
OPT2025: 17th Annual Workshop on Optimization for Machine Learning

Revisiting Stochastic Proximal Point Methods:
Generalized Smoothness and Similarity

Zhirayr Tovmasyan
Grigory Malinovsky GRIGORII.MALINOVSKII@KAUST.EDU.SA

Laurent Condat
Peter Richtárik
KAUST, Saudi Arabia

Abstract
The growing prevalence of nonsmooth optimization problems in machine learning has spurred
significant interest in generalized smoothness assumptions. Among these, the (L0, L1)-smoothness
assumption has emerged as one of the most prominent. While proximal methods are well-suited
and effective for nonsmooth problems in deterministic settings, their stochastic counterparts remain
underexplored. This work focuses on the stochastic proximal point method (SPPM), valued for
its stability and minimal hyperparameter tuning—advantages often missing in stochastic gradient
descent (SGD). We propose a novel ϕ-smoothness framework and provide a comprehensive analysis
of SPPM without relying on traditional smoothness assumptions. Our results are highly general,
encompassing existing findings as special cases. Furthermore, we examine SPPM under the widely
adopted expected similarity assumption, thereby extending its applicability to a broader range of
scenarios. Our theoretical contributions are illustrated and validated by practical experiments.

1. Introduction

We study the stochastic optimization problem

min
x∈Rd

{
f(x) := Eξ∼D [fξ(x)]

}
, (1)

where ξ ∼ D is a random variable, fξ is the loss on sample ξ, and f is the generalization error. While
∇fξ(x) is accessible, ∇f(x) is not. Such problems underpin supervised learning [8, 75, 76].

A special case is the finite-sum problem

min
x∈Rd

{
f(x) := 1

n

n∑
i=1

fi(x)

}
, (2)

arising in empirical risk minimization [1, 27, 28, 73].
Many ML and DL problems are nonsmooth, where gradients are not Lipschitz or even undefined

[31, 40, 90]. Nonsmooth convex settings often capture DL complexity [48], motivating adaptive
algorithms such as AdaGrad, Adam, and Prodigy [25, 50, 62], which remain highly effective
in practice. In contrast, smoothness-based methods with strong theory often fail on DL tasks
[17, 21, 32, 67], prompting refinements of smoothness assumptions [31, 83].

An early extension is the (L0, L1)-smoothness condition, bounding the Hessian by the gradient
norm [11, 89, 90]. More general approaches bound the Hessian via polynomial or arbitrary functions
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of the gradient [56, 82]. While SGD variants are well studied [26, 39, 85, 91], stochastic proximal
point methods (SPPM) remain less explored. The prox operator of f is

proxf (x) := argmin
z∈Rd

{
f(z) + 1

2∥z − x∥2
}
, (3)

[4]. Proximal methods [12, 66] allow larger stepsizes and are robust to stepsize choice. SPPM enjoys
stability and convergence guarantees [2, 3, 46, 68, 70].

Another perspective is the similarity assumption [74], capturing gradient homogeneity across
data [30, 77]. Various formulations have been analyzed for proximal methods, showing both practical
and theoretical relevance [29, 36, 72, 78]. Similarity also plays a key role in distributed and federated
learning [43, 45, 53].

In practice, prox computations are often inexact, approximated by iterative subroutines. Ef-
fectiveness is ensured via criteria such as relative/absolute error thresholds [46, 54], gradient-norm
reduction [71], or other guarantees [7, 34, 53]. These maintain convergence while balancing cost and
accuracy.

2. Preliminaries

We introduce the main assumptions used in our analysis. Throughout, each stochastic function fξ is
convex and differentiable (avoiding subdifferential notation, see Sadiev et al. [72]).

Assumption 1 (Differentiability) The function fξ : Rd → R is differentiable for D-almost every
ξ.

This implies ∇f(x) = Eξ[∇fξ(x)], so f is differentiable.

Assumption 2 (Convexity) Each fξ is convex:

fξ(x) ≥ fξ(y) + ⟨∇fξ(y), x− y⟩ ∀x, y.

Assumption 3 (Strong convexity of f ) The function f is µ-strongly convex:

f(x) ≥ f(y) + ⟨∇f(y), x− y⟩+ µ
2∥x− y∥2.

Assumption 4 (Interpolation regime) There exists x⋆ such that ∇fξ(x⋆) = 0 for D-almost every
ξ [59, 84].

We next state several smoothness assumptions.

Assumption 5 (L-smoothness) Each fξ is L-smooth:

∥∇fξ(x)−∇fξ(y)∥ ≤ L∥x− y∥.

Assumption 6 (Symmetric (L0, L1)-smoothness ) Each fξ satisfies

∥∇fξ(x)−∇fξ(y)∥ ≤
(
L0 + L1 sup

u∈[x,y]
∥∇fξ(u)∥

)
∥x− y∥.
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Algorithm 1 Stochastic Proximal Point Method (SPPM)
1: Parameters: stepsize γ > 0, starting point x0
2: for t = 0, 1, . . . , T − 1 do
3: Sample ξk ∼ D
4: xk+1 := argminz{fξk(z) +

1
2γ ∥z − xk∥2}

5: end for

Assumption 7 (α-symmetric generalized smoothness) Each fξ satisfies

∥∇fξ(x)−∇fξ(y)∥ ≤
(
L0 + L1 sup

u∈[x,y]
∥∇fξ(u)∥α

)
∥x− y∥,

with α ∈ [0, 1] [11].

When α = 0 this reduces to L-smoothness, and α = 1 recovers (L0, L1)-smoothness.

Assumption 8 (Star Similarity) There exist x⋆ and δ⋆ > 0 such that

Eξ

[
∥∇fξ(x)−∇f(x)−∇fξ(x⋆)∥2

]
≤ δ2⋆∥x− x⋆∥2.

Assumption 9 (Inexact Proximal Condition) At iteration k, the subroutine M after T steps pro-
duces x̂k with

∥∇Ψk(x̂k)∥2 ≤ η
Tα ∥xk − xΨk ∥2,

where xΨk := argminx{fξk(x) +
1
2γ ∥x− xk∥2}.

2.1. The Stochastic Proximal Point Method

For differentiable f , the prox operator satisfies

y = proxγf (x) ⇔ y + γ∇f(y) = x.

Thus SPPM performs stochastic prox updates, equivalent for differentiable fξ to

xk+1 = xk − γ∇fξ(xk+1).

Unlike SGD, the gradient is evaluated at the new iterate xk+1, making SPPM an implicit method.

3. ϕ-Smoothness: A New Generalized Assumption

Analyses of gradient-type methods often assume L-smoothness, but in practice rely on a weaker
path-wise smoothness condition that holds only along iterates:

∥∇fξ(xk+1)−∇fξ(xk)∥ ≤ Lpath∥xk+1 − xk∥. (4)

This is harder to verify directly, as it depends on the algorithm’s trajectory. To overcome this,
we introduce a more general condition, ϕ-smoothness, which recovers path-wise smoothness as a
consequence.
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Algorithm 2 SPPM-inexact
1: Input: stepsize γ > 0, start x0
2: for t = 0, 1, . . . , T − 1 do
3: Sample ξk ∼ D
4: x̂k ≈ argminz{fξk(z) +

1
2γ ∥z − xk∥2}

5: xk+1 = xk − γ∇fξk(x̂k)
6: end for

Assumption 10 (ϕ-smoothness) For D-almost every ξ, fξ : Rd → R satisfies

∥∇fξ(x)−∇fξ(y)∥ ≤ ϕ(∥x− y∥, ∥∇fξ(y)∥)∥x− y∥,

where ϕ is nonnegative and nondecreasing in both arguments.

This extends l-smoothness [56, 82], which applies to twice differentiable functions.

Lemma 11 Under Assumption 10, for D-a.e. ξ,

fξ(x) ≤ fξ(y) + ⟨∇fξ(y), x− y⟩+ ϕ(∥x−y∥,∥∇fξ(y)∥)
2 ∥x− y∥2.

Lemma 12 If fξ is (L0, L1)-smooth, then it is ϕ-smooth with

ϕ(∥x− y∥, ∥∇fξ(y)∥) = (L0 + L1∥∇fξ(y)∥) exp(L1∥x− y∥).

Lemma 13 If fξ is α-symmetric smooth, then it is ϕ-smooth with

ϕ(∥x− y∥, ∥∇fξ(y)∥) = K0 +K1∥∇fξ(y)∥α +K2∥x− y∥
α

1−α ,

where K0,K1,K2 depend on (L0, L1, α) as in the original definition.

4. Convergence Results under ϕ-Smoothness

Our analysis relies on bounding ∥xk+1 − xk∥, using convexity, interpolation, and prox nonex-
pansiveness.

Lemma 14 Under Assumptions 2, 4, ∥xk+1 − xk∥2 ≤ ∥x0 − x∗∥2 for all k ≥ 0.

Lemma 15 Under Assumptions 1, 2, 10, SPPM iterates satisfy

fξk(xk)− fξk(xk+1) ≤

(
1
γ +

ϕ(∥x0−x∗∥, 1γ ∥x0−x∗∥)
2

)
∥xk − xk+1∥2.

Theorem 16 Under Assumptions 1, 2, 4, 10, for any γ > 0,

E[f(x̂k)]− f(x∗) ≤
ϕ(∥x0 − x∗∥, 1γ ∥x0 − x∗∥) + 2

γ

2k
∥x0 − x∗∥2.

If additionally f is µ-strongly convex, then

E[∥xk − x∗∥2] ≤

(
1− µ

2
γ+ϕ(∥x0−x∗∥, 1γ ∥x0−x∗∥)

)k

∥x0 − x∗∥2.
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Figure 1: Convergence behavior of SPPM-inexact with different inner iterations in strongly convex
and convex settings.

