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Abstract

We study games with N players where each player aims to minimize their own
loss. These games are gaining popularity due to their wide range of applications
in machine learning. For instance, minimax optimization problems are a special
case of N-player games. Stochastic Gradient Descent (SGD) is among the main
methods for solving such games. However, in many distributed game optimization
applications, this approach can result in high communication overhead, as each
player needs access to the other players’ strategies at every time step to compute a
gradient. In this paper, we introduce a new optimization paradigm called Decou-
pled SGD. This framework allows individual players to carry out SGD updates
independently, with occasional strategy exchanges at predetermined intervals. We
analyze the convergence properties of this approach in various scenarios. Primarily,
we consider the popular minimax bi-linear game and establish the convergence
rate of our method in this setting. We also derive explicit formulas for the opti-
mal length of synchronization intervals and step size. We then provide a general
algorithm for N-player games for cases where strategy synchronization is costly.
We derive its convergence rate when the resulting operator is strongly monotone.
Finally, for minimax optimization problems, we investigate the combination of our
Decoupled SGD with classical distributed paradigms, where players have multiple
processors/clients and synchronize their strategies sporadically.

1 Introduction

Reinforcement learning (RL) is a versatile and robust framework designed for making decisions
under uncertainty. It has gained considerable traction due to its general applicability and powerful
problem-solving capabilities. RL has achieved human-level performance in different games like
Go and Atari games Silver et al. [2016], Mnih et al. [2015]. Multi-agent systems are one of the
important applications of RL, where multiple agents interact within a shared environment. This
interaction can be competitive, cooperative, or a mix of both. Multi-agent RL problems are closely
related to game theory, as they can be viewed as specific types of multiplayer games where agents
interact within a shared environment. In both fields, agents aim to maximize their own rewards, often
considering the strategies and actions of other agents to do so. Game theory provides a theoretical
framework for understanding the strategic interactions among agents, which is directly applicable to

*Equal contribution.
TCISPA Helmholtz Center for Information Security, Saarbriicken, Germany

38th Workshop on Aligning Reinforcement Learning Experimentalists and Theorists (ARLET 2024).



multi-agent RL scenarios. Moreover, Many real-world problems in various fields, such as economics
and computer science, can be formulated as /NV-player differentiable games. The goal is to find a set of
strategies that no player has an incentive to change their strategy unilaterally. This set is the so-called
Nash Equilibrium (NE). Minimax optimization problems, as a special case of [N-player games have
gained huge attention because of their wide range of applications. This concept appears in areas
such as: game theory Von Neumann and Morgenstern [2007], Generative Adversarial Networks
(GANSs) Goodfellow et al. [2014], adversarial training and robustness Shafahi et al. [2019], Madry
et al. [2017], multi-agent RL Li et al. [2019] and adversarial RL Yu et al. [2019]. The most widely
used method for finding NE in /N-player games is the use of first-order methods such as Gradient
Descent Ascent (GDA). A critical assumption in these methods is that each player has access to
the strategies of other players, allowing them to compute their gradients accurately and update their
strategies accordingly. However, this assumption is not aligned with the realities of multi-agent
adversarial RL problems, where agents often do not have direct access to the strategies or parameters
of their opponents.

To address this gap, we propose a novel formulation of distributed minimax optimization tailored
for N-player games. Our algorithm, proposed in Algorithm 1, effectively computes the NE without
violating the realistic constraints discussed. We provide a convergence proof, demonstrating that our
algorithm converges to the NE at an exponential rate. This new approach not only distributes the
computational load efficiently but also incorporates the practical dynamics of real-world competition.

It might also be the case that each player is on a separate device and these devices are performing
online learning. For instance, players can be multiple robots that are cooperating towards accom-
plishing a goal, each having only access to their own observations of the environment. In this setting,
communicating all of the robot’s strategies at every time step is very costly and not feasible in
real-world problems. All these reasons motivated us to design a new algorithm that is efficient in
terms of the number of communications and allows players to avoid sharing their strategies at each
step.

1.1 Contributions

* We propose a new algorithm called Decoupled SGD, which aims to solve the general
N-player games assuming each player has a strongly convex payoff function. With this
algorithm, players improve their strategies for K iterations (local steps) without being
informed about the most recent strategies of their opponents. This way players only share
their parameters every K step which is efficient.

* We first show the convergence of our method for a special simplified class of bi-linear
zero-sum games with two players. This case provides more intuition as we have propose an
explicit rate based on the parameters of our setting. We show the trade-off between step size
and number of local steps and discuss the optimal combination of these two.

* We generalize our convergence rate for the case that there exists IV players, each having a
strongly convex objective.

* Finally, we provide a convergence rate for our method in the distributed minimax games in
which there are only two players having their data distributed across computing nodes.

Note that throughout the paper, when the problem is minimax, we use the name Decoupled (S)GDA
for our method and when we are in IV -player setting, we use the name Decoupled SGD. The rest of
the paper is organized as follows: in Section 2, we discuss some of the related works. In Section 3,
we introduce the our notation, In Section 4, we introduce our new formulation and Decoupled SGD
algorithm for N-player games. In Section 5, we will provide convergence rates for Decoupled SGD.
In Section 6, we extend our method for the distributed minimax games and provide a rate for this
setting. Finally, in the last section we provide some experiments to show the effectiveness of our
method.



2 Problem formulation

N-player games are defined in the following way:

H;iln fl(Xl,X27 "'7XN)
min fo(xt, x2, ..., xV)
* (H
m}ivan(Xl,XQ,...,XN)
X

Where X,, < Ré» ,Vn € [N] is a convex set which the function f,, : X} x ... x Xy — R is defined
on. We recover the well-known zero-sum minimax games as a special case of (1) when N = 2 and
f = fi = —f2. In general, minimax optimization refers to finding the saddle point of objective
f(x,y) where we minimize over x and maximize over y. This problem can be formulated as:

i . 2
g{rg)rclr;lgﬁcf(x,y) )

Where X € R™ and ) < R"™ are two convex sets on which our function f : X x Y — R is
defined. Many methods have been proposed for solving the above problems Nouiehed et al. [2019],
Korpelevich [1976], Popov [1980], Chavdarova et al. [2020], but the most common way of solving
games is to take gradient steps for each player. In zero-sum minimax games, we update the variable x
in the opposite direction of the gradient while updating the variable y in the direction of the gradient.
This method is called Gradient Descent Ascent (GDA). In many real-world scenarios, players in
the game can be distributed across several processing units. This leads us to utilize distributed
optimization methods in the context of games. However, the most concerning issue in distributed
optimization is communication efficiency, as communication is expensive, especially in networks
with limited bandwidth. Existing works have studied the case of minimax zero-sum games with
two players in the context of distributed learning. However, they often assume that all processors
have access to both variables x and y and can update them simultaneously. This problem can be
formulated as follows:

M
1
min max f(x = min max — X,¥). 3
min max f(x, y) = min max Mm2=1 fm(%,¥) 3)
Some works consider the heterogeneous version of the above problem, where f,,,s are different, while
others assume that all processors have the same f.

