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Abstract

We study a nonstationary bandit problem
where rewards depend on both actions and
latent states, the latter governed by unknown
linear dynamics. Crucially, the state dynam-
ics also depend on the actions, resulting in
tension between short-term and long-term re-
wards. We propose an explore-then-commit
algorithm for a finite horizon 7. During the
exploration phase, random Rademacher ac-
tions enable estimation of the Markov pa-
rameters of the linear dynamics, which char-
acterize the action-reward relationship. In
the commit phase, the algorithm uses the es-
timated parameters to design an optimized
action sequence for long-term reward. Our
proposed algorithm achieves @(pTQ/ 3) regret
where p is the action dimension. Our analy-
sis handles two key challenges: learning from
temporally correlated rewards, and designing
action sequences with optimal long-term re-
ward. We address the first challenge by pro-
viding near-optimal sample complexity and
error bounds for system identification using
bilinear rewards. We address the second chal-
lenge by proving an equivalence with indef-
inite quadratic optimization over a hyper-
cube, a known NP-hard problem. We provide
a sub-optimality guarantee for this problem,
enabling our regret upper bound. Lastly,
we propose a semidefinite relaxation with
Goemans-Williamson rounding as a practical
approach.
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1 INTRODUCTION

Many application domains, like personalized recom-
mendations or online advertising, require sequential
decision-making under uncertainty. Classical bandit
algorithms address the trade-off between reducing un-
certainty and optimizing performance in environments
where rewards do not depend on the algorithm’s past
decisions. Many real world systems exhibit tempo-
ral dependencies — actions influence not only immedi-
ate reward, but also the future state of the environ-
ment (Schedl et al., 2018). This paper studies such
a setting where decisions propagate through latent
dynamics, leading to correlations that fundamentally
change both how to learn and how to act optimally.

We study a nonstationary bandit problem in which
reward depends bilinearly on the current action and
an unobserved latent state that evolves according to a
stable linear dynamical system. Formally,

ry = u:Cazt + 2ty LTyl = A(Bt + B'ltt + Wy, (1)

where A, B, C are unknown matrices, u; is a bounded
action chosen by the learner, w;, z; are random noise
processes, and x; is the latent state, at time ¢ > 0. Un-
like classical multi-armed bandits with i.i.d. rewards,
here actions not only determine immediate payoffs but
also propagate through the state dynamics, creating
temporal correlations in rewards, and making param-
eter estimation and optimal action sequence search sig-
nificantly more challenging.

We observe that the problem can be resolved in the fol-
lowing ways. The issue of temporal correlation to esti-
mate unknown parameters is addressed by improving
upon recent results from system identification (Sattar
et al., 2025b). While the state-space parameters may
not be identifiable from the observed rewards (without
additional assumptions on A, B, C), it is possible to
obtain high-probability bounds on the estimation er-
ror for the Markov parameters, which characterize the
action-reward relationship. In order to obtain an opti-
mal long-term reward, we show that it is sufficient to
use only this action-reward representation. In particu-
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lar, selecting an optimal action sequence is equivalent
to solving an indefinite quadratic problem over a hy-
percube, where the quadratic function is defined in
terms of the Markov parameters.

Combining these two insights, we propose an explore—
then—commit (ETC) algorithm. In the exploration
phase, the learner applies random Rademacher actions
to estimate the system’s Markov parameters. In the
commit phase, the algorithm plays an action sequence
which is a solution to an indefinite quadratic opti-
mization problem. We show that, with high proba-
bility, this algorithm achieves sublinear regret, scaling
as O(pT?/3), where p is the action dimension.

Our setting bears relation to several other nonstation-
ary bandits, including restless bandits (Whittle, 1988),
rebounding bandits (Leqi et al., 2021), and bandits
with underlying state (Khosravi et al., 2024), to name
a few (see §7 for further discussion). Key novelties
of our setting include that states can be of arbitrary
dimension, the evolution can depend on interactions
between dimensions (i.e., the matrix A need not be
diagonal), and actions directly affect states in a poten-
tially correlated manner (through the matrix B). Fur-
thermore, unlike many multi-armed bandit settings,
we consider a continuous action space. Our problem
also bears resemblance to model-based reinforcement
learning for linear dynamics (Dean et al., 2018; Sim-
chowitz, 2020; Mania et al., 2019; Lale et al., 2020b,a).
However, in our setting, the reward is bilinear rather
than quadratic, and there are no observations other
than reward, which provides only partial information
about the underlying state.

Contributions: In this paper, we make the following
contributions:

e Framework: We propose a novel nonstationary
bandit problem in which the action affects both the
current reward (through a bilinear interaction) as
well as the future rewards (through a latent state).

e Algorithm: We propose an explore-then-commit
algorithm for our bandit problem. After explo-
ration with random Rademacher actions, we es-
timate the Markov parameters which characterize
the action-reward relationship. We then commit to
an optimized action sequence obtained by solving
a semidefinite relaxation of indefinite quadratic op-
timization over a hypercube — a known NP-hard
problem.

o« Estimation: We provide near-optimal sample
complexity and estimation error bounds for learn-
ing Markov parameters. Specifically, in terms of
the exploration length H, our error rate scales as
O(1/vH), and we require H > O(dys), where dy;
is the dimension of unknown Markov parameters.

Figure 1: Graphical Model for Non-Stationary Bandits
with controlled Latent Dynamics.

e Regret: We prove an upper bound on regret scal-
ing as O(pT?/3) assuming perfect commit phase
optimization, and additionally provide a sub-
optimality guarantee for the semidefinite relaxation
with the Goemans-Williamson rounding approach.

Organization: §2 formalizes the model and the re-
gret benchmark, defines the action set, and discusses
the computational difficulty of the problem. §3 intro-
duces the ETC algorithm and its regret guarantee. §4
presents our parameter estimation results with sample
complexity and error bounds. §5 discusses our regret
analysis. §6 presents numerical experiments. §7 shows
related work to this paper, and §8 concludes the paper.

Notations: We use boldface lowercase/uppercase let-

ters to denote vectors/matrices. The f-norm and £oo-
norm of a vector x are denoted by |[|z|/, and |z,
respectively. The spectral radius, the spectral norm,
and the Frobenius norm of a matrix X are denoted
by p(X), || X ||, and || X ||, respectively. The largest
and smallest eigenvalue of a square matrix X are de-
noted by Apax(X) and Apin(X). The operation ®
denotes the Kronecker product. We use 2 and < for
inequalities that hold up to an absolute constant fac-
tor. The notation O hides constants and logarithmic
terms. Lastly, we use 04 and 0,,x, to denote the zero
vector in R? and the zero matrix in R™*™, respec-
tively.

2 PROBLEM FORMULATION

We consider a nonstationary stochastic bandit prob-
lem with controlled' latent dynamics and a bilinear
reward model. At each round ¢=0,1,...,T, the learner
selects an action u,; from a bounded action set I/ CRP,
and receives a reward r;€R. More specifically, the re-
ward is bilinear in the latent state x;€R"™ and the ac-
tion u.€U, whereas the latent state evolves according
to a linear dynamical system, as defined in (1), where
A, B, C are unknown matrices of appropriate dimen-
sions, and w;, z; are random zero-mean noise pro-

i.e., the state is nontrivially influenced by the actions
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cesses. Without loss of generality, we assume xy=0,,.
Throughout, we assume A is Schur-stable, that is,
p(A) < 1, and the noise processes are i.i.d. zero-mean
sub-Gaussian, with w; having variance proxy 3, and
2 having variance proxy o2.

2.1 Objective, Action Set, and Regret

Our objective is to maximize the expected cumulative
reward E [Ztho Tt} over the horizon T, by choosing
actions from a bounded set. For simplicity, we consider

the action set to be a centered hypercube in RP. In
other words, we choose

U={ucR: ul, <1} =[-L1F. (2

Let {r;}_, denote the rewards collected under the op-
timal open-loop action sequence®, and {r7}1_, denote
the rewards collected by policy 7. Then, the regret up
to round 7T of a policy 7 is defined as:

T T
Rp(n):=E [Zr; — ngl. (3)
t=0 t=0

2.2 Optimal Open-Loop Actions

In this section, we suppose that A, B,C are known,
and show that the optimal action sequence is the so-
lution to an indefinite quadratic optimization problem
with £o.-norm constraint. By unrolling the latent state
through (1), we have rg = 2z, and for ¢ > 1,

t—1
re=ulCY AN (Bui+w)+z. (4
i=0
Since w; and z; have zero-mean, the expected cumu-
lative reward is given by

T
E lz Tt] = ugMruo.r, (5)

t=0

where uo.r == [ug wj_; -+ u(ﬂT € RP(T+D) | and
My e RP(THD)xp(T+1) g 5 block Toeplitz matrix with
(4, 4)-th p x p block given by

CA’~'"'B
(M) = ,

Opxp (1> 7).
With these definitions, the optimal action sequence
and the corresponding cumulative reward are given as
follows. This cumulative reward is our regret baseline.

2An open-loop policy specifies the action sequence in
advance as a function of time only, independently of the
realized reward observations.

Proposition 1. Let ST::MT—i—M—'T—. Then, the op-
timal open-loop action sequence uj.p is the solution to
the problem.:

I+
a —Up. ST UQ:
g oS TUT (7)

subject to wu; € [-1,1]°, Vt=0,1,...,T

Note that the maximum value of (7) (i.e. the optimal
expected cumulative reward) is at least %)\max (ST)
because ||ug.r||, < 1 implies ||ug.r||,, < 1.

This optimal action sequence represents the optimal
open-loop strategy for accruing reward, in contrast to
a feedback or closed-loop policy® (Bar-Shalom and Tse,
2003). It captures the problem of selecting optimal
sequences of actions to maximize the long-term reward,
a consideration which is not present in the classical
bandit settings.

2.3 Combinatorial Actions

The problem (7) is the maximization of an indefinite
quadratic function over the hypercube. We show that
it suffices to consider a discrete set of actions corre-
sponding to the vertices of the hypercube

U={-1,+1}* (8)

so that each coordinate of every action is restricted to
+1.

