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Abstract

We study safe linear bandits (SLBs), where an agent selects actions from a convex1

set to maximize an unknown linear objective subject to unknown linear constraints2

in each round. Existing methods for SLBs provide strong regret guarantees, but re-3

quire solving expensive optimization problems (e.g., second-order cones, NP hard4

programs). To address this, we propose Constrained Linear Thompson Sampling5

(COLTS), a sampling-based framework that selects actions by solving perturbed6

linear programs, which significantly reduces computational costs while matching7

the regret and risk of prior methods. We develop two main variants: S-COLTS,8

which ensures zero risk and Õ(
√
d3T ) regret given a safe action, and R-COLTS,9

which achieves Õ(
√
d3T ) regret and risk with no instance information. In simula-10

tions, these methods match or outperform state of the art SLB approaches while11

substantially improving scalability. On the technical front, we introduce a novel12

coupled noise design that ensures frequent ‘local optimism’ about the true optimum,13

and a scaling-based analysis to handle the per-round variability of constraints.14

1 Introduction15

Stochastic bandit problems are a fundamental model for optimising unknown objectives through16

repeated trials. While single-objective bandit theory is well-developed, real-world learners must also17

deal with unknown constraints at every round of interaction. For instance, in dose-finding [AKR21],18

micro-grid control [FLZY22], and fair recommendation [Cho+24], a learner must choose actions that19

maximise reward while never crossing unknown toxicity, voltage, or exposure limits (see §B).20

The safe linear bandit (SLB) problem models these scenarios in a linear programming (LP) setting:21

a learner selects actions {at} from a convex domain A to optimize an unknown objective vector22

θ∗ ∈ Rd subject to unknown constraints of the form Φ∗a ≤ α, where Φ∗ ∈ Rm×d. After each action,23

the learner observes noisy feedback of the objective θ⊤∗ a+ noise and the constraints Φ∗a+ noise,24

thus acquiring information to guide future actions. Performance in SLBs is measured via the25

regret, RT :=
∑
t≤T

(
θ⊤∗ (a∗ − at)

)
+
, and risk, ST :=

∑
t≤T

(
max

i

(
Φ∗at − α

)i)
+
, (1)

where a∗ is the optimal action under the true (but unknown) constraints, and (·)+ := max(·, 0).26

There are two main notions of safety in SLBs:27

• Hard constraint enforcement, which requires that with high probability, ST = 0 for all T . This28

is only achievable if the learner has prior access to a known safe action asafe.29

• Soft constraint enforcement, which requires ST = o(T ) with high probability (whp). This is a30

weaker requirement, but does not need prior information.31

A series of recent work [e.g. GCS24; PGB24; AAT19; MAAT21] offers OFUL-style algorithms32

for SLBs with strong theoretical guarantees. However, these often require the solution of nontrivial33

optimisation problems (second-order conic programs, and sometimes NP-hard problems) in each34

round. Our motivation lies in improving this computational cost.35
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Table 1: COMPARISON OF SLB METHODS. ‘Known asafe’ means that the method requires an action known
a priori to be safe. ∆(a) := θ⊤∗ (a∗ − a) is the reward gap of an action a, and Γ(a) := mini(α − Φ∗a)

i
+ is

its safety margin. R(a) := 1 + (∆(a)/Γ(a)) if Γ(a) > 0, and ∞ otherwise. LP is the computation needed to
optimize a linear objective with m linear constraints over A to constant approximation. SOCP is the same
with m second-order conic constraints. We write ‘NP-hard’ if implementing the method needs a solver for an
NP-hard problem. OPT-PESS refers to most frequentist hard enforcement methods discussed in §1.1, which have
similar costs and bounds; SAFE-LTS is due to [MAAT21]; DOSS and the lower bound are due to [GCS24].

Algorithm Assumptions Regret Risk Compute at t

OPT-PESS Known asafe R(asafe) · Õ(
√
d2T ) 0 NP-hard

Relaxed OPT-PESS Known asafe R(asafe) · Õ(
√
d3T ) 0 d · SOCP · log(t)

SAFE-LTS Known asafe R(asafe) · Õ(
√
d3T ) 0 SOCP · log(t)

S-COLTS Known asafe R(asafe) · Õ(
√
d3T ) 0 LP · log(t)

DOSS Feasibility Õ(
√
d2T ) Õ(

√
d2T ) NP-hard

R-COLTS Feasibility Õ(
√
d3T ) Õ(

√
d3T ) LP · log2(t)

LOWER-BOUND Feasibility max(RT ,ST ) = Ω(
√
T ), no matter the instance;

Contributions. We introduce a sampling-based approach, COnstrained Linear Thompson Sampling36

(COLTS), which adds carefully chosen noise to estimates of both the objective and constraint parame-37

ters, and selects actions according to this perturbed program. This allows us to maintain the same38

order of regret and risk bounds as prior methods, while substantially reducing the complexity of each39

round. However, just perturbing the program as above does not directly yield good actions, since40

the perturbed program may be infeasible, or its optimum may be unsafe. We therefore develop two41

augmentations of COLTS, which address the SLB problem under distinct regimes:42

• S-COLTS assumes a given safe action asafe. Actions are picked by first solving a perturbed LP43

(while ensuring that asafe is feasible), and then scaling its optimum towards asafe to ensure safety.44

This yields zero risk, and regretR(asafe) · Õ(
√
d3T ) (see §2, or Table 1 for definition ofR(a)).45

• R-COLTS requires only feasibility of the true problem, and operates by sampling O(log T )46

perturbed programs, and setting at to be the optimiser of the one with largest value. This resampling47

directly yields optimism, leading to instance-independent Õ(
√
d3T ) regret and risk bounds. We48

additionally argue that under Slater’s condition, and with extra exploration, a similar regret and risk49

guarantee follows without resampling, and so solving only one optimisation per round.50

Table 1 summarizes our results in comparison to prior work. Each variant attains regret and risk51

bounds matching those of prior methods, whilst selecting actions by only optimising over linear52

constraints (in addition to those due to A). This yields the first efficient method for soft enforcement,53

and significantly speeds up hard constraint enforcement. Contextual extensions are discussed in §E.54

Technical Innovations. The random perturbations in our sampling-based approach cause two55

challenges that break existing analyses of linear TS: (i) the feasible region fluctuates at each round;56

and (ii) the true optimum a∗ can become infeasible under perturbed constraints, complicating direct57

analysis. We address these via two key innovations:58

A) Coupled Noise Design. Independent perturbations of objectives and constraints are difficult59

to analyze and yield undesirable exponential factors (eΩ(m)). We instead couple the perturbations60

by adding a single random vector ψ to the objective estimate and −ψ to each row of the constraint61

estimate. This coupling ensures a high local optimism rate: with constant probability, the perturbed62

program is feasible at the true optimum a∗, achieving regret bounds scaling only with log(m).63

Empirical studies (§6,J) confirm the advantages of coupled noise.64

B) Scaling and Resampling. The fluctuating constraints disable both existing analysis frameworks65

for linear TS: the ‘unsaturation’ approach of [AG13] and the ‘optimism’ approach of [AL17]. To66

analyze S-COLTS, we adapt the unsaturation framework with a new scaling-based trick allowing67

comparisons across distinct feasible regions. For R-COLTS, we instead use resampling to directly68

generate optimistic and feasible actions, bypassing these analytic barriers entirely.69

1.1 Related Work70

Safe Bandits. Safe bandits have been studied under two main notions of constraint enforcement:71

soft [CGS22; GCS24] and hard [AAT19; MAAT21; PGBJ21; PGB24; HTA23; HTA24]. Soft72

enforcement achieves regret and risk bounds of Õ(
√
d2T ), with improved instance-specific guarantees73

for polytopal domains. Hard enforcement achieves zero risk, and regret bounds of Õ(R(asafe)
√
d2T )74
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but given a safe action asafe. Efficient variants of these methods instead achieve weaker regret bounds75

of Õ(R(asafe)
√
d3T ). In contrast to safe bandits, bandits with knapsacks [BKS13; AD16] control76

aggregate constraints, which is unsuitable for roundwise safety enforcement (see §C).77

Computational Complexity. Existing efficient hard-enforcement methods rely on frequentists78

confidence sets for constraints, which induce m expensive second-order conic (SOC) constraints79

during action selection [PGBJ21; PGB24; AAT19; MAAT21]. Most variants require solving 2d such80

problems per round, and further suffer from poor numerical conditioning. Our approach, S-COLTS,81

instead uses perturbations combined with scaling and resampling techniques, requiring only linear82

constraints per round while maintaining near-optimal guarantees. This scaling approach is related to83

ROFUL [HTA24] although this prior method uses the inefficient method DOSS as a subroutine.84

Notably, no computationally efficient methods have previously been proposed for soft enforcement.85

The main point of comparison, DOSS need to solve (2d)m+1 LPs each round [GCS24]. R-COLTS86

resolves this gap by sampling O(log(t)) perturbed programs each round. Under mild conditions87

(Slater’s condition), one can further reduce to a single LP per round. See §C for more details.88

Thompson Sampling (TS). Frequentist bounds for linear TS were first established by Agrawal &89

Goyal [AG13] through an ‘unsaturation’ approach, while Abeille & Lazaric [AL17] developed a90

related ‘global optimism’ approach. Neither approach extends to SLBs due the per-round fluctuation91

of the perturbed constraints, and the ensuing variability of the ‘feasible regions’ for each round (see92

§C for more details). We overcome these challenges through our coupled noise design, ensuring93

frequent optimism, and a novel scaling trick to compare solutions across distinct feasible regions.94

The only existing sampling-based treatment of unknown constraints is due to Chen et al. [CGS22]95

for multi-armed settings, who use posterior quantiles to enforce constraints. Although their method96

does not scale to continuous action sets, our resampling approach can be interpreted as an efficient,97

scalable analogue for simultaneously enforcing constraints and optimizing reward indices.98

2 Problem Definition and Background99

Notation. For a vector v, ∥v∥ denotes its ℓ2-norm. For a PSD matrix M, ∥v∥M := ∥M1/2v∥. Sd100

is the unit sphere in Rd. For a matrix M , M i is the ith row of M . 1m is the all ones vector in Rm.101

Also see §A for an extensive glossary of notation used in the paper.102

Setup. An instance of a SLB problem is defined by an objective θ∗ ∈ Rd, a constraint matrix103

Φ∗ ∈ Rm×d, constraint levels α ∈ Rm, a compact convex domain A ⊂ Rd, and δ ∈ (0, 1). A, α, δ104

are known to the learner, but θ∗ and Φ∗ are not. The program of interest is max θ⊤∗ a s.t. Φ∗a ≤105

α, a ∈ A, assumed to be feasible. a∗ denotes a(ny) maximiser of this program. The reward gap of106

a ∈ A is ∆(a) := θ⊤∗ (a∗ − a), and its safety margin is Γ(a) = minu(α− Φ∗a)
i
+. For infeasible a,107

Γ(a) = 0, and ∆ may be negative. We setR(a) = 1 + ∆(a)/Γ(a) if Γ(a) > 0, and∞ otherwise.108

Play. We index rounds by t. At each t, the learner picks at ∈ A, and receives the feedback Rt =109

θ⊤∗ at + wR
t , and St = Φ∗at + wS

t , where wR
t ∈ R and wS

t ∈ Rm are noise processes. Ct denotes110

algorithmic randomness at round t. The historical filtration is Ht−1 := σ({(as, Rs, Ss, Cs)}s<t),111

and Gt := σ(Ht−1 ∪ {(at, Ct)}). The action at must be adapted to σ(Ht−1 ∪ σ({Ct})).112

The Soft Enforcement SLB problem demands algorithms that ensure, with high probability, that113

both the metrics RT and ST (see (1) grow sublinearly with T.114

The Hard Enforcement SLB problem demands algorithms that ensure, with high probability, that115

ST = 0 and RT = o(T ). This is enabled by a safe starting point asafe such that Γ(asafe) > 0.116

Standard Assumptions. We assume the following standard conditions [e.g. APS11] on the instance117

(θ∗,Φ∗,A), and noise. All subsequent results only hold under these assumptions.118

• Boundedness: ∥θ∗∥ ≤ 1, for each row i, ∥Φi
∗∥ ≤ 1, and A ⊂ {a : ∥a∥ ≤ 1}.119

• SubGaussian noise: wt := (wR
t , (w

S
t )

⊤)⊤ is centred and 1-subGaussian given Gt, i.e.,120

E[wt|Gt] = 0, and ∀λ ∈ Rm+1,E[exp(λ⊤wt)|Gt] ≤ exp(∥λ2∥/2).121

To simplify the form of our bounds, we also assume that m/δ = O(poly(d)) when stating theorems.122

Background. The (1-)RLS estimates for θ∗,Φ∗ given the history Ht−1 are123

θ̂t = argmin
θ̂

∑
s<t

(θ̂⊤as −Rs)
2 + ∥θ̂∥2, and Φ̂t = argmin

Φ̂

∑
s<t

∥Φ̂as − Ss∥2 +
∑
i

∥Φ̂i∥2.

The standard confidence sets [APS11] for (θ∗,Φ∗) are124

Cθt (δ) = {θ̃ : ∥θ̃ − θ̂t∥Vt
≤ ωt(δ)}, and CΦt (δ) = {Φ̃ : ∀ rows i, ∥Φ̃i − Φ̂i

t∥Vt
≤ ωt(δ)},
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where Vt := I +
∑

s<t asa
⊤
s , and ωt(δ) := 1 +

√
1/2 log((m+ 1)/δ) + 1/4 log(detVt). A key125

standard result states that these confidence sets are consistent [APS11].126

Lemma 1. Let the consistency event at time t be Cont(δ) := {θ∗ ∈ Cθt (δ),Φ∗ ∈ CΦt }, and let127

Con(δ) :=
⋂

t≥1 Cont(δ). Under the standard assumptions, for all δ ∈ (0, 1), P(Con(δ)) ≥ 1− δ.128

3 The Constrained Linear Thompson Sampling Approach129

We begin by describing the COLTS framework. In the frequentist viewpoint, TS is a randomised130

method for bandits that, at each t, perturbs an estimate of the unknown objective, in a manner sensitive131

to the historical information Ht−1, and then picks actions by optimising this perturbed objective.132

Naturally, then, we will perturb the estimates θ̂t, Φ̂t, for which we use a law µ on R1×d ×Rm×d. For133

(η,H) ∼ µ, independent of Ht−1, we define the perturbed parameters134

θ̃(η, t)⊤ := θ̂⊤t + ωt(δ)ηV
−1/2
t and Φ̃(H, t) := Φ̂t + ωtHV

−1/2
t . (2)

Notice that these perturbations are aligned with Ht−1 only via the scaling by ωt(δ)V
−1/2
t . The135

underlying thesis of the COLTS approach is that for well-chosen µ, the action136

a(η,H, t) = argmax{θ̃(η, t)⊤a : Φ̃(H, t)a ≤ α, a ∈ A}, (3)

if it exists, is a good choice to play, in that it is either underexplored, or nearly safe and optimal. Here137

we abuse notation, and treat argmax as a point function that (measurably) picks any one optimal138

solution. Two major issues arise with this view. Firstly, the set A ∩ {Φ̃(H, t)a ≤ α} may be empty139

for certain H, meaning a(η,H, t) need not exist. Secondly, in hard enforcement, a(η,H, t) need not140

actually be safe, and so cannot directly be used. Thus, the main questions are 1) what µ we should141

use, 2) how we should augment the COLTS principle to design effective algorithms, and 3) how we142

can analyse these algorithms to prove effectiveness. These questions occupy the rest of this paper.143

Before proceeding, however, we observe that if η or H are very large, then they will ‘wash out’ the144

‘signal’ in θ̂t and Φ̂t, meaning that their size must be contained. We state this as a generic condition.145

Definition 2. Let B : (0, 1]→ R≥0 be a nondecreasing map. A law µ on R1×d × Rm×d is said to146

satisfy B-concentration if ∀ξ ∈ (0, 1], µ
({

max(∥η∥,maxi∈[1:m] ∥Hi∥) ≥ B(ξ)
})
≤ ξ.147

As an example, if marginally each η,Hi were normal, thenB(ξ) =
√
d log((m+ 1)/ξ). Henceforth,148

we will assume that µ satisfies B-concentration for some map B, and define quantities in terms of149

this B. This condition has the following useful consequence (§F).150

Lemma 3. For B : (0, 1] → R≥0, and t ∈ N, define Bt = 1 + max(1, B(δt)), and Mt(a) =151

Btωt(δ)∥at∥V −1
t

, where δt = δ/t(t+1). For all t, let (ηt, Ht) be drawn from µ independently of Ht−1152

at time t. If µ satisfies B-concentration, then with probability at least 1− 2δ,153

∀t, a,max
(
|(θ∗ − θ̃(ηt, t))⊤a|,max

i
|(Φ̃(Ht, t)

i − Φi
∗)a|

)
≤Mt(a).

Further,
∑

t≤T Mt(at) ≤ BTωT ·O(
√
dT ) ≤ BT Õ(

√
d2T ).154

4 Hard Constraint Enforcement via Scaling-COLTS155

Algorithm 1 Scaling-COLTS (S-COLTS(µ, δ))
1: Input: asafe,Γ0 ∈ [Γ(asafe)/2,Γ(asafe)].
2: for t = 1, 2, . . . do
3: Draw (ηt, Ht) ∼ µ
4: if Mt(asafe) > Γ0/3 OR a(ηt, Ht, t)

does not exist then
5: at ← asafe.
6: else
7: bt ← a(ηt, Ht, t)
8: Compute at as in (4).
9: Play at, observe Rt, St, update Ht.