3 Related works

We discuss the works on minimax optimization in three categories centralized, decentralized, and
distributed. Also we point out to some relevant works on bandits.

Centralized minimax optimization. Many works proposed algorithms for solving minimax opti-
mization on a single machine. Nemirovski [2004], Nesterov [2007] studied the case of convex-concave
minimax and proposed a method for this problem that can achieve a rate of O(%) Thekumparampil
et al. [2019] combined the idea from Nestrov’s Accelerated Gradient and mirror-prox and achieved
arate of O (%) for strongly-convex-strongly-concave functions. Wang and Li [2020] designed an
efficient algorithm for general strongly-convex-strongly-concave functions by using the idea from an
accelerated proximal point algorithm and can achieve a linear rate. Kovalev and Gasnikov [2022] was
the first to propose the optimal method for this class of functions achieving a rate of O(, /K. F, log %)
which matches the lower bounds in Zhang et al. [2022b], Ibrahim et al. [2020]. Another line of
research on minimax optimization [Lee et al., 2024, Zhang et al., 2022a] discovers the effect of
alternating in the convergence of GDA.

Decentralized minimax optimization. Decentralized optimization is widely studied for the case
of minimization [Xiao and Boyd, 2004, Tsitsiklis, 1984] with the goal of not relying on a central
node or server. This idea is also applied to the case of minimax optimization problems. The paper



Liu et al. [2020] is the first who studied non-convex-non-concave decentralized minimax. They also
used the idea of optimistic gradient descent and achieved a rate of O(e~'?). In Xian et al. [2021],
authors proposed an algorithm called DM-HSGD for non-convex decentralized minimax by utilizing
variance reduction and achieved a rate of O (k3¢ ~2). Recently, authors in Liu et al. [2023] proposed
an algorithm named Precision for the non-convex-strongly-concave objectives which has a two-stage
local updates and gives a rate of O( 7).

Distributed minimax optimization. There is a long track of work for distributed minimization so
called Federated Learning (FL) starting with McMahan et al. [2017]. Several works studied FL under
different assumptions and data distributions Stich [2018], Koloskova et al. [2020], Karimireddy et al.
[2020], Woodworth et al. [2020a,b]. In the context of minimax optimization, there are a few works
who studied distributed version of it. The works Deng and Mahdavi [2021], Sharma et al. [2022]
proposed rate for different classes of functions in the both heterogeneous and homogeneous regimes.
These papers used the formulation 3 which is discussed before. The main difference between these
works and ours, is this formulation.

Multiplayer multi-armed bandit. In this class of problems, we have an environment with N
players trying to solve a Multi-Armed Bandit (MAB) problems while collaborating with other players.
The goal is to maximize the cumulative reward or to minimize the regret. The work Wang et al. [2020]
proposed a new method for solving distributed MAB problems that can achieve the same regret bound
as in the centralized setting. Another work Agarwal et al. [2022] considered a regime in which the
goal is not only to minimize the regret, but also the number of communication and the number of bits
used in each communication. Another variation of distributed MAP is to collaboratively identify the
arm with the highest average reward. Authors in Mitra et al. [2021] proposed Fed-SEL which is a
communication efficient method that benefits from high heterogeneity of arms. Chen et. al Chen et al.
[2023] studied MAB assuming players have different speeds in decision making and proposed a new
protocol to tackle this issue.

4 Setting and preliminaries

In this section, we start by introducing the notations and definitions that will be used frequently
throughout this paper.

4.1 Notations and basic definitions

N-player games. We use x;.’" as the parameters of player n at some round r and after k local steps.

Also we use x,. """ to denote the concatenation of all players’ parameters excluding player n. The
concatenation of all players’ parameters is shown by z},. Moreover, we define the operator G(z) as
follows:

Vi fi(xt, ..o xN)
Gl(z) == : @)
Van fn(xt, ., xY)
The NE in N-player games Bravo et al. [2018] is defined as:
fu(0sx.") < fu(xX™5x0"), VX" e Xy ne[N] 5

Where x7 is the strategy of player n at NE. The point z* := [xi; oaxlN ] has to satisfy the following

condition in an unconstrained game:
G(z") =0 ©)

For the special case of N = 2 and f = f; = — fo, we recover the definition of well-known minimax
games. In these games, we aim to find the saddle point (x*, y*) which has to satisfy the following

property:
fEy) < f(XYT) < f(x,y7),Vx e X, Vy e ). )



S Decoupled SGD for N-player games

In this section, we introduce our Decoupled SGD algorithm for N-player games. Our algorithm has a
round-wise structure meaning that at the beginning of some round r, player n sends his parameters
to all other players and also receives the parameters of all other players. Then all players start
taking SGD updates for K steps, only updating their own strategies. The advantage of our method is
that each player doesn’t need to compute the gradient of his payoff function with respect to the
strategies of other players. It only requires an outdated version of their parameters which has been
received at the beginning of the round, leading to communication efficiency. In line 8 of our method
in Algorithm 1, communication can be done peer-to-peer or through a central server.

Algorithm 1 Decoupled SGD for N-player games

1: Input: step size 7, initialization x}, . .., x}’
2: forre {l,...,R} do
3: forke {0,...,K — 1} do
4: for n € {1,..., N} in parallel do
5: Update local model x,7), « x;" =V fr (x5 x5 ™)
6 end for
7 end for
-
8:  Communicate [X}K’T, e ,x%’r] to all players
9: end for
10: Output: X}%R, - ,x%’R

In the following, we introduce the assumptions that are crucial for the convergence of our Algorithm.
Assumption 1. The variance of stochastic gradient on function f,, is uniformly upper bounded.