Proposition 2. Let S be an arbitrary d x d symmetric
real matriz with nonnegative diagonal entries. Then,
a mazimizer of ' Sx over [—1,1] exists at a vertex
v € {—1,+1}9, that is,

max ' Sx = v' Sv. 9)

)l oo <1

max
ve{—1,+1}

We defer the proof of Proposition 2 to Appendix A.1.
We therefore take the action set to be U = {—1,+1}P
instead of the hypercube [—1,1]P in the remainder of
this paper. Under this choice of action set, the opti-
mization (7) reduces to an instance of quadratic uncon-
strained binary optimization (QUBQO), which is known
to be NP-hard, as it generalizes classical problems such
as MaxCut. Consequently, solving for the optimal ac-
tions exactly is computationally intractable. This mo-
tivates the use of semidefinite relaxations and random-
ized rounding schemes in §6.

3 MAIN RESULT:
EXPLORE-THEN-COMMIT

We propose an explore-then—commit (ETC) algorithm
for minimizing regret tailored to bandits with latent

3Both feedback and closed-loop policies select actions
adaptively based on the available history.
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linear dynamics and bilinear rewards. The ETC algo-
rithm runs in two phases, an exploration phase and
a commit phase. In §3.1, we describe the explo-
ration phase, which consists in estimating the so-called
Markov parameters® of the system. In §3.2, we de-
scribe the commit phase, where the learner uses the
estimated Markov parameters to formulate an open-
loop optimization problem and design a sequence of
actions for the remaining horizon. Finally, in §3.3,
we state our main theoretical result: with appropri-
ate choices of exploration and truncation lengths, the
ETC algorithm achieves a regret of order O(T/3). We
summarize the overall procedure in Algorithm 1.

C

Algorithm 1 Explore-then-Commit

Require: Horizon T, exploration length H, trunca-
tion length L
I. Exploration Phase
1: Fort =0,..., H, play w; ~ Unif({—1,+1}?) and
observe reward r;.
2: Find an estimate G of the first L Markov parame-
ters via least squares using {(u¢, ;) }L, as in (15).

3: Construct Sp_pg_1 = %(]\A/IT_H_l + MT_H_l)
where Mp_p_; is defined via G as in (6).
II. Commit Phase

4: Find a sequence (uf ;...

,ul) that solves,
1, T ¢

max 5Ug., 1. 7ST-H-1UH11.T

UH+1:T

st. up e {—1,+1}°, Vi=H+1,...,T.

by (a) SDP relaxation with Goemans-Williamson
rounding, or (b) sign-iteration method.
5: For t=H+1,...,T, play u] and observe reward r;.

3.1 Exploration Phase

In the exploration phase, the learner selects ac-
tions independently from the Rademacher distribution
Unif{—1,+1}?. This distribution satisfies the action
constraint (see §2.3) and provides sufficient excitation
of the system, ensuring that the Markov parameters
can be consistently estimated (Sattar et al., 2025b).
Further discussion of persistence of excitation is de-
ferred to Appendix B.1.

The trajectory {(ug,r¢)} L, collected in this phase
is used to estimate the system’s Markov parameters.
Concretely, we form nonlinear regressors/features us-
ing the previous L actions (w¢_1,...,u;—y) together

4The Markov parameters corresponding to the system
(1) are typically defined, for example in Sattar et al.
(2025b), as the sequence of matrices {C A* B};>o.

with the current action u;, and use linear regression to
predict the current reward r;. The least-squares solu-
tion gives an estimate of the first L Markov parameters
{CA*BY ;.

Since the matrix A is Schur-stable, the influence of
terms beyond lag L decays geometrically. Hence, it
suffices to estimate only the first L parameters. The
details of the regression procedure and error analysis
are deferred to §4.

3.2 Commit Phase

After exploration, the learner uses the estimated
Markov parameters to construct an open-loop opti-
mization problem aimed at maximizing the expected
cumulative reward from t = H+1 to t = T. Because
the Rademacher actions and the noise processes are
zero-mean, the theoretical objective will be

E[i

t=H+1

1
Tt] = §UE+1;TST—H—1UH+1:T (10)
with St g1 = My g3 + M;E—H—l where M1 g4
is a block Toeplitz matrix with similar structure to
Equation (6) (see Appendix A.2).

Since the true parameters are unknown, we replace
them with estimates from the exploration phase.
Specifically, we form S’T_ g—1 by substituting the es-
timated blocks for CA*B whenever k < L and set-
ting the blocks to 0, for k > L, consistent with the
Schur-stability of A. This yields the commit-phase
optimization problem:

1 .
.
max —Ug, . 7ST-H-1UH41:T
w2 HHET " (11)

subject to  wpyi.p € {1, +1}PT 0

The structure of this problem is identical to (7), but
with estimated rather than true parameters. As noted
in §2.3, the problem (11) is NP-hard. We therefore
rely on practical approaches to obtain tractable ap-
proximations, which will be discussed in §6.1 and §6.2.

3.3 Regret Guarantee

Our main result establishes that the ETC algorithm
achieves sublinear regret with high probability.

Theorem 3. With exploration length H = @(T2/3)
and truncation length L = ©(logT), the explore-then-
commit algorithm 7 (Alg. 1) achieves regret

Ry (m) = O(pT??)

with high probability, where p is the action dimension.
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The proof of Theorem 3 is discussed in §5. Note that
the regret inevitably has a high-probability bound be-
cause the Markov parameter estimation error, which
affects the regret, has a high-probability bound.

This rate arises from a simple trade-off. The algo-
rithm incurs linear loss during exploration (~ H) and
suffers estimation error of order O(y/1/H) across the
remaining horizon (~ T'). Optimizing the bound over
H yields the O(pT?/?) rate with H = O(T?/3). Lastly,
taking L = O(logT) makes the truncation error neg-
ligible, as already noted in §3.1 where Schur stability
implies geometric decay of higher-order terms.

4 MAIN RESULT:
PARAMETER ESTIMATION

In this section, we use the action-reward samples
{(ug,r)}HL, from the exploration phase to estimate a
map between the actions and rewards. Similar to Sat-
tar et al. (2025b), we can estimate Markov parameters
by regressing the rewards r; to an expression defined
by the history of actions {w.},<;. For ¢t > L, the
reward 7; depends on the past L actions as follows:

r=u] CA x|
L—1
+ u, CZAl Buy_;_1+wi—;—1) + 2. (12)
=0

To ease notation, for any sequence of vectors {q,}7_,,

let g, == [q qi, th_LH]T denote a concate-
nation of past L vectors starting from t>L. If we let

G:=[CB CAB CA"'B] e RP*PL (13)

then (12) can be compactly written as
re = u;rGﬁt,l + u;rCALa:t,L + u:Fﬁ:t,l + 2
= vec(G) ", + ¢ (14)

where we define the covariates w;:=u;_1 @ u; € RPQL,
the effective noise Ct::u:CALmt_LJrutTFﬁJt_lJrzt,
and F:=[C CA CA"™']. Hence, we can for-
mulate the following least-squares problem to estimate
the unknown parameter G' from {(uy,7¢)}L:

H
G = argmin

2
1 (ri—vec(G) T ay) . (15)
GeRpxp

t=L+1

Let U:= Zi i1 @@, for brevity. When U is full
rank, the solution to the least-squares problem above
is vec(@) = U’ Zf:LH w7, and the corresponding
estimation error is given by

vec(G) — vec(G

1 H
= ﬁ_ Z ﬂtg. (16)

t=L+1

In this paper, we provide improved sample complex-
ity and error bounds (compared with Sattar et al.
(2025b)), under the following assumption.

Assumption 1. (a) A is Schur-stable; (b) w; and
z¢ are i.i.d. centered sub-Gaussian with variance proxy

3w and o, respectively; (c) ug L Unif ({-1,+1}7).

Under Assumption 1, we derive a bound on sample
complexity and an estimation error of (16) in Theo-
rem 4. We note the following fact regarding the stabil-
ity condition. According to Gelfand’s formula, for all
p'> p(A), the quantity 6(A, p)i=sup,cy, (| A¥]|/o")
is finite. Hence, if p(A) < 1, for all p € (p(A),1), we
have ||A"|| < ¢(A, p)p* for all k € Z,. The proof is
shown in Appendix B.7.

Theorem 4. Under Assumption 1, let {(us,r¢)}HL,
be a single trajectory of action-reward pairs collected
from the system (1). For given § € (0, 1), suppose

H—-L>(L+1) (pQLlog(pQL) + log (T)) .

With probability at least 1 — &, we have |G — G|r <

£.07101, [ s BB +3,) log(1/0)
H—-L
p?Llog(p?L(H—L))+ log(L/4)
H—-L

+ (0+/P A&L))\/

Jor A= E0 A (CAFS, (AR TCT).

The proof of Theorem 4 is presented in Appendix B.2.
The recent work (Sattar et al., 2025b) shows that such
a randomized design yields an estimation error bound
of order O(1/+v/6H) with probability at least 1 — 4. In
this work, we sharpen this guarantee by exploiting the
sub-Gaussian structure of the noise processes, obtain-

ing an improved bound of order O(y/log(1/8)/H) with
probability at least 1 — 4.

The first term in our error bound corresponds to the
approximation error because we use only L Markov
parameters to reconstruct the reward function. It de-
cays exponentially with L when the latent dynamics is
strictly stable because the norm of Markov parameters
decreases exponentially. The second term corresponds
to the error due to noisy reward model and noisy la-
tent dynamics update. This term depends linearly on
the noise variance proxies.

The choice of actions w, "~ Unif ({—1,+1}7) leads
to better persistence of excitation than Sattar et al.
(2025b). In particular, the sample complexity in The-
orem 4 scales as O(p?L?) compared to O(p*L?), and
it is optimal in the dimension of Markov parameters
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p?. Secondly, the error bound in Theorem 4 depends
on the failure probability ¢ through log(1/d). This
is significantly better than the 1/§ dependence in Sat-
tar et al. (2025b) which considers a setting where noise
processes can be heavy-tailed. The sub-Gaussian noise
assumption in this paper allows using better concen-
tration arguments, such as self-normalized bounds for
martingales and Freedman’s inequality, to obtain op-
timal dependence on the failure probability.

