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ABSTRACT

Optimization under heavy-tailed noise has become popular recently, since it bet-
ter fits many modern machine learning tasks, as captured by empirical observa-
tions. Concretely, instead of a finite second moment on gradient noise, a bounded
p-th moment where p € (1,2] has been recognized to be more realistic (say be-
ing upper bounded by of for some o; > 0). A simple yet effective operation,
gradient clipping, is known to handle this new challenge successfully. Specif-
ically, Clipped Stochastic Gradient Descent (Clipped SGD) guarantees a high-
probability rate O(o ln(l/d)T%ﬂ) (resp. O(o? 1n2(1/5)T%72)) for nonsmooth
convex (resp. strongly convex) problems, where 6 € (0, 1] is the failure proba-
bility and T' € N is the time horizon. In this work, we provide a refined anal-

_ L
ysis for Clipped SGD and offer two faster rates, O(o(d, 4 In'~¥ (1/6)T%71)

1
and O(o?d g lnz_%(l /0T %_2), than the aforementioned best results, where
deg > 1 is a quantity we call the generalized effective dimension. Our analysis
improves upon the existing approach on two sides: better utilization of Freedman’s
inequality and finer bounds for clipping error under heavy-tailed noise. In addi-
tion, we extend the refined analysis to the convergence in expectation and obtain
new rates that break the known lower bounds.

1 INTRODUCTION

In first-order methods for stochastic optimization, one can only query an unbiased though noisy
gradient and then implement a gradient descent step, which is known as Stochastic Gradient De-
scent (SGD) (Robbins & Monrol |1951). Under the widely assumed finite variance condition, i.e.,
the gradient nois has a finite second moment, the in-expectation convergence of SGD has been
substantially studied (Bottou et al., [2018; [Lanl 2020).

However, many recent empirical observations suggest that the finite variance assumption might be
too strong and could be violated in different tasks (Simsekli et al., 2019} Zhang et al.| 2020} Zhou
et al., 2020; |Garg et al., [2021} |Gurbuzbalaban et al.,|2021; [Hodgkinson & Mahoney, 2021} Battash
et al., [2024)). Instead, a bounded p-th moment condition where p € (1, 2] (say with an upper bound
o for some o > 0) better fits modern machine learning, which is named heavy-tailed noise. Facing
this new challenge, SGD has been proved to fail in convergence (Zhang et al., [2020). Therefore,
an algorithmic change is necessary. A simple yet effective operation, gradient clipping, is known
to handle this harder situation successfully with both favorable practical performance and provable
theoretical guarantees (see, e.g., Pascanu et al. (2013)); Zhang et al.|(2020)). The clipping mechanism
replaces the stochastic gradient g; in every iterate of SGD with its truncated counterpart clip,., (g:).

resulting a method known as Clipped SGD, where 7; is called the clipping threshold and clip, (g) =
min {1, 7/|gl } g is the clipping function.

Specifically, for nonsmooth convex (resp. strongly convex) optimization, Clipped SGD achieves a
high-probability rate O (e In(1/6)T% | resp. O(o? In?(1/6)T' ~2)) (Liu & Zhoul 2023), where

I"This refers to the difference between the stochastic estimate and the true gradient.
>When stating rates in this section, we only keep the dominant term when 7" — oo and § — 0 for simplicity.
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d € (0,1] is the failure probability and 7' € N is the time horizon. These two results seem to be
optimal as they match the existing in-expectation lower bounds (Nemirovski & Yudin, |1983}; [Vural
et al.,|2022; |Zhang et al., 2020), if viewing the poly(In(1/4)) term as a constant. However, a recent

1
advance (Das et al., 2024) established a better rate O(od 4" +/In(In(7")/9)/T') for general convex
problems when p = 2, where 1 < dog < d is known as the effective dimension (also named intrinsic
dimension (Tropp, [2015)) and d is the true dimension. This reveals that the in-expectation lower
bound does not necessarily apply to the term containing poly(In(1/§)). More importantly, such a
result hints that a general improvement may exist for all p € (1, 2].

This work confirms that a general improvement does exist by providing a refined analysis for Clipped
_ L
SGD. Concretely, we offer two faster rates, O(od g" In'~% (1/6)T %71) for general convex prob-

lems with a known 7" and O(o?d, ¢ In>~% (1/ 5)T%_2) for strongly convex problems with an un-
known T, improved upon the aforementioned best results, where 1 < deg < O(d) is a quantity that
we call the generalized effective dimensiorﬂ Moreover, we devise an algorithmic variant of Clipped
SGD named Stabilized Clipped SGD that achieves the same rateE] for convex objectives listed above
in an anytime fashion, i.e., no extra poly(In T") factor even without 7.

We highlight that our analysis improves upon the existing approach on two sides: 1. We observe a
better way to apply Freedman’s inequality when analyzing Clipped SGD, which leads to a provably
tighter concentration. Remarkably, our approach is fairly simple in contrast to the previous complex
iterative refinement strategy (Das et al.| 2024). 2. We establish finer bounds for clipping error under
heavy-tailed noise, which is another essential ingredient in the analysis for Clipped SGD when the
noise has a heavy tail. We believe both of these new insights could be of independent interest and
potentially useful for future research.

Furthermore, equipped with the new finer bounds for clipping error, we extend the analysis to in-
2
expectation convergence and obtain two new rates, O(od, g ** T'» 1) for general convex objectives

_2-p
and O(o?d g " T b ~2) for strongly convex problems. Notably, once p < 2, these two rates are both

faster by a poly(1/deg) factor than the known optimal lower bounds Q(a;Té_l) and Q(J[QT%_2)
in the corresponding setting (Nemirovski & Yudin, [1983;|Vural et al.| 2022} Zhang et al., 2020).

1.1 RELATED WORK

We review the literature that studies nonsmooth (strongly) convex optimization under heavy-tailed
noise. For other different settings, e.g., smooth (strongly) convex or smooth/nonsmooth nonconvex
problems under heavy-tailed noise, the interested reader could refer to, for example, Nazin et al.
(2019); |Davis & Drusvyatskiy| (2020); |Gorbunov et al.| (2020); Mai & Johansson| (2021)); |Cutkosky
& Mehta) (2021); Wang et al.| (2021); [Tsai et al.| (2022); |[Holland| (2022); [Jakoveti¢ et al.[ (2023);
Sadiev et al.|(2023)); [L1iu et al.| (2023)); Nguyen et al.| (2023); |Puchkin et al.| (2024); |Gorbunov et al.
(2024b); |Liu et al.|(2024);|Sun et al.| (2024); Liu & Zhou|(2025);/Armacki et al.|(2025);[Hubler et al.
(2025)); |He et al.| (2025), for recent progress.

High-probability rates. If p = 2, |Gorbunov et al| (2024a) proves the first O(o+/In(7/6)/T)

(resp. O(o? In(T'/8)/T)) high-probability rate for nonsmooth convex (resp. strongly convex) prob-
lems under standard assumptions. If additionally assuming a bounded domain, an improved rate

O(o14/In(1/8)/T) for convex objectives is obtained by [Parletta et al.| (2024). Still for convex

problems, Das et al.| (2024) recently gives the first refined bound O(ald;cé In(In(7")/6)/T) but
additionally requiring 7" > (In(In d)), where deg (resp. d) is the effective (resp. true) dimension,
satisfying 1 < deg < d. For general p € (1, 2], Zhang & Cutkosky|(2022) studies the harder online

convex optimization, whose result implies a rate O(opoly(In(7/ 5))T%_1) for heavy-tailed con-
vex optimization. Later on, [Liu & Zhou| (2023) establishes two bounds, O(oyIn(1/ 5)T%71) and
O(o2In*(1/ 5)T%_2), for convex and strongly convex problems, respectively. These two rates are

3We use the same notation to denote the effective dimension and the generalized version proposed by us,
since our new quantity can recover the previous one when p = 2. See discussion after (1)) for details.
*To clarify, “the same rate” refers to the same lower-order term. The full bound is slightly different.
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the best-known results for general p € (1, 2] and have been recognized as optimal since they match
the in-expectation lower bounds (see below), if viewing the poly(In(1/§)) term as a constant.

In-expectation rates. Note that the in-expectation rates for p = 2 are not worth much attention as
they are standard results (Bottou et al.| 2018} [Lan, 2020). As for general p € (1, 2], many existing

works prove the rates O(U[T%d) and O(afT%72) (Zhang et al., 2020; [Vural et al., 2022; Liu &
Zhoul, 2023} [2024; |Parletta et al.| 2025} |[Fatkhullin et al., 2025; |Liul [2025)).

Lower bounds. The high-probability lower bounds are not fully explored in the literature. To the
best of our knowledge, there are only few results for the general convex case and no lower bounds
for the strongly convex case. Therefore, the following discussion is only for convex problems. For

p = 2, |Carmon & Hinder (2024) shows a lower bound Q(c/In(1/6)/T). However, it is only
proved for d = 1 (or at most d = 4). As such, it cannot reveal useful information for the case that d
should also be viewed as a parameter (if more accurately, d.g). In other words, it does not contradict
our new refined upper bound. For general p € (1, 2], Raginsky & Rakhlin| (2009) is the only work
that we are aware of. However, as far as we can check, only the time horizon 7' is in the right order

of Q(T% ~1). For other parameters, they are either hidden or not tight.

Next, we summarize the in-expectation lower bounds. For convex problems, it is known that any
first-order method cannot do better than Q(J[T% B 1) (Nemirovski & Yudin,|1983;|Vural et al.,[2022).

If strong convexity additionally holds, Zhang et al. (2020) establishes the lower bound Q(O‘[QT% 72).
In Section[6} we will discuss why we can obtain faster rates that break these two lower bounds.

2 PRELIMINARY

Notation. N is the set of natural numbers (excluding 0). We denote by [T] = {1,--- ,T},VT € N.
(-, -) represents the standard Euclidean inner product. ||x|| is the Euclidean norm of the vector x and
|| X]| is the operator norm of the matrix X. Tr(X) is the trace of a square matrix X. S?~! stands for
the unit sphere in RY. Given a convex function h : R? — R, VA (x) denotes an arbitrary element in
Oh(x) where Oh(x) is the subgradient set of h at x.

We study the composite optimization problem in the form of

inf F(x) £ 7(x) +r(x),

where X C R¢ is a nonempty closed convex set. Our analysis relies on the following assumptions.
Assumption 1. There exists x, € X such that F,, £ F(x,) = infycx F(x).

Assumption 2. Both f : R? — R and r : R* — R are convex. In addition, 7 is ji-strongly convex
on X for some > 0, i.e., v(x) > r(y) + (Vr(y),x —y) + 5§ [[x — ylI?,vxy e X.

Vix)| <G vxeX

Assumption 3. f is G-Lipschitz on X, i.e.,

The above assumptions are standard in the literature (Bottou et al.,|2018}; Nesterov et al.,[2018}; |[Lan,
2020). Next, we consider a fine-grained heavy-tailed noise assumption, the key to obtaining refined
convergence for Clipped SGD.

Assumption 4. There exists a function g : X x Z — R? and a probability distribution D on Z such
that E¢op [g(x, )] = Vf(x),Vx € X. In addition, for some p € (1,2], we have

Ecp [[{e,g(x,6) = VI(x))I’] <of, Eewp[lg(x.&) -~ VI®)F] <of, ¥xeXees',

1
P

where o5 and oy are two constants satisfying 0 < o, < oy < (7/2) Vdos.
Remark 1. In the remaining paper, if the context is clear, we drop the subscript £ ~ D in E¢up to
ease the notation. Moreover, d(x, &) £ g(x, ) — V f(x) denotes the error in estimating the gradient.
Remark 2. Tt is noteworthy that Assumption [ actually implicitly exists in prior works for heavy-
tailed stochastic optimization, since Cauchy-Schwarz inequality gives us

E [|(e,d(x, £))"] <E[llel” [d(x, &[] = E [|d(x,6)["] ,¥x € X,e € S,

In other words, once the condition E [||d(x, &)[|"] < of,Vx € X is assumed like in prior works,
there must exist a real number 0 < o < oy such that E [|(e, d(x,£))["] < o}, vx € X,e € 771,
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Remark 3. The reason we can assume oy < (W/Z)%\/gcrs is that E [[|d(x, §)||"] < gd% o? holds
provided E [|(e, d(x,€))|"] < of,Ve € S9!, due to Lemma 4.1 in Cherapanamjeri et al{(2022).

Now we define the following quantity named generalized effective dimension (where we use the
convention 0 = 0/0),

degt 2 02/0% € {0} U [1, (77/2)%d] = O(d), (1)

in which deg = 0 if and only if o0y = o5 = 0, i.e., the noiseless case. As discussed later, this
definition recovers the effective dimension used in |Das et al.[(2024) when p = 2.

To better understand Assumption[d] we first take p = 2. Note that a finite second moment of d(x, £)

implies the covariance matrix X(x) £ E [d(x,&)d " (x,€)] € R**?is well defined. As such, we

can interpret oy and o5 as 07 = supycx Tr(X(x)) and 02 = supycx [|[X(x)]. In particular, if

Y(x) <X X, ¥x € X for some positive semidefinite ¥ as assumed in Das et al.|(2024), then one can
directly take 02 = Tr(X) and 02 = ||%||, which also recovers the effective dimension defined as
Tr(Z)/|2 in Das et al.[(2024).

For general p € (1, 2], as discussed in Remark one can view Assumptionas a finer version of the
classical heavy-tailed noise condition, the latter omits the existence of 0. Therefore, Assumption E]
describes the behavior of noise more precisely. Such refinement was only introduced to the classical
mean estimation problem (Cherapanamyjeri et al., [2022)) as far as we know, and hence is new to the
optimization literature.

