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ABSTRACT

The Minimum Volume Covering Ellipsoid (MVCE) problem, characterized by n
observations in d dimensions where n ≫ d, can be computationally very expen-
sive in the big data regime. We apply methods from randomized numerical linear
algebra to develop a data-driven leverage score sampling algorithm for solving
MVCE, and establish theoretical error bounds and a convergence guarantee. As-
suming the leverage scores follow a power law decay, we show that the compu-
tational complexity of computing the approximation for MVCE is reduced from
O(nd2) to O(nd logn+ poly(d)), which is a significant improvement in big data
problems. Numerical experiments on large-scale synthetic data, as well as real-
world data, demonstrate the efficacy of our new algorithm, showing that it sub-
stantially reduces computation time while yielding near-optimal solutions.

1 INTRODUCTION

The Minimum Volume Covering Ellipsoid (MVCE) problem arises in many applied and theoreti-
cal areas. Statistical applications include outlier detection (Titterington, 1978), clustering (Rosen,
1965), and the closely related D-optimal design problem (Silvey, 1980). In fact, the MVCE prob-
lem and the D-optimal design problem are dual to one another (Sibson, 1972; Titterington, 1975).
Containing ellipsoids are used in parameter identification and control theory to describe uncertainty
sets for parameters and state vectors (Schweppe, 1968; Chernousko, 2005). Minimum volume cov-
ering ellipsoids are also used in computational geometry and computer graphics (Eberly, 2006), in
particular, for collision detection (Chen et al., 2016).

Many algorithms for computing MVCEs and D-optimal designs have been studied in the litera-
ture. These include Frank-Wolfe type algorithms (Frank et al., 1956; Wolfe, 1970; Atwood, 1973;
Khachiyan, 1996; Kumar & Yildirim, 2005), interior point algorithms (Khachiyan & Todd, 1993;
Nesterov & Nemirovskii, 1994), the Dual Reduced Newton algorithm (Sun & Freund, 2004), the
Cocktail algorithm (Yu, 2011), the Randomized Exchange algorithm (Harman et al., 2020), and the
Fixed Point algorithm (Cohen et al., 2019; Song et al., 2022; Woodruff & Yasuda, 2023; 2025).
However, when these algorithms are applied to very large datasets, they may be computationally in-
efficient, and may exceed storage limitations (Harman et al., 2020). One solution is to combine such
solution algorithms with active set or batching strategies (Sun & Freund, 2004; Källberg & Andrén,
2019; Kudela, 2019; Rosa & Harman, 2022). The main idea of this approach is to iteratively apply
the solution algorithm to a smaller subset of points until convergence to the solution. The motivation
for this approach is that an ellipsoid is only determined by at most d(d+3)/2 points on its boundary
(John, 2014).

Instead of applying an active set strategy, we apply deterministic sampling to reduce the number
of points considered by the algorithm. This deterministic sampling method selects points corre-
sponding to the highest statistical leverage scores. The resulting compressed dataset approximately
maintains many of the qualities of the original dataset, provided that the number of samples is suf-
ficiently large (Papailiopoulos et al., 2014; McCurdy et al., 2019). However, there is no immediate
guarantee of the quality of solution to the MVCE problem for this compressed dataset.

In this paper, we present a new simplified proof of the subspace embedding theorem from McCurdy
et al. (2019). Using this theorem, we provide the first theoretical guarantees on the quality of initial
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and final solution for the MVCE problem when using deterministic leverage score sampling. Further,
we show that these guarantees still hold (with high probability) when approximate leverage scores
are used. Assuming a power law decay on the leverage scores, we show that our method improves the
theoretical computation time required to approximate the MVCE. We also demonstrate the efficiency
of our approach on synthetic and real world datasets.

Notation. Throughout this paper, vectors and matrices are denoted by bold lowercase and bold
uppercase letters, respectively (e.g. a and A). The ith entry of a is denoted ai, and the (i, j)th
entry of A is denoted Ai j . Let A and B be symmetric positive definite matrices, then A ⪰ B if
A−B is symmetric positive semidefinite; and A ≻ B if A−B is symmetric positive definite. The
determinant of a matrix A is denoted det (A). Unless otherwise specified, we use U = diag (u),
where U is a matrix with the vector u in the main diagonal. We use regular lowercase to denote
scalar constants (e.g. c). Finally, e denotes a vector of ones, and ei denotes the vector with one at
position i, and zero otherwise.

2 MINIMUM VOLUME COVERING ELLIPSOID PROBLEM

Let X = {x1, . . . ,xn} be a set of data points in IRd. Then the minimum volume covering ellipsoid
is the ellipsoid that covers X , which attains the minimum volume of all covering ellipsoids of X .
We assume throughout that there exists a non-degenerate minimum volume covering ellipsoid.

We define the ellipsoid E (Q,xc) as

E (Q,xc) := {x ∈ IRd : (x− xc)
TQ (x− xc) ≤ d},

where xc is the center of the ellipsoid, and Q is a d-dimensional symmetric positive definite matrix.
Its volume is given by

vol (E (Q,xc)) = dd/2Ωd det (Q)
−1/2

,

where Ωd is the volume of the unit ball in IRd (e.g., see Todd (2016a)).

We can now write the mathematical formulation of the Minimum Volume Covering Ellipsoid prob-
lem. Suppose we have a finite set of points X = {x1, . . . ,xn} ⊂ IRd. Then its minimum volume
covering ellipsoid can be found by solving

minimize
Q≻0,xc∈IRd

− log det (Q) (P0)

subject to (xi − xc)
TQ (xi − xc) ≤ d, i = 1, . . . , n.

Although the objective function is convex, (P0) itself is not convex (e.g., see Todd (2016a)).