5 REGRET ANALYSIS

In this section we prove Theorem 3. Additional de-
tails and proofs of intermediate results are deferred to
Appendix C. Recall the definition of regret from (3).
From Proposition 1 and Equation (10), we obtain

Rr()= 3 ()T Srotp 3 (W) St aufin.r
where w7 1.7 is the optimized action sequence which
maximizes (11). For the purpose of analysis, let
ug+1.7 be an action sequence that maximizes Equa-
tion (10) with true parameters under the constraint
u; € {—1,41}P for t = H+1,...,T. Then, we de-
compose the regret as follows:

1
RT(W) = § (Rl,T + RQ,T + RS,T) (17)
where

Ry = (ugr) ' Sty — (@merr)  ST—p—1@minr
Ry o= (@gi1r) Sr—pg-1@ms1r

— (u}}H:T)TST—HAUEH:T
R3 1= (U};{H:T)T(S’T—H—l — Sr—H-1)Uk 1.7

Intuitively, Ry r captures the sub-optimality between
the full horizon and the commit-phase horizon, Ry 1
captures the sub-optimality between the true and es-
timated dynamics, and finally R3 r captures the error
from parameter estimation. We analyze these three
terms in detail in §5.1 and §5.2.

5.1 Upper Bounding R r

The term R; r quantifies the loss from truncating the
horizon at H, capturing both short-term dependencies
within the exploration phase and long-term dependen-
cies between exploration and commit phases through
the dynamics.

Proposition 5. Let p € (p(A),1) be given. Then

Ry < 2pk® (ol + B)

where a = 1 + Lf_»?ﬂ, B = dz(lf’pp))f +1, and Kk =
max{|| B, [[C]|}.

The proof of Proposition 5 is deferred to Appendix C.1.
Note that the upper bound in 5 depends linearly on
H, implying that the available reward grows linearly
with the horizon. There is also a second term, a con-
stant term independent of H. The coefficients o and
B depend on the stability of the state dynamics A,
and they can be understood as effective memory ca-
pacity (Kumar et al., 2024). The first term arises from
short-term dependencies within the exploration-phase.
The second term is related to long-term dependencies
which, due to stability, do not depend on the horizon.

5.2 Upper Bounding Ry 7 and R3 7

The terms Ry r and R3 7 both depend on the esti-
mation error € and the truncation error p”, and their
bounds are given in the following proposition.

Proposition 6. Let p € (p(A),1) be given and € > 0
be the high-probability parameter estimation error, i.e.,
IG — G||r < €. Then, with high probability,

HlaX{RZT, Rg’T} S Qp(T — H) (6 —|— l€2’yL)

¢(Ap)p”

where & = max{||B|[,[|C||} and v = =T

The proof of Proposition 6 is deferred to Appendix C.2.
We can observe that the bound depends on the length
of commit-phase T' — H, the estimation error e, and
the truncation error pL.

5.3 Final Regret Analysis

Finally, combining Propositions 5 and 6 yields the fol-
lowing high-probability bound:

Ry (m) < 2pk”*(aH + B) +4pT (e + x*yr).  (18)

From Theorem 4, we can take € < 1/% with
probability at least 1 — . Optimizing over H gives

H = O(T?/3), and with L = O(logT) we obtain
the high-probability regret bound Ry () = O(pT?/3).
Note that we define regret to be the expected cumu-
lative rewards, where expectation is taken both over
actions (in the exploration phase) and noise processes.
However, we still have a high-probability bound on the
regret because the estimation error bound holds with
high probability.

6 NUMERICAL EXPERIMENTS

In this section, we present numerical experiments
with synthetic data. To obtain tractable solutions to
(7) and (11) and analyze sub-optimality, we investi-
gate two methods: (i) a semidefinite relaxation com-
bined with Goemans-Williamson random hyperplane
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Figure 2: Each curve shows a mean over 20 experiments, with shaded regions indicating +1 standard deviation.
(a) Expected cumulative reward under the oracle benchmark, approximated by semidefinite relaxation with
Goemans-Williamson rounding (SDP+GW) and by the sign-iteration method (SignIter). (b) The regret of the
explore-then-commit algorithm measured against the SDP+GW oracle benchmark, compared with the theoretical
O(T?/3) rate. (c¢)-(d) Relative error of Markov parameter estimation for different truncation lengths L, under

systems with spectral radii p(A) = 0.1 and p(A) = 0.9.

rounding, and (ii) a heuristic sign-iteration method.
The code for experiments can be found in https:
//github.com/sdean-group/EtC-latent-bandits.

6.1 SDP Relaxation and Rounding

Our problem is to maximize a quadratic form = Wz
for some symmetric W € R™*" over x € {-1,1}",
which is equivalent to

maximize tr(WX)

subject to X > 0, rank(X) =1 (19)
Xii:L Z:].,,Tl

Dropping the rank constraint yields the semidefinite

relaxation, which we solve using the Mosek solver
(ApS, 2025).

To obtain a feasible binary matrix from a solution X
to the relaxed problem, we apply Goemans-Williamson
(GW) random hyperplane rounding algorithm (Goe-
mans and Williamson, 1995): factor X = V'V, sam-
ple r ~ N(0,1I,), and set a vector

T

T = [sign(’r’ vy) - Sign(rT'Un)}T

where wv; is the 7th column vector of V. Then the ma-
trix x| is rank-one and feasible for (19). In practice,
we repeat the rounding multiple times and keep the
best value of " Wz. We will hereafter refer to this
method as SDP+GW.

For MaxCut problems, SDP+GW achieves an a-
approximation algorithm with a &= 0.87856. While our
objective is not exactly MaxCut, we derive a similar
lower bound that depends on W (see Appendix D.1).

6.2 Sign-Iteration Method

As an alternative to relaxation and rounding, we
also consider a heuristic method called sign-iteration

(henceforth SignIter) to maximize =’ Wz over x €
{=1,+41}". Starting from a random () the update
is

k .
xi ) , otherwise,

(k+1) {Sign((Ww(k))i)a (Wa®); £ 0,
x; =

and the procedure repeats until convergence or a max-
imum number of iterations. To mitigate dependence
on initialization, the method is run multiple times and
the best objective value is returned.

6.3 Experimental Evaluation of Regret

We consider a simple latent dynamics and reward func-
tion specified by

03 0 0 1 0
A=|0 015 0 |,B=|0 1

10 0]
0 0 0.12 0.5 0.4

’C:{o 103

We set the noise processes to be Gaussian with vari-
ances ¥, = (0.01)2I3 and o, = 0.01. To select the
exploration and truncation lengths, we perform a grid
search to determine constants c1,co in H = 1 T?/3 and
L = cologT, calibrated at T" = 1500. These constants
were then fixed and applied across all regret experi-
ments.

We ran the ETC algorithm under this setup, repeating
each experiment 20 times with different noise seeds.
Regret was computed using the two benchmarks de-
scribed in §6.1 and §6.2. As shown in Figure 2a,
SDP+GW consistently attains higher benchmark values
than SignIter, indicating that the latter rarely ap-
proaches the true optimum. We therefore adopt the
SDP+GW benchmark as the reference for regret.

Figure 2b reports regrets measured against this bench-
mark. The SDP+GW regret grows slowly and closely fol-
lows the O(T?/3) rate, consistent with our theoretical
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analysis. In contrast, the SignIter regret increases
much more rapidly, nearly linearly in 7', demonstrat-
ing that the heuristic commit phase is substantially
suboptimal relative to the SDP+GW benchmark.

6.4 Parameter Estimation

In this section, we show that the parameters are esti-
mated effectively. We generate random instances with
n =5, p = 3, and Schur-stable A (scaled from i.i.d.
N(0,1/n) entries), with B, C similarly and noise lev-
els ¥,, = (0.05)%I,, o, = 0.05. We study the esti-
mation error of Markov parameters for two spectral
radii, p(A) = 0.1 and p(A) = 0.9, by repeating each
experiment 20 times with different noise seeds.

Figures 2c¢ and 2d show that the relative estimation
error decreases with exploration length H. For small
p(A), shorter truncation lengths L yield smaller er-
rors, while for large p(A) the trend reverses, reflecting
a trade-off between memory of states and number of
Markov parameters. We also observe a characteristic
double-descent effect (Nakkiran et al., 2020) as the
regression problem transitions from under- to over-
determined. For further discussion and derivations,
see Sattar et al. (2025b) and Appendix D.2.

6.5 Comparison of Practical Methods

To evaluate the performance of the two approaches,
we compare them against the true optimum of the
regret-benchmark problem (7). Since this optimiza-
tion is NP-hard in general, we restrict to small in-
stances (n=3, p=2, T=5,...,16) where brute force is
feasible. Both SDP+GW and SignIter are randomized,
so we vary the number of rounding trials (r=1, 10, 30)
and repeat each experiment 20 times with different
seeds.

30 + |=e=BruteForce
—¢—SDP+GW r=1
—e—SDP+GW r=10

+—SDP+GW r=30
—a— Signlter r=1
—a— Signlter r—10
—a— Signlter r=30

-10 =

Figure 3: Comparison between SDP+GW and SignIter
to the true optimum from the brute force method.

Figure 3 shows SignIter becomes increasingly sub-
optimal as T grows, even with more rounding trials.
In contrast, SDP+GW consistently returns values very
close to the brute-force optimum; even a single trial

(r=1) mostly outperforms all SignIter cases. These
results indicate that SDP+GW is an effective and reliable
method for the commit-phase optimization.

7 RELATED WORK

Our formulation is connected to, but fundamentally
different from, several classical bandit settings. Unlike
classic multi-armed bandits (MAB), we consider con-
tinuous (or combinatorially many) actions and tem-
porally correlated rewards. Many settings which gen-
eralize MAB to nonstationary rewards have been in-
vestigated, including restless bandits (Whittle, 1988),
rotting bandits (Levine et al., 2017; Seznec et al.,
2019), recharging bandits (Kleinberg and Immorlica,
2018), blocking bandits (Basu et al., 2019), decay-
ing/rebounding bandits (Heidari et al., 2016; Leqi
et al., 2021), delay-dependent rewards (Cella and
Cesa-Bianchi, 2020), and bandits with underlying
state (Khosravi et al., 2024). Most of these works con-
sider finitely many discrete actions that affect rewards
in a simple and uncorrelated manner, e.g. repeatedly
playing the same action results in decayed or improved
reward.

