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Abstract

In this paper, we study the finite-sample statistical rates of distributional temporal
difference (TD) learning with linear function approximation. The aim of distribu-
tional TD learning is to estimate the return distribution of a discounted Markov
decision process for a given policy 7. Previous works on statistical analysis of
distributional TD learning mainly focus on the tabular case. In contrast, we first
consider the linear function approximation setting and derive sharp finite-sample
rates. Our theoretical results demonstrate that the sample complexity of linear
distributional TD learning matches that of classic linear TD learning. This implies
that, with linear function approximation, learning the full distribution of the return
from streaming data is no more difficult than learning its expectation (value func-
tion). To derive tight sample complexity bounds, we conduct a fine-grained analysis
of the linear-categorical Bellman equation and employ the exponential stability
arguments for products of random matrices. Our results provide new insights into
the statistical efficiency of distributional reinforcement learning algorithms.

1 Introduction

Distributional policy evaluation [Morimura et al., 2010, Bellemare et al., 2017, 2023], which aims to
estimate the return distribution of a policy in an Markov decision process (MDP), is crucial for many
uncertainty-aware or risk-sensitive tasks [Lim and Malik, 2022, Kastner et al., 2023]. Unlike the
classic policy evaluation that only focuses on expected returns (value functions), distributional policy
evaluation captures uncertainty and risk by considering the full distributional information. To solve
a distributional policy evaluation problem, in the seminal work Bellemare et al. [2017] proposed
distributional temporal difference (TD) learning, which can be viewed as an extension of classic TD
learning [Sutton, 1988].

Although classic TD learning has been extensively studied [Bertsekas and Tsitsiklis, 1995, Tsitsiklis
and Van Roy, 1996, Bhandari et al., 2018, Dalal et al., 2018, Patil et al., 2023, Li et al., 2024a,b, Chen
et al., 2024, Samsonov et al., 2024a,b, Wu et al., 2024], the theoretical understanding of distributional
TD learning, which is important for risk-sensitive tasks [Wang and Zhou, 2020, Wang et al., 2018,
Moghimi and Ku, 2025, Avila Pires et al., 2025, Qi et al., 2025], remains relatively underdeveloped.
Recent works [Rowland et al., 2018, Bock and Heitzinger, 2022, Zhang et al., 2025, Rowland et al.,
2024a,b, Peng et al., 2024] have analyzed distributional TD learning (or its model-based variants) in
the tabular setting. Especially, Rowland et al. [2024b] and Peng et al. [2024] demonstrated that in the
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tabular setting, learning the return distribution (in terms of the 1-Wasserstein distance?) is statistically
as easy as learning its expectation. However, in practical scenarios, where the state space is extremely
large or continuous, the function approximation [Dabney et al., 2018b,a, Rowland et al., 2019, Yang
et al., 2019, Freirich et al., 2019, Yue et al., 2020, Nguyen-Tang et al., 2021, Zhou et al., 2021, Luo
et al., 2022, Wenliang et al., 2024, Sun et al., 2024, Cho et al., 2024, Shen et al., 2025] becomes
indispensable. This raises a new open question: When function approximation is employed, does
learning the return distribution remain as statistically efficient as learning its expectation?

To answer this question, we consider the simplest form of function approximation, i.e., linear function
approximation, and investigate the finite-sample performance of linear distributional TD learning.
In distributional TD learning, we need to represent the infinite-dimensional return distributions
with some finite-dimensional parametrizations to make the algorithm tractable. Previous works
[Bellemare et al., 2019, Lyle et al., 2019, Bellemare et al., 2023] have proposed various linear
distributional TD learning algorithms under different parameterizations, namely categorical and
quantile parametrizations. In this paper, we consider the categorical parametrization and propose an
improved version of the linear-categorical TD learning algorithm (Linear-CTD). We then analyze the
non-asymptotic convergence rate of Linear-CTD. Our analysis reveals that, with the Polyak-Ruppert
tail averaging [Ruppert, 1988, Polyak and Juditsky, 1992] and a proper constant step size, the sample
complexity of Linear-CTD matches that of classic linear TD learning (Linear-TD) [Li et al., 2024b,
Samsonov et al., 2024b]. Thus, this confirms that learning the return distribution is statistically no
more difficult than learning its expectation when the linear function approximation is employed.

Notation. In the following parts of the paper, (z)4 := max {z,0} for any € R. “<” (resp. “2”)
means no larger (resp. smaller) than up to a multiplicative universal constant, and a ~ b means a < b
and a 2 b hold simultaneously. The asymptotic notation f(-) = O (g(-)) (resp. 2 (¢(+))) means that
f(+) is order-wise no larger (resp. smaller) than g(-), ignoring logarithmic factors of polynomials of
(1—y) "5, e Lo LK, 19" |ls,. 10717, o5, - We will explain the concrete meaning
of the notation once we have encountered them for the first time.

We denote by §, the Dirac measure at x € R, 1 the indicator function, ® the Kronecker product (see
Appendix A), 1 €RX the all-ones vector, 0 €R¥ the all-zeros vector, I €RX*X the identity
matrix, ||u|| the Euclidean norm of any vector w, ||B]| the spectral norm of any matrix B, and
|lul| 5 := Vu' Bu when B is positive semi-definite (PSD). B, < B> stands for B,—B; is PSD
for any symmetric matrices B1, Bs. And H2:1 By, is defined as B;B;_; - - - By for any matrices
{By}! _, with appropriate sizes. For any matrix B=[b(1),...,b(n)]€R™*", we define its vector-
ization as vec(B)=(b(1)",...,b(n)T)T€R™. Given a set A, we denote by A(A) the set of all
probability distributions over A. For simplicity, we abbreviate A([0, (1—v)~1]) as 2.

Contributions. Our contribution is two-fold: in algorithms and in theory. Algorithmically, we
propose an improved version of the linear-categorical TD learning algorithm (Linear-CTD). Rather
than using stochastic semi-gradient descent to update the parameter as in Bellemare et al. [2019], Lyle
et al. [2019], Bellemare et al. [2023], we directly formulate the linear-categorical projected Bellman
equation into a linear system and apply a linear stochastic approximation to solve it. The resulting
Linear-CTD can be viewed as a preconditioned version [Chen, 2005, Li, 2017] of the vanilla linear
categorical TD learning algorithm proposed in Bellemare et al. [2023, Section 9.6]. By introducing a
preconditioner, our Linear-CTD achieves a finite-sample rate independent of the number of supports
K in the categorical parameterization, which the vanilla version cannot attain. We provide both
theoretical and experimental evidence to demonstrate this advantage of our Linear-CTD.

Theoretically, we establish the first non-asymptotic guarantees for distributional TD learning with the
linear function approximation. Specifically, we show that in the generative model setting, with the
Polyak-Ruppert tail averaging and a constant step size, we need

% — -1 —24—1 — — 2
T=0 ((E 2 + )‘min) (1 - 'Y) 2)‘min <K 1(1 - /7) 2 ||0*||IK®2¢ + 1))
online interactions with the environment to ensure Linear-CTD yields a e-accurate estimator with
high probability, when the error is measured by the j,-weighted 1-Wasserstein distance. We also

>Solving distributional policy evaluation e-accurately in the 1-Wasserstein distance sense is harder than
solving classic policy evaluation e-accurately, as the absolute difference of value functions is always bounded by
the 1-Wasserstein distance between return distributions.



extend the result to the Markovian setting. Our sample complexity bounds match those of the classic
Linear-TD with a constant step size [Li et al., 2024b, Samsonov et al., 2024b], confirming the
same statistical tractability of distributional and classic value-based policy evaluations. To establish
these theoretical results, we analyze the linear-categorical Bellman equation in detail and apply the
exponential stability argument proposed in Samsonov et al. [2024b]. Our analysis of the linear-
categorical Bellman equation lays the foundation for subsequent algorithmic and theoretical advances
in distributional reinforcement learning with function approximation.

Organization. The remainder of this paper is organized as follows. In Section 2, we recap
Linear-TD and tabular categorical TD learning. In Section 3, we introduce the linear-categorical
parametrization, and use the linear-categorical projected Bellman equation to derive Linear—-CTD.
In Section 4, we employ the exponential stability arguments to analyze the statistical efficiency of
Linear-CTD. The proof is outlined in Section 5. In Section 6, we conclude our work. See Appendix B
for more related work. In Appendix F, we compare various concepts and results between Linear-TD
and Linear-CTD. In Appendix G, we empirically validate the convergence of Linear-CTD and
compare it with prior algorithms through numerical experiments, confirming our theoretical findings.
Details of the proof are given in the appendices.

2 Backgrounds
In this section, we recap the basics of policy evaluation and distributional policy evaluation tasks.

2.1 Policy Evaluation

A discounted MDP is defined by a 4-tuple M = (S, A, P, ). We assume that the state space S and
the action space A are both Polish spaces, namely complete separable metric spaces. P(-,- | s,a)
is the joint distribution of reward and next state condition on (s,a) € S x A. We assume that all
rewards are bounded random variables in [0, 1]. And v € (0, 1) is the discount factor.

Given a policy 7: S — A (\A) and an initial state so = s € S, a random trajectory {(s¢, as,r¢)},- g
can be sampled: a; | s¢ ~ w(- | S¢), (7, Se41) | (St,a¢) ~ P(,- | S¢,a¢), for any ¢ € N. We assume
the Markov chain {s; },-, has a unique stationary distribution pir € A(S). We define the return of
the trajectory as G™(s) := >_,=, 7'r¢. The value function V™ (s) is the expectation of G™(s), and
V™= (V™(s)),es €ER®. Itis known that V'™ satisfies the Bellman equation:

Vﬂ(s) = an'n-(~|s),(r,s/)~73(-,~|s,a)[T+7Vﬂ—(8/)]7 Vs €S, (1)
or in a compact form V™ = T™V ™ where T” : R® — R is called the Bellman operator. In the task

of policy evaluation, we aim to find the unique solution V'™ of the equation for some given policy 7.

Tabular TD Learning. The policy evaluation problem is reduced to solving the Bellman equation.
However, in practical applications T'" is usually unknown and the agent only has access to the
streaming data {(s;, a;,7¢)},,- In this circumstance, we can solve the Bellman equation through
linear stochastic approximation (LSA). Specifically, in the ¢-th time-step the updating scheme is

Vi(se) < Vica(se) —a (Vica(se) —re = vVici(si1)), Vils) < Vica(s), Vs # 50 (2)

We expect V; to converge to V'™ as ¢ tends to infinity. This algorithm is known as TD learning,
however, it is computationally tractable only in the tabular setting.

Linear Function Approximation and Linear TD Learning. In this part, we introduce linear
function approximation and briefly review the more practical Linear-TD. To be concrete, we assume
there is a d-dimensional feature vector for each state s € S, which is given by the feature map
¢: S — R We consider the linear function approximation of value functions:

Vo = {Vip = (Vip(5)) ,es : Vap(5) = () T9p,9p € R} C R®, 3)
pir-weighted norm [ V7|, := (Egny, [V (s)%])'/2, and linear projection operator TIj: RS — ¥4

M3V = argminy, ¢, [V = Vil , YV €R®.



One can check that the linear projected Bellman operator IIZT™ is a y-contraction in the Polish
space (¥, |||, ). Hence, IT{ T'™ admits a unique fixed point Vz,«, which satisfies ||V — Vi« [[,,, <
(1=+2)"Y2| V™ =TIz V™|, [Bellemare et al., 2023, Theorem 9.8]. In Appendix C.1, we show that
1p* € R? is the unique solution to the linear system for 1 € R%:

(Ed) - ’VES,S’ [qb(S)d)(S/)T]) d" = Es,'f‘ [qb(S)T] ) 245 = ]ESN;J,7r [¢(S)¢(S)T] . (4)

In the subscript of the expectation, we abbreviate s ~ . (-),a ~ 7 (:|s), (r,s") ~ P(-,- | s,a) as
s, a,r, s . For brevity, we will use such abbreviations in this paper when there is no ambiguity. We
can use LSA to solve the linear projected Bellman equation (Eqn. 4). As a result, at the ¢-th time-step,
the updating scheme of Linear-TD is

Linear-TD: Wi Pio1 — ad(se) | ((se) — vP(5641)) | Yr1 — 74 - 5

2.2 Distributional Policy Evaluation

In certain applications, we are not only interested in finding the expectation of random return G™ ()
but also want to find the whole distribution of G™(s). This task is called distributional policy
evaluation. We use ™ (s) € £ to denote the distribution of G™(s) and let ™ := (77 (5))ses € 2°.
Then n™ satisfies the distributional Bellman equation:

17 (8) = Banr(15),(rs)~P(olsia) [(briy) w17 (8)], - Vs €S, ©)
where the RHS is the distribution of 79 +yG™ (s1) conditioned on sg = s. Here b, ,(x) := r+~a for
any € R, and fur € & isdefined as fxv(A) :=v({z: f(z) € A}) for any function f: R — R,
probability measure v € & and Borel set A C R. The distributional Bellman equation can also be

written as ™ = T "™ The operator T™: 22° — 2 is called the distributional Bellman operator.
In this task, our goal is to find ™ for some given policy 7.

