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We consider the problem of stable recovery of sparse signals of the form

d
Fx) = Zaj(S(x—xj), x €R, aj €C,
j=1

from their spectral measurements, known in a bandwidth 2 with absolute error not exceeding € > 0.
We consider the case when at most p < d nodes {x;} of F form a cluster whose extent is smaller than
the Rayleigh limit %, while the rest of the nodes is well separated. Provided that € 5 SRF—2Pt! where
SRF = (.QA)_1 and A is the minimal separation between the nodes, we show that the minimax error rate
for reconstruction of the cluster nodes is of order % SRF?~! ¢, while for recovering the corresponding
amplitudes {a;} the rate is of the order SRF?’~! ¢. Moreover, the corresponding minimax rates for the
recovery of the non-clustered nodes and amplitudes are 5 and €, respectively. These results suggest that
stable super-resolution is possible in much more general situations than previously thought. Our numerical
experiments show that the well-known matrix pencil method achieves the above accuracy bounds.

Keywords: signal reconstruction; spike-trains; Fourier transform; Prony systems; sparsity; super-
resolution.

1. Introduction
1.1 Super-resolution of sparse signals

The problem of mathematical super-resolution (SR) is to extract the fine details of a signal from band-
limited and noisy measurements of its Fourier transform [41]. It is an inverse problem of great theoretical
and practical interest.

The specifics of SR highly depend on the type of prior information assumed about the signal
structure. Many theoretical and practical studies assume signals of compact support, in which case the
SR problem is equivalent to analytic continuation (equivalently, extrapolation) of the Fourier transform.
However, it can be shown that the spectrum of a compactly supported function can be extrapolated from
samples of accuracy € by a factor that scales at most logarithmically with the signal-to-noise ratio %, see
e.g. [9, 18, 34, 41] and the references therein. On the other hand, in recent years, considerable progress
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has been made in studying SR for sparse signals, which are frequently modeled as idealized spike-trains

d
F(x) =Y as(x—x), x €R, (1.1)
j=1

where § is the ubiquitous Dirac’s §-distribution. This particular type of signals is widely used in the
literature, as it is believed to capture the essential difficulty of SR with sparse priors, see e.g. [21, 26].
Let .% (F) denote the Fourier transform of F:

F(F)(s) = / - F(x)e™ 1%y, (1.2)

—00

Further, suppose that the spectral data are given as a function @ satisfying, for some € > 0 and £2 > 0,
|P(s) — F(F)(s) <€, se[-£2,2] (1.3)

The sparse SR problem reads as follows: given @ as above, estimate the unknown parameters of F,
namely the amplitudes {aj} and the nodes {xj}.

If € = 0, the problem can be solved exactly by a variety of parametric methods (Prony’s method etc.,
see e.g. [51. 54] and Subsection 1.2 below). For € > 0, if | is any reconstruction algorithm receiving
@ as an input and producing an estimate ' = f (&) of the signal that satisfies (1.3), then, under an
appropriate definition of the distance ||F — F’|, it is of great interest to have a good estimate of the noise
amplification factor (or the problem condition number) £ such that

|F —F'|| ~ #e. (1.4)

1.2 Rayleigh limit and minimal separation

It has been well established that the difficulty of sparse SR is directly related to the minimal separation
A =min;¢;_;cq |x; — x;| or, more precisely, to the relationship between A and £2.

Without any a priori information, the best attainable resolution from spectral data of bandwidth £2
is of the order %, which is also known as the Rayleigh limit. Both classical methods of non-parametric
spectral estimation [54], as well as modern convex optimization-based methods, solve the problem under
some sort of a separation condition of the form A > 5 [5,17,19-21, 27, 28, 35, 53, 55], and moreover,
these methods are generally considered to be stable.

On the other hand, the case A <« % (and arbitrary signed/complex amplitudes {a;}) is much more
difficult (Fig. 1).

The sparse SR problem has appeared already in the work by R. Prony [51], where he devised
an algebraic scheme to recover the parameters {x;,a;} from 2d equispaced measurements of F (F),
assuming F' is given by (1.1), and for arbitrary A > 0 and |a;| > O (see Proposition A.2 below).
Since then, Prony’s method and its various extensions and generalizations have been used extensively
in applied and pure mathematics and engineering ([4, 48-50, 54, 57] and the references therein). While
these methods provide exact recovery for € = 0, the question of their stability (the magnitude of 2" in
(1.4)) becomes of essential interest. For instance, if it so happens that an estimate F/' = 2;1:1 aJ’.(S (x— x]/.)
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sinc(Qx)

Fig. 1. The Rayleigh limit. For a signal F(x) = Zi a;j§(x — xj), its low resolution version is given by Fpow(x) =
F-1 (7 (F) - X[,Q,Q]) = zi ajsinc(§2 (x — x7)). FLow (x) will have peaks of width ~ é and therefore it will be increasingly

difficult to recover signals for which the minimal separation between the {xj}/s is much smaller than é

satisfies! min ¢y |x]/. — xjl Z A, then such F' may be of little practical use in many applications
(because the inner structure of the sparse signal will be determined incorrectly).

The first work which examined the stability of SR in the sub-Rayleigh regime was by D. Donoho
[26]. The signal F' was assumed to have an infinite number of spikes {x;}, constrained to a grid of
step size A, with less than one spike per unit interval on average, but whose local complexity was
constrained to have no more than d spikes per any interval of length d (such d is called the Rayleigh
index). It was shown that the worst-case £, error of such F (i.e. the £, norm of the coefficient sequence
of the difference) from continuous measurements with a band-limit §2 and perturbation of size € (in L,
sense) scales like SRF* ¢, where SRF = ﬁ > 1 is the so-called super-resolution factor, and « satisfies
2d — 1 < o < 2d + 1. In [24], the authors considered the case of d-sparse signals supported on a grid
and showed that the correct exponent should be @ = 2d — 1 in this case. In another recent work [39],
the same scaling was shown to hold in the case of d-sparse signals and discrete Fourier measurements.

In the papers mentioned above, the error rate SRF?~1¢ is minimax, meaning that on one hand, it
is attained by a certain algorithm for all signals of interest, and on the other hand, there exist worst-
case examples for which no algorithm can achieve an essentially smaller error. It turns out that these
worst-case signals all have the structure of a cluster, where all the d nodes {x;} appear consecutively, i.e.
xp =x;+ (G — DA, j=1,...,d. A natural question which arises is if it is a priori known that only a
subset of the d spikes can become clustered, can we have better reconstruction accuracy? In this paper,
we shall provide a positive answer to this question.

1.3 Main contributions

In this paper, we consider the case where the nodes {x;} can take arbitrary real values (the so-called
off-grid setting), while the amplitudes {a;} can be arbitrary complex scalars. We further assume that

exactly p nodes, x,., ..., X, i, form a small cluster of extent & < é and are approximately uniformly
distributed inside the cluster, while the rest of the nodes are well separated from the cluster and from
each other (see Definition 2.5 below). The approximate uniformity is expressed by the assumption that
the minimal separation between any two cluster nodes is bounded from below by A = & for some fixed
0 < 7 < 1. Under these p-clustered assumptions, we show in Theorem 2.8 that for small enough € — and,
in particular, for € § (£2 A)2” ~1 the worst-case error rates of a minimax reconstruction algorithm (see

1 We use the symbols <. % and x to denote order equivalence, up to constants: A(r) < B(t) (or B(t) Z A(t)), if and only if there
exists a positive constant ¢ (depending on the specified parameters) such that A(¢) < ¢B(¢) for all specified values of 7. A(¢) =< B(r)
if A(t) < B(#) and also B(1) < A(D).
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Definition 2.2 below), receiving @ satisfying (1.3) as an input, and returning an estimate x]f = x]/.(qﬁ),
a]/. = a]/.(q)), satisfy

1. Non-cluster nodes:

€
max | — x| < —,
Je Kk +p—1} 2
~ max la; — aj| < e.
Jj#lk ... e+p—1}

2. Cluster nodes:

€ —
max |x; — x| < — (£24) w2
jelk,...k+p—1} 2

max |aj—aj/»| = e (AP

The constants appearing in our bounds depend on p, d, a priori bounds on the magnitudes |a;|, and
additional geometric parameters, but neither on A nor on £2.
with much better accuracy than the cluster nodes. Let the SR factor be def’in’ed, as before, by SRF =
(2 A)_l, then the condition number of the cluster nodes scales like SRF?”~! in the SR regime SRF > 1,
while the condition number of the non-cluster nodes does not depend on the SRF at all.

Our approach is to reduce the continuous measurements problem to a certain ‘Prony-type’ system
of 2d nonlinear equations, given by equispaced measurements of @ (s) with a carefully chosen spacing
A & £2, and analyze the sensitivity of this system to perturbations. The proofs involve techniques from
quantitative singularity theory and numerical analysis. Some of the tools, in particular the ‘decimation-
and-blowup’ technique, were previously developed in [1, 2, 68, 11-13]. The single-cluster case p = d
has been first analyzed in [7], while the lower bound (in a slightly less general formulation) has been
essentially shown in [1]. One of the main technical results, Lemma 5.7, has been first proven in [8].

Our numerical experiments in Section 3 show that the above bounds are attained by matrix pencil
(MP), a well-known, high-resolution algorithm [36, 37].

1.4 Related work and discussion

Our main results generalize several previously available bounds for both on-grid and off-grid SR [7, 24,
391, replacing the overall sparsity d with the ‘local’ sparsity p.> Compared with previous works, we also
have an explicit control of the perturbation e for which the stability bounds hold € < C - (£24)%#7 L.
So, given F satisfying the clustering assumptions and §2, we can choose € = ¢ (£2A)%~! such that F
can be accurately resolved and ¢ does not depend on §2, A. But this also means that given € > 0, we

can choose A and £2, such that (.QOAO)ZP s ¢, and for any F satisfying the clustering assumptions

with A = A, and £2 = £2,, the SR problem can be accurately solved. Therefore, fixing €, our results
1

show that accurate recovery is possible for all SRF values up to (%) - (but possibly also for higher

2 Our clustering model is distinct from Donoho’s model of sparse clumps on a grid [26], and so the two results cannot be
compared directly.
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values of SRF). On the other hand, a similar argument using the lower bounds for the minimax error
shows that with perturbation of magnitude €, no algorithm can resolve signals having a cluster of size

1
p and separation A, < ée =T, giving an upper bound for the attainable SRF values exactly matching

the lower bound above. To summarize, we obtain the best possible scaling of the attainable resolution
with clustered sparsity p and absolute perturbation €:

N
SRF = 2"\/: (1.5)
€

This Holder-type scaling is much more favorable compared with SR by analytic continuation under
the prior of compact signal support, where the bandwidth extrapolation factor scales only as a fractional
power of log é, see e.g. [9] and the references therein. Also, note that the sparse SR problem enjoys
linear stability in € (1.4), whereas analytic continuation exhibits stability of the form Error ~ €, where
y < 11[9, 18].

Stable SR in the on-grid setting of [24, 26, 39] is closely related to the smallest singular value of
a certain class of Fourier-type matrices. Using the decimation technique (see also [22, 23]), in a recent
paper [8], we have derived novel estimates> for this quantity under the partial clustering setting (compare
with [3, 15, 29, 38, 45]), and using these results, we have shown in the same paper that the asymptotic
scaling of the condition number for on-grid SR in this regime is SRF?~!, matching the off-grid setting
of the present paper.

The question of providing rigorous performance guarantees for high-resolution algorithms such as
MP, MUSIC, ESPRIT and others, in the SR regime SRF > 1, is of current interest. In two very recent
works, [39, 40], the authors derive stability estimates for MUSIC and ESPRIT algorithms under similar
clustering assumptions, finite sampling and white Gaussian perturbation model. Their results suggest
that the corresponding noise amplification factors .# for the nodes are of the order SRF?~2 with
high probability. During the review of the present paper, the authors of [40] established near-optimality
of ESPRIT in the bounded noise model. In particular, they showed that ESPRIT is optimal up to a
factor of 1/42, i.e. |xj — fcj| S (82 A)~2~2¢ with discrete Fourier measurements, however, requiring

& é (2A)%—3 /$2. We also mention [16, 32], where the connection between perturbation of (square)
MP eigenvalues and the a priori distribution of these eigenvalues was established via potential theory.
It will be interesting to investigate the possibility to applying these methods to the analysis of MP in the
clustered setting.

Turning to other techniques, the special case of a single cluster can be solved with optimal accuracy
by polynomial homotopy methods, as described in [6]; however, in order to generalize this algorithm to
configurations with non-cluster nodes, we need to know the optimal decimation parameter A. Nonlinear
least squares and related methods (e.g. Variable Projections [33, 47]) apparently provide an optimal
recovery rate; however, they generally require very accurate initialization. We hope that our methods
may help in analyzing these techniques as well and plan to pursue this line of research in the future.
For the case of positive point sources, stability rate SRF?” has been established for convex optimization
techniques in [46], see also a related preprint [25].

3 Estimates for the smallest singular value were independently obtained in [39] giving same asymptotic order but better absolute
constants. In [10], we have obtained optimal scalings of all the singular values by different techniques.
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1.5 Organization of the paper

In Section 2, we provide the necessary definitions and formulate the main results. In Section 3, we
present several numerical experiments confirming the optimality of the MP algorithm. The proof of
Theorem 2.6 (upper bound) is presented in Section 5. The proof of Theorem 2.7 (lower bound) is given
in Section 6.

2. Minimax bounds for clustered SR
2.1 Notation and preliminaries

We shall denote by &7, the parameter space of signals F with complex amplitudes and real, pairwise,
distinct and ordered nodes,

P = {(a,x):a:(al,...,ad) e(Cd, X=(Xp,...,X;) eRd, Xp <Xy <... <xd],

and identify signals F with their parameters (a,x) € £,. In particular, this induces a structure of a linear
space on &,;. Throughout this text, we will always use the maximum norm || - || = || - ||, on Ccd, R4
and &, where for F = (a,x) € &,

IFI = max (J|all oo, Xl s0)-

We shall denote the orthogonal coordinate projections of a signal F to the j-th node and j-th
amplitude, respectively, by Py ; : Z,; — Rand P, i &, — C. We shall also denote the j-th component
of a vector v by v;.