The linear bandit setting (Abbasi-Yadkori et al., 2011)
naturally models correlations between actions, but
classically considers a static parameter, equivalent in
our setting to a fixed but unknown state. The non-
stationary linear bandit setting (Russac et al., 2019)
allows for drift, but requires bounded variation to pro-
vide meaningful regret guarantees. Recently, Trella
et al. (2024) consider a nonstationary linear bandit
with auto-regressive structure, but do not model any
impact of past actions on the rewards. Closely related
to our work in motivation, Clerici et al. (2024) study
linear bandits with memory. Our setting differs in
two regards: the state depends on all past actions, not
just finitely many, and the actions affect the state lin-
early, leading to a quadratic dependence in the reward,
rather than through sublinear powers of a covariance-
like ‘memory matrix’.

The structure of our reward function bears resem-
blance to both linear contextual bandits (Lattimore
and Szepesvari, 2020) and bilinear bandits (Jun et al.,
2019). Unlike these settings, our latent state is un-
observed. Furthermore, unlike the contextual setting,
the state is affected by past actions; unlike for bilinear
bandits, the state is influenced through the dynamics
and cannot be chosen directly.

Our setting is also related to partially observable
Markov decision processes (POMDPs) (Aberdeen,
2003; Cayci et al., 2024; Efroni et al., 2022). Unlike
much of the POMDP literature, which studies belief-
based closed loop policies, often in multi-episode or
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infinite-horizon settings, we compete with the optimal
open-loop action sequence and study within a single
finite-horizon trajectory. Moreover, by exploiting the
linear latent dynamics and bilinear reward structure,
we obtain polynomial sample complexity for system
identification and a sublinear regret guarantee. Such
structural exploitation is generally not available in al-
gorithms for arbitrary POMDPs.

Finally, our setting relates to model-based reinforce-
ment learning for linear dynamical systems (Dean
et al., 2018; Simchowitz, 2020; Mania et al., 2019; Lale
et al., 2020b,a). Compared to classical linear control,
we point out two key differences. First, classical mod-
els assume action-independent observations, whereas
our rewards depend bilinearly on actions. Second,
quadratic costs in prior work yield linear optimal poli-
cies, whereas our selection is NP-hard.

8 CONCLUSION

We study a nonstationary bandit problem where re-
wards depend bilinearly on actions and latent states
evolving under unknown linear dynamics. We pro-
pose an explore-then-commit algorithm that combines
the parameter estimation with open-loop action op-
timization. Our analysis shows that the algorithm
achieves O(pT?/3) regret with high probability. To ad-
dress the NP-hard commit-phase optimization, we em-
ployed semidefinite relaxation and a rounding scheme,
demonstrating its effectiveness empirically.

A natural direction for future work is to move beyond
open-loop policies toward adaptive strategies. The re-
cent work (Sattar et al., 2025a) considers a related
structure in control theory, studying an optimal con-
trol problem of minimizing quadratic cost under linear
dynamics with bilinear observations. It shows that the
optimal feedback policy is nonlinear in the estimated
state, suggesting that extending open-loop analysis to
feedback or closed-loop designs is both challenging and
an important direction for future research.
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Appendix: Explore-then-Commit for Nonstationary Linear Bandits
with Latent Dynamics

A PROBLEM FORMULATION

In Section 2, we formulated the problem concretely, and we stated that it suffices to optimize the objective over
the vertices of the hypercube in Section 2.3. We give a proof of Proposition 2 in Section A.1. Moreover, in
Section 3.2, we introduced a theoretical objective to the commit phase. We derive the theoretical commit-phase
objective in detail in Section A.2.

A.1 Proof of Proposition 2

Proposition 2. Let S be an arbitrary d X d symmetric real matriz with nonnegative diagonal entries. Then, a
mazimizer of ©' Sz over [~1,1]% exists at a vertex v € {—1,+1}%, that is,

max x' Sz = max v Sv. (20)
llelloc <1 ve{—1,41}4

Proof. Let s;; be the (i,7)-th entry of S. Fix & = (z1,...,24) € R? with ||z|o < 1, and choose an arbitrary
index k. Define ¢y, (7)) = ' Sz as a function of z; € [—1, 1], that is,

or(zr) = z' Sz = sppxs + 2bpxy, + C(2z_1)

where we denote by, = Z#k sipx; and C(x_g) =2 icj SijTiTj + Z#k siw2. Since sgx > 0, ¢r(z)) is convex,
1,57k

so its maximum over [—1,1] is attained at an endpoint. Thus, replacing zj by whichever of +1 gives the larger
value (monotonically) increases = Sx. Repeat this coordinatewise for all indices. After d steps, we arrive at a
vertex v € {—1,+1}¢ with v Sv > " Sz. Since x was arbitrarily feasible, we have

max x'Sz = max v Sv
ll]loo <1 ve{—1,+1}4

which completes the proof. O

A.2 Derivation of Theoretical Commit-Phase Objective

In the commit phase of the explore-then-commit algorithm, the goal is to maximize the expected cumulative
reward from ¢t = H + 1 to t = T. In Section 3.2, we derived that the theoretical objective of the commit phase is

E

T
Ll T
E T :§UH+1;TST7H71UH+1:T
t=H+1

subject to wg 1.0 € {—1, +1}P(T=H)_ In this section, we formally derive that the objective is valid.

After the exploration phase, the commit phase starts with the state @1, which is different from the initial
state g = 0,,. Hence, the conditional expectation of cumulative reward will be

T T
T t—H—1
E E re| xgy1| = E u, CA THi1
t=H+1 t=H+1
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- AT T T-H-2p7 - _
ur T1o,x, CB CAB --. CATfogB wr

ur_q 0,xp 0pxp CB - CA B| lur_,

+

0,x, CB CAB

UH+2 : o Opxyp CB UH+2
u u
LHH+L] -OPXP 0p><p Opxp Opxp Opxp LPH+L]

a 1

= > wCcAT w4+ §UE+1:TST7H71UH+1:T
t=H+1
On the other hand, the state &y 11 is 0,, in expectation because we assumed that o = 0, E[u;] = 0,, and

Elw:] =0, for t =0,..., H. Therefore, applying the law of total expectation gives the desired objective (10).

B PARAMETER ESTIMATION

In this section, we provide details for parameter estimation. In Section B.1, we explain what persistence of
excitation is and how it is related to parameter estimation. Across the following sections, we derive the estimation
error of Markov parameters.

B.1 Persistence of Excitation

Definition 1 (Persistence of Excitation (Kumar and Varaiya, 2015)). The action sequence {u.} is said to be
persistently exciting if there is a positive definite matriz U such that for all large n,

n—1

1 T
Ez(bkqsk =U

k=0

where ¢y, is a regressor vector constructed from recent inputs w;.

Intuitively, persistent excitation in control theory means that the action signal provides sufficient richness of the
system’s dynamics so that its parameters can be uniquely identified from input-output data. More importantly,
. . . .. . n—1 T . . .

in quantitative aspect, the minimum eigenvalue of ), ¢, ¢, grows linearly with n, meaning the regressors
remain uniformly informative over time. This plays a crucial role in finite sample statistical guarantees, which
we will talk about later.

Now we recall the least squares problem that we discussed in Section 4:

H
~ . - 2
G = argmin E (re—vec(G) a1y
GEeRpXxpL t=L+1
- _ _ T . .
where w; = ;1 @ uy and Up—1 = [utT_l utT_2 . utT_ L} . The solution can be found by solving the normal

equation which is

) H LI
vec(G) = ( Z '&t'&tT> Z Uy

t=L+1 t=L+1

If our action sequence is persistently exciting, then the matrix U = Zf: L1l '&t'&tT is invertible (since positive
definite), implying that the parameter G is uniquely determined. Now we show that random Rademacher action
sequence is indeed persistently exciting using a result in the recent work (Sattar et al., 2025b). We state the
result for completeness, and the notations are modified to be consistent to our paper.

Assumption 2 (Action Properties (Sattar et al., 2025b)). wo,...,un are i.i.d. stochastic isotropic vectors
with zero mean and satisfy at least one of the following:

(a) There exists a scalar f > 0 such that ||u||, < B for allt =0,..., H.
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(b) There exists a scalar my > 0 such that supj,) — E[(v @)% <my for allt =0,...,H where @; is as
defined in Section 4.

Theorem 3 (Persistence of Excitation (Sattar et al., 2025b)). Consider an i.i.d. sequence of random
actions ug, ..., wg with number of samples satisfying

H—LZ>~(L+1) <log <2(L5H)> + ’yzp2L> .

Suppose either of the following two conditions hold: (1) {u;}L, satisfies Assumption 2(a), v1 = B*L, and
2 = 1; (2) {u L, satisfies Assumption 2(b), y1 = my, and 2 = log(1+ 16p>L/3). Then, with probability
at least 1 — &, we have

Amin(U) > (H — L) /4.

Theorem 3 shows that action distributions that satisfy at least one of the properties in Assumption 2 are persis-
tently exciting with high probability. Moreover, the theorem implies that action distribution satisfying Assump-
tion 2(b) gives a better sample complexity condition. Observe that the Rademacher distribution Unif{—1,41}?
is centered and isotropic. It is clear that u; ~ Unif{—1, +1}p is bounded with 8 = ,/p. Moreover, in Section B.6,
we show that the covariates u; constructed from Rademacher random vectors have bounded fourth moments
my4 = 9. Hence, Theorem 3 implies that the number of samples required for persistence of excitation is

2
H-L>(L+1) (log (2(L5+1)> + p*Llog (1+ 16]; L))

given ¢ € (0,1).

On the other hand, we improve the result by exploiting that our covariates are bounded almost surely. The
improvement comes from modifying the proof of Proposition 6.5 in Sattar et al. (2024) as follows: (1) since
constructed from Rademacher random vectors are bounded almost surely, we have ||U|| < (H — L)p*L almost
surely. Hence, the event & in the proof is modified as £ := {||U|| < 2p>L(H — L)}; (2) because of the modified
event £, we also change the value of € in the covering argument to € = 1/(8p*L). The rest of the proof follows
similarly.

Following the proof with the argument above, we can obtain an improved sample complexity for persistent
excitation as

2(L+1)

H—-L>32(L+1)my (1og ( 3

) + p?Llog(1 + 16p2L)) =: N(p, L, 0) (21)

where my = 9, an upperbound of the fourth moment of ;. For future reference, define N(p,L,d) to be the
right-hand side of (21).

B.2 Proof of Theorem 4

Theorem 4. Under Assumption 1, let {(us,7¢) Yy be a single trajectory of action-reward pairs collected from
the system (1). For given ¢ € (0,1), suppose

H-—L>(L+1) (pQLlog(pQL) +log (L;l)) .