Finally, for inexact prox computations:

Theorem 17 Under the above assumptions and Assumption 9, if ηγ2

Tα ≤ c < 1, then SPPM-inexact
satisfies

E[f(x̂k)]− f(x∗) ≤
ϕ(∥x0 − x∗∥, 1γ ∥x0 − x∗∥) + 2

γ

2k(1− c)
∥x0 − x∗∥2.

If f is µ-strongly convex, then

E[∥xk − x∗∥2] ≤

(
1− (1−c)µ

2
γ+ϕ(∥x0−x∗∥, 1γ ∥x0−x∗∥)

)k

∥x0 − x∗∥2.

5. Experiments

In this section, we present numerical experiments conducted for the optimization problem in the finite-
sum form (6), where the functions fi take the specific form fi(x) = ai∥x∥2s, with s ∈ N \ {1} and
ai ∈ R+ for all i = 1, . . . , n. Each function fi is (L0, L1)-smooth, with L0 = 2s and L1 = 2s− 1,
and is convex.

The first experiment investigates the effect of varying the maximum number of iterations for the
inner solver, without enforcing a stopping condition based on the gradient norm. The purpose of
this analysis is to demonstrate that if the inner solver fails to achieve sufficient accuracy in solving
the proximal step, the method may either diverge or exhibit slower convergence. We conduct two
variations of this experiment.

Additional experiments are provided in Appendix E.

6. Conclusion

We analyze SPPM methods under assumptions beyond Lipschitz smoothness. A generalized ϕ-
assumption unifies many cases, yielding convergence guarantees for strongly convex and general
interpolation regimes. We also study convergence under expected similarity in strongly convex
settings. Our results advance understanding of stochastic methods beyond smoothness, and extending
SPPM to general convex regimes with expected similarity remains future work.
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Appendix A. Extended Introduction

In this paper, we address the stochastic optimization problem of minimizing the expected function

min
x∈Rd

{
f(x) := Eξ∼D [fξ(x)]

}
, (5)

where ξ ∼ D is a random variable drawn from the distribution D, and E[·] represents the mathematical
expectation. Here, x represents a machine learning (ML) model with d parameters, D denotes the
distribution of labeled examples, ξ ∼ D are the samples, fξ represents the loss associated with a
single sample ξ, and f corresponds to the generalization error. In this setting, while an unbiased
estimator of the gradient ∇fξ(x) can be computed, the gradient ∇f(x) itself is not directly accessible.
Such problems form the backbone of supervised learning theory [8, 75, 76].

A particular case of interest is the finite-sum optimization problem, where f is the average of a
large number of functions [1, 73]:

min
x∈Rd

{
f(x) :=

1

n

n∑
i=1

fi(x)

}
. (6)

This problem frequently arises when training supervised ML models using empirical risk minimiza-
tion [27, 28]. It is an instance of (5) with D the uniform distribution over the finite set {1, . . . , n}.

Optimization problems in ML and Deep Learning (DL) are frequently nonsmooth, meaning that
the gradient of the objective function does not necessarily satisfy the Lipschitz continuity condition,
or is even not well defined [31, 40]. For instance, even in relatively simple neural networks, the
gradient of the standard ℓ2-regression loss fails to satisfy Lipschitz continuity [90]. Moreover, the
convex but nonsmooth setting often provides an effective framework for capturing the complexities
of DL problems [48]. Many widely used and empirically successful adaptive optimization algorithms,
such as AdaGrad [25], Adam [50], and Prodigy [62] have been specifically designed for this setting,
demonstrating their practical effectiveness across various DL applications.

In contrast, optimization methods that rely on smoothness assumptions and offer strong theoretical
guarantees frequently fall short in practical DL tasks [17]. For example, while variance-reduced
methods [32, 67] achieve superior convergence rates in theory, they are often outperformed by simpler
methods in practice due to the challenges posed by the complex and highly nonconvex landscapes
of DL [21]. These challenges have motivated researchers to introduce more realistic smoothness
assumptions and develop corresponding theoretical guarantees within these refined frameworks
[31, 83].

One of the earliest extensions beyond the standard Lipschitz smoothness assumption is the
(L0, L1)-smoothness condition, which was initially proposed for twice-differentiable functions
[90]. This assumption posits that the norm of the Hessian can be bounded linearly by the norm of
the gradient. Later, this assumption was generalized to encompass a broader class of differentiable
functions [11, 89].

Stochastic Gradient Descent (SGD) methods have been extensively analyzed in both convex and
nonconvex settings, with significant attention also given to adaptive variants and other modifications
[26, 39, 85, 91]. A natural extension of the (L0, L1)-smoothness assumption involves bounding the
Hessian norm with a polynomial dependence on the gradient norm, offering a more flexible and
generalized formulation. A further and even more general approach to smoothness involves the use
of an arbitrary nondecreasing continuous function to bound the Hessian norm [56]. This generalized
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setting not only encompasses the previously discussed assumptions but also provides a broader and
more adaptable framework applicable to a wide range of functions [82].

While SGD methods have been extensively studied in the context of generalized smoothness,
stochastic proximal point methods (SPPM) remain relatively underexplored. SPPM can serve as
an effective alternative when stochastic proximity operators are computationally feasible [2, 3, 46].
We recall that the proximity operator (prox) of a function f : Rd → R ∪ {+∞} is

proxf (x)
def
= argmin

z∈Rd

{
f(z) +

1

2
∥z − x∥2

}
(7)

[4]. Proximal methods, which leverage proxs of functions [12, 66], are known for their robustness
and resilience to the choice of stepsize, often allowing for the use of larger stepsizes compared to
standard gradient-based methods. Ryu and Boyd [70] provide convergence rate guarantees for SPPM
and emphasize its stability with respect to inaccuracies in learning rate selection; a property not
typically observed in SGD. Asi and Duchi [2] investigate a more general framework, AProx, which
encompasses SPPM as a special case. They establish both stability and convergence rate results for
AProx under convexity assumptions. Moreover, SPPM has been shown to achieve convergence rates
comparable to those of SGD across a variety of algorithmic settings [68].

Alternatively, instead of relying on the smoothness assumption and its generalizations, we can
consider the similarity assumption [74]. It reflects the idea that there is a certain level of similarity
or homogeneity among the gradients, which is particularly relevant in ML, where these gradients
capture the characteristics of the underlying data [30, 77]. Recognizing this natural property, several
recent works have explored various formulations and generalizations of the similarity assumption
[36, 72, 78]. In particular, multiple studies have analyzed stochastic proximal methods under different
similarity conditions, demonstrating their practical relevance and theoretical significance [29, 72].
Moreover, the concept of similarity offers a more refined perspective on the behavior of optimization
algorithms in distributed and federated learning settings [43, 45, 53].

To make the considered methods practical, the computation of a prox often involves an inexact
approach, where it is approximated by several iterations of a subroutine designed to solve the
corresponding auxiliary problem. This technique has been extensively studied in the literature,
with various criteria established to ensure the effectiveness of the approximation [7, 34, 53]. These
criteria typically include conditions such as relative and absolute error thresholds [46, 54], as well as
guarantees on the reduction of the gradient norm [71]. Meeting these criteria is crucial to maintaining
the overall convergence properties and efficiency of the optimization algorithm while balancing
computational cost and accuracy.

Our contributions are the following.

• New generalized smoothness assumption, called ϕ-smoothness. We investigate the most
general conditions required for the convergence of SPPM and introduce the novel notion of ϕ-
smoothness (Section 3). Under this assumption, we establish rigorous convergence guarantees
and explore various special cases, highlighting the specific effects and implications of the
proposed framework.

• Convergence under ϕ-smoothness. We conduct a comprehensive analysis of SPPM when the
prox is computed inexactly under the newly introduced ϕ-smoothness assumption (Section 4).
Specifically, we derive conditions on the number of subroutine steps required to solve the
auxiliary problem, ensuring that the overall iteration complexity remains the same as in the
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case of exact proximal evaluations. Our results provide practical guidelines for balancing com-
putational efficiency and theoretical guarantees. Our convergence analysis covers both strongly
convex and general convex settings, and we precisely characterize the convergence rates,
offering insights into the tradeoffs between problem complexity and algorithmic performance.

• Convergence under expected similarity. We further extend our theoretical contributions
to settings with the expected similarity assumption (Appendix C), which captures practical
scenarios where the different functions share a certain degree of similarity in expectation.
Under this assumption, we derive specific convergence results, offering valuable theoretical
insights.

• Experiments. To support our theoretical findings, we conduct a series of carefully designed
experiments that empirically validate our predictions and provide deeper insights into the
practical performance of the proposed methods (Appendix D).

Appendix B. Related work

Stochastic Gradient Descent (SGD) [69] is a fundamental and widely used optimization algorithm for
training machine learning models. Due to its efficiency and scalability, it has become the backbone
of modern deep learning, with state-of-the-art training methods relying on various adaptations
of SGD [75, 87, 92]. Over the years, the algorithm has been extensively studied, leading to a
deeper understanding of its convergence properties, robustness, and efficiency in different settings
[8, 23, 33, 47]. This ongoing theoretical research continues to refine SGD and its variants, ensuring
their effectiveness in large-scale and complex learning tasks [10, 64, 88]. Notably, methods designed
to leverage the smoothness of the objective often struggle in Deep Learning, where optimization
problems are inherently non-smooth. For instance, while variance-reduced methods [9, 22, 44, 61,
65, 73] theoretically offer faster convergence for finite sums of smooth functions, they are often
outperformed in practice by standard, non-variance-reduced methods [21]. These challenges highlight
the need to explore alternative assumptions that go beyond the standard smoothness assumption.