Ee, [Hvxnfn(xl, o XN €)= Vi fu (XL ,XN)HQ] <o (8)

Assumption 2. An operator G : R% — R" is called to be L-smooth if for all x,y € R?, there exist a
constant L > 0 such that:

|G(x) = Gy)| < Lx-y]- ©

Assumption 3. An operator G : R* — R% is called to be y strongly monotone if for all x,y € R?,
there exist a constant (v > 0 such that:

(6(x) -~ Gly)x =~y )= ulx—y|*. (10)

6 Convergence analysis

In this section, we provide convergence guarantees for our proposed methods. We start this section by
providing a rate for the case of bi-linear zero-sum minimax games. This gives more intuition about
our method as we have a closed form for the class of bi-linear games. Next, we generalize our results
to the class of N-player games with strongly convex objectives.

6.1 Decoupled GDA (Alg. 1) for bi-linear games
A simplified bi-linear game can be defined as:
1 1
fxy) = 5x " (whx — gy @Dy +x'Cy (1

Where w € R and C € R4*? is a symmetric matrix defining the interactive part of the game.

Theorem 1. For any K, R after running Decoupled GDA for a total of T' = K R iterations on the
problems in the form of (11), with a learning rate of v < %, we have a last iterate convergence rate

of:
|z — z*”2 < ((1 —w)?F + (1 — )™ = 1)2‘*’72)‘%1“(0))}% |26 — Z*HQ (12)

Where \max(C) refers to the maximum eigenvalue of the matrix C.



. . . 2
Discussion To ensure the convergence of our method, the coefficient of Hz8 —z" H should be less
than one. This gives us some conditions on the steps size and number of local steps. In general, the
more number of local steps we take, the smaller step size should be used.

Corollary 2. There exists an optimal combination of number of local steps and step size (v*, K*)
for Theorem 1, which gives the optimal rate of:

9 R
R *||2 )‘max(c) 0 *[|2
Zp — 2| < | 52— zy — Z 13
o 21" < (7200 ) s | a3)

2 ax(C) — 0, which means that the game has no interactive
part, we converge in one step which is expected. On the other hand, if w — 0, we never converge as
we have a game with only the term x" Cy. It’s widely known that GDA doesn’t have a last iterate
convergence guarantee for this type of game.

From (13) we can see that the when \>

6.2 N-Player games

Theorem 3. For any K, R,L > 0, > 0 after running Decoupled SGD for a total of T = KR
iterations on the problems in the form of (1) with a learning rate of v < s57h5y, assuming that

2 . )
Hzg —z" H < B? and operator G is strongly monotone, we have the following convergence rate up
to some logarithmic factors:

2 2
a2 A Iz o
EHZIR;—Z ” _O<B26Xp<_NL2R>+,u2KR>

Discussion From the Theorem 3 it’s clear that R = w(N) for the convergence. This comes from
the fact that we need to scale the step size with the number of players. As this number increases, we
have more outdated parameters being used in our update rule which results in a higher error so it’s
intuitive to choose a smaller learning rate when the number of players is very large.

7 Decoupled SGDA for distributed zero-sum minimax games

In this section, we study an extension of our algorithm for distributed setting. For simplicity and in
order to be aligned with other works Deng and Mahdavi [2021], Sharma et al. [2022], we consider
two-player zero-sum minimax games. Our results for the distributed setting can be extended to the
N-player case.

Notations In this setting, we assume that each player’s data is distributed across M processors. So
each processor has access to a function f,,,(x,y) on which it can perform gradient steps. The distri-
bution of data across processors can be either homogeneous or heterogeneous. In the heterogeneous
regime, which is the case of study in this paper, each processor holds a different payoff function. To
measure this difference, we use the following assumption:

Assumption 4. There exists a constant (, satisfying the following inequality in distributed minimax
games:

w5 [V )| 5 [ 9 i) < €3 (14
Where z* = [x*;y*] is the saddle point.

We denote x;"" and y,"" as the parameters of players x and y on client m in some round r after
k local steps. The concatenation of x and y is denoted by z. We also operators G(z), G,,(z) are

defined as follows:
o= () oo () =

Note that in general G,,,(z*) # 0. In Algorithm 2, we discuss the distributed version of our method,
where two players x and y have their data distributed across M processors each. At every round,
each set of processors update their local models while having access to an outdated version of the
other opponent parameters which was received at the beginning of the round. By the end of the round,
both set of x and y processors send the their parameters to a central server which will compute the
average of the parameters and send them back to all processors.



Algorithm 2 Decoupled SGDA for 2-player distributed minimax games

1: Input: step size v, initialization xq, yo

2: Initialize: Ym e [M],x5° <« xo, y5° < yo

3: forre{l,...,R}do

& Vme[M].xpT x5 yiT <)

5: for ke {0,...,K — 1} do

6: for m e {1,..., M} in parallel do

7 Update local model x| — ka’ — VI ye")
8 Update local model y;}"} — y."" + vV f(xq ™ Ty

9: end for
10: end for
. r+l orl
= Xo A7 Zm -1 X", Yo 54 Zm 1 YE" .
12: Commumcate X, to all processors with y player and y’ to all processors with x player

13: end for
14: Output: X §&

A) Quadratic Payoff Function B) Smooth Payoff Function

—x'P)
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Figure 1: Convergence rates for different synchronization rounds in two scenarios: (A) Quadratic
Payoff Function and (B) Smooth Payoff Function. In both cases, increasing the synchronization
rounds (K) results in faster convergence, with higher K values showing a more rapid decline in error.

Theorem 4. For any K, R, L > 0, u > 0 after running Decoupled SGDA for a total of T = KR
iterations on the problems in the form of (2) in a distributed setting with a learning rate of 7 < =3 I &
|

assuming that |zg — z < B? and operator G is strongly monotone, we have the following

convergence rate:

2 22 2 2 2
_R “2 A 9 I L=¢; Lo o
E|zh — 2| _o<B exp <L2R) e e

Discussion The first term in our rate benefits from an exponential decrease. The second term is
affected by (, which comes from the fact that we assumed data is not identically distributed across
the processors. We can recover the result for identically distributed data by just setting ¢, = 0.

8 Experiments

In this section, we show some of the theoretical properties of our proposed method with experiments?.
We used a MacBook m2 laptop for running the experiments.