Tabular Distributional TD Learning. In analogy to tabular TD learning (Eqn. (2)), in the tabular
setting, we can solve the distributional Bellman equation by LSA and derive the distributional TD
learning rule given the streaming data {(s;, az, r¢)},- o

Me(se) = m—1(se) = alne—1(st) = (br,y) e m-1(se1)]s - me(s) = me—1(s), Vs # sy

‘We comment the algorithm above is not computationally feasible as we need to manipulate infinite-
dimensional objects (return distributions) at each iteration.

Categorical Parametrization and Tabular Categorical TD Learning. In order to deal with return
distributions in a computationally tractable manner, we consider the categorical parametrization as
in Bellemare et al. [2017], Rowland et al. [2018, 2024b], Peng et al. [2024]. To be compatible with
linear function approximation introduced in the next section, which cannot guarantee non-negative
outputs, we will work with 758" the signed measure space with total mass 1 as in Bellemare et al.
[2019], Lyle et al. [2019], Bellemare et al. [2023] instead of standard probability space & C Zsien.

%8 .— {1 y(R) = 1,supp(v) C [0, (1—~)"']}.

For any v € 275", we define its cumulative distribution function (CDF) as F,(x) := v([0, z]).
We can naturally define the L2 and L' distances between CDFs as the Cramér distance /5 and
1-Wasserstein distance W7y in &2°8", respectively. The distributional Bellman operator (see Eqn. (6))
can also be extended to the product space (Z758")S without modifying its definition.

The space of all categorical parametrized signed measures with total mass 1 is defined as
sign K T K—
PE ={vp =3 _oPk0u: D= (po,-.-,pk—1) ERK ppr=1- Zkzol Dk }s @)

which is an affine subspace of &7%8". Here {z,=k¢ K}szo are K+1 equally-spaced points of the
support, txg=[K (l—fy)]_1 is the gap between adjacent points, and py, is the ‘probability’ (may be
negative) that v assigns to xj,. We define the categorical projection operator ITy : Z75€"— F77E" as

— 3 ) sign
Ogv:= argmin,, ¢ s b (v,vp), Yve PN

4



Following Bellemare et al. [2023, Proposition 5.14], one can show that Il v € 3”;?" is uniquely
represented with a vector p, = (pk(z/))kK:Bl € RX, where

pr(v) = f[o,(1_7)—1](1 = (@ — )/ ek ])+v(da). ®)

We lift IIx to the product space by defining [IIxn)] (s) := IIkn(s). One can check that the
sign

categorical Bellman operator ITx 7" is a \/7-contraction in the Polish space ((23F")%, (2 ,,.),
where lo ,, (m1,12) = (Esmp,, [(2(m1(5),m2(5))])1/? is the pu.-weighted Cramér distance between
n1,m2 € (%€M, Similarly, Wi ... (11,m2) := (Egmp, [WE(11(5), m2(s))]) /2. Hence, the cate-
gorical projected Bellman equation 1 = IIx 7 "7 admits a unique solution ™, which satisfies
Wi . (0™, m™5) < (1—7) "', (0™, Ixkn™) [Rowland et al., 2018, Proposition 3]. Applying
LSA to solving the equation yields tabular categorical TD learning, and the iteration rule is given by

ne(se) = Me—1(st) — afme—i1(se) — g (brt,’y)# Ne—1(st+1)],  Me(s) < m—1(s), Vs # 5. (9)

3 Linear-Categorical TD Learning

In this section, we propose our Linear-CTD algorithm (Eqn. (13)) by combining the linear function
approximation (Eqn. (3)) with the categorical parametrization (Eqn. (7)). We first introduce the space
of linear-categorical parametrized signed measures with total mass 1:

P = {770 = (16(5)) es : M0(5) = Y4 Pr(s:0)0z,,0 = (B(0)T,...,0(K-1)T)T € RdK} ;
which is an affine subspace of (Z58")S. Here py(s; 0)=F}(s; 0)—Fj_1(s;8), and

Fi(5;0) = ¢(s)"O(k) + (k+1)/(K +1) forke {0,1,...,K —1} (10)
is CDF of ng(s) at zx, (F_1(s;+) =0, Fx(s;-) = 1), where x> (k+1)/(K+1) is the CDF of the
discrete uniform distribution v on {xy, . ..,z } used for normalization °. In many cases, especially

when formulating and implementing algorithms, it is much more convenient and efficient to work with
the matrix version of the parameter @:= (8(0), ..., 8(K—1)) €RY*X rather than with =vec (®).

We define the linear-categorical projection operator 1I7 ;. : (opsien)S %i@ig;( as follows:

I0j, e o= argmin, ¢ s o, (7,76) V0 € (F757)°,

IT7, x is in fact an orthogonal projection (see Proposition D.2), and thus is non-expansive. The
following proposition characterizes IT3, j, whose proof can be found in Appendix D.2.

Proposition 3.1. For any n € (275€")5, TI7 - is uniquely given by ng, where 0 = vec(©),
O=3 Fy, [B(3)(p(3)—(K+1) 1) TCT), C=[1{i > ¥, e € REE. (1)
Here py(s):=pys)=pk(1(3)))f_y" is the vector that identifies TLxn/(s) defined in Eqn. (8).

The following proposition characterizes the categorical projected Bellman operator IT; 7" when it
acts on the parametrized 1, whose proof can be found in Appendix D.3.

RdK

Proposition 3.2. Forany 0 € and s € S, we abbreviate prry,(s) as pe(s), then

Bo(s) = (7i(s:0))[=, = E [G(ro)C @ d(s1)[s0 = 5| + 7k S0 E [ (ro)|so = 5] -
where for any r € [0,1] and j, k € {0,1,..., K},
g (r) = (L= |(r vz — @) fexc)) o g5(r) = (956 (r)jy € R,

G(r) :=[go(r),...,gx—1(r)] e REXE GQ(r) := G(r) — 1) ® g (1) € REXE,

5The normalizer v is indispensable for achieving tight sample complexity bound, and it also guarantees our
estimator has total mass 1, making the estimator more interpretable.



Since ITf ;7™ is a \/y-contraction in (ﬁzg;}, ly,.,) (T is \/7-contraction [Bellemare et al., 2023,
Lemma 9.14]), in Theorem 4.1, using Proposition 3.1 and 3.2, we generalize the linear projected
Bellman equation (Eqn. (4)) to the distributional setting. The proof can be found in Appendix D.4.

Theorem 3.1. The linear-categorical projected Bellman equation ng=I17 x T "ne admits a unique
solution Mg+, where the matrix parameter ©* is the unique solution to the linear system for @ € R K

TpO-E, v 1] 6(5)6(s)) TO(CGC™) | = Ee | 6(5) (2005 (r) - 16)TCT] . (12)

In analogy to the approximation bounds of |[V™ — V||, and Wy ,,_(n™,n™%), the following
lemma answers how close 1g+ is to ™, whose proof can be found in Appendix D.5.

Proposition 3.3 (Approximation Error of ng«). It holds that
WE, (N me) S K1 —y) 2+ (1—)723, (Ogn™ 105 (n"),

where the first error term K~1(1 — ) ™3 is due to the categorical parametrization, and the second
error term (1 — 7)_263.#” (ILgn™, X% ,m™) is due to the additional linear function approximation.

As before, we solve Eqn. (12) by LSA and get Linear-CTD given the streaming data { (s, az, 7¢) },o o
Linear-CTD: @t(—gtfl —Old)(St) ¢)(St)—r®t71 —¢(8t+1)—r®t71 (Cé(rt)c_l)—r

—(K+1) 7 (X g5(r)—1k)TCT |,

(13)

for any ¢ > 1, where « is the constant step size. It is easy to verify that, in the special
case of the tabular setting (¢p(s) = (1{s=§})zcs), Linear-CTD is equivalent to tabular cate-
gorical TD learning (Eqn. (9)). In this paper, we consider the Polyak-Ruppert tail averaging

Or = (T/2+1)7! Z;[:T/z 0, (we use an even number 7') as in the analysis of Linear-TD in
Samsonov et al. [2024b]. Standard tbeory of LSA [Mou et al., 2020] says under some conditions, if
we take an appropriate step size o, @7 will converge to the solution 8* with rate 7~ /2 as T — oo.

In Figure 1, we empirically validate the convergence of Linear-CTD through numerical experiments.
See Appendix G for details of the numerical experiments.
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Figure 1. Convergence results under varying K for our Linear-CTD algorithm with step size « = 0.01.
These curves exhibit similar trends, demonstrating our algorithm’s robustness across different K values.

Remark 1 (Comparison with Existing Linear Distributional TD Learning Algorithms). Our
Linear-CID can be regarded as a preconditioned version of vanilla stochastic semi-gradient descent
(SSGD) with the probability mass function (PMF) representation [Bellemare et al., 2023, Section 9.6].
See Appendix D.6 for the PMF representation, and Appendix D.7 for a self-contained derivation of
SSGD with PMF representations. The preconditioning technique is a commonly used methodology
to accelerate solving optimization problems by reducing the condition number. We precondition the



vanilla algorithm by removing the matrix CT C (see Eqn. (26)), whose condition number scales with
K? (Lemma H.2). By introducing the preconditioner (CTC)fl, our Linear-CTD (Egn. (13)) can
achieve a convergence rate independent of K, which the vanilla form cannot achieve. See Remark 5
and Appendix G for theoretical and experimental evidence respectively.

We comment that Linear—CTD (Egn. (13)) is equivalent to SSGD with CDF representation, which
was also considered in Lyle et al. [2019]. The difference is that our Linear—-CTD normalizes the
distribution so that the total mass of return distributions always be 1, while the algorithm in Lyle et al.
[2019] does not. See Appendix D.7 for a self-contained derivation of SSGD with CDF representations.

The previously mentioned works, as well as our Linear—CTD, are all limited by the use of signed mea-
sures (Eqn. (7)), which makes them less interpretable. Bellemare et al. [2023, Section 9.5] proposed
a softmax-based linear-categorical algorithm, which is more closer to the practical C51 algorithm
[Bellemare et al., 2017] and it uses standard probability measures. However, the nonlinearity due to
softmax makes it difficult for analysis. We will leave the analysis for it as future work.

Remark 2 (Linear-CTD is mean-preserving). A key property of Linear-CTD is mean preservation.
That is, if we use identical initializations ( EGNne [G] = Vi) and an identical data stream to update

in both Linear-CTD and Linear-1D, it follows that Eg~n, [G] = Vi, for all t. However, the
mean-preserving property does not hold for the SSGD with the PMF representation. In this sense,
our Linear-CTD is indeed the generalization of Linear-TD. See Appendix D.8 for details.

4 Non-Asymptotic Statistical Analysis

In our task, the quality of estimator mg,. is measured by p.-weighted 1-Wasserstein error
Wi, (ng,.,n™). By triangle inequality, the error can be decomposed into the approximation error
and the estimation error: W1, (0™, Mg, )<W1 . (1", Me+)+W1 .. (ne+,Ma,.). Proposition 3.3
already provided an upper bound for the approximation error W1 ,,_ (1™, ne+ ), so it suffices to control
the estimation error W1, (ne+, ng,,.), denoted £(6r).

In the following theorem, we give non-asymptotic convergence rates of £(07). We start from the gen-
erative model setting, i.e., in the ¢-th iteration, we collect samples s; ~ pi(+), ar ~ 7(:|s¢), (1¢, 8}) ~
P(-,-|s¢, ar) from the generative model, and we replace s;1 with s} in Eqn. (13). We give L? and
high-probability convergence results in this setting. These results can be extended to the Markovian
setting, i.e., using the streaming data {(s;, at,7¢)} oo -

4.1 L2 Convergence

We first provide non-asymptotic convergence rates of E'/2[(£(07))?], which do not grow with the
number of supports K. The LP (p > 2) convergence results can be found in Theorem E.1.

Theorem 4.1 (L? Convergence). Forany K > (1 —~) ! and o € (0, (1 — /¥)/76), it holds that
oy L g B R
N\/i(l - )\/ min (1 - ) min T\/>(1 — )7 min
St CCEVaILTTY iy (SR W YT
T\/i(]' - ) >\min \/a (I*W)Amin 0 Va!

where [|0* ||y, = m 0% 15, and (|60 — 6% |y, = m 160 — 6% |.

E'?[(L(07))%) <

In the upper bound, the first term of order 7~'/2 is dominant. The second term of order 7~

has a worse dependence on o~ !, leading to a sample size barrier (Eqn. (15)). The third term,
corresponding to the initialization error, decays at a geometric rate and can be thus ignored. To prove
Theorem 4.1, we conduct a fine-grained analysis of the linear-categorical Bellman equation and
apply the exponential stability argument [Samsonov et al., 2024b]. We outline the proof in Section 5.
In Remark 3, we compare our Theorem 4.1 with the L? convergence rate of classic Linear-TD
and conclude that learning the distribution of the return is as easy as learning its expectation (value
function) with linear function approximation. Rowland et al. [2024b], Peng et al. [2024] discovered
this phenomenon in the tabular setting, and we extended it to the function approximation setting.