One of the most commonly used generalized smoothness assumptions is (L0, L1)-smoothness
[90]. Several studies have analyzed SGD methods under this condition in the convex setting
[31, 51, 56, 58, 80, 83]. The analysis of SGD in the non-convex case was first discussed in [90] and
later extended to momentum-based methods in [89].

Similar results have been established for various optimization methods, including Normalized
GD [11, 38, 91], SignGD [17], AdaGrad-Norm/AdaGrad [26, 85], Adam [86], and Normalized GD
with Momentum [39]. Additionally, methods specifically designed for distributed optimization have
been analyzed under generalized smoothness conditions [18, 24, 49].

Stochastic proximal point methods [5] have been extensively studied across different settings
due to their versatility and strong theoretical properties. This framework can encompass various
optimization algorithms, making it a unifying approach for analyzing and designing new methods.
One of its key advantages is enhanced stability, which helps mitigate the challenges of variance in
stochastic optimization. Additionally, it is particularly well-suited for non-smooth problems, where
traditional smoothness-based methods may struggle. [6, 19, 81] These properties make stochastic
proximal point methods a valuable tool in both theoretical analysis and practical applications
[14, 15, 20].
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Stochastic proximal methods have become increasingly important in Federated Learning due
to their ability to handle decentralized optimization problems efficiently [52]. Some researchers
propose replacing the standard local update steps with the proximity operator, which provides a more
robust framework for understanding the behavior of local methods and can lead to faster convergence
rates by improving the optimization process [35, 41, 55, 57, 79]. On the other hand, other studies
focus on interpreting the aggregation step as a proximity operator, which allows for a more efficient
combination of local updates [13, 16, 37, 42, 60, 63].

Appendix C. Convergence Results under Expected Similarity

In this section, we discuss the convergence results under expected similarity (Assumption 8) without
assuming that all stochastic gradients vanish at the solution. The main concept of the proof is to
introduce the average iterate:

x̄k+1 = E[xk+1|Fk],

where we denote by Fk the σ-algebra generated by the randomness (e.g., stochastic gradients or
iterates) up to iteration k. This approach enables us to derive the complexity of the algorithm. Since
we utilize the expected similarity assumption, we do not require any form of smoothness.

In this setting, convergence is impacted by the variance, defined as follows:

Assumption 18 (Bounded Variance at Optimum) Let x∗ denote any minimizer of f , supposed to
exist. The variance of the stochastic gradients at x∗ is bounded as:

Eξ∼D
[
∥∇fξ(x∗)∥2

]
≤ σ2

∗.

Remark 19 The interpolation regime, where stochastic gradients vanish at the solution, is a special
case of the general setting with σ2

∗ = 0. Detailed convergence results for this regime are provided in
Appendix J.

First, we present the convergence result for the exact formulation of SPPM.

Theorem 20 Let Assumptions 1 (Differentiability), 2 (Convexity), 3 (Strong convexity of f ), 8 (Star
Similarity), and 18 hold. If the stepsize satisfies γ ≤ µ

4δ2∗
, then SPPM satisfies, for every k ≥ 0,

E
[
∥xk − x∗∥2

]
≤
(
1− 1

2
min

(γµ
2
, 1
))k

∥x0 − x∗∥2 + 4max

(
2

γµ
, 1

)
γ2σ2

∗.

The result shows linear convergence to a neighborhood of the solution, with the neighborhood size
proportional to the variance σ2

∗ from Assumption 18, and depends on the stepsize γ. Using a decaying
stepsize schedule leads to sublinear convergence to the exact solution.

We now present the convergence guarantee for the inexact variant of SPPM.

Theorem 21 Let Assumptions 1 (Differentiability), 2 (Convexity), 8 (Star Similarity), and 18
(Bounded Variance) hold. Consider SPPM-inexact with Assumption 9 satisfied. If the stepsize
satisfies γ ≤ µ(1−c)

4δ2∗
and T is chosen sufficiently large such that ηγ2

Tα ≤ c, where 0 < c < 1 is a
constant, then SPPM-inexact satisfies, for every k ≥ 0,

E
[
∥xk − x∗∥2

]
≤
(
1− 1

2
min

(γµ
2
, 1− c

))k

∥x0 − x∗∥2 +max

(
2

γµ
,

1

1− c

)
4γ2σ2

∗
(1− c)

.
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The result guarantees convergence to a neighborhood of the solution, with a neighborhood size
strictly larger than in the exact case due to the approximation error c. Specifically, the radius of this
neighborhood increases by a factor of at least 1

1−c . Additionally, the contraction factor becomes worse
(closer to 1), and the allowable stepsize is reduced by a factor of (1− c). Hence, the convergence
speed is slower compared to the exact case, but convergence remains guaranteed as long as the
approximation error is controlled.

Appendix D. Experiments

In this section, we present numerical experiments conducted for the optimization problem in the finite-
sum form (6), where the functions fi take the specific form fi(x) = ai∥x∥2s, with s ∈ N \ {1} and
ai ∈ R+ for all i = 1, . . . , n. Each function fi is (L0, L1)-smooth, with L0 = 2s and L1 = 2s− 1,
and is convex.

Additional experiments exploring the impact of stepsizes and dependence on the initial point are
provided in Appendix E.

Here, we present two main experiments. The first experiment (originally Experiment 3) investi-
gates the effect of varying the maximum number of iterations for the inner solver, without enforcing
a stopping condition based on the gradient norm. The purpose of this analysis is to demonstrate that
if the inner solver fails to achieve sufficient accuracy in solving the proximal step, the method may
either diverge or exhibit slower convergence. We conduct two variations of this experiment.

In the first variation, we consider functions with different values of s, ranging from 2 to 20, and
run the algorithm with varying maximum iteration limits for the inner solver: T = 5, 20, 50, 100, 500.
The number of functions is set to n = 100, and the dimension is d = 5. For the second variation,
we modify the original problem to ensure strong convexity of f , enabling us to verify that the
convergence rate becomes linear in this setting. The modified problem (6) is defined as follows:
fi(x) = ai∥x∥2s+λ⟨ei, x⟩2, where ai ∈ R+ for all i = 1, . . . , n, λ ∈ R+, and ei is a unit vector with
its i-th coordinate equal to one. In this case, each function fi is (L0, L1)-smooth, with L0 = 2s+2λ
and L1 = 2s− 1, and convex. Furthermore, f is λ

n -strongly convex. We set n = d = 100, λ = 2,
and s = 2, and conduct experiments with inner solver iteration limits of 1, 10, 15, 100, 200.

As shown in Figure 1, if the number of iterations of the subroutine is sufficiently small, the method
may either diverge or exhibit significantly slower convergence. Once the number of inner iterations
reaches a sufficiently large value, the convergence improves. It is worth noting that increasing
the number of iterations beyond this point does not result in a significant further improvement in
convergence. These observations confirm our theoretical findings.

In the second experiment, we analyze the performance of SPPM-inexact and compare it with
stochastic gradient descent (SGD) using constant stepsizes. Each function in this experiment has

the form fi(x) = ai|x|
2−αi
1−αi , each of which is individually αi-smooth, as shown by Chen et al. [11].

It is straightforward to verify that each fi is also 1 > β > αi > 0-symmetric smooth, implying
all functions are α = maxi=1...N αi-symmetric smooth. We set N = 1000, with coefficients ai
uniformly distributed in the range [10, 1000).

We run both SPPM-inexact and SGD with three constant stepsizes: γ ∈ {10−3, 5× 10−7, 10−8}.
Figure 2 illustrates that for smaller stepsizes (γ = 5 × 10−7, 10−8), both methods exhibit slow
convergence, stagnating at suboptimal solutions within the number of iterations considered. However,
for the larger stepsize (γ = 10−3), SPPM-inexact converges consistently to the optimal solution,
whereas SGD diverges.
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Figure 2: Comparison between SPPM-inexact and SGD with constant stepsizes γ.
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Figure 3: Convergence behavior of SPPM-inexact with different stepsizes.

This experiment highlights an advantage of SPPM-inexact: its capability to utilize relatively
larger constant stepsizes effectively, resulting in faster and stable convergence. On the other hand,
constant stepsize SGD may require smaller stepsizes or careful tuning to achieve convergence. Hence,
while the considered optimization scenario is not inherently challenging, it clearly demonstrates the
practical benefits of the flexibility in step-size selection provided by SPPM-inexact.

Appendix E. Additional Experiments

In this appendix, we present additional experiments originally conducted to analyze the behavior of
SPPM-inexact under various conditions.

E.1. Impact of Different Stepsizes

This experiment investigates the impact of different stepsizes on the convergence of the proposed
method. Specifically, we aim to demonstrate that the method converges for any positive stepsize,
provided an appropriately chosen tolerance for the inner solver is used, and that larger stepsizes
lead to faster convergence rates. To validate this, we analyze three different values of s, namely
s = 2, 3, 4. For each case, five different stepsizes are tested: γ = 0.1, 1, 10, 100, 1000. The number
of functions is set to n = 1000, the dimension to d = 100, and an inexact solver is employed with a
stopping criterion based on the squared norm of the gradient, with an accuracy threshold of 10−12:
∥∇Ψk(x̂k)∥2 ≤ 10−12. As shown in Figure 3, the method converges for all chosen stepsizes. While
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Figure 4: Convergence behavior of SPPM-inexact with different starting points.

larger stepsizes accelerate convergence in terms of the number of iterations, they also increase the
computational cost per iteration. These observations confirm our theoretical findings.