Let L, [—$2, £2] denote the space of bounded complex-valued functions defined on [—£2, £2] with
the norm |le|| = max ;<o le(s)].

DEFINITION 2.1 Given 2 > O and U € £, we denote by §(§2,U) the class of all admissible
reconstruction algorithms, i.e.

3R2.U) = Hf L [-2,2] > U].

DEFINITION 2.2 Let U C &;. We consider the minimax error rate in estimating a signal F' € U 4 from
£2-bandlimited data as in (1.3), with measurement error € > 0:

&€, U,2)= inf sup sup [|[F—F(FF)+e)|.
feS($2.U) FeU |le||<e

4 To ensure the minimax error rate is finite, depending on the noise level, we impose constraints on U C %4, namely lower
and upper bounds on the magnitude of the amplitudes and the separation of the nodes. We will specify these constraints exactly
in the statements of the accuracy bounds.
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Similarly, the minimax errors of estimating the individual nodes, respectively, the amplitudes of
F € U are defined by

E¥e,U,2)= inf sup sup
fe§(R,U) Feu ||e\|<e

X,J

EY¥(E,U,2)= inf sup sup
feF(2.U) FeU |el<e

Py (F) — Py, ((F(F) + e))) .

Let a signal F € & be fixed. We define the e-error set E, , (F) as the following pre-image.

DEFINITION 2.3 The error set E, o (F) C &, is the set consisting of all the signals F' € &7, with
| Z(F)(s) = FZ(F))| < e, s €[-92,821.

We will denote by E?‘i (F) = E:"Q (F) and E? J(F ) = E:‘g? (F) the projections of the error set onto
the individual nodes and the amplitudes components, respectively:

B (P = [ e R: (a,x) € E ()] = P E o (F),
. @.1)
B (F) = [a e C: (8.X) € B ()} = Py Fe o (F).

For any subset V of a normed vector space with norm || - ||, the diameter of V is

/ 7z
I

diam(V) = sup ||V —V

v v'eV

The minimax errors are directly linked to the diameter of the corresponding projections of the error set
by the following easy computation, which is standard in the theory of optimal recovery [42—-44] (see
also [24, 26, 39]).

ProposITION 2.4 For U C &, 2 > 0,1 <j < dand € > 0 we have

1
- sup diam(ElE Q(F)) < &(e,U, 2) < sup diam(Ez6 o(F)) 2.2)
2FEy, (U AN FeU ’
Le.
1 .
- sup dzam( (F)) &% (e, U, 2) < sup diam(E 259(F)) (2.3)
2FEy, ,(FCU FeU
Le.
1 .
- sup dlam( (F)) < EY (e, U, 2) < sup dlam( 2.2 (F)) 24)
2R Ey, ,(FCU FeU
Le.

Proof. 'We shall prove (2.2), the proof in the other cases is identical. We omit §2 from the following to
reduce clutter.
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Upper bound

Lower bound
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Lete > 0. Forany @ € L [—$2, §2], let
B, P)={FeU:|FF) -2 <e}.
Consider an oracle estimator f, € §(§2, U) defined as

any element of Z(e, @) if B(e, D) £ 0,
F else,

fe(P) = {

where F is an arbitrary element of U. Now let F € U and @ = % (F) + e where
lell < €. Then, by definition F € Z(e, ®). Put F' = § (@), thus | F(F') — @| < e,
and therefore

IF(F) = FEN < NFE) =@+ 1@ - FE) = 2.

We conclude that F' € E, (F) and consequently &(e,U,2) < |F — F/|| <
diam (E26 (F)) .

For the lower bound, let F € U such that E 1 ((F) S U.Let§ > 0 small enough be fixed.
There exist F', F? e E%E(F) with |F! — F?|| = diam(E%é(F)) — & Let @ = F(F),
and let F’ = §(®) be the output of a certain estimator f corresponding to the input @.

We have ||® — Z(F))||, |® — Z(F*)| < e. Consequently, there exist perturbation
functions ey, e, satisfying |le; ||, |le; |l < €, while also

FF)=®=FF")+e, = FF) +e,.
By definition of the minimax error, we therefore have
&, U,2)=inf sup ||F—f(FF)+e)l
T llel<eFeU

> inf max (1F! = FILIF = Fl)

1
> inf 5 {1F! = P+ 172 - P}

1
> EnF‘ — F|

1 £
= idzam (E%E(F)) -3

The lower bound follows by letting & — O. O
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FIG. 2. A sketch of a uniform (p, h, T, 7, n)-clustered configuration x = (xp, ..., xy) as in Definition 2.5.

2.2 Uniform estimates of minimax error for clustered configurations

The main goal of this paper is to estimate & (e,U,$2) (in fact its component-wise analogues
EX (e,U, 2) and &Y (¢, U, 2)) where U C &, are certain compact subsets of &, containing signals
with p < d nodes forming a small, approximately uniform, cluster. In order to have explicit bounds, we
describe such sets U by additional parameters T, i, T, n,m, M as follows.

DEFINITION 2.5 (Uniform cluster configuration, Fig. 2). Given 0 < 7,7 < l and 0 < h < T, a node
vector X = (x,...,X;) € R is said to form a (,h, T, t,n)-clustered configuration, if there exists a
subset of p nodes x° = {x,,...,x, +p_1} C X, p > 2, which satisfies the following conditions:

1. for each Xj, Xy € x¢,j # k,
rhglxj—xkl <h
2. forx, Ex\xcandxjex,éyéj,

T < |x, — x| <T

Our first main result provides an upper bound on diam (E co(F )) , and its coordinate projections, for
any signal F forming a clustered configuration as above.

THEOREM 2.6 (Upper bound) Let F = (a,x) € £, such that x forms a (p,h, T, t, n)-clustered
configuration and 0 < m < ||a||. Then, there exist positive constants Cy, ..., Cs, depending only on
d, p, m, such that for each C“ <2< C5 and € < C3(.th)2p_1, it holds that:

QTh)~2r+2 e x¢
diam(EX, (F)) < < S T g ext
2 1, xXj € x\x¢;

Qth 72p+1, = XC,
diam(E™, (F)) < (s22h) Y ‘
s x; € x\x¢.
REMARK 2.1 Our main focus is to investigate the error rates of the SR problem as the cluster size
becomes small. Fixing the parameters p, d, m, the range of admissible £2 in Theorem 2. 6 A 4 <2< h s
is non-empty for a sufficiently small cluster size h. Furthermore, we comment here that the constants
C,, Cs actually only depend on 4.

The above estimates are order optimal, as our next main theorem shows. For simplicity and without
loss of generality, in the results below, we assume that the index « is fixed.
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THEOREM 2.7 (Lower bound) Letm < M,2 < p < d,7 < Iﬁ, n < 5, T > 0 be fixed. There exist
positive constants C’1 el Cg, depending only on d, p, m, M, such that for every £2, h satisfying & < CAT
and 2h < Cg there exists F = (a,x) € &,, with x forming a (p, h, T, t, n)-clustered configuration,
and with 0 < m < [la]] < M < oo, such that for certain indices j,,j, € {«,...,k +p — 1} and every
€ < C4(2th)*~1, it holds that:

(Rth)y~#+2, ifj =j,,

-y C
diam(E_o (F)) > —€ x s
’ 22 1, Vig{k,....c +p—1};

; Q)= ifj=j
diam(EL (F)) > Cye x | T W=
’ 1, Vjé¢{k,.... kc +p—1}.

REMARK 2.2 The lower bounds for the quantities diam(E:iQ (F)) were shown in (1) to hold for any
signal F with real amplitudes; however, at the expense of the implicit dependence of the constants on
the separation parameter 7. While bounding diam(E, ¢ (F)) (and its projections) for all signals F' is an
interesting question in its own right, in this paper, we use these to bound the minimax error rate, and
therefore, it is sufficient to show that there exist certain signals with large enough E, ,, (F). As it turns
out, it is possible to obtain a more accurate geometric description of these sets, which in turn can be used
for reducing reconstruction error if additional a priori information is available. Work in this direction
was started in (2) and we intend to provide further details of these developments in a future work.

Combining Theorems 2.6 and 2.7 with Proposition 2.4, we obtain optimal rates for the minimax
error & and its projections as follows.

L

THEOREM 2.8 Letm < M,2 < p < d,t < ﬁ,n < 34-T > 0 be fixed. There exist constants

d’
€}, ¢y, ¢3, depending only on d, p, m, M such that for all ;—‘T <2 < Fade < c3(.th)2”_1, the
minimax error rates for the set

U.=Up,d h,t,n,T,mM)

= {(a, x) e Z;: 0<m< |all <M < oo, xforms a(p, h, T, 7, n)-clustered configuration},

satisfy the following:
1. For the non-cluster nodes:

ENE U, Q) < &,

\i e —1}: .
j ¢ (K k+p—1} [@@a”(e,U,SZ)xe.

2. For the cluster nodes:

max V(e U.2) = %(mh)—zpﬁ,

max  E¥(e,U,2) < e(R2th)~ P!
J=K,esk+p—1
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The proportionality constants in the above statements depend only on d, p, m, M.

Proof. Let C3,C%, Cy, Cy, Cs, Cy be the constants from Theorems 2.6 and 2.7. Put ¢; = C4 and
¢y = min (Cs, C5,C4C}). Let 71 < 2 < Z,and € < ¢3(2t)P~", where ¢ < min(C3, C3) will
be determined below. It is immediately verified that £2, & and € as above satisfy the conditions of both
Theorems 2.6 and 2.7.

Upper bound Directly follows from the upper bounds in Theorem 2.6 and Proposition 2.4.

Lower bound Denote U, = {F ceU:E leg (F)CU } To prove the lower bounds on &, it is sufficient

to show that there exists an F € U, # @ such that the conclusions of Theorem 2.7 are
satisfied for this F.

It is not difficult to see that for any choice of the parameters as above, the set U
has a non-empty interior, and furthermore, that one can choose m',M’ satisfying
m<m <M < M,and also T' = 0.99T, v’ = 27 and ' = 2n, such that

U =Up,dht,n,T,m',M)CU U NIU=0.

By construction, there exist positive constants 61» 62, independent of £2, 4 and 7, n, such

that
~ Th, € X,
nf P = P > € x { . ¥ .
Uu'edl’ , . ;
ue u'e n XJGX\X (25)
inf  |P..(w) =P, .u)| =C,.
wedl i cdll aj() = Pa ()] 2 G

Now, we use the fact that e < ¢3(£2 th)?~1. Applying Theorem 2.6 to an arbitrary signal

F' € U’ and using the conditions é < Z—lT and 2th < 2h < ¢,, we obtain that

Cics c
; =3 1h, X; € X°,
diam (EY (F)) < { -2 - j
je b —Czls? (Rth)>-1 < —Czlfl* 62p nT, x;€x\x

(2.6)

Cacs ¢
i X, €X
. a,] / 2 'j )
diam ElE(F) < Cies 2p-1 .
2 =570, X EX\XL

Now we set c; = min(C3, C, C;) where

_ 2C, 2C
Cj = min(1,¢;) x min(l, ¢, Py min(—l, —2)
¢ G

Combining (2.5) and (2.6), we obtain that F’ € U,. Since F' € U’ was arbitrary, we
conclude that U’ € U,. Since clearly U’ # , applying Proposition 2.4 and Theorem
2.7 finishes the proof. O
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3. Numerical optimality of MP algorithm

The main theoretical result of this paper, Theorem 2.8, establishes the best possible scalings for the SR
problem with clustered nodes. In this section, we provide some numerical evidence’ that a certain SR
algorithm, the MP method [36, 37], attains these performance bounds.

Our choice of MP is fairly arbitrary, as we believe that many high-resolution algorithms have similar
behavior in the regime SRF > 1.

Throughout this section, we replace §2 by N, so that the spectral data is sampled with unit spacing.

3.1 The MP method

ALGORITHM 3.1 The Matrix Pencil algorithm

Input: Model order d

Input: Sequence {7, }, k=0,1,...,N — 1 where N > 2d, of the form (3.1)
Input: pencil parameterd +1 < LN —d

Qutput: Estimates for the nodes {x;} and amplitudes {g;} as in (3.1)

1. Compute the matrices A = H', B = ﬁi;

2. Compute the truncated Singular Value Decomposition (SVD) of A, B of order d:
A=Uz,VIl, B=U,5,V},
where U, U,, V|, Vyare L x dand Xy, X, ared x d ;
3. Generate the reduced pencil
A =viu,z vy, B =%,

where A, B’ are d x d;
4. Compute the generalized eigenvalues Zj of the reduced pencil (A’,B’), and put {5cj} =
w5} j=1.....d;

5. Compute a; by solving the linear least squares problem
a = arg min ||m — Va||2,
aeC4

o ~ i=1,....d
where V = V(X) is the Vandermonde matrix V = [exp (27T lijk) ]; 0. N 1§

6. return the estimated 5c,~ and sz.

3 The source code for reproducing the figures in this section is publicly available at https:/github.com/batenkov- group/iai-
code.

GZ0Z YoIBIN GO UO Jasn AteuqrT XIM Ad 6880285/ LS/Z/0 1 /810IME/IeIeW/WwOo0"dNo oIS pED.//:SARY WO PaPEojumod


https://github.com/batenkov-group/iai-code
https://github.com/batenkov-group/iai-code

SUPER-RESOLUTION OF NEAR-COLLIDING POINT SOURCES 527

ALGORITHM 3.2 The worst-case perturbation signal

Input: Signal F = (a,x) € &, witha = a® and cluster nodes x¢ = (g, .. ,xp)
Input: Noise level €
Output: The perturbed signal F,

X1+xp

1. Compute the cluster center u = and put X =x° —

2. Construct the moment vector of the centered cluster: g = ( le a/.f(/’.‘)k ol a1 e R ;
: —0.1.... p—

3. Construct the vector g’ to be equal to g except the last entry: g; = g, fork =0,1,...,2p—2and
g/Zp—l = gZp—l +e€;

4. Solve the Prony problem of order p with the data g’ (for € small enough, a unique solution always
exists — see Proposition A.3 and (13)), obtaining a signal F/ = (a’,x') € ,@p ;

5. Move the cluster nodes back and put

d 14
F.(x) = Z ajS(x—xj)JrZaj’-S(x—(XJ’-+M));
j=p+1 j=1

return the signal F, .