3 CLIPPED STOCHASTIC GRADIENT DESCENT

Algorithm 1 Clipped Stochastic Gradient Descent (Clipped SGD)

Input: initial point x; € X, stepsize 1; > 0, clipping threshold 7, > 0
fort =1to 7T do
g¢ = clip,, (g:) where g; = g(x¢,&;) and §; ~ D is sampled independently from the history

2
. X—X
X¢41 = argming cx7(x) + (g7, x) + e I 277;“
end for

We present the main method studied in this work, Clipped Stochastic Gradient Descent (Clipped
SGD), in Algorithm[I} Strictly speaking, the algorithm should be called Proximal Clipped SGD
as it contains a proximal update step. However, we drop the word “Proximal” for simplicity. We
remark that Clipped SGD with a proximal step has not been fully studied yet and is different from the
Prox-Clipped-SGD-Shift method introduced in |Gorbunov et al.[(2024b), the only work considering
composite optimization under heavy-tailed noise that we are aware of.

In comparison to the classical Proximal SGD, Algorithm [I|only contains an extra clipping operation
on the stochastic gradient. As pointed out in prior works (e.g., [Sadiev et al.| (2023)), the additional
clipping step is the key to proving the high-probability convergence.

4 REFINED HIGH-PROBABILITY RATES

In this section, we will establish refined high-probability convergence results for Clipped SGD. To
simplify the notation in the upcoming theorems, we denote by D £ ||x, — x| the distance between
the optimal solution and the initial point. Moreover, given § € (0, 1], we introduce the quantity

oooP ! o2 ’
7, = | min{ = , 5 , 2
’ ( { I3 TP <2 ()

which is an important value used in the clipping threshold. Recall that deg = 0/02 , then 7, can
be equivalently written into

Ty = a[/¢i/p where ¢, £ max{ deg In §7deﬁ?]l p< 2]} ) 3)

4
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4.1 GENERAL CONVEX CASE

We start from the general convex case (i.e., ¢ = 0 in Assumption . ¢ & L Ethl X¢41 in the
following denotes the average iterate after 1" steps. To clarify, 7 is assumed to be known in advance
in this subsection. Though Clipped SGD can provably handle an unknown time horizon 7, it is well-
known to incur extra poly(InT) factors (Liu & Zhou, 2023). To deal with this issue, we propose
a variant of Clipped SGD named Stabilized Clipped SGD in Appendix [C} which incorporates the
stabilization trick introduced by [Fang et al.| (2022). As an example, Theorem [7] in Appendix [E]
shows that Stabilized Clipped SGD converges at an almost identical rate to Theorem [I]below, but in
an anytime fashion without incurring any poly(In T") factor.

Theorem 1. Under Assumptions|[I| 2| (with 1 = 0), Bland{] for any T € N and 6 € (0,1], setting
Ne = Nuy Tt = max{2G,T*T% ,Vt € [T] where 1, is a properly picked stepsize (explicated

in Theorem [6)), then Clipped SGD (Algorithm [I)) guarantees that with probability at least 1 — 4,
F(x77F,) — Fy converges in the rate of

2 _ 1 1

. P 2 _2 1 1 1
(¢+In2)GD (O'[; G'"3 +G)D (02 ‘7[2 " tod Ull "In'"® 3)D
T JT T ’

where ¢ < ¢, is a constant (explicated in Theorem@) and equals ¢, when T = ) (S—; *).

o

To better understand Theorem [T} we first consider a special case of p = 2 (i.e., the classical finite

. . . . V. 1 G VosoIn(3))D
variance condition) and obtain a rate being at most O <( de““%ln(‘*)GD + (Gtort ;;[ n(z)) )

In comparison, the previous best high-probability bound in the finite variance setting proved by Das
Videri+2) In(i5T o1+ (01 +G) In(BT)
et al. (2024) is O (CT + (Vdetrto, ) In(757)GD + (Groct “(\/[;G)l Sor: ))D>,butunder an extra

T

requirement 7’ > Q(In(In d)), where C is a term in the order of O(7~2) but will blow up to +00
when the variance approaches 0. As one can see, even in this special case, our result immediately
improves upon Das et al.| (2024) from the following three folds: 1. Our theory works for any time
horizon 7" € N. 2. Our bound is strictly better than theirs by shaving off many redundant terms.
Especially, the dependence on ¢ is only In(1/4) in contrast to their In((InT") /8). 3. Our rate will not
blow up when o — 0 (equivalently, o, — 0) and instead recover the standard O(G'D/v/T) result
for deterministic nonsmooth convex optimization (Nesterov et al., [2018]).

GDln%
VT

dominant term is O(o(D ln(l/é)T%fl) as T becomes larger. In comparison, using deg = 07 /02,

U[Dln%

+ —
T »

Next, the prior best result for p € (1,2] is O ( ) (Liu & Zhou, [2023)), whose

11 1
the lower-order term in Theorem |l| can be written as O(o(D(d2; * + d 5" Inl~» (1/5))T%_1).
Therefore, Theorem [1|improves upon [Liu & Zhou! (2023)) for large 7" by a factor of

1 1 1
A2 P 4+ d P v L 1 1
s Gt _Flen M TF) _ g _ (4)
P It 25 T
5 47 Wl dFInv

1
B

Remark 4. Especially, when deg = Q(d), p could be in the order of ©(poly(1/d,1/1In(1/4))). We

provide an example in Appendix [A|showing that deg = ©(d) is attainable.

For general T' € N, note that O(GD In(1/6)/T + last two terms) in Theorem|I|are always smaller
than the rate of |Liu & Zhou| (2023) due to o, < oy and O(JI%GP%) < O(or + G) by Young’s
inequality. Therefore, we only need to pay attention to the redundant term O(¢GD/T). Observe
that a critical time could be T, = ©(¢2) = O(deg In*(1/6) + d251 [p < 2] Once T > T,, we
can ignore O(¢GD/T) as it is at most O(G'D/+/T) now. It is currently unknown whether the term
O(¢GD/T) is inevitable or can be removed to obtain a better bound than [Liu & Zhou] (2023)) for

any 7' € N. We remark that similar additional terms also appear in the refined rate for p = 2 by Das
et al.| (2024) as discussed before.

3 Actually, any T, that makes O(¢GD/T) in Theorem (1| smaller than the sum of the terms left is enough.
Hence, it is possible to find a smaller critical time. We keep this one here due to its clear expression.
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4.2 STRONGLY CONVEX CASE

We now move to the strongly convex case (i.e., 4 > 0 in Assumption . 5(3‘511 =

oy (t+4) (¢ 45) %041
i=1 (tH4)(t+5)

general convex case, we do not need to know 7" in advance to remove the extra poly(ln T") factor.

Theorem 2. Under Assumptions [Z] (with . > 0), and forany T € Nand 6 € (0,1], setting
N = %, Ty = max {2G7 T*t%} ,Vt € [T, then Clipped SGD (Algorithm guarantees that with

in the following denotes the weighted average iterate after T" steps. Unlike the

probability at least 1 — 0, both F(X5%, ) — F, and ju ||xp41 — x,||? converge in the rate of

4 _ _4 2 _2
uD? I (¢? + In? 3)G? N (of + ol In)G2P + G2 N ol 20? Py 0[2 b n2-

T3 pI? wT uT?> % ’

-11M]

3
O )

where ¢ < ¢, is the same constant as in Theoremand equals ¢, when'T' = Q) (f—: *>.
[

Remark 5. The problem studied in prior works (e.g., [Liu & Zhou(2023)); |Gorbunov et al.|(2024a))
considers strongly convex and Lipschitz f with r = 0, which seems different from our assumption
of strongly convex r. However, a simple reduction can convert their instance to fit our setting.
Moreover, the first term O(pD?/T3) in Theorem can also be omitted in that case (as we will do
so in the following discussion). We refer the interested reader to Appendix [B]for the reduction and
why the term O(puD?/T?) can be ignored.

2 21 2 2— 21
o (OIWETG%;”H 6) (Liu & Zhoul
2023)) for general p € (1,2]. For the special case p = 2, the rate of |Liu & Zhou| (2023)) is almost
identical to the bound of |Gorbunov et al.| (2024a); moreover, as far as we know, no improved result
like Das et al.|(2024) has been obtained to give a better bound for the term containing poly (In(1/4)).
Similar to the discussion after Theorem [I] one can find that for large 7', the improvement over [Liu

& Zhou| (2023) is at least by a factor of

1 1 11
oot ) ol ()
dg Wl dilnvl off I

To save space, we only compare with the rate O (

For general T € N, every term in Theorem [2]is still better except for O(¢2G?/(uT?)). However,
this extra term has no effect once T > T}, = ©(¢2) = O(deg In*(1/5) + d?;1 [p < 2]), the same
critical time for Theorem [I] (a similar discussion to Footnote [5|also applies here), since it is at most
O(G?/(uT)) now, being dominated by other terms. Same as before, it is unclear whether this
redundant term O(¢?G? /(1 T?)) can be shaved off to conclude a faster rate for any 7' € N or not.
We leave it as future work and look forward to it being addressed.

5 PROOF SKETCH AND NEW INSIGHTS

In this section, we sketch the proof of Theorem [I]as an example and introduce our new insights in
the analysis. To start with, given T € N and suppose 7 = 7, 7w = 7,Vt € [T] for simplicity, we
have the following inequality for Clipped SGD (see Lemma 4] in Appendix [F), which holds almost
surely without any restriction on 7,

2
F(x7%) - F < " + 2177, where 177" is a residual term in the order of

t 2o T 2
157 =0 | n | max (Z(d};,ys>> +ledk‘ll2+<2||d?||) TET 6
s=1 t=1 t=1
-

I II II1



Under review as a conference paper at ICLR 2026

in which d! £ g¢ — E,_; [gf] and d} = E;_; [g§] — V f(x;) respectively denote the unbiased and
biased part in the clipping error, where E; [-] £ E[- | F] for F; = o(&1,- - - , &) being the natural
filtration, and y; is some predictable vector (i.e., y; € F;_1) satisfying ||y;|| < 1 almost surely.

The term 77G2T in I77* is standard. Hence, the left task is to bound terms I, II and III in high
probability. In particular, for I and III, we will move beyond the existing approach via a refined
analysis. To formalize the difference, we borrow the following bounds for clipping error commonly
used in the literature (see, e.g.,|[Sadiev et al.|(2023); [Liu & Zhou|(2023); Nguyen et al.|(2023))):

if T>2G if 7>2G

lall < O), Ee [Iagl?] ST 0w, a7 S 0@t ©

Term I. Note that X; = (d},y;) is a martingale difference sequence (MDS), then Freed-
man’s inequality (Lemma in Appendix B) implies with probability at least 1 — §, VI <
O(maxyeir) | X¢|In(1/0) + \/23:1 E;_1 [X?]In(1/6)) (this inequality is for illustration, not en-
tirely rigorous in math). To the best of our knowledge, prior works studying Clipped SGD under
heavy-tailed noise always bound similar terms in the following manner

lyell<1 ® lyell<1 ® B
|Xt| < ”dtu” < O(T) and E;_; [XI?] < Ei |:||dtuH2:| < O(O'r7'2 p)'

However, a critical observation is that the above-described widely adopted way is very likely to be
loose, as the conditional variance can be better controlled by

llysll<1

B [X2] =y B [dPd)) ] ye < |E:—1 [d}(d})T] |-

Note that ||E,—; [d}(d}) "] || is at most E;_; [||d}l|ﬂ but could be much smaller. Inspired by this,

we develop a new bound for ||E;_; [d}(d}!)"]|| in Lemma|l| Consequently, this better utilization
of Freedman’s inequality concludes a tighter high-probability bound for term I.

Actually, this simple but effective idea has been implicitly used in |Das et al.|[(2024) when p = 2.
However, their proof finally falls complex due to an argument they call the iterative refinement
strategy, which not only imposes extra undesired factors like In((In7")/§) in their final bound but
also leads to an additional requirement 7' > (In(In d)) in their theory. Our analysis indicates that
such a complication is unnecessary, instead, one can keep it simple.

Term II. For this term, we follow the same way employed in many previous works (e.g.,|Cutkosky
& Mehtal (2021); Zhang & Cutkosky| (2022)), i.e., let X; 2 [|d¥||* — E,_, [||dg\ﬂ and decompose

@
Zthl [dp|® < O(Zthl X; + ol 727PT) then use Freedman’s inequality to bound Zthl X;.
Remark 6. Although the above analysis follows the literature, we still obtain a refined inequality for

E; 1 [Hdﬂﬂ in Lemrna in the sense of dropping the condition 7 > 2@ required in (H)

Term III. Estimating the clipping error HdEH is another key ingredient when analyzing Clipped
SGD. As far as we know, all existing works apply the inequality [|df|| < O(o]7!~P) in (6). How-
ever, we show that this important inequality still has room for improvement. In other words, it is in
fact not tight, as revealed by our finer bounds in Lemmam Thus, our result is more refined.

From the above discussion, in addition to better utilization of Freedman’s inequality, the improve-
ment heavily relies on finer bounds for clipping error under heavy-tailed noise, which we give in the
following Lemmal|T]

Lemma 1. Under Assumptions[3|and[| and assuming 7, = T > 0, there are:

u u/quy T fr22G p_2—p p2_—p
7]l < O(r), [[Bea [di(d) ]| < O3> P + 07 GErY),
ifr>2G
B [14))°] < 0(t727), [[db]] " < 0o} 7' 4 ot Gr ).