E.2. Dependence on the Initial Point

This experiment investigates the dependence of convergence on the initial point. The objective is
to verify that the convergence of SPPM-inexact is independent of the initial point and to assess
the tightness of the theoretical analysis, i.e., whether the convergence rate depends on the distance
between the initial and optimal points. For this experiment, we analyze three different values
of s (s = 2, 3, 4) and, for each case, randomly select five different initial points with norms
∥x0∥ = 0.1, 1, 10, 50, 100, while keeping all other parameters unchanged. As shown in Figure 4,
the convergence rates are nearly identical across all cases, suggesting that the upper bound ∥xk −
xk+1∥2 ≤ ∥x0 − x∗∥2 provided in Lemma 14 may be overly restrictive for certain problems. Further
investigation of this effect is a promising direction for future research.

It is worth noting that increasing the parameter s, which influences the problem formulation,
makes the problem more challenging to solve. This is because the parameters L0 and L1 increase as
s grows. This observation aligns with our theoretical understanding.
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Appendix F. Notations

Table 1: Summary of the main notations used in the paper.

Symbol Description
x∗ optimal solution that minimizes f(x)
x0 initial point
xk k-th iterate of SPPM
γ stepsize of SPPM
ϕ(·, ·) smoothness function.
Dfξ(x, y) Bregman divergence of fξ between x and y, see (8)
Fk σ-algebra generated by x0, . . . , xk
x̂k uniformly chosen iterate from the set {x0, x1, . . . , xk−1}
xΨk exact solution to the proximal subproblem, see (??)
T number of inner iterations for inexact computation of the prox
σ2
∗ upper bound on the variance of the stochastic gradients

µ strong convexity parameter of the function f

δ∗ Star Similarity constant
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Appendix G. Fundamental Lemmas

We define the Bregman divergence of a function g as

Dg(x, y) := g(x)− g(y)− ⟨∇g(y), x− y⟩ ∀x, y ∈ Rd. (8)

Lemma 22 Let Assumptions 1, 2 and 4 hold. Then for any stepsize γ > 0, the iterates of SPPM
satisfy, for every k ≥ 0,

⟨xk+1 − x∗, xk − xk+1⟩ ≥ γ(fξk(xk+1)− fξk(x∗)) ≥ 0. (9)

Proof Since

xk+1 = arg min
y∈Rd

(
fξk(y) +

1

2γ
∥y − xk∥2

)
,

the first-order optimality condition implies that:

∇fξk(xk+1) +
1

γ
(xk+1 − xk) = 0. (10)

Since fξk is differentiable and convex, we obtain the following inequality:

fξk(x∗) ≥ fξk(xk+1) + ⟨∇fξk(xk+1), x∗ − xk+1⟩
(10)
= fξk(xk+1) +

1

γ
⟨xk − xk+1, x∗ − xk+1⟩.

Rearranging this expression yields the first inequality in (9). Furthermore, we also have:

fξk(xk+1) ≥ inf
x∈Rd

fξk(x) = fξk(x∗),

which follows from Assumption 4.

G.1. Proof of Lemma 11

fξ(x)− fξ(y) =

∫ 1

0
⟨∇fξ(y + t(x− y)), x− y⟩ dt

=

∫ 1

0
⟨∇fξ(y + t(x− y))−∇fξ(y), x− y⟩ dt+ ⟨∇fξ(y), x− y⟩.

Moving ⟨∇fξ(y), x− y⟩ to the left-hand side and using Cauchy–Schwarz inequality, we get:

Dfξ(x, y) =

∫ 1

0
⟨∇fξ(y + t(x− y))−∇fξ(y), x− y⟩ dt

≤
∫ 1

0
∥∇fξ(y + t(x− y))−∇fξ(y)∥ ∥x− y∥ dt

Using ϕ-smoothness of fξ and that ϕ is nondecreasing on both variables, we get:

Dfξ(x, y) ≤
∫ 1

0
(ϕ(t∥x− y∥, ∥∇fξ(y)∥)t∥x− y∥2 dt

≤
∫ 1

0
(ϕ(∥x− y∥, ∥∇fξ(y)∥)t∥x− y∥2 dt

=
ϕ(∥x− y∥, ∥∇fξ(y)∥)

2
∥x− y∥2. (11)
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G.2. Proof of Lemma 12

From Proposition 3.2 (Point 2) in Chen et al. [11], the function fξ : Rd → R is symmetrically
(L0, L1)-smooth if and only if for all x, y ∈ Rd,

∥∇fξ(x)−∇fξ(y)∥ ≤ (L0 + L1∥∇fξ(y)∥) exp (L1∥x− y∥) ∥x− y∥.

Hence, defining

ϕ (∥x− y∥, ∥∇fξ(y)∥) := (L0 + L1∥∇fξ(y)∥) exp (L1∥x− y∥) ,

we obtain
∥∇fξ(x)−∇fξ(y)∥ ≤ ϕ (∥x− y∥, ∥∇fξ(y)∥) ∥x− y∥,

which confirms that fξ is ϕ-smooth according to Assumption 10.

G.3. Proof of Lemma 13

From Proposition 3.2 (Point 1) in Chen et al. [11], the function fξ : Rd → R is said to satisfy the
α-symmetric generalized-smoothness condition if and only if for all x, y ∈ Rd,

∥∇fξ(x)−∇fξ(y)∥ ≤ ∥x− y∥
(
K0 +K1∥∇fξ(y)∥α +K2∥x− y∥

α
1−α

)
,

where the constants K0,K1,K2 are defined as:

K0 := L0

(
2

α2

1−α + 1

)
,

K1 := L1 · 2
α2

1−α · 3α,

K2 := L
1

1−α

1 · 2
α2

1−α · 3α(1− α)
α

1−α .

Hence, defining

ϕ (∥x− y∥, ∥∇fξ(y)∥) := K0 +K1∥∇fξ(y)∥α +K2∥x− y∥
α

1−α ,

we obtain
∥∇fξ(x)−∇fξ(y)∥ ≤ ϕ (∥x− y∥, ∥∇fξ(y)∥) ∥x− y∥,

which confirms that fξ is ϕ-smooth in the sense of Assumption 10.

G.4. Proof of Lemma 14

Let k ≥ 0. Since xk+1 = argminy∈Rd

(
fξk(y) +

1
2γ ∥y − xk∥2

)
, we have:

fξk(xk+1) +
1

2γ
∥xk − xk+1∥2 ≤ fξk(x∗) +

1

2γ
∥xk − x∗∥2,

Rearranging the terms, we obtain:

∥xk − xk+1∥2 ≤ ∥xk − x∗∥2 − 2γ (fξk(xk+1)− fξk(x∗)) .
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Since fξk(xk+1)− fξk(x∗) ≥ 0, it follows that:

∥xk − xk+1∥2 ≤ ∥xk − x∗∥2.

On the other hand, due to the nonexpansiveness of the proximal operator, we know that:

∥xk − x∗∥2 ≤ ∥xk−1 − x∗∥2 for any k ≥ 1.

By applying this recursively, we obtain:

∥xk − x∗∥2 ≤ ∥x0 − x∗∥2.

Combining the above inequalities, we arrive at the desired result.

G.5. Proof of Lemma 15

Let k ≥ 0. Applying (11) to the iterates, we obtain:

fξk(xk) ≤ fξk(xk+1)+ ⟨∇fξk(xk+1), xk−xk+1⟩+
ϕ
(
∥xk − xk+1∥, ∥∇f(xk+1)∥

)
2

∥xk−xk+1∥2.

Using (??) we obtain:

fξk(xk) ≤ fξk(xk+1) +
1

γ
∥xk − xk+1∥2 +

ϕ
(
∥xk − xk+1∥, 1γ ∥xk − xk+1∥

)
2

∥xk − xk+1∥2.

Finally, applying (14) and rearranging terms, we obtain:

fξk(xk)− fξk(xk+1) ≤

1

γ
+

ϕ
(
∥x0 − x∗∥, 1γ ∥x0 − x∗∥

)
2

 ∥xk − xk+1∥2.
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Appendix H. Proof of Theorems 16 and 17

H.1. Proof of Theorem 16

For convenience, we restate Theorem 16 here:

Theorem 23 Let Assumptions 1 (Differentiability), 2 (Convexity), 4 (Interpolation) and 10 (ϕ-
smoothness) hold. Then for any stepsize γ > 0 we have, for every k ≥ 0,

E[f(x̂k)]− f(x∗) ≤
ϕ(∥x0 − x∗∥, 1γ ∥x0 − x∗∥) + 2

γ

2k
∥x0 − x∗∥2, (12)

where x̂k is a vector chosen from the set of iterates x0, . . . , xk−1 uniformly at random.
If additionally Assumption 3 holds, then for any stepsize γ > 0 and k ∈ N+, we have:

E
[
∥xk − x∗∥2

]
≤

(
1− µ

2
γ + ϕ(∥x0 − x∗∥, 1γ ∥x0 − x∗∥)

)k

∥x0 − x∗∥2, (13)

Proof We have:

∥xk+1 − x∗∥2 = ∥xk − x∗ − (xk − xk+1)∥2

= ∥xk − x∗∥2 − 2⟨xk − x∗, xk − xk+1⟩+ ∥xk − xk+1∥2

= ∥xk − x∗∥2 − 2⟨xk − xk+1 + xk+1 − x∗, xk − xk+1⟩+ ∥xk − xk+1∥2

= ∥xk − x∗∥2 − 2⟨xk+1 − x∗, xk − xk+1⟩ − ∥xk − xk+1∥2. (14)

Using (9) and Lemma 15, we obtain:

∥xk+1−x∗∥2 ≤ ∥xk−x∗∥2−2γ(fξk(xk+1)−fξk(x∗))−
1

1
γ +

ϕ
(
∥x0−x∗∥, 1γ ∥x0−x∗∥

)
2

(fξk(xk)−fξk(xk+1)).