Remark 3 (Comparison with Convergence Rate of Linear-TD). The only difference between our
Theorem 4.1 and the tight L? convergence rate of classic Linear-TD (see Appendix C.2) lies in
replacing ||Y*||s,, (resp. ||tpo—1p*||) in Linear-TDwith ||0* ||y, (resp. ||60—0*]|v,). We claim that
the two pairs should be of the same order, respectively. Note that ||0* ||y, and ||0g—0*||y, are of order
O((1—7)~1) if ne~(s) and me, (s) are valid probability distributions for all s € S. This is because in
this case, Fy,(s;0) = ¢(s)T0(k)+(k+1)/(K+1) € [0,1] for @ € {0*,0,}. While in Linear-TD,
[9*|ls, and |[po—1p*|| are also of order O((1=7)~") if Vyy(s) = @(s) "4 € [0, (1—7)7"] for
all s € S and v € {Y*, o }. It is thus reasonable to consider the two pairs with the same order,
respectively. Similar arguments also hold in other convergence results presented in this paper.
Therefore, in this sense, our results match those of Linear-TD.

One can translate Theorem 4.1 into a sample complexity bound.

Corollary 4.1. Under the same conditions as in Theorem 4.1, for any € > 0, suppose

* (|2 *
S R PO PO P
€ (1 - 'Y) Amin (1 - '7))\min 5\/&(1 — '7)5)\min

+ L lo HOO_B*HVQ + lo ! L4-71
(1 = %) Amin ) c g TvVa(1=9)VAmin \ V& /(1=7) Amin .
Then it holds that E'/?[(L(07))?] < e.

Instance-Independent Step Size. If we take the largest possible instance-independent step size,
i.e., & ~ (1 —~), and consider ¢ € (0, 1), we obtain the sample complexity bound

T=0 (5—2(1 )22 (||9*||2Vl + 1)) . (14)

Optimal Instance-Dependent Step Size. If we take the optimal instance-dependent step size
a 2 (1 — 4)Amin Which involves the unknown A,;,, we obtain a better sample complexity bound

T=0((72+ M) (1= 20 (613, +1)). (1)

There is a sample size barrier in the bound, that is, the dependence on A, is the optimal /\;ﬁln only

when 5:@(\/ Amin ), OF equivalently, we require a large enough (independent of ¢) update steps 7.

These results match the recent results for classic Linear-TD with a constant step size [Li et al.,
2024b, Samsonov et al., 2024b]. It is possible to break the sample size barrier in Eqn. (15) as in
Linear-TD by applying variance-reduction techniques [Li et al., 2023a]. We leave it for future work.

4.2 Convergence with High Probability and Markovian Samples

Applying the LP convergence result (Theorem E.1) with p = 21og(1/4) and Markov’s inequality, we
immediately obtain the high-probability convergence result.

Theorem 4.2 (High-Probability Convergence). Forany e > 0andd € (0,1), suppose K > (1—v)~1,
0 € (0, (1~ y/3)/[38 log(T/d2))), and
606" Iy,

N 0*|% +1 log 1 1 0* ||, +1 1 log 27 v
T:O<€2” [ (1+(1a g )1og+ 01y, log L4198 .

(1 - 7)2>\min *'7))\min 4] 6\/&(1 — ’y)%)\min ] a(lf’y))\min

Then with probability at least 1 — 6, it holds that L (O_T) < ¢. Here, the O () does not hide
polynomials of 1og(1/6) (but hides logarithm terms of log(1/9)).

Again, we will obtain concrete sample complexity bounds as in Eqn. (14) or Eqn. (15) if we use
different step sizes. Compared with the theoretical results for classic Linear-TD, our results match
Samsonov et al. [2024b, Theorem 4]. Samsonov et al. [2024b] also considered the constant step
size, but obtained a worse dependence on log (1/6) than Wu et al. [2024, Theorem 4] which uses the
polynomial-decaying step size a; = gt~ with 3 € (1/2,1) instead.



Remark 4 (Markovian Setting). Using the same argument as in the proof of Samsonov et al. [2024b,
Theorem 6], one can immediately derive a high-probability sample complexity bound in the Markovian
setting. Compared with the bound in the generative model setting (Theorem 4.2), the bound in the
Markovian setting will have an additional dependency on tyix log(T' /), where tyix is the mixing
time of the Markov chain {s,};° , in S. We omit this result for brevity.

5 Proof Outlines

In this section, we outline the proofs of our main results (Theorem 4.1). We first state the theoretical
properties of the linear-categorical Bellman equation and the exponential stability of Linear-CTD.
Finally, we highlight some key steps in proving these results.

5.1 Vectorization of Linear-CTD

In our analysis, it will be more convenient to work with the vectorization version of the updating
scheme of Linear-CTD (Eqn. (13)):

0,60, 1—a(A0,_1-b), A=[Ix® (¢(8t)¢(3t)—r)} ~-[(CG(r)C™H® (¢(3t)¢(3§)—r)]>

be = (K +1)7[C(X 2, 95(r) — 1K)] ® B(s0)- (16)

We denote by A and b the expectations of A, and by, respectively. Using exponential stability
arguments, we can derive an upper bound for || A(67 — 6*)||. The following lemma further translates
it to an upper bound for £(67) = W1 ;. (ne~,Ng,.), whose proof is given in Appendix E.1.

Lemma 5.1. For any 8 € RUX, it holds that £(0) < 2K~1/2(1 — )72\, 1/ || A (6 — 67)||.

5.2 Exponential Stability Analysis

First, we introduce some notations. Letting e; : =A.0*—b;, we denote by C4 (resp. C.) the almost
sure upper bound for max{|| A||, || A;—A||} (resp. |le:]), and =, := E[e;e, ] the covariance matrix
of e;. The following lemma provides useful upper bounds, whose proof is given in Appendix E.2.

Lemma 5.2. Forany K > (1 — )™, it holds that

Ca<d, Co<A(|0*]|+VE(1=7), tr(S)<18([0"]7, e, + K1)

Let 1‘§°‘) = H;?:l (I — aA;) for any o > 0 and t € N. The exponential stability of Linear-CTD is
summarized in the following lemma, whose proof can be found in Appendix E.3.

Lemma 5.3. Foranyp > 2, leta = (1 — \/7)Amin/2 and ap oo = (1 —/7)/(38p) (ap,cop < 1/2).
Then for any a € (0, i o), w € R and t € N, it holds that El/p[HI‘,Ea)qu] < (1 — aa)t||ul.

The following theorem states the L? convergence of || A(67—6*)| based on exponential stability
arguments. For the general LP convergence, please refer to Samsonov et al. [2024b, Theorem 2].

Theorem 5.1. [Samsonov et al., 2024b, Theorem 1] For any « € (0, aa, o), it holds that

o T o (=, —aa)T/?
B 4G S (14 R ) ) B (24 S jaygr.

Combining these lemmas with Theorem 5.1, we can immediately obtain Theorem 4.1.

Remark 5 (Convergence of SSGD with PMF representation). In Appendix E.5, we give counterparts
of these lemmas and Theorem 4.1 for vanilla SSGD with PMF representation. The results imply
that the step size in the algorithm should scale with (1—./7)/K 2 and the sample complexity grows
with K. In Appendix G.2, we verify through numerical experiments that as K increases, to ensure
convergence, the step size of the vanilla algorithm indeed needs to decay at a rate of K 2. In contrast,
the step size of our Linear—CTD does not need to be adjusted when K increases. Moreover, we find
that Linear-CTD empirically consistently outperforms the vanilla algorithm under different K.



5.3 Key Steps in the Proofs

Here we highlight some key steps in proving the above theoretical results.

Bounding the Spectral Norm of Expectation of Kronecker Products. In proving that the £(0)
can be upper-bounded by || A(0 — 6*)|| (Lemma 5.1), as well as in verifying the exponential stability
condition (Lemma 5.3), one of the most critical steps is to show

By Lemma H.3, we have ||Cé(r)C_1||§ﬂ for any r € [0,1]. In addition, one can check
that ||E; s [2;1/2¢>(s)¢(s')—r2;1/2]||§1. One may speculate that the property | B1®Bs| =
|B1]||| B2]] (Lemma A.3) is enough to get the desired conclusion. However, the two ma-

trices in the Kronecker product are not independent, preventing us from using this simple
property to derive the conclusion. On the other hand, since we only have the upper bound

Es. o [||E;1/2¢>(s)qb(s’)TE;1/2||]§d, simply moving the expectation in Eqn. (17) outside the norm
will lead to a loose d,/7 bound. To resolve this problem, we leverage the fact that the second matrix
is rank-1 and prove the following result. The proof can be found in the derivation following Eqn. (29).

1
2

E.o [(CEGMICT) @ (5,0 0(00() =, )] || < vi. wreln )

Lemma 5.4. For any random matrix Y and random vectors x, z, suppose ||Y || < Cy almost surely,
E [:cch] < Cply, and E [zzT] < C, 14, for some constants Cy ,Cy,C, > 0. Then it holds that

|[E[Y @ (zz")]| < Cy/CuC.

Remark 6 (Matrix Representation of Categorical Projected Bellman operator). The matrix
C'C;”(T)C”1 also appears in Rowland et al. [2024b, Proposition B.2] as the matrix representa-
tion of the categorical projected Bellman operator LT ™ of a specific one-state MDP. As a result,
|CG(r)C~Y||<\/7 because L T™ is a \/y-contraction in (2, {s). Our Lemma H.3 provides a
new analysis by directly analyzing the matrix.

Bounding the Norm of b;. In proving Lemma 5.2, the most involved step is to upper-bound ||b; ||
(Eqn. (16)). To this end, we need to upper-bound the following term:

1

TH“C(Zf:Ogj(rt) —1g)[, vrelo,1]. (18)

Term (18) is also related to the categorical projected Bellman operator IIx7 ™. Specifically, let
u:%ﬂ ZkK:o 0, be the discrete uniform distribution. One can show that Term (18) equals

IC®w, ) pw) — P = 15 (T (brr) 2 (1), 1) < 120 (b)) 4 (v),v) < 3VE(1 =),

where we used the fact that ITx is non-expansive and an upper bound for ¢5 ((br4)#(v), ) when
K > (1 —+)~! (Lemma H.4). The full proof can be found in the derivation following Eqn. (30).

6 Conclusions

In this paper, we have bridged a critical theoretical gap in distributional reinforcement learning
by establishing the non-asymptotic sample complexity of distributional TD learning with linear
function approximation. Specifically, we have proposed Linear-CTD, which is derived by solving
the linear-categorical projected Bellman equation. By carefully analyzing the Bellman equation and
using the exponential stability arguments, we have shown tight sample complexity bounds for the
proposed algorithm. Our finite-sample rates match the state-of-the-art sample complexity bounds
for conventional TD learning. These theoretical findings demonstrate that learning the full return
distribution under linear function approximation can be statistically as easy as conventional TD
learning for value function estimation. Our numerical experiments have provided empirical validation
of our theoretical results. Finally, we have noted that it would be possible to improve the convergence
rates by applying variance-reduction techniques or using polynomial-decaying step sizes, which we
leave for future work.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: We justify our claims in the abstract and introduction using rigorous proof.
Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: We discuss the limitations and future work in Section Conclusions.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

» The authors are encouraged to create a separate “Limitations” section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: We provide full assumptions and proof.

Guidelines:

The answer NA means that the paper does not include theoretical results.

All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

All assumptions should be clearly stated or referenced in the statement of any theorems.
The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We disclose all details of experiments.

Guidelines:

The answer NA means that the paper does not include experiments.
If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [Yes]
Justification: We provide the code in supplemental material.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

¢ The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

 The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: We disclose all details of experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

¢ The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer:
Justification: N/A.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The authors should answer ”Yes” if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.
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It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CIL, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: We provide full information on the computer resources.
Guidelines:

» The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

 The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: Our research confirms with the NeurIPS Code of Ethics in every respect.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: Our paper only focuses on the theory of RL, and there is no societal impact.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
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generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: Our paper only focuses on theory of RL, there is no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: We properly use and cite these assets.
Guidelines:

» The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?
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Answer: [NA]
Justification: We do not release new assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: Our paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: Our paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
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Justification: The core method development in our paper does not involve LLMs as any
important, original, or non-standard components.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Kronecker Product

In this section, we will introduce some properties of Kronecker product used in our paper. See Zhang
and Ding [2013] for a detailed treatment of Kronecker product.