Remark 7. We highlight that Theorem [5|in Appendix [D]provides a further generalization of clipping
error bounds under heavy-tailed noise not limited to clipped gradient methods (even without the
requirement in the form of 7 > 2(@), which could be potentially useful for future research.
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Except for the standard bound ||d}'|| < O(r), the other three inequalities in Lemma [1] are either
new or improve over the existing results. 1. The bound on ||E;—; [d}'(d}) T]|| is new in the heavy-
tailed setting. Importantly, observe that O(c}727F + o7 G?77F) < O(of727F) due to 05 < 0y
and 7 > 2@, which thereby leads to a tighter high-probability bound for term I in combination with
our better application of Freedman’s inequality (see the paragraph before starting with Term L.). 2.
Forterm E;_4 {de ||2} , in contrast to , Lemma |l{removes the condition 7 > 2G. Moreover, the
hidden constant in our lemma is actually slightly better. 3. As mentioned above (see the paragraph
before starting with Term IIL.), the bound of Hd?” is another key to obtaining a refined result.
Precisely, we note that the new bound O(oso" ' 717 4 o G7~?) improves upon O(cF71~") in
@) because of o, < oy and 7 > 2. Therefore, Lemma guarantees a better control for term ITI.

Combining all the new insights mentioned, we can finally prove Theorem[I] As one can imagine,
the analysis sketched above is essentially more refined than previous works, since we apply tighter
bounds for the two central parts in analyzing Clipped SGD, i.e., concentration inequalities and esti-
mation of clipping error. To confirm this claim, we discuss how to recover the existing rate through
our finer analysis, the details of which are deferred to Appendix [E]

Lastly, we mention that Theorem [2] for strongly convex problems is also inspired by the above two
new insights. The full proofs of both Theorems[T]and 2] can be found in Appendix [E]

6 EXTENSION TO FASTER IN-EXPECTATION CONVERGENCE

In this section, we show that Lemma [I] presented before can also lead to faster in-expectation con-
vergence for Clipped SGD, further highlighting the value of refined clipping error bounds. Proofs
of both theorems given below can be found in Appendix [E]

This time, we consider a new quantity 7, = o2l® / (0[2/ P~ [p < 2]) for the clipping threshold.

Recall that deg = 07 /o2, then 7, can be equivalently written into
7o =o01/ot/P where ¢, 2 deglp < 2. 7)

Remark 8. Whenp = 2, o, = 0 = 7, = 400, i.e., no clipping operation is required. This matches
the well-known fact that SGD provably converges in expectation under the finite variance condition.

6.1 GENERAL CONVEX CASE

Theorem 3. Under Assumptions|[l| 2| (with u = 0), Bland [ for any T € N, setting ny = 1, 7¢ =
max {QG , ?*T%} ,Vt € [T] where n), is a properly picked stepsize (explicated in Theorem E , then
Clipped SGD (Algorithm guarantees that E [F (x$5) — F*] converges in the rate of

P 2 _ _2
©GD N (02 G'"% + G)D N of 10[ "D

@ ;
T VT T =%

where ¢ < @, is a constant (explicated in Theorem@) and equals @, whenT' = () (f—;gp*).

11
Theorem [3| gives a better lower-order term O(o(d’; * DT%A) (recall deg = o7 /02) than the
existing lower bound Q (o DT %_1) (Nemirovski & Yudin, 1983} |Vural et al., |2022) by a factor of

2-p
©(1/d. g ), a strict improvement being polynomial in 1/deg, if p € (1,2). For the case of an
unknown 7', the interested reader could refer to Theorem[9]in Appendix [E}

Why can we beat the lower bound? The key is due to our fine-grained Assumptiond Roughly

speaking, the existing lower bound Q(a[DT% 71) is proved for the following function class (ignoring
other assumptions for simplicity),

§h, = 1{/:3&.Elg(x, &)=V (x),E [llg(x,€) — VF(x)|’] <of,vx € X},
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where p € (1,2] and oy > 0 are two parameters. In contrast, the function class we study is parame-

terized by one more parameter o € [(2 /) Fd= b0y, O’[i| as follows,

325,0.={f¢3g,E[g(X,§)]=Vf(X)7Ewe (8(x,6) — <’)‘)2] ot vXeXees“}.

E [llg(x, &) - Vi) ] <of
Note that there is §5_, C &5 , implying the lower bound proved for §} could be loose for F?

Therefore, our Theorem E] (and also Theorem [J)) can surpass the existing lower bound.

0s,0("

6.2 STRONGLY CONVEX CASE

Theorem 4. Under Assumptions (with i > 0), Bl and [ for any T € N, setting n; =

%,Tt = maX{QG,ﬁt%} ,Vt € [T, then Clipped SGD (Algorithm guarantees that both

E [F(x5%,) — F.] and pE {HXT+1 - x*\ﬂ converge in the rate of

4_9 4y 4
2 272 P 2—p 2 g P
0 ,uD3 +<,0G2+0[G +d L0 0[2 7
T wr uT w5

where ¢ < @, is the same constant as in Theoremland equals ¢, whenT' = () ( . <p*),

Theorem IZI provides a faster rate O(o ?deﬁ ; T7_2) than the known lower bound Q(U?T%_Q)

(Zhang et al., [2020) by a factor of ©(1/d ¢ e ), this is again a strict improvement once p < 2,
and could be in the order of poly(1/d) if deff = Q(d).

Why can we beat the lower bound? The discussion for the general convex case before still applies
here, but there is another simple explanation, that is, the hard instance constructed by [Zhang et al.
(2020) in proving the lower bound is for d = 1, implying that oy = o5. In other words, for the

. 2_ .
function class §%_, where o, # oy, the lower bound Q(o 77" %) does not necessarily hold.

7 CONCLUSION AND FUTURE WORK

In this work, we provide refined analysis for Clipped SGD and obtain faster high-probability rates
than the previously best-known bounds. The improvement is achieved by better utilization of Freed-
man’s inequality and finer bounds for clipping error under heavy-tailed noise. Moreover, we extend
the analysis to in-expectation convergence and show new rates that break the existing lower bounds.

There are still some directions worth exploring in the future, which we list below:

The extra term. Each of our refined rates has a higher-order term related to deg (e.g., O(¢GD/T')
in Theorem [1| and O(¢?G?/(T?)) in Theorem [2)). Although it is negligible when T is large,
proving/disproving it can be removed for any 7' € N could be an interesting task.

Minimax lower bounds for 5% . As discussed in Section |6} the reason that we can prove faster
rates than existing lower bounds is by considering a fine-grained function class §}_, . Though we
provide new upper bounds for optimizing f € % _,, , the minimax lower bounds remain unclear.
Importantly, as reflected by Das et al.| (2024) and our results, one should treat high-probability and
in-expectation convergence separately and establish corresponding minimax lower bounds, which is
critical, but always omitted in the optimization communityﬂ Especially, the dependence on deg =
o2 /0?2 is an important focus when proving the lower bound.

Other optimization problems. We remark that our two new insights are not limited to nonsmooth
convex problems. Instead, they are general concepts/results. Therefore, we believe that it is possi-
ble to apply them to other optimization problems under heavy-tailed noise (e.g., smooth (strongly)
convex/nonconvex problems) and obtain improved upper bounds faster than existing ones.

8 As far as we know, even for p = 2, the high-probability lower bound for § [2,5 .o 18 unknown in the literature.
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Reproducibility Statement. We include the full proofs of all theorems in the appendix.
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A AN EXAMPLE FOR deg = (d)

Here, we give a concrete example showing dog = §2(d) (even in the light tail regime), where d > 2
(the case of d = 1 is trivial) is the true dimension. For simplicity, let g(x,£) = V f(x) + &, i.e., the
additive noise model, where each coordinate of ¢ is independent of each other. Now consider:

* & =N(0,1),Vi € [d — 1], where N/(0, 1) is the standard Gaussian distribution.

* &, can be any centered random variable that has a fintie p-th moment.

— The light-tailed case: for example, it can also be N'(0, 1).

— The heavy-tailed case: for example, ¢, is a centered Pareto distribution with a shape
parameter 1 < a < 2. In this case, E [|£4]"] < 400 if and only if p < a.

Next, let us lower bound d.g. In the following, we denote by X7 the chi-squared distribution with
the freedom k and C' £ E [|£4]*] (C could be thought of as a constant).

_ p/2 (@)
+ We have o = E[[l¢]"] > E {(Zf_fﬁ) ] _E[(g)"?] = 2t

1-p/2
2p/2 (41 )p/2 (flﬁ) = Q(dP/?), where T'(z) denotes the Gamma function and (a)

is by Loty > 4y T V>0 1] due to Gautschi’s inequali
Y T T r+1 , v > 0,y € [O, ] ue to Gautschi's imnequality.
» We have, for any e € S,

P d—1

> e2N(0,1) + eata

=1

Qg

E [|(e, )] Zela +eqt

i=1

(c)

<E[Wo 0+l <1+c

where (b) holds because Z?;ll e;§; equals to Zf 11 e?N(0,1) in distribution and (c) is
by Cauchy-Shwarz inequality and [le|| = 1. So o} = supgega1 E [|(e,&)[P] <14 C.

As such we can find de = 02 /02 > (W) = Q(d). This means that in both the light-tailed
regime and the heavy-tailed regime, deg can be in the same order of the true dimension d.

As also discussed at the end of Section [2] one can set p = 2 to gain some intuition. In this case,
deg = Tr(X)/ |||, where X is the covariance matrix for the noise. In other words, if different
eigenvalues of X are in the same order, then dog could be as large as Q(d).

B REDUCTION FOR STRONGLY CONVEX PROBLEMS

We provide the reduction mentioned in Remark [5] Recall that existing works assume f being ji-
strongly convex and G-Lipschitz with a minimizer x, on X. Now we consider the following problem
instance to fit our problem structure

F(X):f(X)**IIX yI*+5 IIX yl* = f(x),

2f(x) 2r(x)

where y can be any known point in X. For example, one can set y = x; to be the initial point. Next,
we show that F’ fulfills all assumptions in Section 2}

* F on X has the same optimal solution x, as f and hence satisfies Assumption I}

» Note that f is convex (since f is y-strongly convex) and r is u-strongly convex, which fits
Assumption 2]
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* Moreover, because f is p-strongly convex and G-Lipschitz with a minimizer x, € X, a
well-know fact is that X has to be bounded, since for any x € X,

B =l < ) — F000) = (V)% — ) < F00) = Fx2)
< (V) x —x) S [VIF)Ix — x| < Gllx =%
2G
W
Then we can calculate Vf(x) = Vf(x) — u(x —y),Vx € X and find HVf H

=[x = x|

IN

®)

IV + pllx — x4l + o ||ly — %4]| < 5G,Vx € X, meaning that Assumption |3 holds
under the parameter 5G

* In addition, suppose we have a first-order oracle g(x, ) for V f satisfying Assumption

Then g(x, &) £ g(x,€) — u(x — y) is a first-order oracle for f satisfying Assumption |4
with same parameters p, o5 and oy.

Therefore, any instance in existing works can be transferred to fit our problem structure. More-

over, for such an instance, we have D = |[x; — x| < QITG implying that the first term

O (l‘TD32) in Theorem E is at most O ( %), which can be further bounded by the thrid term
3 2—

o ((a;’+a§ lan)G P4+G ) SoO(

Remark 9. The above reduction does not hold in the reverse direction. This is because, as one can

see, the domain X in prior works has to be bounded (due to ( .) which is however not necessary

under our problem structure. For example, X in our problem can take R?, which cannot be true for

previous works in contrast. In other words, the problem studied in our paper is strictly more general.

) in Theoremlcan be omitted if compared with prior works.

C ALGORITHMIC VARIANT: STABILIZED CLIPPED STOCHASTIC GRADIENT
DESCENT

Algorithm 2 Stabilized Clipped Stochastic Gradient Descent (Stabilized Clipped SGD)

Input: initial point x; € X, stepsize 1; > 0, clipping threshold 7, > 0
fort =1to 7T do
gi = clip,, (g:) where g; = g(x¢,&;) and §; ~ D is sampled independently from the history

l[x—x. (e /mep1 =D [x=x1 >
> + 2m + 2n¢

Xy41 = argming cx7(x) + (g7,
end for

In this section, we propose Stabilized Clipped Stochastic Gradient Descent (Stabilized Clipped
SGD) in Algorithm 2] an algorithmic variant of Clipped SGD to deal with the undesired poly(In T')
factor appearing in the anytime convergence rate of Clipped SGD for general convex functions.

(e /Mey1— 1)Hx x?

Compared to Clipped SGD, the only difference is an extra term injected into
the update rule, which is borrowed from the dual stabilization technlque introduced by |[Fang et al.

(2022). The stabilization trick was originally induced to make Online Mirror Descent (Nemirovski
& Yudin, |1983; |Warmuth et al., {1997} |Beck & Teboulle, 2003) achieve an anytime optimal (’)(\/T)
regret on unbounded domains without knowing 7T'. For how it works and the intuition behind this
mechanism, we kindly refer the reader to Fang et al.| (2022) for details. Inspired by its anytime
optimality, we incorporate it with Clipped SGD here and will show that this stabilized modification
also works well under heavy-tailed noise. Precisely, assuming all problem-dependent parameters
are known but not 7', we prove in Theorem [/| that Stabilized Clipped SGD converges at an anytime
rate almost identical (though slightly different) to the bound for Clipped SGD given in Theorem
that requires a known 7" in contrast.

Lastly, we remark that when the stepsize 7, is constant, Stabilized Clipped SGD and Clipped SGD
degenerate to the same algorithm. Therefore, Theorems |1| and (3| can directly apply to Stabilized
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Clipped SGD as well. For the same reason and also to save space, we will only analyze Stabilized
Clipped SGD when studying general convex functions.

