaReelE Speci cally, on 664
dataseACIMPeelEnds the densest subgraph based on edge-density 665
within 3.0141 seconds, whereas the corresponding metfPeelT 666
requires 743.11 seconds for nding the densest subgraph baseds?
on -density on average due to time consuming triangle enumer- 668
tion. On the other handSansTcan still nd densest subgraphs 669
ased on -density e ciently. The reason is that leveraging the 670
neighborhood summaries of limited siz8ansTcan restrict the 671
time-consuming computations of peeling coe cients and thus the 672
running time becomes less sensitive to the density metrics. 673
Overall, SANSaccelerate®SDby simultaneously avoiding the 674
high computational overhead of materialization and also expediting 675
the time-consuming peeling coe cient computation. 676
Memory Usage. Fig. 3 compares the memory usage of the ma- 677
terialized relational graph required biPeelEand PeelTwith the 678
neighborhood summaries utilized yansEand SansTFor each 679
dataset, we report the peak memory usage among all meta-pathsesso
We have the following observations. 681
First, the additional memory usage required by the neighborhood 6s2
summaries is consistently smaller than that of the materialized re- 683
lational graphs across all datasets. Furthermore, the gap betweenrss4
the memory usage of neighborhood summaries and materializedsss
relational graphs increases with the increase in the sizes of datasetsess
Speci cally, on small datasetd1DBneighborhood summaries re- 687
quires 7.7 less memory than the the materialized relational graphs, 6ss
whereas on the large datasEteeBase neighborhood summaries 689
require up to 471 less additional memory than materializing the 6%
relational graphs explicitly. The reason is that the memory usage 691
of neighborhood summaries is linear in the number of nodes in the 692
dataset, whereas the materialized relational graph can consume up69s
to the square of number of nodes in the dataset in the worst case. 694
695
696

648

a

[}
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Table 2: Runtime of di erent algorithms. For algorithms based on materialization, the returning time of each dataset is

reported. For SansEand SansT, we additionally report the speedup ratios over

PeelEand PeelT, and the number of reconstructed

summaries \ . We also report the time consumption for relational graph materialization in the last column. Cells with a dash

line denote that the method cannot be nished within 24 hours.

Metric ds d
Method FlowE CoreExact PeelE - Sansk FlowT KCCA PeelT . Sanst Materialize
Time Speedup [ \ Time Speedup| \
IMDB 0.0017s 0.0018s 0.0013s| 0.0008s| 1.53 1.24 0.1430s| 0.0570s| 0.0020s| 0.0018s| 1.10 1.24 0.0011s
ACM 31.6030s| 19.5700s | 3.0141s| 0.2400s| 12.60 4.75 - 2779.63s| 723.11s| 0.6800s| 1063 4.65 3.0014s
DBLP - 624.87s 4.8328s| 0.1554s| 31.00 10.02 - - 1.5500s - 10.48 4.7200s
PubMed - 4.5380s | 0.0850s| 53.40 5.22 1.0100s 5.20 4.4173s
FreeBase 18.0464s| 0.3400s| 53.10 8.27 3.6400s 9.32 17.4360s

Scalability test (Appendix A.5) over synthetic data generated
from TPCHenchmark demonstrate th&ANScan handle KGs with
upto 29.6M nodes.

Figure 3: Memory consumption of relational graphs mate-
rialized in PeelE/PeelT, and neighborhood summaries con-
structed in SansHSansT.

Parameter Analysis. We further study the in uence of the neigh-
borhood summary parametersand\ over the e ciency of our
algorithms. Fig. 4(a)-4(e) reports the running time®dnsBvhile
varying: and\ across datasets. We can observe that with the in-
crease of , the running time ofSansEdecreases monotonically
across all datasets excepCMnd PubMedon which the time of
SansErst decreases when is varied from 8 to 12 (resp. 16) and
then increases (resp. slightly increases) with further increase.of
The reason is that with the increase of the number of neighbor-
hood summaries to be reconstructed decreases and thus makes
the algorithm less time-consuming (detail in Appendix A.5). How-
ever, when the value reaches a break point (e.g.,12 onACM
andj 16 onPubMeq the time for neighborhood summaries con-
struction and peeling coe cient estimation based on neighborhood
summaries becomes the dominant factor and thus the running time
starts to increase with . For the other datasets, it is conceivable
that the break point will be reached at larger values.afi.e.,; | 24

On the other hand, with the increase df the running time of
SansHEncreases signi cantly. The reason is that the larger valué of
increases the time for summary construction and peeling coe cient
estimation and increases the number of summaries reconstructed
\' during the peeling iterations.

Fig. 4(f) 4(j) reports the running time oBansTwhile varying:
and\ across datasets. The running time $&nsTincreases mono-
tonically with : across datasets excelpteeBase The reason is that
the time needed for peeling coe cient computation for-density
metric is in uenced by: more signi cantly. As discussed in Sec. 4,
the time complexity of metho®ansTis$ : 2 due to the estimation
of triangles containing each node, compared wih: 2° for SansE
Thus, the cost for peeling coe cient estimation starts to dominate
the running time of SansTeven for relatively small values of and
it only increases with the increase of.