Let F = (a,x) € & asin (1.1) with xXj € [—%, %] Given the noisy Fourier measurements

iy = F (F)(—k) +ny (3.1)
—_———
=my
d
=> aexpQuixk) +n.  k=0,1,....N—1, N>2d, (3.2)
j=1

the MP method estimates F = (ﬁ, f() as follows. Consider the Hankel matrix

m() ml e mN_L_l
1 2 N—L _
H= . e CUADXWN=D) (3.3)
mL mL+1 ...... mN71

and further let H' = H[0 : L — 1,:] and Hi = HJ[1: L,:] bethe L x (N — L) matrix obtained from H
by deleting the last (respectively, the first) row. Then, it turns out that that the numbers z; = exp(271x;)

are the d non-zero generalized eigenvalues (i.e. rank-reducing numbers) of the pencil H — zH T If we

,,,,,

apparently just solve the generalized eigenvalue problem with A, B. However, if L > d, then the pencil
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Algorithm 3.3: A single experiment

Input :p,d,h,N,e

Input : Testing scheme (either S1 or S2)
1 Construct the signal F and the sequence /7, k = 0,...,N — 1 according to Subsection 3.2 ;
2 Compute the actual perturbation magnitude

€= _max_|F(E)—k) —iiy;

=0,...,

3 Execute the MP method (Algorithm 3.1) with L = f%} and obtain F;p = (aMP xMPy .
4 for each j do

5 compute the error for node j:
e = mlin |X§VIP —X4l;
6 The success for node j is defined as
min,_; |X, — X;|
¢ ¢
Succ; = (e« < L) .
J J 3
7 if Succ; == true then
8 let £(j) = argmin, |X;-VIP — x|
9 compute normalized node error amplification factor
— MP .
c \xj Xf(i)l N'
XJ € >
0
10 compute normalized amplitude error amplification factor
_ aMP
P 1
aj — ’
€0
11 return €, and (ICXJ-, ICaJ, Succj) foreachnodej=1,...,d.

B — zA is close to being singular, and so an additional step of low-rank approximation is required. We
summarize the MP method in Algorithm 1, and the interested reader is referred to the widely available
literature on the subject (e.g. [36, 37, 45, 54], and the references therein) for further details. Note that
there exist numerous variants of MP, but, again, we believe the particular details to be immaterial for
our discussion.

3.2 Experimental setup
3.2.1 Clustered node configurations In our experiments presented below, we constructed (p, 1, T, 7,
n)-clustered configurations with
1 T —h
tT=—T=0,1=——"——
nd—p+1)
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p=2,d=3, S; p=2,d=3, S,
ol o mPr x X MP Ko 1
X MP Ky x 40 X MP K,
® MPKys3 x ?x 750 m MP, s
al--- srFe-2 5& ——— SRF2P-1
P —~ 50f
2 2F x 2
o> (o2}
ks} kel

L i n ® n L % 1
A L I | E.= 0.0 uy /g m
% i g0 n ) x
2F x = ﬂ?ﬁ:l 1 a /X;
. . _ = : 252 : . .
-1 0 1 2 -1 0 1 2
log(SRF) log(SRF)

Fi1G. 3. The error amplification factors. Algorithm 3 was executed 100 times with p = 2,d = 3, scheme S1 and varying &, N, €.
For cluster nodes j = 1,2, the node error amplification factors J#x J (left panel) scale like SRF2P*2, while the amplitude error
amplification factors . ; (right panel) scale like SRF2~1. For the non-cluster node j = 3, both error amplification factors are
bounded by a constant.

as follows:
1. The cluster nodes x¢ = (xl,...,xp) wherexj =@(—1-Aand A = # forj=1,...,p.

2. The non-cluster nodes were chosen to be

. T—(p-DHAa .
xp—i—j:(l?—l)A-i-J'm, j=1,...,d—p.

3.2.2 Choice of signal and perturbation Two different schemes were tested:

S1 A generic signal with complex amplitude vector a) = (:%,11,:2,...) € C“ and a bounded
random perturbation sequence {r; }, uniformly distributed in [—e¢, €].

S2 Worst-case scenario in accordance with the construction of Section 6 (and in particular of

Theorem 6.2): a real amplitude vector a® = (1,-1,1,...,) € R4 and the perturbed Fourier
coefficient sequence {7, } of the particular signal F, = (a’,x') € &, constructed according to
Algorithm 2:

d
iy = F(F)(—k) = D ajexpQmixik), k=0,....N—1.
j=1

3.3 Results

3.3.1 Error amplification factors In the first set of experiments, we measured the actual error
amplification factors 7 J-,Ji/a j as in Algorithm 3 (recall also (1.4)), choosing €,N,h randomly
from a pre-defined numerical range. The results are presented in Figs 3 and 4 for the testing
schemes S1 and S2, accordingly. The scalings of Theorem 2.8, in particular the dependence on SRF,

are confirmed.
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p=2,d=3, S, p=2,d=3, S,
st T ® | -~
Al -
”.(x"“‘." . *M
of R L
_ b MPK, | . O = MP Ko x
2 X MPKy; | R a X MPKs2
o " " MPK; | © 5} == B MP K.
e s s ow "% m g™ |- SRF¥2 2 m " :'- " u" ]
" . H - | "w, %m & ol = B
e s . & o= -10 s gl - . o
101 " . . . - Hg ;?p‘l;..-l-'ﬁ. :;E'.ll. I'F: a"
S Sl o ek R J
05 00 05 1.0 15 20 25 05 00 05 1.0 15 20 25
log(SRF) log(SRF)

FiG. 4. Same setup as in Fig. 3, scheme S2. Comparing with Fig. 3, the variance of the factors corresponding to the cluster nodes
is much smaller than for the case of random perturbations, indicating that the construction is indeed worst-case.

log 1/e

10
log SRF log SRF

FiG. 5. Phase transition for successful recovery, random bounded perturbations (scheme S1) with d = 4 and p = 2,3. Each
experiment is represented by either a blue triangle (if the recovery was successful, i.e. Succj == True, Vj = 1,...,d as returned

by Algorithm 3) or a red circle otherwise. The relationship €.,j; ~ SRF 1=2p for the critical value of € is confirmed.

3.3.2 Noise threshold for successful recovery 1In the second set of experiments, we investigated the
noise threshold € < SRE!=% for successful recovery, as predicted by the theory. We have performed
15000 random experiments with scheme S1 (the randomness was in the choice of &, N, € and the noise
sequence {n;}) according to Algorithm 3, recording the success/failure result of each such experiment.
The results for d = 4 and p = 2, 3 are presented in Fig. 5, and the theoretical scaling above is confirmed
for the MP method.

Although not covered by our current theory, it is of interest to establish the recovery threshold for
every node separately. In Fig. 6, we can see that for a non-cluster node, the threshold is approximately
constant (i.e. does not depend on the SRF) — even though Theorem 2.6 requires € 5 SRE'~2,

4. Normalization

In the intermediate claims, instead of considering a general signal F = (a,x) € &,, we shall usually
assume that the node vector X = (xy,...,x,) is normalized to the interval [—%, %] and centered around

the origin, i.e. x; = —x,. Let us briefly argue how to obtain the general result from this special case.
Let us define the scale and shift transformations on .
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p=21d=81 j=6! Sl

log 1/e

1.50 1.75 2.00 2.25 2.50
log SRF

FiG. 6. Phase transition for successful recovery of a non-cluster node. Comparing with Fig. 5, the threshold is approximately
constant €.,y =~ const. Here, p = 2,d = 8, scheme S1, plotted is the successful recovery of the node at index j = 6.

DEFINITION 4.1 For F = Zle a;8(x —x;) € Z;and a € R, we define SH,, : &; — & as follows:
d
SH, (F)(x) = D a(x — (x; — ).
Jj=1

DEFINITION 4.2 For F = Z]‘-izl a;8(x —x;) € P, and T > 0, we define SCr : &; — £, as follows:

d
SCr(F)(x) =D a; (x — %) )
j=1

By the shift property of the Fourier transform, for any €, £2 > 0, we have that

SHy(E, o(F)) = E, o(SH,, (F)). 4.1)
By the scale property of the Fourier transform, we have that for any € > 0,

SCr(E. o(F)) = E. or(SCp(F)). 4.2)

Thus, we have the following.

PropPOSITION 4.3 Let F = (a,x) € Z;, 0 € Rand T > 0. Then , forany € > O and 1 <j < d we have
diam(EX (F)) = Tdiam (EXG 7 (SCr (SHo (P))) ) 4.3)

diam(EX% (F)) = diam (E2 (SCr (SH,(F))) (4.4)
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S. Upper bounds
5.1 Overview of the proof

The proof of Theorem 2.6, presented in the next subsections and some of the appendices, is somewhat
technical. In order to help the reader, we provide an overview of the essential ideas and steps.

The main object of the study, the error set E, o(F) C &, is the pre-image of an (infinite
dimensional) e-cube in the data space, under the Fourier transform mapping .% (recall (1.2) and
Definition 2.3). However, it is not obvious how to obtain quantitative estimates on .% -1 directly. Thus,
we replace .7 with certain finite-dimensional sampled versions of it, denoted FM, : &, — C>?, where
the sampling parameter A defines the rate at which 2d equispaced samples of .% (F) are taken. The pre-
images of e-cubes under FM, define the corresponding A-error sets E, ;) C &, and in fact, the original
E, o (F) is contained in the intersection of all the E_ ;. Thus, it is sufficient to bound the diameter of a
single such E_ ;+) (see remark in the next paragraph) with a carefully chosen A* so that the result will
be as small as possible. Such quantitative estimates are obtained by careful analysis of the row-wise
norms of the Jacobian matrix of FM ;*1 and applying the so-called quantitative inverse function theorem
(Theorem B.1). Using these estimates, the optimal A* is shown to be on the order of £2, from which the
upper bounds of Theorem 2.6 follow.

An additional technical complication arises from the fact that FM, ! defines a multivalued mapping,
and the full pre-image E_ ;) contains multiple copies of a certain ‘basic’ set A = A_ ;. However, when
considering the intersection of all E_ s, the non-zero shifts for certain different As do not intersect,
and therefore, eventually only the diameter of the basic set A needs to be estimated.

Below is a brief description of the different intermediate results and the organization of the remainder
of Section 5.

1. In Subsection 5.2, we formally define the A-decimated maps FM,, the corresponding error sets
E, ;) and provide quantitative estimates on the Jacobian of FM;1 in Proposition 5.3 (proved in
Appendix C). These bounds essentially depend on the ‘effective separation’ of each node in x
from its neighbors, after a blowup by a factor of A.

2. In Subsection 5.3, we show that for a signal F' = (a, X), there exists a certain range of admissible
As, denoted by A(x), for which the effective separation (see previous item) between the nodes in
x¢ is of the order of £2h, while for the rest of the nodes, it is bounded from below by a constant
independent of §2, h. These estimates are proved in Proposition 5.8.

3. In Subsection 5.4, we study in detail the geometry of the error sets E, ;) for & € A(x). First,
we consider (in Subsection 5.4.1) the local inverses FM;I. For each A € A(x), we show that the
local inverse exists in a neighborhood V of radius R =~ (£2h)%~1 around FM, (F) and provide
estimates on the Lipschitz constants of FM, ! on V and the diameter of FM; I(V). The main
bounds to that effect are proved in Proposition 5.14, using the previously established general
estimates from Proposition 5.3 and the quantitative inverse function theorem (Theorem B.1).

4. Next, denoting A = Ay, = FM;I(V), we show in Proposition 5.16 that the set E ; is a union
of certain copies of A, where each such copy is obtained by shifting the nodes in A by an integer
multiple of 2! and/or by permuting them.

5. In Subsection 5.5, we complete the proof. At this point, we consider the entire set A(X). The main
technical step, Proposition 5.17 (proved in Appendix F), establishes that for a certain 1* € A(x)
and all possible permutations 77 and shifts £ € Z\ {0}, there exists a particular A = A(7,¢) € A(X)
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such that the intersection between m-permutation and £-shift of Ag ;. and the entire error set
Ep (5, is empty. From this fact, it immediately follows that the original error set E, , (F) with
€ = R is contained in Ag ;« (Proposition 5.18). The proof is finished by invoking the previously
established estimates on the diameter of Ag ;« and its projections.

REMARK 5.1 We expect that the tools developed throughout the proof will also be useful to calculate
the minimal finite sampling rate required to achieve the minimax error rate stated in Theorem 2.6.

5.2 A-decimation maps

For the purpose of the following analysis, we extend the space of signals &, to include signals with
complex nodes and denote the extended space by &,

,@dz {(a,x):a: (ay,...,ay) e, X=(x,...,%) e(Cd}.

We will be considering specific sets of exactly 2d samples of the Fourier transform, made at constant
rate A as follows.

DEFINITION 5.1 For A > 0, we define the map FM, : &, = C* — C* by

d
FM, (@,%) = i = (1o -2 Mag 1) » My = D, a;e”™ M, k=0,...,2d - 1.
j=1

We call such map a A-decimation map.
For A > 0 and € > 0, we define the corresponding error set E, ; as follows.

DEFINITION 5.2 The error set E, ;,(F) C &, is the set consisting of all the signals F/ € &, with
|FM, (F') — FM, (F)| < e.

Similarly, we denote by E?”’(.A)(F), E?{A)(F) the projection of the error set EE,(,\)(F) onto the
corresponding amplitudes and the nodes components (compare (2.1)).

Now, consider the given spectrum % (F)(s), s € [—£2, £2]. Clearly for each A < %, we have that
Ec o(F) C E, 5, (F) giving

EoF)S () E.g)®). (5.1)

2e(0, 552

Hence, to prove the upper bounds in Theorem 2.6, we shall show that there exists a certain subset
S C (0, %] such that for each A € S, diam(Eeg(A) (F )) can be effectively controlled.

In the next proposition, we derive a uniform bound on the norms of the inverse Jacobian of FM,
near a signal with clustered nodes. The bounds explicitly depend on the distances between the so-called
mapped nodes z;(A) = PN
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ProposITION 5.3 (Uniform Jacobian bounds). Let F = (a,x) € @d, a=(ap,...,ay),X=(x,...,xy)
and for A > Oletz; = &>, ... z, = ¢*™"_Suppose that for each j = 1,...,d, we have 0 < % <
|aj| and % < |zj| < 2 for some m > 0.