We turn to the problem of hard constraint en-156

forcement of minimising RT while ensuring that157

w.h.p., ST = 0, using a safe action asafe such that158

Γ(asafe) > 0. We will extend COLTS with a ‘scal-159

ing heuristic,’ that was first proposed in the context160

of SLBs by Hutchinson et al. [HTA24], who used161

it to design a (inefficent) method ROFUL.162

To begin, our method, S-COLTS, draws noise163

(ηt, Ht) ∼ µ, and computes the preliminary ac-164

tion bt := a(ηt, Ht, t), assuming for now that this165

exists. As argued in §3, this action bt either has166

low-regret, or is informative. Of course, this bt167

need not be safe—we only know via Lemma 3 that Φ∗bt ≤ α+Mt(bt)1m—and so cannot be used168
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for hard enforcement. However, the action asafe is safe, with a large slack of at least Γ(asafe) in each169

constraint. Via linearity, and the convexity of A, this means we can scale back bt towards asafe to170

find a safe action, i.e., play at of the form (1− ρt)asafe + ρtbt for some ρt ∈ [0, 1]. If ρt is not too171

small, this maintains fidelity with respect to the informative direction bt, while retaining safety.172

Note that if we knew that margin Γ(asafe) of asafe, then since173

Φ∗(ρbt + (1− ρ)asafe) ≤ α+ (ρMt(bt)− (1− ρ)Γ(asafe))1m,

we could ensure that 1− ρt ≤Mt(bt)/Γ(asafe), which vanishes for small Mt(bt). Of course, we do174

not per se know the value of Γ(asafe). However, this can be estimated by repeatedly playing asafe, and175

maintaining anytime bounds on its risk via a law of iterated logarithms. This results in an estimated176

value Γ0 such that Γ(asafe)/2 ≤ Γ0 ≤ Γ(asafe) using Õ(Γ(asafe)
−2) rounds. We leave a detailed177

account of this estimation to §H.1, and henceforth just assume that we know such a value Γ0.178

Define θ̃t = θ̃(ηt, t) and Φ̃t = Φ̃(Ht, t). A critical observation for S-COLTS is that if Mt(asafe) ≤179

Γ0/3, then the action bt exists with high probability. Indeed, in this case,180

Φ̃tasafe ≤ Φ∗asafe +Mt(asafe)1m ≤ α− (Γ(asafe)− Γ0/3)1m ≤ α− 2Γ(asafe)/31m.

Thus, the constraints induced by Φ̃t are feasible (and so bt exists). To play a safe action, we set181

at = at(ρt), where at(ρ) := (1− ρ)asafe + ρbt, and (4)

ρt := max{ρ ∈ [0, 1] : Φ̂tat(ρ) +B−1
t Mt(at(ρ))1m ≤ α},

where B−1
t Mt(a) = ωt∥a∥V −1

t
is used since maxi ∥Φ̂i

t − Φi
∗∥ ≤ ωt whp. Now, Mt(asafe) ≤ Γ0/3182

ensures that 1− ρt ≤ 6Mt(bt)/Γ(asafe), giving roughly the same fidelity as if we knew Γ(asafe).183

This leaves the law µ undetermined. In §4.1, we first describe an unsaturation condition on µ that184

induces low regret, and then in §4.2, we provide a general construction of unsaturated laws using a185

local analysis at a∗. This operationalises the S-COLTS design, with regret bounds described in §4.3.186

4.1 Analysis of S-COLTS: Unsaturation and Looking-Back187

The scaling above direclty ensures the safety of at. We now present the main ideas behind a Õ(
√
T )188

regret bound for S-COLTS, leaving detailed proofs to §H. Specifically, we describe how a look back189

method operationalised with an unsaturation event yields low-regret, using a scaling strategy to190

handle shifting constraints. Finally, we finally contrast our analysis with prior studies.191

Unsaturation. Following [AG13], we say that an action a is unsaturated at time t if ∆(a) ≤Mt(a).192

Now, if bt is unsaturated, then (as we asserted in §3) it is either informative (large Mt(bt)) or low193

regret (small Mt(bt), and so small ∆(bt)). In fact, if for all t, bt was unsaturated and bt = at,194

then we would already get a regret bound using Lemma 3:
∑

t ∆(at) =
∑

∆(bt) ≤
∑

tMt(bt) =195 ∑
Mt(at) = Õ(

√
T ). But, bt need not always be unsaturated (and usually is ̸= at), and we must196

ensure that enough unsaturated bt occur, motivating the following definition.197

Definition 4. Let µ be a B-concentrated law. Define the unsaturation event at time t as198

Ut(δ) := {(η,H) : a(η,H, t) exists, and ∆(a(η,H, t)) ≤Mt(a(η,H, t)).

For χ ∈ (0, 1], we say that µ-satisfies χ-unsaturation if for all t such that δ/(t(t+ 1)) ≤ χ/2,199

P[Ut(δ)|Ht−1]1Cont(δ) = E[µ(Ut(δ))|Ht−1]1Cont(δ) ≥ (χ/2)1Cont(δ).

In words, at all t, given the past, bt is unsaturated with chance at least χ/2.200

Handing the scaling. Our action at = ρtbt + (1− ρt)asafe ̸= bt. But, by linearity,201

∆(at) = ρt∆(bt) + (1− ρt)∆(asafe).

To bound these, we use Lemma 19 (§H.2), which shows that if Mt(asafe) ≤ Γ0/3 then (i) (1− ρt)202

≤ 6Mt(at)/Γ(asafe), and (ii) ρtMt(bt) ≤ 2Mt(at). Thus, by (i) and Lemma 3,
∑

(1−ρt)∆(asafe) =203

O(∆(asafe)/Γ(asafe)
∑
Mt(at)) = Õ(R(asafe)

√
d3T ). Notice that if bt was always saturated, then via204

(ii), we would also get regret control using
∑
ρt∆(bt) ≤

∑
ρtMt(bt) = O(

∑
Mt(at)).205

Look Back Method. In reality, bt is not always unsaturated. To handle this, we ‘look back’ at the206

last time s < t that a bs was unsaturated. Concretely, define207

τ(t) := inf{s < t :Ms(asafe) ≤ Γ0/3,∆(bs) ≤Ms(bs)}, inf ∅ := 0.
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We will bound ∆(bt) in terms of ∆(bτ(t)): if unsaturation is frequent, then ∆(bτ(t)) ≤Mτ(t)(bτ(t))208

cannot be much larger than Mt(bt), yielding regret control. A major issue, however, is that bτ(t) is209

not feasible for the perturbed constraints Φ̃t. Thus inequalities like θ̃⊤t (bτ(t) − bt) ≤ 0 may be false,210

preventing us from using the basic fact that bt optimises θ̃t over A ∩ {Φ̃ta ≤ α}. To address this, we211

introduce a second, analysis-only, scaling step. Concretely, for s < t, let212

b̄s→t := σs→tbs + (1− σs→t)asafe, where σs→t = (Γ0/3) · (Γ0/3 +Mt(bs) +Ms(bs))
−1.

Then using Lemma 3 twice, Φ̃sbs ≤ α =⇒ Φ̃tb̄s→t ≤ α. Setting s = τ(t), we write213

ρt∆(bt) = ρt∆(b̄τ(t)→t) + ρtθ̃
⊤
t (b̄τ(t)→t − bt) + ρt(θ∗ − θ̃t)⊤(b̄τ(t)→t − bt).

˜St
S̃
τ(t)

btb
τ(t)b
τ(t)

Figure 1: A schematic of the look-
back analysis. S̃ are the perturbed fea-
sible regions. at (red box) is a mixture
of bt and asafe (black box). bτ(t) ̸∈ S̃t,
and we instead mix it with asafe to pro-
duce b̄τ(t)→t ∈ S̃t (blue box).

Since b̄τ(t)→t is feasible, and bt optimal, for (θ̃t, Φ̃t), the second214

term is ≤ 0. The final term is ≤ ρtMt(b̄τ(t)→t) + ρtMt(bt),215

and further, ρtMt(bt) ≤ 2Mt(at). For the first term,216

∆(b̄τ(t)→t) = στ(t)→t∆(bτ(t)) + (1− στ(t)→t)∆(asafe)

≤ στ(t)→tMτ(t)(bτ(t)) + (1− στ(t)→t)∆(asafe),

using the unsaturation of bτ(t). This leaves terms involving217

στ(t)→t and Mt(bτ(t)), which are handled by analysing στ(t)→t218

similarly to ρt above. As shown in §H.2, this leads to219

Lemma 5. Define M0(a) = ∆(a0) = B0 = ω0(δ) = 1, and for220

s < t, set Js→t = 1 + Btωt/Bsωs. If µ is B-concentrated, then221

with probability at least 1−3δ, for all t with Mt(asafe) ≤ Γ0/3,222

∆(at) ≤ 6R(asafe)
(
Mt(at) + Jτ(t)→tMτ(t)(aτ(t))

)
.

Controlling Accumulation Error. By Lemma 3,
∑
Mt(at) = Õ(

√
T ). Thus, to bound regret, we223

are left with
∑
Jτ(t)→tMτ(t)(aτ(t)). But, due to χ-unsaturation, the time between two unsaturation224

events is typically only O(χ−1), which enables a martingale analysis in §H.3 to give225

Lemma 6. If µ satisfies χ-unsaturation, then with probability at least 1− δ, for all T ≥
√
2/χ,226 ∑

t≤T,Mt(asafe)≤Γ0/3

Jτ(t)→tMτ(t)(aτ(t)) ≤ 10ωtBT · χ−1 · (log(1/δ) +
∑
t≤T

∥at∥V −1
t

).

Finally, by Lemma 3,
∑
∥at∥V −1

t
= Õ(

√
T ) as well, concluding the regret analysis.227

Novelty Relative to Prior Work. In unconstrained linear TS, Agrawal and Goyal [AG13] compare228

at to a minimum-norm unsaturated action āt (see Lemma 4 in their arxiv version [AG12]), using229

θ̃⊤t (āt − at) ≤ 0 and ∆(āt) ≤Mt(āt) to bound their ∆(at). Therein, χ-unsaturation is essentially230

used to show Mt(āt) ≤ χ−1Mt(at). Our analysis sees three differences.231

• Scaled Actions: bt ̸= at, which is managed by expanding the linear blend and analysing ρt.232

• Look-back Analysis: instead of a reference action at time t, we look back to the last unsaturated233

bτ(t). This, in our opinion, yields a more intuitive analysis, but is not an essential step.234

• Fluctuating Constraints: The reference action bτ(t) may be infeasible for Φ̃t, breaking the235

comparison of values between it and bt. This would also affect the equivalent of āt, and causes the236

prior analysis to break down. We handle this via a second analysis-only scaling step.237

The technical gap from [HTA24] is similar: a∗ may be infeasible for Φ̃t, which breaks their analysis.238

4.2 The Coupled Noise Design239

§4.1 shows that χ-unsaturation yields control on the regret. To operationalise this, we need to design240

well-concentrated laws with good unsaturation. In single-objective TS, unsaturation is enabled via241

anticoncentration of the ηs, and a good balance is attained by, e.g., Unif(
√
3dSd) or N (0, Id).242

A natural guess with unknown constraints is to sample both η and each row of H from such a law.243

However, the unsaturation rate under such a design is difficult to control well. The main issue arises244

from maintaining feasibility with respect to all m constraints under perturbation, since each such245

perturbation gets an independent shot at shaving away some unsaturated actions, suggesting that χ246

decays as e−Ω(m) and indeed, experimentally, increase in m may lead to at least a polynomial decay247

in the unsaturated rate with such independent noise (see §J.3). We sidestep this issue by coupling the248

perturbations of the reward and constraints, as encapsulated below.249
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Lemma 7. Let B̄ ∈ {(0, 1]→ R≥0} be a map, and p ∈ (0, 1]. Let ν be a law on Rd×1 such that250

∀u ∈ Rd, ν({ζ : ζ⊤u ≥ ∥u∥) ≥ p, and ∀ξ ∈ (0, 1], ν({ζ : ∥ζ∥ > B̄(ξ)}) ≤ ξ.
Let µ be the law of ζ 7→ (ζ⊤,−1mζ

⊤) for ζ ∼ ν. Then µ is p-unsaturated and B̄-concentrated.251

Our proof of this lemma, executed in §G, is based upon analysing the local optimism event at a∗:252

Lt(δ) := {(η,H) : θ̃(η, t)⊤a∗ ≥ θ⊤∗ a∗, Φ̃(H, t)a∗ ≤ α}. (5)
Notice that Lt demands that the perturbation is such that a∗ remains feasible with respect to Φ̃t, and its253

value at θ̃t increases beyond θ⊤∗ a∗, in other words, the perturbed program is optimistic at a∗. Our proof254

first directly analyses a∗ under the perturbations to show that P[Lt(δ)|Ht−1]1Cont(δ) ≥ p1Cont(δ),255

i.e., frequent local optimism. This enables an argument due to [AG13]: since a∗ is unsaturated256

(∆(a∗) = 0), and, w.h.p. the perturbed reward of any saturated action is dominated by that of a∗, it257

follows that Lt(δ) ⊂ Ut(δ), yielding lower bounds on µ(Ut(δ)).258

We note that the conditions of Lemma 7 are the same as those used for unconstrained linear TS in259

prior work [AG13; AL17], and so this generic result extends this unconstrained guarantee to the260

constrained setting. In our bounds, we will set µ to be the law induced by the coupled design with261

ν = Unif(
√
3dSd), which is 0.14-unsaturated, and B-concentrated for B(ξ) =

√
3d (§G.1).262

4.3 Regret Bounds for S-COLTS263

With the pieces in place, we state and discuss our main result, which is formally proved in §H.264

Theorem 8. Let µ be the law induced by Unif(
√
3dSd) under the coupled noise design. Then265

S-COLTS(µ, δ/3) ensures that with probability at least 1− δ, for all T , it holds that266

ST = 0 and RT = R(asafe) · Õ(
√
d3T + d2T log(m/δ)) + Õ(d2∆(asafe)Γ(asafe)

−2
).

Comparison of Regret Bounds to Prior Results. As noted in §1.1, prior inefficient hard en-267

forcement SLB methods attain regret Õ(R(asafe)
√
d2T ), while efficient methods attain regret268

Õ(R(asafe)
√
d3T ). Our results above recover the latter bounds. The loss of

√
d relative to in-269

efficient methods is expected since it appears in all known efficient linear bandit methods (without270

or without unknown constraints). The Ω(
√
T ) dependence is necessary (even with instance-specific271

information) [GCS24] as is the additive ∆(asafe)/Γ(asafe)
2 term [PGBJ21]. Thus, S-COLTS recovers272

previously known guarantees using sampling rather than frequentist bounds.273

Computational Aspects. An advantage of S-COLTS is that it only optimises over linear constraints274

(beyond those ofA), instead of SOC constraints of the form {∀i ∈ [1 : m], Φ̂i
ta+ωt(δ)∥a∥V −1

t
≤ αi}275

imposed by prior methods. While convex, these m SOC constraints can have a palpable practical276

slowdown on the time needed for optimisation, especially as m grows (over A = [0, 1/
√
d]d, with277

the modest d = m = 9 we see a > 5× speedup, and with d = 2,m = 100, a 18× speedup, in §6).278

In particular, when A is a polyhedron, S-COLTS can be implemented with just linear programming.279

We explicitly note that S-COLTS is efficient for convex A. The dominating step is the computation of280

bt, which can be carried out to an approximation of 1/t with no loss in Theorem 8. With, say, interior281

point methods, this needs O(LP · log(t)) computation at round t, where LP is the computation needed282

to optimise max{θ⊤a : Φa ≤ α, a ∈ A} to constant error [BV04].283

Practical Choice of Noise. It has long been understood that while existing theoretical techniques284

for analysing linear TS need large noise (with B(ξ) = Θ(
√
d)), in practice much smaller noise (e.g.,285

Unif(Sd) with B(ξ) = Θ(1)) typically retains a large enough rate of unsaturation, and significantly286

improve regret (although not in the worst-case [HB20]). Our practical recommendation is to indeed287

use such a small noise, which we find to be effective in simulations (§6). We underscore that no288

matter the noise used, the risk guarantee for S-COLTS is maintained.289

5 Soft Constraint Enforcement with Resampling-COLTS290

Given an action asafe with positive safety margin, S-COLTS ensures strong safety and good regret.291

This section studies scenarios where we do not know such an asafe. In this case, it is impossible to292

ensure that ST = 0, and we instead show Õ(
√
T ) bounds on ST , following prior work [GCS24].293

S-COLTS uses forced exploration of asafe to ensure the feasibility of perturbed programs. However,294

the local optimism underlying our proof of Lemma 7 gives a different way to achieve this. Indeed, the295
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event Lt(δ) of (5) implies that a∗ is feasible, and so a(η,H, t) exists. Thus, if P[Lt(δ)|Ht−1] ≥ π,296

then we can just resample the noise O(log(t)) times and end up with feasibility. In fact, even more is297

true: since θ̃⊤a∗ ≥ θ⊤∗ a∗ under Lt, resampling π−1Θ(log(t)) times ensures not only feasibility, but298

also optimism of the ‘best’ perturbed optimum. The R-COLTS method is based on this observation.299

Concretely, we parametrise R-COLTS with µ, δ and a resampling order r. At each time t, we sample300

It = 1 + ⌈r log t(t+1)/δ⌉ independent (η,H) from µ, optimise each perturbed program, and pick the301

optimiser of the one with largest value as at. If all are infeasible, we just set at = at−1 (picking a0302

arbitrarily). We let θ̃t denote the objective vector of this ‘winning’ perturbed program: in the notation303

of Alg. 2, θ̃t = θ̃(ηi∗,t , t). The main idea is captured in the following simple lemma.304

Lemma 9. Let π ∈ (0, 1], and suppose µ satisfies 1Cont(δ)E[µ(Lt(δ))|Ht−1] ≥ π1Cont(δ) for every305

t. If r ≥ π−1, then with probability at least 1− 2δ, at all t, the actions at and perturbed objective θ̃t306

selected by R-COLTS(µ, r, δ) are optimistic, i.e., they satisfy that θ⊤∗ a∗ ≤ θ̃⊤t at.307

Algorithm 2 Resampling-COLTS (R-COLTS(µ, r, δ))
1: Input: µ, δ, ‘resampling order’ r ∈ N
2: Initialise: It ← 1 + ⌈r log t(t+1)/δ⌉
3: for t = 1, 2, . . . do
4: for i = 1, 2, . . . , It do
5: Draw (ηi,t, Hi,t) ∼ µ.
6: if a(ηi,t, Hi,t, t) exists then
7: K(i, t)← θ̃(ηi,t, t)

⊤a(ηi,t, Hi,t, t)
8: else
9: K(i, t)← −∞

10: if maxK(i, t) = −∞ then
11: at ← at−1.
12: else
13: i∗,t ← argmaxiK(i, t),
14: at ← a(ηi∗,t,t, Hi∗,t,t, t).
15: θ̃t ← θ̃(ηi∗,t,t, t).
16: Play at, observe Rt, St, update Ht.