We therefore reformulate (P0) so that it is convex. At the cost of working in IRd+1, we can calculate
the centered minimum volume covering ellipsoid, and recover the solution to (P0) (Titterington,
1975). Therefore, we can set xc = 0, and obtain

minimize
Q≻0

f(Q) := − log det (Q) (P)

subject to xT
i Qxi ≤ d, i = 1, . . . , n.

We let Q∗ denote an optimal solution to (P). Then MVCE(X ) := E (Q∗,0) is the minimum volume
covering ellipsoid. We will refer to (P) as the MVCE problem.

The dual problem to (P) is the D-optimal design problem. This problem is concave, and can be
formulated as

maximize
u∈IRn

g(u) := log det

(
n∑

i=1

uixix
T
i

)
(D)

subject to
n∑

i=1

ui = 1, u ≥ 0,

2
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where u is called the design vector. We note that for every design vector u, we can find its associated
shape matrix

Q (u) :=

(
n∑

i=1

uixix
T
i

)−1

,

provided that the inverse exists. Hence if we have an optimal solution u∗ to (D), then the optimal
solution to (P) is Q (u∗).

We note that (D) (and (P)) cannot usually be solved exactly, so we will focus on deriving approxi-
mate solutions. To ensure the chosen algorithm terminates with a guaranteed quality of solution, we
will define some approximate optimality conditions. A feasible u for (D) is called δ-primal feasible
if Q (u) satisfies

xT
i Q (u)xi ≤ (1 + δ) d,

for all i = 1, . . . , n. If Q (u) additionally satisfies

xT
i Q (u)xi ≥ (1− δ) d if ui > 0,

for all i = 1, . . . , n, then we say that u is δ-approximately optimal. These optimality conditions
ensure the optimality gap is small.
Proposition 1 (Todd (2016a), Proposition 2.9). If we have a δ-primal feasible (or δ-approximately
optimal) solution u, then u and (1 + δ)−1Q (u) are both within d log (1 + δ) of being optimal in
(D) and (P), respectively.

3 SAMPLING USING LEVERAGE SCORES

The concept of statistical leverage scores has long been used in statistical regression diagnostics to
identify outliers (Rousseeuw & Hubert, 2011). Given a data matrix X ∈ IRn×d with n > d, consider
any orthogonal matrix A such that Range(A) = Range(X). The ith leverage score corresponding
to the ith row of X is defined as

ℓi (X) := ∥A(i, :)∥22 .

It can be easily shown that this is well defined in that the leverage score does not depend on the
particular choice of the basis matrix A. Furthermore, the ith leverage score is the ith diagonal entry
of the Hat matrix, that is,

ℓi (X) = eTi Hei, i = 1, . . . , n,

where

H := X(XTX)−1XT.

The Hat matrix is symmetric and idempotent. We can use these properties to easily show that

0 ≤ ℓi (X) ≤ 1,

for all i, and
n∑

i=1

ℓi (X) = rank (X) .

Since we only consider full rank matrices, the sum of the leverage scores is d.

3.1 DETERMINISTIC SAMPLING

When sampling deterministically, we sample the s rows from X with highest leverage scores. With-
out loss of generality, assume that the leverage scores are ordered ℓ1 (X) ≥ · · · ≥ ℓn (X). We
summarize the sampling procedure in Algorithm 1.

Using this algorithm, we obtain the following subspace embedding result.

3
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Algorithm 1 Deterministic Leverage Score Sampling with Threshold (Papailiopoulos et al., 2014)

Require: X = [x1, . . . ,xn]
T ∈ IRn×d, ε ∈ (0, 1)

1: Calculate leverage scores for each row in X . Assume ℓ1 (X) ≥ · · · ≥ ℓn (X).
2: Let s = argminj

(∑j
i=1 ℓi (X) > d− ε

)
.

3: Let R = 0 ∈ IRs×n.
4: for i = 1 : s do
5: Set row i of R equal to ei.
6: end for

Ensure: R, s

Theorem 2 (McCurdy et al. (2019), Theorem 1). Let ε ∈ (0, 1). Use Algorithm 1 to construct the
sampling matrix R. Then

(1− ε)XTX ≺ (RX)
T
RX ⪯ XTX.

We now present our new simplified proof of the lower bound.

Proof. We use the fact that for any i,

xix
T
i ⪯ ℓi (X)XTX,

see, for example, the proof of Lemma 4 in Cohen et al. (2015). Hence

XTX − (RX)
T
RX =

n∑
i=s+1

xix
T
i ⪯

n∑
i=s+1

ℓi (X)XTX =

(
n∑

i=s+1

ℓi (X)

)
XTX ≺ εXTX,

since
∑n

i=s+1 ℓi (X) < ε, by construction of Algorithm 1. Rearranging, we obtain our lower
bound.

Algorithm 1 has time complexity O
(
nd2
)
, due to the cost of calculating the leverage scores exactly.

This can be improved by using approximate leverage score algorithms. For example, the algorithm
of Drineas et al. (2012) uses a fast sampled randomized Hadamard transform (SRHT), and has time
complexity O (nd log n).1 Moreover, we can use these approximate leverage score algorithms to
prove an analogous result to Theorem 2 (see Appendix A).

We note that for many datasets, the number of points selected after applying Algorithm 1 may still be
large. In this case, we can apply Algorithm 1 multiple times, to obtain a similar subspace embedding
result (see Appendix B).

4 OUR APPROACH

We are interested in calculating MVCE(X ), where X = {x1, . . . ,xn} ⊂ IRd, n ≫ d. For very
large n (and d), this can be very computationally expensive. Instead of calculating MVCE(X )
directly, we will calculate the MVCE on a much smaller subset of X . We select our subset by
using leverage score based sampling, as introduced in Section 3. Let this subset be Xs, where Xs

contains up to s points sampled from X . For ease of calculation, let the points from X be stored in
the rows of the data matrix X ∈ IRn×d. Then we sample s rows from X , which we store in the
rows of Xs ∈ IRs×d. We then use Xs instead of X in our solution algorithm. That is, our solution
algorithm solves the concave problem

maximize
u∈IRs

gs(u) := log det
(
XT

s UXs

)
(Ds)

subject to
s∑

i=1

ui = 1, u ≥ 0.