Since 2γ > 1

1
γ
+

ϕ(∥x0−x∗∥, 1γ ∥x0−x∗∥)
2

, we obtain:

∥xk+1 − x∗∥2 ≤ ∥xk − x∗∥2 −
1

1
γ +

ϕ
(
∥x0−x∗∥, 1γ ∥x0−x∗∥

)
2

(fξk(xk)− fξk(x∗)).

Let Fk denote the σ-algebra generated by the collection of random variables (x0, . . . , xk). Taking
the expectation conditioned on Fk, we have:

E[∥xk+1 − x∗∥2 | Fk] ≤ ∥xk − x∗∥2 −
1

1
γ +

ϕ
(
∥x0−x∗∥, 1γ ∥x0−x∗∥

)
2

(f(xk)− f(x∗)). (15)

Taking full expectation, we get:

E[∥xk+1 − x∗∥2] ≤ E[∥xk − x∗∥2]−
1

1
γ +

ϕ
(
∥x0−x∗∥, 1γ ∥x0−x∗∥

)
2

(E[f(xk)]− f(x∗)).
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By summing up the inequalities telescopically for t = 0, . . . , k, we obtain:

k∑
t=0

E[f(xt)]− f(x∗) ≤

1

γ
+

ϕ
(
∥x0 − x∗∥, 1γ ∥x0 − x∗∥

)
2

 (∥x0 − x∗∥2 − E[∥xk+1 − x∗∥2])

≤

1

γ
+

ϕ
(
∥x0 − x∗∥, 1γ ∥x0 − x∗∥

)
2

 ∥x0 − x∗∥2.

Notice that:

E[f(x̂k+1)] = E [E[f(x̂k+1) | Fk]] = E

[
1

k + 1

k∑
t=0

f(xt)

]
=

1

k + 1

k∑
t=0

E[f(xt)].

Thus, we have:

E[f(x̂k+1)]− f(x∗) ≤
2
γ + ϕ

(
∥x0 − x∗∥, 1γ ∥x0 − x∗∥

)
2(k + 1)

∥x0 − x∗∥2.

If we assume 3, then in step (15), applying the strong convexity of f , we get:

E[∥xk+1 − x∗∥2 | Fk] ≤ ∥xk − x∗∥2 −
µ

2
γ + ϕ

(
∥x0 − x∗∥, 1γ ∥x0 − x∗∥

)∥xk − x∗∥2

≤

1− µ

2
γ + ϕ

(
∥x0 − x∗∥, 1γ ∥x0 − x∗∥

)
 ∥xk − x∗∥2.

Taking full expectation, we obtain:

E[∥xk+1 − x∗∥2] ≤

1− µ

2
γ + ϕ

(
∥x0 − x∗∥, 1γ ∥x0 − x∗∥

)
E[∥xk − x∗∥2].

Applying this recursively, we get:

E[∥xk+1 − x∗∥2] ≤

1− µ

2
γ + ϕ

(
∥x0 − x∗∥, 1γ ∥x0 − x∗∥

)
k+1

∥x0 − x∗∥2.

H.2. Proof of Theorem 17

For convenience, we restate Theorem 17 here:
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Theorem 24 Let Assumptions 1 (Differentiability), 2 (Convexity), 4 (Interpolation) and 10 (ϕ-
smoothness) hold. Consider SPPM-inexact with every inexact prox satisfying Assumption 9. If T
is chosen sufficiently large such that ηγ2

Tα ≤ c < 1, then, for any stepsize γ > 0 the iterates of
SPPM-inexact satisfy, for every k ≥ 0,

E[f(x̂k)]− f(x∗) ≤
ϕ(∥x0 − x∗∥, 1γ ∥x0 − x∗∥) + 2

γ

2k (1− c)
∥x0 − x∗∥2.

If in addition Assumption 3 holds, then for any γ > 0, the iterates of SPPM-inexact satisfy, for every
k ≥ 0,

E
[
∥xk − x∗∥2

]
≤

(
1− (1− c)µ

2
γ + ϕ(∥x0 − x∗∥, 1γ ∥x0 − x∗∥)

)k

∥x0 − x∗∥2.

Proof We have:

∥xk+1 − x∗∥ = ∥xk − x∗∥2 − 2⟨xk+1 − x∗, xk − xk+1⟩ − ∥xk − xk+1∥2.

Substituting xk+1 = xk − γ∇fξk(x̂k), we obtain:

∥xk+1 − x∗∥2 = ∥xk − x∗∥2 − ∥xk+1 − xk∥2 − 2γ⟨∇fξk(x̂k), xk+1 − x∗⟩
= ∥xk − x∗∥2 − ∥xk+1 − xk∥2 − 2γ⟨∇fξk(x̂k), xk+1 − x̂k + x̂k − x∗⟩
= ∥xk − x∗∥2 − ∥xk+1 − xk∥2 − 2γ⟨∇fξk(x̂k), x̂k − x∗⟩ − 2γ⟨∇fξk(x̂k), xk+1 − x̂k⟩.

Using the identity −2⟨a, b⟩ = −∥a+ b∥2 + ∥a∥2 + ∥b∥2, we rewrite the expression:

∥xk+1 − x∗∥2 = ∥xk − x∗∥2 − ∥xk+1 − xk∥2 − 2γ⟨∇fξk(x̂k), x̂k − x∗⟩
− ∥xk+1 + γ∇fξk(x̂k)− x̂k∥2 + ∥γ∇fξk(x̂k)∥

2 + ∥xk+1 − x̂k∥2.

Noting that ∥xk+1 + γ∇fξk(x̂k) − xk∥2 = ∥xk − x̂k∥2 and ∥γ∇fξk(x̂k)∥2 = ∥xk+1 − xk∥2, we
simplify:

∥xk+1 − x∗∥2 = ∥xk − x∗∥2 − 2γ⟨∇fξk(x̂k), x̂k − x∗⟩ − ∥xk − x̂k∥2 + ∥xk+1 − x̂k∥2.

Using ∥xk+1 − x̂k∥2 = ∥xk − γ∇fξk(x̂k)− x̂k∥2 = ∥ − γ∇Ψk(x̂k)∥2, we derive:

∥xk+1 − x∗∥2 = ∥xk − x∗∥2 − 2γ⟨∇fξk(x̂k), x̂k − x∗⟩ − ∥xk − x̂k∥2 + γ2∥∇Ψk(x̂k)∥2. (16)

By convexity of fξk , we have:

fξk(x∗) ≥ fξk(x̂k) + ⟨∇fξk(x̂k), x∗ − x̂k⟩.

which implies:
⟨∇fξk(x̂k), x̂k − x∗⟩ ≥ fξk(x̂k)− fξk(x∗). (17)

Using (17) in (16), we get:

∥xk+1 − x∗∥2 ≤ ∥xk − x∗∥2 − 2γ(fξk(x̂k)− fξk(x∗))− ∥xk − x̂k∥2 + γ2∥∇Ψk(x̂k)∥2. (18)
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Since xΨk is the minimizer of Ψk(x), we have:

fξk(x
Ψ
k ) +

1

2γ
∥xΨk − xk∥2 ≤ fξk(x̂k) +

1

2γ
∥x̂k − xk∥2,

from which it follows that:

fξk(x̂k) ≥ fξk(x
Ψ
k ) +

1

2γ
∥xΨk − xk∥2 −

1

2γ
∥x̂k − xk∥2.

Replacing it in (18), we obtain:

∥xk+1 − x∗∥2 ≤ ∥xk − x∗∥2 − 2γ(fξk(x
Ψ
k )− fξk(x∗))− ∥xΨk − xk∥2 + ∥x̂k − xk∥2 − ∥xk − x̂k∥2 + γ2∥∇Ψk(x̂k)∥2

= ∥xk − x∗∥2 − 2γ(fξk(x
Ψ
k )− fξk(x∗))− ∥xΨk − xk∥2 + γ2∥∇Ψk(x̂k)∥2 (19)

Using (??), we get:

∥xk+1 − x∗∥2 ≤ ∥xk − x∗∥2 − 2γ(fξk(x
Ψ
k )− fξk(x∗))− ∥xΨk − xk∥2 +

ηγ2∥xk − xΨk ∥2

Tα

= ∥xk − x∗∥2 − 2γ(fξk(x
Ψ
k )− fξk(x∗))− (1− ηγ2

Tα
)∥xk − xΨk ∥2 (20)

From the proximal step, we have:

fξk(x
Ψ
k ) +

1

2γ
∥xk − xΨk ∥2 ≤ fξk(x∗) +

1

2γ
∥x∗ − xk∥2

Rearranging the terms, we get:

∥xk − xΨk ∥2 ≤ ∥x∗ − xk∥2 − 2γ(fξk(x
Ψ
k )− fξk(x∗))

≤ ∥x∗ − xk∥2,

and from the (20), we know that ∥xk+1−x∗∥2 ≤ ∥xk−x∗∥2, so using recursion, we get ∥xk−xΨk ∥2 ≤
∥x0 − x∗∥2, which means we can use (??) in (20):

∥xk+1−x∗∥2 ≤ ∥xk−x∗∥2−2γ(fξk(x
Ψ
k )−fξk(x∗))−

1− ηγ2

Tα

1
γ +

ϕ
(
∥x0−x∗∥, 1γ ∥x0−x∗∥

)
2

(
fξk(xk)− fξk(x

Ψ
k )
)

(21)

and since 2γ >
1− ηγ2

Tα

1
γ
+

ϕ(∥x0−x∗∥, 1γ ∥x0−x∗∥)
2

, we can write:

∥xk+1 − x∗∥2 ≤ ∥xk − x∗∥2 −
1− ηγ2

Tα

1
γ +

ϕ
(
∥x0−x∗∥, 1γ ∥x0−x∗∥

)
2

(fξk(x
Ψ
k )− fξk(x∗))

−
1− ηγ2

Tα

1
γ +

ϕ
(
∥x0−x∗∥, 1γ ∥x0−x∗∥

)
2

(
fξk(xk)− fξk(x

Ψ
k )
)

= ∥xk − x∗∥2 −
1− ηγ2

Tα

1
γ +

ϕ
(
∥x0−x∗∥, 1γ ∥x0−x∗∥

)
2

(fξk(xk)− fξk(x∗)) .
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Taking the expectation conditioned on Fk, we have:

E[∥xk+1 − x∗∥2 | Fk] ≤ ∥xk − x∗∥2 −
1− ηγ2

Tα

1
γ +

ϕ
(
∥x0−x∗∥, 1γ ∥x0−x∗∥

)
2

(f(xk)− f(x∗)) (22)

Now, by taking the full expectation, we get:

E[∥xk+1 − x∗∥2] ≤ E[∥xk − x∗∥2]−
1− ηγ2

Tα

1
γ +

ϕ
(
∥x0−x∗∥, 1γ ∥x0−x∗∥

)
2

(E[f(xk)]− f(x∗)) .