With probability at least 1 — &, we have

R L T 2 2 _
& - Gllr 5¢<A,1p>_pp||m wAmax(BBHiw)log(l/&) 4 (0ut v AD) \/p Liog(@L{H - L))+ og(L/?)

Jor A=Y E A (CAF S, (AF)TCT).
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We use the same notations used in Section 4. From (16), we analyze the error by decomposing it as follows:

H
~ ~ 1 5
|G - Gllr= ‘U WG| <ete
t=L+1 2
where
T 1 &
€ = HU Z ﬂt(utTCALact_L) and e = HU &t(utTF'L_th + 2¢)
t=L-+1 2 t=L+1 2

The error €; and €5 are about truncation bias and multiplier process, respectively. In Section B.3, we derive an
upper bound of €;, and in Section B.4, we derive an upper bound of e5. In Section B.5, we give a final error
bound for parameter estimation.

B.3 Analysis of Truncation Bias

In this section, we analyze the error related to the truncation bias:

H
€ = HU Z '&t(utTCALact_L)
t=L+1

2

Throughout the analysis of €1, we assume the sample complexity (21) which leads the persistence of excitation
with high probability. More specifically, given ¢ € (0,1), we assume H — L > N(p, L,0/4) so that

~ H-L
)\min(U) Z 4

with probability 1 — g. The error €; has an upperbound

H
Z ’Zl,t (’U,ZCALZE,E_L)
t=L+1

1
€6 < ———
)\min(U)

2
by the consistency of norms. Given ¢t > 1, ; can be expressed in terms of previous actions and noises as

t
Ty = Z Al (B’U,i_l + wi_l)

i=1

when @y = 0,,. Observing that 4; € {—1, +1}”2L, we have

H H
Z a(u] CAPz, )| = sup 07 ( Z ﬁt(utTCALmt_L)>
t=L+1 , @esriLol t=L+1

I
™

H t-L
( sup OTﬁt> (u:CAhfi(Bui_l +wi_1))

Il
ML
]

( sup GTﬁt> (u;rCAt_i(Bui,l + wi,l))

im1 t—L+i \@E€SP?L-1

H—-L H
Z ( Z 'LL;FCAt_l> (B'u,i_l +wi_1)

=1 t=L+1

IN

i
o

~

Now we apply the following lemma which is a version of Freedman’s inequality (adapted from Sattar et al.
(2025¢)).
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Lemma 1. Let (F)i>0 be a filtration. Let (n,)i>1 is a sequence of zero-mean, o-sub-Gaussian random
vectors taking values in R?, such that m, is F;-measurable for allt > 1. Let (@1)i>1 be a sequence of random
vectors taking values in R? such that for all t > 1, x; is F;_1-measurable and ||x¢||s < K almost surely for
some K > 0. Then for all § € (0,1), T > 1,

T
Pr ( Zw:nt
t=1

First, define a filtration where Fo = o(uo.p) and F; = o(wg. g, wo.;—1) for ¢ > 1. With the notations in Lemma 1,

N
take x; = (Zf:LJri utTCAt*Z) and n; = Bu;_1 +w;_;.

< UK\/ZTlog(2/6)> >1-0.

Claim 1. 5, is 0%-sub-Gaussian where 0 = )\maX(BB—r +3).

Proof. Let v € R™ be a unit vector, then E[v " n,] = 0. Given \ € R,
E [exp ()\('u—rni))] =E [exp ()\vTBui,l)] E [exp ()\'UT'wi,l)]
because u;_1 and w;_1 are independent. First, since w;_; is sub-Gaussian with variance proxy X, we

have E [exp ()\UT'wi,l)} < exp (%)\2UTva). Now we compute E [exp ()\UTBui,l)]. Let b = BT’U, and
let by and (wus—1) be kth coordinate entry of b and wu;_1, respectively. Then

exp (/\ Z bk(ui—ﬂkﬂ

k=1

E [exp ()\vTBui_l)] =K

P
= H E [exp (Abk(w;—1)k)] (" each coordinate of u;_; is independent)

e)\bk + e—)\bk

p
P 272
A%b
< Z 7k
()
A2 g
= exp (2 Z bi)
k=1
Lo T T
= exp 5)\ v BB v
Hence, since v € R" is a unit vector, we have

2 2
E [exp ()‘(UTni))] < exp </\2'UT (BBT + Ew) U) < exp <)\2/\max(BBT + Ew))

which completes the proof. O

: : ‘ ; _ $(A,p)p"
Claim 2. Given p € (p(A), 1), [lzil[, < K with K = \/p||C|| =T

Proof. We use Corollary 1 in order to bound ||z;||, as follows:

a : a - $(A, p)p*
il < > A IC unll, < VEICHT S o4, p)p' ™" < VPICI ==

t=L+1 t=L+1
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According to Lemma 1, given § € (0, 1), with probability at least 1 —

H-L H H-L
Z ( Z u;rCAt_Z) (Bui—1 +wi—1)| = Z w;m
i=1

i=1 t=L+i
L
< w\/gpu{ ~ L) Amax(BBT 4 2,,) log(8/6).
-p

Therefore, combining with persistence of excitation, the truncation bias term will be bounded by

H
- ,1 1
‘ Z u(u, JTCA L)l < ——— Z ut(ut CAlz,_ L)
t=L+1 9 mm(U) t=L+1 9
\/7 H-L H . ‘
< (U) Z < Z Uy CAt_l> (B’LLZ',1 +wi,1)
Amin i=1 \t=L+i

B 4p3/2¢(A, L||C\| 2L Amax(BB" 4+ X,,) log(8/6)
= 1— H-L

with probability at least 1 — g

B.4 Analysis of Multiplier Process
In this section, we analyze the error ez, which is related to multiplier process. We again first assume that
H—-L>N(p,L,6/4) for given ¢ € (0,1) to get the result of persistent excitation, that is,

~ H-L
)\min(U) Z 4

with probability 1 — g.

The term related to multiplier process has an upper bound:

- _1/2 N _
5! H / Sl e (u] Fwy_y + 2)
€y = Z (THETA T Fw,_q + z)l| < = 2 (22)
t=L+1 5 Amin(U)
1 ~ —1/2 H
L HU S i (2
v/ Amin(U) t=L+1 9
@y (u) Fiv;_y) (24)
min 2

€2,2

To analyze the errors €1 and €32, we use Theorem 6 in Section B.7.

B.4.1 Analysis of €3,

Recall that (z¢);>0 is i.i.d. zero-mean o?-sub-Gaussian. Define F; = o(uo.m, 20.¢). Then a; is F;_1-measurable
and z; is F;-measurable. Observing that z; is independent of F;_1, 2z is conditionally o2-sub-Gaussian, i.e.,

A2g2
Elz | Fi—1] =E[z] =0 and E [e)‘zt \ .Ft_l] =E [e/\zt] < exp ( 3 Z)

Let d = p>L. We apply the theorem with V' = I;. Define

H H
~ ~T -~ ~
Vg=1,4;+ E wu, =I4+U, and sy= E ZiUg.
t=L+1 t=L+1
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Then, for any 6 > 0, with probability at least 1 — g,

_ N2 & 4det(V g)1/2
Vi on], = (2)™ 52 s < (R0, 2
2 t=L+1 9
According to Corollary 2 with A = 1, we have
H H
- —1/2 - 1 -\ —1/2 N
HU / t_;_l ZtUt S 1+ m (Id + U) t; Zt Ut
= 2 =L+1 2
Combining the inequality with (25), we get
C12 e 1 4det(V g)t/?
t=L+1 9 Amin(U)

Claim 3. \yax(U) < d(H — L)

Proof. If we show that U =< d(H — L)I4, then the claim is proved. We can show that d(H — L)I; — U is
positive semidefinite by Cauchy-Schwarz inequality:

H H
- . =2 2 2
e Uz= Y (aa)’ < Y sl =dH - L) ||
t=L+1 t=L+1
Since the inequality above holds for all & € R?, the proof is done. O

By Claim 3,

det(V g) = det(Iy + U) < (1 + )\max(ﬁ))d < (1 Fd(H — L))d.

From (26), we now have

H
H 6_1/2 Z Zt’[l,t

t=L+1

1 4(1+d(H — L)*?
< JZ\/2 (1 + )\min(i])> log 5 . (27)

2

so that

,/1+Amm \/21 (1+d(H — L))"

0

)\mln

1 - —1/2 ul
L HU S i
\/ )\Inin(U) t=L+1

Now we combine with persistence of excitation. Under the sample complexity requirement, since we have
Amin (U) > (H — L)/4 with probability at least 1 — %, we have

2

1 min J S
+ Auin (O) (H_L

+ 1) Amin (0).
If we choose H and L with H — L > 4, then 2(H — L) > H — L + 4, implying

1+ )\nun
\/ H L+4 < 2 < 8
mm m ) A

w(U)(H — L min(U) ~ VH-L

Moreover, under H — L > 4, we have d(H — L) > 2 so that

log(1+ d(H — L))¥? = dlog /1 + d(H — L) < dlog(d L))
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for d(H—L) > 2
By combining all, with probability at least 1 — g,

1 ~ —1/2 ul
HU S i

Amin (U) t=L+1

dlog(d(H — L)) +log(4/9)
< 402\/ T I .

2
provided that H — L > N(p, L,d/4).

B.4.2 Analysis of €3

We analyze the error €3 » by decomposing in the following way:

ol o] o 3w (et
——||U ti(u, Fwi_)|| = ——||U o u, CA"wy_p_
/\min(ﬁ) || t:;i-l n o 2 )\Inin U t:;i—l t kZ:O ' e
- H
S .