1In a recent preprint, Eshragh et al. (2023) developed the Sequential Approximate Leverage-Score Algo-
rithm (SALSA) with time complexity O (nd).
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4.1 COMPUTATIONAL COMPLEXITY

We compare the computational complexity of our algorithm to the current state of the art algo-
rithm, the Wolfe-Atwood (WA) algorithm (Wolfe, 1970; Atwood, 1973), which computes a δ-
approximately optimal solution to (D). It uses the Kumar-Yildirim initialization (Kumar & Yildirim,
2005), which places equal weight on a small subset of points. These algorithms have time complex-
ity O

(
nd2

(
log log d+ δ−1

))
(Todd & Yıldırım, 2007) and O

(
nd2
)

(Kumar & Yildirim, 2005),
respectively. Together, this costs O

(
nd2

(
log log d+ δ−1

))
.

The computational complexity of our approach is as follows. We calculate approximate leverage
scores in O (nd log n) time, which, with high probability, satisfy ℓ̂i (X) = (1± β) ℓi (X), for some
β ∈ (0, 1/2] (Drineas et al., 2012). Then Algorithm 1 also runs in O (nd log n) time. We then use
the WA algorithm with Kumar-Yildirim initialization (Kumar & Yildirim, 2005) to find an optimal
solution to (Ds). Since Xs ∈ IRs×d, these algorithms have time complexity O

(
sd2 log log d

)
and

O
(
sd2
)
, respectively. Thus, the total time complexity is O

(
nd logn+ sd2

(
log log d+ δ−1

))
.

Further, if the leverage scores exhibit a power law decay, then s = poly
(
d (1 + β) , 1

(1−β)ε

)
(see

Appendix A).

4.2 COMPARISON WITH THE WORK OF COHEN ET. AL.

Recently, Cohen et al. (2019) developed the Fixed Point algorithm, which computes a δ-primal
feasible solution to (D). (Woodruff & Yasuda, 2023) extend this result; by sampling rows of X
with probabilities proportionate to the weights calculated by the Fixed Point algorithm, they obtain
a δ-approximately optimal solution to (D).

The computational complexity of the Fixed Point algorithm is as follows. We examine Algorithm
2 from Cohen et al. (2019), which uses sketching techniques from randomized numerical linear
algebra to speed up each iteration. Theorem C.7 from Cohen et al. (2019) states that Algorithm
2 takes at most O

(
δ−1 log

(
n
d

))
iterations to complete. In each iteration there are O

(
δ−1
)

linear
systems of the form ATWAx = b to be solved. Assuming A is dense, solving each of these linear
systems costs O(nd). This gives a total time complexity of O

(
δ−2nd log

(
n
d

))
for dense matrices.

In big data regimes with n ≫ d, it is reasonable to assume that δ < 1
d is desirable. This assumption

holds for many problem instances considered in the MVCE literature, since these problems typically
have dimension d ≤ 200, and are solved until tolerance δ = 10−6 (or stricter) is achieved (see, e.g.
Sun & Freund (2004); Damla Ahipasaoglu et al. (2008); Yu (2011); Källberg & Andrén (2019);
Kudela (2019)). With this assumption, Algorithm 2 has total time complexity O

(
nd3 log(nd)

)
and

our algorithm has total time complexity O
(
nd logn+ sd3

)
, where s ≤ n. Thus, in the context of

tall data matrices with dense input, our algorithm outperforms the Fixed Point algorithm theoreti-
cally. (This also holds numerically, see Appendix E.)

5 INITIAL OPTIMALITY GAP

We would like to know how well MVCE(Xs) approximates MVCE(X ). We will first provide an
upper bound for the initial optimality gap, for a particular choice of initial u. This u must be feasible
for (Ds), that is, we must have

∑s
i=1 ui = 1, and u ≥ 0. We choose

u0 =
[
1
s , . . . ,

1
s

]T ∈ IRs.

Then the initial optimality gap is given by

g∗ − gs(u0),

where g∗ is the optimal objective value when the full set X is considered.

To derive our bound, we will compare our initial solution with an initialization due to Khachiyan
(1996). Khachiyan’s initialization uK puts equal weight on all n points of X , and guarantees that

g∗ − g(uK) ≤ d log n,

5
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as shown by Khachiyan (1996). Therefore, our bound can be found by exploiting the fact that

g∗ − gs(u0) = (g∗ − g(uK)) + (g(uK)− gs(u0)).

Upon simplification,

g(uK) = log det
(
XTX

)
− d logn, (1)

and, similarly,

gs(u0) = log det
(
XT

s Xs

)
− d log s. (2)

Hence

g∗ − gs(u0) ≤ log det
(
XTX

)
− log det

(
XT

s Xs

)
+ d log s. (3)

This suggests the need to compare log det
(
XT

s Xs

)
with log det

(
XTX

)
.

Suppose we construct Xs = RX as in Algorithm 1. Then Theorem 2 guarantees that

(1− ε)XTX ≺ XT
s Xs.

Now, for positive semidefinite matrices A, B, with A ⪯ B, we have

detA ≤ detB. (4)

Since the logarithm is monotonic, it then follows that log detA ≤ log detB. Hence

log det
(
XTX

)
< log det

(
XT

s Xs

)
− d log(1− ε). (5)

Combining Equations (3) and (5), we obtain the bound presented in Theorem 3.
Theorem 3. Select Xs = RX using Algorithm 1, and let our initial solution be given by u0 = 1

se.
Then

g∗ − gs(u0) < d log

(
s

1− ε

)
.

Proof. See Appendix C.