By summing up the inequalities telescopically for t = 0, . . . , k, we obtain:

k∑
t=0

E[f(xt)]− f(x∗) ≤
1
γ +

ϕ
(
∥x0−x∗∥, 1γ ∥x0−x∗∥

)
2

1− ηγ2

Tα

(∥x0 − x∗∥2 − E[∥xk+1 − x∗∥2])

≤
1
γ +

ϕ
(
∥x0−x∗∥, 1γ ∥x0−x∗∥

)
2

1− ηγ2

Tα

∥x0 − x∗∥2.

Notice that:

E[f(x̂k+1)] = E [E[f(x̂k+1) | Fk]] = E

[
1

k + 1

k∑
t=0

f(xt)

]
=

1

k + 1

k∑
t=0

E[f(xt)].

Thus, we have:

E[f(x̂k+1)]− f(x∗) ≤
2
γ + ϕ

(
∥x0 − x∗∥, 1γ ∥x0 − x∗∥

)
2(k + 1)

(
1− ηγ2

Tα

) ∥x0 − x∗∥2

≤
2
γ + ϕ

(
∥x0 − x∗∥, 1γ ∥x0 − x∗∥

)
2(k + 1) (1− c)

∥x0 − x∗∥2.

If we assume 3, then in step (22), applying the strong convexity of f , we get:

E[∥xk+1 − x∗∥2 | Fk] ≤ ∥xk − x∗∥2 −
µ
(
1− ηγ2

Tα

)
2
γ + ϕ

(
∥x0 − x∗∥, 1γ ∥x0 − x∗∥

)∥xk − x∗∥2

≤

1−
µ
(
1− ηγ2

Tα

)
2
γ + ϕ

(
∥x0 − x∗∥, 1γ ∥x0 − x∗∥

)
 ∥xk − x∗∥2.

Taking the full expectation, we obtain:

E[∥xk+1 − x∗∥2] ≤

1−
µ
(
1− ηγ2

Tα

)
2
γ + ϕ

(
∥x0 − x∗∥, 1γ ∥x0 − x∗∥

)
E[∥xk − x∗∥2].
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Applying this recursively, we get:

E[∥xk+1 − x∗∥2] ≤

1−
µ
(
1− ηγ2

Tα

)
2
γ + ϕ

(
∥x0 − x∗∥, 1γ ∥x0 − x∗∥

)
k+1

∥x0 − x∗∥2

≤

1− µ (1− c)

2
γ + ϕ

(
∥x0 − x∗∥, 1γ ∥x0 − x∗∥

)
k+1

∥x0 − x∗∥2.
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Appendix I. Proof of Theorems 20 and 21

For convenience, we restate Theorem 20 here:

Theorem 25 Let Assumptions 1 (Differentiability), 2 (Convexity), 3(Strong convexity of f ), 8 (Star
Similarity) and 18 (Bounded Variance at Optimum) hold. If the stepsize satisfies γ ≤ µ

4δ2∗
, we have,

for every k ≥ 0,

E
[
∥xk − x∗∥2

]
≤
(
1−min

(
γµ

4
,
1

2

))k

∥x0 − x∗∥2 +max

(
4

γµ
, 2

)
2γ2σ2

∗. (23)

Proof Define
x̄k+1 = E[xk+1|Fk].

Then

∥xk+1 − x∗∥2 = ∥xk − x∗∥2 − 2⟨xk+1 − x∗, xk − xk+1⟩ − ∥xk − xk+1∥2

≤ ∥xk − x∗∥2 − 2γ(fξk(xk+1)− fξk(x∗))− ∥xk − xk+1∥2

≤ ∥xk − x∗∥2 − 2γ(fξk(x̄k+1) + ⟨∇fξk(x̄k+1), xk+1 − x̄k+1⟩ − fξk(x∗))− ∥xk − xk+1∥2.
Taking the expectation conditioned on Fk and using the equality E[∥x− c∥2] = E[∥x− E[x]∥2] +
∥E[x]− c∥2, we get:

E
[
∥xk+1 − x∗∥2|Fk

]
≤ ∥xk − x∗∥2 − 2γE [fξk(x̄k+1) + ⟨∇fξk(x̄k+1), xk+1 − x̄k+1⟩ − fξk(x∗)|Fk]

− E
[
∥xk − xk+1∥2|Fk

]
= ∥xk − x∗∥2 − 2γ (f(x̄k+1)− f(x∗) + E [⟨∇fξk(x̄k+1), xk+1 − x̄k+1⟩|Fk])

− E
[
∥xk+1 − x̄k+1∥2|xk

]
− ∥xk − x̄k+1∥2. (24)

Since E [⟨f(x̄k+1), xk+1 − x̄k+1⟩|Fk] = 0, we can write:

E
[
∥xk+1 − x∗∥2 | Fk

]
≤ ∥xk − x∗∥2 − 2γ (f(x̄k+1)− f(x∗) + E [⟨∇fξk(x̄k+1), xk+1 − x̄k+1⟩ | Fk])

− E
[
∥xk+1 − x̄k+1∥2 | Fk

]
− ∥xk − x̄k+1∥2

= ∥xk − x∗∥2 − 2γ (f(x̄k+1)− f(x∗))

− 2γE [⟨∇fξk(x̄k+1)−∇f(x̄k+1)−∇fξk(x∗), xk+1 − x̄k+1⟩ | Fk]

+ 2γ (E [⟨∇fξk(x∗), x̄k+1 − xk+1⟩ | Fk])− E
[
∥xk+1 − x̄k+1∥2 | Fk

]
− ∥xk − x̄k+1∥2.

Let a ∈ (0, 1). Then

E
[
∥xk+1 − x∗∥2 | Fk

]
≤ ∥xk − x∗∥2 − 2γ (f(x̄k+1)− f(x∗))

− 2

a
E [⟨γ(∇fξk(x̄k+1)−∇f(x̄k+1)−∇fξk(x∗)), a(xk+1 − x̄k+1)⟩ | Fk]

+ 2γ (E [⟨∇fξk(x∗), x̄k+1 − xk+1⟩ | Fk])− E
[
∥xk+1 − x̄k+1∥2 | Fk

]
− ∥xk − x̄k+1∥2.

Using strong convexity of f and the identity 2⟨c, b⟩ = ∥c+ b∥2 − ∥c∥2 − ∥b∥2, we obtain:

E
[
∥xk+1 − x∗∥2

]
≤ ∥xk − x∗∥2 − γµ∥x̄k+1 − x∗∥2

− 1

a
E
[
∥γ(∇fξk(x̄k+1)−∇f(x̄k+1)−∇fξk(x∗)) + a(xk+1 − x̄k+1)∥2 | Fk

]
+

γ2

a
E
[
∥(∇fξk(x̄k+1)−∇f(x̄k+1)−∇fξk(x∗))∥

2 | Fk

]
− (1− a)E

[
∥xk+1 − x̄k+1∥2 | Fk

]
+ 2γ (E [⟨∇fξk(x∗), x̄k+1 − xk+1⟩ | Fk])− ∥xk − x̄k+1∥2
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Using Assumption 8 and Young’s inequality, we get:

E
[
∥xk+1 − x∗∥2

]
≤ ∥xk − x∗∥2 − γµ∥x̄k+1 − x∗∥2 +

γ2δ2∗
a

∥x̄k+1 − x∗∥2 − (1− a)E
[
∥xk+1 − x̄k+1∥2 | xk

]
+

γ2

s
E
[
∥∇fξk(x∗)∥

2 | xk
]
+ sE

[
∥xk+1 − x̄k+1∥2 | xk

]
− ∥xk − x̄k+1∥2.

By substituting s = 1− a and choosing a = 1
2 , we get:

E
[
∥xk+1 − x∗∥2Fk

]
≤ ∥xk − x∗∥2 − γµ∥x̄k+1 − x∗∥2 + 2γ2δ2∗∥x̄k+1 − x∗∥2 + 2γ2E

[
∥∇fξk(x∗)∥

2 | xk
]

− ∥xk − x̄k+1∥2.

We require 2γ2δ2∗ ≤ γµ
2 , which implies γ ≤ µ

4δ2∗
. Therefore, we get:

E
[
∥xk+1 − x∗∥2 | Fk

]
≤ ∥xk − x∗∥2 −

γµ

2
∥x̄k+1 − x∗∥2 − ∥xk − x̄k+1∥2 + 2γ2E

[
∥∇fξk(x∗)∥

2 | xk
]

≤ ∥xk − x∗∥2 −min
(γµ

2
, 1
)
(∥x̄k+1 − x∗∥2 − ∥xk − x̄k+1∥2) + 2γ2E

[
∥∇fξk(x∗)∥

2 | xk
]

≤
(
1−min

(
γµ

4
,
1

2

))
∥xk − x∗∥2 + 2γ2σ2

∗.