Further assume that for ﬁ,fz with1 > n > 71, and x¢ = {x
2y .-+ Zg Satisfy:

s Xe4p—1} C X, p = 2, the nodes

PR

1. For each Xj, Xy € x¢,j # k, we have that |zj -zl = h.
2. Foreach x, € x\ x“ and x; € X, £ # j, we have that |z, — z;| > 7).
Then the Jacobian matrix of FM, at F, denoted by J, (F), is non-degenerate. Furthermore, write the
A -
inverse Jacobian matrix J, ! (F) in the following block form J;l F) = [ B], where A, B are d x 2d.

Then, the £; norms of the rows of the blocks A, B are bounded as follows:

2d
> 1Al < K\ (i.d.p), x; € x\ X, (5.2)
k=1
2d 1
D 1Bl < Kymo i, dop) xex\x, (5.3)
k=1
2d
Z A | < Kx(ii,d, p)h~ P! x; € X° (5.4)
ikl X K], 4, s 'j s
k=1
2d 1
D 1Byl < Ky(moidop) - h20 2, x; € X, (5.5)
k=1
where K| (,...,),Ky(-,...,), K3(, .., , ), K4(-, ..., -) are constants depending only on the parameters

inside the brackets.

The proof of Proposition 5.3 is given in Appendix C.

5.3 The existence of an admissible decimation

In this section, we shall prove the existence of a certain blowup factors A, such that the mapped nodes
{e¥"%} (see Proposition 5.3 above) attain ‘good’ separation properties. This result will later be used
to show that for any such A, the corresponding inverse A-decimation map FM;l will have the smallest
possible coordinatewise Lipschitz constants with respect to §2, 4 (up to constants) (see Proposition 5.3).

DEFINITION 5.4 For each x € R and a > 0, consider the operation mod (—%, %] defined as

a a
x mod (——,—]:x—ka,
2°2

where k is the unique integer such that x — ka € (—%, %] Using this notation, the principal value of the
complex argument function is defined as

Arg(reie) =60 mod (—m, ],
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foreach® € Rand r > 0.

DEFINITION 5.5 For o, 8 € C\ {0}, we define the angular distance between «, § as

L, B) =

Arg (%)‘ = ‘(Arg(w) — Arg()) mod (—m.7]|,

where for z € C \ {0}, Arg(z) € (—m, ] is the principal value of the argument of z.

LeEmMA 5.6 For |x| = |y| = 1, we have
2
;Z(x,y) <l =yl < L), (5.6)

Proof. First,

1 /(x,
lx—yl = 1—f = 2sin —Arg)—c = 2sin M )
y 2 y 2

Then, use the fact that for any 6] < % we have

2
—10] < sin 0] < 160].
T
(|

Let F = (a,x) € *@d such that the node vector x = (x{,...,x;) forms a (p,h, T, 7, n)-clustered
configuration, with x* = {x, x, FETRU +p_1}. According to Proposition 5.3, the norms of the rows

of the inverse Jacobian J;_ LF) essentially depend on the minimal distance between the mapped nodes
zj(A) = e¥"4%  After a blowup by a factor of A < ﬁ, the pairwise angular distances Z (-, -) (and hence
the euclidean distances) between the mapped cluster nodes z,, .. ., Zeyp—1 Arc nOW of order Ah.

On the other hand, the non-cluster nodes are at distance larger than nT >> h. Therefore, after the
blowup by A, the non-cluster nodes z;,...,z,_;,Z2, 4ps - - Zq MAY in principle be located anywhere on
the unit circle. For example, any of these mapped non-cluster nodes might coincide with, or be very
close to, a certain mapped cluster node, or yet another mapped non-cluster node.

While this situation might occur for some values of A, we will now show that there exist certain
sets of As for which this does not happen. We shall require the following key estimate concerning the
pairwise angular distance between any two mapped nodes.

LEMMA 5.7 (A uniform blowup of two nodes). Let Xj, Xy € R, X # X, and let A = 1x; — Xl Consider

the following blowups z; = zj(k) = ik, % =) = 2% Then for 0 < a < 7 and an interval
I = [a,b] C R, the set

250 = {)\ €l:/L(z(1),5(0) < a} (5.7)

is a union of N intervals I, ..., Iy with [[I[|A] <N < [|[|A] + 1, and
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Proof. For each A € I we have

(A
L(5,00,,00) = ‘Arg (ZJ( )

_ 2miAA
ka)‘ - ’Arg(e )( : (5.8)

By equation (5.8) we have

{,\ €11 L(z0),50) < a} _
[,\ el ‘Arg(ezﬂim)‘ < a}

{Ael:2nrA mod (—m,m]|

< a}
Ael:—a<2rriA mod (—m,m]) <o} =
a 1 1 1 a 1
rel:——— < (A mod | ——,— < ——1t.
21 A 2A 2A 2 A

The last set above can be written as I N S* where

so=lrer: 2L o (h moa (-1, L)< 2! (5.9)

= P——— < mod (-, =—|)<——¢. :
2w A 2A°2A 21 A

Define the interval I = [—% %, i %] Then the set S* is a union of intervals of length & % as follows

S“:U(“+§)=ZELJZ[A+§:AGI“].

LeZ

The intersection of ¢ with any interval / is then a union of [|/|A] < N < [|I|A] + 1 intervals of
length smaller or equal to %. This concludes the proof of Lemma 5.7. O

Now, we state and prove the main result of this subsection.
PROPOSITION 5.8 Let F = (a,X) € &), X = (x,...,%;) C [—%, %], such that x forms a (p, i, 1, 7, 71)-
clustered configuration with X = {x,, X, 4|, ..., X4, 1}

Let 2 < Lz_l . }l Foreach A > 0 let z; (A) = ¥ .. 7,()) = 27Md,

Then, each interval I C [%2%1* 2[19—71] of length |I| = % contains a sub-interval I’ C I of length
[I'| > (2d’n)~! such that for each A € I':

1. Forallx, € x\ x¢ andxj EX, X; # Xy,

1
L(zg(W), z;(M) = 7 (5.10)
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2. For all Xj, Xy € X6, x;, # x;,

T
2d -1

L(zj(M), 7 (W) =2 2mAth > h. (5.11)

Proof. Let us first prove that assertion (5.11) holds for any éz [;Q T SA< 5 [;Q I-
Let x;,x;, j > k be two cluster nodes. The angular distance between the mapped cluster nodes

Zj — Zj()‘) _ eZm)»x,, 7 = Zk()») _ eZm)»xk’ is
L(z7) = |Arg(e M)

By assumption 2k < =5—, then A < h and then 0 < 2nk(xj —x) < 2mwAh < 7. With this, we
have

Z( 2Z) =27 (X —xp) = 2nAth.

By assumption A > %% Then, Z( ) = 2d l.Qh This concludes the proof of assertion (5.11).
Using Lemma 5.7, we now prove that assertion (5.10) holds for any interval I = [a, b] C R of length
|| = % Let I be such an interval. For each 0 < o < 7, consider the set

YN =1rel: 3k, € ¢ s.t. i L(z,(A),z:(V) < .
@ e €XAXTS L L, fE D500 a]

‘We then have

= J U zyo.

Xg €X\XC Xj#Xy

where Z’g‘. are given by (5.7). By Lemma 5.7, each ZJ"‘ (1) above is a union of at most | |I|n] +1 =2

intervals, the length of each interval is at most = @l Therefore X%(I) is a union of at most K = ( )2 =
d(d — 1) intervals. Moreover, let v denote the Lebesgue measure on R, then

W(Z*(I)) < K—l <dd-— 1)—l Lot (5.12)
T T 2n

Put o’ d2 then by (5.12)
/ 1
V(24 (1) < & (5.13)
2n

Now, consider the complement set of xo (I) with respect to 1,

/ 1
o Cc __ . C . .
(X)) = [A €l:Vx, ex\x ,lglnéldr}jﬂl(z@()»),zj()»)) > 7 ]
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By (5.13)

v((Ea/(I))C) > |1|_i:l_i:i_ (5.14)
2n. n 2n 2

In addition, since yo (I) is a union of at most K = d(d — 1) intervals, then (Z“"/ (I))C is a union of at
most

L=K+1=dd-1)+1<d* (5.15)

intervals. Using (5.14) and (5.15), the average size of these intervals is bounded as follows:

(@) 11
L T d22y

We therefore conclude that (Z‘“l 04 ))C contains an interval of length greater than or equal to d% % This
proves assertion (5.10) of Proposition 5.8.

5.4 Error sets of admissible decimation maps

Throughout this section, we fix a signal F = (a,x) € &, a = (ay,...,a;), X = (X|,...,x5) C
[—%, %] such that x forms a (p, h, 1, 7, n)-clustered configuration, with x° = (XX g ,xK+p71}
and |la|| > m > 0. We also fix £2 > 0 such that 2/ < ﬁ.

Proposition 5.8 demonstrated the existence of certain A-decimation maps which achieve good

separation of the non-cluster nodes. We define the set A(x) to consist of all such admissible As, as
follows.

DEFINITION 5.9 (Admissible blowup factors). For each F' = (a,x) € &, X = (x|,...,x,), such that
x forms a (p, h, 1, T, n)-clustered configuration and Z = zj(k) = 2Ny j=1,...,d and 2 > 0,
we define the set of admissible blowup factors A(x) = A, ;(x) as the set of all A € [%2519_—1 %]
satisfying:

1. Forall £ # j such thatx, € x \ x“ and x; € X,

1
Lz z00) = =5 (5.16)

2. Forall j # k such that x;, x; € x°

T

L(zj(A), 2 (X)) = 2w ATh > ¥ 2th. (5.17)

5.4.1 The local geometry of admissible decimation maps The next result gives an explicit description
of a neighborhood around F where the map FM, is injective (and, therefore, we can speak about a local
inverse).
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DEFINITION 5.10  For each «, B > 0 we denote by H,, 5(F) the closed polydisc
H,,(F)={@.x)e P, a —al| <a, |¥ —x| < B},

and by Hg’ﬂ (F) the interior of H, 4(F).
The following is proved in Appendix D.
PrOPOSITION 5.11 (One-to-one). For each A € A(x) the map FM, is injective in the open polydisc

U=H° ,(F)C P,
2

Next, we can estimate the Lipschitz constants of the inverse map FM; !, using the previously
established general bounds in Proposition 5.3.

ProprosITION 5.12 Let H = H% %(F) cU= an .+ (F). Then, for each F’ € H:
1 ik
1. The Jacobian matrix of FM, at F’ ’, denoted by J,(F "), is non-degenerate.

A - -
2. Put J;l (F) = |:I~gi| where A, B are d x 2d. Then, the £, norms of the rows of the blocks A, B are

bounded as follows:

2d
DAl <G, X ex\x, (5.18)
k=1
2d 1
Z 1B x| < CE, X €x\x", (5.19)
k=1
2d
D Al < Gy, x; € X, (5.20)
k=1
2d 1
Z 1Bkl < CE(fzrh)—Qf’”, x; € X, (5.21)
k=1

where C = C (m,d, p) is a constant depending only on d, m, p.

Proof. LetF' = (a.x) € H, a' = (d},....d)), X = (x{,....%). Let , = Z(1) = "%, and let
=50 ="M, j=1,....d
By the integral mean value theorem, for eachj = 1,...,d,
. J .
|z} — 2| = MG — PTG T,

Let £ # j such that x, € x \ x“ and x; € X. Since A € A(x),

1
Z(Z[, Zj) 2 d_2
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Then by (5.6)

We get that
’ / / / 2
|Z( _Z]| 2 |Zg _Zj| - |Zg - Zgl - |Z] - Z/| 2 |Zg — Z/| —2ATh 2 m — 2\th.

With 2h < ﬁ and A < 252—_1 by assumption, we have that 2Ath < 3;7 then

|z, — 2| > 2 2Ath > 2 ! > !
Ty 2 Tp AT A

We conclude that for each £ 7 j such that x, € x \ x“ and x; € x

/ /
lzg — 2 2 Eh (5.22)
Letj # k such that x;, x; € x°. A € A(x) then
Z(zj,zk) > 2w Ath.
Then by (5.6)
|Zj — Zk' > 4)th.
With a similar argument as above, we get that
|zj/. -zl > |z, — z¢| — 2Ath > 2A7h.
Usingh € AX) = A > %, we conclude that for each j # k such that x;,x; € x¢
|Zj — 74 > 2hth > S 1th. (5.23)
Now, using (5.22) and (5.23), we invoke Proposition 5.3 with i = ﬁﬂl’h and n = #, and as a

result, prove Proposition 5.12 with

C=Q2d-1)*"max |K Ldp K dep
12d259 s Ao 52d23’ s

1 1
K3 (ﬁ?d’p) ’K4 (m7 ﬁ,d,p) ]'

GZ0Z YoIBIN GO UO Jasn AteuqrT XIM Ad 6880285/ LS/Z/0 1 /810IME/IeIeW/WwOo0"dNo oIS pED.//:SARY WO PaPEojumod



SUPER-RESOLUTION OF NEAR-COLLIDING POINT SOURCES 541

DEFINITION 5.13 For v € C? and r > 0, we denote by O,.(v) the closed cube of radius r centered at v:

0,0 =0,,m=luec!: ju-vi<r].

ProrosiTION 5.14 Let U = H"; 5 (F)and H = H% %h(F) C U.Let A € A(x) and let u, = FM, (F),
22T >4

then there exists a constant 63 = 63 (m,d, p) such that for R = 6’3 (2th)>1,

FMA(H) 2 QR(IL)L)-

Furthermore for V, = FM, (U) let
FM v, - U
be the local inverse of FM,, i.e. forall F/ € U We have FM;I(FMA(F/)) = F/.Foreach 1 <j < d, let

Py Pyt gzd — C be the projections onto the j# amplitude and the j# node coordinates, respectively.

Then FM, Lis Lipschitz on Qg (4, ) with the following bounds:

~ 1 1 x; e x\x°
C]ﬁllu”—u/ll Xi J ,

(2th)y ¥+ x ex

W) = P FM ()| <

) = Py FM (1)

s

~ 1 x; ex\x°
<C G J
S 2”/1“ 1% ” (Q‘L’/’l)_2p+l xj e x¢

for each ", ' € Qgr(u,), where 61 = C] (m,d,p), 6’2 = Cz(m, d, p) are constants depending only on
d,m,pand C,C; < 1.

