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Abstract

While diffusion models have emerged as a powerful class of generative models,
their learning dynamics remain poorly understood. We address this issue first
by empirically showing that standard diffusion models trained on natural images
exhibit a simplicity bias, learning simple, pair-wise input statistics first before
specializing to higher-order correlations. We reproduce this behaviour in simple
denoisers trained on a minimal data model, the mixed cumulant model, where we
precisely control both pair-wise and higher-order correlations of the inputs. We
identify a scalar invariant of the model that governs the sample complexity of learn-
ing pair-wise and higher-order correlations that we call the diffusion information
exponent, in analogy to related invariants in different learning paradigms. Using
this invariant, we prove that the denoiser learns simple, pair-wise statistics of the in-
puts at linear sample complexity, while more complex higher-order statistics, such
as the fourth cumulant, require at least cubic sample complexity. We also prove
that the sample complexity of learning the fourth cumulant is linear if pair-wise
and higher-order statistics share a correlated latent structure. Our work describes
a key mechanism for how diffusion models can learn distributions of increasing
complexity and suggests that correlated latent structures may be at the core of how
diffusion models are able to learn at low sample complexity.

1 Introduction

Introduced only ten years ago, diffusion models [15, 31, 32] quickly reached state-of-the-art per-
formance on many tasks. Despite this empirical success, our theoretical understanding of why these
models learn so efficiently remains limited compared to the standard, supervised learning setting,
where some relevant questions have already been answered in genuine feature learning regimes. In
particular, one universal property of neural networks that emerges from classical and recent studies is
that neural networks exhibit a simplicity bias – they learn functions and distributions of increasing
complexity sequentially (with respect to the number of steps and amount of data used), from easy to
hard [3, 4, 12, 13, 16, 21, 22, 24, 25, 27–29].

Whether similar principles govern the distributional learning dynamics of diffusion models remains
an open question. Indeed, while several works have examined the dynamics of score denoising in
simplified models [7, 14], these analyses rely on random features or Gaussian data assumptions, that
do not allow to investigate the presence of simplicity bias. A first study of the simplicity bias was
done by Li et al. [18] for linear denoiser. A considerable step toward more complex settings was done
by Cui et al. [9], who analysed the performance of a two-layer autoencoder. Building on previous
work that described the dynamics of auto-encoders for (noisy) reconstruction by Refinetti and Goldt
[23] and Cui and Zdeborová [8], Cui et al. [9] analyse the learning dynamics of an auto-encoder
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Figure 1: Sequential learning in diffusion models. a)-d) Samples generated from U-nets [26] on
CIFAR-10 at various training stages. e) Test loss of diffusion model and loss on CIFAR-10 clones
during training. Vertical dotted lines mark training stages of images generated from the model shown
in panels a)-d). All curves are averages over 3 initializations of the network models and 5 · 103 test
data. Shaded areas report standard deviation over random initialization. Panel f) reports the same as
e), but for denoising samples with fixed level of noise x = e−tx0 +

√
1− e−2tz where x0 is a data

point and noise z ∼ N (0, Id). g) Test loss of neural network trained on the mixed cumulant model
with dimension d = 102 an fixed level of noise, evaluated on clones of the data set. All curves in
panel g) are averages over 5 initializations of the network model and 104 test data.

trained in a diffusion setting in the regime of linear sample complexity, where number of training
samples is linear in the input dimension, n ≍ d. Here, we characterize the learning dynamics in a
feature-learning regime with non-Gaussian data distributions without the constraint of linear sample
complexity.

In this manuscript, we first demonstrate that diffusion models also learn simpler, pair-wise statistics
of the inputs first before specializing to more complex, higher-orders statistics. We then introduce
a solvable model of the learning dynamics of score diffusion that allows us to prove nearly sharp
thresholds for the number of samples required by a simple denoiser to learn from pair-wise and
higher-order correlations, respectively, thereby establishing a simplicity bias in a rigorous way.