Taking the full expectation, we obtain:

E[∥xk+1 − x∗∥2] ≤
(
1−min

(
γµ

4
,
1

2

))
E[∥xk − x∗∥2] + 2γ2σ2

∗

By applying the inequality recursively, we derive:

E[∥xk+1 − x∗∥2] ≤
(
1−min

(
γµ

4
,
1

2

))k+1

∥x0 − x∗∥2

+

((
1−min

(
γµ

4
,
1

2

))0

+ · · ·+
(
1−min

(
γµ

4
,
1

2

))k
)
2γ2σ2

∗

≤
(
1−min

(
γµ

4
,
1

2

))k+1

∥x0 − x∗∥2 +max

(
4

γµ
, 2

)
2γ2σ2

∗.

For convenience, we restate Theorem 21 here:

Theorem 26 Let Assumptions 1 (Differentiability), 2 (Convexity), 8 (Star Similarity) and 18 (Bounded
Variance) hold. Consider SPPM-inexact with Assumption 9 satisfied. If the stepsize satisfies
γ ≤ µ(1−c)

4δ2∗
and T is chosen sufficiently large such that ηγ2

Tα ≤ c, where 0 < c < 1 is a constant, then
SPPM-inexact satisfies, for every k ≥ 0,
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E
[
∥xk − x∗∥2

]
≤
(
1− 1

2
min

(γµ
2
, 1− c

))k

∥x0 − x∗∥2 +max

(
2

γµ
,

1

1− c

)
4γ2σ2

∗
(1− c)

.

Proof To avoid repetition, we start from (28):

E
[
∥xk+1 − x∗∥2|xk

]
≤ ∥xk − x∗∥2 − 2γ

(
f(x̄k+1)− f(x∗) + E

[
⟨∇fξk(x̄k+1), x

Ψ
k − x̄k+1⟩|xk

])
− (1− ηγ2

Tα
)E
[
∥xΨk − x̄k+1∥2|xk

]
− (1− ηγ2

Tα
)∥xk − x̄k+1∥2.

Now since E
[
⟨f(x̄k+1), x

Ψ
k − x̄k+1⟩|xk

]
= 0, we can write:

E
[
∥xk+1 − x∗∥2 | xk

]
≤ ∥xk − x∗∥2 − 2γ (f(x̄k+1)− f(x∗))

− 2γE
[
⟨∇fξk(x̄k+1)−∇f(x̄k+1)−∇fξk(x∗), x

Ψ
k − x̄k+1⟩ | xk

]
+ 2γ

(
E
[
⟨∇fξk(x∗), x̄k+1 − xΨk ⟩ | xk

])
− (1− ηγ2

Tα
)E
[
∥xΨk − x̄k+1∥2 | xk

]
−
(
1− ηγ2

Tα

)
∥xk − x̄k+1∥2.

Let a ∈ (0, 1). Then

E
[
∥xk+1 − x∗∥2 | xk

]
≤ ∥xk − x∗∥2 − 2γ (f(x̄k+1)− f(x∗))

− 2
1

a

(
E
[
⟨γ(∇fξk(x̄k+1)−∇f(x̄k+1)−∇fξk(x∗)), a(x

Ψ
k − x̄k+1)⟩ | xk

])
+ 2γ

(
E
[
⟨∇fξk(x∗), x̄k+1 − xΨk ⟩ | xk

])
− (1− ηγ2

Tα
)E
[
∥xΨk − x̄k+1∥2 | xk

]
−
(
1− ηγ2

Tα

)
∥xk − x̄k+1∥2.

Using strong convexity of f and the identity 2⟨c, b⟩ = ∥c+ b∥2 − ∥c∥2 − ∥b∥2, we obtain:

E
[
∥xk+1 − x∗∥2 | xk

]
≤ ∥xk − x∗∥2 − γµ∥x̄k+1 − x∗∥2

− 1

a

(
E
[
∥γ(∇fξk(x̄k+1)−∇f(x̄k+1)−∇fξk(x∗)) + a(xΨk − x̄k+1)∥2 | xk

])
+

γ2

a
E
[
∥(∇fξk(x̄k+1)−∇f(x̄k+1)−∇fξk(x∗))∥

2 | xk
]
+ aE

[
∥xΨk − x̄k+1∥2 | xk

]
+ 2γ

(
E
[
⟨∇fξk(x∗), x̄k+1 − xΨk ⟩ | xk

])
− (1− ηγ2

Tα
)E
[
∥xΨk − x̄k+1∥2 | xk

]
−
(
1− ηγ2

Tα

)
∥xk − x̄k+1∥2.

Using Assumption 8 and Young’s inequality, we get:

E
[
∥xk+1 − x∗∥2 | xk

]
≤ ∥xk − x∗∥2 − γµ∥x̄k+1 − x∗∥2 +

γ2δ2∗
a

∥x̄k+1 − x∗∥2 + aE
[
∥xΨk − x̄k+1∥2 | xk

]
+

γ2

s
E
[
∥∇fξk(x∗)∥

2 | xk
]
+ sE

[
∥x̄k+1 − xΨk ∥2 | xk

]
−
(
1− ηγ2

Tα

)
E
[
∥xΨk − x̄k+1∥2 | xk

]
−
(
1− ηγ2

Tα

)
∥xk − x̄k+1∥2.
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Choosing s = a =
1− ηγ2

Tα

2 , we derive:

E
[
∥xk+1 − x∗∥2 | xk

]
≤ ∥xk − x∗∥2 − γµ∥x̄k+1 − x∗∥2 +

2γ2δ2∗

1− ηγ2

Tα

∥x̄k+1 − x∗∥2

+
2γ2

1− ηγ2

Tα

E
[
∥∇fξk(x∗)∥

2 | xk
]
−
(
1− ηγ2

Tα

)
∥xk − x̄k+1∥2.

Let T be large enough such that ηγ2

Tα ≤ c < 1. Then

E
[
∥xk+1 − x∗∥2 | xk

]
≤ ∥xk − x∗∥2 − γµ∥x̄k+1 − x∗∥2 +

2γ2δ2∗
1− c

∥x̄k+1 − x∗∥2 +
2γ2

1− c
E
[
∥∇fξk(x∗)∥

2 | xk
]

− (1− c)∥xk − x̄k+1∥2.

We want 2γ2δ2∗ ≤ γµ(1−c)
2 , which implies γ ≤ µ(1−c)

4δ2∗
, so we get:

E
[
∥xk+1 − x∗∥2 | xk

]
≤ ∥xk − x∗∥2 −

γµ

2
∥x̄k+1 − x∗∥2 − (1− c)∥xk − x̄k+1∥2 +

2γ2

1− c
E
[
∥∇fξk(x∗)∥

2 | xk
]

≤ ∥xk − x∗∥2 −
1

2
min

(γµ
2
, 1− c

)
∥xk − x̄∗∥2 +

2γ2

1− c
E
[
∥∇fξk(x∗)∥

2 | xk
]

18
≤
(
1− 1

2
min

(γµ
2
, 1− c

))
∥xk − x∗∥2 +

2γ2σ2
∗

1− c
.

Taking the full expectation, we obtain:

E
[
∥xk+1 − x∗∥2

]
≤
(
1− 1

2
min

(γµ
2
, 1− c

))
E[∥xk − x∗∥2] +

2γ2σ2
∗

1− c
.

By applying the inequality recursively, we derive:

E[∥xk+1 − x∗∥2] ≤
(
1− 1

2
min

(γµ
2
, 1− c

))k+1

∥x0 − x∗∥2

+

((
1− 1

2
min

(γµ
2
, 1− c

))0

+ · · ·+
(
1− 1

2
min

(γµ
2
, 1− c

))k
)

2γ2σ2
∗

1− c

≤
(
1− 1

2
min

(γµ
2
, 1− c

))k+1

∥x0 − x∗∥2 +max

(
2

γµ
,

1

1− c

)
4γ2σ2

∗
(1− c)

.
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Appendix J. Convergence under Interpolation Regime and Expected Similarity

Theorem 27 Let Assumptions 1 (Differentiability), 2 (Convexity), 3(Strong convexity of f ), 4 (In-
terpolation), and 8 (Star Similarity) hold. If the stepsize satisfies γ ≤ µ

2δ2∗
, then we have, for every

k ≥ 0,

E
[
∥xk − x∗∥2

]
≤
(
1−min

(
γµ

4
,
1

2

))k

∥x0 − x∗∥2. (25)

Proof Define
x̄k+1 = E[xk+1|Fk]. (26)

Then

∥xk+1 − x∗∥2 = ∥xk − x∗∥2 − 2⟨xk+1 − x∗, xk − xk+1⟩ − ∥xk − xk+1∥2

9
≤ ∥xk − x∗∥2 − 2γ(fξk(xk+1)− fξk(x∗))− ∥xk − xk+1∥2

2
≤ ∥xk − x∗∥2 − 2γ(fξk(x̄k+1) + ⟨∇fξk(x̄k+1), xk+1 − x̄k+1⟩ − fξk(x∗))− ∥xk − xk+1∥2.