For any matrices A € R"*" and B € RP*Y, the Kronecker product A ® B is an matrix in R"?*"4,
defined as

anB a2B - a1, B

ang a;22B s agnB
AR B = . . . .

amlB am2B e amnB

Lemma A.1. The Kronecker product is bilinear and associative. Furthermore, for any matrices
B, By, Bs, B, such that B1 B3, By By can be defined, it holds that (B; ® Bs) (B3 ® By) =
(B1B3) @ (B2By) (mixed-product property).

Proof. See Basic properties and Theorem 3 in Zhang and Ding [2013]. O
Lemma A.2. For any matrices B, By, B3 such that B1 By B3 can be defined, it holds that
vec (B1B2B3) = (B:;r ® Bl) vec (Bg)

Proof. See Lemma 4.3.1 in Horn and Johnson [1994]. O

Lemma A.3. For any matrices By and By, it holds that | By @ Bs| = ||By|| | Bzl (B @ Bs)' =
B[ ® B, . Furthermore, if B, and Bs are invertible/orthogonal/diagonal/symmetric/normal,
B ® By, is also invertible/orthogonal/diagonal/symmetric/normal and (B1 ® Bg)il =By 1 ®By L

Proof. See Basic properties, Theorem 5 and Theorem 7 in Zhang and Ding [2013]. O

Lemma A.4. For any K,d € N and PSD matrices B, Bs € REXK B, B, € R™? with
B < B3 and By < By, it holds that By ® By, B3 ® By are also PSD matrices, furthermore,
B, ® By X B3 ® B,.

Proof. Consider the spectral decomposition B; = Q;D;Q,', for any i € [4], by Lemma A.1 and
Lemma A.3, we have

(B1®By) = (Q12Qy) (D1 ®Ds) (Q1®Qs)"
and .

(B3 ® Bs) = (Q3 ® Q4) (D3 ® Dy4) (Q3 ® Q)
are also spectral decomposition of (B; ® Bs) and (B3 ® By) respectively. It is easy to see that they
are PSD. Furthermore,

(B3 ® By) — (B1 ® Bz) =[(B3 ® By) — (B3 ® By)] + [(B3 ® Ba) — (B1 ® By)]
[Bs ® (Bs — Bz)] + [(B3 — B1) ® Bo]

0.

Y

O

Lemma A.5. Forany K,d,dy,ds € N, vectorsu,v € R? and matrices B, € RE*Xd B, ¢ Rd2xK,
B; € REXK it holds that
(Ix @ u) By = B, ® u,

By(Ix®v) =B;®v’,
(Ix @ u)Bs (Ix ®v)' = B3 ® (u'vT) .
Furthermore, for any matrix By € R4*% e have

(Bl X u) B4 = (BlB4) R u.
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Proof. Letu = (ui)f:1 B, = (bij)K then

ij=1’

K Od te Od Od

0g w -+ 0g Og| |bix -+ bix
Ik @u)Bi = | : : . : : . :

0 0q -+ w Og| |bxg1 -+ bkxk

_Od Od cee Od u

[biiur -+ bigug

biiug - bikug

briur -+ brrul

briuqg -+ brxrUq

_bllu cee blKu

_bKl’U, bKKu

:Bl ® u.

Hence T T
By (Ix®v) =[Ix®@v)®@B,| =[Bj @v] =B;®uv'.
And in the same way,

(Ix @u)B;(Ig ®v) =(B3@u)@v' =B3® (u@v')=B3® (uv').

Furthermore,

B Related Work

Comparisons of Theoretical Results with the Previous Work In Table 1, we summarize our
main theoretical results and comparing them with prior work. In the table, when the task is policy
evaluation, the sample complexity is defined in terms of the ji,-weighted L? norm as the measure of
error; when the task is distributional policy evaluation, the sample complexity is defined in terms of
the p-weighted W7 metric as the measure of error. The table gives a clear comparison of theoretical
results with prior work.

Distributional Reinforcement Learning. Distributional TD learning was first proposed in Belle-
mare et al. [2017]. Following the distributional perspective in Bellemare et al. [2017], Qu et al. [2019]
proposed a distributional version of the gradient TD learning algorithm, Tang et al. [2022] proposed a
distributional version of multi-step TD learning, Tang et al. [2024] proposed a distributional version
of off-policy Q(\) and TD()\) algorithms, and Wu et al. [2023] proposed a distributional version
of fitted Q evaluation to solve the distributional offline policy evaluation problem. Qi et al. [2025]
also considered the distributional off-policy evaluation problem. Wiltzer et al. [2024b] proposed
an approach for evaluating the return distributions for all policies simultaneously when the reward
is deterministic or in the finite-horizon setting. Wiltzer et al. [2024a] studied distributional policy
evaluation in the multivariate reward setting and proposed corresponding TD learning algorithms. Be-
yond the tabular setting, Bellemare et al. [2019], Lyle et al. [2019], Bellemare et al. [2023] proposed
various distributional TD learning algorithms with linear function approximation under different
parametrizations.

A series of recent studies have focused on the theoretical properties of distributional TD learning.
Rowland et al. [2018], Bock and Heitzinger [2022], Zhang et al. [2025], Rowland et al. [2024a,b],
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Paper Sample Complexity Method
~ w* 2 +1
Samsonov et al. [2024b] O <(|1_7”)§‘/\”(€12 + 5 L) Linear-TD
. ~ (¥ 1% o1 . . . .
Li et al. [2023a] O 2 Linear-TD with Variance Reduction
Bellemare et al. [2023, Section 9.7] Contraction Analysis Vanilla Linear-CTD
4
This Work (Theorem E.2) 4] <W( + )\ )> Vanilla Linear-CTD
This Work (Theorem 4.1 o) L R Linear-CTD
is Work (Theorem 4.1) o (22 + 5 inear

Table 1. Sample complexity of algorithms for solving policy evaluation and distributional policy
evaluation. Here, Vanilla Linear-CTD refers to the stochastic semi-gradient descent algorithm with the
probability mass function representational (see Eqn. (27) in Appendix D.7). The contraction analysis in
[Bellemare et al., 2023, Section 9.7] means that they provided a contraction analysis for the dynamic
programming version of Vanilla Linear-CTD algorithm.

Peng et al. [2024], Kastner et al. [2025] analyzed the asymptotic and non-asymptotic convergence of
distributional TD learning (or its model-based variants) in the tabular setting. Among these works,
Rowland et al. [2024b], Peng et al. [2024] established that in the tabular setting, learning the full
return distribution is statistically as easy as learning its expectation in the model-based and model-free
settings, respectively. And Bellemare et al. [2019] provided an asymptotic convergence result for
categorical TD learning with linear function approximation.

Beyond the problem of distributional policy evaluation, Rowland et al. [2023], Wang et al. [2023,
2024] showed that theoretically the classic value-based reinforcement learning could benefit from
distributional reinforcement learning. Béuerle and Ott [2011], Chow and Ghavamzadeh [2014],
Marthe et al. [2023], Noorani et al. [2023], Moghimi and Ku [2025], Avila Pires et al. [2025]
considered optimizing statistical functionals of the return, and proposed algorithms to solve this
harder problem.

Stochastic Approximation. Our Linear-CTD falls into the category of LSA. The classic TD
learning, as one of the most classic LSA problems, has been extensively studied [Bertsekas and
Tsitsiklis, 1995, Tsitsiklis and Van Roy, 1996, Bhandari et al., 2018, Dalal et al., 2018, Patil et al.,
2023, Duan and Wainwright, 2023, Li et al., 2024a,b, Samsonov et al., 2024a, Wu et al., 2024].
Among these works, Li et al. [2024b], Samsonov et al. [2024b] provided the tightest bounds for
Linear-TD with constant step sizes, which is also considered in our paper. While Wu et al. [2024]
established the tightest bounds for Linear-TD with polynomial-decaying step sizes.

For general stochastic approximation problems, extensive works [Lakshminarayanan and Szepesvari,
2018, Srikant and Ying, 2019, Mou et al., 2020, 2022, Huo et al., 2023, Li et al., 2023b, Durmus et al.,
2024, Samsonov et al., 2024b, Chen et al., 2024] have provided solid theoretical understandings.

C Omitted Results and Proofs in Section 2
C.1 Linear Projected Bellman Equation
It is worth noting that, TT7 : (RS, ||||M) — (7/4,, ||||M) is an orthogonal projection.

We aim to derive Eqn. (4). It is easy to check that, for any V' € RS, IT3 V' is uniquely give by VJ,
where ~

P = EglEswuw [¢(S)V(S)] :
Hence, by the definition of Bellman operator (Eqn. (1)), ¥* is the unique solution to the following
system of linear equations for 1 € R¢

% =34 Eavp, [#(5) [T7Vy] ()]
:E¢1ESN [() (Elro | s0 = 5] +1E [¢(s1) " | 50 = 5] )]
:E;IES,S/ [¢(s)¢(s ) ] ’lvb + E(;IES,T [gi)(s)r] )
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or equivalently,

(E(P - 'V]Es,s’ [d)(S)QS(S/)T]) "p = ]Es,'r‘ [¢(S)r] .
C.2 Convergence Results for Linear TD Learning

It is worthy noting that, Linear-TD is equivalent to the stochastic semi-gradient descent (SSGD)
update.

In Linear-TD, our goal is to find a good estimator 1/; such that HVd;—VW

Hr
) < e. Samsonov et al. [2024b] considered the Polyak-Ruppert tail averaging

bl

P = (T/2+1)7" ZZ;T /2 %+, and showed that in the generative model setting with constant

step size @ =~ (1 — ) Amin,
2
N (1 - 7)2)\min g2 Amin

is sufficient to guarantee that H Vi, — Vapr

u < e. They also provided sample complexity bounds

when taking the instance-independent (i.e., not dependent on unknown quantity) step size, and in the
Markovian setting.

C.3 Categorical Parametrization is an Isometry

Proposition C.1. The affine space (z@;i(g", ég) is isometric with (RK, NaE HCTC)’ in the sense

that, for any vp, ,Vp, € z@;i(g", it holds that (3(vp, , Vp,) = Lk ||P1 — pQHQCTC’ where C' is defined
in Eqn. (11).

Proof.

) (1—~)~t )
B, vpy) = / (R, (2) — F,,, (2))*dz

K—-1

=i Y (B, (11) = Fo,, (1)’
k=0

=ik |C (1 — po)|I”

2
=tk [|p1 — P2||CTC .

C.4 Categorical Projection Operator is Orthogonal Projection

Proposition C.2. [Bellemare et al., 2023, Lemma 9.17] For any v € 28" and vy, € g@;i(g", it holds
that

£§ (l/vyp) :Eg (VvHKV)+‘€§ (HKVvVP)'

C.5 Categorical Projected Bellman Operator

The following lemma characterizing ILx 7" is useful for both practice and theoretical analysis.

Proposition C.3. Foranyn € (@5@“)8 and s € S, it holds that

Pren(s) =E [gic(r0) + (G(ro) = 1 ® gic(10)) P (51|50 = 5]

) {é(ro) <p,,7(51) - K1+11K> so = s] + %H éE [gj(ro)

SOZS:|.

26



And in the same way, for any r € [0,1] and s’ € S, it holds that

K
1 1
Pl = G0 (o)~ 1) + gy 00
Jj=0

where G and g is defined in Theorem 3.1.

This proposition is a special case of Proposition 3.2, whose proof can be found in Appendix D.3.

D Omitted Results and Proofs in Section 3

D.1 Linear-Categorical Parametrization is an Isometry

Proposition D.1. The affine space (Wig["(, 627%) is isometric with (RdK, N ||'||IK®2¢>’ in the

sense that, for any ng, , e, € ‘@d; %o it holds that 5, (ne,,1e,) = tx |61 — 02||3K®2¢.
Proof. For any ng € gz;‘g;o we denote Fy(s) = (Fy(s; 0))?;01 € R, then it holds that

B 4. (0,.m0.) =t || oy (5) = Fou(5)]]
=LK tr (Ei (@1 — @2) (@1 — @2)T 22)

2
=k |01 — 027, 0%, -

D.2 Linear-Categorical Projection Operator

Proposition 3.1 is an immediate corollary of the following lemma. For any v € :@?(g", we define
F, = (F; (v ))k 0 = (V([O,xk]))f:_ol € RX, and for any n € (WSig”)S, we define p,)(s) =
Drign(s) and F, ( ) FHKW(S)'

Lemma D.1. Foranyn € (BzSig”)S, 0 € R and s € S, it holds that
Vel (no(s),1(s)) = 2uxd(s) (Fo(s) — Fy(s)) "

T 19
= 2u p(s) [¢(S)T@ + (K:— 11K pn(s)) CT] . 19

Furthermore, it holds that

Vels,. (m6,m) =Esuu, [Vols (ne(s), n(s

—2LK

YO +Eoop lgb

T
1K —pn(8)> ] CT‘| .
Proof. According to Proposition C.2, one has
03 (ne(s),n(s)) = €3 (ne(s), Mxen(s)) + €3 (Txcn(s), n(s)) -
Hence,

Veols (ne(s),n(s)) = Vel (ne(s), Ixn(s))
=1V || Fo(s) — Fn(S)HQ
=2tk (Ix ® @(s)) (Fo(s) — Fy(s))

= 2k (Ix ® ¢(s)) ((IK ©¢(s) 6+C (K1+ T _p”(s)»
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= 2uc{ [T o (@)0())] 0+ | (€ (= 1x —pals) ) ) @ 06| |
-

We also have the following matrix representation:

Vel3 (116(s),n(s)) = 2t d(s) (Fo(s) — Fy(s))"

.
= 2t @(s) [QS(S)T@ + (K:— 1 1 — Pn(s)) CT] .