D FINER BOUNDS FOR CLIPPING ERROR UNDER HEAVY-TAILED NOISE

In this section, we study the clipping error under heavy-tailed noise, whose finer bounds are critical
in the analysis. Moreover, instead of limiting to clipped gradient methods, we will study a more
general setting as in the following Theorem [5| which may benefit broader research. In Appendix [F}
we apply this general result to prove clipping error bounds specialized for clipped gradient methods
in Lemma[2] which is the full statement of Lemmal[]

Theorem 5. Given a o-algebra F and two random vectors g,f € R%, suppose they satisfy
E[g | F] = £ and, for some p € (1,2] and two constants os,0( > 0,
Ellg—fI" | F] <of, E[(e,g—f)|" | F| <of, Veesi 9)

Moreover, we assume there exists another random vector g € R? that is independent from g con-
ditioning on F and satisfies that g§ | F equals g | F in distribution. For any 0 < 7 € F,
let g¢ = clip.(g) = min{l,@}g, d* £ g¢ —E[g¢| F], d®* & E[g°| F| — f, and
x(a) 2 1[(1—a)r > ||f||],Ya € (0,1), then there are:

1. ||av| < 2r.

2. E [||du||2 | }‘] < doPr2.

3 e fav @ ]| < gt agel®
e

s lab=v2 (a}“‘l + ||f||"’1) o' P +2 (o + ||F]7) 1£] 7P
6. Hde x(a) < Usafflrl_p + ool ||| TP

Before proving Theorem [5] we discuss one point here. As one can see, we require the existence
of a random vector g§ € R satisfying a certain condition. This technical assumption is mild as
it can hold automatically in many cases. For example, if F is the trivial sigma algebra, then we
can set g as an independent copy of g. For clipped gradient methods under Assumption[d} suppose
F = Fio1, 8 = g(x¢,&) and £ = Vf(x;), then we can set § = g(xy, &+1), where we recall
Fio1=0(&, -+ ,&—1) and & to €41 are sampled from D independently.

Proof. Inspired by |Das et al.| (2024), we denote by h £ min {1, @} € [0, 1]. Under this notation,

we have
g° = clip,(g) = hg. (10)

We first give two useful properties of h.

* For any ¢ > 0, we have

[ el sl
—= ||qu [HgH = T] — 7"1 [”g” = T] ~ Tq s
which implies
q
1_h§infM. an
¢>0 T4
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¢ We can also observe

lgll =7 lgll =7
l—h= Llgl = 7] < = —1[lg] = 7]

Igll
g — £l + [Ifl — 7
< el = 7],
p
which implies
g — £l + Ifll =7 || H
(1 - hx(a) < T gl 2
llg — £l HH |m £
< >T>
< Bl |gf <imf B @, a2

M} implies the event

—Qx

where the last step is by noticing that the event {H gll>7>
{ > Afll lg —£]| > on'}, thereby leading to, for any ¢ > 1,

11—’

_f f —f f
=ty g 272 | < BBty sy WL g gy > ar
T 11—« l-a

.
—f||? f

e 1" > I g > o]
11—«

IN

ad—1ra -

_ q
s
- aq_qu

x(a@).

For g, we use g° to denote the clipped version of g under the same clipping threshold 7, i.e.,
g¢ 2 clip. (g) = min {1, H%II} g. By our assumption on g, the following results hold

Elg®| Fl=E[g°| F]=E[g°| F,g], (13)
Ellg—fI" | F]=E[lg—f£|" | F] <a}. (14)

We first prove inequalities for d".

* Inequality[I] Note that ||g°|| < 7, implying ||d"|| = ||g® — E [g° | F]|| < 27.

* Inequality 2] We observe that
E[la) | 7] =E|le ~Ele | FI* | 7] B E[IEge — &° | 7.gll | 7]
LE[le g | F] < P (lg gl | F) (15)
< (r B [lg— gl | 7] € dobrir,

where (a) is by the convexity of ||-|* and the tower property, (b) holds because clip,, is a
nonexpansive mapping, and (c) follows by when p > 1

_ _ _ O, @
lg—gll” <2*~' (lg—fII" + g —£II") = E[lg —gl’ | 7] 2%ay.
The third and fourth inequalities are more technical. Let e € S?-1 be a unit vector, we know
e'E[d" (") | F]e=El(e,a") | F] =E[l(e.g°~E[g° | FII* | F|].  (16)

We will bound this term in two approaches.
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On the one hand, we have
E le.g° ~Elg° | FI)* | 7]
=E [l(e,g° — O)I* | F| —E [|(e.f —E[g° | F)I* | 7|

<E [lte.g°~ ) | F] @ E[l(e,ng — )7 | 7]

=E [|h(e.g — £) = (1—h) (e, D)” | F| <E[nl{e.g = )+ (1—h) (e, f) | F
<E |hl(e,g — £)* + (1 - W) IfI* | 7], (17)

where the last step is by |(e, f)| < ||e| ||f|| = ||f|| and 1 — A > 0. By Cauchy-Schwarz inequality
again,

2- 2 2 p P21 o 2-
(e, g = £ < llg — £1I"" < (llgll + IE1)"" < llgl™" + £
2 - 2— 2—p NSl<p 2- 2
= hl(e,g = )P <K |hg|TTP A IEITTP < gl (IE]
© el 4 117 < 270 4 e
which implies
_ - &) _ _
E[nle.g— 0 | 7] < (77 + 1677 E lle.g = ) | F] S 022 o2 £*7. (18)
Combine (16), (17) and (18} to obtain for any unit vector e € S,
eE [d"(a")" | F|e <ot 4 ok |If]* P+ [P E[L~ k| F]

= | [ @) | F] || < o2r2 e 4+ o 1P + I8P EL - | F]. (19)

On the other hand, we can follow a similar way of proving (I3)) to show
E|le,g° ~Elg° | FIII* | F| = (27)*°E [|(e.&° — )" | ]
<47* PE[|(e,g" — )" | F]. (20)
Similar to (T7), there is
E[[(e,g° —)[" | F] <E[h|(e,g — )] + (1~ h)[If|" | F]

E[[(e,g — £)" + (1 —h) II” | F]

ING |/\‘Z

ot +|EIPEL ~h|F]. 1)
Combine , and |i to obtain for any unit vector e € Sd-1,
e'E [d“ COM f] e <4087 4 472 P |fPE[L — h | F]

= H]E [du COM f} H < 4oPTEP L 4r2 P EPE[L — b | F. 22)

Recall by our definition x(0) = 1 [ > ||f||], we then denote by y(0) = 1 — x(0) = 1 [ < ||f||].
Therefore,

[ e @71 ] x@ 2 (o2 4 o2 i1 4 117 E - | ) x(0)

p<2
< (20272 ISP EDL — b | F]) x(0),
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and

HE [du @ | f] H 202 (4027279 4 4727P |I£|PE[1 — h | F]) %(0)

p<2
< (402> + Al E[L - b | F]) %(0),
which together imply
H]E @ (@)" | 7] H < 40P72P L 4|E|PEL - h | F). (23)

Now we are ready to prove inequalities [3|and [4]

* Inequality 3] We use (23) to know
HIE [a @) | 7] H < 40P72P L 4 |E|PE[L - h | F)
< 40?7 P 44 f)7.
* Inequality ] By (12), we have
lg — £I1°
(1=h)x(a) < WX(Q)

lg — £1°

a)eF
B ab—1rp

SB[ —h| Fx@) LT E[(1 - h)x() | F]<E (@) | F

p p
@ ol x(a) < _ O
— ab—lrp — p-1lgp°

Now we use (23) to know
[ @)™ 1 7] ) < a0272 Pxta) + 4 I B[~ 1] F]xta)
< 40P 4l PP P R
Finally, we prove the last two inequalities related to d. Still let e represent a unit vector in R%, then
by the definition of dP,
(e.d") @ (e Elhg| 7]~ ) —E[(h - 1) (e.8) | 7
=E[(h-1)(e,g—1) | Fl—(e,f) E[l = h | F]

(%)E[(l—h)Ke,g—f)\ | FI+ IFIE[L = A [ F]

C(sa-me 1 F]) et inEn-n F

=) < (B[a-ms | 7)) P o IHIEL -1 A, e

where (d) is by h < 1 and — (e, f) < |le|| ||f|| = ||f||, and (e) is by Holder’s inequality and (9).
. Inequality Noticing that ﬁ >1land 1 — h <1, we then have
p op—1 _f p Talks
p @ el 27 (= 1+ 1)
T

TP

(1—h)FT <1- :
which implies
@ 2! (of +|I£I)

TP

nz[a_h)ﬁm] <E[l-h|F

Combine (24) and the above inequality to have

p—1 (b p 1_% p—1 (b p
Hde < (2 (‘7[ + [I£]| )) oo+ |If] 2 (‘7[ + [|£]] )

TP TP

p<2 —
< VR I our' P 2 (oF + 1) N 7
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« Inequality 6] Recall that x(c) € {0,1} € F, which implies

] x@) € (& (1= mx(@)7 | F]) " o0+ I - hx(a) | F]

1 >1

"< (B[ = h)x(0) | F]) TP o+ [ E[(1 = h)x(a) | F]
3 P -5 _rP

(e {”gﬂ,f”m 7)) oerieie [ B @ 1 F
()

<

(0 a[ =4 Ozlfpaf (1]l 7'7") x(a)
o

s07 Lrl=p L ol P g TP

IN

E FULL THEOREMS AND PROOFS

In this section, we provide the full description of each theorem given in the main paper with the
proof. Besides, we also present new anytime convergence of Stabilized Clipped SGD. All interme-
diate results used in the analysis are deferred to be proved in Appendix [

Before starting, we recall that D = ||x, — x1|| denotes the distance between the optimal solution
and the initial point.

For high-probability convergence, as proposed in (2)), one repeatedly used quantity in the clipping

threshold is
1
p—1 2 N
7, = | min 050[3 5 s , (25)
n§ oy Pllp<2

where § € (0, 1] is the failure probability, p € (1,2] and 0 < o, < oy are introduced in Assumption
@ Another useful value mentioned before in (3)) is

Ox = max{\/ off ln ydeg 1 [p < 2]} (26)

where deg = 0 /02 is called generalized effective dimension defined in (1)) satisfying

degr € {0} U [1, (77/2)2/%] : 7)

in which deg = 0 if and only if oy = o, = 0, i.e., the noiseless case. Lastly, it is noteworthy that the
following equation always holds

b =2t (28)

For in-expectation convergence, we will consider a larger quantity in the clipping threshold as men-
tioned in Section[d]:

2
~ od
= (29)
of [p < 2]
We also recall
Or = degl [p < 2. (30)
Note that there is
of
Tx
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E.1 GENERAL CONVEX CASE

We provide different convergence rates for general convex objectives. Recall that X7, stands for
the average iterate after 7 steps, i.e.,

XS, = Z Xi41- (32)

Moreover, note that Clipped SGD and Stabilized Clipped SGD are the same when the stepsize is
constant, as mentioned in Appendix [C] Hence, everything in this subsection is proved based on the
analysis for Stabilized Clipped SGD.

E.1.1 HIGH-PROBABILITY CONVERGENCE

Known T'. We begin with the situation where the time horizon 7" is known in advance. Theorem [6]
below shows the refined high-probability rate for Clipped SGD.

Theorem 6 (Full statement of Theorem|[I). Under Assumptions [} 2] (with . = 0), BlandH] for any
7. Tv } ,Vt € [T] where o = 1/2,

g) T

and ¢ < ¢y is a constant defined in and equals ¢, when T = ) ( G—SQS*), then Clipped SGD
[

(z;lgorithm guarantees that with probability at least 1 — 6, F(X3Y,) — Fy converges in the rate
0

T € Nand § € (0,1), setting ny = 14, 7+ = max

1(x’

D/G D/G D

3 ’
o+In3" JoP/Gr 1) T (05_10[2_”—1—05 o

7% = min

(33)

v\»a
o=

Int~

P
(¢ +1In2)GD . (UfGl’% +G) D

o
T VT T1=%

Remark 10. There are two points we want to emphasize:

First, the choice @« = 1/2 is not essential and can be changed to any « € (0, 1), only resulting
in a different hidden constant in the O notation. In the proof, we try to keep « until the very last
step. Moreover, we would like to mention that a small o may lead to better practical performance as
suggested in Remark 2 of |Parletta et al.| (2025)).

Second, these rates are presented while assuming the knowledge of all problem-dependent parame-
ters, as ubiquitously done in the optimization literature. However, not all problem-dependent param-
eters are necessary if one only wants to ensure the convergence. For example, in the above Theorem

taking 7, = min {%ﬁ %} .7, = max {QG, TT%} 'Vt € [T] where \,7 > 0 (like Theorem 3

m|Liu & Zhou|(2023))) is sufficient to prove that Clipped SGD converges. Therefore, when proving
these theorems, we also try to keep a general version of the stepsize scheduling and the clipping
threshold until the very last step.