2 A distributional simplicity bias in denoising diffusion models

We trained a U-net architecture [26] using denoising score matching [15, 32] on grayscale CIFAR-10
images [17]. We show the samples obtained from these models at various training stages and the
loss on the denoising score objective in fig. 1 a)-f). During training, we also evaluate the test loss of
the models on several “clones” of the CIFAR10 data set [24]. The cloned data sets are designed to
only capture part of the statistics of the original CIFAR10 images. Each clone is a data set of inputs
sampled from a Gaussian, whose mean (“mean”) or mean and covariance (“mean + cov”) have been
fitted to the images in CIFAR-10. We detail their generation and show examples of the clone data
sets in section B.1.

We test the performance of the diffusion model trained on CIFAR10 on "clones" of the data set to the
performance on test data. Figure 1 shows that as training progresses, the diffusion model specializes
more and more: at first, the performance on all test sets is equal. As training progresses, the models
performance on the more specialized clones improves, whereas its performance on less specialized
clones stagnates, meaning that the model has learned to exploit the statistics of the data that go
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beyond the one of the clones it outperforms. We repeat the same experiment with the CelebA data
set and find the same sequential learning behaviour, see section B. We report details on the training
procedure in B.2. This experiment substantiates the claim that lower order statistics are learnt in the
initial phases of learning, whereas higher-order statistics are learnt later.

3 Theoretical analysis of score denoising

In the following, we will introduce a simplified setup where we can analyse the distributional
simplicity bias of diffusion models rigorously. We will analyse the dynamics of projected stochastic
gradient descent (pSGD) for a simple, non-linear denoising model trained on inputs sampled from
a non-Gaussian distribution and non-linear neural networks. We will find a scalar invariant that
describes the initial stages of the learning dynamics, which we call the diffusion information
exponent k∗ by analogy to similar invariants found for the single/multi-index problems like the
information exponent [5]), generative exponent ([10]), or the leap index ([11]). The main difference
compared to their setting are that they assumed an Gaussian distribution over inputs with identity
covariance; here instead we will analyse a non-Gaussian input distribution, using the methodology
of Bardone and Goldt [3]. The diffusion information exponent allows us to establish nearly sharp
thresholds for the number of samples required by the denoiser to weakly-recover directions encoded
by different cumulants of the inputs using online SGD, thereby allowing us to establish a distributional
simplicity bias in a rigorous way.

3.1 Setup

Denoising diffusion We model the diffusion process following a standard approach, see for instance
[6]; all the details are in section A.2. We consider a diffusion on a time interval [0, T ], with P0 the
unknown distribution that we want to learn to sample from, PT ≈ N (0,1d). The goal in diffusion
models is learning the score of the density at intermediate times, which is defined as

Fi(x, t) =
∂ logPt(x)

∂(xt)i
= − (xt)i − E [(x0)i|x(t) = x]e−t

∆t
, (1)

where the last equality, called Tweedie’s formula, is at the core of the feasibility of diffusion models.
It gives a recipe on how to approximate the score via empirical averages of the noised process.

The objective then becomes learning F . To do this, one can build a mean-square objective for a
collection of fixed time intervals. Let us denote Sw

t (x) the approximated score that depends on
weight w. The loss function for diffusion time t can be rewritten (for the derivation, see section A.2)

L(w) = 1

2
E

x0∼P0

E
z∼N (0,1d)

[∥∥∥∥Sw
t (x0e

−t +
√

∆tz) +
z√
∆t

∥∥∥∥2
]
+ C. (2)

This quantity can be well approximated having just samples from P0, which allows to estimate the
integral over x0. The additional Gaussian integral over z in eq. (2) is a term that is peculiar to diffusion
models. We use Stein’s lemma (lemma A.4 in the appendix), which was first used in a similar way in
[30], to rewrite the loss in a way so that it is possible to apply the Hermite decomposition.

Denoiser and learning algorithm We consider the simplest feature learning setting, with a denoiser
Sw
t (x) = −x− σ(w · x)w and optimize by updating an initial weight w0 ∼ Unif(Sd−1) via online

projected SGD (pSGD):

w̃τ+1 = wτ − ηd∇sphL (wτ , xτ ), wτ+1 =
w̃τ+1

∥w̃τ+1∥
(3)

where ∇sph is the spherical gradient: ∇sphf(w) = (1 − ww⊤)∇f(w). We simplify ∇sphL , by
expanding the square in eq. (2), differentiating with respect to w and then applying Stein lemma A.4
to remove the integral over z. At each training time τ , L is computed on a new independent sample
xτ ∼ Pt. We obtain a formula that depends only on samples of x ∼ Pt, not z:

∇sphLt(w, x) = (1d − ww⊤)Fσ(x · w) (4)

with
Fσ(x · w) := σ′′(x · w)− σ′(x · w)σ(x · w)− σ(x · w)− σ′(x · w)x · w, (5)

The detailed derivation is given in appendix A.3.
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Input distribution We draw samples from the mixed cumulant model of Bardone and Goldt [3].
This input model has a spike u that spikes the covariance, and another direction v that spikes the
higher order cumulants. We construct samples xµ, µ ∈ [n] of the mixed cumulant model thus:

xµ =
√

βuλ
µu+

√
βvν

µv + zµ (6)

where βu ∈ R, βv ∈ [0, 1] are constant signal to noise ratios that modulate the intensity of the
signal, λµ ∼ N (0, 1) and νµ ∼ Rademacher(1/2) are latent variables, and zµ ∼ N (0,1− βvvv

⊤)
is high-dimensional noise. Hence samples from the mixed cumulant model appear Gaussian in all
directions except v. The covariance of zµ is chosen match the covariance of the mixed cumulant
model to one with no cumulant spike, such that v must be discovered using only the higher order
statistics of the data, making it harder to detect.

3.2 Main result

Intuition behind diffusion information exponent Let us focus for simplicity in the case with only
the cumulant spike (βu = 0), so the only relevant order parameter is the overlap α = w ·v between the
weight vector of the denoiser and the cumulant spike. This overlap is small at initialization, of order
α = Θ

(
1√
d

)
. We can expand both F and the likelihood ratio Lt :=

dPt

N (0,1d)
in Hermite polynomials

(see definition A.2) with coefficients (cFi )i∈N, (cLj )j∈N. If the learning rate is small enough so that
the noisy online process can be well approximated by the gradient flow of the population loss, we
have that the dynamics are well approximated by the leading contribution after the Hermite expansion

ατ+1 = ατ + ηdc
L
k∗cFk∗−1α

k∗−1
τ +O(αk∗) (7)

We call k∗ as the diffusion information exponent and it is defined as the lowest k such that the k-th
coefficient of the likelihood ratio, and the (k − 1)-th coefficient of Fσ are both non-zero. From
this, it can be shown that it takes order of dk

∗−1 steps, hence samples since we are in online regime,
to reach recovery of the spike v starting from a random initialization, as detailed in proposition A.8
in the appendix.

Simplicity bias in denoising diffusion We now add back the second spike βu which is carried by
the covariance. The dynamics in this case are more complex, and depend on whether correlations
among latent variable are present or not, as illustrated by the next proposition.
Proposition 3.1. Under assumption A.10, consider pSGD eq. (3) dynamics trained on L defined as
eq. (4), with data distributed as a mixed cumulant model eq. (6). Then:

1. with independent latent variables λµ, νµ and learning rate ηd → 0 as d → ∞, as long as
n = od

(
min

(
d
η2
d
, d
))

, we have that limd→∞ supτ≤n |wτ · v| = 0 in Lp for every p ≥ 1.

2. with a number of samples n = θdd, with θd = Ω(log2 d) and growing at most polynomially
in d; step size ηd chosen so that 1

θd
≪ ηd ≪ 1√

θd
pSGD reaches weak recovery in a time

τu ≤ n i.e. there exists η independent of d such that for τ ≥ τu, with high probability
wτ · u ≥ η. Moreover, in case of positive correlation of latent variables E [λµνµ] > 0,
conditioning on having matching sign at initialization: v · w0u · w0 > 0, weak recovery is
achieved also for the cumulant spike v in a time τv ≤ n.