The ‘local optimism condition’ on µ above is308

reminiscent of the global optimism condition309

of Abeille & Lazaric [AL17], and indeed the310

same result holds under a global optimism as-311

sumption with unknown constraints. However,312

the analysis in this prior work does not extend313

to unknown constraints due to its reliance of314

convexity (§1.1), and resampling bypasses this315

issue. See §D for more details.316

Lemma 9 enables the use of standard opti-317

mism based regret analyses [e.g. APS11]. By318

operationalising the condition on µ via the319

coupled design in §4.2, we show320

Theorem 10. If µ is the law induced by321

Unif(
√
3dSd) under the coupled design of322

Lemma 7, then with probability at least 1− δ,323

R-COLTS(µ, 4, δ/2) ensures that for all T,324

max(ST ,RT ) = Õ(
√
d3T + d2T log(m/δ)).

Instance-Independent Regret Bound. The above result limits both regret and risk to Õ(
√
d3T ),325

with no instance-specific terms, unlikeR(asafe) in S-COLTS. In particular, this bound holds even if326

maxa Γ(a) = 0, i.e., the problem is marginally feasible. This result is directly comparable to the327

Õ(
√
d2T ) bound on both regret and risk under the DOSS method [GCS24], and loses a

√
d-factor328

relative to this, a loss that appears in all known efficient linear bandit methods.329

Computational Costs. R-COLTS with µ as above solves ∼ 4 log(t2/δ) optimisations of θ̃⊤t a over330

{Φ̃ta ≤ α} ∩ A. Again, Theorem 10 is resilient to approximation of, say, 1/t, and so this takes331

O(LP · log2 t) computation per round, a factor of log(t) slower than S-COLTS, but still efficient in the332

practical regime of log(T/δ) = O(poly(d,m)). The main point of comparison, however, is DOSS,333

which instead needs to solve (2d)m+1 such programs, and so uses (2d)m+1LP · log(t) computation334

per round. R-COLTS is practically much faster even for small domains with long horizons—for335

instance, with T = 1/δ = 1010, 4 log(t2/δ) ≤ (2d)m+1 for all d ≥ 4,m ≥ 2.336

Relationship to Posterior Quantile Indices and Safe MABs. The resampling approach executed in337

R-COLTS is closely related to the posterior-quantile approach of the BAYESUCB method [KCG12],338

wherein it is proposed to use a quantile of the arm posteriors as a reward index instead of a frequentist339

upper confidence bound. Indeed, we can compute such a quantile in a randomised way by taking340

many samples from the posterior of each arm, and then picking the largest of the samples as the341

reward index. Most pertinently, this approach was proposed for safe multi-armed bandits [CGS22],342

wherein this posterior quantile index is used to decide on the ‘plausible safety’ of putative actions.343

The same work further argued that the usual single-sample TS cannot obtain sublinear regret in safe344

MABs. The R-COLTS approach can be viewed as an efficient extension of this principle to linear345

bandits with continuum actions, and differs by directly optimising the indices under each draw, and346

then picking the largest, instead of performing an untenable per-arm posterior quantile computation.347

R-COLTS Without Resampling. Given the lack of a safe action to play, one cannot direct establish348

the feasibility of the perturbed programs by contracting the confidence radius of a single action as in349

S-COLTS. However, if we introduce a small amount of ‘flat’ exploration whenever Vt is ‘small’, then350
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this ensures that any a with Γ(a) > 0 will eventually be strictly feasible under perturbations. If such351

a exists, we only need a single noise draw to attain feasibility, and can bootstrap the scaling analysis352

of S-COLTS to show bounds. We term this method ‘exploratory-COLTS’, or E-COLTS, and specify353

and analyse it in §I.2. This results in the following soft-enforcement guarantee.354

Theorem 11. If µ is the law induced by Unif(
√
3dSd) under the coupled noise design, then the355

E-COLTS(µ, δ/3) method of Algorithm 3 ensures that with probability at least 1− δ, for all T ,356

ST = Õ(
√
d3T ) + min

a
Õ
( d3∥a∥4
κ2Γ(a)4

)
, and RT = min

a:Γ(a)>0

{
R(a)Õ(

√
d3T ) + Õ

( d3∥a∥4
κ2Γ(a)4

)}
,

where κ is a constant depending on the geometry of A.357

Relative to R-COLTS, the above guarantees are instance-dependent, and are only nontrivial if358

maxa Γ(a) > 0, i.e., the Slater parameter of the optimisation problem induced by θ∗,Φ∗,A is359

nonzero. The advantage of E-COLTS lies in its reduced computation. Comparing to S-COLTS, the360

above loses the strong ST = 0 safety, but improves regret by adapting to the best possibleR(a).361

6 Simulations362

We give a brief summary of our simulations, leaving most details, and well as deeper investigation of363

our methods to §J. In all cases, we utilise the coupled noise design, driven with the (uninflated) noise364

ν = Unif(0.5 · Sd), in accordance with the discussion in §4. The same noise is used for SAFE-LTS.365

Table 2: RT and ST at T = 5 ·104 for R-COLTS
with 1, 2, 3 samples per round (100 trials).

Samples RT ST

1 658± 170 2891± 171
2 397± 116 3126± 137
3 301± 102 3266± 172

Resampling tradeoff in R-COLTS. For d = 9, we366

optimise θ∗ = 1d/
√
d over A = [0, 1/

√
d]d, with a367

9 × 9 constraint matrix (i.e., m = 9). In this case,368

the action 0 is feasible, and so R-COLTS without any369

resampling is effective. Since a = 0 has a nontrivial370

safety margin, R-COLTS, even without resampling, is371

effective for this problem. This is borne out in Table 2,372

which shows regret and risk at the terminal time T . We see that resampling slightly worsens risk, but373

significantly improves regret (although with diminishing returns). Further, both regret and risk are far374

below the
√
d2T scale expected from our bounds. We note that while a single iteration of R-COLTS375

takes ∼ 1ms, since (2d)m+1 > 1012, this would take years for DOSS, and so we do not implement it.376

In any case, note that the computational advantage of R-COLTS is extremely strong.377

Significant Computational Advantage and Regret Parity/Improvement of S-COLTS. We compare378

S-COLTS with the hard enforcement method SAFE-LTS [MAAT21], which has been shown to match379

the performance of alternate such methods, while being faster. Both methods are run on the d = m =380

9 instance above, with asafe = 0. As expected, both never play unsafe actions. Further (Fig. 2, left),381

S-COLTS achieves an improvement in regret relative to SAFE-LTS, while reducing wall-clock time382

by a 5.1×. To gain a deeper understanding of S-COLTS’s computational advantage, we investigate383

the same with growing m ∈ {1, 10, 20, . . . , 100} constraints for a simple d = 2 setting (see §J.2.1384

for the setup). In this problem, the benefit is even starker (Fig. 2, right). For m ≥ 10, the regret of385

SAFE-LTS is 2− 4× larger than that of S-COLTS, i.e., the latter has much better regret (m = 1 has386

wide confidence bands for the ratio, but mean ∼ 1.5) Further, the computational costs of SAFE-LTS387

relative to S-COLTS grow roughly linearly, starting from ≈ 1.3× for m = 1 to > 18× at m = 100.388

Figure 2: COMPUTATIONAL AND REGRET COMPARISONS OF S-COLTS AND SAFE-LTS. Left. Regret traces in
the d = 9 instance (one-sigma error bars); S-COLTS mildly improves regret, and is 5× faster. Right. Relative
performance as m is varied in the d = 2 instance. The speedup of S-COLTS grows linearly with m from 1.3× to
> 18×. Further, for m ≥ 10, the regret of S-COLTS is 2-3× smaller than that of SAFE-LTS
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A Glossary492

Symbol Explanation Expression/Comments
(θ∗,Φ∗) True objective/constraints ∈ Rd×1 × Rm×d

α Constraint level ∈ Rm×1

A Action domain
a∗ Optimal action for (θ∗,Φ∗) argmax{θ⊤∗ a : a ∈ A,Φ∗a ≤ α}

K(θ,Φ) Value function sup{θ⊤a : a ∈ A,Φa ≤ α},
−∞ if {Φa ≤ α} ∩ A = ∅.

∆(a) Reward gap θ⊤∗ (a∗ − a)
Γ(a) Safety margin mini((α− Φ∗a)

i)+
R(a) Gap-margin ratio 1 + (∆(a)/Γ(a))

Estimation and Signal
Ht−1 Historical filtration See §2
θ̂t, Φ̂t RLS-estimates of parameters See §2
Vt Action second moment I +

∑
s<t asa

⊤
s

ωt(δ) Confidence radius See §2
Cθt , CΦt Confidence sets for θ∗,Φ∗
Cont(δ) Consistency event at time t {θ∗ ∈ Cθt (δ),Φ∗ ∈ CΦt (δ)}
Con(δ) Overall consistency

⋂
t≥1 Cont(δ)

COLTS in general
µ Perturbation law Distribution on R1×d × Rm×d

(η,H) Perturbation noise ∼ µ, independently of Ht−1

θ̃(η, t) Pertrubed objective θ̂t + ωt(δ)ηV
−1/2
t

Φ̃(H, t) Perturbed constraint Φ̂t + ωt(δ)HV
−1/2
t .

B(ξ) Tail bound on ∥η∥,maxi ∥Hi∥
Bt Noise radius bound max(1, B(δt)), where δt = δ/(t2+t).

Mt(a) Perturbation scale at a Btωt∥a∥V −1
t

a(η,H, t) Perturbed optimum See (3)
Ut(δ) Unsaturation event {(η,H) : ∆(a(η,H, t)) ≤Mt(a(η,H, t)}
χ Unsaturation rate

Lt(δ) Local optimism event {(η,H) : θ̃(η, t)⊤a∗ ≥ θ⊤∗ a∗, Φ̃(H, t)a∗ ≤ α}
π Local optimism rate

Coupled Noise Design
ν Baseline perturbation law Supported on Rd×1

ζ Generic draw from ν ζ ∼ ν, independent of Ht−1

B̄ Tail bound for ν ν(∥ζ∥ > B̄(ξ)) ≤ ξ
p Anticoncentration parameter for ν infu ν(ζ

⊤u > ∥u∥) ≥ p
(ζ⊤,−1mζ

⊤) Coupled noise induced by ν i.e., draw ζ, set η = ζ⊤ and H = −1mζ
⊤.

S-COLTS
asafe A priori given safe action Γ(asafe) > 0.
Γ0 Reference margin (see §H.1) for estimation) Γ0 ≥ Γ(asafe)/2 and Γ0 ≤ Γ(asafe)

(ηt, Ht) Perturbation noise at t
θ̃t, Φ̃t Perturbed parameters at t θ̃t = θ̃(ηt, t), Φ̃t = Φ̃(Ht, t)
bt Preliminary action at time t (if exists) bt = a(ηt, Ht, t)

a(ρ) ρ-mixture of bt and asafe a(ρ) = ρbt + (1− ρ)asafe
ρt Largest ρ with safe a(ρ) See (4); at = a(ρt).
τ(t) Look-back time Lemma 5

E-COLTS
(ηt, Ht) Perturbation noise draws at time t (ηt, Ht) ∼ t

κ Goodness factor of exploratory policy See §I.2
ut Number of exploration steps up to time t ut ≈ Btωt

√
dt

R-COLTS
r Resampling parameter
It Number of resamplings at time t It = ⌈r log(1/δt)⌉+ 1.

(ηi,t, Hi,t) ith draw of noise perturbation at time t ∼ µ independently
K(i, t) Value under perturbation K(θ̃(ηi,t, t), Φ̃(Hi,t, t))
i∗,t Best index at time t argmaxiK(i, t)
at Action picked at = a(ηi∗,t , Hi∗,t , t)

θ̃t Objective for i∗,t θ̃t = θ̃(ηi∗,t , t).
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B Examples of Real-World Domains where the Safe Linear Bandit Problem493

Applies494

Table 3: Mapping real domains to the bandit linear programming. In all three cases the reward
is linear in an unknown parameter vector θ∗, and the safety/fairness predicate is an unknown linear
inequality Φ∗a ≤ α. Feedback noise in both rewards and constraints arises through environmental or
individual fluctuations.

Domain ( ref. ) Action a∈A⊂Rd Reward θ⊤∗ a+ noise Constraints

Dose-finding
[AKR21]

One-hot vector for d
discrete dose levels

θi∗ = patient-level efficacy
probability at dose i

Φi
∗ = toxicity of dose i; constraint

so that P (toxic|dose) ≤ α
Voltage-constrained
micro-grid
[FLZY22]

Active/reactive power
set-point [P,Q]⊤

for each bus

θi∗ = locational marginal
price vector

Φ∗ = linearised network power-flow
imposing nodal-voltage constraints
under variable demand

Fair Reccommendation
in A/B testing
[Cho+24]

Distribution over d
items or policies θi∗ = revenue of item i

Φi
∗ = encoding group attributes

and costs; constraints demand fair
exposure for each group

C Further Related Work495

Distinction of Safe Bandits From BwK. BwK settings are concerned with aggregate cost metrics of496

the form AT := maxi(
∑
α − Φ∗at)

i, without the (·)+ nonlinearity in ST [e.g. AD14; BKS13].497

This simple change has a drastic effect, in that BwK algorithms can ‘bank’ violation by playing very498

safe actions for some rounds, and then ‘spend’ it to gain high reward, without any net penalty in AT .499

This is appropriate for modeling aggregate cost constraints (monetary/energy/et c.), but is evidently500

inappropriate to model safety constraints where feasibility violation in any round cannot be offset501

by acting safely in another round. Notice that such behaviour is precluded by the ramp nonlinearity502

in RT ,ST : playing too-conservatively does not decrease ST , while any violation of constraints is503

accumulated, and similarly, playing suboptimally causes RT to rise, but playing an over-aggressive504

action with negative ∆(a) does not reduce RT .505

Pure Exploration in Safe Bandits. While our paper focuses on controlling regret and risk, naturally the506

safe bandit problem can be studied in the pure-exploration sense. These are studied in both the ‘soft507

enforcement’ sense, in which case methods can explore both within and outside the feasible region508

and return actions that are ε-safe and ε-optimal [e.g., Cam+22; KS19], and the ‘hard enforcement’,509

wherein exploratory actions must be restricted to the feasible region [e.g., SGBK15; Bot+22].510

More Details on Computational Costs of Prior Methods. Most frequentist confidence-set based hard511

enforcement methods pick actions by solving the program512

max
θ∈Cθ

t ,a∈A
θ⊤a s.t. ∀Φ ∈ CΦt ,Φa ≤ α.

Assuming, for simplicity, that asafe = 0, due to the structure of the confidence sets the above constraint513

translates to514

∀i ∈ [1 : m], Φ̂i
ta+ ωt(δ)∥a∥V −1

t
1m ≤ α.

Notice that this constitutes m different second-order conic constraints. In fact, as discussed in §I.2,515

we expect V −1
t to have condition number scaling as Ω(t1/4), which adds further computational516

burdens to optimising under such constraints.517

Of course, as written, the above program is nonconvex due to the objective θ⊤a. This can be518

addressed via a standard ‘ℓ1-relaxation [DHK08], which reduces the problem to solving 2d opti-519

misation problems with linear objectives and the above SOC constraints, while weakening regret520

to Õ(R(asafe)
√
d3T ). This characterises the costs of most of these ‘optimistic-pessimistic’ meth-521

ods [e.g. PGBJ21; PGB24; AAT19]. Afsharrad et al. give a systematic and detailed account of522

these considerations [AML24]. There are two exceptions. The SAFE-LTS method of Moradipari523

et al. [MAAT21] uses sampling to select the objective, but still imposes the same SOC constraints,524

thus needing only one optimisation each round. The ROFUL method of Hutchinson et al.[HTA24]525

instead first picks an action according to (the NP-hard to implement method) DOSS, and then scales it526

towards asafe as in S-COLTS. Of course, note that S-COLTS samples only one set of linear constraints527
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each round, and is efficient. There are also analytical differences between ROFUL and S-COLTS, as528

discussed in §4.529

Turning to soft enforcement, as we mentioned in the main text, no efficient method is known. The530

main method herein for linear bandits is DOSS [GCS24], which instead picks actions by solving531

max
θ∈Cθ

t ,a∈A
θ⊤a s.t. ∃Φ ∈ CΦt : Φa ≤ α.