Proof. First, a constant stepsize fulfills the requirement of Lemmad] In addition, our choices of 7,
and 7 also satisfy Conditions || I and |2 I (with « = 1/2) in Lemmal 6] Therefore, given 7' € N and
§ € (0, 1], Lemmas 4 Iand@together yield with probability at least 1 — 4,

Jx = x| D?
+ ) F(x F, < + 2A9F
21741 Z 1) Nr+1 r
D2 2Acvx
= F(XYF F, < —— 4+ =L (34)
(x7i%) - nr1 T T
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where ATY* is a constant in the order of

T p—1 p
93 0507 4/ ol G,/
O | man7?n %Za[nm ’°+<Z AL m) +202 . (39)

p—1.P
Y t=1 =1 t ar- Ty

Our left task is to bound AY*. When n; = 1,7 = 7,Vt € [T] where n > O and 7 > == (as
required by Condition [2]in Lemma 6], we can simplify (33)) into

3 2 2p—2 2pG2
A= 0 (77 (TQ In? S of T 4 T 1 ST GPT ) | G6)

T72p—2 a?p—27—2p

. 1 . .
One more step, under changing 7 to max {&, 7T } (the second 7 is only required to be nonneg-
ative) and using p < 2, we can further write (36) into

1 _ o)26p 2p ~2—28p G21n2 3 py2—p
AT* =0 (n (ﬁeinf (1= )70, "G 7264 7 19 +<<U‘G +G2>

0,1/2]  a2P—272(1-6)p (1—a)? 1—a)2r

3 _ 0202;3 2 2

+n <72 In® < ofr? P =g | T 37

where the first term appears due to for any § € [0,1/2],

2 2 2p 2
U[PGZ ) U[sz 2 _ (1 _ a)Qﬁpa[sz 2B8p TQB
a2pP—272p = 2p2 ( G )2/313 ( Tl 2(1-B)p a2r—272(1-B)p
a™  \1-a T ")

Now, we plug 7 = 7, (see .) into ( to have, under 77 = max { 1Ga , T*T% } ,Vt € [T,

2 42 G21n? 3 P2p
ACTV"=<9<77<G¢+ n5+( S T)

QQP*Q (1 _ 0[)2 (1 o 04)271:‘
4_ _4 2 2 i R
o (Uﬁp G ;) T")v (38)
where the first term is obtained by noticing
280 PP G2 2 (1-B)p 2
(1—a)?re?G BPTQBZ G . (1—a)ﬂp0[ (ﬂ)ﬁpTﬁ
a2p=277 (1 B)p a2p—2 7-*(175)" a
2
® & — )PP 1—ﬂ(ﬂ>ﬁp 3
- a2p—2 (]' O[) ¢* G T s
implying
_ )28 ;2P (22-28p 9,2
(L= )PeG 26 o GO
B€[0,1/2] azpszf(l—B)p = 22
in which ; Ny
P =
N inf 1— By 1 1-p (i) T,B < .. 39
P e <@ (39)

B
Moreover, there is ¢ = ¢, when (1 — a)® (%) (%) >leT> % _q (%qb*).

= (1-a)¥oy :
By (34), (38) and o = 1/2, we can find
D? n (¢* +1n* 2) G?
nT T

F(x§%,) — F, <O ( n (o G*P + G?)
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Plug in 7 = 7, (see (33)) to conclude that F/(X§Y,) — F\ converges in the rate of

» 2_1 9_2 1 11 1-13
(¢p+1In2 >GD+(J‘2GIS+G)D+<U; o "4oso "ln p5>D

o
T VT T1=%

Recover the existing rate in [Liu & Zhou| (2023). Remarkably, our above analysis is essentially
tighter than [Liu & Zhou| (2023)). To see this claim, we bound AS* in the following way (take the
same o = 1/2 as in|Liu & Zhou|(2023) for a fair comparison):

2 2p—2 PG
A%VXO<n<721112§+0f72‘“T+00[ 1?4+ DT 4 T ))

2 p 2p 2p
A <O A3y ”‘T+ 5T+ ) <o 23 "‘ ST?
n d n 5T

where the second step is due to > T < a;p T? + 1 (by AM-GM inequality) and 1 < In* 2. Lastly,
we replace 7 with max {2G, TTv } given in Theorem 3 of |Liu & Zhou/(2023) to obtain

cvx )‘2 2 3 0_[213
AT = O <n <1H g + QP .

Combine with to finally have

7-2p 2
(a) 3 o202P 72 o®
27,2 p_2— [ 2 [ 2 2
< (9(7)(7’ In SJra[T PT + 33 T +T2p_2T +G°T
2P

@O< (7’ lng—ka[ 2pT—|— T2—|—G2 ))
where (a) is by 7 > £ = 2G and (b) holds due to 0 < 0. Under the choice of
7 = min {%ﬁ % used in Theorem 3 of [Liu & Zhoul(2023)), we have

D24 X (03 + 47
F 7'2’J
nT ’

F(x77)-F. <0

which is the same rate as given in [Liu & Zhou| (2023) (see their equation (7)), implying that our
analysis is indeed more refined than |Liu & Zhou| (2023).

Unknown 7. We move to the case of unknown 7. Theorem [/]in the following gives the anytime
high-probability rate for Stabilized Clipped SGD.

Theorem 7. Under Assumptions E](with w=20) and forany T € Nand ¢ € (0,1], setting
7; = min {'y*, %, A b7 = max { 1Ga,7'*tv } ,Vt € [T)] where o« = 1/2,
Tt P

D/G D/G D
’y* = 3 77* = 7'3 N )\* = N (40)
+1n7 Vol /GrP+1 oF o252P—2
Guthn t1ng ' ¢M§+é+2h

and 1, = 1+ In ¢,, then Stabilized Clipped SGD (Algorithm guarantees that with probability at
least 1 — 0, F'(X37Y,) — Fi converges in the rate of

£ P
(puth +In2)GD N <0[2 G'7e + G) D
T VT %

o
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Proof. By the same argument for (34) in the proof of Theorem 6] we have with probability at least
1-94,

D2 2 ACvX
F (xS F* S 4 T ; (41)
(x751) — o T
where A% is a constant in the order of
2
T p—1 T p T
23 050 ol G
0 | manrtnd Y opnrte s | S BT S AG ] S,
telr] 0 = =1 Tt e t=
—_———— N
I 1 1T v 4
(42)
When 7; = min {’y, T 20 V.7 = max {ﬁ’ Tt%} ,Vt € [T] for nonnegative ~, n, A and 7,
TP

we can bound the above five terms as follows.

e Term I. We have

max 7,72 In? §<maX LGQ—{— (Tt;) 1n23
te[T) Tt d ~tem \ (1 —a)2 1t )

yG? YG?In* £ 3\ .1
< _— ] — - .
_?elf%((la) + ATtw ) 5 O<(1a) + A7 ln? 5 T (43)
» Term II. For any ¢ € [T, we have

9_p P2 G*~* 1\2-p nGQ’p )\
NeTy < 7(1 — o)y + (Ttp) < ’

which implies

T Pey2—p
S otnri <0 <(”U‘G VT 4 29 Tw) . (44)

o) 1
P 1 a) P Th—
 Term II1. For any ¢ € [T, we have

Vi vzt VM (1t tv) VA

T et (re ot
which implies
T ~1
ZUEUFW‘F < f”‘j"l T | . (45)
t=1 Tt T

* Term IV. For any § € [0, 1], we have

I e P 2 g e
PRCEE ZU R (OL{UJTP (V) w(@T)), (46)

=1 Ty ab—1 Ttv

where

(47)

e Term V. We have

szGQntstzfj”\[ O (nG*VT) . (48)
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We plug @3), (@4), @3), @6) and @) back into @2) to know
G2 By2(B,T) G?*In?3 PG2—p
Ag}/x SO ('Y (U[ (71/’7) 1/) (5; ) 4 n B _’_77 ((10[ . + GZ) \/T

a2p—272p (1—a)? )2

23 Uf 020[2’3 2 1
+)\ Tln 7+7'p71+ﬁ Tp ,VBG[OJ]

]

Combine the above result with 7, = min {77 Vi A } and to obtain

1
tP

2 P G? B2(8,T G?In? 2 2 oPG2P
DT+7([ (n/1)°¢*(B.T) 5> %+ ((1 a)2F+G2>

a2P—272p (1—a)?

F CVX F <
(X771) — i <O T 7T
20_2;: 2
D +)\(T1n2 (3) + = + I )
P VB € [0,1]. (49)
p

Finally, we conclude after plugging in 7 = 7o, ¥ = V%, 7 = 7%, A = A, (see and ), a=1/2,
and the following fact:

B
inf -, <n> w2(8,1) L LIC s (6P 2(8,T)

56[071] PY* - ¢*,(/)* 56[0,1]
D/G B 12 _ 2
< Dby (d’*w*) (2 (ﬂ*,T) where (3, = —— {1n (¢*w*) ) 2}
@ Ql;/wG e’ (14 2max {In (1) ,2})2
D/G 9 9 ) (D/G )
= . 1 * 1 * = S Wi )
O(qﬁ*lb* (1+n¢+nw) O 5 P
where the last step is by In v, < 24/4,, 1+ In? ¢, < Y2 (since ¥, = 1 + In ¢, and ¢, > 1), and
e > 1. O

We first compare Theorem [7] with our Theorem [} As one can see, the only difference is the term
¢ versus the term ¢, 1), the former of which satisfies ¢ < ¢,. This change should be expected

as the precise value of ¢ depends on T (see (39)). Moreover, recall that ¢ = ¢, once T' exceeds

Q (S—j *> . Hence, roughly speaking, the only loss in Theorem |7|is an extra multiplicative term 1)y,
[

which never grows with 7" and is in the order of

1+ 1ng, @ 1+1In (max{\/deffh’lg,deff]l [p < 2]}) )

This positive result, i.e., no extra poly(In T') term, is due to the stabilization technique, as discussed
in Appendix [C]

Without considering the extra stabilized step, following a similar analysis glven in Append1x|£|1ater

one can show that for any general stepsize 7; and any clipping threshold 7, > , Clipped SGD
guarantees with probability at least 1 — § (assuming that 7, is nonincreasing for 51mphclty)
D2 Acvx
POGT) - Fo< (=t ) (50)
nrT

where ASV* is in the order of

3 2 ) 00}3 77t O’FGT]t ’ I 9 9
0 (et 4 Yo v (Yo A 3 O 5z s
t t=1

t=1 t=1 t=1
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As a sanity check, when 1, = 1,7, = 7,Vt € [T], A$¥™ /1 coincides with ASY* given in (36). If T
is unknown, even ignoring all other terms and only focusing on ZZ;I G?n? in , the final rate of
Clipped SGD by l| will contain a term Y, G212 /(nrT), which is however well-known to give
an extra poly(In 7T") factor for a time-varying stepsize 7;.

Now let us compare Theoremto Theorem 1 in|Liu & Zhou|(2023). The latter gives the current best
anytime rate for Clipped SGD as follows (actually, this can be obtained by (50) and above):

— 1 GD O'[D
FYX)—F, <0 1+12T> <+ ))
ait - <0 ((geue7) (G4 75

Similar to our comparison when 7" is known in Section ] one can see that our Theorem [7)is better
(at least in the case of large 7).

E.1.2 IN-EXPECTATION CONVERGENCE

Known 7. Now we consider the in-expectation convergence. Theorem [§] gives the first rate
(’)(a[dff; v DT 71) faster than the existing lower bound Q(U[DT% 71) (Nemirovski & Yudin||1983;
Vural et al., [2022).

Theorem 8 (Full statement of Theorem [3). Under Assumptions I} 2](with p = 0), Bland{] for any
T € N, setting 1; = 1, T = max {%,?*T%} ,Vt € [T] where o = 1/2,

. D/G D/G D
7, = min / , / I T T T (0 (52)
® (e} /GP+1)T o o, PT¥
and ¢ < @, is a constant defined in and equals p, when T = Q) (f—:@*) then Clipped SGD
[

(Algorithm guarantees that E [F()’(CTVj_‘l) - F*] converges in the rate of

P
©GD N (UIZ G'7E 4 G) D N Uf_lof_%D

o ;
T VT T %

Proof. By Lemmas[5]and[6] we can follow a similar argument until (37) in the proof of Theorem [f]
to have

D2 9 Bevx
E[F(x57,) - F < s
[ (x751) } p—— T
where, under 7; = 7, 7 = maX{%,TT%} ,Vt e [T] forn, 7> 0,
. (1 — )2Brg 2P 2 26p PGP
VX [ 28 oG 9
Br™ <0 <77 (5@%&?/2] a2r—272(1-B)p ™+ (1—a)2-p +G°T

Now, we plug 7 = 7, (see (29)) into the above inequality to have under the choice of 7, =
max{%,ﬁT%} Vi e [T,
VX G2W2 O—FG27P 2 -2 4-3 2
Br S(/)(77(042"2—|—<(1Oz)2p+G T+os o "Tv ),

where the first term is obtained by noticing

2 o (1-B8) 2
R = (0 e ()T

~2(1— T A2p—2
a2p—27_*( B)p a2p
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implying
inf (1 — a)26p0.[2pG2—25p 283 G2302
Be0,1/2] a2p727~_3(1—ﬁ))3 = q2p-2’
in which
Bp B=0
e inf 1-— Bp ,1-8 (ﬂ) TB < .. 53
o= pebit T G s ¥ (53)

. B b
Moreover, there is ¢ = ¢, when (1 — a)?? (%)ﬁp (%) >leT> ufaﬁ =Q (%;@*).

By above results and o = 1/2, we find

—cvx D*  np’G?
E[F(x}F) - F] <0 (77T + =5

P2—p | 2 2 4-g2o
+77(U[G +G)+7705 o, *'T¥ .
Plug in 7 = 7, (see ) to conclude that E [F(X$¥Y,) — F.| converges in the rate of

% 1—2 2_
@GD_F(O[G 2—|—G>D+Usp
T JT

1 2-2
o "D

o e

O

Unknown 7. Next, we consider the in-expectation convergence for Stabilized Clipped SGD. This

anytime rate is also faster than the lower bound O(J[DT%_1>. The reader could refer to the discus-
sion after Theorem [3]in Section 6] for why.