6 FINAL OPTIMALITY GAP

We now provide an upper bound for the final optimality gap. The final optimality gap is given by

g∗ − g∗s ,

where g∗s is the optimal objective value when only Xs is considered. Note that for any u feasible for
Ds, we have

g∗ − g∗s ≤ g∗ − gs(u),

since gs is concave.

Consider the feasible solution ũs for Ds, given by

ũs =
1

eTus
us,

where us contains the first s entries of u∗. We would like a bound similar to the one in Theorem 2,
with X replaced with a rescaled version Y . More precisely, let

Y :=
√
U∗X.

To apply Theorem 2, we require
n∑

i=s+1

ℓi (Y ) < ε, (6)

for some ε ∈ (0, 1). To show this, we use the following result.

6
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Proposition 4. Use Algorithm 1 to construct Xs = RX , with ε ∈ (0, 1). Suppose that an optimal
solution u∗ of (D) satisfies u∗

i > 0 for all i = 1, . . . , s. Define Y :=
√
U∗X . Then

n∑
i=s+1

ℓi (Y ) ≤
n∑

i=s+1

ℓi (X) .

Otherwise, let u be a δ-feasible solution to (D). Define Y :=
√
UX . Then

n∑
i=s+1

ℓi (Y ) ≤
n∑

i=s+1

ℓi (X) .

Proof. See Appendix D.

Then (6) necessarily holds, by construction of Algorithm 1. Therefore, we may apply Theorem 2
with Y instead of X , to obtain the bound

(1− ε)XTU∗X ≺ XT
s UsXs.

That is, the feasible solution ũs satisfies

(1− ε)XTU∗X ⪯ 1− ε

eTus
XTU∗X ≺ 1

eTus
XT

s UsXs = XT
s ŨsXs.

Hence

g∗ − g∗s ≤ g∗ − gs(ũs)

= log det
(
XTU∗X

)
− log det

(
XT

s ŨsXs

)
< log det

(
XTU∗X

)
−
(
d log(1− ε) + log det

(
XTU∗X

))
= d log

(
1

1− ε

)
.

Theorem 5. Use Algorithm 1 to construct Xs = RX , with ε ∈ (0, 1). If there exists an optimal
solution u∗ of (D) satisfying u∗

i > 0 for all i = 1, . . . , s, then

g∗ − g∗s < d log

(
1

1− ε

)
.

Otherwise,

g∗ − g∗s < d log

(
1 + δ

1− ε

)
,

where the parameter δ > 0 can be chosen to be arbitrarily small.

Proof. See Appendix D.

7 NUMERICAL RESULTS

We generate three large datasets of size n = 107, d = 100. Without loss of generality, we assume
the leverage scores are sorted in descending order, that is, ℓ1 (X) ≥ · · · ≥ ℓn (X). The first dataset
is Rotated Cauchy (Todd, 2016a). The points are generated so that they have rotational symmetry,
and the distances of the points from the origin are Cauchy. The leverage scores of these points
quickly decay. The second dataset is Lognormal, which has a shallower leverage score decay. The
third dataset is Gaussian, which has leverage scores that are close to uniform. We provide additional
numerical results in Appendix E.

All computations are performed on a personal laptop with a 64 bit MacOS 13 operating system, and
a 2.4 GHz Quad-Core Intel Core i5 processor with 8 GB of RAM. The algorithms are run using
MATLAB (R2021a).

7
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We use the WA algorithm (Wolfe, 1970; Atwood, 1973) to calculate the MVCEs of the two datasets,
with δ = 10−9. We initialize using the Kumar-Yildirim initialization (Kumar & Yildirim, 2005).
We use Todd’s Matlab implementation of these algorithms (Todd, 2016b). Then, for s varying
from 0.1 to 10% of n, we sample from each dataset in three ways: deterministic leverage score
sampling, uniform sampling, and randomized leverage score sampling (sampling with probabilities
proportionate to the leverage scores (Drineas et al., 2008)). In these results, we use the exact leverage
scores.

Let g̃∗ and g̃∗s be the optimal values obtained when using the WA algorithm on the full and sampled
datasets respectively. In Figure 1a, we summarize the calculated optimality gaps g̃∗ − g̃∗s for the
Rotated Cauchy dataset. The deterministic and randomized leverage score sampling performed
similarly, with near zero optimality gap for all values of s. Uniform sampling performed poorly,
its optimality gap decreasing with increasing s. In Figure 1b we summarize the total computation
time for calculating the MVCEs. For the sampled datasets, this also includes the computation time
for calculating leverage scores (if applicable), and sampling from the dataset. The total computation
time for the full dataset was 2 450 seconds, that is, just over 40 minutes. Uniform sampling was
faster than the leverage score sampling methods (due to the calculation of the leverage scores), but
had very large optimality gaps (see Figure 1a).

In Figure 2a, we summarize the calculated optimality gaps g̃∗ − g̃∗s for the Lognormal dataset. The
deterministic and randomized leverage score sampling performed similarly, with zero optimality
gap for all values of s. Uniform sampling performed poorly, its optimality gap decreasing with
increasing s. In Figure 2b we summarize the total computation time for calculating the MVCEs. The
total computation time for the full dataset was 2564 seconds, that is, just over 42 minutes. Uniform
sampling was generally faster than the leverage score sampling methods (due to the calculation of
the leverage scores), but had very large optimality gaps (see Figure 2a).

In Figure 3a, we summarize the calculated optimality gaps g̃∗ − g̃∗s for the Gaussian dataset. Only
the deterministic leverage score sampling performed well, with near zero optimality gap for all s.
The uniform and randomized leverage score sampling performed similarly, with optimality gaps
decreasing with increasing s. This is unsurprising, since the leverage scores for a Gaussian dataset
are close to uniform. In Figure 3b we summarize the total computation time for calculating the
MVCEs. The total computation time for the full dataset was very large, at 141 840 seconds, that
is, over 39 hours. As with the other dataset, uniform sampling was the fastest, but at the cost of
a larger optimality gap (see Figure 3a). Additionally, both leverage score sampling methods had
similar runtimes, but only the deterministic sampling had near zero optimality gap (see Figure 3a).