For each k = 0, 1 , L—1, define a filtration .7-"( ) = J(UU:H, wo.p—k—1) fort > L+1. Let nt( =u, TCA w, ;.
Then n(k) is ]-' measurable Observe that ntk) \ ]-' is mean zero sub-Gaussian because

E [0 | 7| = wl CA*E[w 1] = 0
and, for any A € R,
5 e ()] 722 =2 e (7 0t 1) 7]
2
< exp (;u:CAkEw(Ak)TCTuh>
)‘2 k KNT ~T 2
< exp ?/\max(CA Ew(A ) & )Hut”z
= P (CAPE, (447 CT)

Let S = CA’“Z]H,(AR)TC—r for brevity. We repeat a similar argument in Section B.4.1. By the persistence
of excitation result, the event Ay, (U) > (H — L)/4 holds with probability 1 — §/4, provided that H — L >
N(p,L,6/4). Conditioning on this event, for each fixed k € {0,1,...,L — 1}, with probability at least 1 —
(ﬁ x L+ g), we have

dlog(d(H — L)) + log(4L/$
< 1Sy LB L) los0L/9),

1 -
Vin(© HU VS e,
Amin (U) t=L+1

Applying a union bound over £k =0,1,...,L — 1, we obtain, with probability at least 1 — §/2,

L

1 1/2 H
U E n
2 \ / mln t=L-+1

dlog(d(H — L)) +log(4L/9)
<
4¢ 1)) z o

H
~ T =
E ut(ut F'wt 1

t=L+1

1 Hf]—l/Q
)\min(U)

utTCAk'wt_k_1>

provided that H — L > N(p,L,d/4).
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B.5 Final Parameter Estimation Error Bound

We now combine the errors €; and ez (and €2 1, €22). Under the assumption of persistence of excitation, we have

€1 <

4p3/2¢ A ,P)P LIICH 2LA\max (BB + X,,) log(8/5)
H-L
with probability at least 1 — 5,

€2 < €21+ €22
2L 1 2L(H - L log(4
< to [PLIRE = D) g5

2 2 _
+4\/p Llog(p L(H L)) +10g(4L/5 \/pAmax CAk (Ak)TCT)
k 0

H-L

L1 2Llog(p2L(H — L)) + log(4L/5)
< 4 o, + \f )\max(CAkEUJ(Ak)TCT)> : g
( p;b/ ¢

H-L

with probability at least 1 — —, where d = p?L and S}, = CA*S,,(AF)TCT. As a result, we obtain a final
bound for the multiplier process. With probability at least 1 — 4,

|G - G|lr <e1+ e

4ﬁﬂ¢Appnc¢mAmxBBT+z>mgwa
H—-L

2Llog(p?L(H — L)) +log(4L/$)
4o, + MMCMEMMFCU>Z9 g
SO /

H-L
provided that H — L > N(p, L,§/4).

B.6 Proof of Bounded Fourth Moment of Covariates

In this szection, we prove that our covariate u; has bounded fourth moment. Observe that the fourth moment of
@ € RP"L is defined to be
sup E [('v ut)4]
lvll2=1
'ue]RPQL

since u; is centered and isotropic.

Given v € RP°L with [v]l, = 1, let V' € RP*PL such that vec(V) = v (so that ||V = 1). By the property of
Kronecker product, we have

E[(v )] =E [((@-1®u) v)*] =E [(u) Va,_1)*].
Let V1,..., V[ be the p X p matrices such that
V = [V1 Vo - VL]
then u:Vﬂt,l = Zle u;'—Vkut,k. For simplicity, let zx = u;rVkut,k. Then, we have

I 4
E [('u,;rVﬁt_l)‘l] =E <Z zk>

k=1

L
= ZE Zk + 4Z]E ZkZl + GZE Zkzl + 12 Z ZkZlZm + 24 Z ]E[Zk-ZlZmZn]
k=1

k#l k<l k#lL k#m k<l<m<n
l#m
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Since u¢, us—1, ..., us— g, are independent, we know E[z;] = 0, and moreover, E [z | u;] = 0. Then, for k # [,
Elzrzi] = E[E [2zr21 | ud] (law of total expectation)
=E[E [z | we] E [z | ue]] (21, and z are conditionally independent.)
=0

Likewise, we can show that E[z3z] = 0 for k # I, E[z72,2,,] = 0 for k # I, k # m, and | # m, and E[z;22:m2,] = 0
for k <l < m < n, showing that

L
E (v a)'] =E[(u/ V1)) =D E[z}]+ 6> E[z727]. (28)
k=1 k<l
Now we upper bound E[z{] for k = 1,..., L, as follows: Let vy 1,..., V), denote the columns of Vi, and (u;—);

denote the i-th entry of the Rademacher random vector u;_j. Then, we have

P 4
E[Z,%] =K [(ujvkut—k)ﬂ - ) (Z u:vk,i(ut_k)i> ,

Iz
Mv

E {(u:vk’i(ut,k)i)ﬂ + 6ZE {(ujvk,i(ut—k)if (u;r”k,j(“tfk)j)z} )
1 1<j

E [(u;—vk,i)ﬂ + GZ]E [(u:vm)g (u:vk’j)ﬂ ,

(2

A
e
NE

i=1 1<j
© &
<3 lvkilly + 18D okl lvnslls .
=1 i<j
u 2 ’ 4
_9<Z 2> =9V, (29)
1=1

where we obtained (a) from using the same arguments as used for simplifying E [( { Va,_1)*] above, (b) follows
from the independence of (w;—4);, (w—x); and E[(u;—x)] = E[(u¢—)7 (u—x)3] = 1, and lastly (c) is obtained
from the fact that, given fixed vetors g, q,, g5, for any Rademacher random vector u, we have E[(q " u)?*] < 3 ||qu
and E[(q] w)? (a7 w)’] < 3|, 5 a1l>-

Next, we upper bound E[zkzl] for k < [ as follows: Let vy 1,...,vk, denote the columns of Vi, v 1,...,v1p

denote the columns of V', and (w;—k);, (ui—;); denote the i-th entry of the Rademacher random vectors w;_,
u;_; respectively. Then, we have

E[z227] = E {(u;rVkut,k)z (u:Vlut,l)Q} ,

p 2 p 2
(Z Vi (- k)) > ulv(w); | |
=1 i=1
(1) p p 9
22 E[ (o) (o))
=1 j=
(ii) D b
<3 > lowills llveslls = 31Vl Vil (30)
i=1 j=1

where we get (i) from the independence of (w¢—g)i, (ui—;); for all k <1, and ¢,j = 1,...,p, and (ii) is obtained

i)
from using the same argument as used to get (c) in (29). Finally, combmmg (29), and (30) into (28), we obtain
the following upper bound,

E[(vTa)'] = Y Elz] +6)  Elzz],
k=1

k<l
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L
<9 IVEllm + 18D IVellz Va3 -
k=1

k<l

L 2
9 (Z ||Vk||§> =95 = 9. (31)
k=1

B.7 Miscellaneous

Lemma 2. If the matriz norm || - || is consistent, the quantity
A"
¢(A7 p) = Sup
kEZ 4 pk

is finite for all p > p(A).

Proof. Recall Gelfand’s formula: for any consistent matrix norm || - ||, we have
p(4) = lim |A"|H/* (32)
k—o0

and the limit approaches from above. By Gelfand’s formula, for all p > p(A), there exists N such that
p(A) < [AF|* < p

whenever k > N. Then, we have

k=1,...,.N—-1 pk k>N pk

A” A”
= max max su
S(A.p) { 1A% | ||}
implying that ¢(A, p) is finite because ||A¥||/p* < 1 for k > N. O

Corollary 1. Given p > p(A), for all k > 1, we have |A¥|| < (A, p)p*.
Proposition 5. The following holds for A > 0:

(/\Id+f])71 <U = (1 + ’\U) (A1 —|—I~J>71

in

~ ~ -\ —1 ~
Proof. Since \I;+U = U for A > 0, we have (/\Id + U) <=U 1. In order to show the other Loewner order,
it is equivalent to show that

)\min(f])

ﬁtm()d(ﬂrf]).

We want to find v > 0 such that U - y (/\Id + U) > 0, that is, Ay (f] - ()\Id + f])) > 0.

Awin (T =7 (Ma+T)) = Auin (1 = )T = 37L4)
(1 —7)Amin(T) — 7\
= Amin(@) = (Amin(@) +2) > 0

)\min({]) l > A
Hence, for 0 < v < (O OF 5 2 1+ @) Ve have

U< % (A1d+0)_1.

This completes the proof. O
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Corollary 2. For any « € R?, we have

[0, < \fio 2 | (e 0)

~\ 1 ~
Proof. Since (1 +5 -A(U)) (/\Id + U) -U ! is positive semi-definite by Proposition 5, for any & € R%, we

2

have
- N -1
' U 1ac§ <1—|—)\~> x! </\Id—|—U> x.
which completes the proof. O

Theorem 6 (Self-Normalized Bound for Vector-Valued Martingales, (Abbasi-Yadkori et al., 2011)). Let {F:}2,
be a filtration. Let {n:}52, be a real-valued stochastic process such that ny is Fy-measurable and 0 is conditionally
R-sub-Gaussian for some R >0, i.e.,

)\2 2
VA € R, E [e’\m | .7-},1} < exp ( 5 > .

Let {x}22, be an R -valued stochastic process such that z; is F;_1-measurable. Assume that V is a d x d positive
definite matriz. For any t > 0, define

t t
V=V + Zwsw;— Sy = Znsws.
s=1 s=1

Then, for any 6 > 0, with probability at least 1 — §, for allt > 0,

V12, < R\/Q log (det(Vt)” ?det(V)~Y )

]

C REGRET ANALYSIS

In this section, we derive the regret in detail and prove Proposition 5 and 6. Recall that

wo:T

T
1
uy.p = argmax E lz rt] = §u(—)r:TSTu0:T subject to ug.r € {—1, +1}p(T+1),

t=0
uf K Unif({~1,4+1}?), and
1 ~
uTIEI-&-l:T = arg max 7u—17r(+1:TST—H—1u1TI+1:T subject to UH41.T € {—1, +1}p(T_H).