Theorem 9. Under Assumptions [I} 2] (with p = 0), Bl and @} for any T € N, setting n; =
i e, Dep b = max { 155, Ftd | Ve € [T] where a = 1/2
min {’Y*a Nl } Tt = MaxX | 7oo, TP ¢, [T] where oo = 1/2,

D/G D/G D
T« = o {/‘}' ) n*_\/ﬁv A*_P—NH, (54)
* 9y 959
Cla

and 12* 2 1+1n,, then Stabilized Clipped SGD (AlgorithmEl) guarantees that £ [F(X%’fl) — F*]
converges in the rate of

o

~ £ e 2_ _2
(p*w*GD_’_ (0'[2G 2+G)D+Cr§p 10[2 5
T VT T %

Proof. By Lemmas [5]and[6} we can follow a similar argument until #9) in the proof of Theorem 7]
to have when 7; = min {7, %, Al} , T¢ = max {%,Tt%} ,Vt € [T,
TtP

2 02PGZ pe B2 ) D2 O_szfp
F(—CVX ) F <O DT""'Y : 052);:/’—73.,.12[);3 (B.1) N T‘FU(W +G2)
X —Lx =
T+1 T \/T
D T o 252p—2
+ A5 + =25
A TP 11 T2p—1 ,V66[071],

1+InT B=0
where ¢(8,T) = {1 i gn g € (0,1] is defined in .
ﬂ )
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Finally, we conclude after plugging in 7 = 7, v = 7., = 1,, A = A, (see and (54)), o = 1/2,
and the following fact:

inf , (m)ﬁw2(ﬁ,T)@ Di/? inf (@*J*>ﬁ1/12(5»T)

Be[ovl] PY* ()0*1/)* BE[O,l]
D/G ~\ Bx 2
< /~ (@*d&) ¢2 (By,T) where S, = =
P3P max {ln (cp*w*) ,2}
D ~ 2
< /~ ce?. (1+2max{ln (gp*w*) ,2})
PxPs
D/G ~ D/G ~
:@< /~ : (1+ln2@*+ln2w*>) :(9( / -w*>,
(p*/lp* *
where the last step is by In J* <2 1;*, 1+In%gp, < Jf (since 12* =1+1Iny, and ¢, > 1), and
P> 1. O
Compraed to Theorem |8 we only incur an extra multiplicative term 1’/;* =1+np, =1+

In (deg 1 [p < 2]) in the higher-order O(T~1) part.

E.2 STRONGLY CONVEX CASE

We turn our attention to strongly convex objectives. In this setting, we recall that x5, | denotes the
following weighted average iterate after T steps:

T
ostr Do (EHA)(E+5)xi 4 5
e Yo (t+A)(E+5) &)

E.2.1 HIGH-PROBABILITY CONVERGENCE

Still, we first consider the high-probability convergence rate. Theorem [T0] gives the anytime high-
probability rate of Clipped SGD improving upon Liu & Zhou|(2023).

Theorem 10 (Full statement of Theorem[2). Under Assumptions(I) [2|(with j > 0), 3land[] for any
T € Nand 6 € (0,1], setting g, = %,Tt = max{%ﬂ—*t%} ,Vt € [T] where o = 1/2, then
Clipped SGD (Algorithm guarantees that with probability at least 1 — §, both F()’(S'th_l) — F, and
p||xre1 — x,||? converge in the rate of

4_ _ 4 2 2
s + (0?41’ 5) &7 + (of +08In3) G*P + G2 + ol 20? P tod 0[2 * In
T3 MT2 T NTQ_%

2—

o

3
O s

where ¢ < @, is a constant defined in and equals ¢, when T' = ) (% *>.
[

Proof. First, the choice of 7y = %,Vt € [T satisfies n; < g,Vt € [T] for n = 6, fulfilling the
requirement of Lemma([7} In addition, our choices of 7, and 7; also meet Conditions [T] and [2] (with
o = 1/2) in Lemmal9] Therefore, given 7' € N and § € (0, 1], Lemmas|[7)and 0] together yield that

with probability at least 1 — 4,

Tyt % — 74|

T
+ Z Lyiny (F(xp41) — Fy) < 4D? 4 2457

2 t=1
_ Pro i —xerl® Yoy Date (F(xe41) = Fu) _ 4D? + 245 56)
T T - T ’
2> 1 Lo > Teme 21 Lo
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where T, = ['_, iiﬁ w75 is introduced in ti and A3 is a constant in the order of
93 9 2_ ol G2Tn? 3
O m[a)?rtnt Tt ln g + UFFtntTt -r + UprtntTt P + [pﬁ lng
¢ Z Z aP~lr
t=1 t=1 t

2p ~2 T
o O'[ Ftnt o G I'yne \ 1 o 9
+Z ( = + ) +3 G ). (57)

t=1

We use 1, = %,Vt € [T] to compute

t t
1+ _ + +4)(t +

= . = NVte [T +1]. 58
82214—#7)5/2 s—1 s+3 30 T+1] (58)
So for any ¢ € [T,
t+4)(t+5) _ 662 6(t+4)(t+5) 36t
Ly = M < — and Ftﬂ? - M <= (59)
5u I Su*t p?
implying
(t+4)(t+5) T(T?+ 15T +74)
r = . 60
Z Nt = Z B 51 (60)
Lastly, let us bound (56). For the L.H.S. of (56), we have
I'ryq w(T 4+ 1)(T + 5)(T + 6) > wmin T+ DT +5)(T+6)  3p
o Ty AT(T? + 15T +74) ~ TeN AT(T?2 +15T+74) 16
In addition, we observe that
S Temxip1 6 Sy (t+ D) +5)x141 63 gstr
= = XT+1
izt Do S+ +5)
The above two results and the convexity of F' together lead us to
2
3y 1x 16XT+1H + F( ) — F, < LHS. of (56). 61)
For the R.H.S. of (56), we plug (60) back into (56) to have
ND2 + uAstr
R.H.S. of 56) < O <T3T ] 62)
One more step, we use (59) to upper bound (57) and obtain
AStT <l O | max 72t 1n” *-I-ZO' pt—i—z oPri P 4 oi Gt ln§
T “u te[T] * (7 t ar—17P 5
I 1 11
T 020[2;3*2152 U?sztz -
S
T | .
+ ; A R +G (63)
v
When 7, = max {%, Tt%} ,Vt € [T, we control the above four terms as follows.
e Term I. We have
23 _ 23 _ G’n*3 272 (3 142
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e Term II. We have

p<2 PG2 p
Zo t < o P < (IUI_TW + PRI 65)
e Term III. We have
T <2 Pry2—p
St 'S oper ot < O gy pprerted,
t=1 (1—a)*"
and for any 5 € [0,1/2]
T T -
Z Z O'FGQt <0 <(1 — Q)BPJFGQ By T1+B> '
— aP— 1Tt ~ 1 <%>BP (Tt%>(176)13 apflfr(lfﬁ)p

Thus, for any 8 € [0,1/2],

T P2
Z P 2_pt + O'[ G t h’l §
ar-17f )

t=

1
G2 LI 2 (1—a)PePG2re 3
p._2—p 1+ [ 148 e
<0 (( A e e Pl )1n5>. (66)

e Term IV. We have
T 52520242 p>1 o222

050 o 2
Z 2[13 2 = 2;; 2 TH_F’
T
t=1 Tt

and for any 8 € [0,1/2],

ZT: 2"G2t2 ET: U[QpGQtz
28 2(1-p
= a?- 272 =1 20— 2(1fa) p(ﬁ%) (=0

2 _
<0 (ﬂ S — T”w> |

a2p*272(1fﬁ)p

Hence, for any 8 € [0,1/2],

T 2 2p 2t 2pG2t2
Z 2p 2 2p

pot a?p 27
2 _2p—2 — )28 ;2P (x2(1-Bp)
o er 12 (1=a)*Po”G 1128
<0 (sz_2 T 7 + 22 2(1- ) T . (67)

Next, for any fixed 8 € [0,1/2],
R.H.S. of (64) + R.H.S. of (67)
2 2 - 2p—2
G?1n % (1 _ a)QﬁPU[pG2(1 ,BP)TlJng + 72 In2 (3> £ 0-520-[}3 2

R a2p—272(—P)p

@_(1—a)®efG*FPIn2 14 3 2
8 p—1_2-p 142
>2 (1= a)ar—1r0-Bp T + 2050, In <5>T P

(b) (1—a)PofG?>PPIn 3 14 2
B p_2—p 1+
1 (=A)p T +oiT ln<5>T
G2 pln5
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where (a) is by AM-GM inequality and (b) is due to o < 1, oy > o0 and p > 1. Therefore, after

plugging (64), (63). (66). and back into (63), we have for any 3 € [O 1/2],
_ 2 2
u

aP—17(1=B)p (1—a)? (1— a)2 p
3 o222 2
21,22 p,_2—p s 14+ =
—|—<7’ In 5+U[T +7T2P*2 T 7% |.

Combine the above bound on p A5 and to have for any 8 € [0,1/2],
G? 1n2% ((1704)/3"(7336'1’5p B)Q

,LLD2 (1—a)? ab—1r(A=P)p
R.H.S. of <O
o @) — T3 + MT2
of+of In G2 .
%4»6;2 T21H2§+O'[T2 p+o-20(2p 2
+ T + o (68)
I B

We put (61) and (68) together, then use « = 1/2 and 7 = 7, (see ), and follow the same
argument of (39) to finally obtain

3 ||%, — x|

+F( %il)_F*

16
D? ((;52 +1In? §) G? (O’p +of1n 3) G2 P + G2 0%7204 v + 0302 g 27 3
<o | B2 4 s L\ sy L [ ° % 5
T3 pI? pT uT? v
O

E.2.2 IN-EXPECTATION CONVERGENCE

Next, we consider the in-expectation convergence. Note that Theorem [IT]is also the first result that

breaks the existing lower bound Q(o7; 23— 2) (Zhang et al., 2020).

Theorem 11 (Full statement of Theorem %D Under Assumptions [I} 2] (with . > 0), Bl and §] for
1

any T € N, setting n; = %,Tt = max —,ﬁt%} ,\Vt € [T] where a = 1/2, then Clipped
SGD (Algorithm guarantees that both B [F (x5, ) — F.| and pE {HXT_H - x*||2} converge in

the rate of

0 uDQ N <p2G2 N UFG2_p +G2 N Usp 20?_,
T3 uT? uT ,uT2_7 ’

where p < @, is a constant defined in and equals p, when T = (2 ( 5 go*)

Proof. By Lemmas|8|and [0} we can follow a similar argument until (63) in the proof of Theorem[I0]
to have

SNE |:||X* - XT+1||2:| ﬂDQ + uBstr) (69)

where

2 2p—2 2p 242
str -+ —p 050 t o Gt 22
1B S (ZU[ t+z< - QP—QTE" +G*T? .
When 7, = max{i Ttp} vt € [T, we know

® oGP 2
. [ 2 p_2—ppl+2
E oLy tgi(l_a)z pT +o TP TR,
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and for any 8 € [0,1/2],

T 2 2p—2,2 2p 242 g 2 2p—2 28p 2P ¥2(1—
Z (0’50'[ t o, Gt > " 0 (050[ TE (1 —a)?PPa? G BP)T1+2B> .

pot 7_1521072 a2p—27.t2¥3 T2p—2 a2r—272(1-B)p

Therefore, we can bound
2

1 — a)BPaPGl—Be P2—p
uB%“S/i'O<<( a)PoiC Tﬁ> T+<<1U‘G 2_p+G2>T2

abP—17(1=B)p — a)
9 o202P 2 142
+ o> P+ 7;2;_2 T % ), VB €[0,1/2]. (70)

We put and together, then use & = 1/2 and 7 = 7, (see (29)), and follow the same
argument of to finally obtain

BUE |||, — x741]?]

16 +E [F(i%il) - F*}
uD?  2G2 oPGEP 42 03*204*%
O =+ + + 5
T wT wT uT? %

F THEORETICAL ANALYSIS

This section provides the missing analysis for every lemma used in the proof in Section |[E] As
discussed in Section [5] our refined analysis has two core parts: better application of Freedman’s
inequality and finer bounds for clipping error.

Before starting, we summarize the frequently used notation in the proof:

* x, € X, the optimal solution in the domain of the problem X.

* D = ||x, — x1 ||, distance between the optimal solution and the initial point.

o Fy =0(&,- -+, &), the natural filtration induced by i.i.d. samples &; to & from D.
o g = g(x¢,&), the stochastic gradient accessed at the ¢-th iteration for point x;.

* 7y, the clipping threshold used at the ¢-th iteration.

* gf = clip,, (g;) = min {1, H;—i”} g, the clipped stochastic gradient.

o df = gf —V f(x:), difference between the clipped stochastic gradient and the true gradient.
o df =gf —E|[gf | Fi—1], the unbiased part in d.

o dP =E[g¢ | F;_1] — Vf(x¢), the biased part in d¢.

F.1 GENERAL LEMMAS

We give two general lemmas in this subsection.

First, we apply Theorem [5] to obtain the following error bounds specialized for clipped gradient
methods. As mentioned, the technical condition required in Theorem E] automatically holds for
clipped gradient methods.

Lemma 2 (Full statement of Lemma [I). Under Assumption H| and assuming 0 < 7, €
Fi_1, then for d} = gf — E[gf| F1], d¥ = Elgf| Fio1] — Vf(xe), and xi(a) =
1[(1—a)r > ||Vf(x)|],Ya € (0,1), there are:

Lo} < 27
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2. E [||dg||2 | ]-"t_l] < doPrP P,

3. || [ay @) | Fra] | < 4027 4 4195 G0

4. HE [ (@) | 7 H Xe(a) < 40877 7P + 40100 ||V £(x) [P 7 P

S bl < vE (oF T+ IV FG)IP ) ourt TP 2 (o + IV £G)IP) IV o)l 7
6. [|d} | xe(a) < oeof 7' TP + @l ol |V f(xe) || 7 P

Proof. We invoke Theorem [5| with F = F;_1, g = g, £ = Vf(x:), 8 = g(x¢,&41), T = 70,
d" = dy, d® = dP, and x(a) = x¢(a) to conclude. O

Compared to Lemma [T} the clipping threshold 7 could be time-varying and random. Inequalities
[] and [6] provide a further (though minor) generalization by a new parameter «, which might be
useful in practice as mentioned in Remark Especially, setting o« = 1/2 will recover Lemma
Moreover, as discussed in Section [5] Inequalities [2] [4] and [6] are all finer than existing bounds for
clipping error under heavy-tailed noise.

We then discuss Inequalities [3]and [5| not provided in Lemmal[l] As far as we know, both of them are
new in the literature. As one can see, we do not require ||V f(x;)|| (which turns out to be G under
Assumption [3) to set up 7; now, which we believe could be useful for future work.