The first part of proposition 3.1 is a negative result: the cumulant spike cannot be recovered at linear
sample complexity. The second of this statement is a positive result: pSGD weakly recovers the
covariance spike u, and hence learns about the pair-wise statistics, in quasi-linear sample complexity.
For the cumulant spike v instead, we find that if the latent variables λµ and νµ are uncorrelated, pSGD
will need at least d3 samples to weakly recover v (as for single spike models, see proposition A.8), and
hence learn about higher-order correlations. This clear separation of timescales rigorously establishes
the distributional simplicity bias: the model learns pair-wise statistics (long) before higher-order
correlations. However, if latent variables have a positive correlation, pSGD will recover the spike
v with Θ(dpolylog(d)) samples. A similar speed-up due to correlated latent variables was found
by Bardone and Goldt [3] for supervised classification. We provide the proof in section A.4. We
show an example of a neural network trained on the mixed cumulant model in fig. 1 g); details on the
training procedure are provided in section C.
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4 Discussion

We have demonstrated experimentally that diffusion models learn distributions of increasing complex-
ity as training progresses, where we defined the notion of complexity via the order of the cumulants
of the data model which the neural network learns to exploit. We rigorously analyze training in
the mixed cumulant model, which exhibits the same sequential learning property governed by the
diffusion information exponent k∗, and highlighted how correlated latent variables facilitate learning.
We have focused on a simple architecture for the denoiser that is capable of learning the exact
score function, but we note that the diffusion information exponent k∗ could also be computed for
a mismatched denoiser. One limitation of the approach is that it applies to a model that features
higher order statistics only in a single spatial direction. A fruitful direction for future research will to
incorporate more complex models of data.
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A Details on the mathematical analysis

A.1 Hermite polynomials

We recall the definition and a few properties of the Hermite polynomials.

Definition A.1. The Hermite polynomial of degree m is

hm(x) := (−1)me
x2

2
dm

dxm

(
e−

x2

2

)
(8)

There is also a general formula:

hm(x) = m!

⌊m/2⌋∑
j=0

(−1)j

2jj!(n− 2j)!
xm−2j (9)

The Hermite polynomials enjoy the following properties (for details see McCullagh [20], Szegő [33]
and Abramowitz and Stegun [1]):

• they are an orthogonal system with respect to the L2 product weighted with the density of
the Normal distribution:

1√
2π

∫ ∞

−∞
hn(x)hm(x)e−

x2

2 dx = n!δm,n; (10)

• hm is a monic polynomial of degree m, hence (hm)m∈{1,...,N} generates the space of
polynomials of degree ≤ N ;

• the previous two properties imply that the family of Hermite polynomials is an orthogonal
basis for the Hilbert space L2(R,Q) where Q is the normal distribution;

• they enjoy the following recurring relationship

hm+1(x) = xhm(x)− h′
m(x) = xhm(x)−mhm−1(x), (11)
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Multivariate case In the multivariate m-dimensional case we can generalize to Hermite tensors
(Hα)α∈Nm defined as:

Hα(x1, . . . , xm) =

m∏
i=1

hαi
(xi) (12)

most of the properties of the one-dimensional Hermite polynomials extend to this case: they form an
orthogonal basis of L2(Rm,N (0,1). We have that:

E x∼N (0,1)[Hα(x)Hβ(x)] = α!δα,β (13)

Definition A.2 (Hermite expansion). Consider a function f : R → R that is square integrable
with weight the standard normal distribution p(x) = (1/

√
2π) e−x2/2. Then, there exists a unique

sequence of real numbers {ck}k∈N called Hermite coefficients, such that:

f(x) =

∞∑
k=0

ck
k!
hk(x) and ck(x) := Ex∼N (0,1)[f(x)hk(x)],

where hi is the i-th probabilist’s Hermite polynomial.

Definition A.3 (Information exponent). Consider a function f that can be expanded with Hermite
polynomials with coefficients (ci)i ∈ N. Its information exponent k∗ = k∗(f) is the smallest index
k ≥ 1 such that ck ̸= 0.

The following lemma from [2] provides a version of the integration by parts technique that is tailored
for Hermite polynomials.

Lemma A.4 (Stein lemma). Let f : Rd → Rd be a continuously differentiable k times function.
Suppose that f and all of its partial derivatives up to the k-th are bounded by O(exp

(
|y|λ

)
) for a

λ ∈ (0, 2), then for any α ∈ Nd such that |α| ≤ k

⟨f,Hα⟩ = E
y∼N (0,1)

[Hα(y)f(y)] = E
y∼N (0,1)

[∂αf(y)] (14)

Proof. 14 can be proved by doing induction on k using 11, see [2] for details.