Overall, the deterministic leverage score sampling performs the best, achieving both a small opti-
mality gap and greatly decreasing computation time on all three datasets.

8 CONCLUSION

In this paper, we have provided the first theoretical guarantees on the quality of initial and final
solutions for the MVCE problem, when sampling points deterministically according to their statis-
tical leverage scores. We proved this approach is efficient, assuming the leverage scores exhibit a
power law decay. Numerical results show that our data-driven leverage score sampling algorithm
performs even better than the established theoretical error bounds, even in cases where the leverage
scores are close to uniform distribution, which could be a by-product of our analysis. Future work
could include extending these results to other data-driven sampling methods, including randomized
leverage score sampling, and also implementing this algorithm extensively on real-world large-scale
datasets.
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A DETERMINISTIC APPROXIMATE LEVERAGE SCORE SAMPLING

The computation time in Algorithm 1 is dominated by the cost of calculating the leverage scores
exactly, which is O

(
nd2
)
. We can instead use approximate leverage scores, which are more com-

putationally efficient to calculate. We demonstrate the approach using the algorithm of Drineas et al.
(2012).

Theorem 6 (Drineas et al. (2012), Theorem 2). Fix a constant β ∈ (0, 1/2]. Let X ∈
IRn×d be full rank, with n ≫ d. Let the leverage scores of the rows of X be given by
ℓ1 (X) , . . . , ℓn (X). Then there exists a randomized algorithm that calculates approximate lever-
age scores ℓ̂1 (X) , . . . , ℓ̂n (X) such that with probability at least 0.8, simultaneously for all
i = 1, . . . , n, ℓ̂i (X) = (1± β) ℓi (X). This algorithm has time complexity O (nd logn).

We then sample deterministically according to these approximate leverage scores. We summarize
the modified sampling procedure in Algorithm 2.

Algorithm 2 Deterministic Approximate Leverage Score Sampling with Threshold

Require: X = [x1, . . . ,xn]
T ∈ IRn×d, β ∈ (0, 1/2], ε ∈ (0, 1)

1: Calculate approximate leverage scores for each row in X , using Theorem 6. Assume ℓ̂1 (X) ≥
· · · ≥ ℓ̂n (X).

2: Let t =
∑n

i=1 ℓ̂i (X).

3: Let s = argminj

(∑j
i=1 ℓ̂i (X) ≥ t− (1− β) ε

)
.

4: Let R = 0 ∈ IRs×n.
5: for i = 1 : s do
6: Set row i of R equal to ei.
7: end for

Ensure: R, s

We have chosen s carefully, to ensure the following subspace embedding result.

Corollary 7. Let β ∈ (0, 1/2], and ε ∈ (0, 1). Use Algorithm 2 to construct Xs = RX . Then,
with probability at least 0.8, we have

(1− ε)XTX ≺ XT
s Xs ⪯ XTX.

Proof. For this proof, we only need to show that
∑n

i=s+1 ℓi (X) < ε holds with probability at least
0.8. We can then apply Theorem 2 to obtain our bound.

Assume that ℓ̂i (X) ≥ (1− β) ℓi (X) holds simultaneously for all i = 1, . . . , n. By construction of
Algorithm 2, we have

n∑
i=s+1

ℓ̂i (X) < (1− β) ε.

Then since ℓ̂i (X) ≥ (1− β) ℓi (X), for all i = 1, . . . , n, we have

(1− β) ε >

n∑
i=s+1

ℓ̂i (X) ≥
n∑

i=s+1

(1− β) ℓi (X) = (1− β)

n∑
i=s+1

ℓi (X) ,

that is,
n∑

i=s+1

ℓi (X) < ε.

Corollary 8. If the leverage scores exhibit a power law decay, then s = poly
(
d (1 + β) , 1

(1−β)ε

)
.

12
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Proof. Papailiopoulos et al. (2014) show that if the leverage scores exhibit a power law decay, then
Algorithm 1 outputs

s = argmin
j

(
j∑

i=1

ℓi (X) > d− ε

)
= max

{(
2d

ε

) 1
1+η

− 1,

(
2d

ηε

) 1
η

− 1, d

}
= poly

(
d,

1

ε

)
.

Then, comparing Algorithm 1 with Algorithm 2, we need only replace d with t, and ε with (1− β) ε.
That is, Algorithm 2 outputs

s = argmin
j

(
j∑

i=1

ℓ̂i (X) > t− (1− β) ε

)
= poly

(
t,

1

(1− β) ε

)
.

But

t =

n∑
i=1

ℓ̂i (X) ≤
n∑

i=1

(1 + β) ℓi (X) = (1 + β)

n∑
i=1

ℓi (X) = (1 + β) d.

Hence s = poly
(
d (1 + β) , 1

(1−β)ε

)
.

B REPEATED APPLICATIONS OF LEVERAGE SCORE SAMPLING

For many datasets, a single application of Algorithm 1 does not sufficiently reduce the number of
points considered by the MVCE algorithm. We show how multiple applications of Algorithm 1 can
still guarantee a subspace embedding result. We summarize the modified sampling procedure in
Algorithm 3.

Algorithm 3 Repeated Deterministic Leverage Score Sampling with Threshold

Require: X = [x1, . . . ,xn]
T ∈ IRn×d, ε ∈ (0, 1), m ∈ IN

1: Let X(0) = X .
2: for k = 1 : m do
3: Calculate leverage scores for each row in X(k). Assume ℓ1

(
X(k)

)
≥ · · · ≥ ℓn

(
X(k)

)
.

4: Let s = argminj

(∑j
i=1 ℓi

(
X(k)

)
> d− ε

)
.