Next, we give two one-step descent inequalities for our algorithms. The analysis is standard in the
literature, which we reproduce here for completeness.

Lemma 3. Under Assumptions2|and[3] for any'y € X andt € N:

* Clipped SGD (Algorithm[l) guarantees

2 2
_ 1 .
F(xi41)-F(y) < ly = xel” (1 + pme) lly = Xeal o

ds,y — dS|*+4n,G>.
o 2 £y — X¢) e [|dF[]7+4n,

* Stabilized Clipped SGD (Algorithm[2) guarantees, if n, is nonincreasing,

2 2 2
<Hy—xt|| A+ ) lly — xea| n < I 1> lly — xi]
- 2 2me11 Myl T 2

+(d§,y — x¢) + e ||d§]|° + 40, G2

F(x¢y1) — F(y)

Proof. By the convexity of f,
f(xe1) = f(xe) <AV F(Ret1)s X1 — Xe) -
= (Vf(xe41) = VF(xe), Xe41 = x¢) + (Vf(Xe), Xe1 — Xe)

Recall that d§ = gf — V f(x;), we hence have for any y € X,

(Vf(xe), X1 — x¢) = (d}, Xe — Xe1) + (8 X1 — ¥) +{d,y — x¢) + (Vf(xe),y — x¢)

<A(dy, %t — Xpp1) + (81, X1 —y) A,y — %) + f(y) — f(xt),
where the inequality is, again, due to the convexity of f. Combine the above two results to obtain
fxe1) = () S (VF(xer1) = VF(xe), Xep1 — Xe) + (df, X¢ — Xe41)
I 11
+ (8f, Xt+1 —y) H(d,y —X¢) - (71)
—_———
111

Next, we bound these three terms separately.
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» Term I. By Cauchy-Schwarz inequality, G-Lipschitz property of f, and AM-GM inequal-
ity, there is

(Vf(xe1) = VF(xe), X1 — x¢) < [V (xe1) = V&) %41 — x|

2
< 26 [xess — xol| < dmpe? 4 e =Xl )
4ny
* Term II. By Cauchy-Schwarz inequality and AM-GM inequality, we know
2
Xi41 — X
R B T e )

s

e Term III. For Clipped SGD, by the optimality condition of the update rule, there exists
Vr(x¢41) € Or(x¢41) such that

Xt+1 — Xt

<V7“(Xt+1) +gf +
™

y Xt4+1 — y> S 07
which implies

<g:‘,:7xt+1 - Y>
1
ST}T& (x¢ — X1, Xe41 — ¥) H(Vr(Xe41), ¥ — Xe41)
2 2 2
Ny = xell” = lly = e lI” = [lxer — x|
27775
2 2 2
< ly — x| = [ly = Xeqall” — [Ixer1 — x|
B 2my

+(Vr(xe41), ¥y — X¢41)

+r(y) = () = 5y = x|
(74)

where the last step is due to the p-strong convexity of 7 (Assumption ). For Stabilized
Clipped SGD, a similar argument yields that when 7, > 711,

c ly = xel® Iy = xeall® lxesr — x| 11N ly—xf
(g6 X011~ ) < - - i (- Ly lroxll
b - 2 2041 2my N+l Mt 2

+7(y) = r(Xet1) — g ly — xea ) (75)

We plug (72)), (73), and (74) (resp. (73)) back into (7I)) and rearrange terms to obtain the desired
result for Clipped SGD (resp. Stabilized Clipped SGD) [

F.2 LEMMAS FOR GENERAL CONVEX FUNCTIONS

In this section, we focus on the general convex case, i.e., 4 = 0 in Assumption[2] As mentioned
before in Appendix [C] it is enough to only analyze the Stabilized Clipped SGD method since it is
the same as the original Clipped SGD when the stepsize is constant.

F.2.1 Two CORE INEQUALITIES

Before moving to the formal proof, we first introduce two quantities that will be used in the analysis:

R, 2 M,VteT, d Né< ed, >,VteT. 76

¢ = max [T], and N, \FtR\F (1] (76)

Note that R; € F;_1 and N; € F; by their definitions. Importantly, /V; is a real-valued MDS due to
— Xt

E[N: | Fioa] = <\/_IE[ | Fia], Rt\F > =0,vt e [T]. (77)

Now we are ready to dive into the analysis. We first introduce the following Lemma [4] which
characterizes the progress made by Stabilized Clipped SGD after T iterations.
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Lemma 4. Under Assumptions|I} [2|(with o = 0) and[3) if 0 is nonincreasing, then for any T € N,
Stabilized Clipped SGD (Algorithm2) guarantees

| = x|
—+ F X 1
20741 Z o

2

+ 2ICVX
77T+1 '

where
T T 2 )
I%VX—8?€1?TX<ZN> +2Zm||dr||2+4<2||\/vﬁd?||> +4G2) -
t=1 t=1 =1

Proof. We invoke Lemma 3] for Stabilized Clipped SGD with @ = 0 and y = x,, then replace the
subscript ¢ with s, and use ||x, — x1|| = D to have
2 2
e = X517 1% = Xs|
2ns 2nsy1
sum up which over s from 1 to ¢ < T to obtain

||X* - Xt+1||
—+ F X 1
2041 Z .

F(Xs+1)_F* S ‘

1 D? c c2 2
+ - — (s, X — x5)+ns [|d5||"+41sG7,
Ns+1 Ms 2

t
+Z - +ZmWHH@Zm

nH—l s=1
(78)

We recall the decomposition d$ = d + d® to have
t t t

Do (A5 x = x) =D (dlx x4+ (d

s=1 s=1 s=1

‘We can bound

) @ RN v (52,

¢ ¢ Lemma[T3] il
ZRSNS < ZRSNS < 2R maX Z
=1 s=1

In addition, Cauchy-Schwarz inequality gives us
t

X, — X : % — x| @@ &
virds, 2220 < 37 v P2l D Ry .
gé; < Vs ;é; ) Vs ;;; o

As such, we know
t

Z (dS, %, — x5) < 2Ry max

s=1

EE:JV
SR +8max <ZN> +2<ZH\/7TSdEH> ) (79)

where the second inequality is by R;X < % + 2X? (due to AM-GM inequality) for X =
s t
oy Ngland )"
Plug (79) back into (78] . ) to get

[ = x40l
+ F(xs
21441 Z +1)

*‘f?tzij lv/nsdz||

b
NsAg||>

2 2
R2 D? t t .
vy +mml+8m“<§:NJ +2<§:Wﬁﬁﬂo +3 e ldS)? 462 S,
s=1 s=1 1

s=1
R2 D2 S 2 t t 2 ‘
=Tt +8ma](ZNs> +2Zns||dz||2+4<z||mdg||> 462y,
t+1 = po ~ e
L evx
(30)
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where the last step is by

t t t t
Sonllds? = nfldt + a2 <23 ns @) + 23 b
s=1 s=1 s=1 s=1
t t 2
gzzns||d:||2+2(z||md5||) :
s=1 s=1

Now we let a; = w Ve [T+1), b 2 Y F(xep1) — F,Vt € [T] and ¢; £ 2%; +
IVX vt € [T+ 1] where I§V* = 0. Note that b; is nonnegative, c; is nondecreasing as 7; is
nonincreasing, and
2 2 2
o = P —xl” D7D,
2m 2m T om
Moreover, (80) is saying that

MmaXse(t] As

ai+1 + b < +cy1, YVt € [T].

Thus, we can invoke Lemma[T4]to obtain

a1 + by < 2cpqq,

which means
T 2

+ZF(Xt+1) -F,. <

t=1

I, — %71

+ 209,

20741 N7T41

O

Equipped with Lemma[d] we prove the following in-expectation convergence result for Stabilized
Clipped SGD.

Lemma 5. Under the same setting in Lemmad} Stabilized Clipped SGD (Algorithm 2) guarantees

E [lx. = x741?] D

ZE Xt+1 F] <

CVX
2Jr7,

20741 T]T+1

where

T 2 T
Jovx A 34ZmE [||d“|| } +4E (Z Hma?”) +4G* 3 .
t=1 t=1

t=1

Proof. We invoke Lemma [ and take expectations to obtain

E %, = xr41]’] D2

+ Z E[F(x441) — F.] < + 2K [I$Y%]

20741
where, by the definition of I7'*,

T T 2 T
E[I$%] = 8E max <ZN> +2) mE [||dy||2]+4E (Z\Nm?”) +4G*) .
t=1 t=1

t=1

Nr+1

Recall that IV, V¢ € [T] is a MDS (see (77] ). Therefore, by Lemma there is

T @ T
E | max (ZN> <4> E[NZ] <4 nE [Ildt“HQ] -
t=1 t=1

Finally, we have
T

T 2 T
E[I§™] < 34> nE [||dg||2] +4E (Z ||.ﬁntd$y|> HAG?Y oy = T
t=1 t=1

t=1
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F.2.2 BOUNDING RESIDUAL TERMS

With LemmasE] and [5} our next goal is naturally to bound the residual terms I5** and J3*. Note

that the G* > +—1 M part is standard in nonsmooth optimization. Hence, all important things are to
control the other terms left.

We now provide the bound in the following Lemma [6] a tighter estimation for the residual term
compared to prior works (e.g., [Liu & Zhou| (2023)), which is achieved due to our finer bounds for
clipping error under heavy-tailed noise.

Lemma 6. Under Assumptions 3| f|and the following two conditions:
1. n and Ty are deterministic for all t € [T).
2. 7, > 1< holds for some constant o € (0,1) and all t € [T).
We have:

1. forany § € (0,1], with probability at least 1 — 6, I < A where I is defined in
Lemmad|and A$™ is a constant in the order of

p—2 p—1,P
Tt =1 t ar Ty

T T -1 2o
3 of o507 oG
O Pel?ﬁ 77t7't2 In2 5 + Z 1M I <Z s [pil\/m + 4 Ve n Z G27]t
) t=1 t=1
2. J™ < B§™ where J§¥* is defined in Lemma [S|and B is a constant in the order of

T T p—1 b 2 7
oMt os0; e o Gy 5
) E Ttp_Q + < E Tp_l + + E G Mt
t=1

p—1,P
=1 =1 t ar Ty

Proof. We observe that for any ¢t € [T], 74 > & > W holds almost surely due to Condition

and Assumption 3| implying that x;(«) in Lemma[2|equals 1 for all ¢ € [T]. Then Lemma [2]and
Assumption together yield the following inequalities holding for any ¢ € [T7:

Inequality [T]
lvmedill < 2ymm < 2{2% VT (81)
Inequality 3] 4P
E[lVadi? | Fa] < LT, (82)
Tt
Inequality[d] 4P 40P G2
[ a1 7 ]| T S S (83)
Tt « Ty
Inequality[6] o O_p—l M G i
vy "R Iy SR )
Ty « Ty

We first bound I5*" in high probability.

e Recall that N, = <md“ X X > ,Vt € [T] is a real-valued MDS (see ), whose

) Ry/me
absolute value can be bounded by Cauchy-Shwarz inequality
Xy — Xt

(1) (31
N, < dv < v < 2 .
[N < [lv/nedy ]| Roin | = vmedi || < A VT

Moreover, its conditional variance can be controlled by

Xy — Xt
R/
& [may @) | Fios

Xy — Xy

Ry\/my

}H 4057715 4UFG27715
T o el

E [N? | Fioa] = ( )TE [ntdtu @’ | ]:t—1}

<
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Therefore, Freedman’s inequality (Lemma gives that with probability at least 1 —25/3,

t

>N,

s=1

4 Usns UFGQWS 3
<= max\/ﬁTtlanr 82( ap_ng lng,VtG[T],

which implies
. 2
25 53 ofne ol Gy 3
?61?% (Sz_: NS> < gné[aﬁnﬂt In? 5 + 162 ( 5+ e In 5 (85)

* Note that || NG || ,Vt € [T is a sequence of random variables satisfying

ED @40
V| S 2 i and [ || ] S 5

Then by Lemma. we have with probability at least 1 — § / 3,

14 3
Zﬂt Iy )? < *mﬁnm In % +SZ or m

t=1 t

3

52114

S 3 e mer2In® 2 + 82 it o (86)

* Lastly, there is
T T —1
() oot N oG

Z antd]tOH < Z : [pfl + ijfthp : (87)
t=1 =1 t

Combine (83), (86) and (87) to have with probability at least 1 — J,

T T 2 T
5 = 832%;{ (ZN ) +2) el dP? +4 (Z ||\/md}2||> +4G?> Ty < AT,
t=1 t=1

t=1
where
AT*
28 28 O' 7725 I UpT]t UPG277t 3
A [ 5 [
= — In“ =+ 16 128 In -
(9 * 3)“1?)?””'5 5 Z P HIB) |\ Tt Gy ) 105
T p—1 p T
050 oy Gy 2
L Y
t=1 Tt

oP 2

o G 3

=0 (maxntTt n 7+§ = 2+§:< 577t a;1$>ln5
t

t=1 Tt
T p—1 p
0500 /T oy G\/ Nt 2
+ (; 1 i +;G i

Note that by AM-GM inequality

2
T p—1 p
23 0s0; £/ or G/
maxntTt In? = + (E 2 [p_l i + - 77t>

te[T] 0 — / ap~1rp
T p—1
0501/ UIG\F
>2
N e
(@ & Ugap_lnt af G2, 30 ofn,  oP Gy 3
>9 L + L ns >2 =R R In=,
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where (a) isby 7 > 1< in Conditionand (b) is dueto oy > 04, p > 1 and a € (0, 1). Hence,

the order of A can be simplified into

2
T p—1 p T
0507 y/ oG/
O | ragpsmeri o’ f+§:mm (Z T m) +3 G,
t=1

p—1.p
Tt =1 Ty ar Ty

Now let us bound J$™*. It can be done directly via @I) and @ Hence, we omit the detail and
claim Jp™ < B3, where B%™ is a constant in the order of

T b p—1 p 2 7
ot 0507 /Nt U[Gm 2
o (L (AT A ey e

t=1 t=1 t

F.3 LEMMAS FOR STRONGLY CONVEX FUNCTIONS

In this section, we move to the strongly convex case, i.e., 1 > 0 in Assumption[2] The algorithm
that we study is Clipped SGD.