UH41:T

where 7 denotes the ETC algorithm policy. Let {r;}L_, denote the random rewards collected under uf ., and
{r7}I_, denote the random rewards collected by policy m. Then the regret of 7 is

T T T
1
Rr(m)=E lz ry — er] where E lz 7‘2‘] = §(u6:T)TSTu0;T.
t=0 t=0 t=0
For the expected cumulative reward for 7, we split into the two phases. For ¢t =0, ..., H, we have {u] }]_, LLg-

Unif({—1,+1}?), and note that the distribution has zero-mean and identity covariance. Since the conditional
expectation is

H

s
>

t=1

E

{u?}tH—O] = (UTOF:H)TMHUZ)T:H = tr(MHUg:H(ug:H)T)a
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H

Z yr {u?}fl_ol 1
5 [ (M )]
= tr (M yE [u.4 (ug.4)"])

= tr(MHIp(H+1))
=0

the law of total expectation implies that

H
E [er =E|E
t=0

Now we consider the remaining steps. Let «7;,; be the random state after the exploration, then we know that
E [az}} +1] = 0,, because ¢y = 0,, and the expectation of noise processes and Rademacher actions are zero. Since
we have

T T
T T _ T\ T t—H—1_7 1 T T T
E E Ty wH+1] = E (uy) CA -’BH+1+§(UH+1:T) Sr-H-1UF 1.7
t=H+1 t=H+1

the law of total expectation again implies that

T
s 1 T s
E[ Z Tt] = §(UH+1:T)TST—H—1U'H+1:T'
t=H+1

Therefore, the regret is
1 * T 1 T T ™
Ryp(m) = §(UO:T) Sruo.r — §(uH+1:T) Sr—H-1Uf 17
For the regret analysis, let

- 1 . _
Uy 1.7 = arg max 5”;+1:TST7H71UH+1:T subject to  wgy1.r € {—1, —|—1}p(T H)
UHA41:T

Then, we decompose the regret as follows:

1
Re(m) = 5 (Bur + Ror + Rar) (33)

where

Rir = (ulp) Sruly — (wpgirr) St_g1@my1r

Ry o= (Ggsrr) Sr—p—1@mirr — (W) Sr—m_1uf g

Ry = (U‘IIT{JFI:T)T(STfol — ST g 1)U
C.1 Proof of Proposition 5
Proposition 5. Let p € (p(A),1) be given. Then

Rl,T < 2p/€2 (aH + ﬁ) s

fora =1+ 2800 g — SALL 11 and k= max{|B]|, |C]|}.

Proof. Observe that Sp_p_1 is a submatrix of S7. Define St by zero-padding the matrix St_pg_1 so that its
size is the same as S, that is,

G _ ST_H-1 Op(T—H)xp(H+)
= 1o 0
p(H+1)xp(T—H) p(H+1)xp(H+1)
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Let AT = ST — ST, then

* T * ~ T ~
Ry 7 = (ug.p) Stuy.yr — (Upi1.r) ST—H-1UH41:T
= max u'Sru— max v Sr_g_1v
lulleo=1 lv]|o=1
weRP(T+D) weRP(T—H)
= max 74— max v Stv
llwlloe=1 llvlloc=1
weRP(T+D) weRP(T+D
= [u (St + Ar)u —v' Stv
lullo=1 [lv]loc=1
weRP(THD) yeRrr(T+1)
< max u' Apu (take v = u)
llw]loo=1
weRP(T+1)

To be concrete for A, observe that

Ap— [OmT—H)pr(T—H) R }

R Stail
where
CAT-H-lp cAT™ "B ... cA"'B
ne CAT—.H—2B CAT—.H—lB . CAT."—ZB ) Rp(TiH)Xp(HH)
CB CAB ... CcA"B
and
[ Opxp CB CAB .. CcA"TIB cA"'B
(CcB)T 0pxp CB ... CcA"*B cA"’B
Stail = (CA,B)T (C,B)T Op.xp CAI%_AIB CAI%_BB c RPH+D)xp(H+1)
(CAH'JB)T (CAHLBB)T (CAHL4B)T ()p.xp C.B
L(cA?'B)T (cA"?B)T (cA"*B)T ... (CB)T Opsp

By Proposition 7, we can find an upper bound in terms of the spectral norms of the blocks as follows:

H T—H-1
max u' Aru<2py > HCAZ“B||+2pZZHC’Ak 'B|
JSQL?OT:JA) =0 j=0 =1 k=1
blocks in R,RT blocks in Stail

We use Corollary 1 in order to bound the upper bound above. Let p € (p(A), 1) be given. Then the term related
to the blocks in R and R' is bounded by,

H T H-1 o T—-H-1 ‘ H T—H-1 o

Y. > CA™B|=2p|CB|+2p Y |CAB|+2p> > [CA™MB|
i=0 ;=0 = = =
T-H- H T—H-1

<oBlicl (14 3 141+ >
j i=1 =0

T—H-1 T—H-1

H
<2p|IB[[C|| [ 1+ (A, p) > p +6(Ap)) pt
j=1

=1 3

I
=]

oo

<2||Bl[C]| [ 1+6(A.0) D0 +6(An) > 0>
j=1 i= i=0
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< wiBlc] (1+ AA00 4 HA08)

L—p ~ (1-=p)?

Similarly, the term related to the blocks in Si,; is bounded by,

l
> |CA" ' B|| = 2pH|CB|| + 2p
=1 k=1 =1 k=1

Mm

H-1

< 2p||B||||C]| <H+¢ pk)
=1 k=1
H—-1 P

< 2p|B||C] <H+¢ Z 1—p>
=1
¢ A, p)p

— 2||BliC] (H+ i

Combining two bounds, we get

Rir< max u'Agu<2||B||C| <<1+@>H+¢(AP)PH>

’ llwlloo=1
wcRP(T+D)

which completes the proof. O

C.2 Proof of Proposition 6

Proposition 6. Let p € (p(A),1) be given and € > 0 be the high-probability parameter estimation error, i.e.,
|G — G||r < €. Then, with high probability,

max{Ro 7, Rz v} < 2p(T — H) (e + £*71)

where i = max{| BJ, | C|[} and v, = 242"

Proof. Observe the following bounds for Ry 7 and R 7.

Ror = (ﬁHJrl:T)TSTfol'&HH:T - (U’TIFiJrl:T)TST*H*luZIJrl:T

= max u' Sr_g_1u— max v' Sp_pg_q1v
lulle=1 lv]le=1

= max min [UTST_H_yu, —v'Sr_pg_1v
lulloc=1llv]loc=1

< | Irulax w' (Sr_pg_1— S’T,H,l)u (take v = u)
U||co=1

Rsr = (Wi 1) (St—p—1 — ST—p—1)ufrinr

< | D‘fllaX 1UT(ST—H—1 —Sr_m_1)u
U=

According to Proposition 7, we now see that Ry and R3r can be bounded by a same quantity, which will be
specified in this proof.

. . N o LT
Let My_p_1 be the upper diagonal part of Sp_pg_1, that is, Sp_g_1 = Mpr_g_1 + Mp_g_,. Recall that
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Sr_g1=Mr_g_1+ M;7H71 where

_Opxp CB CAB ... CAT-H-2p1
0p><p Opxp CB CAT*H*ISB
MT—H,1 = : .. .. .. : . Rp(T_H)Xp(T_H).
: . 0,x, CB CAB
o Oy CB
_0p><p Opo Opo e Opo Opxp |

Observe that
uw' (Sr_pg-1—Sr_p_1)u=2u" (Mr_g_1 — Mp_p_1)u.

Let A;; denote the (,7)-th pxp block of My g 1—Mqgp g 1. By Proposition 7,

HﬂlfllaﬁluT(MT—H—l—MT—H—l)USp DoAY 1AGle
= (i,4)€T (i,5)€Z¢

where T ={(i,j): L+1<i+ L < j<T— H}. Define Z, = {(k,j): (k,j) € Z} and J = {(k,5): (k,j) € I°}
fork=1,...,T — H, then

CT—H—L—1 - T—H
Z=U;_, Ty, J=Up_1 Tr,

andZy =@ fork=T—-H—-L,...,T—H. Foreach k=1,..., T-H—L—1,

T—H-—k
STolasl+ Y lAyllr= Y ICATB|+ |G - G|F
(k,j)ELk (k,§)ETw (=L+1

and fork=T-H-L,...., T — H,

Solayl+ DD lAGle=0+ > Al <IG-Gllr

(k.5) €T (k,3)E Tk (k.3) €T
Therefore, we obtain

T fa T ¥
i H”laxl'u, (ST—H—l _ST—H—I)u:2” rrulaxlu (MT—H—l _MT—H—l)u
U|| oo = Ul|oco=

<2 | > lAgl+ > lAylle
(4,9)€Z (4,5)€Z°
T—-H
=2y | D lAgl+ Y llAylle
k=1 \(k,j)€Zx (k,3)ETk

T—H-L-1 /T—H—k
<2 > < > ||CA£—1B||+|G—GF> +2p(L +1)|G - G|r
k=1 =L+1
T—H-L-1T—H—k
<2 Y ) |CA"'B|+2p(T-H)IG-G|r
k=1  (=L+1

We again use Corollary 1. Given p € (p(A), 1),

T-H—-L-1T—-H-k T-H—-L-1T—-H—-k

> X lleaTBi<oapBllC] Y 3 o

k=1 {=L+1 k=1 {=L+1
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T-H-L-1 T—H—k

=o@plBlIC Y
k=1

(T— H—_1 — 1)pL _T*H*L*l pT—H—k>
L=p k=1 L=p

= o(A, p)IBll|C] (

ok
< (T~ m)o(4. )| BlCl "

In conclusion, we get a final upper bound as follows:

. A, p)p" .
max wT(Sr_s1— Sr-m1)u < 2p(T — H) (|B||C||¢’(1”if) LG - GF)

llwfloo=1
This completes the proof. O
C.3 Miscellaneous

Lemma 3. For a square n X n matrizc M = (M;;), we have
"' Mx <n|M|r and x' Max <n|M]|,

whenever ||]|c < 1.

Proof. Assuming ||x||o < 1, the first result can be proved as follows:

o Mz =" Mz, < Y [My| <Vn? | Y [M|? =n||M|F

i,7=1 i,7=1 i,5=1

where the second inequality is obtained using Cauchy-Schwarz inequality. The second result can be readily
obtained:

a' Mz < ||M|2]z]3 < n| M|
because ||| = 1 implies ||z|2 < /n. O

Proposition 7. Let A be a block matriz given by

Ay A - Ay
Ay Ay - Ay,
Anl An2 T Ann

where A;j € RP*P. Let T be any subset of {(i,7): 1 <1i,j <n}. Then we have the following:

‘ H‘lagleA-’B <p| D Mgl + D [1A44lle (34)
el (i) €T (i) €T¢

where x € RP™.

Proof. Let x = [w]— ac;';] " where x; € RP for each ¢. First, observe the equality:

n
T A — T
T Ax = E z; Az

ij=1
For arbitrarily chosen index pair (i, 5), Lemma 3 implies that
x] Ayx; < pllAylle and  a] Aijz; < pllAyl.