This ∃ operator renders this problem much more challenging, since now the constraint works out to532

the union of polytopes533 ⋃
A∈CΦ

t

A ∩ {Φa ≤ α},

which is highly nonconvex, and hard to condense or relax. Indeed, Gangrade et al. [GCS24] propose534

using a similar ℓ1-relaxation as discussed above for both the objective and the constraints, but this535

now leads to (2d)m+1-extreme points of the confidence sets (accounting for both θ and the m-rows of536

Φ), leading to (2d)m+1 ·LP · log(t) compute needed per round. In contrast, R-COLTS uses LP · log2(t)537

compute, and E-COLTS uses only LP · log(t) compute.538

More Details on the Failure of Prior Thompson Sampling Analyses. §4 discusses the point where the539

prior unsaturation-based analysis of linear TS due to [AG13] breaks down in the presence of unknown540

constraints in some detail. For the optimism-based analysis of [AL17], we only briefly touch upon541

this in §5, and give a more detailed look in §D. This section serves as a brief summary of the latter.542

The analysis of Abeille and Lazaric relies on the convexity of the value function J(θ) :=543

maxa∈A θ
⊤a to both analyse the roundwise regret (∆(at)) and to establish the frequency of a544

certain ‘global optimism’ event (see §D. With unknown constraints, the corresponding object of545

interest is the value function K(θ,Φ) := sup{θ⊤a : a ∈ A,Φa ≤ α}. This map is not convex in Φ,546

which causes both of these steps to break down. R-COLTS avoids this issue by resampling. It is also547

possible to give an analysis of S-COLTS (and E-COLTS) within the optimism framework, although548

this again utilises a scaling trick to bypass the same issue. Of course, we also establish optimism in a549

convexity-free way by analysing the local behaviour at a∗.550

Finding a Feasible Point. Notice that since there are plenty of polynomial time methods for hard551

enforcement in SLBs (even though the prior methods impose SOC constraints), in principle one552

can develop efficient soft-enforcement methods with regret scaling inversely in maxa Γ(a) by first553

discovering an action that has Γ(a) ≥ const. · maxa Γ(a), and then plugging this into a hard554

enforcement method. In this case, the exploration time would be random, but a constant, so the net555

risk would ostensibly be O(1) as T explodes, far below our
√
T bounds, making the performance556

close to that of hard enforcement.1 Unfortunately, there is no efficient method to discover such an557

action. Indeed, the closest method one can find in the literature is a feasibility test due to Gangrade et558

al. [GGSS24], which can be extended to such an estimator, but this test uses DOSS-like optimisation559

to select actions, and needs to solve (2d)m optimisation problems each round. Our coupled noise560

design should have implications for this problem, but we do not pursue this direction further.561

D Local Optimism, Global Optimism, and Unsaturation562

In §5, we (implicitly) defined a local-optimism condition on the perturbation law µ in the statement563

of Lemma 9, which is compared to a ‘global optimism’ condition suggested by the prior work of564

Abeille & Lazaric [AL17]. To further contextualise these, let us explicitly define them.565

Definition 12. Let K(θ,Φ) := sup{θ⊤a : a ∈ A,Φa ≤ α} denote the value function of optimising566

the objective θ under constraint matrix Φ over A, with the convention that sup ∅ = −∞. Recall that567

the local optimism event at a∗ is568

Lt(δ) := {(η,H) : θ̃(η, t)⊤a∗ ≥ θ⊤∗ a∗, Φ̃(H, t)a∗ ≤ α},
where a∗ is the constrained optimum for the true parameters (θ∗,Φ∗). Further, define the global569

optimism event570

Gt(δ) := {(η,H) : K(θ̃(η, t), Φ̃(H, t)) ≥ θ⊤∗ a∗ = K(θ∗,Φ∗)}.
1note that there is a cost, though: as stated before, the regret would scale inversely in the Slater gap, and until

the safe point is discovered, would grow linearly.
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For π ∈ (0, 1], we say that a law µ on (η,H) satisfies π-local optimism if571

∀t,E[µ(Lt(δ))|Ht−1]1Cont(δ) ≥ π1Cont(δ),

and similarly, that µ satisfies π-global optimism if572

∀t,E[µ(Gt(δ))|Ht−1]1Cont(δ) ≥ π1Cont(δ).

Notice that G demands perturbations such that after optimising the perturbed parameters, the value of573

the resulting program is larger than θ⊤∗ a∗, while L demands the stronger condition that a∗ is feasible,574

and its value increases. Evidently, L ⊂ G, and so π-local optimism of µ implies π-global optimism.575

Naturally, the entirety of §5 follows if we have a globally optimistic µ instead of locally optimistic µ.576

We presented this section with Lt instead due to limited space in the main text.577

As discussed in §4.2, we will also show, in §G, Lt(δ) ∩ Cont(δ) ⊂ Ut(δ) ∩ Cont(δ), i.e., when578

consistency holds, local optimism implies unsaturation. Thus, Lt links the global-optimism based579

framework of [AL17], and the unsaturation based framework of [AG13]. Nevertheless, technically,580

these are distinct events.581

Let us briefly note that the prior work [AG13] essentially passes through the same strategy as us582

when establishing a good unsaturation rate, in that they argue that local-optimism holds frequently583

(although they do not consider unknown constraints, so their argument does not extend to our setting).584

On the other hand, [AL17] presents a convexity-based proof of frequent global optimism for linear TS585

without unknown constraints, while immediately breaks in our setting because K(θ,Φ) is nonconvex586

in Φ. We also reiterate that our coupled noise design of §4.2 essentially takes the same conditions on587

perturbations used in these prior works, and extends them to produce the same bounds on unsaturation588

or global-optimism rates by arguing that local-optimism holds. This means that these prior results do589

not capture the prevalence of these events beyond local optimism. Our simulations in §J suggest that590

this leaves a significant amount of performance on the table, capturing which theoretically would591

require deeper understanding of Ut \ Lt and Gt \ Lt.592

Role of These Conditions in Our Work. To analyse S-COLTS and E-COLTS, we used a look-back593

approach enabled by the unsaturation condition, while to analyse R-COLTS, we relied on a direct use594

of the optimism condition. It turns out that the unsaturation condition is not effective at capturing595

at least our strategy for analysing the resampling-based strategy R-COLTS. The reason is that while596

the resampling will ensure that at least one of the optima of attaining the various K(i, t) values will597

be unsaturated, we have no guarantee that the procedure we take of picking the i∗,t that maximises598

K(i, t) will choose an unsaturated action. On the other hand, the optimism condition can be used to599

analyse S-COLTS and E-COLTS directly (see §H.5), but a direct execution of the previous optimism600

based approach [AL17] fails due to the lack of convexity of the map K(θ,Φ). Instead, we have to601

directly analyse expressions of the form E[|K(θ̃, Φ̃)−K(θ̃′, Φ̃′)| | Ht−1], where (θ̃, Φ̃) and (θ̃′, Φ̃′)602

are iid draws of the perturbation at tie t. Under the assumption that there is an action with positive603

safety margin with small Mt, this can be executed via a similar scaling-based analysis, albeit at a loss604

of some factors in the regret bound (§H.5). In our opinion the unsaturation based look-back analysis605

of ∆(at) is conceptually clearer, and we chose to present it in the main instead.606

Nevertheless, in terms of their explanatory power, neither condition dominates the other. Indeed, in607

simulations, we find both cases where unsaturation is frequent but global optimism is not, and cases608

where global optimism is frequent but unsaturation is not.2 Of course, in our analysis, both of these609

are connected by local optimism as detailed above, which is rendered frequent through our coupled610

design. Nevertheless, the local optimism rate can be significantly smaller than the unsaturation and611

global optimism rates, particularly when the noise is shrunk far below the theoretically analysed612

setting of Θ(
√
d)-scale noise (see §J). These observations again hint that developing a tight theory of613

linear TS (both with and without unknown constraints) requires a deeper understanding of the portion614

of these events that do not intersect with local optimism.615

2This is most pertinent for the setting where we drive the perturbations with independent noise, where in §J.3
we observed that the unsaturation rate decayed with m, but the global optimism rate did not. Indeed, this is what
prompted us to write the optimism-based analysis of §H.5.
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E An Informal Discussion of Contextual Safe Linear Bandits616

Rather than static bandit problems, most practical scenarios are contextual, wherein the learner617

observes some side information xt before choosing an action, and this side information affects the618

reward and constraint structure at time t. A common setting to model this [PGB24; AG13] is to619

assume that there is a known feature map φ : X ×A → Rd such that the reward and constraints at620

time t are of the form621

θ⊤∗ φ(xt, a) and Φ∗φ(xt, a) ≤ α.
Throughout, we assume the same feedback structure, i.e., noisy measurements of θ⊤∗ φ(xt, at) and622

Φ∗φ(xt, at). Naturally, regret is compared to the optimal policy A∗ : X → A, where623

A∗(x) = argmax θ⊤∗ φ(x, a) : Φ∗φ(x, a) ≤ α, a ∈ A.
It should be noted that the Lemma 1 on consistency, and the elliptical potential lemma (Lemma 13)624

continue to hold, with Vt replaced by I +
∑

s≤t φ(xs, as)φ(xs, as)
⊤, and at by φ(xt, at). No-625

tationally, we extend ∆(a),Γ(a) to ∆(x, a) = θ⊤∗ (φ(x,A∗(x)) − φ(x, a)) and Γ(x, a) =626

maxi((α− Φ∗φ(x, a))
i)+.627

A key observation is that our result on the frequency of the local optimism persists in this contextual628

setting. Under the hood, this essentially shows that at any t, and for any vector φ,629

P
{
(η,H) : θ̃⊤φ ≥ θ⊤∗ φ, Φ̃φ ≤ Φ∗φ

∣∣∣Ht−1

}
1Cont(δ) ≥ π1Cont(δ),

where π ≥ 0.28 for the coupled noise driven by Unif(
√
3dS)d. Consequently, frequent local630

optimism follows in the contextual setting by using this result for φ(xt,A∗(xt)) at time t.631

The above observation means that using the same coupled noise lets us extend the results of Theo-632

rem 10 on the regret of R-COLTS to the contextual case with only cosmetic changes in the analysis.633

This holds no matter how the sequence xt is selected, as long as the noise remains conditionally634

centred and subGaussian given at, xt, the algorithmic randomness, and the history. Note, however,635

that the optimisation over a may become harder due to the feature map φ, and efficiency requires636

further structural assumptions on φ.637

Focusing now on S-COLTS, let us first note that if we were given a safe action asafe that was safe638

no matter the context, i.e., such that infx Γ(x, asafe) ≥ Γsafe > 0, and φ were ‘nice’ in terms of639

a ∈ A,3 then as long as we know Γsafe a priori, no real change is required, and the guarantees of640

Theorem 8 for S-COLTS extend to the contextual setting,4 since we can again guarantee the frequent641

choice of unsaturated actions through our persistent local optimism property. We note that previous642

works on safe contextual bandits [PGB24] assume exactly this existence of an ‘always very safe’643

action. Nevertheless, this structure is unrealistic: practically, safety should depend strongly on the644

context, and it is unlikely that a single action would always be safe, let alone have a large safety645

margin. A more natural assumption is that instead of a single safe action, we are given a safe policy646

Asafe : X → A. Here, again, if we know that infx Γ(x,Asafe(x)) ≥ Γsafe > 0, and we know the647

value of Γsafe, then we are good to go, although this is a strong assumption. Without knowing this648

value, we need to be able to determine a good estimate of Γ(xt,Asafe(xt)) in order to appropriately649

ensure feasiblity of perturbed programs, and to scale back the actions bt. This can be a challenging650

task, especially if xt varies in an adversarial way, and structures enabling such estimation must651

be assumed.5 Finally, note that even if we were given Γ(x,Asafe(x)) as a function explicitly, the652

easily forthcoming regret bounds rather pessimistically scale with (infx Γ(x,Asafe(x)))
−1, and do653

not capture how variation in this margin with x can be used to limit regret. A (at least somewhat)654

different analysis is needed to express this in a clear way. Resolving such limitations is an important655

open problem in the theory of SLBs.656

This lacuna also affects the E-COLTS method of §I.2, but to a lesser extent. Sticking with ‘nice’657

feature maps, again, if there exists an action that is always safe, i.e., if maxa minx Γ(xt, at) > 0,658

then the guarantees of Theorem 11 extend with arbitrary context sequence. Without this guarantee,659

3We essentially need a way to efficiently select an action a such that φ(xt, a) = ρφ(xt, bt) + (1 −
ρ)φ(xt, asafe), so that safety can still be attained by mixing with asafe.

4upto replacing ∆(asafe) by 1
5For instance, if xt were drawn in some static randomised way, and Γ were sufficiently simple, then we

could learn Γ(xAsafe(x)) using regression techniques.
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the main gap is the exploration policy being utilised, which must be adapted to attain a good coverage660

over {φ(x, a)} even as xt varies. Given such a policy, however, the results of Theorem 11 again661

extend to the contextual case with arbitrary xt.662

F Some Basic Tools For the Analysis663

We begin with some standard tools that are repeatedly utilised in the analysis. The first of these,664

termed the elliptical potential lemma offers generic control on the accumulation of ∥at∥V −1
t

.665

Lemma 13. [APS11; CVA20] For any sequence of actions {at} ⊂ {∥a∥ ≤ 1}, and any t,666 ∑
s≤t

∥as∥2V −1
s
≤ 2d log(1 + t/d), and

∑
s≤t

∥as∥V −1
s
≤
√
2dt log(1 + t/d).

Further, for all t, δ, ωt(δ) ≤ 1 +
√

1/2 log((m+ 1)/δ) + d/2 log(1 + t/d).667

We further explicitly write the following instantiation of the Cauchy-Schwarz inequality pertinent to668

our setting.669

Lemma 14. For any positive definite matrix V . For pair of tuples (θ,Φ) and (θ̃, Φ̃) lying in670

Rd × Rm×d and any a ∈ Rd, it holds that671

max
(
|(θ − θ̃)⊤a|,max

i
|(Φi − Φ̃i)a|

)
≤ max(∥θ̃ − θ∥V ,max

i
∥Φ̃i − Φi∥V ) · ∥a∥V −1 .

Proof. Notice that (θ̃ − θ)⊤a = (θ̃ − θ)⊤V 1/2V −1/2a ≤ ∥(V 1/2(θ̃ − θ)∥ · ∥V −1/2a∥. The claim672

follows by first repeating the same observation for each (Φi − Φ̃i) (adjusting for the fact that these673

are row-vectors), and then recalling that (for column vectors) ∥a∥M = ∥M1/2a∥ by definition.674

This immediately yields a proof of the concentration statement of Lemma 3, which motivated the675

definition of Mt(a).676

Proof of Lemma 3. Notice that by a union bound677

P(∃t : max(∥ηt∥,max
i
∥Hi

t∥) > B(δt)) ≤
∑
t

δt = δ.

Now assume that max(∥ηt∥,maxi ∥Hi
t∥) ≤ B(δt), and that the consistency event Cont(δ) holds.678

Then, via the triangle inequality,679

∥θ̃(ηt, t)− θ∗∥Vt ≤ ∥θ̃(ηt, t)− θ̂t∥Vt + ∥θ̂t − θ∗∥Vt .

Of course, given Cont(δ), the second term is smaller than ωt(δ). For the first, expanding the definition680

of θ̃(·, ·), we find that681

∥θ̃(ηt, t)− θ̂t∥Vt
= ωt(δ)ηtV

−1/2
t ∥Vt

= ∥ωt(δ)ηtV
−1/2
t · V 1/2

t ∥ ≤ ωt(δ)∥ηt∥,

and of course, ∥ηt∥ ≤ B(δt) by our assumption above. Thus, given the concentration assumption on682

∥ηt∥s and Cont(δ), for any t, it holds that683

∥θ̃(ηt, t)− θ∗∥Vt
≤ (1 +B(δt))ωt(δ) ≤ Btωt(δ).

Of course, entirely the same applies to ∥Φ̃(Ht, t)
i − Φi

∗∥Vt , with η replaced by Hi
t . The claim now684

follows by Lemma 14 and the fact that Con(δ) :=
⋂
Cont(δ) has chance at least 1− δ.685

G Analysis of the Coupled Noise Design686

We will first execute the strategy described in §4.2 to show that under the conditions of Lemma 7,687

local optimism is frequent. We will then use this to show the frequency of unsaturation.688
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Lemma 15. Let p ∈ (0, 1], and let ν be a law on Rd×1 such that689

∀u ∈ Rd, ν({ζ : ζ⊤u ≥ ∥u∥) ≥ p.

Let µ be the the pushforward of ν under the map ζ 7→ (ζ⊤,−1mζ
⊤). Then, for all t,690

1Cont(δ)E[µ(Lt(δ))|Ht−1] ≥ p1Cont(δ), where Lt(δ) is the local optimism event (5).691

Proof. Observe that under a draw from µ, for all t, we have692

θ̃⊤ := (θ̃(η, t))⊤ = θ̂⊤t + ωt(δ)ζ
⊤V

−1/2
t

Φ̃ := Φ̃(H, t) = Φ̂t − 1m(ωt(δ)ζ
⊤V

−1/2
t ).

Further, recall that if the event Cont(δ) occurs, then, for all a,693

θ̂⊤t a ≥ θ⊤∗ a+ ωt(δ)∥V −1/2
t a∥, and Φ̂ta ≤ Φ∗a+ 1m(ωt(δ)∥V −1/2

t a∥,

where we have the Cauchy-Schwarz inequality, and the fact that ∥a∥V −1
t

= ∥V −1/2
t a∥. Thus,694

assuming Cont(δ), for any action a, we find that695

θ̃⊤a ≥ θ⊤∗ a+ ωt(δ)
(
ζ⊤V

−1/2
t a− ∥V −1/2

t a∥
)
,

Φ̃a ≥ Φ∗a+ 1mωt(δ)
(
ζ⊤V

−1/2
t a− ∥V −1/2

t a∥
)
.

Now, set a = a∗, and suppose that ζ⊤V −1/2
t a∗ ≥ ∥V −1/2

t a∗∥. Then we can conclude that696

θ̃⊤a∗ ≥ θ⊤∗ a∗ and Φ̃a∗ ≤ Φ∗a∗ ≤ α,

the final inequality holding since a∗ is of course feasible for the program it optimises. Of course, by697

definition, this means that the ensuing noise η,H lie in the event Lt(δ)698

Now, it only remains to argue that ζ⊤V −1/2
t a∗ ≥ ∥ζ⊤V −1/2

t a∗∥ happens with large chance given699

Ht−1. But notice that both V −1/2
t and (the constant) a∗ are Ht−1-measurable, and so are constant700

given it. It follows thus that701

E[ν({ζ : ζ⊤V
−1/2
t a∗ > ∥V −1/2

t a∗∥}) | Ht−1] ≥ inf
u∈Rd

ν({ζ⊤u > ∥u∥}) ≥ p.

To finish the proof of frequent unsaturation, we only need to determine that this local optimism702

induces unsaturation in the actions.703

Proof of Lemma 7. Fix a t, and assume consistency. Suppose that max(∥ηt∥,maxi ∥Hi
t∥) ≤ B(δt).704

Note that given Cont(δ), this with chance at least 1− δt. As a consequence, for any action a ∈ St :=705

{a : ∆(a) > Mt(a)}, by following the proof of Lemma 3 we can conclude that706

θ̃(η, t)⊤a ≤ θ⊤∗ a+Mt(a) = θ⊤∗ a∗ −∆(a) +Mt(a) < θ⊤∗ a∗.