F.3.1 Two CORE INEQUALITIES

We begin by introducing some notations that will be used later:

t
1+ pns—1
r, 2 ——— Vte[T+1], (88)
' 1;[2 L+ pms /2 (T +1]
which satisfies the equation
Le(1+ pme) = Toqn (1 + pmesr /2), Ve € [T7. (89)

Equipped with I';, we redefine

R, émaX\/ (14 uns/2) ||x» — xs||,VE € [T7], (90)

<‘/1+myt/2"t p, L/ > vt e [T]. 1)

By their definitions, R; € F;_1 and N; € F;. Moreover, IV, is still a MDS due to

E[N, | Fia] = <mmﬂi dy | oy, YT ”7%2)("* - Xt)> —0,vt e [1].

92)

>

Ny

Again, we first show the progress made by Clipped SGD after T steps in the following Lemma 7]

Lemma 7. Under Assumptlonsl I(wzth w>0) andl lfnt <1 f0r some constant ) > 0, then for
any T € N, Clipped SGD (Algorithm[I) guarantees

Ty %, — 74

T
+ 3 Do (F(xa41) — i) < (1+19/2)D? + 213,

2
t=1
where
t 2 T 9 + 1 T ) T
LS 4{2% <ZNS> +2) T ||dY)* + ”M D Tome||d?]|” +4G*> Tun?.
s=1 t=1 t=1 t=1
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Proof. We invoke Lemma [3] for Clipped SGD with ;¢ > 0 and y = x,, then replace the subscript ¢
with s, and multiply both sides by I'sn, to have

Lsns (F(xs41) — Fy)
<Fs l[x« — XSH2 _ Ds(1+ pns) [[xe — Xs+1H2
- 2 2
2
@Fs llx, — x| _ Cop1(1+ pmsi1/2) |Ixs — x8+1||
2 2
sum up which over s form 1 to ¢ < T to obtain

Lipr (14 pmey1/2)
2

+ (Tensds, X4 — Xs) + ang ”d;”2 + 4Fs775G2

+ (Csmsdg, X — Xs) + ans HdCH + 4Fs772G2

2 t
Xy — X
be =xenll S p g, (Fixpn) - F)

s=1

F - t t t t
<Tulbee =3l S s 3 (- )+ 3 S+ 4GP S T
s=2 s=1

s=1 s=1

D t t
> 7 erns [« — XSH + Z (Tsmsdg, xo — X5) + erng ||d§||2 +4G? Zfsnf,

s=1 s=1

93)
where the last step holds by I'y = 1 and ||x, — x1|| = D

We recall the decomposition d¢ = d® + dP to have
t t

Z (Tensd, X, — X5) = Z (Tensdl, x4 — x5) + Z <ansd5,x* - Xy)

s=1 s=1 s=1

-~

t t
B S RN+ Y (Dandl i, —x)

s=1 s=1
By Lemma[[3]and AM-GM inequality, there is
¢ s R s 2
R,N, < 2R, ma N.| < =t +4ma N | .

In addition, we use Cauchy—Schwarz 1nequa11ty and AM-GM inequality to bound

t
Pons [|92]1° e e = xf*
2 (Tomod? x, =) ;Fem [CHIESS x||<Z ﬂ I =

As such, we obtain

t

2 2
. R? 5 L Tan |[dB]]T pul s 1% — x|
Z <ansdsax* - Xs> < T+4g1€a[i]( (; Ns) +Z 1 + 4 . (94)

s=1 s=1
Plug (94) back into (93) to get
r 1 2 —
Lt /Dl = xinl S p s (pp) - F)

s=1

2
R} | (1+pm/2)D? 3 s77s| b
< Ty dmax Z +S§:l +ZFS773 |ag]|® +4G2ZF5175

=1

=3t 2
S\ 2 + 1
+ dmax (ZM) +2an I + ”N Zra s [laz]|” +4GQZF5m, (95)
s=1 s=1

A rstr
_It

41



Under review as a conference paper at ICLR 2026

where the last step is by 71 < 7/u and

t t t t
Sora st =S T |dl + a8 <23 T a)? + 23 Do ||ad|?
s=1

s=1 s=1 s=1

<n/nvselr] L 2 o
T ey a4+ =S vt
s=1 s=1

Now we let a; = Ft(H“m/g)Hx**xtHQ Nt e [T+1), b 23 Tune (F(xs1) — Fy),Vt € [T)

and ¢; = % + I3Vt € [T + 1], where I§" = 0. Note that b; is nonnegative, c; is
nondecreasing, and

ay < (1+1n/2)D? = 2¢;.

_ D pm/2) xe = xa|® _ (1 +9/2)D?
2 - 2
Moreover, (O3) is saying that

maxse[t] Qg

ai41 + b < +ciy1, YVt € [T].

Thus, we can invoke Lemma[14]to obtain
art+1 +br < 2eryq,

which means

Loy (14 pnry1/2)
2

2 T
Xy — X str
b =11l S (F(xgn) — B < (14 0/2)D? 4 215
t=1

Finally, we conclude from punr4; > 0. ]

Equipped with Lemma([7} we prove the following in-expectation convergence result for Clipped SGD
under strong convexity.

Lemma 8. Under the same setting in Lemmal[/] Clipped SGD (Algorithm[l) guarantees

CrE [[lx, - x4 ]

2

T
+ Y DB [F(xe1) = F] < (140/2)D% + 273,
t=1

where

s e o 2] M1 b2 )% 2
T 218 3 Tl |01 + == S v [l 7] + 462 STt

t=1 t=1 t=1

Proof. Similar to the proof of Lemma|[5} we take expectations on both sides of Lemma [7]and then
invoke Lemma|I2] The calculations are omitted here to save space. O

F.3.2 BOUNDING RESIDUAL TERMS

Like previously, we need to upper bound I5" and J5!*, which is done in the following lemma.

Lemma 9. Under Assumptions[3| B|and the following two conditions:
1. n and Ty are deterministic for all t € [T).

2.1 > % holds for some constant o« € (0,1) and all t € [T).

We have:
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1. for any 6 € (0,1], with probability at least 1 — 6, I3* < ASY" where I3 is defined in
Lemma@and A8 is a constant in the order of

9 9 o Fmt UEFtT]? aszI‘mf 3
o (pproitet 3+ TR 3 (Lt AT 3

t=1 t

T
o¢ o? Ftnt o G2 Time \ 2n+1
+Z< ‘Qp — + m +3 G} |

2p—2
« T pry

2. J5 < BSY™ where J3* is defined in Lemmaand B is a constant in the order of

T p 2 T 2p 2 T
oy Ly g U[ Ftﬂt o G I'yny \ 2n+1 9 o
o (Z P2 +Z ( 22 + 2 p + g G Ty ).

2p—2
t=1 't t=1 Tt @ Tt t=1

[2]and Assumption [3] implying that x () in Lemmal 2] equals 1 for all ¢ € [T]. Then Lemma[2|and
Assumption I together yield the following inequalities holding for any ¢ € [T7:

Proof. We observe that for any ¢ € [T], 74 > G W holds almost surely due to Condition

V@)™ 2y Tanm < 2y Funem, 6)
E [thz ||dtu||2 | }_t_l} lneql%dlityg 407—[:{‘;77?7 o7
t
HE [Fﬂ]?d? (d?)T | }—t71} ‘ Tnequgﬁlity@ 405)32773 40(5'3211;;77752’ 98)
t t
\/ﬁ??t”d?” Inequgality@ Usdr_pl\/m i UFG\/W. ©9)

-1 —1.-b
T aP—t7y

* Similar to , we can prove now with probability at least 1 — 2§/3,

25 23 lop Ftnt of G?Tyn? 3
{relz% (ZN) <—{2%Ftnt7} In? 54—162( + P lng.

Tt
(100)
* Similar to (86), we can prove now with probability at least 1 — /3,
a . 14 23 a| Fmt
S ormE ap® < —mametTt In? 2 +8Z (101)
t=1 3 telr] g t=1 t
* Lastly, there is
d 2 @ [ oy0F T PGy ’
b sU tift [ tlft
Zrtnt Hdt H S Z ( p—1 + ab—17P )
t=1 t=1 T t
20207 F 207" G*T
<3 (Mt ORE).
P} P —4T

We combine (100), (I01)) and (T02) to have with probability at least 1 — 4,

T T T
I = 4max (ZN) +2) i Iy + 277: 1 > Tum Hd?HQ +4G?> Tyn? < A3,

te[T] t=1 t=1 t=1
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where
str
A7

27 28 53 o Ftn o I‘m oPG2I'yn? 3
- r In? = 16§ S 64§ AL L L)n S
<9 " 3 > ?61% i In + TF M ap-17F S

t t=1 t

T 2p—2
202 o" Tyng 20[ G?Tyn; \ 2n+1 9 9
+Z< Qp st e m +4;G e

T T
o th olTyn? oGy, 3
=0 | maxTyn?721In f—|—§ L E + In =
(tem &K o 1( P2 ap-17f 5

T

T 2 _2p—
050 Fmt O' G Fmt 2’(] +1
+ ( el %p P > Gt |

2p—2
Tt « Tt =1

Now let us bound J5*. It can be done directly via (97) and (99 . Hence, we omit the detail and
claim J5* < B§', where B3 is a constant in the order of

T  _pp,2 T 2p 2 T
o I'ym; o a[ Ftnt o G Iy \ 2n+1 9 9
o (Z = ( -2 T %p " +>_ Gl |-

2p—2
t=1 Tt t=1 Ty a T t=1

F.4 EXISTING TECHNICAL RESULTS

This section contains some technical results existing (or implicitly used) in prior works.

First, Lemma['lli] is the famous Freedman’s inequality, a useful tool to bound a real-valued MDS.

Lemma 10 (Freedman’s inequality (Freedman| 1975)). Suppose X; € R,Vt € [T] is a real-
valued MDS adapted to the filtration F;,Vt € {0} U [T] satisfying for any t € [T), Xy < b and
E [X? | Fi—1] < o} almost surely, where b > 0 and o} are both constant, then for any § € (0,1],
there is

T
23 o2, Vte[T]| >1-4.

s=1

Pr ZX <71 7+

Next, Lemma|[TT]is another concentration inequality. This is not a new result, and similar ideas were
used before in, e.g.,|Cutkosky & Mehta|(2021); Zhang & Cutkosky|(2022); |Liu & Zhou|(2023). We
provide a proof here to make the work self-contained.

Lemma 11. Suppose X; € R,Vt € [T] is a sequence of random variables adapted to the filtration
Fi, Yt € {0} U [T] satisfying for any t € [T), | X;| < band E [X? | F;—1] < o} almost surely,
where b > 0 and o? are both constant, then for any & € (0, 1], there is

Pr ZX2<7IHE+QZJ,5 >1-46

Proof. Note that we can bound

T T T T
d X7 = sz (X2 | Feoa] 4> E[X7 | Fa] €D Y+ ) ot
t=1 t=1 t=1 t=1

2y,

Observe that Yy, Vt € [T is a real-valued MDS adapted to the filtration F, V¢t € {0} U[T] satisfying
V; <X? <V and E[Y?|F] <E[X] | Fion] < V07
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Then Lemma yields that, for any 6 € (0, 1], we have with probability at least 1 — 4,

which implies

2% 1
ZYt<—ln—+

1 b2 1
E 2 E 2

t=1 t=1

where the last step is by 1/2 Zthl bo?lng < % Ini + Zthl o? due to AM-GM inequality.

Hence, it follows that
1
Pr ZX2 < ln—l—QZUt] >1-0

O

The following Lemma [12]is the famous Doob’s L? maximum inequality. For its proof, see, e.g.,
Theorem 4.4.4 in Durrett| (2019)).

Lemma 12 (Doob’s L? maximum inequality). Suppose X; € R,Vt € [T] is a real-valued MDS,

then there is )
T
E | max (ZX) §4;E[Xf].

In addition, we need the following algebraic fact in our analysis.

Lemma 13 (Lemma C.2 in[Ivgi et al.| (2023)). Let ay,--- ,ar and by,--- , by be two sequences in
R such that a; is nonnegative and nondecreasing, then there is

t
Zasbk st
s=1

Lastly, we introduce another algebraic inequality, the idea behind which can also be found in pre-
vious works like [Ivgi et al.| (2023); |[Liu & Zhou| (2023). For completeness, we produce a proof
here.

< 2a; max

Ve [T
Selt]

Lemma 14. Let a1, -+ ,ar41, b1,--- by and c1,--- ,cp41 be three sequences in R such that by
is nonnegative and c; is nondecreasing, if a1 < 2c1 and

maXge [t] ag

a1 + by < -+ Ct+1,vt S [T] s

then there is
ars+1 +br < 2cr41.

Proof. We first use induction to show

ay < 2¢,Vt € [T]. (103)
For the base case t = 1, we know a; < 2¢; by the assumption. Suppose (I03)) holds for all time not
greater than ¢ for some ¢ € [T" — 1]. Then for time ¢ + 1, we know

b >0 maXse([y] @

maXgefy 2¢
ary1 < a1+ b < < el T

- 2
where the last inequality holds because c; is nondecreasing. Therefore, (I03)) is true by induction.
Hence, we know

+ Ci41 + ci41 < 2¢441,

maXge[r] Gs @1) maXge[r] 2Cs
—  — tctry1 = 9

where the last step is also because c; is nondecreasing. O

ary1 +br < +ecr1 < 2erq,
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