Proposition D.2. Foranyn € (@s‘g“)s and ng € ﬂig}, it holds that
063, (mme) =03, (n,Mgn) + 03, (g, TG en) + 65, (115 m,70) -

The proof is straightforward and almost the same as that of Proposition C.2 if we utilize the affine
structure.

D.3 Proof of Proposition 3.2

Proof. Recall the definition of the distributional Bellman operator Eqn. (6) and categorical projection
operator Eqn. (8), we have
)]

Pr(s;0) =pr ([T 6] (5))

=Ex [T n6](s) [(1 - ‘

X—ZL’k
K

L

I ro+9G —x
=E |EGrng(s1) Kl o ) ] s0= ]
L K +
& To+YT; — T
:E ij(sl;a) (1— W) ‘SU:S (20)
,_ LK +
_]—O
[ K
=E ZP;‘(SU 9)9j,k(ro)‘80 =s
_j:O
i K—1
=E | grk(ro) + Y pj(5150) (95.6(r0) — gxcx(70)) |50 = s
L J=0

Hence, let W = ©C~ " and w = vec(W) = (C~! ® I;) 6 (see Appendix D.6 for their meaning),
then

Po(s) = (Pr(s; 0)) 1!

9x,1(r0) K-1 95,1(ro) — gx,1(r0)

=E : + ij(sl;O) : So=$

| |9k, x—1(r0) J=0 9j,k—-1(r0) — 9r,k—1(70)

i K-1
=E |gk(ro) + Z pj(s1;0) (g;(ro) — gx (r0)) ‘So =s

=0

=K [gK(’I“o) + (G(’I“o) - 1} ® gK(’I“o)) pg(sl)‘SQ = S}
=E [QK(TO) + (G(ro) — 1 ® gK(r9)) [(IK ® d(s1)) w+ Tl 1K] S0 = 5}

—E [(G(ro) = 1% © gxc(r0)) U @ (s1)) " |50 = s] w
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+E l:gK(?“O) + %ﬂ (G(ro) — 1[T( ®gK(r0)) 1K’80 = s}
§=0
or equivalently,
po(s) =E [é(ro)WTCZ)(Sﬂ‘So = 8} + %H iE {gj(ro)’so = s]
§=0
=E [é(ro)Cﬂ@T(ﬁ(sl))so = s} + %ﬂ iE [g](ro)‘so = s}
§=0

D.4 Linear-Categorical Projected Bellman Equation (Proof of Theorem 3.1)

Combining Proposition 3.1 with Proposition 3.2, we know that ®* is the unique solution to the
following system of linear equations for @ € R4*K

r T
-1 - 1 T
(") —2¢ ]ESN,U,.,‘- ¢(8) (pg(s) — THIK C
=1 1 A 1T _ T
_2¢ Esmp, | @(s) le E [G(?"O)C ® (,b(sl)‘so = s] — Ki—kl ZE {gj ro) ’so = s} C
] T
=%3'E _ Ve (came ) L s 1 c’
=3, Bunis, |#(9)9(5)70 (CGMICT) |+ o5, Buny, Zgj -1
or equivalently,
.
NnNT ~ -1 T 1 T
340 — B, |(s)op(s) @(CG(T)C ) = =B Zg] 1] 7.

which is the desired conclusion. The uniqueness and existence of the solution is guaranteed by the
fact that the LHS is an invertible linear transformation of ®, which is justified by Eqn. (28).

D.5 Proof of Proposition 3.3

Proof. By the basic inequality (Lemma H.1), we only need to show

fz,u,r (77 H¢ "M )

6, (" me+) < T
G (07, Hm“> 8., (T TG o)
- -
1 B, (Wien™ 105 o7
TE(1—9)? 1—v ’

where we used Bellemare et al. [2023, Proposition 9.18 and Eqn. (5.28)].
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D.6 Linear-Categorical Parametrization with Probability Mass Function Representation

We introduce new notations for linear-categorical parametrization with probability mass function
(PMF) representation. Let W := @C~ T = (0(0),0(1) —0(0),--- ,0(K —1) — (K —2)) €
R%*K and the vectorization of W, w := vec (W) = (C~! @ I;) 6 € R4 . We abbreviate py, as
Do in this section. Then by Lemma A.2, for any s € S, it holds that

Puw(s) =W (s)+ (K +1) '1g. 1)
PMF and CDF representations are equivalent because C' is invertible.
For any 1y, , T, € ,@i%;(, by Proposition C.1,
é%,u, (nw1 I 77w2) :]ESNMW V% (nwl (8)7 7711)2 (S))}
2
=tk Eamr [IC (Puss(5) = P (3))]°]

' . 22)
—ux tr (25, (W1 —W2)CTC (Wi — W) =

)

RSN

2
=ik [|lwr — wacroyes,
hence the affine space (@ig;(, Lo, #W) is isometric with the Euclidean space
(]RKd7 ol T C‘)®E¢) if we consider the PMF representation.

Following the proof of Lemma D.1 in Appendix D.2, we can also derive the gradient when we use
the PMF parametrization:

Varl (11(5),1(5)) = Vol (11 (), Tk (5))
= 1k Vau [|C (Pw(s) — pn(s))Hz
= 2ux (I @ §(5)) CT C (P (3) — Pn(5))

~ 2 (I $() €7 (I 0 9(6) T w0+ Ty L 1))

=21 [(CTC) @ (6(5)e(s) )| w+ | (CTC | =7 1x —pn(s) ) | @ (s)| ¢,
-

Vw03 (0w (5),1(s)) = 20 B(s) (Pu(s) — pn(s)) CTC

T 23
lK—p,,(s)> 1CTC. 2

=2 @(s)

P(s)" W + <K 1

D.7 Stochastic Semi-Gradient Descent with Linear Function Approximation

We denote by 77 the corresponding empirical distributional Bellman operator at the ¢-th iteration,
which satisfies
[T7m] (st) = (br, )2 (n(s011)),  ¥m € 27, (24)

D.7.1 Probability Mass Function Representation

Consider the stochastic semi-gradient descent (SSGD) with the probability mass function (PMF)
representation
W+ W, 1 — OZVW@ (nwt,l(st)a [T?nwt,l] (St)) )

where Vy stands for taking gradient w.r.t. Wy_; € R¥*XK in the first term Nw,_, (st) (the sec-
ond term is regarding as a constant, that’s why we call it a semi-gradient). We can check that
Vw3 (thfl (s¢), [Tfnwtfl] (st)) is an unbiased estimate of VWE%,“?r (77w1,71 , Tﬂnwkl).

Now, let us compute the gradient term. By Eqn. (23), we have

Vwls (o, (50), [T7 M, | (51)) = 2ucp(s1) (Pwt_l(st) = PT 7N, (St)>T c'c
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-
= 2 P(st) P’(St)Tth + <K1+11K —PT7Nw, (St)) ] c'c.

. K-1
where prry,, | (5t) = PleTrmw, | (s0) = (or ([T 1w, ] (51))),—y € R¥. Now, we turn to
compute pryy,, , (st). According to Eqn. (8),

)]

)

X—Jik-

Pk ([T;rnwt—l] (St)) :EXN[T{'T]wt,J(St) [(1 -

:EG"/nwt71 (st+1) [(1 -

St+1, W1 9; k(rt)

re +vG — x

LK

Mx

7=0
K—-1
=g k(1) + Z Pj(str1;we—1) (g5k(re) — grk(re)) »
§=0

which has the same form as Eqn. (20). Following the proof of Proposition 3.2 in Appendix D.3, one
can show that

. 1 K
PTinw, , (5t) = G(r)W,. ¢(si11) + K+l jz:%gj(rt)- (25)

Hence, the update scheme is

.
Wi Wiy = 2ucad(si) (Pu (50) = PTrn, (1)) CTC

-
K
~ 1
=Wi_1 — 2uad(si) |d(st) Wit — @(se1) W1 G (ry) — il z::gj(rt) -1k c'c.
(26)
Note that our Linear-CTD (Eqn. (13)) is equivalent to
-
J— T J—
Wi=Wi1—ad(s:)| d(st) Wi1=d(s141) Wi G ( K+1 Zg] ,
(27)

in the PMF representation. Compared to Eqn. (27), the SSGD (Eqn. (26)) has an additional C C,
and the step size is 2t a.

D.7.2 Cumulative Distribution Function Representation
Consider the SSGD with the CDF representation
O, + 0,1 — aVels (e, ,(st), [Timne, ] (s1)),

where Vg stands for taking gradient w.r.t. ©;_; = 8;_C T € R¥ ¥ in the first term 1g, _, (s;) (the
second term is regarding as a constant). One can check that Ve (3 (ne,_, (s¢), [T7ne,_,] (s¢)) is an
unbiased estimate of Ve (3 , (ne,_,, T no,_,)-

Now, let us compute the gradient term. By Eqn. (19) and Eqn. (25), we have
Vels (ne, . (s0): [Tine, ] (s:))

= 2 P(sy) (FeH(St) — Frrpe, | (St))T

+
= 2t @(st) [¢(5t)T®t—1 + (K:— 1 1k —PT7m0, (5)> CT]
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_ T T -TAT T
=2 P(ss) [@(st) Or1 — P(si11) ©;1C™ G (r)C — K11 jzzogj(rt) - 1K
Hence, the update scheme is
T
@t <_®t—1 — QLKa¢(St) (thfl(st) — FT?"Gt,l (St))
- 1 K
=01 — 2LK04¢(3t) (b(st)—r@tfl - Q—"(StJrl)T('atflc'_TGT(H)C—r - m jgogj(rt) — 1k

which has the same form as Linear-CTD (Eqn. (13)) with the step size 2ax .

D.8 Linear-CTD is mean-preserving

We will show that our Linear-CTD is mean-preserving, which was first discovered by Lyle et al.
[2019, Proposition 8]. In this section, we assume the first coordinate of the feature is a constant, i.e.,

$1(s) = 1/+/d for any s € S. As stated before, we will always assume this to ensure P K can be
uniquely defined.

Proposition D.3. Let Vy := (Vo (s))ses be the value function corresponding to 6, i.e., Vo(s) =
EGne(s) |G, then for any initialization of the Linear—TD parameter v, there exists a (not unique)
corresponding Linear-CTID parameter 0y such that Vg, = Vi, furthermore, for any t > 1 and
even number T' > 2, it holds that

Vo, = Vi, Va, =V,

Proof of Proposition D.3. Recall that the updating scheme of Linear-TD is given by
Py i1 — ag(s) (Vp,_, (st) = 76 — WVap,_, (5141)) -
And the updating scheme of Linear-CTD is given by
T
O <01 — ad(s)) (Fo,_,(st) = Frrms, (1)) -

Let Vg := (Vg(s))ses be the value function corresponding to 6, we have

K-1
Vls) =t Y (1 - Fi(s:6))
k=0

=lK (]-K — FQ(S))T ]-K
1

Hence, if we take 1)1 = 2(17‘/}7), 1o,; = 0forany i € {2,...,d}, and 8y = 04k, it holds that

_ 1
2(1—17)

We can also show that for any ¢y € R4, there exists 8, € R?*K such that Vo = Vo, That is we
need to find 8 such that for any s € S,

V’ll)o = Vgo = 1s.