Now, suppose that the drawn ζ induces local optimism. We claim that then all saturated actions707

are suboptimal. Indeed, by the above, each unsaturated action satisfies θ̃(η, t)⊤a < θ⊤∗ a∗. But708

θ̃(η, t)⊤a∗ ≥ θ⊤∗ a∗, and further Φ̃(H, t)a∗ ≤ α, means that there is an action that is feasible for709

the perturbed program with value strictly larger than that attained by any saturated action, i.e., any710

member of St. It thus follows that the optimum a(η,H, t) ∈ Sc
t = {a : ∆(a) ≤Mt(a)}.711

Now, we know from Lemma 15 that given Ht−1, our assumptions of Cont(δ) and the norm-control712

on ∥ηt∥,maxi ∥Hi
t∥ imply that local optimism occurs with chance at least p. Since these events occur713

with chance at least 1 − δt, this means that unsaturation occurs with chance at least p − δt. Since714

definition 4 restricts attention to t : δt ≤ p/2, the statement follows.715
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G.1 Bounds for Simple Reference Laws716

We argue that both the standard Gaussian, and the uniform law of the sphere of radius
√
3d yield717

effective noise distributions for our coupled design.718

For the Gaussian, recall that if Z ∼ N (0, Id), then ∥Z∥2 is distributed as a χ2-random variable. A719

classical subexponential concentration argument [e.g. LM00, Lemma 1] yields that for any x,720

P(∥Z∥2 ≥ d+ 2
√
dx+ 2x) ≤ e−x.

Note that (d+ 2
√
dx+ 2x) ≤ (

√
d+
√
2x)2, and hence taking x = log(1/ξ) in the above yields that721

B(ξ) ≤
√
d+

√
2 log(1/ξ). Further, due to the isotropicity of Z,Z⊤u/∥u∥ law

= Z1 ∼ N (0, 1), and722

thus π ≥ 1− Φ(1) ≥ 0.158 . . . .723

Further, notice that if Z ∼ N (0, Id), then Y :=
√
3dZ/∥Z∥ ∼ Unif(

√
3d · Sd), and by isotropicity,724

for any u, Y ⊤u/∥u∥ law
= Y1. As a result,725

P(Y ⊤u/∥u∥ ≥ 1) = P(Y1 ≥ 1) =
1

2
P(Y 2

1 ≥ 1)

=
1

2
P((3d− 1)Z2

1 ≥
d∑

i=2

Z2
i ) ≥

1

2
P(Z2

1 ≥ 1) · P(
d∑

i=2

Z2
i ≥ 3d− 1).

But notice that d − 1 + 2
√
(d− 1) · d/3 + 2d/3 ≤ 3d − 1, and thus, P(

∑d
i=2 Z

2
i ≥ 3d − 1) ≤726

exp(−d/3). Invoking the bound on P(Z1 ≥ 1) = 1
2P(|Z1| ≥ 1) above, we conclude that π ≥727

0.15 · (1− e−d/3). Of course, ∥Y ∥ =
√
3d surely, giving the B expression.728

We note that while the above only shows a 0.15(1− e−d/3) bound on the anticoncentration of the729

uniform law on
√
3dSd, it is a simple matter of simulation to find that this is actually larger than730

0.28 for all d - for small dimensions, the bound turns out to be very loose, while as d diverges,731

this converges from above towards the chance that a standard Gaussian exceeds 1/
√
3, which is732

0.2818 . . . .733

H The Analysis of S-COLTS734

We move on to the analysis of S-COLTS. Before proceeding, we recall that in our presentation of735

S-COLTS in Algorithm 1, we assumed access to a quantity Γ0 ∈ [Γ(asafe)/2,Γ(asafe)]. We will first736

address how to obtain such a quantity by repeatedly playing at = asafe, and characterise how long737

this takes. For completenesss, the cost of this will be incorporated into our regret bound.738

Beyond this, we need to characterise the subsequent time spent playing asafe due to Mt(asafe)739

being large, and to prove the look-back bound of Lemma 5, along with the characterisation of740 ∑
Mτ(t)(aτ(t)) offered in Lemma 6. We will analyse these results in order, and finally show741

Theorem 8 using these results.742

H.1 Identifying Γ0 and Sampling Rate of asafe743

We first discuss the determination of Γ0. There are two main points to make: how to ensure a correct744

value of Γ0, and how many rounds of exploration this costs. To this end, we first recall the following745

nonasymptotic law of iterated logarithms [e.g. HRMS21].746

Lemma 16. Let {Ft} be a filtration, and let {ξt} be a process such that each ξt is Ft-measurable,747

and is further conditionally centred and 1-subGaussian given Ft−1. Then748

∀δ ∈ (0, 1],P(∃t : |Zt| > LIL(t, δ)) ≤ δ,

where Zt :=
∑

s≤t ξt, and749

LIL(t, δ) :=

√
4t log

max(1, log(t))

δ
.
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With this in hand, the determination of Γ0 proceeds thus: we repeatedly play asafe, and maintain the750

running average Avt =
∑

s≤t(α− Ss)/t. Further, we maintain the upper and lower bounds751

uit := Avt + LIL(t, δ/m)/t, ℓit := Avt − LIL(t, δ)/t.

We stop at the first time when ∀i, ℓit ≥ uit/2, and set Γ0 = mini ℓ
i
t. This stopping time is denoted T0.752

Let us first show that this procedure is correct, and bound the size of T0.753

Lemma 17. Under the procedure specified above, it holds with probability at least 1− δ that754

Γ0 ∈ [Γ(asafe)/2,Γ(asafe)]

and that755

T0 ≤
8

Γ(asafe)2
log(8/(δΓ(asafe)

2))

Proof. Notice that we can write756

Avt = α− Φ∗asafe +
∑
s≤t

wS
s /t.

For succinctness, let us write Γ = α−Φ∗asafe. Now, by our assumption on the noise wS
t , we observe757

that each coordinate of wS
t constitutes an adapted, centred, and 1-subGaussian process. Applying758

Lemma 16 along with a union bound over the coordinates then tells us that with probability at least759

1− δ,760

∀t, |Avt − Γ| ≤ LIL(t, δ/m)/t · 1m.

As a consequence, at all t, we have761

ut ≥ Γ ≥ ℓt,
where ut is the vector with ith coordinate uit, and similarly for ℓt. It follows thus that at the stopping762

time T0,763

∀i, ℓiT0
≥ uiT0

/2 =⇒ ℓT0
≥ Γ/2.

Of course, a fortiori, it follows that Γ0 = mini ℓ
i
t ≥ mini Γ

i/2 = Γ(asafe)/2. Further, of course,764

Γ0 ≤ Γ(asafe) follows as well, since ∀tmini ℓ
i
t ≤ mini(Γ

i) = Γ(asafe).765

It only remains to control T0. To this end, notice that for all t766

ℓt = Avt − LIL(t,m/δ)/t · 1m ≥ Γ− 2LIL(t,m/δ)/t · 1m,

and similarly,767

ut ≤ Γ + 2LIL(t,m/δ)/t · 1m.

Of course, then ℓit > uit/2 for all t such that768

∀i,Γi − LIL(t,m/δ)/t ≥ Γi/2 + LIL(t,m/δ)/2t ⇐⇒ Γi > 3LIL(t,m/δ)/t.

It follows thus that769

T0 ≤ inf{t : tΓ(asafe) ≥ 3LIL(t,m/δ)}.
By a simple inversion, this can be bounded as770

T0 ≤ inf{t : t > 8/Γ(asafe)
2 log(1/δ) and t > 8/Γ(asafe)

2 log(1 + log(t))},

which is bounded as771

T0 ≤
8

Γ(asafe)2
log(8/(δΓ(asafe)

2)).

Number of Times asafe is sampled after T0. Given the behaviour of Γ0 above, we can further bound772

the number of times asafe is played after determining Γ0.773

Lemma 18. For any Γ0 > 0, and T , the number of times S-COLTS plays asafe because Mt(asafe) >774

Γ0/3 is bounded as 9ω2
TB2

T

Γ2
0

+ 1.775
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Proof. Let nt denote the total number of times asafe has been played up to time t. Then, of course,776

Vt ≽ I + ntasafea
⊤
safe. Now, recall that for symmetric positive definite matrices A,B, it holds that777

A ≽ B ⇐⇒ B−1 ≽ A−1.6 Thus, we have778

Mt(asafe) ≤ ωtBt

√
a⊤safe(I + ntasafea⊤safe)

−1asafe.

Now, by the Sherman-Morrisson formula,779

asafe(I + ntasafea
⊤
safe)

−1asafe = ∥asafe∥2 −
a⊤safe(ntasafea

⊤
safe)asafe

1 + nt∥asafe∥2
=

∥asafe∥2

1 + nt∥asafe∥2
≤ 1

nt
.

It follows thus that780

Mt(asafe) ≤
ωtBt√
nt
.

Thus Mt(asafe) > Γ0/3 if and only if781

nt ≤
9ω2

tB
2
t

Γ2
0

.

Of course, each time this occurs, nt is increased by one. Consequently, the number of times asafe is782

played by time t is at most783

9ω2
TB

2
T

Γ2
0

+ 1.

Note that since (ωTBT )
2 = Θ(d2 + d log(m/δ)) with our choice of the coupled noise driven by784

Unif(
√
3dSd), the bound above due to playing asafe due to too large an Mt(asafe) outstrips the bound785

on T0 above as long as log(1/Γ(asafe)) = o(d2), as is to be expected.786

H.2 Proof of the Look-Back Bound787

The main text provides a brief sketch of the approach. We will flesh out these details, as well as fill in788

the omitted aspects of the bound. To this end, we first state a result lower bounding ρt.789

Lemma 19. Assume that Γ0 ∈ [Γ(asafe)/2,Γ(asafe)], and that both Con(δ) =
⋂

Cont(δ) and the790

event of Lemma 3 hold true. Then for all t such that Mt(asafe) ≤ Γ0/3, it holds that791

ρt ≥
Γ(asafe)

Γ(asafe) + 3Mt(bt)

and792

ρt ≥
2Mt(asafe)

2Mt(asafe) +Mt(bt)
.

A fortiori, each of the following bounds is true:793

(1− ρt)Mt(asafe) ≤Mt(at),

ρtMt(bt) ≤ 2Mt(at), and
(1− ρt)Γ(asafe) ≤ 6Mt(at).

Proof. Recall that ρt is the largest ρ in [0, 1] such that794

Φ̂t(ρbt + (1− ρ)asafe) + ωt(δ)∥ρbt + (1− ρ)asafe∥V −1
t

1m ≤ α.

So, if we demonstrate a ρ0 ≤ 1 that satisfies this inequality, then ρt ≥ ρ0.795

6In more technical terms, inversion is monotone decreasing in the Loewner sense. A simple way
to see this is to define C = B−1/2AB−1/2. Then A ≽ B =⇒ C ≽ I (really iff), since for
any x, (B−1/2x)⊤A(B−1/2x) ≥ (B−1/2x)⊤B(B−1/2x) ⇐⇒ x⊤Cx ≥ x⊤x. Using this for
y = C−1/2x then gives x⊤x = (C−1/2x)⊤C(C−1/2x) ≥ (C−1/2x)⊤(C−1/2x) = x⊤C−1x. Since
C−1 = B1/2A−1B1/2 (direct multiplication), the same trick yields x⊤B−1x = (B−1/2x)⊤(B−1/2x) ≥
x⊤B−1/2(B1/2A−1B1/2)B−1/2x, or in other words, B−1 ≽ A−1.
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First note that under the assumption Mt(asafe) ≤ Γ0/3, we know that796

Φ̃tasafe ≤ α− Γ(asafe)1m + Γ0/3 · 1m ≤ α− 2Γ(asafe)/3 · 1m,

and thus bt exists since the program defining it is feasible. Now,797

Φ̂tasafe + ωt(δ)∥asafe∥V −1
t

1m = Φ̂tasafe +
Mt(asafe)

Bt
1m

≤ α− Γ(asafe)1m +
2Mt(asafe)

Bt
1m ≤ α−

2Γ(asafe)

3
1m,

using the consistency of the confidence sets (and the Cauchy-Schwarz inequality), along with the fact798

that Bt = 1 +max(1, B(δt)) ≥ 2. Further,799

Φ̂tbt + ω(δ)∥bt∥V −1
t
≤ Φ̃tbt +

Bt − 1

Bt
Mt(bt)1m +

1

Bt
Mt(bt)1m ≤ α+Mt(bt)1m.

Therefore,800

Φ̂t(ρbt + (1− ρ)asafe) + ωt(δ)∥ρbt + (1− ρ)asafe∥V −1
t

≤ ρ
(
Φ̂tbt +

Mt(bt)

Bt
1m

)
+ (1− ρ)

(
Φ̂tasafe +

Mt(asafe)

Bt
1m

)
≤ α+ (ρMt(bt)− (1− ρ)Γ(asafe)/3)1m.

It is straightforward to find that the additive term above is nonpositive for ρ0 = Γ(asafe)
Γ(asafe)+3Mt(bt)

, and801

thus ρt ≥ Γ(asafe)
Γ(asafe)+3Mt(bt)

.802

Further, since Mt(asafe) ≤ Γ(asafe)/3, we also have803

α− 2Γ(asafe)/3 ≤ α− 2Mt(asafe).

Thus, we can also write804

Φ̂tasafe +Mt(asafe)/Bt1m ≤ α− 2Mt(asafe)1m,

and carrying out the same procedure then shows that805

ρt ≥
2Mt(asafe)

2Mt(asafe) +Mt(bt)
.

To draw the final conclusions, first observe that806

1−ρt ≤
Mt(bt)

2Mt(asafe) +Mt(bt)
=⇒ 2(1−ρt)Mt(asafe) ≤ ρtMt(bt) ≤Mt(at)+(1−ρt)Mt(asafe),

where we used the fact that ρtbt = at − (1− ρt)asafe, and that Mt is a scaling of a norm. It follows807

that (1 − ρt)Mt(asafe) ≤ Mt(at), and of course, that ρtMt(bt) ≤ 2Mt(at). Further, by a similar808

calculation,809

(1− ρt) ≤
3Mt(bt)

Γ(asafe) + 3Mt(bt)
=⇒ (1− ρt)Γ(asafe) ≤ 3ρtMt(bt) ≤ 6Mt(at).

Proving the Look-Back Bound. The above control on (1 − ρt) is natural in light of terms of the810

form (1− ρt)∆(asafe) appearing in the bound as sketched in the main text. Let us now complete this811

argument.812

Proof of Lemma 5. We assume Γ0 ∈ [Γ(asafe)/2,Γ(asafe)], and that the event of Lemma 3 holds, as813

well as Con(δ). Together these occur with chance at least 1− 3δ.814

Now, we begin as in the main text, by observing that815

∆(at) = ∆(ρtbt + (1− ρt)asafe) = ρt∆(bt) + (1− ρt)∆(asafe).
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Let s < t be such that Ms(asafe) ≤ Γ0/3 as well. Then we further know that816

Φ̃sbs ≤ α =⇒ Φ̃tbs ≤ α+ (Mt(bs) +Ms(bs))1m.

As a consequence, for817

σs→t :=
Γ(asafe)

Γ(asafe) + 3(Mt(bs) +Ms(bs))
,

we have818

Φ̃t(σs→tbs+(1−σs→t)asafe) ≤ α+
(
σs→t(Mt(bs) +Ms(bs))−

2(1− σs→t)Γ(asafe)

3

)
1m ≤ α.

Define b̄s→t = σs→tbs + (1 − σs→t)asafe. By the above observation, b̄s→t is feasible for Φ̃t, and819

therefore θ̃⊤t b̄s→t ≤ θ̃⊤t bt. To use this, we note that820

∆(bt) = ∆(b̄s→t) + θ⊤∗ (b̄s→t − bt) = ∆(b̄s→t) + θ̃⊤t (b̄s→t − bt) + (θ̃t − θ∗)⊤(b̄s→t − bt)

≤ ∆(b̄s→t) + θ̃⊤t (b̄s→t − bt) +Mt(b̄s→t) +Mt(bt),

where we first use Lemma 3, and then bound Mt(b̄s→t − bt) by using the fact that Mt is a norm. The821

second term above is of course nonpositive, and so can be dropped while retaining the upper bound.822

Further,823

∆(b̄s→t) = σs→t∆(bs) + (1− σs→t)∆(asafe).

This leaves us with the bound824

∆(at) ≤ (1− ρt + ρt(1− σs→t))∆(asafe)

+ ρt (σs→t∆(bs) +Mt(bt) + σs→tMt(bs) + (1− σs→t)Mt(asafe)) ,

where we used the triangle inequality and the fact that Mt is a scaling of a norm to write the final two825

terms. We will, of course, evaluate this at s = τ(t). In the subsequent, we will just write τ instead of826

τ(t) for the sake of reducing the density of notation. Using the fact that ∆(bτ ) ≤Mτ (bτ ), we set up827

the basic bound828

∆(at) ≤ (1− ρt + ρt(1− στ→t))∆(asafe)

+ ρtMt(bt) + ρt(στ→t(Mτ (bτ ) +Mt(bτ )) + (1− στ→t)Mt(asafe)).

Now, first observe that by Lemma 19,829

(1− ρt)∆(asafe) ≤ 6
∆(asafe)

Γ(asafe)
Mt(at),

and further830

ρtMt(bt) ≤ 2Mt(at).

We are left with terms scaling with στ→t or (1− στ→t). For this, we first observe that831

Mt(bτ ) = Btωt∥bτ∥V −1
t
≤ Btωt

Bτωτ
·Bτωτ∥bτ∥V −1

τ
=

Btωt

Bτωτ
·Mτ (bτ ),

where we use the fact that Vt is nondecreasing (in the positive definite ordering). Let us abbreviate832

Jτ→t := 1 + Btωt/(Bτωτ ). Upon observing that ρt ≤ 1, to finish the argument, we only need to833

control834

(1− στ→t)(∆(asafe) +Mt(asafe)) + Jτ→tστ→tMτ (bτ ).