3ht‘cps ://anonymous.4open.science/r/Decoupled-Stochastic-Gradient-Descent-for-N-
-Player-Games-C3C5/


https://anonymous.4open.science/r/Decoupled-Stochastic-Gradient-Descent-for-N--Player-Games-C3C5/
https://anonymous.4open.science/r/Decoupled-Stochastic-Gradient-Descent-for-N--Player-Games-C3C5/

Y Coordinate

(GDA)

WE o RN

S o

-15 -1.0 -0.5 0.0 0.5 1.0 15
X Coordinate

Figure 2: This figure illustrates players’ strategies trajectories when different local steps are used. We
can see that Decoupled GDA diverges for K larger than some threshold value. This value for this
problem set is K = 10.

8.1 Finding the saddle point of bi-linear games

In the first experiment, we demonstrate the validity of our claim that local steps can accelerate
convergence in terms of communication rounds. As shown on the left side of Figure 1, we consider a
simple bi-linear game formulated as

1 1
flxy) = ngAx - inBy +x'Cy

to investigate the impact of the number of local steps on the convergence rate. The matrices A,
B, and C are positive semi-definite matrices, randomly generated in R®>*®. Each of these random
matrices is then normalized to have a fixed maximum eigenvalue. From the figure, it is evident that
incorporating local steps results in a significant speed-up in convergence.

8.2 Communication efficiency of Decoupled SGD for functions beyond bi-linear

Here we present a synthetic minimax optimization problem that doesn’t have a bi-linear form then
we show that our method is communication efficient on this function. The function we consider is
defined as follows:

, 1
min max — [o(A(x +4)) — yI7 + A x)* = Az 6]

X

Where x,y,6 € R®, A € R199%5 and \;, \» € R are just regularization parameters. In the above
equation, o is the sigmoid function. It prevents the above equation from having a bi-linear form. This
type of problem formulation can be found in the context of adversarial training.The right-hand side of
Figure 1 illustrates the norm of the operator after running GD and Decoupled GD with their optimal
step size. The algorithm is run for different step sizes for each value of K, and the best-performing
one is chosen to be illustrated here. It is clear that for a fixed accuracy, our algorithm with K = 50
had the best performance and required the least number of communication rounds.



9 Conclusion

In this work, we introduced a novel approach for solving N-player games, which we believe is more
practical and suitable for real-world applications. The primary advantage of our method lies in its
ability to operate without requiring access to all players’ strategies at each step. This feature provides
greater autonomy to players who may prefer not to continuously share their parameters. Furthermore,
we have theoretically demonstrated that our method achieves convergence even when utilizing
outdated gradients. There might be some room for improvement by utilizing newer approaches in
minimax optimization such as Extra Gradient method which we leave for future works.
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A Appendix

Lemma 5. For a convex function f we have:

1 M 1 M
Flap 2xm | <57 20 Fxm). (16)
m=1 m=1

Lemma 6. For a set of M vectors a1, as,...,ap € R we have:

M

Z am
m=1
Lemma 7. For a set of M vectors a1, as,...,ay € R we have:
M

2 am
m=1

Lemma 8. For two arbitrary vectors a,b € R% and V¥~ > 0 we have:

M
< D) laml - (17)
m=1

2 M
<M Y Jan|? (18)
m=1

la+bl* < (1+7) Jal” + (1 +57") [b]* . (19)

Lemma 9. Let Assumption I holds. Then we have:

2 2
<Z. (20)

1Y 1 M
M WLZ:l va’YVl(X7Y7§m) - M 771221 fom(X,y)

The same argument holds for gradient with respect to'y.

Lemma 10 (Duality gap). For a strongly-convex-strongly-concave function f(x,y) we have:

~(F(z).2— 2 < = | flxe.y") = F )| = & =2 en
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Proof. We know that our objective is strongly convex in x and strongly concave in y which implies:
* * M *
— (Vo f(xe,ye),xe —x7) < f(x",y¢) = [(xe,50) — 9 Ixe —x ||2
* * ILL *
—(Vyf(xe,¥¢), ¥ —ye) < f(xe,y0) — f(xe,¥7) — 5 lye —y*|?

Summing up the above inequalities gives us:

* * * * o * |2 o *|2
—<wa(xtaYt),Xt —X >_ <Vyf(xtaYt)7y _yt> < f(X ayt) - f(xtay ) - 5 ”Xt —X H - 5 Hyt -y H
By re-writing the above expression based on z we have:
* * * o *|2
—(Fla),m— 2 < =[f(xey") = " y0) | = Sl — 2]
O
Lemma 11. Let {r;};>0 be a non-negative sequence of numbers that satisfy
T < (1 —ay)ry + £'y Zt: ri + ey’
t+1 =X t K [ )
i=max{0,t—K+1}
for constants a > 0, b,c = 0 and integer K > 1 and a parameter vy = 0, such that ay < 3. If
b < %, then it holds
a \? 2c
T < (1 — 77> ro + —7. (22)
2 a
Proof. By assumption on r:
avy avy b 4
Tt+1<(1—2)7”t—77“t+?’7 Z ri +cy?,

i=max{0,t—K+1}

and by unrolling the recursion:

| i T t .
avy\t—i avy b ay\t—i
T < (1—a )7"0—1—2(1—2) ——27'1 ?’y Z T +2(1——2) c'y2
L j=max{0,i—K+1} =0
t i i 1
ay\? ay\t—i avy b 2c
< (1_7) ro+ ) (1_7) TRt RY 2 ) Il
i=0 j=max{0,i—K+1} | a

t—i b i i—j 2
) e B0 e S )2

j=max{0,i—K—1}

where we used >)/_ (1 — )< al (for (%) < 1) for the second inequality.

By estimating

a b : ay. a b . avy
f—vrz + 7 2 (1-— 77) Try < f?’ym + =7 | Z (1 - 7) T;
j=max{0,s—K—1} j=max{0,i—K—1}
a avy 1-K
< _7’7” + byr; (1 — %) T;
< _%Tz + Qb’YTZ =Y,
with and (1 — %) < 2 for ay < 4, and the assumption b < § (and r; > 0).