Due to the space limit, we leave the experiments for varying
parameter. and asymptotic analysis d&f to our Appendix A.5.

5.3 E ective Evaluation

7
For gauging e ectiveness, we compare the density of the subgraph

returned bySansHresp.Sans7 with that returned byPeelEresp.
PeelT), the materialization based peeling algorithm. Fig. 5 reports
the average rati®between the edge-density of subgraph returned
by SansEand the edge-density of subgraph returned BgelEacross
datasets while varying parametersand\ .

We rst observe that the valud\increases monotonically with
both: and\ across all datasets and approacHesvhich is consis-
tent with Theorem 1 thatSansEprovides al2 | n°-approximation
to the DSDproblem based on edge-densitly.

Furthermore, the e ectiveness @ansHs a ected by the sum-
mary size: more signi cantly than by the number of summarids
Thus, in order to achieve better e ectiveness, users may prefer to
increase the summary sizeinstead of increasing the number of
summaries . For example, ifFreeBase increasing from 8to 16
xing \ =1, boostdMrom 90% to 95%, whereas increasingom
4t0 8, xing : = 8, boostaMrom 95% to 97%. Following this ob-
servation, we choose the default values:of 24and\ = 1, which
ensures thaSansEachievedV; 95%across all datasets. F&ansT
we only compare the e ectiveness @ansTwith PeelTon IMDB
and ACMhe two datasets on whiclPeelT nishes in reasonable
time. We nd that SansTreturns subgraphs corresponding to/sof
99.65% and 95.7% BADBand ACNespectively.

Overall, by setting the default value of = 24and\ = 1, both

SansEandSansTare able to achieve 95%-approximation to the den-
sity of the subgraphs returned by the corresponding materialization-

based peeling methods. Further, our experiments in Appendix A.5
reveal thatSansEand SansTreturn densest subgraphs with sizes
comparable to those returned tReelEand PeelT

5.4 Case Study

To further gauge the e ectiveness dbANSover real-world ap-
plications, we applySansEand SansTon heterogeneous data ob-
tained from our anonymous industrial collaborator company A. We
obtain three di erent types of nodes account ), merchan(' ),
devicé ) and two types of edges accountmerchant (order),
account device (login ). We choose the meta-path (accouht)
(device) which induces a relational graph connecting two accounts
if they login through the same device. Such a relational graph tends
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to form dense subgraphs containing fraudulent accounts. For eachsos

account in the dataset, it contains a ground-truth label denoting
whether this account is a fraudster. In scenarios such as arti cially
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Figure 4: E ciency analysis of SansEand SansTvarying :

and\ . Sub gures (a)-(e) reports the running time of
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Figure 5: E ectiveness analysis of SansEwith varying parameters : and\ (Share legend with Fig. 4). 896

in ating a merchant's ranking and visibility through bulk order-

ing, fraudsters typically create numerous accounts to post positive
reviews. These fraudulent actions often lead to the creation of a
signi cant number of accounts, each logging in once, which results

in a sparse representation in the heterogeneous graph, making

many fraudulent accounts undetectable BSD applied on the

heterogeneous graph directly. However, as long as these accounts
are connected through shared devices, they will form dense sub-

graphs on the relational graph, thus nding the densest subgraph
on the relational graph is more promising for nding the fraudulent
accounts.

Figure 6 illustrates the fraudulent community identi ed by our
methodSansHEFig. 6(a)) and a normal community (Fig. 6(b)) formed
through device sharing between family members. TraditioR8D
methods cannot distinguish the fraudulent community from the
normal one within the heterogeneous graph. Speci cally, the nor-
mal community has density 1.875 in the original heterogeneous
data (Fig. 6(b) left), which is even larger than the density of fraud-
ulent community (Fig. 6(a) left). On the other hand, by nding
the communities on the relational graphs induced by (account)
I (device), the density of the fraudulent community (Fig. 6(a)
right) increases to 38.05, which is signi cantly larger than the cor-
responding density of the normal community (Fig. 6(b) right). Of
the 135accounts agged bysansE132are genuinely fraudulent ac-
counts, with3 being normal accounts (false positives), resulting in
a precision 097'8% Similarly, the -density-based metho&ansT
identi es the same fraudulent community aSansE along with
an additional component comprisingfraudulent accounts, thus
achieving a slightly higher precision &386%

897
898
899
900
901
902
903
904
905
906
907
908
909
910
911
912
913
914
6 CONCLUSION 915
In this paper we introduceSANS a materialization-free system for 916
DSDover relational graphs. Our system, grounded in themmary- 917
based peelingpproach, facilitates e cient estimation of peeling 918
coe cients and subgraph density during peeling iterations directly 919
from heterogeneous data sources. We establish tRANScan 920
achieve constant approximation guarantees f@6Dbased on both 921
edge- and -density. Extensive experiments show that peeling al- 922
gorithm based on th&ANSsystem are signi cantly more e cient 923
than baselines across various datasets based on both edge- ang4
-density, while returning subgraphs whose density is over 95% 925
that of the subgraphs found by traditional materialization-based 926
peeling algorithms. 927
928

Figure 6: Fraudulent community returned by  SansE(Sub g-
ure (a)) and a normal community (Sub gure (b)).
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