Now, notice that since Mτ (asafe) ≤ Γ0/3,835

στ→t =
Γ(asafe)

Γ(asafe) + 3(Mt(bτ ) +Mτ (bτ ))
≤ Γ(asafe)

Γ(asafe) + 3Mτ (bτ )
≤ ρτ ≤

2Mτ (aτ )

Mτ (bτ )
,

where we invoke Lemma 19 for the final two inequalities. Thus, we find that836

στ→tJτ→tMτ (bτ ) ≤ Jτ→t · ρτMτ (bτ ) ≤ 2Jτ→tMτ (aτ ).
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This leaves us with the term (1− στ→t)(∆(asafe) +Mt(asafe)). To bound this, observe that837

(1− στ→t) =
3(Mt(bτ ) +Mτ (bτ ))

Γ(asafe) + 3(Mt(bτ ) +Mτ (bτ ))

=⇒ (1− στ→t)Γ(asafe) = 3στ→t(Mt(bτ ) +Mτ (bτ )) ≤ 3στ→tJτ→tMτ (bτ ).

Recall from the discussion above that στ→tMτ (bτ ) ≤ ρτMτ (bτ ) ≤ 2Mτ (aτ ). Using this, and the838

fact that Mt(asafe) ≤ Γ(asafe)/3 then yields839

(1− στ→t)(∆(asafe) +Mt(asafe)) ≤ 6Jτ→t
∆(asafe)

Γ(asafe)
Mτ (aτ ) + 2Jτ→tMτ (aτ ).

Putting everything together, then, we conclude that840

∆(at) ≤ 6
∆(asafe)

Γ(asafe)
(Mt(at) + Jτ→tMτ (aτ )) + 2Mt(at) + 4Jτ→tMτ (aτ ),

which of course implies the bound we set out to show.841

H.3 Controlling Accumulation in the Look-Back Bound842

We proceed to control the accumulation of the look-back terms.843

Proof of Lemma 6. Since Bt and ωt are nondecreasing, for any s ≤ t ≤ T, we have844

(1 + (Btωt(δ)/Bsωs(δ)))Ms(as) = (Bsωs(δ) +Btωt(δ))∥as∥V −1
s
≤ 2BTωT (δ)∥as∥V −1

s
.

Let TT = {t ≤ T :Mt(asafe) ≤ Γ0/3}, and UT = {s ∈ TT : ∆(bs) ≤Mt(bs)}. Then notice that845 ∑
t∈TT

∥aτ(t)∥V −1
τ(t)

=
∑
s∈UT

Ls∥as∥V −1
s
,

where Ls = |{t ∈ TT : τ(t) = s}| is the number of times s serves as τ(t) for some t. But this is the846

same as the time (restricted to TT ) between s and the next member of UT , i.e., the length of the ‘run’847

of the method playing saturated actions (plus one).848

At this point, a weaker bound of the form 2
χ log(T 2/δ)

∑
s∈UT

∥as∥V −1
s

is straightforward: each849

round has at least a chance χ/2 of picking a saturated bt, and so the chance that the kth such run has850

length greater than 2
χ log(k(k + 1)/δ) is at most δ/k(k + 1). Since there are at most T runs up to851

time T , union bounding over this gives maxUT
Ls ≤ 1 + 2 log(T (T + 1)/δ)/χ.852

The rest of this proof is devoted to give a more refined martingale analysis that saves upon the853

multiplicative log(T ) term above. We encapsulate this as an auxiliary Lemma below.854

Lemma 20. In the setting of Lemma 6, it holds that with probability at least 1− δ,855 ∑
s∈UT

Ls∥as∥V −1
s
≤ 5

χ
(
∑
s∈UT

∥as∥V −1
s

+ log(1/δ))

This result is shown below. Assuming this result, the original claim follows immediately, since due to856

the nonnegativity of ∥ · ∥·,
∑

s∈UT
∥as∥V −1

s
≤
∑

t≤T ∥at∥V −1
t
.857

To finish the argument, we move on to showing the auxiliary lemma described above.858

Proof of Lemma 20. We work with the reduction to
∑

s∈UT
∥as∥V −1

s
established above. Let us859

denote ζi = inf{t > ζi−1 : Mt(asafe) ≤ Γ0/3,∆(bt) ≤ Mt(bt)} as the times that an unsaturated860

action is picked, with ζ0 := 0—for i : ζi ≤ T, these are precisely the elements of UT . Notice861

that this {ζi} is a sequence of stopping times adapted to the history {Ht}. Let us further denote862

Li = (ζi+1 − ζi), for i ≥ 0 (this corresponds to Ls, where s = ζi). The object we need to control is863 ∑
i:ζi≤T

LiXi,
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where Xi = ∥aζi∥V −1
ζi

∈ [0, 1], the lower bound being since Xi is a norm, and the upper bound since864

Vζi ≽ I . For notational convenience, we always set X0 = 1. Now, to control this, let us first pass to865

the associated sigma algebrae of the ζi past, denoted as866

Gi := ζ(Hζi).

Notice that since ζi is nondecreasing, we know that {Gi} forms a filtration. Of course, by definition,867

Xi are adapted to Gi, while Li are adapted to Gi+1. We further know that Li is the time (including868

ζi) between ζi and ζi+1. But then for each t > ζi, P (ζi+1 = t|ζi+1 > t − 1,Ht−1) ≥ χ/2. As a869

result, these Lis are conditionally stochatically domainted by a geometric random variable, i.e.,870

P(Li > 1 + k|Gi) ≤ (1− χ/2)k.

This in turn implies that for any λ small enough,871

E[eλ(Li−1)Xi |Gi] ≤
χ/2

1− (1− χ/2)eλXi
.

In the subsequent, we will need to select a λ that is independent of all of these Li, Xi. To ensure that872

the calculation makes sense, we ensure that (1−χ/2)eλ ≤ 1 (which suffices since 0 ≤ Xi ≤ 1). Let873

us define Fi(λ) := − log((1− (1− χ/2)eλXi)/(χ/2)). Then by the above calculation, we find that874

the process {Mi} with M0 := 1 and875

Mi := exp
(
λ
∑

(Li − 1)Xi −
∑

Fi(λ)
)

is a nonnegative supermartingale with respect to the filtration {Fi} with Fi = Gi+1} and F0 defined876

to be the trivial sigma algebra. Thus, by Ville’s inequality, P(∃i :Mi > 1/δ) ≤ δ. Taking logarithms,877

we find that with probability at least 1− δ, it holds that878

∀n,
∑
i≤n

LiXi ≤
∑
i≤n

Xi +
log(1/δ)

λ
+
∑
i≤n

Fi(λ)

λ
,

as long as 0 < λ < − log(1−χ/2). All we need now is a convenient bound on Fi(λ) and a judicious879

choice of λ. To this end, we observe the following simple result.880

Lemma 21. For any constant u ∈ (0, 1), consider the map f(x) := − log 1−uex

1−u over the domain881

[0,− log(u)). Then for all x ∈ [0,− 1
2 log(u)], we have882

f(x) ≤
√
u

1−
√
u
x.

Proof. Observe that883

f ′(x) =
uex

1− uex
=

ef

1− u
(1− e−f (1− u)) = ef

1− u
− 1 ≥ 0

The inequalities above arise since ef = 1−u
1−uex > 1− u using the fact that ex ≥ 1. By taking another884

derivative, we may see that f ′ itself is an increasing function. Now, suppose g(x) satisfies885

g(0) = f(0) = 0, and ∀x, g′(x) = f ′(−1/2 log(u)) =

√
u

1−
√
u
.

Then since g′(x) ≥ f ′(x) for all x ∈ [0,− 1
2 log(u)], by the fundamental theorem of calculus it886

follows that for all x ≤ − 1
2 log u, f(x) =

∫ x

0
f ′ ≤

∫ x

0
g′ = g(x).887

Now, of course, Fi(λ) = f(λXi), with u = 1− χ/2. Then setting λ = − 1
2 log(1− χ/2), we have888

∀n,
∑
i≤n

LiXi ≤
∑

Xi +
log(1/δ)

− log(1− χ/2)/2
+
∑
i≤n

√
1− χ/2

1−
√
1− χ/2

Xi.
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To get the form needed, we observe that889

√
1− v

1−
√
1− v

≤ 2

v
⇐⇒ (2 + v)2(1− v) ≤ 4 ⇐⇒ −v3 − 3v2 ≤ 0,

and of course − log(1− v)/2 ≥ v/2. Plugging in v = χ/2 > 0, we end up at890

∀n,
∑
i≤n

LiXi ≤
(
1 +

4

χ

)∑
i≤n

Xi +
4

χ
log(1/δ).

Note that no explicit n-dependent term appears in the above. This makes sense: we essen-891

tially have the Xis acting as ‘time steps’, and so
∑
LiXi should behave as (1 + 2/χ)

∑
Xi +892

O(
√∑

Xi log(1/δ)/χ+ log(1/δ)), via a Bernstein-type computation. In our case, the square root893

terms do not meaningfully help the solution,7 and so we just pick a convenient λ instead.8 Now,894

going back to our original object of study, we have Li = Lζi , Xi = ∥aζi∥V −1
ζi

, and these ζis are895

precisely the members of UT , so we conclude that896

∀T,
∑
s∈UT

LsXs ≤
5

χ

(∑
s∈Ut

Xs + log(1/δ)

)
.

H.4 Regret and Risk Bounds for S-COLTS897

With the above pieces in place, we move on to showing the final bounds on the behaviour of S-COLTS.898

Proof of Theorem 8. We first argue the safety properties. Firstly, in the exploration phase, as well899

as to explore, we repeatedly play asafe. But this is, by definition, safe, and so accrues no safety cost.900

When not playing asafe, the selected action at at time t satisfies901

Φ̂tat + ωt(δ)∥at∥V −1
t

1m ≤ α.

But, given the consistency event Cont(δ),902

∀a,Φ∗a ≤ Φ̂ta+ ωt(δ)∥a∥V −1]
t

,

and so Φ∗at ≤ α. Since Con(δ) :=
⋂

Cont(δ) holds with chance at least 1− δ, it follows that at is903

safe at every t, and a fortiori, ST = 0 for every T .904

Let us turn to the regret analysis. Fix any T . We break the regret analysis into four pieces: the regret905

accrued over the initial exploration, that accrued after this phase, but when Mt(asafe) > Γ0/3, and906

over the time TT := {t ≥ T0 : Mt(asafe) ≤ Γ0/3}, and finally the regret incurred up to the time907

inf{t : δt > χ/2}.908

The last of these is the most trivial to handle: the number of such rounds is bounded as
√
2δ/χ, and909

the regret in any round is at most 2.910

For the first case, Lemma 17 ensures that with probability at least 1− δ, this phase has length at most911

8

Γ(asafe)2
log(8/(δΓ(asafe)

2)),

and further, the output Γ0 is at least Γ(asafe)/2 at the end. Using this to instantiate Lemma 18, we912

further find that the number of times asafe is selected beyond this initial exploration is in total bounded913

as914

1 +
36ω2

TB
2
T

Γ(asafe)2
.

Together these contribute at most915

∆(asafe) ·
44ω2

TB
2
T

Γ(asafe)2
log(8/δΓ(asafe)

2)

7since there will always be an additive log(1/δ) and 1
χ

∑
Xi term

8and in the process, avoid the subtleties of the dependence of λ on the Xis if we optimised it
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to the regret.916

This leaves us with the times at which Mt(asafe) ≤ Γ0/3, for which we apply Lemma 5, along with917

the control of Lemma 6 to find that the net regret accrued thus is bounded as918

O

(1 + ∆(asafe)

Γ(asafe)

)
BTωT (δ) ·

5

χ

∑
t≤T

∥at∥V −1
t

+ log(1/δ)

 .

To complete the book-keeping, the probabilistic events required for this are the consistency of the919

confidence sets, that for all t,max(∥ηt∥,maxi ∥Hi
t∥) is bounded by B(δt), and of course the bound920

on the times between unsaturated bt being constructed from Lemma 6. Together, these occur with921

chance at least 1− 3δ, and putting the same together with the stopping time bound, we conclude that922

with chance at least 1− 4δ, S-COLTS(µ, δ) satisfies the regret bound923

RT ≤
(
1 +

∆(asafe)

Γ(asafe)

)
Õ

ωt(δ)BT

χ

∑
t≤T

∥at∥V −1
t

+
∆(asafe)

Γ(asafe)
· Õ
(
ω2
TB

2
T

Γ(asafe)

)
+

√
8δ

χ
.

Now, invoking Lemma 13, we can bound ωT (δ) = Õ(
√
d+log(m/δ)), and

∑
∥at∥V −1

t
= Õ(

√
dT ).924

Finally, for the law µ induced via the coupled noise design by Unif(
√
3dSd), we further know that925

BT = O(
√
d) and χ ≥ 0.28. Of course, for this noise, Bt =

√
3d with certainty, which boosts the926

probability above to 1− 3δ. The claim thus follows for S-COLTS(µ, δ/3).927

H.5 An Optimism-Based Analysis of S-COLTS928

We analyse S-COLTS under the assumption that µ satisfies B-concentration and π-global optimism929

(Definition 12). We shall be somewhat informal in executing this.930

Setting Up. We first note that regret accrued over rounds in which Mt(bt) > Γ(asafe)/3 and931

Mt(asafe) ≤ Γ0/3 is small. Indeed,932 ∑
t∈TT

1{Mt(bt) > Γ(asafe)/3} ≤
9

Γ(asafe)2

∑
t∈TT

Mt(bt)
2

≤ 16

Γ(asafe)2

∑
t∈TT

Mt(at)
2

ρ2t
= Õ

(
d5

Γ(asafe)4

)
,

where TT = {t :Mt(asafe) ≤ Γ0/3}, and we used the bound on Mt(bt) from Lemma 19, along with933

the fact that since bt ∈ A,Mt(bt) ≤ Btωt = Õ(d), which in turn implies that ρt ≥ Γ(asafe)/Ω̃(d).934

Naturally, this additive term is much weaker than that seen in Theorem 8. Nevertheless, the optimism-935

based framework does recover a similar main term. In particular we will show a regret bound of936

Õ(Γ(asafe)
−1
√
d3T )937

The point of the above condition is that (using Lemma 19), if Mt(bt) ≤ Γ(asafe)/3, then ρt ≥ 1
2 . We938

will repeatedly use this fact in the subsequent.939

Now, we begin similarly to the previous analysis by using940

∆(at) = (1− ρt)∆(asafe) + ρt∆(bt) ≤ (1− ρt)∆(asafe) + ∆(bt).

The first term is well-controlled, as detailed in the proof of Lemma 5. So, we only need to worry941

about
∑

∆(bt). Notice that for this it suffices to control
∑

E[∆(bt)|Ht−1]. Indeed, ∆(bt) ≤ 1 (and942

if it is ≤ 0, we can just drop it from the sum, i.e., we could study (∆(bt))+ instead with no change in943

the argument), so the difference
∑

t≤T ∆(bt)−E[∆(bt)|Ht−1] is a martingale with increments lying944

in [−1, 1], and the LIL (Lemma 16) ensures that for all T simultaneously, the difference between945

these is O(
√
T log(log(T )/δ)) with chance at least 1− δ.946

From the above, then, we can restrict attention to t such that Mt(asafe) ≤ Γ0/3, ρt ≥ 1
2 . Finally,947

recalling the notation K(θ,Φ) = max{θ⊤a : a ∈ A,Φa ≤ α} from Definition 12, we observe that948

∆(bt) = θ⊤∗ a∗ − θ̃⊤t bt + (θ̃t − θ∗)⊤bt
≤ K(θ∗,Φ∗)−K(θ̃t, Φ̃t) +Mt(bt)

≤ K(θ∗,Φ∗)−K(θ̃t, Φ̃t) + 4Mt(at),
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where we used Lemma 3, and Lemma 19 along with the fact that ρt ≥ 1/2. Now note that the final949

term above is summable to Õ(
√
d3T ). Thus, it equivalently suffices to analyse the behaviour of950

Et−1[K(θ∗,Φ∗)−K(θ̃t, Φ̃t)|Ht−1]. In order to do so, we begin with a ‘symmetrisation’ lemma.951

Lemma 22. Let (θ̃t, Φ̃t) and (θ̄t, Φ̄t) denote two independent copies of parameter perturbations at952

time t. Let Et−1[·] := E[· | Ht−1]. If µ satisfies π-global optimism, then953

1Cont(δ)Et−1[(K(θ∗,Φ∗)−K(θ̃t, Φ̃t)] ≤ 1Cont(δ) ·
1

π
Et−1[|K(θ̃t, Φ̃t)−K(θ̄t, Φ̄t)|].

Proof. Let Ḡ := {K(θ̄t, Φ̄t) ≥ K(θ∗,Φ∗)}. Since K(θ∗,Φ∗) is a constant, and since (θ̃t, Φ̃t) are954

independent of (θ̄t, Φ̄t) given Ht−1, we conclude that955

Et−1[K(θ∗,Φ∗)−K(θ̃t, Φ̃t)] = Et−1[K(θ∗,Φ∗)−K(θ̃t, Φ̃t) | Ḡ].

But given Ḡ, K(θ∗,Φ∗) ≤ K(θ̄t, Φ̄t), and so956

Et−1[K(θ∗,Φ∗)−K(θ̃t, Φ̃t)] ≤ Et−1[K(θ̄t, Φ̄t)−K(θ̃t, Φ̃t) | Ḡ]

≤ Et−1[|K(θ̄t, Φ̄t)−K(θ̃t, Φ̃t)| | Ḡ].

Finally, for any nonnegative random variable X, and any event E, it holds that957

Et−1[X|E]Et−1[1E] = Et−1[X1E] ≤ Et−1[X].

The claim follows upon taking X = |K(θ̄t, Φ̄t) −K(θ̃t, Φ̃t)|,E = Ḡ, and recognising that due to958

π-optimism, Ḡ satisfies Et−1[1Ḡ]1Cont ≥ π1Cont .959

The main question now becomes controlling how far the deviations in K can go. We control this960

using a similar scaling trick as in the proof of Lemma 5.961

For the sake of clarity, we will denote the optimiser of K(θ̃t, Φ̃t) as b̃t (instead of just bt as in the rest962

of the text), and similarly that of K(θ̄t, Φ̄t) as b̄t. Our goal is to control (the conditional mean of)963

|θ̄⊤t b̄⊤t − θ̃⊤t b̃t|.