12



The validity of the inequality, (1 — %X)*~* < 2 for ay < + can be shown in the following way:

(-5)" < 0-9)"

For the last 1nequahty above we used the approximation (1 — z)™™ < e™* forz > 0 and n > 0:

Given that ay < +, we have:

Thus, we have

as claimed. O

Lemma 12 (Gershgorin’s Theorem for Block Matrices Varga [2004]). Consider A = (A;j) €
RI<dn \yhere Ayj € RI*4, Suppose o(-) is the spectrum of a matrix. If we denote

Gi 2 o (Ai)u {A ¢o(A0): [ -2 < > |Aij|}
j=1j#i

then
€ LnJ G
i=1

Theorem 1 means the eigenvalue of A either equals o (A4;;) or in that specific region. Corollary 1. If
Aj;; is symmetric, then the region can be specifically expressed as

Gi £ 0 (Aii) v {U C (Ak (Ai), |Aij> }
K1 j=Lyi

Where C(*, ) donotes a disk
Cle,r)y={A:|A=¢| <71}

As shown above G; contains d circles centered at all the eigenvalues of A;;.

A.1 Consensus error
In this work when we use the term consensus error, we mean the error that is either caused by (1):

The use of outdated gradients in our algorithm. (2) The deviation of iterates from their average when
we have M processors for each player.

A.1.1 Consensus error in N-player games

In this setting, we only have the error caused by the use of outdated gradients on each player. We
define this error for this setting as follows:

N
D) o= Y Ik = x|



A.1.2 Consensus error in two-player distributed minimax games

In this setting, we have both errors related to the use of outdated gradients and deviation from the
average iterates. Total error is the sum of both errors. We define the consensus error in this setting as
follows:

M M
\I/( m,ry . 1 m,r =72 W(yv™TY = 1 m,r —r|2
xp )= — Z " = gl (yp'") =~ Z lye™" — ¥kl
M m=1 M m=1

— — —r2 — — —r2
D(xy) = lIxo —x¢|",  (¥k) = |yo — ¥l

The total consensus error can be computed by summing both errors with respect to x and y:

Consensus error :=  U(x) + U(yr) +  P(xx)+ P(yx)

~

~ ~ -~

~~ ~~

error caused by multiple clients  error caused by outdated gradients

In the following, the upper bound for consensus error in different settings will be discussed. Note
that in the case of multi client, we get different upper bounds based on the assumption on data
heterogeneity.

Lemma 13 (Consensus error for M clients and two players in heterogeneous setting). After
running Decoupled Local SGDA for k local steps at some round r with a step-size of 7 < z5ta7z, the
error ¥(z,"") + ®(z},) can be upper bounded as follows: After running Decoupled Local SGDA
for k local steps at some round v with a step-size of 7 < sztaze, the error W(z,"") + ®(z},) can be
upper bounded as follows:

K
2K 2 2
E[U(z"") + B(z})] < Y s 2] — 2*|* + 32K>42¢% + % +2KA2%02 (23)




Proof.

E[w

)+ @(X41)]

(x4
1M
%

M
m,r —r Y m,r m,T,
k 77vxfm(xk 7y0 agm)ka Mmzzzl xfm(xk »Yo vgm)
2

M

_ _ Y

Ko~ %+ 57 2 Vel 0 )
=

M M
1 m,r = ’Y m,r m,r
:M ZIE Xk _'7vxfm( aYO )_XZ+M ZIVXfm(Xk 10 ) +
. M 2 V202
E|xj - %} + 57 'rnZzl Vsefm (X ye )|+t 72
2
1 m,r —r 2K72 g m,r _m,r 1 g m,r __m,r
M

2K72 mr 7202

2 EIVfnbg " y5 I + S 9%

1 4K o - 2 2
< <”) E[U(x"") + D(%5)] + 7 Z E |V fm (" ye )P + 50 + %07

K M
1
= (1 + K) E[W(x;"") + ®(x;)]+
4K 2 Y m,r m,r ST ST = —r 202
A 20 EIVln V) = Vb (G + Vadnlh SDI + I+ 2707

< (1 + Il{) E[U(x"") + ®(X})] + JE [V fm (T ¥8"") = Ve (%5, 75| +

K 2 M 20.2
o 2 EIVafnl®i 01" + ”7 70’
1
< (1 ¥ K) E[W(x;"") + ®(x};)] + 8K L Y’ E[W(x;"")] + 8K L*+* E[®(y})]+
SKW 2 | 70’ 2 2
2 E|[Vafm & YOI + 7 + 770

- <1 ; 1) E[W () + B(x})] + 8K L B[R () + (5})] +

8K’y

* * * * 20—2
Z E [V fm(Xe, ¥5) — Vafm (X5 ¥") + Vi frn (X5, y )||2+77+72‘72

(1 - ;1(> E[W(x]"") + ®(x5)] + SK L2 E[U(x}"") + ®(y;)]+

2 M

16K’Y - y’a?
ZEnvxmxk,yk) Vsefm (X" y)[* + 16K5°CC + = +9%0”
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we continue:

ELDO) + 0] < (14 7 ) EDVO) + B(xp)] + KL BLU() + 25+

2.2
16KL2’Y2 E ”22 _ Z*HQ + 16K72<3 + ’YWU + 7202
After doing the same computation with respect to y we get:

E[¥(yii)) + @(Frs)]

< (1 + ;) E[¥(y;"") + ®(57)] + SKL*y* E[¥(y;"") + &(x})]+

2 2
16KL272E |z — 2*|* + 16K+%C2 + 7]\5 44202

Now we sum up both inequalities and we get:

E[W(z7) + ©(2)41)]

< (1 i 11{) E[W(z]"") + ®(2})] + 8KL*v* E[W(2"") + ®(2})]+

2 2 2
32K L**E |z — 2*|? + 32K~2C% + LMU + 24207

With the choice of 7 < 35f53 we simplify the above inequality as:

E[W(z1) + ©(2)41)]

1 1 m,r 2
< _ - ) 77
< <1 + % + 128K) E[V(z,"") + ®(z;)] +

2 2
iz _r *2 2.0 2770 2 2
After unrolling the recursion for the last K steps and considering the fact that (1 + % + ﬁ) K <4
we have:

3 ﬂ2 2 2 2,2 2K72‘72 2 2
E[W(z,};) + ®(z41)] < Z RKL2 E|z; —2z*|" + 32Ky, + I +2Ky°0
i=1

O

Lemma 14 (Consensus error for N-player games). After running Decoupled SGD for k local steps

at some round r with a step-size of ¥ < z5ts, the error Zi:;l ®(x;"") can be upper bounded as
follows:

N K 2
n,r I T *12 2 2
nil E[®(x,")] < i:E ) CAKNIZ E |z} —z*|” + ANK~“c (24)

Proof. We start by upper bounding this error for some player n:
E[®(x; )]

Xk+1

n,r

=E|x7, —xp" [

B - Vi fa G5 60) — 0

<E sz,r _ vx"fm(xzm; Xan,r) _ X(7)L7TH2 + 720_2

I

< (1 + Il() E[@(x;")] + 2K E |Van fr(x)"; xg’”)”2 + 7202

1 n,r n,r —n,r n,r —n,r n,r —n,Tr 2
< (1 + K) E[®(x,")] +2K72E|‘Vxnfn(xk’ iXo ) = Van fu(x7 %, ) + Vien fr (7%, )H + 202

, 2
x;" —xg"| +4KL*y*E |z}, — z*|° + 1202

N
1 n,r 2 2
< <1+K) E[®(x!"")] + 4K L%y i—ZlE
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Summing over all players gives us:

2
< ) Z ]+ 4K L% Z Z —xb"" + 4KNL*A?E |z} — 2*|* + NAy2o?
n=1 n=1i=
N
( ) Z xp")] + AKNL?? Z xp")] + 4KNL*y*E |z}, — 2*|* + N+2o?
n=1 n=1
With the choice of ¥ < 553577z We get:
N
Z Xk+1
n=1

1 n,r ,UQ N n,r /.L2 2 2 2
<1+ —= EE@ ’ +7§Et1> "N+ ———=E|z; —2*| "+ N
( K) [20x.7)] 256 K N L? = [® 0] 256K N L2 |z — 27| Te

1 /LQ i n,r ,U2 2 9 2
=11 e S —— Eld® ’ P Elzr —z* N

K
By unrolling the recursion for K steps and considering the fact that (1 + % + %) <4 we
get:

2

4KNL2

Mw

N
3 E[®(x}7)]

n=1 =1

E |z} — z*|* + 4N K~%0?

A.2 Proof of Theorem 4

We begin by upper bounding the distance between the average iterate Xj,_ ; and the saddle point.

Proof.

M
TH ST v <7 o7 *
< (1+?)E Xk_Mmzzllvxfm(xkvyk)_x +
2 72 M . 2 720’2
1+ — ) — va T, L) — x7 mT’ 0 +
( W>MmZ_1 IV fn 55 98) = Vo oy + 2

17



For the first term in the above inequality we have:

(1+%)E

v M
X =1 Z
= (14 D) EIxi - VS (x4, 55) - %[

— (14 Y B [l — 1 + 22 [V (5

—r\2
yil" —

29(x}, = X", Vi (%4, 91)]

(1 + %) E [(1 + 2L %G — x*|? = 29Xy — x*, Vi f (X0, ¥h )>]

For the second term we also have:

2 2 M
(1+50)3
o7t

MleEuvxfm(
<(1+) ZEka—xk
(1+ 2

T
Where in the last line, we used the fact that y;""
respecttoy.

)_

292

ey

= Yo-

Ve (X" )

P (14

) L2 E[U(x)] + (1 + w) L*+*E[®(y})]

v

2>L22

M

. 2
> Ely; - 3l
m=1

We then repeat the same computation with

E[a -y =
M 2
—r Y r T
=E |5+ 57 2 ValmG y3 1 6m)
m=1
A e
<E }_’Z‘f‘MZVyfm( o YR ) =y VA
m=1
~y M ~ M 2 o2
-E y};+MZVyfm(xg”r, " —szyfm(iry Zvyfm v -y +ar
m=1 m=1
Y Y e i
< (1+ 7)E y;"’ M Z vyfm(XZayZ) _y* +
m=1
2\ 72 < o o 2 0’
1 - s m m )
(14 2) 37 2 IV (590 = Vbl v+ 2

E[19; - y*I* + 22 1Vy F & ) I = 294" = 95, Vi S (%5, 52D |

2
(1+ %)E v+ % i Vyfm X, ¥i) —¥"
m=1
=1+ 5 ) Elyr +7Vyf(XL¥5) — ¥

(1+5)
(14 M\ g
= 2

18
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For the second term we also have:

2\ 12 & o mar mar
(1 " W) :;\/[ Z_ E[Vy fn (X5 ¥5) — Vy fm(xg” Vi )H2

1
2\ Ly & 2 ( 2>L272 & 2
< (14— E|x, —x5|°+ 1+ E|y; —y"
(1+2) 55 X Bl -l 2VEE Y Elsi- v

m=1
2 2
=(1+ ) L2 E[®(x)] + (1 + ) L E[(y"
(1+ 2 ) 2 mroepl + (14 2 ) 12 BRG]
Summing up the results from the inequalities with respect to x and y gives us:

E 2}, - 2*[°

TH 2712\ |57 * |2 =T * =7 2 2L2 =r m,r ,720-2
< 1+7 E|(1+~°L7) |z — 2" — 22}, — 2", F(z))| + 7 (7L +TL E[®(z) + ¥(z,"")] + i
’-Y’LL ST * =T * 2L2 =7 m,Tr 720-2
< (L+ BVE[ ) - 21 - e - 2] 4y (222 + 2 ) BleED) + v+

2L2 , 2 2
- (L BV B[ -2 22 g -]+ (902 4 2 BlGap) + v+

With the choice of v < 147z we have:

E |z}, - 2*[°

29 e a2, 339L° _ e
< (1— )Ezi—z =+ 161 E[®(z;) + Y(z,"")] + U

K 272,32 2.3 2 2.3 2 2 2
2 K-L KL KL
<<1—3W)1E—7" z*|\2+—f§;” > Hz;"—z*||2+96 MVC*+7 u7r0 48 JU Vﬁ
i=1

We change the current notation for simplicity in proof by substituting r and & with ¢. ¢ varies from 0
to T' = K R, iterating over all rounds and local steps:

23y 331 :
_ * 12 _ *12 — * |2
B[z — 27" < (1—16>]E||Zt—z I +IRK > |z —z*|

i=max{0,t—K+1}
L OBKPLASE | TKLP0? | 6KLY0® 5%

% puM % M
Here we use the Lemma 11 with the following parameters,
2 K2L2 2 KL2 2 KL2 2 2
s =Kz 22, a= 2k p= 200 HRING | TRED0D | ORIMe | 5o
16 128 I uM I M
The final inequality is:
~ 23y’ 5 32 [96K2L%y(2 TKL?vo? 6KL%*yo? ~o2
E |2 < (12222 E o x * e
|2 — 27| < 32> 20 = 271"+ 557 Py e v R}
t K2L2 2,2 KL2 2 2 KL2 2 2 2
< (1_ﬂ> ]EHZO_Z*H2+ 96 Y C* 7 vo 6 Vo ’YL
n? p2M G Mp

Recall that we assumed y = 3547 By using this inequality we can dirve :

KR 96K2L27%C2  6KL*y%0% 2yo2
E HZT _ Z*HQ < (1 _ w) E HZO _ Z*HQ + B C + % + Yo
2 p? p? Mp

By settingt =T = RK , we get:
e Y\ KR a2, 96K’L*C  6KL*y%0*  2y0°
E|zr — 2| <(1_7) Ellzo — 2| + == T
96 K2 L2~2(2 N 6K L2~%0? N 2v02
I I My

< exp (—%KR) E|zo —z*|* +
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We can see that with this inequality we can only guarantee convergence to a neighborhood of z*. To
: quality we can only g e ghborho

obtain a convergence the final, as discussed in Stich [2019], we need to choose the step size carefully.
If L > In(max{2p%zo—2"|*T?/0%}) In(max{2,u*|zo—2" |*T%/0%})

2KL? uT then we choose 7 = T , otherwise
. m 1n(max{2,u4 Hzo—z*Hsz/UQ}) o n
if BRLE < T then we choose v = RIS

we can see that with these choices, we would have:

2 217242 2.2 2
B o~ m 2 K°L°¢(; KlL%o 20
E|zr —z*|" =0 (exp <_64L2R) |lzo — z*||” + LAT? + [AT? + M 2T

A.3 Proof of Theorem 1

Proof.

=E ka’ =X = Ve fa (XT3 )|

SE[xp" = X0 =V fa(xp 7335 ™)| + 7202

=E Hxnﬂﬁ - - ’va"fn(X;{ P Xy ) — 'va"fn(xk Xan )+ FYV""f"(XZVT;X’;n,T)W + 7202
< (1+ B Efxpm = xt =9V 730"

2 —n,r n.,r —-n,r
N (1+w) VE [V (K073 55™ ) = Vo o (50| 4 7207

< (14 D) B[l = %21+ 92 [ Vo P35 = 29 = X2, Vo ful(67 %07

*(””mﬁwxnfn( Tix ) = Vi fu(x0T 0 ™) P 4 4207

< (14 D) E[ g7 =2 + 97 [ Voo 53| = 290307 = 2, Vi a3 53,™7) )|

272\ &
. (W . 7)
H =1

Then we sum up both sides of the above inequality over n:

.2
i,r i,r 2 2
X, —Xq + o

N

> Bl - x|

n=1

N N
Y 2 9 n,r n2 n,r Ny -nr
<1+ )E l ) 2, i =l *27n211<x’“ T Db )>1

2L
+ (’}/2L2 g ) N E HXZ,T _ Xg,'r‘HQ + 720_2
n

=1

2yL? :
= (1 + —) E [(1 +72L?) |zf — 2| — 2’y<zz —z,,F(z}) — F(Z*)>] + (72L2 + L) NO(x'") +420?

2~vI2
< (L+ BV B[ -2+ 22 g -]+ (1722 4 ZE ) W) 4 4%
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With the choice of 7 < gfz we have:

r .2
E |z}, — 2"
TH 272 r *12 2 417 n,r 2 2
<<1+?) [(1—27u+’yL)Esz—z||]+7 ~L +7 NO(x.") + 770
33vL?N
Y (I)(XZ,T)+7202

T ) Loyp T
< (14— 1-—|E —
o) [( -] 2
Uy oy e, 3LAN
K
Llyp v w2, 33m v w2, 2 2, 20NKL?y%0?
We change the current notation for simplicity in proof by substituting  and k with ¢. ¢ varies from 0
to ' = K R, iterating over all rounds and local steps:
33 : 20N K L*y%0?
=Y EBla-z et —— 1

. 11 .
E |z — 2*|° < <1 - 8”“) E |z —z \|2+512 |
i=max{0,t—K+1}

Here we use the Lemma 11 with the following parameters,

11p 33 20N K L%y
=Elz; -z ,a=—F  b=20 o= (14 2 1) 2
St |z —z*||” , a 5 715’ C < o
The final inequality is:
1y’ , 16 320N K L2~2%02
Elz, —z*|° < (1— =) E|zo—z*|> + —~0% +
|z — z*| ( 16 ) |zo — 2| 11#70 11,2
t 2 30N K L2202
< (1 - LM) E|zo — z*|* + =v0° + S A
2 ju n?

By setting ¢ = T" and by considering the inequality v < 55357, We get:
KR 2 1
ﬁ) lzo —z*|* + =~v0? + —vo?
0 J

Elzr -2 < (1- 2

3
~22KR) 20 — 2| + Svo
2 Iz

19" _heighborhood of

We can see that with this inqualty we can only guarantee convergence to a
z*. To obtain a convergence the final, as discussed in Stich [2019], we need to choose the step size
In(max{2,4*|z0—2"|*T/0?})

[ In(max{2,u%|z0—2*|°T/0?}) -

carefully. If s5xferz = N .y then we choose v = T

In(max{2,p7l20=2" [7T/07}) thep we choose v =
pnT

I
32NKL?