5: Let R(k) = 0 ∈ IRs×n.
6: for i = 1 : s do
7: Set row i of R(k) equal to ei.
8: end for
9: Let X(k+1) = R(k)X(k).

10: if rank
(
X(k+1)

)
< d then

11: Redefine m := k.
12: break
13: end if
14: end for
Ensure: Xs = X(m)

We now present the subspace embedding result.
Corollary 9. Let ε ∈ (0, 1), and m ∈ IN. Use Algorithm 3 to construct Xs. Then

(1− ε)mXTX ≺ XT
s Xs.

Proof. The proof relies on the repeated application of Theorem 2. Essentially, we prove

(1− ε)mXT
(0)X(0) ≺ (1− ε)m−1XT

(1)X(1) ≺ · · · ≺ (1− ε)XT
(m−1)X(m−1) ≺ XT

(m)X(m),

(7)

which we can show by induction. When m = 1, Theorem 2 implies

(1− ε)1XT
(0)X(0) = (1− ε)XTX ≺ XT

s Xs = XT
(1)X(1),

13
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proving the base case. Now suppose (7) holds for some m = k > 1. That is, assume

(1− ε)kXT
(0)X(0) ≺ · · · ≺ XT

(k)X(k). (8)

That is, we have

(1− ε)k+1XT
(0)X(0) ≺ · · · ≺ (1− ε)XT

(k)X(k). (9)

Additionally, if we sample from X(k) using Algorithm 1, Theorem 2 guarantees that

(1− ε)XT
(k)X(k) ≺ XT

(k+1)X(k+1). (10)

Combining (9) and (10), we obtain

(1− ε)k+1XT
(0)X(0) ≺ · · · ≺ (1− ε)XT

(k)X(k) ≺ XT
(k+1)X(k+1),

finalizing the proof.

C MISSING DETAILS IN PROOF OF THEOREM 3

PROOF OF EQUATIONS (1) AND (2)

We have that

g(uK) = log det
(
XTUKX

)
= log det

(
1

n
XTX

)
= log

(
1

nd
det
(
XTX

))
= log det

(
XTX

)
− d logn,

and, similarly,

gs(u0) = log det
(
XT

s U0Xs

)
= log det

(
1

s
XT

s Xs

)
= log det

(
XT

s Xs

)
− d log s.

PROOF OF INEQUALITY (4)

We first need to prove the following lemma.

Lemma 10. Suppose we have two d × d symmetric positive semidefinite matrices A and B, with
A ⪯ B. Let the eigenvalues of A be given by λ1 (A) ≤ · · · ≤ λd (A), and the eigenvalues of B be
given by λ1 (B) ≤ · · · ≤ λd (B). Then for all i = 1, . . . , d, we have

λi (A) ≤ λi (B) .

Proof. Use Min-max Theorem, along with the fact that xTAx ≤ xTBx for all x.

We can now prove Inequality (4).

Lemma 11. Suppose we have two d × d symmetric positive semidefinite matrices A and B, with
A ⪯ B. Then

det (A) ≤ det (B) .

14
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Proof. We have that

log det (A) = log

(
d∏

i=1

λi (A)

)

=

d∑
i=1

log λi (A)

≤
d∑

i=1

log λi (B)

= log

(
d∏

i=1

λi (B)

)
= log det (B) ,

where the inequality uses Lemma 10 and the fact that log is a monotonically increasing function.
Then

det(A) = elog det(A) ≤ elog det(B) = det(B),

where the inequality is because the exponential function is monotonically increasing.

D FINAL OPTIMALITY GAP

We break this proof into two cases:

1. u∗
i > 0, for all i = 1, . . . , s, and

2. u∗
i ≥ 0, for all i = 1, . . . , s.

We do this because the proof of Inequality (6) relies on scaling
√
U∗ so that the first s diagonal

terms are ≥ 1, and the last n − s diagonal terms are ≤ 1. Having any zeros in the first s terms
prevents such a scaling.

We consider Case 1 first. First, follow the proof outline from Section 6. Then, what remains to be
shown is that Inequality (6) holds.

CASE 1: u∗
i > 0, FOR ALL i = 1, . . . , s

The following lemma will be useful for proving Inequality (6). It shows the change in leverage
scores when one row of X is scaled.
Lemma 12 (Ordozgoiti et al. (2022), Lemma 3.2). Let X ∈ IRn×d have rank d. Let α ≥ 0. Define
Σ(i) as the diagonal matrix satisfying Σ

(i)
i i = α, Σ(i)

j j = 1, if j ̸= i. Then

ℓj

(
Σ(i)X

)
= ℓj (X)−

(
α2 − 1

) (
xT
j

(
XTX

)T
xi

)2
1 + (α2 − 1) ℓi (X)

,

and, in particular,

ℓi

(
Σ(i)X

)
=

α2ℓi (X)

1 + (α2 − 1) ℓi (X)
.

We now ready to prove the inequality.
Proposition 13. Use Algorithm 1 to construct Xs = RX , with ε ∈ (0, 1). Suppose that an optimal
solution u∗ of (D) satisfies u∗

i > 0 for all i = 1, . . . , s. Define Y :=
√
U∗X . Then

n∑
i=s+1

ℓi (Y ) ≤
n∑

i=s+1

ℓi (X) .
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Proof. The structure of this proof is based on the proof of Theorem 3.2 in Ordozgoiti et al. (2022).
We will show that the sum of the last n−s leverage scores of X do not increase when we premultiply
it by

√
U∗. Without loss of generality, we assume that mini=1,...,s

√
u∗
i ≥ maxi=s+1,...,n

√
u∗
i .

This is because, for any k, we can write

u∗
kxkx

T
k =

β∑
i=1

u∗
k

β
xkx

T
k ,

where β ∈ IN, such that u∗
k

β is sufficiently small.