Proof. By Proposition 5.11, FM, is injective in the open neighborhood U of the polydisc H =
H m th (F). In addition, for each F’ € H the inverse Jacobian norm bounds derived in Proposition 5.12
apply. Finally, one can verify (using a similar argument as in the proof of Proposition 5.12 ) that J, (F")
is non-degenerate for each F’ € U. We can therefore invoke Theorem B.1 with U, H and f=FM, and
the bounds (5.18), (5.19), (5.20), (5.21) and conclude that Proposition 5.14 holds with Cl = C2 C

1
andC3—In1n(2C 47TC> |

5.4.2 The global geometry of admissible decimation maps In this subsection, we give a global
description of the geometry of the error set E, ;)(F) for any A € A(x) and for € < R where
R = C;(£2th)®~!, and Cj is as specified in Proposition 5.14.

For each A € A(x) let u, = FM, (F), and put

Acn(F) = FM (0. (1) () Zas (5.24)

where FM;1 : V), — U is the local inverse of FM, on U.
Observe that A, (F) C Ee,(k) (F). The analysis of this subsection will reveal that globally E .00 (F)
is made from certain periodic repetitions of the set A ; (F) and its permutations.
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Consider the following example.

EXAMPLE 5.15 Let F(x) = §(x — 1) + 8(x — &), and let » = £}, Applying FM, on F, we get that

27 27 - 21 . 27 .
FM,(F) = 2,e3 4¢3 e 3 4e31,2) =(2,—1,-1,2).

If we set FF = (a,x) with a = (a;,a,) = (1,1) and x = (x,x,) = (%, 12—0), then clearly the signal
F' = (@X),x = (x,x) = (%, %), that is attained by permuting the nodes of the signal F, satisfies
that FM, (F) = FM, (F'). Observe that F' ¢ 22, since its nodes are not in ascending order (a condition
that was posed on &, to avoid redundant solutions). However, the signal F” = (a,x”) with X" =
X — 1(1,0) =x' — (1,0) = (— 15, 75), is in &, and it holds that FM, (F) = FM, (F").

One can verify that the set of signals G € &7,, which satisfies FM, (G) = FM, (F) is given by

1
IG:(a,y)ec@zzyzx—{- X(n],nz), n],nzeZ}U
, 1

G:(a,y)eyz:yzx +X(n1,n2), nl,nZEZ .

In order to formalize the statement regarding the global structure of E ;) (F), which is essentially
a generalization of the example above, we require some notation regarding permutation and shift
operations.

We denote the set of permutations of d elements by

o=1I1,c{rm:{1,...,d} = {1,...,d}}.

For a vector x = (xq,...,x;) € C¢ and a permutation 7, we denote by X" the vector attained by
permuting the coordinates of x according to 7

Xn = (.x].[(l), cee ,xn(d)).

Foraset A € &, and a permutation 7 € IT;, we denote by A™ the set attained from A by permuting
the nodes and amplitudes of each signal in A according to

AT ={@",x") : (a,x) € A}.

The following proposition gives a description of the global geometry of E_ ;) (F). Its proof is
presented in Appendix E.

ProOPOSITION 5.16 Foreach A € A(x) ande < R

E, ;) (F) = U UAZA(F)+%£ ﬂ%.

wellg Lezd
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5.5 Proof of the upper bound

Fix F=(ax)e P, a=(a,...,a;), X=(x|,...,x5) C [—%, %], such that x forms a (p, &, 1, 7, 1)-

clustered configuration with x° = {x,,x . {,... s Xeyp—1}>and [[a] = m > 0.
Consider the set of the admissible blowup factors A(x) (see Definition 5.9). By the analysis of
Section 5.4, under the assumption that 2/ < ﬁ, the following assertions hold:

1. By Proposition 5.11, there exists a neighborhood U of F such that for each A € A(x), FM, is
one-to-one on U.

2. By Proposition 5.14, there exists a constant (~f3 = 6‘3 (m,d,p) such for each A € A(x), V, =
FM, (U) contains a cube Qg (i, ), where 1, = FM, (F) and R = C5(2th)%~!.

For each A € A(x) consider the local inverse FM;1 : V, — U and let (as above)

Ay (F) = FM ' (Qp (1)) () 24

The following intermediate claim is proved in Appendix F.

ProrosITION 5.17 There exist positive constants Kg and K5 < zlﬁd depending only on d, such that

for % < 2 < % the following holds. There exists A € A(x) such that for each pair (w,£) €

I, x (Z4\ {0}), there exists A, , € A(x) for which

. 1
(AR,A (F) + X"’) () Er., 0 (F) = 0. (5.25)

With a bit of additional work, we obtain the main geometric result regarding the error set E, o, (F).

ProPOSITION 5.18 Let £2 as in Proposition 5.17, then there exists A € A(X) such that
Eg o(F) CAg, (F). (5.26)
Proof.  Using Proposition 5.17 fix A* € A(x) which satisfies (5.25). We will prove that A* satisfies

(5.26).
For each 1 € A(x), we have the following result due to Proposition 5.16:

1
En®c ) U (Ab(FHXE). (5.27)

wellg Lezd

Putting € = R in (5.1), we obtain

EroP) S () Egpy®). (5.28)

re(0, 5%

We then obtain (5.26) from (5.25), (5.27) and (5.28) by algebra of sets calculation as follows:
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First by (5.28)

Ego(F) C ﬂ Eg 6y (F) = Eg () (F) N ﬂ Egoy(F) |- (5.29)
20,2241 re(0,53271
By (5.27)
1
Epon@® c | (Agk*(FHA—*e). (5.30)
wellyLeZd

Then by (5.29) and (5.30)

1
Ego(F) C U Ag,,\*(F)+A—*z N N Erey® | (5.31)
wellgLeZd 1e(0,57%71

For each pair (7, €) € I1; x (Zd \ {0}), let A, , € A(X) be the value asserted by Proposition 5.17,
i.e. satisfying (5.25) for A = A*. By this and by (5.31) we have

Epq(F) C U AR (F) U U [(A%,A*(F) + ;—*E) ﬂER,(A,,l)(F)]

el () Tlyx (Z4\(0)) (5.32)
= U AT e (F).

rwelly

By definition E o (F) C &, where we assume a canonical ascending order of the nodes. Then, we
conclude from (5.32) that Eg o (F) C Ay ;«(F) which proves (5.26) for A = A*. O

We have everything in place to estimate the diameter of the set E, , (F) and its projections.

PROPOSITION 5.19 Let F = (a,x) € &;, X C [—% %], such that x forms a (p, i, 1, 7, n)-clustered
configuration and |lal| > m > 0. Then, there exist positive constants Cy, ..., Cs, depending only on
d, p, m, such that for each % <02 <K % and € < C3(.ch)2p_1, it holds that:

C 5 (Qth)y™ e, x ex‘,

diam(EX, (F)) <
Een®) {Clée, X € X\ X,

Cy(2th) e, x;€xC,

diam(E™, (F)) <
iam(E_'g (F)) [Cze, 5 € X\ X

Proof. Let §2 be such that %
in Proposition 5.17. Let € <

<02 < %, where Ky = Ky(d), K}y = K;(d) are the constants specified
&3 (2th)?~! = R, where 63 = 6‘3 (m,d, p) is as specified in Proposition
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5.14. Let F' € E_ o (F) with F' = (a’,x’). Using Proposition 5.18 fix A* € A(x) which satisfies (5.26),
and put u* = FM, . (F). Consequently

F' € Ap;(F) = FM (Qp(n*) N 2.

Put u’ = FM,.(F'). By Proposition 5.14, there exist constants C‘l = 6‘1 (m,d,p), @2 = 62(m, d,p)
such that

Ci 4 (R2n) 726, x; ex-,
%) — X1 = [P FM;! () = P FME () < 219 ’ .
Clﬁe, Xj €X \ x€.

_ _ C,(2h)~2tle, x ex*
ol — Lo %y Lo,/ 2 >
|a; — aj| = ([P ;FM. (1) — Py ,FM; ()| < [626’ X € X\ .

Since F’ was an arbitrary signal in E_ o (F), we repeat the above argument with F” € E, 5 (F) and
consequently prove Proposition 5.19 with C; = 2C}, C, = 2C,, C3 = C5, C4 = Ky and Cs = K;;. O

We are now in a position to prove Theorem 2.6, essentially by combining Proposition 5.19 with
Proposition 4.3.

Proof of Theorem 2.6 Let F = (a,x) € &, such that x forms a (p, h, T, T, n)-clustered configuration
and |la|| > m > 0. Let % <2 < % where C, = C4(d,p,m),Cs = Cs(d,p,m) are the constants
specified in Proposition 5.19.

Put @ = (x| + x,)/2. The signal SC;(SH,(F)) = (a,%), X = (X,....X,), % = T=%,.. .5, =
x”’T“ is normalized such that x,...,x; € [—%, %]. The node vector X forms a (p, %, 1, 7, n)-clustered
configuration. Applying Proposition 5.19 for F = SCr(SH, (F)), h = %, Q=0T > % and 2h =
£2h < Cs, we conclude that there exist constants Cy, C,, C3, depending only on d, p, m, such that for
any € < C3(.ch)2”_1

1 —2p42
Ci o7 (L2th) =+, X; € X4,

diam(E GQT(SCT(SH (F)))) < [C]—E x; € X\ X
Q7€ i ’

Cy(2th)~*le, x; € X4,

diam(EX 1 (SCp(SH, (F)))) < [c . . ex\xe
25 'j :

Applying Proposition 4.3, we conclude the proof Theorem 2.6. (]

6. Lower bounds

In this section all the constants ¢y, ...,k,...,K,... are unrelated to those of the previous section.
The main technical result we need is the following.

PrOPOSITION 6.1 Let F = (a,x) € &, such that x forms a (p, ki, 1, T, n)-clustered configuration, with
cluster nodes x* = (xl, e ,xp) (according to Definition 2.5), and with a € R? satisfying m < [|a|| < M.
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Then, there exist constants c¢,k;,k,, depending only on (d,t,m,M), such that for all ¢ <
¢ (.Qh)zf”_1 and £2h < 2, there exists a signal F, € &7, satisfying, for some j;,j, € {1,...,p},

Py (F) Py ()] = 2 a2 6.1)
Py, (Fe) = Py, (F)‘ > ky (20) 7t e, (6.2)
|7 (F.) (s) = Z(F)(s)| <e, Is| < £2. (6.3)

Assuming validity of Proposition 6.1, let us prove Theorem 2.7.

Proof of Theorem 2.7 Let a € R? be any real amplitude vector satisfying m < ||a|| < M. Let £2,h
satisfy 27 < 2, and choose x to be the configuration with cluster nodes

X = (xl —0x = thy....x, = (p— l)rh),
with the rest of the nodes equally spaced in ((p — 1)th, 1). Now, denote /' = (p — 1)th and 7’ 1

Clearly, x is a (p, /', 1,7/, )-clustered configuration for all sufficiently small 4 (for instance, h < 7 <
1 — n(d — p + 1)). Now, we apply Proposition 6.1 with the signal F = (a,x). Since 7’ does not
depend on 7, and therefore, the constants ¢, &, k, depend only on d,p,m, M, we conclude that for
€ <cp— D21 2th)?~ ! and 2h < ﬁ, there exist j;,j, € {1,...,p} such that

diam(E; 4 (F)) > (p — D7 Pe(2eh) T,
diam(EX3 (F)) > kye(p — D)™ (2o =+,

Now, we consider the case of a non-cluster node, X € X \ x°. Let F = (a,x) be the signal above.
Decompose F as follows:

F(x) = ad(x—x) + D a8(x—x,).
(%)

F{)
Now, let € be fixed. Define aj’ = a; + 5 and x/ =x + o Put F/(x) = a]’.B(x —x]/.) + F°(x). For
|s| < £2, the difference between the Fourier transforms of F and F ! satlsﬁes

F(F)(s) — y(E;)(s)‘ = ‘ajezﬂ"’ffs — alePm

27 ixjs 27T i =577 S
g ‘aje J (1 —e Ar2M )

/
+ |~ qf

Since the constants do not depend on t at all, and the above construction of F]’ can be repeated for each
j ¢ {«,...,k +p— 1}, the proof of the non-cluster node case is finished.

GZ0Z YoIBIN GO UO Jasn AteuqrT XIM Ad 6880285/ LS/Z/0 1 /810IME/IeIeW/WwOo0"dNo oIS pED.//:SARY WO PaPEojumod



SUPER-RESOLUTION OF NEAR-COLLIDING POINT SOURCES 547

Again, the case of general T follows by rescaling and applying Proposition 4.3 (as was done in the
proof of Theorem 2.6).

This finishes the proof of Theorem 2.7 with C| = max (W, ﬁ), C’, = max (%, #),
Cy=cip—D¥ 1. C,=tandC,=2. O

In the rest of this section, we prove Proposition 6.1.
We start by stating the following result which has been shown in (2, Theorems 4.1 and 4.2).

THEOREM 6.2 Given the parameters 0 < 7 < 2,0 < 7 < 1,0 < m < M < oo, let the signal
F=(a,x) e &;withae R form a single uniform cluster as follows:

e (centered) x; = —x;

e (uniform) for 1 <j < k < d we have
h < ‘xj —xk‘ <k

o m< gl <M.

Then, there exist constants K, . .., K5 depending only on (d, T, m, M) such that for every € < KSth_l,
there exists a signal F, = (b,y) € &, such that

L. m (F) =my (Fe) fork=0,1,...,2d — 2, where m,,_ are given by (Al);
2. my_y (Fe) = mayy_y (F) + €

3. Kih 72426 < |Ix — y|| < Kph ™24+ 2¢;

4. K;h=24+ e L |b —a|| < K h2dH e,

Proof of Proposition 6.1 Define F¢ and F" to be the cluster and the non-cluster part of F
correspondingly, i.e.

FC =" adx—x),

.exC
XjEX

F* = z a;8(x — x;).