Naturally, the core issue remains that b̄t and b̃t are optima in distinct feasible sets, and so it is hard to,964

e.g., compare θ̃⊤t b̃t and θ̃⊤t b̄t. To this end, we observe that965

Φ̄tb̄t ≤ α =⇒ Φ∗bt ≤ α+Mt(b̄t)1m =⇒ Φ̃tb̄t ≤ α+ 2Mt(bt)1m,

as long as consistency and the boundedness of the noise norms holds (which occurs with high966

probability). Using this and the fact that Φ̃tasafe ≤ α− 2Γ(asafe)/31m, we find that967

Φ̃t(σ̄tb̄t + (1− σ̄t)asafe) ≤ α, where σ̄t =
Γ(asafe)

Γ(asafe) + 3Mt(b̄t)
.

Thus, we may write968

θ̄⊤t b̄t − θ̃⊤t b̃t = (1− σ̄t)θ̄⊤b̄t + σ̄t(θ̄t − θ̃⊤t )b̄t + θ̃⊤t (σ̄tb̄t − b̃t).

Above, the third term is nonpositive, while the second term may be bounded by 2σ̄tMt(b̄t), which969

can further be bounded by 8Mt(āt) upon recalling that ρt(b̄t) ≥ 1
2 and the bound on ρtMt(bt) in970

Lemma 19. This leaves the first term. It is tempting to bound this directly via θ̄⊤t b̄t ≤ ∥θ̄t∥∥b̄t∥, but971

notice that the former can be as large as Bt ∼
√
d. Instead, we can use the related bound972

(1− σ̄t)(θ̄⊤b̄t) ≤ (1− σ̄t)Mt(b̄t) + (1− σ̄t)θ⊤∗ b̄t.

Now notice that (1− σ̄t) ≤ 1, and Mt(b̄t) ≤ 4Mt(āt) controls the first term. Similarly, θ⊤∗ b̄t ≤ 1973

(both have norm bounded by 1), so the second term is bounded by 1 − σ̄t ≤ 3Mt(b̄t)
Γ(asafe)

≤ 12Mt(āt)
Γ(asafe)

.974

Putting these together, we conclude that975

(1− σ̄t)(θ̄⊤t b̄t) ≤ 4Mt(āt) +
12Mt(āt)

Γ(asafe)
,
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which in turn yields the bound976

K(θ̄t, Φ̄t)−K(θ̃t, Φ̃t) ≤ 12Mt(āt) +
12Mt(āt)

Γ(asafe)
≤ 24Mt(āt)

Γ(asafe)
.

Of course, switching the roles of (θ̄t, Φ̄t) and (θ̃t, Φ̃t), we have an analogous bound on K(θ̃t, Φ̃t)−977

K(θ̄t, Φ̄t). Putting these together, we conclude that978

|K(θ̄t, Φ̄t)−K(θ̃t, Φ̃t)| ≤
24(Mt(āt) +Mt(ãt))

Γ(asafe)
.

Finally, notice that āt, ãt, and the actually selected action at all have the same distribution given979

Ht−1. We can thus conclude that980

Et−1[|K(θ̄t, Φ̄t)−K(θ̃t, Φ̃t)|] ≤ 48Et−1

[
Mt(at)

Γ(asafe)

]
.

With this in hand, the issue returns to one of concentration. We know that
∑
Mt(at) is Õ(

√
d3T ),981

and each Mt(at) is bounded as O(d) and so
∑
Mt(at)− Et−1[Mt(at)] enjoys concentration at the982

scale dLIL(T, δ) = Õ(
√
d2T ) = o(

√
d3T ). Thus, passing back to the the unconstrained sums, we983

end up with a bound of the form984

RT = Õ
(
Γ(asafe)

−1
√
d3T

)
+ Õ(d5Γ(asafe)

−4).

The main loss in the main term above is that instead of a ∆(asafe)/Γ(asafe), we just have a Γ(asafe)−1985

term in the bound. This can be lossy, e.g., when asafe is very close to a∗, but in the regime ∆(asafe) =986

Ω(1), it recovers essentially the same guarantees as Theorem 8, albeit with a weaker additive term.987

I The Analysis of Soft Constraint Enforcement Methods.988

I.1 The Analysis of R-COLTS989

Let us first show the optimism result for R-COLTS990

Proof of Lemma 9. Fix any t, and assume Cont(δ). For each i ∈ [1 : It], we know that K(i, t) :=991

K(θ̃(i, t), Φ̃(i, t)) ≥ θ̃(i, t)⊤a∗ ≥ θ⊤∗ a∗ whenever the event L occurs, and thus this inequality holds992

with chance at least π in every round. Since the draws are all independent given Ht−1, the chance993

that maxK(i, t) < θ⊤∗ a∗ is at most (1− π)It ≤ exp(− log(1/δt)r · π) ≤ δt = δ/t(t+1). Thus, if we994

assume that Con(δ) :=
⋂
Cont(δ) holds true, the chance that at any t, K(it, t) < θ⊤∗ a∗ is at most995 ∑

δt = δ. By Lemma 1, Con(δ) holds with chance at least 1− δ, and we are done.996

Of course, the above proof, and thus the statement of this Lemma, holds verbatim if we replace Lt by997

Gt (Definition 12).998

With the optimism result of Lemma 9, the argument underlying Theorem 10 is extremely standard.999

Proof of Theorem 10. Assume consistency, and that at every t, θ̃⊤t at ≥ θ⊤∗ a∗. Since we sample at1000

most 2 + r log(1/δt) programs in round t, we further know that with probability at least 1− δ,1001

∀t,max
i

(
max ∥η(i, t)∥,max

j
∥Hj

t (i, t)∥)
)
∥ ≤ βt := B(δt/(2 + r log(1/δt)).

Assume that this too occurs, and define M̃t(a) = ωt(δ)(1 + βt)∥a∥V −1
t

. Then, using consistency,1002

θ⊤∗ at ≥ θ̃⊤t at − M̃t(at),Φ∗at ≤ Φ̃tat + M̃t(at)1m ≤ α+ M̃t(at)1m.

So, the safety risk is bounded as1003

ST ≤
∑
t

M̃t(at) ≤ ωT (δ)(1 + βT )
∑
t≤T

∥at∥V −1
t
.
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Further,1004

θ⊤∗ a∗ − θ⊤∗ at ≤ θ⊤∗ a∗ − θ̃⊤t at + M̃t(at),

which implies that1005

RT ≤ ωT (δ)(1 + βT
∑
t≤T

∥at∥V −1
t

as well. Now Lemma 13 controls ωT

∑
t≤T ∥at∥V −1

t
to Õ(

√
d2T ), and for our selected noise, the1006

coupled design driven by Unif(
√
3dSd), we have B(·) =

√
3d independently of t, r, δ, and thus1007

βT =
√
3d. The events needed to show the above were the consistency, the concentration of the1008

sampled noise to βt at each time t, and the optimism event of Lemma 9. Again, the second happens1009

with certainty for us, and so the above bounds hold at all T with chance at least 1− 2δ. Consequently,1010

the result was stated for R-COLTS(µ, r, δ/2).1011

I.2 The Exploratory-COLTS Method1012

As discussed in §5, the Exploratory COLTS, or E-COLTS method, augments COLTS with a low-rate1013

of flat exploration, and exploits the resulting (eventual) perturbed feasibility of actions with nontrivial1014

safety margin to bootstrap the scaling-based analysis of S-COLTS to a soft-enforcement result without1015

resampling.1016

The main distinction lies, of course, in the fact that in the soft enforcement setting, we do not have1017

access to a given safe action asafe. To motivate the method, let us consider how S-COLTS uses the1018

knowledge of asafe. This occurs in three ways: to ensure the existence of a(ηt, Ht, t), to compute1019

the action at from this, and to enable the look-back analysis of Lemma 5. The second use is easy1020

to address: we will simply play at = a(ηt, Ht, t) if it exists. The key observation is that rather1021

than explicit knowledge of any one particular safe action, as long as some action a exists such that1022

Mt(a) ≤ Γ(a)/3, the entirely of the first and third uses can be recovered, and so the machinery of §41023

can be enabled.1024

Algorithm 3 Exploratory-COLTS (E-COLTS(µ, δ))
1: Input: µ, δ, exploration policy.
2: Initialise: u0 ← 0, Bt ← 1 +B(δt)
3: for t = 1, 2, . . . do
4: Draw (ηt, Ht) ∼ µ.
5: if ut−1 ≤ Btωt(δ)

√
dt OR a(ηt, Ht, t)

does not exist then
6: Pick at via exploration policy.
7: ut ← ut−1 + 1.
8: else
9: at ← a(ηt, Ht, t), ut ← ut−1.

10: Play at, observe Rt, St, update Ht.

Forced Exploration. We enable the even-1025

tual existence of such actions by introducing1026

a small rate of forced exploration in our method1027

E-COLTS. Concretely, we demand a ‘κ-good’1028

exploration policy over A, i.e., one such that1029

after N exploratory actions e1, · · · , eN , we are1030

assured that
∑
eie

⊤
i ≽ κ⌊N/d⌋Id, where κ > 01031

is a constant. This can, e.g., be done by playing1032

the elements of a barycentric spanner of A in1033

round-robin [AK08; DHK08]. The resulting κ1034

is a geometric property of A, and we note that1035

κ only enters the analysis, not the algorithm.1036

Let us call a time step t where the exploratory1037

policy is executed an ‘E-step’. In E-COLTS, we1038

ensure tha tat any t, at least Btωt

√
dt such E-steps have been performed, and if not, we force an1039

E-step. Note that we expect that the majority of the learning process occurs at steps other than E-steps,1040

since this is where the informative action a(ηt, Ht, t) is played. Consequently, we will call such steps1041

‘L-steps’.1042

By our requirement of enough E-steps, at any L-step t, the sample second moment matrix Vt satsifies1043

Vt ≽ κBtωt

√
t/dId, and so,1044

∀a,Mt(a) ≤ ψ(t) :=
(
dB2

t ω
2
t

κ2t

)1/4

· ∥a∥.

This means that at such t, any a with Γ(a) > 2ψ(t)/3 satisfies Mt(a) ≤ Γ(a)/3, and so a(ηt, Ht, t)1045

exists, and we may use the analysis of §4 for such a.1046

Regret Bound. The above insight is the main driver of the result of Theorem 11, which we show in1047

§I.2.1 to follow. Recall that this states that under the E-COLTS strategy, executed with a µ constructed1048

30



through the coupled noise design with base measure Unif(
√
3dSd), the risk and regret satisfy, with1049

high probability, the bounds1050

ST = Õ(
√
d3T ) + min

a
Õ
( d3∥a∥4
κ2Γ(a)4

)
, and

RT = min
a:Γ(a)>0

{
R(a)Õ(

√
d3T ) + Õ

( d3∥a∥4
κ2Γ(a)4

)}
,

where κ is precisely the ‘goodness-factor’ of the exploratory policy. Let us briefly discuss this result.1051

Risk bound. Unlike S-COLTS, E-COLTS suffers nontrivial risk, which is unavoidable due to the lack1052

of knowledge of asafe [PGBJ21]. The Õ(
√
d3T ) risk above above is comparable to the Õ

√
d2T ) risk1053

of the prior soft enforcement method DOSS [GCS24], with a
√
d loss again attributable to efficiency.1054

Note that compared to R-COLTS, the risk bound is essentially the same, but now incurs an extra1055

additive term scaling, essentially, with (maxa Γ(a))
−4. Thus, a nontrivial risk bound is only shown1056

if this maximum is strictly positive, i.e., under Slater’s condition. Nevertheless, the term is additive,1057

and scales with T only logarithmically (through a dependence on ωt(δ), and so in typical scenarios1058

is not expected to dominate as T diverges, although the fourth-power dependence on this quantity1059

would increase the ‘burn-in’ time of this result.1060

Regret bound. As discussed in §5, the main term of the regret bound above improves over that of1061

S-COLTS, since it minimises over R(a), rather than working with the arbitrary R(asafe). Note that1062

finding the minimiser ofR may be challenging, but E-COLTS nevertheless adapts to this. However,1063

the additive lower-order term is larger than in S-COLTS due to the ‘flat’ exploration of E-COLTS, and1064

its practical effect is unclear. In simple simulations, we do observe a significant regret improvement1065

(§J). We note that the κ-good exploration condition only affects the lower order term in RT , although1066

again the fourth order dependence on Γ(a) is nontrivial. Of course, relative to E-COLTS, the result1067

suffers from an instance-dependence, and again, unless Slater’s condition is satisfied, it is ineffective.1068

Practical Role of Forced Exploration. E-COLTS uses forced exploration to ensure that Vt is large,1069

which leads to both feasibility of the perturbed program, and the scaling-based analysis. In practice,1070

however, one expects that low-regret algorithms satisfy maxa ∥a∥V −1
t

≲ t−1/4∥a∥ directly, the idea1071

being that actions with larger V −1
t -norm represent underexplored directions that would naturally be1072

selected (recent work has made strides towards actually proving such a result, although it does not1073

quite get there [BGCG23]). Thus we believe that this forced exploration can practically be omitted1074

except when the perturbed program is infeasible. Indeed, in simulations, we find that this strategy1075

already has good regret (§J).1076

I.2.1 The Analysis of E-COLTS1077

We will essentially reuse our analysis of S-COLTS, with slight variations.1078

Proof of Theorem 11. We will first discuss the bound on the regret. Throughout, we assume con-1079

sistency, and the noise concentration event of Lemma 3. We will further just write ωt instead of1080

ωt(δ). Recall the terminology that every t in which we pick an action according to the exploratory1081

policy is called an ‘E-step’, and every other step an ‘L-step’. Here E and L stand for exploration1082

and learning respectively, the idea being that the former constitute the basic exploration required to1083

enable feasibility under perturbations, and so the main learning process occurs in L-steps.1084

Note that the number of E-steps up to time t is explicitly delineated to be at most ⌈Btωt

√
dt⌉. Using1085

the κ-good assumption, then, we find that at every L-step,1086

Vt ≽ κBtωt

√
t/dI ⇐⇒ (κBtωt

√
t/d)−1I ≽ V −1

t .

Now, fix any action a0 with Γ(a0) > 0. Then notice that at any L-step,1087

∥a0∥2V −1
t
≤
√
d∥a0∥2

κBtωt

√
t

=⇒ Mt(a0)
2 ≤ Btωt∥a0∥2

κ
·
√
d/t.

Thus, for all1088

t ≥ t0(a0) := inf

{
t :

34d∥a0∥4B2
t ω

2
t

κ2Γ(a0)4
≤ t
}
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that are L-steps, we know that as long as the noises ηt, Ht satisfy the bound of Lemma 3, Φ̃ta0 ≤1089

α− 2Γ(a0)/31m. Note that since ω2
t ≤ d log(t) + log(m/δ), and since under our choice of coupled1090

noise, Bt =
√
3d for all t, we can conclude that1091

t0(a0) ≤
Cd3∥a0∥4

κ2Γ(a0)4
log

Cd3∥a0∥4

κ2Γ(a0)4
+
Cd2∥a0∥4 log(m/δ)

κ2Γ(a0)4
log

Cd2∥a0∥4 log(m/δ)
κ2Γ(a0)4

= Õ

(
d3∥a0∥4

κ2Γ(a0)4

)
,

where C is some large enough constant (C = 4 · 81 suffices). This implies that at all t > t0(a0) at1092

which the number of E-steps, ut, is large enough, the perturbed program is feasible, and at exists.1093

Thus, after this time, no extraneous E-steps are accrued due to infeasibility of the perturbed program.1094

At this point we apply the proof of Lemma 5, with ρt = 1. Let1095

τ = τ(t) = sup{s ≤ t : ∆(as) ≤Mt(as),Mt(a0) ≤ Γ(a0)/3}.

Now, aτ need not be feasible for Φ̃t, but we know that Φ̃τaτ ≤ α =⇒ Φ̃taτ ≤ α +Mt(aτ ) +1096

Mτ (aτ ). So for1097

στ→t :=
Γ(a0)

Γ(a0) + 3(Mt(aτ ) +Mτ (aτ ))
,

we know that1098

Φ̃t(στ→taτ + (1− στ→t)a0) ≤ α.
Let āτ→t := στ→taτ + (1− στ→t)a0. Then we can write1099

∆(at) = ∆(āτ→t) + θ⊤∗ (āτ→t − at)

≤ ∆(āτ→t) + θ̃⊤t (āτ→t − at) +Mt(at) +Mt(āτ→t)

≤ στ→t∆(aτ ) + (1− στ→t)∆(a0) +Mt(at) + στ→tMt(aτ ) + (1− στ→t)Mt(a0)

≤ (1− στ→t)∆(a0) +Mt(at) + στ→t(Mt(aτ ) +Mτ (aτ )) + (1− στ→t)Mt(a0),

where in the end we used the fact that ∆(aτ ) ≤Mτ (aτ ). Now,1100

1− στ→t ≤
3(Mt(aτ ) +Mτ (aτ ))

Γ0
,

and of course Mt(a0) ≤ Γ0. We end up with a bound of the form1101

∆(at) ≤ C
(
1 +

∆(a0)

Γ(a0)

)
(Mt(at) +Mτ (aτ ) +Mt(aτ )),

which is essentially the same as that of Lemma 5. Given this, we can immediately invoke Lemma 61102

(appropritaely modifying by asafe → a0 and Γ0 → Γ(a0)). We end up with the control that1103

∑
t≤T,Mt(a0)≤Γ0/3

∆(at) = Õ

(1 + ∆(a0)

Γ(a0)

)
· BTωT

χ
·
∑
t≤T

∥at∥V −1
t

 .

For our choice of noise (being the coupled design executed with ν = Unif(
√
3dSd), we have1104

χ = Ω(1), B = O(
√
d), and so this can be bounded as1105 ∑

t≤T,Mt(a0)≤Γ0/3

∆(at) = Õ
(
R(a0)d3T

)
.