;otherwise if =5 iz <
we can see that with these choices, we would have:
2 A ,U2 2 o?
* *
E HZT —Z H =0 <exp (_WR> HZ() —Z H + M2KR)

Lemma 15. Given a general bi-linear game in the following form:
flx,y) = %XTAX — %yTBy +x'Cy
After k steps of Decoupled GDA at some round r we can compute the explicit form of iterates as
follows:
xi = —A71Cyj + A1 (I - vA)" (Ax}, + Cyp)
yi =B7'C'x} + B~ (I-+B)" (By; — C'x})
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Proof. We use induction for the proof of this section. By using the update rule of Local GDA we
would have,

X2+1 =Xk — 'VVXf(XZayS)
x; — v (Ax}, + Cyyg)
~A'Cy; + A (I—~A)" (Ax) + Cy})
— (A [—A*lcyg + AT I-~7A) (AX) + Cyo)] + CyS)

~A"'Cy} + A~ (I—~A)" (A} + Cy))
- (—Cy(’i + (T ~7A)" (Axj + Cyp) + CyE)

= —A"'Cyj + AN (I—7A)* (Axg + Cyp) — 7 (1 - 7A)" (Ax + Cy})
= —ATICyj+ (A7 = 91) | (T—7A)* (AxG + Cyp) |

— —A7'Cyj+ A7 (T-7A) [(T-7A)" (Ax] + Cy))]

~A~'Cyj+ A7 (1—7A)""! (Axj + Cyp)

Now we only need to show that our claim also works for k = 0,

xp = —A~'Cy + A~ (I-~A)" (Ax} + Cy})
= -A7'Cyr + x5+ A 'Cy;

= x/
Also, we do the computation with respect to y:
yr =B 1CTx; + B~ (I - ’yB)k (Byt — CTXS)
By using the update rule of Local GDA we get:
Yis1 = Y& — YVy f(x0, %)

=y +7(-Byj, + C'xj)

= yi =7 (By; — CTxp)

=B !C'x; + B~ (I-4B)" (By; — CTxy)

o (B [B—lchg +B~L (1-+B)" (Byj - chg)] - chg)

=B~!C'x}; + B~ (I-4B)" (By; — C'xy)
— (chg +(I1—~B)* (Bys —C'x}) — chg)

=B~!C'x) + B~ (I-9B)" (By, — C'x0) — v (I-+B)" (By} — C'x})
—B'CTxj + (B~ 1) [(1-9B)* (By; - CTxp)|

~B!C"x} + B~ (I-B) [(I vB)* (Byj — chg)]

=B~ !C'x; + B~ (I-+B)""" (By; - CTx})
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Now we only need to show this our claim also works for & = 0,
yh =B 'CTx) + B~ (I-4B)" (Byj — CTXS)
=B !C'x, +y; -B7!C'x],
=0

A.4 Proof of Theorem 1

Proof. Here we provide the convergence rate for Decoupled GDA for bi-linear games in the form of:
Recall that from Lemma 15 we know:

x, = —A"'Cyj + A7 (I - vA)* (Axg + Cyp)

yi =B7'C'x}; + B~} (I—yB)* (Byg - CTXE)

Then we can write our expressions in the matrix form:

. A TI-~HAFA Al (—C+ (I—yA)’“C) »
A=\ B (CT - (IfwB)kCT) B~ (I-4B)'B ( )

B! (CT - (IWB)’“CT> (I—~B)*

) ( (I—~A) A~! <fc+ (IyA)kC>) (xg)
[0 0t (eter 1) (et )G

|
B [((I oY (I —OvB))k (—B*IICT Ailc) " (B*?CT _Aolc)} Gi)

Then we compute the norm squared of |z} ||”:

|z£|2=H[((I_07A) (I—OWB))k(—B‘Il(}T A_Ilc)+(B—?CT _AO_IC)

2

X0
Yo

Recall that for simplifying the proof, here we study the bi-linear games where A = wI, B = wI and C is
symmetric square (C = C ). By apply these assumption, we get:

Recall the following equality:

[(aﬁ(wl)) 1= %m) (e 1)+ (e 9°)

| ) (e i) 60

=G (e 1) (R o) (e ) (G

|k |
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For the last equality we used |v + u|® = |v|* + [u|* + 2v7u, where v and u are two vectors.

i < (5 S TICer “30) G (S 50 GO
2 (5 ) |G (e T e 006D
ca-w(_ e YO (S ) @)

N\ T -1 -1 T
X, I —w ' C 0 —w " C X
S0 (1) (e ) (e ) 6

where the second equality follows from the following sequence of reasoning. Using the Lemma 12,
we have:

< (max {1 —yw,1 —yw})* < (1 —w)*

? i 0 fw_lc X0
w'CcT Yo

(I — y(wI)) 0 )
0 (I— y(w))

I wlC\ (x5
—w icT I Yo
r\ T —1 —1
X I —w C 0 —w C
s () (o ) (e )6

r\ T —1 T —1 r
1 2k [ X0 I w C I w C X0
a0 () (e 1) (e 1) ()
n X{ T 0 —w e\’ 0 —wTlC) [x;
Yo wlcT 0 wtcT 0 Yo
T I —w™lC 0 —w tC\ (x5
w et I w QT 0 Yo

N T —2M2 ' N T —2M2 T
1 2k [ X0 I+w™=C 0 X0 X0 w °C 0 X0
= (1 —w) (ys) ( 0 I+w*202) (y6)+(y(’3) ( 0 w?C?) \yo
™\ T -1 -1 r
_ k [ Xo 0 —Ww C 0 —Ww C X0
e (35) [ (e 00 e ) (G

r\ 1 r r\ T —2 M2 7
1 2k [ X0 I 0) (xg N2k X0 w -C 0 x5
- (5) (o 1) )+ (=) () (07 o) ()
™\ T —1 —1 T
. & [ Xo 0 —w 'C 0 —w C\ [x{
Pl o) (yS) [”(WCT 0 )](WCT 0 )<y6)

< (1=w)™ |25* + ((1 — W) +1 (y;)T ( w‘802> (;3)
+2(1 —w)" (;E)T( e - ) ( )

~

lzi|* < (1 =)™

o303

~~

¢
™\ T —2~2 r
B _ k[ X0 w “C 0 X0
2w (yS) ( 0 w*QCZ) <y6)

Matrix ¢ is an anti-symmetric matrix and z " ¢z = 0, assuming ¢ is an anti-symmetric matrix. So we
have,
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N\ T —22 r
2 o 2k 2 _ 2k _ — k %o w—C 9 X0
2 1% < (1 —7w) zg? + (1 —7w)® = 2(1 — yw)" + 1) (ya) < 0 w—202) <y6>

r T —2M2 r
—(1_ 2k ||, 2 _ E_1\2 (X0 w™C 0 X{
= (1 —yw)™ |lzg)” + ((1 yw) 1) <y6> < 0 w202 ) \yr

T 2 - T
< (1= z5]” + (1~ 7w)" = 1)7 w25 (C) 25

max

< (1 =70 + (1 =) = 1) 0 72X20(©) 25

Where we used Lemma 12 for the third inequality.
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