X EX\X¢

Without loss of generality, suppose that F* is centered, i.e. x; +x, = 0. Next, define a blowup of F* by
£2 as follows:

Fig,=SCy (F) = z a;8(x — 2x;). (6.4)
XjGXC
Putd = p,fz = §2h, and let ¢; = Kj (gl,t,m,M) as in Theorem 6.2. Let € < ¢ (Qh)zf’_l. Now,

we apply Theorem 6.2 with parameters d,h,T,m,M,é = cy€ and the signal F{,,, where ¢, < 1
will be determined below. We obtain a signal Gfﬂ) . such that the following hold for the difference
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_ (¢ _c .
H_G(_Q)’e F(Q).

m (H) =0, k=0,1,....2p—2, 6.5)
oy (H) = & 6.6)

while also, for some j,,j, € {1,...,p}
Poji (Glare) = P (Fioy)| > K1 (2w 22, ©7)
PXJ-( gg)’é) — Py, (F(CQ))‘ <K, (2n7PE j=1,....p, (6.8)
Py, ( fm,e) — Py, (Ffm)‘ > Ky (2h) e, (6.9)

Now put

Fige = SCq (Ggme) .

Applying the inverse blowup to the above inequalities, we obtain in fact that

K ]
Poji (Fiaye) = Puy (F)] = G cam ™22, (6.10)
Pay (Fiaye) = Pasy (F)| > Ky (2741 &, 6.11)

From the above definitions, we have Hp = SC, (H) = F fﬂ) . — F°. Let us now show that there is a
choice of c¢5 such that

|7 (Hg) ()| <e, sl < R2. (6.12)
Put w = 5/£2, then
F (Hg) (s) = F (H) (w).

Now, we employ the fact that the Fourier transform of a spike train has Taylor series coefficients
precisely equal to its algebraic moments (see (1, Proposition 3.1)):

]

1
F(H)(w) = Z o D (—2miw)k. (6.13)
k=0 "

Next, we apply the following easy corollary of the Turdn’s First Theorem [56, Theorem 6.1],
appearing in [14, Theorem 3.1], using the recurrence relation satisfied by the moments of H according
to Proposition A.2.
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THEOREM 63 Let H = 37, 60— 1), and put R = min,_, 5, || ' > 0. Then, for all k > 2p, we

have the so-called Taylor domination property

2ek\ ¥

k ek ¢

|m ()| R* < (—) max  |m, (H)|R". (6.14)
2p £=0,1,....2p—1

ProPOSITION 6.4 The constant R in Theorem 6.3 satisfies R > C,, where C, does not depend on £2, .

Proof. Recall that H = G{g) . — F{q,. The nodes of F(g, are, by construction, inside the interval
[—%h, %h] The nodes of G{, ., by (6.8), satisfy

h
S5 +K (Rn)~¥+2¢

Py ( fm,e)

2h
< K @7 e (@n!

1
= (2h) (01K2 + E) .

1

Since £2h < 2 by assumption, this concludes the proof with C;, = ———.
Y P P Y o (ekatd) 0

Therefore, by (6.14), (6.5) and (6.6) we have for k > 2p

e\
|my (H)| < (-) kPRI~ -ke
p
< CsC e,
Now, plugging this into (6.13) we obtain

2p—1

€ 2nw| 2y 27 ||
|7 (H) ()] < —————+ CsC 7 é >
@2p - D! 5, C,

k k2p
K

Put ¢ = 2”C—‘:“|, then, since |w| < 1,

2
Ll

|7 (H) @) < Cee D &

k>2p—1
< Cqe.

We can therefore choose ¢, = min (1, C%) to ensure that

|7 (H) ()| <€, o<1,
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which shows (6.12).
Finally, construct the signal F, = F"* + F fﬂ), .- Combining (6.12), together with (6.10) and (6.11)
finishes the proof of Proposition 6.1 with k; = K| and k, = Kj5. O
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A. Algebraic Prony system

The so-called Prony system of equations relates the parameters of the signal F as in (1.1) and its
algebraic moments

(CZd

d
my, (F) =/F(x)xkdx=zajx]’?, k=0,1,...,. (A1)
j=1

Extending the above to arbitrary complex nodes and amplitudes, we define the Prony map PM :
— C* as follows:

d
PMy(ay,....azwy,....wg) = > awh,  k=0,1,...,2d— 1. (A.2)
j=1
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d
Now, consider the system of equations defined by PM, i.e. with unknowns {aj, zj} e C*and a

J=1
given right-hand side & = (g, ..., MHog_1) € c,

PMk(a],...,ad,Zl,...,Zd)=,LLk, k=0,1,...,2d_1. (A.3)

The following fact can be found in the literature about Prony systems and Padé approximation (see e.g.
(13) Propositions 3.2 and 3.3).

ProprosiTION A.1 If a solution (ay,...,a4 2y, . .,24) to System (A.3) exists with a; #0,j=1,...,d
and for 1 <j < k < d, z; # g, it is unique up to a permutation of the nodes {z;} and corresponding
amplitudes {aj}.

Clearly, the definition of PM, is valid for arbitrary integer k € N. The next fact is very well known,
and it is the basis of Prony’s method of solving (A.3).

ProposITION A.2 Let the sequence v = {vk} ren D€ given by

v =PM (ay,....a4,2),....24) -

Then, each consecutive d + 1 elements of v satisfy the following linear recurrence relation:

d
D Virece =0, (A4)
£=0
where the constants {CZ}ZZO are the coefficients of the (monic) polynomial with roots {zl s zd} (the
‘Prony polynomial’), i.e.
d d
0 =] (z - zj) => ¢ (A.5)
j=1 =0

Proof. Letk € N, then

d d d
E — E § k+¢
vk+eC£ = Ce ajZ/
=0

=0 j=1

d
j=1
Il

ProposITION A.3 (Prony’s method). Let there be given the algebraic moments {m;, (F )}iial of the signal

F = (a,x) where the nodes of x are pairwise distinct and ||a|| > 0. Then, the parameters (a, X) can be
recovered exactly by the following procedure:

. 0<j<d
1. Construct the d x (d + 1) Hankel matrix H = [mi +j]0<.
<i

NN

d-1’
2. Find a non-zero vector ¢ in the null-space of H.

3. Find x; to be the roots of the Prony polynomial (A.5), whose coefficient vector is c.

GZ0Z YoIBIN GO UO Jasn AteuqrT XIM Ad 6880285/ LS/Z/0 1 /810IME/IeIeW/WwOo0"dNo oIS pED.//:SARY WO PaPEojumod



554 D. BATENKOV ET AL.

4. Find the amplitudes a by solving the linear system Va = m, where V is the Vandermonde matrix

j=1,...d
V= [xlf] .
J dk=0,....d—1
Proof. Seee.g.[13]. 0

B. Quantitative Inverse Function Theorem

Here, we prove a certain quantitative version of the inverse function theorem, which applies to
holomorphic mappings C¢ — C? (here d is a generic parameter).

.....

H, ,@={x¢ e . Ix; —a;| <7j, forallj =1,...,d}.

Forj=1,...,d, we denote by P; : C¢ — C the orthogonal projection onto the j coordinate. With
some abuse of notation, we will also treat P; as the d x d matrix representing this projection.

Finally, recall Definition 5.13 of the hypercube Q,..

THEOREM B.1 Let U C C¥ be open. Let f : U — C¢ be a holomorphic injection with an invertible
Jacobian J(x), forallx e U.Forac€ Uand rq,...,r; > 0,let H(a) = H, rd(a) C U be such that for
all x € H(a),

Lsewes

d
Z|J]j,j(x)|<aj, j=1,....d.
k=1

Putb = f(a) and f(U) = V. Then:
1. For R = min(;—ll,... L) Qp(b) C f(H(a)) and f~! : V — U is holomorphic in an open

 ag

neighborhood of Qg (b).
2. Foreachj=1,.. .,d,f,.‘l = P;f~! : Qp(b) — C?is Lipschitz on Qg(b) with

0" =70 < glly” =¥l

foreachy',y” € Qp(b).

Proof. First, we show that f(U) = V is open and f~! is holomorphic and provides a homeomorphism
between U and V.

By assumption f : U — V is an injection, then f~' : V — U is well defined. By assumption, f is
continuously differentiable with non-degenerate Jacobians J(x) for all x € U. Then, by the inverse
function theorem V is open and f~! is continuously differentiable on V. We conclude that f is a
biholomorphism between U and V.°

We now show that for R = min(;—ll, e ;—“’1), Or(b) C f(H(a)). f is a homeomorphism between U
and V; hence, S = f(H(a)) is a compact subset of V. We take Qg (b) C S as the maximal cube centered
at b that is contained in S.

6 It is an interesting fact that the condition that f has non-degenerate Jacobians on U can be dropped. Contrary to a real version
of Theorem B.1 where this condition is necessary, it is true that if f is holomorphic and an injection on the open set U then f is
biholomorphism between U and f(U) (see e.g. (52), discussion at page 23).
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Then, there exists a point p such that p € 95 N 0Qk(b). Puth = p —b. f~! is continuously
differentiable on V' O Qg (b), we can therefore apply the mean value theorem in integral form and
obtain (here, the integral is applied to each component of the inverse Jacobian matrix)

1
f'b+h) — b)) = (/ T b+ th)dt) h.
0

Then, for each coordinate j = 1,...,d,
1
F o+ — £ (b) = (/ PjJ_l(b—i—th)dt) h. (B.1)
0

f is a homeomorphism between U and V hence f~! maps the boundary of § into boundary of f~!(S) =
Q,(a). Therefore, there exists a coordinate j € {1,...,d} such that

L‘j‘l(b +h) —Jg‘l(b)‘ =r.

Then, by equation (B.1)

1
p= 04w =) = ([ 2o o+ ma) | < q i = ar.

r
Hence, R’ > L > min(;—'l,...,;—fi) = R. We get that

<

Or(b) € O (b) € § = f(H(a)).

Since we already argued that V D f(H(a)) 2 Qg(b) is open, then clearly f —1is holomorphic in an
open neighborhood of Qx(b). This proves item (1) of Theorem B.1.

The second item of the Theorem is proved with a similar argument: let y”,y' € Qg(b) and put
h' =y’ —y'. Applying again the mean value theorem

1
- ‘( / Py + zh’)dt) W
0

This proves item (2) of the Theorem. [l

0 - )

<ol

C. Norm bounds on the inverse Jacobian matrix

Let F = (a,x) € @d, a=(ap....x), X = (x,...,xy). Putz; = z;(4) = M i =1,...,d. By
direct computation, the Jacobian matrix J = J, (F) = J, (a,x), of FM,_ at F is given by

1 . 1 0 . 0
21 . Zd 1 . 1
2 2 I, 0
_ 7] . 7 271 . 2z4 d
J;(@,x) o . _ dol @
24712 Qa2 L @d -2
where D is a d x d diagonal matrix, DjJ = aj27r iAzj, j=1,...,d,and I, is the d x d identity matrix.
Denote the left-hand matrix in the factorization (C.1) by U,; = U,,(zy, . ..,z,). The matrix U, is

an instance of a confluent Vandermonde matrix, whose inverses have been extensively studied in [7, 30,
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31]. In particular, the elements of Uz_dl can be constructed using the coefficients of polynomials from an
appropriate Hermite interpolation scheme. Consequently, we have the following result due to [31].

THEOREM C.1 (Gautschi [31]; equations (3.10), (3.12)). For z, ..., z; € C pairwise distinct, put

_ A
Uzdl(Zl,-u,Zd) = |:B:|’

where A, B are d x 2d. Then, we have the following upper bounds on the 1-norm of the rows of the
blocks A, B

2d
DAl SA+20+15DADG  j=1,.d ©2)
k=1
2d
DBl <A+IZDE j=1,.d, (C3)
k=1
where
d d 2
1 1
A = , I = H LIzl
J o 17— 2l J Nz — 2]
=LE# =104 '
Proof. Proof of Proposition 5.3 By the factorization (C.1)
I, 0
-I)L(F) = U2d(Z1,-~~,Zd) |: 61 D i| s
where z; = ¥, z, = ¢4 and D = D(z,...,z,) is the d x d diagonal matrix, D;; =

ajZnikzj, j=1,...,d
By assumption, the mapped nodes {z;} are pairwise distinct, and so it immediately follows that J, (F)
is non-degenerate.

Put Uz_d] = Uz_d] @552 = |:2 :|, where A, B are d x 2d. Put B = D™!B. Then

A
-1 _| 4
J; (F)—[B:|. (C.4)
By Theorem C.1
2d
DAl < A +200+ I5D1AN T j=1sd, (C.5)
k=1
2d
2Bl < A+ 15D, j=1..d (C.6)
k=1
where
d d 2
1 1
A= s I = H + |Zl|
! lzj — 2l ! z; — 2|
e=10 't e=102j 't
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Non-cluster node Let £ be such that x, € x \ x°.

By assumptions we have

lzg — 2l = 1, Vx, € X\ X% x; € X, L #].
Then we obtain
Lo d—1 _
Ay = < =K@, (%)
J=lAe
while
2 2
d d
Fg = Lt |Zj| 3d 1 !
j=rize e = 3l jorize e = 9]
2
- 3d—1 ﬁ_d+1
=~ 2
(15211) (€8)
2
3 (3)d—1 1
=|(2 —
(1)
=K (1, d,p).
Inserting equations (C.7) and (C.8) into (C.5) and (C.6), we get
2d
D Al < (4200 + [7,DIA DT, < (1 + 6K5)Kg = K, (7, d. p), (C.9)
k=1
and
2d
DBl < A+ Iz Ty < 3K, = Ko7 d. ), (C.10)
k=1

for each £ such that x, € x \ x°.

Now, we are ready to bound the norms of rows of the blocks A,E for each non-cluster node
index.

For the block A, such bound is given in equation (C.9).

For the block E, we have, using equation C.10,

2d 2d
S Bl =3 a2ming) Bl < 221 = Ky, i, d ) (C.11)
P Lk po 14 l Lkl X Tm A PANMLE R LRed) )\” .

for each £ such that x, € x \ x°.

This completes the proof of equations (5.2) and (5.3) of Proposition 5.3.
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Cluster node

We now bound the norm of each row of J;~ '(F) at an index corresponding to a cluster node.

By assumptions
|Zj - Zk' > h, Vxls-xk’ € Xcsj # k7
|zj — 24| > 7, Vx; € x°,x, € X\ X°.