1
2(1=7)
We can take 6 satisfying the following equations to make the above equation hold

K—1

d
LK 5 Oo(k,1) = 2(1\{7) — 10,1,
k=0

K-1
LK Z &(s)T00(k) = = ¢(s)Tho.
k=0
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and
K-1
e Y Bo(k)_1 = —tpo, 1.
k=0
Furthermore, for any t > 1, we have for any s € S,

Ve, (s) = — g @(s)"O 1k

2(1—7)
== L 5 es)” (€1 = ad(s)) (Fo,_,(s1) = Pryms, (st))T> 1x
Vo, () + i (@()70(50)) (Fo,_ (1) = Frems,_, (30) 1i
Vip, (s) =(s)T ey
=¢(s)" ('»btfl — ad(sy) (th_l(st) A 7V¢t_1(8t+1)))
:V%q (5) -« (¢(S)T¢(5t)) (Vd’t—l (St) — Tt = 7V¢t71 (5t+1)> :
We need to check that, if Vp, | = V4, _,, it holds that

T
i (Prime,_, (1) = Fo_, (1)) Lic = Vi, (5t) = e = 1Vap,_, (s141),
which is the direct corollary of the following fact
LHS = V",L't (St) - EXNHK(bT,'y)#nﬂt_l(St-f—l) [X] = V",bt (St) — Ty — ’7V9t71 (8t+1)’

by Lemma D.2. And we can obtain V. = V; _ by using the facts that gz;ig?( is an affine space, ¥4
is a linear space and taking expectation is a linear operator. [

Lemma D.2. Forany v € 258" it holds that
Exv[X] =Exom..[X]

Proof. By Eqn. (8), Tlxv € 58" is uniquely identified with a vector p, = (px(v))1—y € RX,
where

)= [0l ) e

Hence, for any = € [0, (1 — 7) ], we define xy, := max{y € {zq,...,7x}: ¥ < y}, then
al r—x Ty +Llg — X
> (1~ o = o) oacl) =am (1 22 ) (a0 (1 - I
LK LK
k=0
T +Llg —
e b i (1 _ H)
LK
:x,
therefore,

K

Ex~ome[X] = T 1—|(x—x1)/t v(dx

o =3e [ (4l ev(ds)
K

/[0 Zxk(1_|($_xk)/LK|)+V(dx)

(1= k=0

:/ av(dx)
[0,(1-v)~1]
=Ex,[X].
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E Omitted Results and Proofs in Section 4

E.1 Proof of Lemma 5.1

Proof. By Lemma H.1 and Eqn. (22), we have
(£(0))* =W, (ne,me+)

1 2
SEEQ,MW (1707 No~ )

L S ((@ N NIACE @*))
1 —
1 o

We only need to show that

1 N - 4 I
Ix ® 3y < )QAT (IK ® zd,l) A << ATA> : (28)

(1 - \ﬁ (1 - 7)2/\min
or equivalently,
—1\ . . _1
(I @337) AT (I 0351 ) A (Ix @ 357 ) = (1= y7)* Luxc,

Recall
A= (Ix ©5g) - Eop [ (CGNCT) @ (¢()0(s)T)]

then for any 8 € R4 with ||0]| =

1,
6" (IK ® zj) AT (IK ® 2;1) A (IK ® zj) )
oo

)
- He —Eypy [(cé(r)c*) ® (zjqb(s)cf)(s'fzjﬂ 9”2
{ 1

> (1- || [(cGmIC™) o (35 0900) TS, 7)] 0]])
It suffices to show that
[Bers [(cGIC™) @ (250 0(5)0) 552 )] | < v (29)
K

For brevity, we abbreviate CG (r)C ' as Y (r) = (yi; (7)) € REXK Thus, it suffices to show

hat
t [Bars [r @ (25 0(900(5) 5,1 )] | < vA-

For any vectors w = (w(0)", - ,w(K —1)") andv = (v(0)",--- ,v(K —1)7) in R, we
define the corresponding matrices W = (w(0),--- ,w(K — 1)) and V = (v(0),--- ,v(K — 1))
in R>K then [|w|| = |W||p = Vtr (WTW) and ||v|| = |V = /tr (VTV). With these

notations, we have

[Bors [Y () 2 (2, 00)00) T8, 1) ]|
0

i,j=1

= R, .|V e (52 NTx s
folafoli=t T [ (r) ( P(s)(s) 2y, )}U
K 1 1
= o B | S wrw() TS5 es)e() TS, () |

lwll=[lv]=1 ij=1

it is easy to check that
w(i) 8, 3(5)6(s) 8, () = (W, o0 T8, V)

ij
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hence

Eur [Y ()2 (55 0()00) 75, )

)

[ K
= sup Es ;s yii(r) (WTE_ 2¢(s)p(s) 2,2V
Wl =1Vl p=1 ;1 ’ ( ¢ ¢ )
= sup Byt (Y()VTS,20(s)b(s) TSI W
W=V p=1 : ( ¢ ¢ )}

= sup  Egy '¢(S)T2jWY(T)VTE;%(S’)}
W=V ] =1 :

< sup IEs,r,s
IWilp=IVIz=1

SVA s B [|[WTEge(s)
Wilp=IVIz=1

(wTsg o) | 1Yol v, )

]

<7 swp \/IES U|WT2¢5¢(S)H2] E, U(VT2¢5¢(S/)

Wie=IVIg=1

}

vz, e

]

-7 s \/IES [qb(s)TE;%WWTE;%QS(S)] E, [qs(s/)Tzfvazjgb(s')]

Wip=IVIg=1

1
2

e W, V1 \/t]r (WWTE;EES [@(s)(s)T] 2;5) i (VVTE;

=7 sup \/tr (WWTtr (VVT)
Wil p=IIVIp=1

=Vv7 _sup W] |V]g
Wl p=IVilp=1

=",

where we used ||Y'(r)|| < /¥ for any r € [0, 1] by Lemma H.3, and Cauchy-Schwarz inequality.

To summarize, we have shown the desired result

_1 - - _1
(IK ®2¢2) AT (IK ®2;1) A (IK®E¢2) = (1—v7)° Lk

E.2 Proof of Lemma 5.2

Proof. For simplicity, we omit ¢ in the random variables, for example, we use A to denote a random
matrix with the same distribution as A;. In addition, we omit the subscripts in the expectation, the
involving random variables are s ~ ., a ~ (- | s),(r,s") ~P(-,- | s,a).

Bounding C4. By Lemma A.3,

Al <[l1x @ (¢(=)9(x) )] + | (CGrECT) ® (#(s)o(s)T) |
= ¢()I + el ()] |[cGme|
S]. + ﬁv

where we used Lemma H.3. Hence, Cy < 2(1 4 /7).
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Bounding C.. By Eqn. (32),
|A6*|* =(6*)" AT A6
<2 (16" 2o piorstor) *+ 7 16 Eoiaeraem)
<2(1+9) sup H0*||§K®(¢(S)¢(S)T)
<2(1+7) sup ()11 116%]*

<2(1+7) 6"

Hence
A0 <v2(1+7)[167] -
As for ||b|,
1 K
=g | € (500 -1k | | 0000
1 K
<z 1l¢ ;gj(T)_lK O] (30)
1 K
“%+1|°¢ ;gﬂ'(”_l’(

By Proposition C.3 with n € 258" satisfying 7(5) = v for all 3 € S, where v =

(K+1)"" Z,{;O s, is the discrete uniform distribution, we can derive that, for any r € [0, 1]
and s’ € S, it holds that

K
1 1 = !
1 [ 2000 =1 | = (P = iy x ) = GO0 (Pl - 1)
=0
_ ! 1
_p(br,'y)#” K+1 K>
Hence,

K
1
bl <77 1€ > gi(r) =1k
=0

1
= [ (e 31|

\/%& (T ()4 (v), v)

SVE (L= 9)la ((brqy)#(v),v)
<3VE(1—7),

where we used the orthogonal decomposition (Proposition C.2) and an upper bound for
O3 ((by)#(v),v) (Lemma H.4).

In summary,

lell = A6" — b]|
<[lA07|| +[|b]]

<V2(1+7) 67 +3VE (1 —7).
Hence, C. < /2(1 +7) [|0*]| + 3V K (1 — 7).
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Bounding tr (X.).
tr (8.) =E [HAa* - b||2} <2(00) E[ATA]0* +2E [b'b].

By Eqn. (33),
(0") E[ATA] 0" <2(1+7) 6"}, o, -

And by Lemma H .4,
E[b"b] <9K(1—7)>

To summarize,
2
tr(Be) <4(1+7) 0" [7, 05, + 18K —7)%

E.3 Proof of Lemma 5.3

Proof. For simplicity, we use the same abbreviations as in Appendix E.2. As in the proof of [Lemma 2
Samsonov et al., 2024b], we only need to show that, for any p € N, a € (0, (1 — /7)/(38p)), it
holds that

E { [(IdK —aA)" (Lux — aA)r} IdK—%ozp(l NI ( (1 _ %ozp(l - V)Amin> IdK) .

Let B:= A+ AT — @ AT A which satisfies (Iyx — 0vA) | (Inx — aA) = Ijx — aB. To give an
upper bound of E [(I;x — aB)"], it suffices to show that

EB] = (1—-y7)Ixk®Xy, E[B?]< %4”& ®3e, Vpe{2,3,--},
if we take @ € (0, (1 — \/7)/(2(1 +7))).

Given these results, we have, when a € (0, (1 — /7)/(38p)), it holds that

E[(Iix — aB)"] <I — apE [B —I—Zp:a ( )

=2

<I - (ap(l AT > (4ap)l> Ix © %g

(a1 =) - T
1
<I — iap(l — ﬁ)IK (24 2¢.
Lower Bound of E [B]. To show E[B] = (1 — /7)Ix ® X¢, we first show that E [A + AT] 3=

2(1—/9)Ix ® g, which is equivalent to (I ® 3p) 2 E [A + AT] (Ix ® Bg) " = 2(1—/7),
where

E[A+AT] =2(Ix ®3,) —E [(cé(r)c*) ® ((b(s)qﬁ(s’)T)] _E [(CG(T)C*I) ® (¢(s)¢(s')T)]

Then, for any 6 € R with ||| = 1,
0T (Ix©%y) *E[A+AT|(Ix©34) 2 6
=2-207 (Ix 9 Ty) *E[(CG(C™) @ (6(s)(s)T)| (I 2 Tg) % 0
>2 2B [(CGmCT) @ (25  els)es) S, )] |
> 2(1 =),

where we used the result Eqn. (29).
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Next, we give an upper bound for E [AT A] , we need to compute the following terms: by Lemma A .4,

[Tk @ ($(5)e(s)T)]” =Ix @ ((s)(s)Td(s)(s)T)
=lp(s)I* I @ (d(s)p(s)") 31
<Ix ® (p(s)p(s) 7).
Hence
E [Ix ® (¢(s)o(s) )] <Ix @ T,
And by Lemma A.4 and Lemma H.3,
- T ~
[(cGmc ) e (s(909()7)] [(CGrIC) @ (s(s)0(s)T)]
= (CTTET(MCTCGC) @ (8(5)d(s) B(s)b(s)T)
= ¢(s)I* (C7TEGT(NCTCEMC) @ (¢(s)p(s)T)

<[eéwo| 1 @ (o017

<k @ (o(s)o(s)T) .
To summarize, by the basic inequality (By — B,)' (By — By) < 2 (B{ B1 + BJ B;), we have
ATA 2k @ (d(s)d(s) " +70(s)p(s) ), (32)

and, after taking expectation,
E[ATA] 52(1+7)Ix ® Zg. (33)
Combining these together, we obtain
E[B] = 2[(1 = v7) —a(l+ )k ® Zg = (1 = V) Ik © X,
if we take @ € (0, (1 — \/7)/(2(1 +7))).

Upper Bound of E [BP]. Because B? is always PSD, we have the following upper bound
B” < |B|"* B,
We first give an almost-sure upper bound for | B||. By Lemma 5.2, || A[| < 14-,/7. And by Eqn. (32),

AT Al <2[[Ix ® (¢(s)$(s) " +0(s)(s") ) |
<2|[(s)op(s)T + v(s")p(s) || 34
<2(1+47).

Hence,
|B] = ||A +AT — aATAH

<2|A| +aATA|

<2(1+/7) +2a(1+7)

<4
because o € (0, (1 -7/ + 7)))

Now, we aim to give an upper bound for E [BQ] ,

(35)

)

B*=(A+ A" —aA" A)’
<(1+8)(A+AT) + (1457 a? (AT A)
<201+ 8) (ATA+AAT) + (145 )a? (ATA)”,

38



where we used the fact that (B; + Bs)” < (14 8)B? + (1 + 8~ 1)B3 for any symmetric matrices
By, Bs, since 3B} + 37'!B3 — B1By; — ByB; = <\/BB1 - \/ﬁngf =0, ¢€(0,1) tobe
determined; and the fact that A2 + (AT)2 < ATA+4 AAT since the square of the skew-symmetric
matrix is negative semi-definite (A — AT)2 < 0. By Eqn. (34) and Eqn. (33), we have
AT Al <201+7),
E[ATA] x2(1+7)Ix ® g, (36)
thus, by a € (0, (1 — \/7)/(2(1 ++))), it holds that
o’E [(ATA)Q} <402(1+7)Ix @ By < (1 — A7) Ik @ By, (37)

As for E[AAT], by the basic inequality (B; — Bs) (B1 — Ba)' < 2(B1B] + By2BJ), we
have

AAT ={[Ix 2 (8()9()7)] - [(CGIC) @ (e(s)9(s) )| }
{1 (960))] - [(0mE) @ (95)0) )]}
)

2

<2[Ix @ (¢()(s)7)]" +2 | (CGIC™) & (¢()9(s)T
By Eqn. (31), we have

[Tk ® ((s)(s)7)]” <Txc @ (D(s)b(s) ") -
And by Lemma H.3,

[(cGmc) @ (al6()7)] [(CGrC™) o (sa()T)]
= (CGMETICTET(MICT) © (#()$(s) T (s)(s)T)
= (I (CGCTCTET(MCT) © (¢(s)9(s)7)