Taking the expectation conditioned on Fk and using the identity E[∥x− c∥2] = E[∥x− E[x]∥2] +
∥E[x]− c∥2, we obtain:

E
[
∥xk+1 − x∗∥2|Fk

]
≤ ∥xk − x∗∥2 − 2γE [fξk(x̄k+1) + ⟨∇fξk(x̄k+1), xk+1 − x̄k+1⟩ − fξk(x∗)|Fk]

− E
[
∥xk − xk+1∥2|Fk

]
= ∥xk − x∗∥2 − 2γ (f(x̄k+1)− f(x∗) + E [⟨∇fξk(x̄k+1), xk+1 − x̄k+1⟩|Fk])

− E
[
∥xk+1 − x̄k+1∥2|Fk

]
− ∥xk − x̄k+1∥2. (27)

Since E [⟨f(x̄k+1), xk+1 − x̄k+1⟩|Fk] = 0, we can write:

E
[
∥xk+1 − x∗∥2|xk

]
= ∥xk − x∗∥2 − 2γ (f(x̄k+1)− f(x∗)

+ E [⟨∇fξk(x̄k+1)−∇f(x̄k+1), xk+1 − x̄k+1⟩|xk]
)

− E
[
∥xk+1 − x̄k+1∥2|xk

]
− ∥xk − x̄k+1∥2.

Using strong convexity of f and the identity 2⟨a, b⟩ = ∥a+ b∥2 − ∥a∥2 − ∥b∥2, we derive:

E
[
∥xk+1 − x∗∥2|Fk

]
≤ ∥xk − x∗∥2 − γµ∥x̄k+1 − x∗∥2 − E

[
∥xk+1 − x̄k+1∥2|Fk

]
− ∥xk − x̄k+1∥2

− E
[
∥γ(∇fξk(x̄k+1)−∇f(x̄k+1)) + (xk+1 − x̄k+1)∥2

− γ2∥∇fξk(x̄k+1)−∇f(x̄k+1)∥2 − ∥x̄k+1 − xk+1∥2 | Fk

]
≤ ∥xk − x∗∥2 − γµ∥x̄k+1 − x∗∥2 − ∥xk − x̄k+1∥2

+ γ2E
[
∥∇fξk(x̄k+1)−∇f(x̄k+1)∥2|Fk

]
.

Finally, using the star similarity condition, we obtain:

E
[
∥xk+1 − x∗∥2|Fk

]
≤∥xk − x∗∥2 − γµ∥x̄k+1 − x∗∥2 − ∥xk − x̄k+1∥2 + γ2δ2∗∥x̄k+1 − x∗∥2

= ∥xk − x∗∥2 − (γµ− γ2δ2∗)∥x̄k+1 − x∗∥2 − ∥xk − x̄k+1∥2.
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If γ2δ2∗ ≤ 1
2γµ, then γ ≤ µ

2δ2∗
. Under this condition, we have:

E
[
∥xk+1 − x∗∥2|Fk

]
≤ ∥xk − x∗∥2 −

γµ

2
∥x̄k+1 − x∗∥2 − ∥xk − x̄k+1∥2

≤ ∥xk − x∗∥2 −min
(γµ

2
, 1
)
(∥x̄k+1 − x∗∥2 − ∥xk − x̄k+1∥2)

≤ ∥xk − x∗∥2 −min

(
γµ

4
,
1

2

)
∥xk − x∗∥2 =

(
1−min

(
γµ

4
,
1

2

))
∥xk − x∗∥2.

Taking the full expectation, we obtain:

E
[
∥xk+1 − x∗∥2

]
≤
(
1−min

(
γµ

4
,
1

2

))
E
[
∥xk − x∗∥2

]
.

Applying this inequality recursively, we get:

E
[
∥xk+1 − x∗∥2

]
≤
(
1−min

(
γµ

4
,
1

2

))k+1

∥x0 − x∗∥2.

Theorem 28 Let Assumptions 1 (Differentiability), 2 (Convexity), 4 (Interpolation) and 8 (Star
Similarity) hold. Consider SPPM-inexact with Assumption 9 satsified. If the stepsize satisfies
γ ≤ µ(1−c)

2δ2∗
and T is chosen sufficiently large such that ηγ2

Tα ≤ c < 1, then the iterates of SPPM-
inexact satisfy, for every k ≥ 0,

E
[
∥xk − x∗∥2

]
≤
(
1− 1

2
min

(γµ
2
, 1− c

))k

∥x0 − x∗∥2.

Proof To avoid repetitions, we start from (20):

∥xk+1 − x∗∥ ≤ ∥xk − x∗∥2 − 2γ(fξk(x
Ψ
k )− fξk(x∗))− (1− ηγ2

Tα
)∥xk − xΨk ∥2.

Instead of (26), we define x̄k+1 = E[xΨk |xk].
Using convexity of fξk , we get:

∥xk+1 − x∗∥ ≤ ∥xk − x∗∥2 − 2γ(fξk(x̄k+1) + ⟨∇fξk(x̄k+1), x
Ψ
k − x̄k+1⟩ − fξk(x∗))

− (1− ηγ2

Tα
)∥xk − xΨk ∥2.

Taking the expectation conditioned on xk and using the equality E[∥x− c∥2] = E[∥x−E[x]∥2] +
∥E[x]− c∥2, we obtain:

E
[
∥xk+1 − x∗∥2|xk

]
≤ ∥xk − x∗∥2 − (1− ηγ2

Tα
)E
[
∥xk − xΨk ∥2|xk

]
− 2γE

[
fξk(x̄k+1) + ⟨∇fξk(x̄k+1), x

Ψ
k − x̄k+1⟩ − fξk(x∗)|xk

]
= ∥xk − x∗∥2 − 2γ

(
f(x̄k+1)− f(x∗) + E

[
⟨∇fξk(x̄k+1), x

Ψ
k − x̄k+1⟩|xk

])
− (1− ηγ2

Tα
)E
[
∥xΨk − x̄k+1∥2|xk

]
− (1− ηγ2

Tα
)∥xk − x̄k+1∥2. (28)
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Since E
[
⟨f(x̄k+1), x

Ψ
k − x̄k+1⟩|xk

]
= 0, we can write:

E
[
∥xk+1 − x∗∥2|xk

]
≤ ∥xk − x∗∥2 − 2γ

(
f(x̄k+1)− f(x∗) + E

[
⟨∇fξk(x̄k+1)− f(x̄k+1), x

Ψ
k − x̄k+1⟩|xk

])
− (1− ηγ2

Tα
)E
[
∥xΨk − x̄k+1∥2|xk

]
− (1− ηγ2

Tα
)∥xk − x̄k+1∥2. (29)

Let a ∈ (0, 1). Then

E
[
∥xk+1 − x∗∥2|xk

]
≤ ∥xk − x∗∥2 − 2γ (f(x̄k+1)− f(x∗))

− 2
1

a
E
[
⟨γ(∇fξk(x̄k+1)− f(x̄k+1)), a(x

Ψ
k − x̄k+1)⟩|xk

]
− (1− ηγ2

Tα
)E
[
∥xΨk − x̄k+1∥2|xk

]
− (1− ηγ2

Tα
)∥xk − x̄k+1∥2.

By applying strong convexity of f and using the identity 2⟨c, b⟩ = ∥c+ b∥2 −∥c∥2 −∥b∥2, we have:

E
[
∥xk+1 − x∗∥2|xk

]
≤ ∥xk − x∗∥2 − γµ∥x̄k+1 − x∗∥2 − (1− ηγ2

Tα
)E
[
∥xΨk − x̄k+1∥2|xk

]
− (1− ηγ2

Tα
)∥xk − x̄k+1∥2

− 1

a
E
[
∥γ(∇fξk(x̄k+1)−∇f(x̄k+1)) + (xΨk − x̄k+1)∥2|xk

]
+

γ2

a
E
[
∥∇fξk(x̄k+1)−∇f(x̄k+1)∥2|xk

]
+ aE

[
∥x̄k+1 − xΨk ∥2|xk

]
.

By setting a = (1− ηγ2

Tα ), we obtain:

E
[
∥xk+1 − x∗∥2|xk

]
≤ ∥xk − x∗∥2 − γµ∥x̄k+1 − x∗∥2 − (1− ηγ2

Tα
)∥xk − x̄k+1∥2

+
γ2

(1− ηγ2

Tα )
E
[
∥∇fξk(x̄k+1)−∇f(x̄k+1)∥2|xk

]
.

Now, using the star similarity assumption (8), we get:

E
[
∥xk+1 − x∗∥2|xk

]
≤ ∥xk − x∗∥2 − γµ∥x̄k+1 − x∗∥2 − (1− ηγ2

Tα
)∥xk − x̄k+1∥2

+
γ2δ2∗

(1− ηγ2

Tα )
∥x̄k+1 − x∗∥2.

Assuming T sufficiently large such that ηγ2

Tα ≤ c < 1, we obtain:

E
[
∥xk+1 − x∗∥2|xk

]
≤ ∥xk − x∗∥2 − γµ∥x̄k+1 − x∗∥2 − (1− c)∥xk − x̄k+1∥2

+
γ2δ2∗
1− c

∥x̄k+1 − x∗∥2.
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We want γ2δ2∗
1−c ≤ γµ

2 , which means γ ≤ µ(1−c)
2δ2∗

, so we get:

E
[
∥xk+1 − x∗∥2|xk

]
≤ ∥xk − x∗∥2 −min

(γµ
2
, 1− c

)
(∥x̄k+1 − x∗∥2 − ∥xk − x̄k+1∥2)

≤ ∥xk − x∗∥2 −
1

2
min

(γµ
2
, 1− c

)
∥xk − x∗∥2

=

(
1− 1

2
min

(γµ
2
, 1− c

))
∥xk − x∗∥2.

Taking the full expectation, we obtain:

E
[
∥xk+1 − x∗∥2

]
≤
(
1− 1

2
min

(γµ
2
, 1− c

))
E
[
∥xk − x∗∥2

]
.

Iterating over k, the result follows:

E
[
∥xk+1 − x∗∥2

]
≤
(
1− 1

2
min

(γµ
2
, 1− c

))k+1

∥x0 − x∗∥2.
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