Then, for each j such that xj € x¢

B d 1 d—1
j = L X T ~ >
Pt |2j — 2l h
while
1+ Iz, ’ d o\
r= { 3d-1 H
L=1#] |Zf Ze| 0=1,04] |Zj Zf'
— L Ly ]
2
= —d+p7—p+1
B DRy +pj—p+
~ d_ 2
(15211)

=K8 (ﬁ’ d’ p)il—2p+2’

2
N L s—dh

where Kg(7i,d,p) = | 3¢ I'Zi—pz )
(L420)

Inserting equations (C.12) and (C.13) into (C.5) and (C.6), we get

2d
DAl < A +2(0+ IDIAN T < 7(d — DERgh™ !
k=1

= K3 (ﬁ7 d’p)il_2p+l,

2d
Z |B],k| < (1 + |Z]|)I; < 3K8i‘l_2p+2
k=1

for each j such that x; € x°.

‘We now bound the norms of rows of the blocks A, B for each cluster node index.

For the block A, the bound was given in equation (C.14).

(C.12)

(C.13)

(C.14)

(C.15)
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For the block B, we have, using equation C.15,

Z Bial = Z a2ring) ™ 1By < 20 i
(C.16)
= K, (i, d, p, m)%irzl’“,
for each j such that Xj € ) o
This completes the proof of equations (5.4) and (5.5) of Proposition 5.3. O
D. Proof of Proposition 5.11
Proof. Letthemap g = g, : @d ~ C? — C* be defined as
glay,....ag,x1,...,%y) = ay, k=1,...,d, (D.1)
Gapiag, ... ag,xy,...,x5) = eFTIMN k=1,...,d.
Consider the definition of the Prony map PM from (A.2). We thus have
FM, =PMog,. (D.2)

Put
W= g, () 1, () = ,(U).

We will show that g, is injective on U and that PM is injective on W.

First, we show that PM is injective on W.

Proposition A.1 gives sufficient conditions for PM to be one-to-one on a subset of C2?, the next
Proposition asserts that these conditions hold for W.

ProrosiTioN D.1 Let A € A(x). Thenforeachv/,v/ € W = gk(Hr‘; @ (F)) = g, (U), withv' = (a’, z’)
5

=(d),....d), 7 =(,....2), V' =@",2"),a" = (d],....d), 7" = (,....Z) and v # Vv’
holds that:

1. aJ’.yéOforjz 1,...,d.
2. z};ﬁz}cforeachl <j<k<d
3. z};ﬁz%foralll<j<k<d.

Proof. Leti € A(x) andletv,v’ € g, (H:; i (F)) as specified in Proposition D.1.
* 2

The first assertion is apparent from the fact that ||a’ — a|| < m and the assumption that |aj| > m for
j=1,....d.

We now prove assertions 2 and 3.

Letz = (z;,...,z4), withz; = ezni)‘xl,...,zd =e

As a first step, we argue that for each pair of mapped nodes Zj> Zper 1 <j<k<d,

2w idxg

lz; — 2l > 4ath, 1<j<k<d. (D.3)
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Indeed, with the assumption that 2/ < 2(l)_d we have that

LA g (D.4)
—_ > — . .
2 d2 > LTTAT

By (D.4) and since A € A(x)
Z(zj,zk) > 2xAth. (D.5)

Then by (D.4), (D.5) and (5.6)
|z; — | = 4Ath.
Next, we claim that
W C HY, 5, op(a,2) = {(a’,z’) eCa —a| <m, || —z| < 2Arh] ) (D.6)
Let (a”,x") € Hn01 o (F). To show (D.6), we need to verify that g, (a”,x") € an,zxrh(a’ z). For this
z G2miry

. 1 . .
purpose, put g, (@”,x") = @”,2"), 2" = ( ..., ™4y Then, using the integral mean value

bound, foranyj =1,...,d,

AT ik < max d p2mirx th
CE{x]-+t(xj/.”—x]-):te[0,1]} dx c| 2w
Ah
< Athe
< 2ATh,

where in the last step, we used the assumption 24 < Z;ﬁd and the fact that A < %, which then implies

that ¢*" < 2. This in turn proves (D.6).
‘We now prove assertion 2.
Let 1 </ < k < d and assume by contradiction that zj’. =z,.. By (D.6), (a',7)) € Hl(;z,ZArh(a’ z) then

|zj — zjl < 2Athand |z, — zj| = |z — 2| < 2Ath. Then
|z; — 7l < lzj — zj| + |z, — 7| < 4Ath,
which is a contradiction to (D.3).
Finally, we prove assertion 3.
Assume by contradiction that for 1 <j < k < d, zj’. =z;. By (D.6) |z; — z,j{| < 2Ath. By assumption
|z — zj’.l = |z, — 2| then by (D.6) |z, — z]’.| < 2)th. Using these
|zj — ¢l < gy =zl + |7 — Zj| < 4Ath,

which is a contradiction to (D.3).
This completes the proof of Proposition D.1. U

Now, by Propositions D.1 and A.1 we have that PM is injective on W.
We now show that g, is injective on U.

ProrosiTION D.2  For each A > 0, the map g, is injective in the polydisc H; L (F).
2

Proof. Let (a/,x),(@",xX") € H;’1 , (F) such that g(a”,x”) = g(a’,x’). We will show that (a’,x') =
S

(a//’ X//) .
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For the amplitudes coordinates k = 1,....,d, g, (a,,...,az,x,,...,x;) = a; therefore a” = a’.
For coordinates d + 1,...,2d,
_ _ 27Ti)»Xj i—1 d
gd+j(a1,...,ad,xl,...,xd)—gd+j(xj)—e s j=1,...,d.
Fix a certain 1 <j < d and set x]/. = (xj/. + ,B]fi, al, ,B]f € R. The set of complex numbers w = « + Bi such

2irX,

that g, ;(w) = g,,,;(x)) = €™ " is equal to

l
., _ / _ /
S]:Ha+ﬂlﬂ—‘3,0[—0lj+x,VE€Z]

J
arbitrarily we have x”" = x'. O

Since (a’,x'), (@”,x”) € H° | (F) implies that |xj’. — x]’.’l < % then x/ = xj’. and because j was chosen
m,ﬁ

. 2 1 1 : _
By assumption A < 5757 and £2h < 4y then 3 > h. Using the former, U = H;, o (F) C H;, L (F)

then by Proposition D.2 g, is injective on U.

We have shown that g, is injective on U and that PM is injective on W = g, (U) then by (D.2) FM,
is injective on U.

This completes the proof of Proposition 5.11. (]

E. Proof of Proposition 5.16

Proof. First, observe that if ' € &, is of the form F' = (a”™,x™) + %l’,, withm € [T jand £ € 74 and
@,x) € A_; (F) then

1
FM, (F') = FM, ((a’”,x’” + xe))

d g
_ ’ 27 iA (X o+ 30)
= E a”(].)e 7 ()

j=1

=FM, (@@,x)).
Since by definition of A_ ; (F) (see equation (5.24) ), (a’,x') € A_; (F) implies that (a’,x’) € E, ;) (F),

then the above shows that

E.n®2|( U UA;’J(F)JF%z RES

welly ge7d
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For the other direction, let F/ = (a’,y’) € E, ) (F) with a' = (d),....dp)andy = (y},....y).
Put u' = FM, (F'), then 1’ € Q,(i,) (with u; = FM, (F) as above).

By definition of the set A_ ; (F), there exists a signal F” € A_ ; (F) such that FM, (F") = 1, and put
F' = @",x")witha" = (d,...,d)) andx" = (x],...,x)).

Recall that by (D.2) (see (A.2) and (D.1))

FM;, = PMog,.

Put g, (F") = (@",2") with 2" = (2],....zp). 7] = ™™ for j = 1,...,d. By Proposition D.1
each point in W = g, (U) has non-vanishing amplitudes and pairwise distinct nodes. We have that
F" € A, (F) € U and hence (a”,z") satisfies the above properties. Then, by Proposition A.1, the set

of all solutions to the equation PM ((a,z)) = p’ is given by
{@7,27) 7 en,}. (E.1)
By (E.1) there exists w € I1,; such that
8.(F) = g, (@.y) = @ 2.

Finally, since x{, .. .,x/; are real, the set of all solutions to the equation g, ((a,x)) = (@"7,z"") is
given by

1
[(a””,x”” + Xe) Le Zd] .

By the above, F’ is of the form (2”7, x"" + )%Z) for some s € [T;and £ € 74,
This concludes the proof of Proposition 5.16. g

F. Proof of Proposition 5.17

Within the course of the proof, we will make appropriate assumptions of the form % <2< CT”, with

C’, C" being constants depending only on d, for which some arguments of the proof hold. It is to be
understood that Ky is the maximum of the constants C" and K, is the minimum of the constants C”.

Assume that 2 > @. Then, the length of the interval [%2;2—_1, 252—_1] is larger than % and by

Proposition 5.8 there exists an interval / C [% Zle, %% + %] such that

I C A(x), 1| = Qd*n)~". (E.1)

Fix
1 2 1 2 1:|

I, =[x, A 2P MNCcAxN |z - —— + —
=0+ Qa1 <€ A®X) [22d—1 22d—1+77

to be the sub-interval of A(x) N [% %, %% + %] with the minimal starting point A; which satisfies

(F.1). We will show that there exists A € I; that satisfies (5.25).
We require the following intermediate results.
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As in Section 5.3, we denote by v the Lebesgue measure on R.

LEmmA F.1 Let% < a < land I = [a,l1]. Then, for each €,0,c € Rsuchthat 0 < o < 1,
0 <e < gy and [e] > 85777 it holds that
v({x € 1 : 3k € Z such that [kx — c| < e}) < all|.

LemMmA F2 Consider the interval [a,b] C (0,00) and let S C [a, b] be a union of N disjoint sub-
intervals § = JY_,[a;, b,]. Set ™! = [+, 11and 57! = U?]:l[bli, all_]. Then

v(s) _ bv(S™
v(l) avdh’
ProrosiTiON F.3  There exists constants K, K;, depending only on d such that for % <2 < %
the following holds. For each 3 < |c| < %, there exists an interval I C A(x) of length || = (2d*n) ™"

such that for all A € I and for all k € Z L

C—_
A

> 3h. (F2)

We now complete the proof of Proposition 5.17 using the claims above and provide their proofs
thereafter.

Step 1:

First, it is shown, using Lemma F.1 and Lemma F.2, that there exists A* € /; such that for all pair of
distinct nodes i, with not both x;, X; in x¢, it holds that

1
> (324471 = for alln € Z. (E3)
1

n
)xi — X + F
Put

—1 1 1 -1 -1 A
I = S L2153 |’ I =M= ﬁ’l :
A+ (@)1 Ky I+ @2m)°
Fix any distinct indices i, such that not both x;, x; are in x°. Put ¢; J=Xi—X and observe that under
the cluster assumption
l

leijl = m. (F.4)

Put/ = 71_1, c=c¢jhp, €= (32dH ' and @ = %. We now validate that under appropriate assumptions

on the size of £2, we have that I, ¢, €, o satisfy the conditions of Lemma F.1. Put a as the left end point

of the interval I then with 2 > nld we have that a > % With d > 2 by assumption we have that

1 1 " 2
€= 37 < —100d2.W1th 2 > wa We have that
1 =117 > @d*na) (F5)

Now, with (F.4) and (F.5), we have that |c| > Sﬁ. Having validated the conditions of Lemma F.1 hold
for I, ¢, e, we now invoke it and get that

- _ 1 -~
u({tez1 T Zsuchthat)kt—ciJkl‘ < (32d% 1}) < I,
Then

v( [t € Il_l : 3k € Z such that ’kt —¢jj

1 1
<(32d4)—1—] < —|I7h.
)‘1 ) d2 1
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Now, we apply Lemma F.2 and conclude from the above that

(\rel,:3keZs chthatf— <(32d4)—1i )<3|1| (E.6)
Vv 1 - u )\’ CIJ B )\’1 d2 11 .
Define the set
k a1 1
E= U |Aell 13k € Z such that |- — ¢;;| < (32 E]'
1<i<j<d
—(x;ex“ Axjex‘)
Then, using (F.6) and the union bound
d\ 2

v(E) < 5 d—2|11| < |L]. (F7)

We conclude from (F.7) that there exists A* € I; which satisfies (F.3).

Step 2:
Now, we show that in fact A* satisfies (5.25), i.e. it satisfies the condition of Proposition 5.17.
Let (7,€) € I1; x (Z% \ {0}). We will show that there exists A5 € A(X) such that for all & € I],

and for all £ € Z¢
- 1 ~ 1
’ T4

Proposition 5.17 will then follow by Proposition 5.16. i
We can assume without loss of generality that 7 = id. Accordingly, we put AEA*(F ) = Ag ;= (F),

and we will prove that there exists A; € A(x) such that for all w € IT; and for all £ € 74
1~ . 1

Fix i such that £; # 0 and set n = £,. Assume that x; € x, and one can verify that the case where
x; € x\ X is proved using a similar argument to the one that is given below.

In the cases considered below, we will use the following fact about the ‘radius’ of the set A ; (F) for
each A € A(x), established in Proposition 5.14. For each F' = (a’,x') € Ag ; (F) withx' = (x},...,x}),

1
‘x]/- —xj‘ <Cig @R <, ji=1,....d (E.10)

We consider the following mutually exclusive and collectively exhaustive cases:
Case 1: & < g.

Putc = % Then, under the assumption of this case and with £ > 3i we have that 34 < |c] < %.
We can therefore apply Proposition F.3 for ¢ and (under appropriate further assumptions on §2) get that
there exists an interval I, C A(x) of length |I,| = (2d*n)~!, such that for all A € I, and for all k € Z it

holds that
> 3h. (F.11)

Put
1 1

L = [, Ay + (d22)7 1], L . — =0
2 [ 25742 ( 77) ] 2 )»2+(d2271)71 )"2 2 242
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Let 1 <j < d be any index such that Xj €X \ x¢. Put ¢ = (x; + A"—* — xj). Then

n n n n_ 5
F_xﬂ}'xi_xj'_F}n_F277_62677’ (F.12)
where in the second inequality, we used the fact that x; is a non-cluster node, and in the third inequality,
we used the assumption of case 1.