Corollary A.5. Let u1, u2 ∈ Sd−1, then the following formula holds:

E
x∼N (0,1d)

[hi(u1 · x)hj(u2 · x)] = (u1 · u2)
ii!δi,j (15)

Proof. It follows from the application of lemma A.4

A.2 More on the diffusion model

We model the diffusion process for t → x(t) ∈ Rd, with x(0) = a ∼ P0, the target distribution, that
we want to learn how to sample from. The diffusion process has the following form:

dx
dt

= −xdt+ dWt, (16)

in which Wt ∈ Rd is a d dimensional Wiener process. The solution at time t can be written in
distribution as:

x(t) = x(0)e−t +
√
1− e−2tz (17)

where z ∼ N (0,1d). So, defining ∆t = 1− e−2t The density at time t is given by:

Pt(x) =

∫
daP0(a)

1

(2π∆t)
d/2

exp

(
−1

2

(x− ae−t)2

∆t

)
. (18)

To provide intuition on the forward and backward processes described in section 3, we provide here
the explicit formulas in the case in which P0 is the spiked cumulant model from [34]. We can choose
the case x(0) = hv + z with h ∼ Rademacher(1/2), v is the norm 1 spike and z is a d− 1-standard
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Gaussian, in the space orthogonal to v, i.e. z ∼ N (0,1d − vv⊤). Then from eq. (18), Pt has the
following expression:

Pt(x) =
1

(2π)(d−1)/2
exp

(
−1

2
x⊤
⊥vx⊥v

)
1

2 (2π∆t)
1/2

×[
exp

(
−1

2

(xv − e−t)2

∆t

)
+ exp

(
−1

2

(xv + e−t)2

∆t

)]

=
1

(2π)(d−1)/2
exp

(
−1

2
x⊤
⊥vx⊥v

) exp
(
− 1

2
x2
v+e−2t

∆t

)
(2π∆t)

1/2
cosh

(
xve

−t

∆t

)
,

were x = x · vv + (x− x · vv) = xvv + x⊥v .

Hence the score is:

F(x, t) = −x⊥v −
xv

∆t
v +

e−t

∆t
v tanh

(
xve

−t

∆t

)
= −x− e−t

∆t
v

(
e−txv − tanh

(
xve

−t

∆t

))
. (19)

A.3 Projected SGD dynamics

We will now focus on the dynamics of projected SGD, so we can assume ||w|| = 1. Denoting for
brevity by xw := x · w:

−∇sphLt = −(1− ww⊤)E x,z

[
σ′(xw)σ(xw)x+ σ2(xw)w + σ(xw)x+

+ σ′(xw)xwx− 1√
∆t

(σ(xw)z + σ′(xw)zwx)

]
= (1− ww⊤)E x [x (σ

′′(xw)− σ′(xw)σ(xw)− σ(xw)− σ′(xw)xw)]

where the second equality all the terms proportional to w have been canceled by the factor 1− ww⊤

and the terms depending on z can be reduced to terms involving just x through Stein lemma (as
detailed in lemma F.1 in [30]):

E z∼N (0,1),x

[
1√
∆t

σ(xw)z

]
= E x [σ

′(xw)w]

E z∼N (0,1),x

[
1√
∆t

σ′(xw)zwx

]
= E x

[
σ′′(xw)||w||2x+ σ′(xw)w

]
Then introducing L(v · x) and defining

Fσ(xw) := σ′′(xw)− σ′(xw)σ(xw)− σ(xw)− σ′(xw)xw

we can expand in Hermite orthonormal basis:

L(v · x) =
∞∑
i=0

cLi hi(xv)

Fσ(xw) =

∞∑
j=0

cFj hj(xw)

9



and get:

−∇sphLt = (1− ww⊤) E
x∼N (0,1)

x( ∞∑
i=0

cLi hi(xv)

) ∞∑
j=0

cFj hj(xw)


= (1− ww⊤)

( ∞∑
i=1

cLi c
F
i−1(v · w)i−1

)
v +

 ∞∑
j=1

cFj c
L
j−1(v · w)j−1

w


=

( ∞∑
i=1

cLi c
F
i−1(v · w)i−1

)
(1− v · w)v

So, let α := v · w in the early stages of learning the dynamics to reach weak recovery are described
by:

−∇sphLt = cLk∗cFk∗−1α
k∗−1v +O(αk∗

) (20)
where k∗ is the first non zero term of the series. So it is possible to apply the results from [5] to get
the following results.
Assumption A.6 (Essential). σ and P are such that ∇sphL(α) is strictly negative for all α ∈ (0, 1)

Assumption A.7 (Technical). Let the empirical loss be

L (D, w) =
∑
x∈D

E z

[
1

2
|| z√

∆t

− x− wσ(w · x)||2
]
+ C

define the martingale term
Hd := L − L

We assume that the following estimates hold for some C1 > 0:

sup
w∈Sd−1

E
[
(∇sphHd(w) · vd)2

]
≤ C1 (21)

sup
w∈Sd−1

E
[
∥∇sphHd(w)∥4+ε

]
≤ C1d

(4+ε)/2 (22)

Proposition A.8 (Positive result). Assume that L(x · v) is the likelihood ratio of a sub-Gaussian
random variable, and σ an activation function such that Fσ satisfies assumption A.6 and assump-
tion A.7.Denote with k∗ the information exponent of the loss L and let n̂(d, k∗) be a sample complexity
threshold defined as: 

n̂(d, 1) = ω(d)

n̂(d, 2) = ω(d log2 d)

n̂(d, k) = ω(dk−1 log2 d) k ≥ 3

then the application of n̂(d, k∗) steps of projected gradient descent with step size ηd satisfying

1

n̂
≪ ηd ≪ 1√

n̂d
(23)

starting from isotropic initialization w ∼ Unif(Sd−1) leads to:

lim
d→∞

|v · w(n̂(d, k∗))| = 1. (24)

Where the limit holds in probability and in Lp for all p ≥ 1.
Proposition A.9 (Negative result). In the setting of the previous propositions, if n(d) = o(n̂(d, k∗)
and

ηd =

O
(
1
d

)
k∗ = 1, 2

ηd = O

(
1√

n(d)d

)
k∗ ≥ 3

the online SGD with learning rate ηd will fail reach weak recovery:

lim
d→∞

sup
τ≤n(d)

|v · w(t)| = 0 in probability and in Lp for any p ≥ 1 (25)
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Proof of proposition A.8 and proposition A.9. These propositions can be seen as corollaries of theor-
ems 1.3 and 1.4 from [5]. Assumptions A.6 and A.7 verify the core requirements. The only catch is
that all the assumptions are not verified on the loss function, but directly on the spherical gradient.
However tha whole reasoning detailed in [5] never relies on computations of the loss function, but
only of its gradient, hence we can apply the proof to our setting.

In the following we consider some examples of applications of proposition A.8.

A.3.1 Spiked Wishart

In the case of spiked Wishart model, k∗ = 2, so we can take σ = −id:

F (xw) = xw

and we get that the projected SGD reaches weak recovery in d log d sample complexity

A.3.2 Spiked cumulant

We choose σ to match equation 19:

σ(xv) =
e−t

∆t

(
e−txv − tanh

(
e−t

∆t
xv

))
and simulations confirm that projected SGD works in this regime reaching weak recovery in d3

samples. Note that the coefficients depend exponentially on diffusion time cL4 = e−4t − 3e−2t

A.4 Mixed cumulant model

Assumption A.10. The link function σ is a thrice differentiable function, with bounded first, second
and third order derivatives. Hence F (z) = σ′′(z)− σ′(z)σ − σ(z)− σ′(z)z is a globally Lipschitz
function, hence F belongs to the space of square integrable function with respect to the density of
N (0,1) for all t (being all sub-Gaussian distributions). Assume moreover that σ is so that F satisfies
the following conditions

cF1 = E z∼N (0,1)[F (z)h1(z)] > 0 (26)

cF3 = E z∼N (0,1)[F (z)h3(z)] < 0 (27)

Proof of proposition 3.1. The proof relies on verifying the precise hypothesis of propositions 3 and 4
in [3], so that all the argument can be replicated in the exact same way. The starting point is that the
population loss expansion