First, we scale
√
U∗ so that the first s diagonal terms are ≥ 1, and the last n− s diagonal terms are

≤ 1. Let α = 1/mini=1,...,s

√
u∗
i . We define

V := α
√
U∗.

We exploit the fact that

ℓi (V X) = ℓi

(
α
√
U∗X

)
= ℓi (αY )

=

(
(αY )

(
(αY )

T
(αY )

)−1

(αY )
T

)
i i

=

(
α2 1

α2
Y
(
Y TY

)−1
Y T

)
i i

= ℓi (Y ) .

To see how V affects the leverage scores of X , we will consider scaling each row separately. We
define V (i) as the diagonal matrix satisfying V

(i)
i i = Vi i = α

√
u∗
i and V

(i)
j j = 1, if j ̸= i. Now,

we consider the leverage scores of V (i)X . From Lemma 12, we have

1. If i ≤ s, then α
√

u∗
i ≥ 1. Hence ℓi

(
V (i)X

)
≥ ℓi (X), and ℓj

(
V (i)X

)
≤ ℓj (X) , if

j ̸= i.

2. If i ≥ s, then α
√

u∗
i ≤ 1. Hence ℓi

(
V (i)X

)
≤ ℓi (X), and ℓj

(
V (i)X

)
≥ ℓj (X) , if

j ̸= i.

Now, we consider scaling the first s rows. From the previous discussion, we can conclude that the
leverage scores of the last n−s rows do not increase. Therefore, the sum of the first s leverage scores
does not decrease. (This is because the sum of the leverage scores remains constant, since scaling
rows by non-zero constants does not affect the rank.) Next, consider scaling the last n − s rows.
From the discussion above, all the leverage scores of the first s rows cannot decrease. That is, the
sum of the first s leverage scores again does not decrease. We conclude that the sum of the last n−s
leverage scores cannot increase. (This is because the sum of the leverage scores remains constant.
Suppose rank (V X) < d. Then rank

(
XTU∗X

)
= rank

(
(V X)

T
(V X)

)
= rank (V X) < d,

which is a contradiction, since XTU∗X is invertible.) Hence
n∑

i=1

ℓi (Y ) =

n∑
i=1

ℓi (V X) ≤
n∑

i=1

ℓi (X) .

CASE 2: u∗
i ≥ 0, FOR ALL i = 1, . . . , s

This time, we will examine a δ-feasible solution u for (D), which has ui > 0 for all i = 1, . . . , n.
Such a solution can be achieved by using the Frank-Wolfe algorithm (Frank et al., 1956; Wolfe,
1970) with Khachiyan’s initialisation (Khachiyan, 1996).
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Consider the feasible solution ũs for (Ds), given by

ũs =
1

eTus
us,

where us contains the first s entries of u. We would like a bound similar to the one in Theorem 2,
with X replaced with

Y :=
√
UX.

We require the following result.
Corollary 14. Use Algorithm 1 to construct Xs = RX , with ε ∈ (0, 1). Let u be a δ-feasible
solution to (D). Then

n∑
i=s+1

ℓi (Y ) ≤
n∑

i=s+1

ℓi (X) .

Proof. Follow the proof of Proposition 13, but replace u∗ with u, and redefine Y :=
√
UX .

Then, by the construction of Algorithm 1, we have
n∑

i=s+1

ℓi (Y ) ≤
n∑

i=s+1

ℓi (X) < ε,

for some ε ∈ (0, 1). Therefore, we may apply Theorem 2 with Y instead of X , to obtain the bound

(1− ε)XTUX ≺ XT
s UsXs.

That is, the feasible solution ũs satisfies

(1− ε)XTUX ⪯ 1− ε

eTus
XTUsX ≺ 1

eTus
XT

s UsXs = XT
s ŨsXs.

We are now ready to prove the final optimality gap.
Theorem 15. Use Algorithm 1 to construct Xs = RX , with ε ∈ (0, 1). Let u be a δ-feasible
solution to (D). Then

g∗ − g∗s < d log

(
1 + δ

1− ε

)
.

Proof. For this proof, we will exploit the fact that

g∗ − g∗s = (g∗ − g(u)) + (g(u)− g∗s ) .

We will bound above g(u) − g∗s first. Let ũs = 1
eTus

us, where us contains the first s entries of
u. Since gs is concave, the optimal value g∗s must be greater or equal to gs at any feasible point for
(Ds). Hence

g∗s ≥ gs(ũs)

= log det
(
XT

s ŨsXs

)
> log det

(
(1− ε)XTUX

)
= d log (1− ε) + log det

(
XTUX

)
,

where the inequality uses Lemma 11. Hence

g(u)− g∗s < log det
(
XTUX

)
−
(
d log (1− ε) + log det

(
XTUX

))
= d log

(
1

1− ε

)
.
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Now, recall that u is δ-feasible for (D). By Proposition 1, we have

g∗ − g(u) ≤ d log (1 + δ) .

Hence

g∗ − g∗s = (g∗ − g(u)) + (g(u)− g∗s )

< d log

(
1

1− ε

)
+ d log (1 + δ)

= d log

(
1 + δ

1− ε

)
.

E MORE NUMERICAL RESULTS

COMPARISON OF OUR ALGORITHM WITH THE FIXED POINT ALGORITHM

All computations in this section are performed on a personal laptop with a 64 bit Windows 11 Home
operating system (Version 23H2), and a 3.30 GHz 11th Gen Intel Core i7-11370H processor with
40 GB of RAM. The algorithms are run using MATLAB (R2021a).

In this subsection, we compare our algorithm to the Fixed Point algorithm (Cohen et al., 2019).
For consistency, we run our algorithm using s = 10% of n. We run both algorithms on Gaussian
datasets of size n = 1000 000, with dimension d ranging from 2 to 10. Table 1 summarizes the total
computation time required for both algorithms, for varying values of accuracy parameter δ.