Put/ = 12_1, c= cjkz, € =2h)yand o = %1. By (F.12) we have that |c| > %77)»2- Using the former,

one can validate that there exists positive constants C'(d), C”(d) such that if ' ) <2 < %, then
I, ¢, €, ¢ meet the conditions of Lemma F.1. We then invoke Lemma F.1 and get that

|Cj| = |xl- +

~ 1 -~
v({t € 12‘1 13k e Zsuchthat‘kt—cjkz‘ < 2hA2}) < ZZ|12—1|.

Then

1
<)) < 51171

v({telz_l :EIkeZsuchthat‘kt—cj ¥

By the above and using Lemma (F.2)

k
— —C:
A

v([AeIZ:EIkeZsuchthat :

1
<2h]) < 3|12|. (F.13)

Define the set

k
E = U [AEIZ:HkEZsuchthat X_cj §2h].
1<j<d,
x]'¢XC
Using the union bound and (F.13)
V(E) < |L]. (F.14)

We conclude from the above that there exists A € I, such that for any non-cluster node x; and for any
kel

n
xi+k—*—xj—x > 2h.
On the other hand, we have that for all k € Z (see (F.11))
k
22 s
AF A

Fix Ag = A Then, using the above, for any w € I, and any k € Z, if X i) is a cluster node then

n k n k
xi+F_xn(i)_A_z 2 )L—*—)L—Z —|xi—xﬂ(l-)|>3h—h=2h, (FlS)
and if x_ ;) is a non-cluster node then
n
X; + F _xﬂ(i) — ; > 2h. (F16)

Now by combining (F.10), (F.15) and (F.16), we get that A; satisfies (F.9). This completes the proof
of case 1.

Case2: & > dandVy e x\x°: |x; + & —y| > ¢

We show that in this case, there exists A € I} such that A; = A satisfies (F.9).
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Put (as above)

1 _ 1 1 T _ oy -1 _ M
L =\ |0 b =M = s |
o+ @)1, o+ (d221)

Put/] = 71_1, c= A”—*)»], € =3h\ and o = 4—1‘. By the assumptions of this case, we have )fl—* > %, then
c=35A > gkl. Using the former, one can validate that there exist positive constants C’'(d), C”(d) such

that if % <2< %, then I, ¢, €, o meet the conditions of Lemma F.1. We then invoke Lemma F.1
and get that

~ 1 -
v({tell_l 13k e Zsuchthat‘kt— ;—*)q’ < ShAI}) < Z|I]_l|.
Then
1
v(fre 3k e Zsueh that b — | <3n}) < i)

By the above and using Lemma (F.2)

k
v( A €1} : Ak € Z such that
AoAE

1
< 3h]) <5l (F.17)

Now, for any index j such that X; is a non-cluster node put ¢ =x; + A”—* —Xj. Put/ = 71_1, c= cjkl,
€ =2h) and o = %l' Then, by the assumptions of this case |c| > {A; and with this one can validate

that there exist positive constants C’(d), C”(d) such that if % <2 < #, then I, ¢, €, @ meet the
conditions of Lemma F.1. Invoking it and using Lemma (F.2) we have that

v( [A € I, : 3k € Z such that

k 1
T <2hi) < Zz'lll' (F.18)

Define the set

k
E = U [Xell : dk € 7Z such that X_Cj <2h].
1<j<d,
G Ex©
Using the union bound and (F.18)
1
V(E) < §|11|- (F.19)

Now, combining (F.17) and (F.19), we get that there exists A € I; such that forall k € Z

k
WL YA
PR
xi—|—):l—*—x]—— > 2h, Va; € x\ x°.

Finally, setting A; = A we get from the above and (F.10) that A; satisfies (F.9).

Case3: & > land Iy e x\x“: |x; + & —y[ < L.

First, we note that since the non-cluster nodes are each separated from any other node by at least
n, there can be at most one node y € x \ x° such that |x; + Al* -y < %. Therefore, let j be the index
of the non-cluster node for which we have |x; + A”—* — xj| < g. By the choice of 1*, we also have that
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Ix; + % — x| > (32d*)~! A—ll (see (F.3)). We conclude that

1 n
4\ —1
G2 = <+ 37— 1 <

5

[ B

and for 2 < we then have that

_1_
96d3h
n n
3h < |xi+F —xj| < 3
We now invoke Proposition F.3 and get that there exists an interval I; € A(X) of length |I5] =
(201277)_1 such that for all A € I5 and for all k € Z

n k n
xi+ﬁ_xf_x > 3h. (F.20)
Put
Ly = [Ay, A + Qd%) ™1 i PR S 7 = a0t
3 373 ’ 3 )\3 + (d22n)7] ’ )\-3 ? 3 353 -

For each index 1 < £ < d, £ # jputc, = x; + 55 — x, and note that

5
6"
Putl = i;l, ¢ = Cyh3, € = 2hiy and a = 21_d- Then, with the above |c| > %nk3 and then following
similar computations as in the previous cases (see cases 1, 2), one can validate that /, ¢, €, meet the
conditions of Lemma F.1 for %/ <2< CTN where C’, C” are constants depending only on d. Invoking
Lemma F.1 with I, c, €, ¢ we get that

n n
le| = |xi+k—*—xj—|—xj—x£| Z X —xl =+ —xl =

A*

~ 1 -
v({re st 3k e Z such that [kr — iy | < 2t} ) < L

Then

v({re " 3k e Z such that [k — ¢ | < 2n}) < %ugw.

By the above and using Lemma (F.2)

v( [A € I5 : 3k € Z such that

1
< Zh}) < Sl (F21)

——c
A 4
Define the set

E = U {ke@:ﬂkeZsuchthatX—ce

ISe<d, t#)

§2h].

Using the union bound and (F.21)
v(E) < |I].

We conclude from the above that there exists A € I5 such that for all k € Z and for any index 1 < £ <
d,l #j,
n

5+ > 2h. (F22)

_x[_x
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Put 4; = A. Recall that /5 satisfies (F.20). Then, with (F.20) and (F.22) A; satisfies that for all k € Z and
foranyindex 1 < ¢ <d

n k
xi+)h—*—x£—)\—E > 2h.
Using the above and (F.10), we get that that A; satisfies (F.9). O

We now prove the intermediate claims: Lemma F.1, Lemma F.2 and Proposition F.3.

Proof of Lemma F.1. Leta,e,a,cand I = [a, 1] as specified in Lemma F.1. Without loss of generality,
we assume that ¢ > 0, consequently it is sufficient to prove that

v({xe[ : dk € N such that |kx — ¢| < e}) < alll.
If 0 < ¢ < 2 then one can verify that
v({x € I:3k € Nsuchthat [kx — c| < €}) < 2¢

Then, under this condition and with the assumption that ¢ > 8 T” ,

we have that 2¢ < «/|l|, therefore
v({x € 1:3k € Nsuch that |kx — c| < €}) < 2¢ < all].

‘We now prove the case ¢ > 2.
Let N € N be the unique integer such that

C <a<—°2 (E23)
lc] +N le] +N—1
Then
al € al 1
v({xel:3k e Zsuchthat |kx —c| < €}) < = 2¢ . F.24
(1 | | }) Z(;LchLk %Lc]—i—k 24
If N < 2 then with ¢ > Sﬁ
N 2 1 ¢
8— < alll.
Z(;Lcj+k Z()Lc]+k< c ol
Combining (F.24) with the above proves the claim for this case.
We are left to prove the case N > 3,¢ > 2.
For H,, the n'" partial sum of the Harmonic series we have that
logn) +y <H, <logn+1)+y,
where log is the base 2 logarithm. Then
. < 2e (log(le] +N + 1) —log(lc] — 1))
k=0
N+1
= 2¢log —LCJ tNT (F.25)
le] =1

N+2
=2610g(1+ B _1).
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Using (F.23) and since by assumption a > % we have that

N < [c] +2. (F.26)
Then by (F.23) and (F.26) (and assuming N > > 2)
N-2 N-2 1 (N+2 1 (N+2
H=1—-a> > >-( +)>—( +). (F27)

le] +N—17 2lcl+1 7 52[c]+1 7 25|c]—1

Inserting (F.27) into (F.25) and using the assumption that 100e < «

N+2
2¢log | 1 + < 2elog (1 + 25|1))

le] —1
= 2elog(e) In (1 + 25|I]) (F.28)
< 100¢|1|
< all],

which then proves the claim using (F.24) and (F.25).
This completes the proof of Lemma F.1. (]

Proof of Lemma F.2. For any sub-interval [c,d] € I we have that

11
v([c,d])_d—c_cd%—%<bv([3’5]) £29
- (F.29)
v(I) b—a ab s—5 @ v~
Using the above
v(S) v(la;, b;] V([b o iy _1
= — = —\)(S )
v(D) Z v(l) Z v
This completes the proof of Lemma F.2. (]

Proof of Proposition F.3. Without loss of generality, assume that ¢ > 0 and put 7 = cA;.
We will use the following inequality repeatably below. For each k > 0 and 0 < o < 1| we have

k 1 1 k
k(= - <X (F.30)
223 A M ta 12

Put B8 = T — |T] and consider the following cases:
Casel:% <B < %.

We show that in this case / = I; C A(x) satisfies (F.2) provided that 2k < % and 2 > din' To see
this, recall that I; = [A;,A; + (2d?n) 1. Put A() = A, + @, 0 < & < (2d*n)~'. We have that for each
integer k < |T]

T k > B S 1

k
‘C_ T M@ T a8y

Ma)
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On the other hand, for each integer k > [T]

k k=T 1 1
c——| > —k= - —
A@) A A AMa)
S k—T ka k- T) 1 o To
T Aooar) o Al
> (1-p) 1 o Ta
~ Mooa ) oM

>1(1 (x) Ta
zo\T =) =2
8\ M A Al

where in the second inequality, we used (F.30). Using £2 > % = f‘—l <
have that

(F31)

T 1 d
-y <6and.(2h<%we

=

11 « Ta 1 1 1
A—-=)-== — = > 3h.
8\ A A2 A2 716 324 324

We conclude from the above that for % < B < % (and under the assumptions on £2 and 2h) I =1; C
A(x) satisfies (F.2).
Case2: 8 < é

First, if | T] = 0 we show that I = I; C A(x) satisfies (F.2) for £2h < %l. Fork =0

k
c——'=c>3h.
A

Fork > Oand A € I;

1 B _ 1 1 3
c—o|l=lE -2 — —— = >3,
A A 24 84 8,

where in the last inequality, we used the assumption that 24 < %.
Now, assume that | 7| > 0 and consider the next inequalities

1 1
T (— — —) > 3h, (F.32)
A Alo)
LT] ! : : (F.33)
—_— )< —. .
A A 41,
We show that if for 0 < o < Ay, A(«) satisfies both (F.32) and (F.33) then A(«) satisfies (F2), provided
that 2h < 2.

For any integer k < |T| we have, using (F.32), that

T k ( 1 1 )
——2>2T{— - —— ] > 3h
A M) A M)
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For any integer k > | T |
k T < LT T n 1

Ma) Ay A@ xl Ma)

1 B 1
> (= - — ) -+
kl rMa)) A A@)
1 B 1
4 A Ma)
3 1
2__ -
8h, 21,
1
2_
23}1,

where in the third inequality, we used (F.33), in the fourth inequality, we used both 8 < % and 0 < o <
A1, and in the last inequality, we used £2/ < 2‘2

We then conclude that when £2h is small enough, each A(a) with 0 < o < A; which satisfies
both (F.32) and (F.33) satisfies (F.2). We now solve (F.32) and (F.33) for «. By (F.30) 2%% > 3h =

T ( )}1 W) > 3h, then each 0 < o < A4 such that
6A3h
o> —
T
smmmﬂFﬂ)By@%DUW ﬁT:Lm(%—ﬂﬁﬂ < 7. then each 0 < & < 4, such that
)‘l
4LTJ

satisfies (F.33).
‘We conclude from the above that for

6A3h A,
el —+—.—*%)=15
T '4(T] ;

M(a) satisfies (F.2).

Now, we recall that by Proposition 5.8, every interval I’ C [%zf—], ML]] of size % contains a sub-
interval I of size (2d217) ! such that I ¢ A(x). Put Iy =M +Landls=1,N [%% 2“?1]. We will

now validate that |/5]| > ; for 2h < 7—2. To prove that, we show that

A+6ﬁh+1 o @
e — mln
T = " AT 2d—1
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. 6x3h | 1 AL
First, we show that A + == + 5 < Ay + g7f7

A 6)2h Ay (1 6 (1 ]
il Sl e § ——6rh) ==~ —6rh il
4\T] T T \4 n \ 4 r]
n

6

where in the penultimate inequality, we used the proposition assumption that

last inequality, we used 27 < 7—2 Next, we show that | + —— or h +1 < 2‘;@—7] for 2 >

n
Qh<ﬂ

T .
> ¢ = +—, and in the

Al
502d—-1)

and
1

A +6)”2h+
! T

113 1
Ay (1+61.h) + oS <M +

1
N

<—3(L+l>+l< £ .
12\22d - 1) n 2d-1

We conclude that |/5| > % and I5 C [% % %] then by Proposition 5.8 /5 contains a sub-interval /

of size (2d*n)~! such that I C A(x). Since by construction I5 satisfies (F2), this completes the proof of
the case 8 < % of Proposition (F.3).

We are left to prove the case % < B. This case is proved similarly to the case § < %. We therefore
omit the proof of this case. 0

GZ0Z YoIBIN GO UO Jasn AteuqrT XIM Ad 6880285/ LS/Z/0 1 /810IME/IeIeW/WwOo0"dNo oIS pED.//:SARY WO PaPEojumod



	Super-resolution of near-colliding point sources
	1. Introduction
	1.1 Super-resolution of sparse signals
	1.2 Rayleigh limit and minimal separation
	1.3 Main contributions
	1.4 Related work and discussion
	1.5 Organization of the paper

	2. Minimax bounds for clustered SR
	2.1 Notation and preliminaries
	2.2 Uniform estimates of minimax error for clustered configurations

	3. Numerical optimality of MP algorithm
	3.1 The MP method
	3.2 Experimental setup
	3.3 Results

	4. Normalization
	5. Upper bounds
	5.1 Overview of the proof
	5.2 l -decimation maps
	5.3 The existence of an admissible decimation
	5.4 Error sets of admissible decimation maps
	5.5 Proof of the upper bound

	6. Lower bounds