< HCG(T)C*1H2 I @ (¢(s)p(s)")
< Ik @ (B(s)(s)") -

To summarize, we have
AAT 2(1+ Ik ® (D(s)e(s) ")
and after taking expectation
E[AAT] x2(1+7) Ix ® . (38)
By putting everything together (Eqn. (36), Eqn. (37), Eqn. (38)), we have
B> <2(1+8) (ATA+AAT) + (1+5 a2 (AT A)°
<[BA+NA+8) + 1+ - V)] Ik @ By

< (17497 — 10y7) Ix ® By
17Tk @ By,

S

-7
) Therefore, by Eqn. (35),

where we take 8 =
B’ <|B|"* B?
AP 1TI R @ By

17
=—4PT I
16 K ® 2y
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E.4 L? Convergence

Theorem E.1 (L? Convergence). Forany K > (1 —~)"', p > 2and o € (0,(1 — /7)/[38(p +
log T)]), it holds that

_ 10" 75, +1
EV? [(£ (67))"] <Y2 p T 1 oz, +1 (| optop
N\F (1 - )V)‘rnm (1 —’Y)Amin
g Pl 1 )
T (1_7)%)‘min ap

L (1= 50(1 = y7)Aain) 72 1 1 .
+ = Heo 0.
T \/&(1 - 7)\/m 1 - mm

Proof. Combining Lemma 5.1, Lemma 5.2 and Lemma 5.3 with [Theorem 2 Samsonov et al., 2024b],
we have

EY?[(c (67))"]
1 ptr () 1+ Cav/ap  CaCeap (1+Ca)Cep
K(1=7)*Amin T va o () T

tr (22, 1 1 C
+p 1"( ) <1_|_ )+(1_aa)T/2 <+ AD ) HGO_B*H

<

~

VaT J/ap o ' aal
1 0w, + VEQ =) (1 amrap |7 (o1l + VE (1 =)
K(l - 7)4)\min \/T (]- - ’y))\min T
pHa*”IK@Ed,—’—\/F(l_'V) (1 1 )
(1 =) AminT Vaop
1 1 P
+(1==a(l = vV)Amin)? | —= + 6y — 6*
(1= 5a(l = v7)Amin) o Vel T 160 — 6]
o B T 1 rem + 1 (o
\/T (1 - ’Y) \% Amm (1 - V)Amin
p \/f(l—v) 16" 1ce5, +1 (1 1 )
T (1 _’7)%/\min \/@
1(1—3al— ) Amn)?? [ 1 1
4»7( 2 ( ﬁ) ) — 4 p ||0070¢<||7
T \/a(l - 7) \% Amin \/a (1 - min \/E(l — ’y)
where we used the fact that [|6* || < (Amin) /> 10*] 15, - O

E.5 Convergence Results for SSGD with the PMF Representation

In this section, we present the counterparts of Lemma 5.1, Lemma 5.2, Lemma 5.3 and Theorem 4.1
for stochastic semi-gradient descent (SSGD) with the probability mass function (PMF) representation.
These results will additionally depend on K. The additional K -dependent terms arise because the
condition number of C' T C scales with K2 (Lemma H.2). These terms are inevitable within our
theoretical framework. The proofs of these results require only minor modifications to the original
proofs, and we omit them for brevity.

In fact, in Appendix G, we validate some theoretical results through numerical experiments. To be
concrete, we find that empirically, as K increases, to ensure convergence, the step size of the vanilla
algorithm in [Bellemare et al., 2023, Section 9.6] indeed needs to decay at a rate of K —2_ In contrast,
the step size of our Linear-CTD does not need to be adjusted when K increases. Moreover, we find
that Linear—-CTD empirically consistently outperforms the vanilla algorithm under different K.
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Recall Eqn. (26), the updating scheme of the algorithm is

!
Wi Wit = ag(s) (Pue (50) = PTin, (1)) CTC

K
=W;_1 — aqb(st) ¢(5t)TWt—1 - ¢(5t+1)TWt—1GT(Tt) - KL—I-l Zgj(rt) — 1k CTC,

which is equivalent to

K T
~ _ 1

W.C W, 1C" —ad(s:) lcp(st)TWt_lCT—¢(Sz+1)TWt_ICT(CG(n)C Ht - yras) (Zgj(n)—h() c'|ccT,

j=0
here we drop the additional 2¢ in the step size for brevity. Letting @pyp ¢ := W:C T be the CDF
parameter, the algorithm becomes

1 (& !
OpumF,t < OpMF,t—1—0P(st) [¢(5t)T@Pk/IF,t—1 - ¢’(3t+1)T@PMF,t—1(Cé(rt)c_l)—r—ﬁ (Z g;j (Tt)—1K> c'|cc'.
3=0
(39

Here, we add the subscript PMF to the original notations to indicate the difference. Then, the
algorithm corresponds to the following linear system for 8 € R

Apyr8 = bpyr,

where

Apur = [(CCT) @ B4] — B, [(CCT(CGIIC™)) @ (#)8(5)T) ],

1

bewr = g

K
Eer§ [CCTC (D gi(r) =1k || ® ¢(s)
j=0

Compared to our Linear-CTD (Eqn. (16)), this algorithm has an additional matrix CC' " with the
condition number of order K2 (see Lemma H.2).

Now, we are ready to state the theoretical results for the algorithm.
Lemma E.1. For any 8 € R, it holds that

1
5(0) 5 \/F(l - 7)2 V >\min

Lemma E.1 achieves the same order of bound as prior results for Linear-CTD (Lemma 5.1), as the
minimum eigenvalue of CC' T remains (1) (Lemma H.2). However, from the numerical experiments
(Figure 6) in Appendix G.2, we observe that after substituting 6, into 0, as K grows, the RHS grows
with K, while the LHS remains almost unchanged. This might be because when the matrix CC'"
acts on the relevant random vectors, the stretching coefficient (i.e., || CC Tx|| / ||| for some vector
x) is usually of order K2 rather than a constant order. For example, consider the case where the
matrix CC'" acts on a random vector X that follows a uniform distribution over the surface of
unit sphere (||X]|| = 1). Since the k-th largest eigenvalue of the matrix CC'T is of order k2, by
Hanson-Wright inequality [Vershynin, 2018, Theorem 6.2.1], we have ||CCTXH is of order K?
with high probability.

Lemma E.2. It holds that

Capur S K*Ca, Cepur S K°Ce, tr(Zepur) S K'tr ().

||APMF (6 — 9*)H . (40)

Lemma E.2 introduces an additional factor of K? (or K*) compared to previous results for
Linear-CTD (Lemma 5.2) , since the maximum eigenvalue of CC T is of order K2.

Lemma E.3. Forany p > 2, let apumr ~ (1 — /) Amin and oz;lg[oF ~(1- \/Ty)/(pKQ) (ag’}gon <
1/2). Then for any a € (0, aPMF), uecR¥ andt € N

P,

P
El/p {HFE(JQMF“H } < (1 - aapur)’ [ull.
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Concepts Linear-TD Linear-CTD
Parametrization V() = ¢(s) b Fi(s;0) = ¢(s)T0(k) + 2%
Bellman Operator (T™V)(s) =E[rog + vV (s1) [ so = ] (T™n)(s) = E[(bry 1) #n(s1) [ 0 = 5]
Projection Operator Vo =TV, § = 3, By [6(5)V (5) o =115, © = 5, 1oy [6(5) (Ful5) — F)T]
Projected Bellman Equation Vy =TI5T7Vy, [See Eqn. (4)] ne =I5 T no, [See Eqn. (12)]
Update Rule 1 Yio1 — ag(si) [(@(s1) — 19 (s5e1)) i1 —re] [See Eqn. (13)]
At B(s0)P(s) " —1P(s0)P(se1) " T @ (@(s0)9(s0) D] = [(CG ' (r)C ") © (S(s1)P(s61) "]
Key Quantity in A, 5 CG~!(r,)C~" with spectral norm /5
b rep(s:) lCE gi(r) — 1) @ (s0)
Key Quantity in b; r <1 K321 - ) C(Ei,g:0m) — 1) < 1
Measure of Error V=Vl = B [(V(s) = V()2 Wi, 1.17) = (Esmp, [WE(s), 7™ (s)])}/?
Approximation Error [V = V7l < (1=~°) 2T VT — V7, [See Proposition 3.3]
~ (TG, 41 yaTHH
Sample Complexity o <<],7)§i ‘‘‘‘‘ (& + ﬁ)) o ((‘ll—qu);&:l (= + ﬁ))

Table 2: Comparison between Linear-TD and Linear-CTD.

As before, in this lemma, apyir does not depend on K because the minimum eigenvalue of CC' T is
Q(1), and aE}XICF scales with K ~2 because the maximum eigenvalue of CC'T is of order K?2.

Theorem E.2. Forany K > (1 —~)"! and o € (0, ¥F), it holds that
- K2 (16*]ly, +1 K2 K3 (]|0%||y, +1
B2(((ear )] S U I D) () e [ (16" v, +1)
\/T(l - V)M (1 - ’Y))\min TV aK2(1 — 7)5)\min

(1 _ %(QKQ)K_Q(I - \/’?)Amin)T/2 K " K2
TVaK?(1 =)V Auin Vak?  /0—)mm

+ K

) [0pnir,0 — 07|y, -

This theorem for the PMF version algorithm yields an upper bound that is K> times looser than
Theorem 4.1 for our Linear—-CTD. The appearance of the K2 factor is due to the fact that the
condition number of the redundant matrix CC'T is of order K 2. This factor is unavoidable within
our theoretical analysis framework.

However, from the numerical experiments (Table 3 and Table 4) in Appendix G.2, we can only observe
that our Linear-CTD consistently outperforms the PMF version algorithm under different values of
K, but the performance gap does not increase significantly when K becomes larger as predicted by
Theorem 4.1 and Theorem E.2. The reason for this might be, as discussed after Lemma E.1: in the
experimental environment we have set, when the matrix CC T acts on the vectors it encountered,
the stretching coefficient is usually of order K2 rather than a constant order. See the numerical
experiments (Figure 6) in Appendix G.2 for some evidence.

F Comparison between Linear-TD and Linear-CTD

To further improve the readability of the paper, we compare various concepts and results between
Linear-TD and Linear-CTD in Table 2.

G Numerical Experiment

In this appendix, we validate the proposed Linear-CTD algorithm (Eqn. (13)) with numerical
experiments, and show its advantage over the baseline algorithm, stochastic semi-gradient descent
(SSGD) with the probability mass function (PMF) representation (Eqn. (39)).

To empirically evaluate our Linear—-CTD algorithm, we consider a 3-state MDP with v = 0.75.
When the number of states is finite, we denote by ® = (¢(s))ses € R?*S the feature matrix. Here,
we set the feature matrix & to be a full-rank matrix in R3*3. The following experiments share zero
initialization 8y = 0 with max_iteration=500000 and batch_size=25.

All of the experiments are conducted on a server with 4 NVIDIA RTX 4090 GPUs and Intel(R)
Xeon(R) Gold 6132 CPU @ 2.60GHz.
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G.1 Empirical Convergence of Linear-CTD

We employ the Linear-CTD algorithm in the above environment and have the following convergence

results in Figure 2. This figure shows the negative logarithm of + ||6; — 0*|ﬁx®z¢ = (1-
10 _ llllllll lllll IIIIII:I—I_—
EILR R
s g eI
= ) L
R
CIID 7 .' ’/,'
£ I s
‘_LE( .- K= 2
8 i
2 ; o K= 5
| 5 4
| K=50
4 9 k=0
T : I | |
0 10000 20000 30000 40000
Iterations

Figure 2. Convergence results under varying K for our Linear-CTD algorithm with step size « = 0.01.
These curves exhibit similar trends, demonstrating our algorithm’s robustness across different K values.

7)6%7 L (1a,,Me~) along iterations. We observe that our Linear—CTD algorithm can converge for
different values of K when we set the step size as o = 0.01.

G.2 Comparison with SSGD with the PMF Representation

First, we repeat the same experiment as in the previous section for the baseline algorithm, SSGD with
the PMF representation. The experimental results in Figure 3 demonstrate that when the baseline
algorithm uses a fixed step size o = 0.01, it does not converge when K is large (K > 44). The
results in Figure 2 and Figure 3 verify the advantage of our Linear-CTD over the baseline algorithm
as mentioned in Remark 5: when K increases, the step size of the baseline algorithm needs to decay
(Lemma E.3). In contrast, the step size of our Linear-CTD does not need to be adjusted when K
increases (Lemma 5.3).

Next, we will verify that the maximum step size aEOMF’(K) that ensures the convergence of the baseline

algorithm scales with K 2, as predicted in Lemma E.3. Then we will compare the convergence rate
of the baseline algorithm with that of our Linear-CTD algorithm.