−∇sphL(αu, αv) =

∞∑
k=1

k∑
i=0

cFk−1c
L
i,k−i

(
αi−1
u αk−i

v u+ αi
uα

k−i−1
v v

)
(28)

coincides with the population loss from [3], eq. (25), with a different naming of the coefficients:
in their notation kcσk corresponds to cFk−1 in our notation. Hence assumption A.10 verifies the
requirements of Assumption 1 in [3]. The only term that in principle could behave differently is
the directional noise martingale Hd(x,w) := L − L. However Lt is the likelihood ratio of a
sub-Gaussian random variable, and H is a Lipshitz transformation, so H(x,w), with ||w|| = 1
and x ∼ Pt is sub-Gaussian. Hence requirements in assumption A.7, which were the same as the
ones needed in [3], are satisfied. Hence, we can apply propositions 3-4 from [3] and conclude the
proof.

B Sequential learning in CelebA data

We here report the outcome of the sequential learning experiment on 1.2 · 105 CelebA data [19],
which we downscale to 80× 80 greyscale pixels. We observe the same sequential learning behavior
as for the CIFAR-10 data. However, we also observe large jumps in the learning trajectories, which
persist over different random initializations and optimizers (Adam vs. AdamW). The second large
jump at around 103 steps occurs at the start of the second epoch of training.
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Figure 2: Training Unets on CelebA data. a)-d) samples generated from the model at various training
stages. e) Test loss of the model on clones of the dataset during training. Vertical dotted lines mark
training stages of images generated from the model shown in panels a)-d). f)-g) same as e), but for
fixed level of noise. All curves are averaged over 3 initializations of the network models and 5 · 103
test data. Shaded areas report standard deviation over random initialization.

a) mean b) mean + cov. c) test

Figure 3: Samples from the different "clones" as well as the test data set. a) shows images drawn
from the mean clone which follows a Gaussian distribution with matching mean to the CelebA
dataset and identity covariance. In b), we additionally match the covariance matrix of the Gaussian
distribution to the CelebA dataset. c) shows 9 images from the CelebA dataset.

B.1 The clones

To generate the clone datasets, we first determine the mean µ and the covariance Σ of the test datasets
for both CelebA and CIFAR-10. We then sample the "mean" clone from a Gaussian distribuution
with mean µ and identity covariance. We then sample the "mean + cov." clone from a Gaussian
distribution with matching mean and covariance. We show examples of these datasets in fig. 3 and
fig. 4.

B.2 Training hyperparameters

We use diffusion models with a Unet architecture [26], T = 103 levels of noise and sinusoidal
embedding for t. For the CIFAR-10 data reported in 1, we use the Adam optimizer with learning
rate 10−3. For the CelebA data reported in 2, we use the AdamW optimizer with the same baseline
learning rate and an additional cosine learning rate schedule. For both data sets we use a batch-size
of 102 samples.
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a) mean b) mean + cov. c) test

Figure 4: Samples from the different "clones" as well as the test data set. a) shows images drawn
from the mean clone which follows a Gaussian distribution with matching mean to the CIFAR-10
dataset and identity covariance. In b), we additionally match the covariance matrix of the Gaussian
distribution to the CIFAR-10 dataset. c) shows 9 images from the CIFAR-10 dataset.

C Learning the mixed cumulant model

In fig. 1, we show learning curves of a neural network trained on a multi-spiked data model,

xµ =
√
βmm+

√
βuλ

µu+
√
βvν

µv + zµ ,

where zµ, νµ, λµ follow the same distribution as in eq. (6) but we also add a "mean spike" m ∈ Rd

of length 1. We choose and d = 100, βu = 10, βv = 1 and all the spikes m,u, v to have length one
and be orthogonal to each other. Our network model has a matched architecture

SW
t = x+ wm + wu ⊙ x+

e−t

∆t
wv

(
e−twT

v x− tanh

(
wT

v xe
−t

∆t

))
,

where ⊙ is the Hadamard product. We initialize the all the weights wu, wm, wv uniform on the unit
sphere in Rd, but set wT

v v = 0 to ensure that the cumulant spike is found only through the training
dynamics. We then train the model using stochastic gradient descent, using 10 noised versions of one
sample xµ per training step and a learning rate η = 10−3. We additionally fix the norm of wv to one
during training, hence we train this weight (but not wu, wm) with projected gradient descent.
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