This completes the proof. O
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D NUMERICAL EXPERIMENTS

In this section, we give further details regarding numerical experiments. In Section D.1, we give a lower bound
of the expected output of Goemans-Williamson random hyperplane rounding method, which is similar but
different from MaxCut problems. In Section D.2, we describe further discussion about the experimental results
in parameter estimation. In Section D.3, we design additional numerical experiments to show that our practical
approach works for dense matrices A, B, C, and we discuss the experimental results with different spectral radii
of A.

D.1 Goemans-Williamson Random Hyperplane Rounding
We recall the problem stated in Section 6.1.

maximize tr(W X)
subject to X > 0, rank(X) =1 (19)
Xii:]-a z:l,,n

Its semidefinite relaxation is

maximize tr(WX)
subject to X > 0 (35)
Xiizl, 7,:1,,7’L

In Section 6.1, we discussed Goemans-Williamson random hyperplane rounding method to find a feasible point
of (19) from its relaxed problem (35). For MaxCut problems, SDP+GW achieves an a-approximation algorithm
with o = 0.87856. This means that, for any given instance of MaxCut problem, the algorithm is guaranteed on
average to return a solution whose value is at least 87.856% of the true optimum. In the next proposition, we
derive a similar result where o depends on the matrix W in (19).

Let v and 1,15 be the optimal value of the original problem (19) and its relaxed problem (35), respectively. It
is clear that vy, > v. Let X* = V'V be a solution to (35) where we denote v; to be the ith column of V.
Note that the constraint X ;; = 1 implies that v,/ v; = 1. According to Goemans-Williamson random hyperplane
rounding method, for » ~ N (0, I,,), the point & ; where

@y = [sign(v{r) - sign('vzr)]T

is a feasible point of (19). The expected value vgw from the rounding algorithm is
vow = E [tr(Wwfw}—)} =tr(WXy)
where (X );; =E [sign(v;r)sign(v;r)].

Proposition 8. The expected value vaw has a lower bound that depends on W. Specifically, we have

vaw = ave — (1—a) Y ) " [Wy|

i=1 j—1
where
1_ arccos(x) arccos(z)
= min — T — — min T ~0.87856.
ze(—1,1) - ze(—1,1) =

Proof. Observe that we have
(X)ij=E [Sign('ujr)sign(v}r)} =Pr (sign(v?r) = sign(var)) + (=1)Pr (sign(viTr) £ Sjgn(var))
=1—2Pr (sign(v; r) # sign(v, 7))

2
=1- — arccos ('uiT'uj)
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where 6;; = arccos ('v;r ) The last equality holds since each v; is a unit vector. Therefore, we have
vaw =tr(WXy) = Z Z Wi, <1 — — arccos (vz—vj)>
i=1 j=1
On the other hand, the optimal value to (35) is
Ui = tr(WX*) =tr(WV V) =te(VWV ) = tr Z Z Wiviv] Z Z Wiv v;  (36)
i=1 j=1 i=1j=1

Observe the two inequalities that is valid for all ¢ € (—1,1):

_ arccos(?) S al + t’ arccos(t) < al —t
T - 2 T - 2

where a = 0.87856.... From each inequality, we can deduce the two inequalities:

2
1—=arccos(t) > a(l+t)—1l=at+(a—1)
™
2
—arccos(t) —1 > «a(l—t)—1=—at+ (a—1).
T

Combining two inequalities together, we have

2
s (1 - = arccos(t)> > sat + (a—1)
m

for s = +1. Therefore, letting s;; = sign(W;), we have

n n
E E Wijlsi; ( - arccos(vjtg))
7r

M= T
™= T

> (|WU‘S’L] (v ;rvj) + (a— 1))
i=1 j=1
= Qly1x — (1 - Oé) Z Z |W”|
i=1j=1
by (36). This completes the proof. O

D.2 Parameter Estimation

In Section 6.4, we discussed how the relative estimation error changes with different truncation lengths L under
systems with spectral radii p(A) = 0.1 and p(A) = 0.9. In this section, we discuss the experimental result in
detail.

In the experiment, we consider the case when n = 5 and p = 3. The Schur-stable matrix A is generated
with i.i.d. A(0,1/n) entries and scaled to a desired spectral radius. The matrices B and C' are generated
with i.i.d. N(0,1/n) and N(0,1/p), respectively. The noise processes are chosen to be Gaussian, that is,

w,; K N(0,,(0.05)2I,,) and z VN N(0,(0.05)%). We repeated each experiment 20 times with different noise
seeds.

In Figures 2c and 2d, we can see that the relative error of Markov parameters tends to decrease as the exploration
length H increases. It is a natural phenomenon which explains that more data samples give better estimation.
When p(A) = 0.1 (consider Figure 2¢), we can also observe that larger truncation length L gives larger error. If
we have larger L, we have more parameters (i.e., CB,CAB, ..., CAL_lB) to estimate, but the spectral radius
p(A) too small to capture longer memory of the system, giving larger estimation error. On the other hand, when
p(A) = 0.9 (consider Figure 2d), we can see that it tends to have smaller errors when the truncation length L is
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larger. It is because the spectral radius p(A) is large enough to capture memory of the system and give help to
estimate more number of Markov parameters.

Moreover, we can observe double-descent phenomenon (Nakkiran et al., 2020) in both plots, which happens when
a model whose number of parameters is about the same as the number of data used to estimate the model. In
our problem, the regression model has p>L number of parameters, and the number of samples used is H — L,
implying that the peak would be shown at H = L + p>L. We can see the peaks at H = 300 and H = 500
for L = 30 and L = 50, respectively, in Figures 2c and 2d. For L = 6,12, 18, the peak will be obtained at
H = 60,120,180, but it is not shown in the plot because we only plotted the curves at H € {100, 150, .. .,2000}.

D.3 Additional Experiments

° ° ° u °
s ] & 1000 s e & 6000 s #
£ 2500 | SDP+ GW| // 2 —SDP-+GW| /// £ 2500 |—SDP- GW| s 2 —SDP-GW 2 140x10°F|__gpp. gw, e
& — Signlter 7 & —Signlter //‘ & — Signlter e & 5000 | |~ Sigulter & 1 20x10° || Sigulter 7
© 2000 P o 750 - © 2000 ot o o v
g / g P g P g 2 "
2 y/ 2 - = - 5 4000 £ 100610
2 1500 - 3 s00 P S 1500 e 3 2 s.o0x10*
5 S 5 /’ £ / £ 3000 f ]
3 1000 - O 50 s G 1000 ¢ - o O 6.00x10"
3 - 2 - = - g 2000 2
500 1000 1500 2000 500 1000 1500 2000 500 1000 1500 2000 500 1000 1500 2000 500 1000 1500 2000
Horizon T Horizon T Horizon T Horizon T Horizon T
(a) p(A) = 0.1 (b) p(A) = 0.3 (c) p(A) = 0.5 (d) p(A) =0.7 (e) p(A) = 0.9

Figure 4: Expected cumulative reward under the oracle benchmark, approximated by semidefinite relaxation
and Goemans-Williamson rounding (SDP+GW) and by the sign-iteration method (SignIter), in different spectral
radii p(A).

—SDP+GW
SignTter
—-o(r*") 6000 1

s000| | SDPHGW

Signlter
—-o(r*?)

4000 +
-

2000+ AN

Regret
5
Regret

500 1000 1500 2000 500 1000 1500 2000 500 1000 1500 2000 500 1000 1500 2000 500 1000 1500 2000
Horizon T Horizon T Horizon T Horizon T Horizon T

(a) p(A)=0.1 (b) p(A) =10.3 (c) p(A) =105 (d) p(A) =0.7 (e) p(A) =0.9

Figure 5: The regret curves of the explore-then-commit algorithm measured from SDP+GW and SignIter against
the SDP+GW oracle benchmark, compared with the theoretical O(T?/?) rate.

In Section 6.3, we used a simple latent dynamics and reward function. Especially, we set the matrix A diagonal
with small spectral radius (which is p(A) = 0.3). This section is devoted to discuss whether our practical
approaches, SDP+GW and SignIter, would work for dense matrices.

In order to generate dense matrices, A, B, and C are generated in the same way as we did in the experiment for
parameter estimation described in Section D.2 except that we use n = 3 and p = 2 in this experiment. We set

the noise processes to be Gaussian, that is, w, "~ N(0,,(0.01)21,,) and 2 g N(0,(0,01)%). We conducted
our experiments for p(A) € {0.1,0.3,0.5,0.7,0.9} by scaling the same matrix A, and we performed a grid search
to determine constants ci,cy in H = e T?3 and L = ¢y log T, calibrated at T' = 1500. The grid was chosen
to be ¢; € {TOE: To = 1500, € € {O,:I:0.02,:t0.05,:|:0.1}} and co € {0.75,1.0,1.25}. For all cases of p(A), an
optimal value of ¢; is 15007%! ~ 0.48. On the other hand, optimal values of ¢3 for p(A) = 0.1,0.3,0.5,0.7, and
0.9 are 0.75, 0.75, 1.0, 1.25, and 1.25, respectively, which is a consistent result with the experiment in parameter
estimation. Each experiment was repeated 10 times with different noise seeds, except for the grid search.

Recall that a feasible solution to our optimization problems (7) and (11) is obtained by random rounding methods
discussed in Section 6.1 and Section 6.2. Since the matrices are more complicated than the ones in Section 6.3,
we might expect that rounding methods need more trials to get feasible points that are close to optimal. Hence
we increased the number of rounding trials for both Goemans-Williamson random hyperplane rounding method
and sign-iteration method as p(A) increases. Moreover, we also increased the maximum number of iterations
for sign-iteration method. The number of rounding trials is chosen to be 256, 320, 384, 448, and 512 for
p(A) = 0.1,0.3,0.5,0.7, and 0.9, respectively, and the maximum number of iterations for the sign-iteration
method is chosen to be 200, 250, 300, 350, and 400, respectively.
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In Figure 4, we can see that SDP+GW always gives the larger value of the expected cumulative reward. Therefore,
we choose SDP+GW as our reward benchmark. In Figure 5, the regret curves are shown which are computed from
two practical approaches against the SDP+GW oracle benchmark with different spectral radii. We can see that it
tends to accrue more rewards when p(A) is closer to 1 because the states decay slower. In addition, the numerical
experiment verifies that, even though the regret curve is more noisy than the simple case in Section 6.3, the
curves are close to our theoretical sublinear @(T2/ 3) rates.
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