In Figure 4, we employ the baseline algorithm with different step sizes under fixed K = 150, and we
find that the baseline algorithm converges when the step size does not exceed 8.6e—4, and it does not
converge when the step size exceeds 8.7e—4. This indicates that a&MR(lSO) € [8.6e—4,8.7e—4] in

. . o N PMF, (150
this environment, providing a good approximation of aiss (150),

We repeat the above experiments under varying K, looking for a step size that can ensure convergence
(a lower bound of anMF’(K)) and a step size that leads to divergence (an upper bound of aEOMF’(K))

such that the two step sizes are as close as possible and thereby we can get a good approximation of
PMF,(K) Lo
Qoo . The results are summarized in Table 3.

In Figure 5, we use the approximate values of anMF’(K) provided in Table 3 to perform a quadratic
function fitting of 1/ aECMF’(K) with respect to K. We find that aEOMF’(K) indeed approximately

scales with K 2, which verifies our theoretical result (Lemma E.3).

To compare the statistical efficiency of our Linear-CTD algorithm and the baseline algorithm, in
Table 3, we also report the number of iterations required for the error to reach below 2e—6 when the
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Figure 3. Convergence results under varying K for the baseline algorithm, SSGD with the PMF
representation with step size o = 0.01. We remark that when K = 45, the program reports errors of inf
and nan. In contrast to results of Linear-CTD in Figure 2, the baseline algorithm no longer converges
when K is large (K > 44).
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Figure 4. Convergence results with different step sizes for the baseline algorithm, SSGD with the PMF
representation under fixed K = 150. We remark that when we take o = 8.8e—4, the program reports

errors of inf and nan. The baseline algorithm converges when the step size does not exceed 8.6e—4, and

it does not converge when the step size exceeds 8.7e—4. Therefore, Qb (150) ¢ [8.6e—4, 8.7e—4]

in this environment.

step size satisfies a ~ O.2aEOMF’(K). In addition, we present the parallel results of our Linear-CTD
(K)

in Table 4. In Table 4, we find that the value of as ’ for our Linear-CTD algorithm is much
larger than anMF’(K), and it does not decrease significantly with the growth of K. Moreover, by

comparing the Iterations columns in Table 3 and Table 4, we find that the sample complexity of
our Linear-CTD does not increase significantly with the growth of K, and Linear-CTD empirically
consistently outperforms the baseline algorithm under different K.

However, the performance gap does not increase significantly as expected when K increases as
predicted by Theorem 4.1 and Theorem E.2. The reason for this might be that, as discussed after
Lemma E.1, in the experimental environment we have set, when the matrix C'C' T acts on the vectors
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PMF,(K)

PMF,(K)

K Lower Bound of o Upper Bound of o Iterations
30 2.1e-2 2.2e-2 37245
45 9e-3 9.5e-3 39262
75 3.4e-3 3.5e-3 38286
105 1.75e-3 1.8e-3 38123
150 8.6e-4 8.7e-4 38556
225 3.8¢e-4 3.9¢e-4 38317
300 2.1e-4 2.2e-4 38999
375 1.35¢e-4 1.4e-4 38674
450 9.5e-5 9.8e-5 38506

Table 3. Lower and upper bounds of the maximum step size ag\/IF‘<K) that ensures the convergence
under varying K for the baseline algorithm, SSGD with the PMF representation. The bounds are

determined using the same method as that in Figure 4. The Iterations column refers to the number of

iterations required for the error to reach below 2e—6 when the step size satisfies a ~ 020501 ()

7
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K
. . . . PMF,(K) .
Figure 5. The approximate values of of maximum step sizes 1/coo under varying K. Here we
take the average of the upper and lower bounds of abME (5 provided in Table 3 as an approximation
of aEOMF’(m and perform quadratic regression of 1/ aOPoI\4F’<K) on K. This fit achieves a mean squared

error of 425.85 and R? of 0.99996, which indicates that 1/a§oMF’<K)
respect to K, aligning with our theoretical results (Lemma E.3).

indeed grows quadratically with

it encountered, the stretching coefficient (i.e.,
K2 rather than a constant order.

CCTacH / ||z || for some vector x) is usually of order

We verify this conjecture through the following experiment. We focus on the LHS and RHS of
Eqn. (40) in Lemma E.1:

£(6) !

S \/?(1 - '7)2 Vv )\min

| Apsr (6 — 67)]

where
Apuir = [(CCT) @ By] ~ By [ (CCT(CG(r)CT™)) @ (0(s)0(s)T)]

In our theoretical analysis, we first give an upper bound of the RHS, and then apply Lemma E.1
bound the loss function £(0) in the LHS with the RHS. However, since the minimum eigenvalue
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(K) (K)

K  Lower Bound of o Upper Bound of o Iterations
30 1.65 1.7 17908
45 1.65 1.7 17925
75 1.65 1.7 17942
105 1.6 1.65 18623
150 1.5 1.55 21947
225 1.55 1.6 20890
300 1.55 1.6 20890
375 1.55 1.65 20595
450 1.5 1.55 21947

Table 4. Lower and upper bounds of the maximum step size ag,( ) that ensures the convergence under

varying K for our Linear-CTD. The bounds are determined using the same method as that in Figure 4.
The Iterations column refers to the number of iterations required for the error to reach below 2e—6 the

step size satisfies o ~ 0.204(;){).

of the matrix CC'" in the RHS is only of a constant order, we are unable to have a term of 1/K 2
in the RHS. Therefore, our conjecture can be verified by checking whether the bound provided in
Lemma E.1 is tight in this environment, which is presented in Figure 6. The left sub-graph of Figure 6
corresponds to the LHS, and the right sub-graph corresponds to the RHS. We omit the constants that
are independent of K. From Figure 6, we can find that the LHS remains almost unchanged under
different K, but the RHS increases as K becomes larger. This indicates that the stretching coefficient
of the matrix CC'T that we frequently encounters during the iterative process grows with K rather
than remaining a constant order. A similar analysis also holds for apyr in Lemma E.3, and we omit it
for brevity. These factors result in the performance gap between our Linear-CTD algorithm and the
baseline algorithm not increasing significantly when K becomes larger, as predicted by Theorem 4.1
and Theorem E.2.

11 A 2
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) & 4 A
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B 7 i
o (o)}
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Iterations Iterations

Figure 6. LHS and RHS of Eqn. (40) in Lemma E.1 under varying K. The left sub-graph corresponds
to the LHS, and the right sub-graph corresponds to the RHS. We omit the constants that are independent
of K. We can find that the LHS remains almost unchanged under different K, but the RHS increases
as K becomes larger, indicating that the stretching coefficient of the matrix CC'" that we frequently
encounters during the iterative process grows with K rather than remaining a constant order.

H Other Technical Lemmas

1
1—y

Lemma H.1. For any vy, vy € 258", we have W1 (vy,15) < Ly (vy, 1)

46



Proof. By Cauchy-Schwarz inequality,

1

O

Lemma H.2. Let C € REXX pe the matrix defined in Eqn. (11), it holds that the eigenvalues of
CTC are1/(4cos?(km/(2K + 1)) for k € |K], and thus

cCll=—r <K H c’c _1H:4cos2 <4
| H dsin® Fs ( ) 2K +1
Proof. One can check that
K K-1 --- 21
K-1 K—-1 -+ 21
cic=| S
2 2 2 1
1 1 11
1 -1 0 0 0
-1 2 -1 0 0
. -1 2 0 0
(o) =
0 0 0 - 2 -1
0 0 0 - -1 1

Then, one can work with the the inverse of C'T C and calculate its singular values by induction,
which has similar forms to the analysis of Toeplitz’s matrix. See Godsil [1985] for more details. [J

Lemma H.J3. For any r € [0,1], it holds that HCCNJ(T)C_lH < 7 and
|cm ey aw ©e) ™| < A

Proof. One can check that

1 0 0 O
-1 1 0 0
C—l _ 0 -1 0 0

0 o --- -1 1
It is clear that

H(CTC)l/z 1/2

G (ce) | <vi = (€T) P émecTo @ () (CTe) < Ik
— G(r)(CTO)'G(r)sy(CTO)!
— CG(r)(CTC)'GT(r)CT g Ik
— Hcé(r)(fl” <A

By Lemma 1.2 and an upper bound on the spectral norm (Riesz—Thorin interpolation theorem) [Serre,
2002, Theorem 7.3], we obtain that

|cérec| < \/Hcé(r)ole |céme| < vis=va
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Lemma H.4. Suppose K > (1—~)"L v = (K+1)"! Z,[::O 0z, is the discrete uniform distribution,
then for any r € [0, 1), it holds that

o ((bry)#(V),v) < 34/1 —1.

Proof. Let v be the continuous uniform distribution on [O, (1—v)"t+e K] , we consider the follow-
ing decomposition

U (v, (bryy)# (V) < la (v, 0) + L2 (D, (briy ) (7)) + L2 ((br ) (7), (bryy) (V) -
By definition, we have

) e [ (01

1
:\/3K(K T1(1-7)

1
<—.
T K1 -~
By the contraction property, we have
- - val
EQ ((bT7’Y)#<V)7 (b’fﬁ)#(V)) Sﬁ€2 (V7 y) S K\/ﬁ

We only need to bound /5 (7, (by )« (7)). We can find that (b, )4 (?) is the continuous uniform
distribution on [7", r+yig +v(1 — 7)*1] , and the upper bound is less than the upper bound of v,
namely, 7 + yix + (1 =) "1 < (1 =)t + vk < (1 —7)"! + 1x. Hence

B0 = [ (- w,ﬁlx)Qdﬁ / AR L G )}d

(1=t K 2
+ / (1 —(1-7) x) dx
r+yeg+y(1=y) 71 K+1

—r)’

(L= )2K <(1—7)7K2r3 (1—7>7K2(13<“‘r)3>+(1_7)2K2(KK“

3(K + 1) 3(K +1)2 3(K +1)2 3(K +1)?
<A =7+ A=)
=1—1.

To summarize, we have

where we used the assumption K > (1 —~)~L. O

I Analysis of the Categorical Projected Bellman Matrix

Recall that G(r) = G(r) — 1} ® g (r). We extend the definition in Theorem 3.1 and let g; x (r) =
h((r+~zj —xx)/ik) . = h(r/ix +~j — k) for j,k € {0, 1, , K} where h(z) = (1 — [z]),.

Lemma L.1. Foranyr € [0,1] and any k € {0,1,--- , K}, in gi(r) there is either only one nonzero
entry or two adjacent nonzero entries.

Proof. Tt is clear that h(z) > 0 <= —1 < x < 1. Let k;(r) = min {k : g; x(r) > 0}, then
kj(r) =min{k : 7/txg +~vj —k <1} =min{k : 0 < r/ux +vj — k < 1}. The existence of k;(r)
is due to

r/ik+vi—K<1l/ik+7 - K<(1-79)K+7K-K=0<1.
Let aj(r) := r/ix +vj — kj(r) € [0,1). Then g;x ) (r) = h(a;(r)) = 1 — a;(r) and
9jk;(m)+1(r) = h(a;j(r) — 1) = a;(r) are the only entries that can be nonzeros. O
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The following results are immediate corollaries.

Corollary I.1.
i 0, for0 < < kj;(r),
Zgj7k(r) =< 1—aj(r), fori=~k;r),
k=0 1, forkj(r) <i<K.
Corollary 1.2.
k. (’I"): kj(?"), l:faj(r)élffyv
Gk ki(r)+ 1, ifa;(r) >1—1.
As a result,
"y (7"): aj(r)+77 ifaj(r)ﬁl—%
g+ a;(r)+~v—1, ifaj(r)>1—1.
Lemma L2. All entries in CG(r)C~' are non-negative. HCG’(T)C"1 H = v and

HCG‘(@C*H1 <1
Proof. By definition the entries of G (r) are

(G(r))ji = 9i(r) = gr(r) forji€{0,1,--- K —1}.

Using the previous corollaries, through direct calculation we have that if k;1(r) = k;(r),

i 0, for0 <i < k;(r),
(CG(r) ng )= > gir1n(r) = a1 (r) —a;(r), fori=k;(r),
k=0 0, for k;(r) <i< K.
Al’ld lf kj+1(7’) = kj(?") + 1
. A 0, for0 < i < k;(r),
= _ : : 1—a;(r), fori==k;(r)
CG(r)C™Y),,; = w(r) — ; r) = AN A
( (r) )i, kzzogj,k( ) kzzogj+l,k( ) aj1(r), for i = kj1(r),
0, for k;(r) <i < K.

As a result, all entries in CG (r)C —1is non-negative. Moreover, the sum of each column and
HC’C;’(T)C’1 H is v since
o0

K—1
~ _ i —a;(r) = if kj1(r) = k;i(r)
CcG C 1 = G/J+1(’f') a’J(T) s 1 j+1 J )
2,106 {1 —ay(r) +aya (1) =7, ik () = k() + 1.
Moreover, the row sum of CG(r)C " is

K-1 i

Z(CG ZQOm —ZQK,m(T)Sl—OZ
7=0 m=0 m=0
Thus, it holds that Hcé(r)c—l H <1. O

1
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