Table 1: Time summary for the two algorithms. Tests run on Gaussian datasets of size n =
1000 000, and d ranging from 2 to 10. Each value represents mean and sample standard devia-
tion of 100 runs.

Time (s)
n d δ Our algorithm Fixed Point algorithm

1 000 000 2 10−2 0.0914 ± 0.0220 1.4331 ± 0.0877
10−3 0.0922 ± 0.0210 12.1627 ± 0.8764
10−4 0.0873 ± 0.0215 63.1388 ± 6.2418

5 10−2 0.1330 ± 0.0219 3.6558 ± 0.2074
10−3 0.1956 ± 0.0442 12.1783 ± 1.3380
10−4 0.2125 ± 0.0390 47.2873 ± 11.6625

10 10−2 0.2483 ± 0.0618 6.0298 ± 0.7460
10−3 0.4177 ± 0.1025 21.8280 ± 3.9056
10−4 0.4313 ± 0.1077 117.9867 ± 41.5669

Table 2: Time summary for the two algorithms. Tests run on Gaussian datasets of dimension d =
100, with varying n. Each value represents mean and sample standard deviation (when multiple runs
are computed).

Time (s)
d n δ # runs Our algorithm Fixed Point algorithm

100 10 000 10−2 100 0.0927 ± 0.0402 0.7270 ± 0.1886
10−3 100 0.2578 ± 0.1991 5.6216 ± 1.5382
10−4 100 0.3013 ± 0.0833 18.6236 ± 4.8307
10−5 50 0.5162 ± 0.1292 82.4097 ± 26.7802

100 000 10−3 20 1.9359 ± 0.1371 160.1398 ± 34.8062
1 000 000 10−3 1 101.0625 4837.5313
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We now apply the same methods to Gaussian matrices of dimension d = 100, with varying number
of points n and accuracy parameter δ. Table 2 summarizes the total computation time required for
both algorithms.

In both Tables 1 and 2, we notice that as δ increases, the time taken for both methods generally
increases. However, the increase in time for our algorithm is minimal, while the increase in time for
the Fixed Point algorithm is significant. In the final row of Table 2, our algorithm takes less than 2
minutes, compared with the Fixed Point algorithm, which took about 80 minutes.

We emphasize that the examples considered here are smaller than those we considered in Section 7,
and the accuracy parameter δ is much larger than our desired 10−9. Regardless, we ran the Fixed
Point algorithm on the examples from Section 7. We found that for all three datasets, the algorithm
did not converge in two hours of runtime.

REAL WORLD DATA

All computations in this section are performed on a personal laptop with a 64 bit MacOS 13 operat-
ing system, and a 2.4 GHz Quad-Core Intel Core i5 processor with 8 GB of RAM. The algorithms
are run using MATLAB (R2021a).

We now test our algorithm on three smaller datasets from the UCI Machine Learning Repository.
Table 3 summarizes the size of each dataset, and time to compute the MVCE using the WA algorithm
(Wolfe, 1970; Atwood, 1973).

We then apply our algorithm on each dataset, varying sample size s from 1% to 10% of n. In Table
4, we summarize the optimality gaps. The deterministic sampling performed well on all datasets,
achieving very small optimality gaps when s is 10% of n. In Table 5, we summarize the computation
times. Although the deterministic sampling was the slowest, all sampling methods decreased the
total computation time required to calculate the MVCE.
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Table 3: Dataset description. This includes dimension and time to compute MVCE using the WA
algorithm.

Dataset n d Time (s)

Ethylene CO (Fonollosa, 2015) 4 208 261 19 85.92 ± 0.17
Ethylene CH4 (Fonollosa, 2015) 4 178 504 19 75.89 ± 0.38
Skin (Bhatt & Dhall, 2012) 245 057 4 0.54 ± 0.04

Table 4: Optimality gap summary. Sample size s takes values of 1%, 5%, and 10% of n. Each value
represents mean and sample standard deviation of 5 runs.

Optimality Gap
Dataset s det prob unif

Ethylene CO (Fonollosa, 2015) 1% 4.66 1.01 ± 0.11 5.47 ± 0.65
5% 0.02 0.43 ± 0.03 4.40 ± 1.03
10% 5.67E-06 0.25 ± 0.04 3.24 ± 0.48

Ethylene CH4 (Fonollosa, 2015) 1% 1.59 1.48 ± 0.09 3.53 ± 0.42
5% 0.05 0.66 ± 0.05 1.69 ± 0.15
10% 0.01 0.37 ± 0.08 1.35 ± 0.11

Skin (Bhatt & Dhall, 2012) 1% 0.75 0.07 ± 0.02 0.25 ± 0.13
5% 0.56 0.02 ± 0.01 0.05 ± 0.03
10% -3.55E-15 0.03 ± 0.01 0.04 ± 0.02

Table 5: Time summary. Sample size s takes values of 1%, 5%, and 10% of n. Each value represents
mean and sample standard deviation of 5 runs.

Time (s)
Dataset s det prob unif

Ethylene CO (Fonollosa, 2015) 1% 6.00 ± 0.12 5.42 ± 0.74 4.01 ± 0.39
5% 15.00 ± 0.56 9.94 ± 0.47 7.55 ± 0.05
10% 15.71 ± 0.14 14.32 ± 1.26 11.66 ± 0.95

Ethylene CH4 (Fonollosa, 2015) 1% 5.91 ± 0.30 5.24 ± 0.36 3.35 ± 0.30
5% 13.56 ± 0.58 10.00 ± 1.10 7.95 ± 1.08
10% 15.18 ± 0.34 13.05 ± 0.81 10.26 ± 0.93

Skin (Bhatt & Dhall, 2012) 1% 0.04 ± 0.01 0.04 ± 0.01 0.05 ± 0.03
5% 0.15 ± 0.03 0.13 ± 0.01 0.10 ± 0.02
10% 0.15 ± 0.03 0.17 ± 0.03 0.13 ± 0.02
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