Of course, the above holds true for all t > t0(a0) that were not E-steps. Before t0(a0), we may1106

bound the per-round regret by 2. Finally, we are left with the E-steps after the time t0(a0). Since, as1107

argued above, no extraneous E-steps due to the infeasiblity of perturbed programs occur, we can then,1108

for T ≥ t0(a0), simply bound the total number of E-steps by 1 +BTωT

√
dT , and accrue roudwise1109

regret of at most 2 in these steps. With our chosen noise, Bt = O(
√
d), this cost is Õ(

√
d3T ).1110

Summing these three contributions, and invoking the bound on t0(a0) finishes the argument upon1111

recognizing that a0 is arbitrary, and so we may minimise over it.1112
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Turning now to the risk, first observe that for any t > T0 := mina t0(a), there exists at least one action1113

such that Mt(a) ≤ Γ(a)/3, and so the perturbed program is always feasible, i.e., a(ηt, Ht, t) exists.1114

Now, consider subsequent times. Observe that in L-steps, since Φ̃tat ≤ α, we know by Lemma 31115

that Φ∗at ≤ α+Mt(at)1m, assuming consistency and the concentration of max(∥ηt∥,maxi ∥Hi
t∥).1116

Thus, in L-steps, the risk accrued at any time is at most Mt(at). On the other hand, in E-steps, the1117

risk accumulated can be bounded by just 1 (using the boundedness of Φ∗ and A, and so we only need1118

to work out the total number of these. But after time T0 such an E-step only occurs to make sure1119

that the net number of E-steps is at least Btωt

√
dt, and so the total number of such steps is at most1120

BTωT

√
dT .1121

Putting these together, we conclude that the net risk accrued is bounded as1122

ST ≤ T0 +
∑

T0≤t≤T
t is an E-step

1 +
∑
t≤T,

t is an L-step

Mt(at) = BT · Õ(
√
d2T +min

a
Õ

(
dB2

t ω
2
t ∥a∥4

κ2Γ(a)4

)
.

Invoking Lemma 13, as well as the fact that BT = Bt =
√
3d for our noise design, the claim follows.1123

Finally, let us account for the probabilistic conditions needed: we need the concentration event of1124

Lemma 6 to hold for the regret bound, and the consistency and noise-boundedness events for both.1125

Of course, the second is not actually needed, since our noise is bounded always. Together, then, these1126

occur with chance at least 1−2δ under our noise design. Of course, then, passing to E-COLTS(µ, δ/2)1127

yields the claimed result.1128

J Simulation Study1129

We conduct simulation studies to investigate the behaviour of E-COLTS/R-COLTS, and of S-COLTS.1130

We first study the soft and hard constraint enforcement problems with our coupled noise design. After1131

this, we investigate the behaviour of COLTS methods using independent (or decoupled) noise in §J.3.1132

All experiments were executed on a consumer-grade laptop computer running a Ryzen-5 chip, in the1133

MATLAB environment, and the total time of all experiments ran to about 8 hours.1134

J.1 Soft Constraint Enforcement1135

We begin with studying the behaviour of the soft constraint enforcement strategies E-COLTS and1136

R-COLTS. Throughout, we treat E-COLTS as R-COLTS(µ, 0, δ), with no exploration.1137

Setting. We set Φ∗ to be a certain 9 × 9 directed adjacency matrix, A, obtained from https:1138

//sparse.tamu.edu/vanHeukelum/cage4, which is a≈ 60% populated matrix with d = m = 9.1139

The rows of Φ∗ were normalised to have norm 1. We study the problem of optimising θ∗ = 1d/
√
d1140

overA = [0, 1/
√
d]d, and enforce the unkonwn constraints Φ∗a ≤ 0.8 · 1/√d. We note that the action1141

0 is always safe, no matter the Φ̃t. This choice is intentional, in that it lets us avoid the inconvenient1142

fixed exploration present in E-COLTS and S-COLTS. Throughout, we set δ = 0.1.1143

As stated above, for the bulk of this section, we will implement E-COLTS without forced exploration.1144

Indeed, this is not required since 0 is always feasible, as discussed above. This can equivalently be1145

interpreted as R-COLTS with the resampling parameter r = 0.1146

Effect of Noise Rate. As previously noted, in linear TS, small perturbation noise—of the scale 11147

rather than Θ(
√
d)—retains sufficient rates of global optimism and unsaturation to enable good regret1148

behaviour. Note that such a small noise directly reduces BT , and thus we would expect it to improve1149

our regret behaviour by a factor of about
√
d. In order to exploit this, we begin by conducting pilot1150

experiments with our coupled noise design to determine a reasonable noise scale for us to use.1151

Concretely, we drive our coupled noise design with the laws νγ = Unif(γ · Sd), and run E-COLTS1152

without exploration for 103 steps 100 times. In each run, we simply record whether (i) global1153

optimism; (ii) local optimism; and (iii) unsaturation held, and estimate their rates simply as the1154

fraction of time over the run that this property was true. We construct these rate estimates for1155

γ ∈ [
√
3d

−3
,
√
3d], specifically evaluating the same for 41 values of γ chosen over an exponential1156

grid (i.e., so that log(γ) has a constant step). Figure 3 shows the resulting estimates.1157
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Figure 3: Behaviour of the Global and Local Optimism
Rates, as well as the Unsaturation Rate. The black verti-
cal line lies at γ = 0.5, the value selected for subsequent
experimentation. The largest studied value is at

√
3d,

which has logarithm about 1.65 Observe that the global
optimism and unsaturation rates are significant, and in
particular ≈ 1 for γ = 0.5, far below

√
3d ≈ 5.2.

The core observation is that global optimism1158

and unsaturation rates are already at ∼ 1 for1159

log(γ) ≈ −1, indicating good performance with1160

this noise. Note that while such performance1161

with small noise has been previously observed1162

for linear TS without unknown constraints, we1163

are unaware if an explicit observation of these1164

rates as above has been performed. Of course,1165

proving these properties at such small γ is an1166

open question, and we also note that our es-1167

timates above are not quite correct, since they1168

integrate the events across time, while their rates1169

could vary with t. In any case, the main upshot1170

for this is that in our subsequent experiments,1171

we work with γ = 0.5 instead of
√
3d ≈ 5.2.1172

The Behaviour of E-COLTS and R-COLTS. We1173

now study R-COLTS and E-COLTS over the long1174

horizon T = 5 · 104. We execute R-COLTS with1175

zero resamplings (i.e., E-COLTS with no explo-1176

ration), and then one and finally two resamplings1177

in each round, all driven by the coupled pertur-1178

bation noise with ν0.5.1179

On DOSS. We note that DOSS is not implemented. E-COLTS runs in ∼ 10−3s per round on our1180

machine. (Relaxed)-DOSS is totally impractical: (2d)m+1 > 1012, and so it needs > 109s, i.e., years,1181

per round!1182

Figure 4: Regret (left) and Risk (right) of R-COLTS with zero, one, and two resamplings per round. Top includes
one-sigma error bars, and for clarity, the bottom figures omit them. Note that the regret behaviour is an order of
magnitude smaller than the scale

√
d2T ≈ 6600, while the risk behaviour is about a factor of half of this. We

further observe that resampling improves regret signficantly, while only hurting the risks slightly, although this
effect appears to decelerate as resampling is increased.

34



Observations. Figure 4 shows the observed regret and risk traces over 100 runs. The observed regret1183

behaviour is very strong: even without resampling, the terminal median regret of ∼ 600 is closer to1184 √
T log T ≈ 750 than to

√
d2T log(T ) ≈ 6600. The risk behaviour is more significant, but still half1185

this scale. The observation of RT suggests that a stronger regret bound may hold for E-COLTS and1186

R-COLTS, which is in line with the stronger instance-specific regret behaviour of the optimism-based1187

method DOSS [GCS24]. Proving this is an interesting open problem.1188

These simulations thus bear out the strong performance of E-COLTS/R-COLTS with r = 0. Further,1189

as we add resampling, risk degrades mildly, but the regret improves significantly, although the returns1190

diminish with more resampling. This suggests that practically, a few resamplings in R-COLTS are1191

enough to extract most of the advantage. Interestingly, resampling has a palpable effect even though1192

the optimism rate is nearly one!1193

J.2 Hard Constraint Enforcement1194

Next, we investigate the behaviour of S-COLTS over the same instance, supplied with the data1195

asafe = 0. The natural point of comparison to S-COLTS is the SAFE-LTS algorithm [MAAT21],1196

which operates in O(SOCP log t) computation per round.91197

Concretely, we again drive this method with ν0.5 as before. For SAFE-LTS, we sample a perturbed1198

objective vector with the same noise scale, and otherwise optimise over the second order conic1199

constraints as detailed in §4.3. In both cases, we used the library methods linprog and coneprog1200

provided by MATLAB to implement these methods.10 Note that these methods are specifically1201

tailored to linear and conic programming respectively. As before, we repeat runs of length T = 5 ·1041202

for a total of 100 runs.1203

Strong Safety Behaviour. We note that in all of our runs, we did not observe any constraint violation1204

from either S-COLTS or SAFE-LTS, despite the fact that we executed these methods with δ =1205

0.1. This suggests both that in practice, the parameter δ can be relaxed (which would yield mild1206

improvements in regret), and in any case verifies the strong safety properties of these methods.1207

Comparison of Regret. We show the regret traces over the 100 runs in Figure 5. We observe that1208

S-COLTS has a slightly improved regret performance relative to SAFE-LTS, which may be attributed1209

to the selection of stronger exploratory directions through solving the perturbed program.1210

Figure 5: Regret Behaviour of S-COLTS and SAFE-LTS on the same instance as previous figures (one-sigma
error curves). We note that S-COLTS offers a mild improvement in regret over SAFE-LTS. However, this comes
with a 5× reduction in net computational time per round, which is the main advantage of S-COLTS.

Computational Speedup. In wall-clock terms, each iteration of SAFE-LTS is about 5.2× slower1211

than that of S-COLTS on this 9 dimensional instance with 9 unknown constraints (over 5 · 1061212

9We do not implement other prior methods for SLBs, mainly because SAFE-LTS has previously been seen
to have similar behaviour, and be about 2d = 18 times faster than these methods. Of course, we also did not
implement DOSS as a comparison for the soft constriant enforcement methods since it is impractical to execute
for d = m = 9.

10Of course, R-COLTS/E-COLTS were also implemented using linprog.
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Figure 6: Comparisons of the regret (left, one-sigma error curves) and computational costs (right) of S-COLTS
and SAFE-LTS in the d = 2 instance as m varies. This is the same setting as Figure 2, right, but presented
separately rather than as a ratio. The left plots the regrets at time T = 103 over 50, and the right plots the
wall-clock time per iteration on our resources in milliseconds. S-COLTS needs 0.14 − 0.25 milliseconds per
iteration, while SAFE-LTS needs > 4.5 at m = 100. At the same time, for m ≥ 10, the regret of S-COLTS is
about 3× smaller.

total iterations, S-COLTS took about 0.22ms per iteration, while SAFE-LTS took about 1.16ms), a1213

significant computational advantage even in this modest parameter setup.1214

High Level Conclusions. The main takeaway from this set of experiments is that S-COLTS offers1215

tangible benefits in computational time relative to SAFE-LTS (and a fortiori, to other pessimism-1216

optimism based frequentist hard constraint enforcement methods), while even obtaining a slight1217

improvement in the regret behaviour. This demonstrates the utility of S-COLTS over these prior1218

methodologies, and suggests that it is the natural approach that should be used in practice.1219

J.2.1 Investingating Behaviour with Increasing m1220

Of course, the computational problem of optimising m SOC constraints becomes harder as m grows,1221

and so we expect that the computational advantage of S-COLTS over SAFE-LTS would grow with m.111222

To investigate this hypothesis more closely, we turn to a slightly different setup.1223

Setup. We set d = 2, θ∗ = (1, 0),A = [−1/
√
d, 1/
√
d]d. For m ≥ 3, we impose m unknown1224

constraints such that the feasible region forms a regular m-gon with one vertex at (0.2/
√
2, 0).1225

This allows us to systematically increase m (to very high values) without incurring significant1226

computational costs. We investigate the behaviour of S-COLTS and E-COLTS on this setup with the1227

coupled noise design as in the previous section (γ = 0.5) for m ∈ {10, 20, · · · , 100}. We also1228

execute this for m = 1, where a single constraint passing through the same vertex is enforced. In all1229

cases, we set asafe = 0, which is always feasible.1230

Strong Computatational Speedup. As seen in Figure 6, S-COLTS has a strong computational advatange,1231

which further grows with m. In particular, at m = 1, S-COLTS is about 1.3× faster to execute than1232

SAFE-LTS, while for m = 100, this advantage grows to 18×.1233

Improved Regret Performance.12 Further, instead of the small gain seen in the previous section, in1234

this problem S-COLTS has a strong statistical advantage relative to SAFE-LTS for even moderate m.1235

Indeed, while at m = 1, its regret is about 10% larger than that of SAFE-LTS, for larger m, its regret1236

is many times smaller. In particular, for m ≥ 10, we found that the regret of S-COLTS is roughly 3×1237

smaller (ranging between 2.7× and 3.4×.).1238

Takeaways. This investigation further bolsters the strong advantage of S-COLTS over SAFE-LTS. Note1239

11Note that it may be possible to mitigate this somewhat by instead imposing the convex constraint
maxi(Φ̂ta − α)i + ∥a∥−1

Vt
≤ 0 to exploit that the same matrix V −1

t appears in all constraints. However,
the gradient computation of this map still grows with m, so the overall picture is unclear. Of course, imposing
only m linear constraints is bound to be faster.

12Note: for the regret ratio in Figure 2, we perform 100 separate runs with both methods, and compute the
ratio of regret for the two methods in each. That figure reports the mean over this data - in this case, the expected
mean is ∼ 1.5 at m = 1, but with wide confidence intervals (CIs). For m ≥ 10, the lower confidence bounds all
exceed 2. At m = 1, the mean regret of SAFE-LTS is about 0.91× that of S-COLTS, with strongly overlapping
CIs.
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that alternative confidence-set based hard enforcement methods are at least 2d times slowed than1240

SAFE-LTS, meaning that the computational advantage of S-COLTS is even stronger relative to these1241

methods. For large m, this appears to be accompanied by a large statistical advantage, making this1242

the natural method in applications of SLBs.1243

J.3 Simulation Study on the Behaviour of the Decoupled Noise1244

Finally, we investigate the behaviour of the COLTS framework under the decoupled noise design,1245

wherein, instead of setting H = −1mη, we draw η, and each row of H, independently from νγ .1246

The main impetus behind this, of course, is that this decoupled design is a natural choice to execute1247

COLTS, although it is contraindicated by the analysis tools available to us.1248

Behaviour of Event Rates with γ. To begin with, Figure 7 shows the global optimism, local optimism,1249

and unsaturation rates with this decoupled noise for the same instance as previously studied. Observe1250

first that the decoupled noise design does experience a slight decrease in each of these rates compared1251

to those seen in Figure 3. However, this effect is relatively mild, and in particular, we can see that1252

the unsaturation rate is already up to nearly one at our previously selected value of γ = 0.5. This1253

suggests that the decoupled noise would do nearly as well as the coupled noise in this case.1254

Figure 7: Behaviour of the Global Optimism, Local Optimism, and Unsaturation Rates with γ for the Decoupled
Noise in the setting of Figure 3. Observe that while these rates decay somewhat with respect to the coupled
noise, they are still strong, and especially for large γ are nearly as good as with the coupled noise.

Behaviour of Regret and Risk. To further investigate the above claim, we execute E-COLTS without1255

exploration (or equivalently, R-COLTS with r = 0) driven with this decoupled noise over the longer1256

horizon T = 5 · 104. The resulting regret and risks are plotted in Figure 8, along with the same for1257

E-COLTS with coupled noise. Observe that the decoupled noise sees a significant loss of about 3× in1258

regret, but sees a gain of about 1.5× in risk. Heuristically, we may think of the decoupled noise as1259

behaving as if the noise is coupled but "shrunk", so that the behaviour of the risk is improved, but the1260

behaviour of the regret worsens.1261

Practically speaking, our recommendation remains to use the coupled noise design, in that it attains1262

higher rates of explanatory events, and carries theoretical guarantees. Nevertheless, establishing that1263

RT and ST do scale sublinearly with the decoupled noise design, as is evident from Figure 8, is an1264

interesting open problem.1265

J.3.1 Investigation of Rates with Increasing m1266

Of course, the main obstruction with the use of the decoupled noise in §4.2 was to do with many1267

constraints. Indeed, it should be clear that under this decoupled noise, the local optimism rate must1268

decay exponentially with m, since if any row of Φ̃t is perturbed so that a∗ violates its constraints,1269

local optimism would fail (and this would occcur with a constant chance, no matter the estimates).1270

To probe whether this indeed occurs, we simulate the behaviour of E-COLTS with the coupled and1271

decoupled noise designs on a simplified setup.1272

Setup. We again take the d = 2 polygonal constraints investigated in §J.2.1. We investigate1273

the behaviour of E-COLTS with both the coupled and decoupled noise designs on this instance as1274
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Figure 8: Behaviour of regret (left) and risk (right) for E-COLTS executed with the decoupled noise compared
with E-COLTS executed with the coupled noise (one-sigma error bars). Observe that the regret behaviour sharply
deteriorates, while the risk behaviour slightly improves for the decoupled noise design. Heuristically, this
suggests that the decoupled noise behaves ‘like’ the coupled noise, but with a smaller value of γ.

Figure 9: Behaviour of the rates of global and local optimism, and of unsaturation, in the polygonal instances
as the number of constraints is increased for the coupled (left) and decoupled (right) noise designs driven by
Unif(S2). Observed that the behaviour of these is stable with m for the coupled design, but for the decoupled
design, the local optimism and unsaturation rate decay with m. Surprisingly, the global optimism rate remains
stable even for the decoupled noise design.

m ∈ {10, 20, . . . , 100} ∪ {200, 300, . . . , 1000}, thus letting us probe an extremely high number of1275

unknown constraints.1276

Observations. There are two main observations of Figure 9. Firstly, note that as shown in the main1277

text, the rates of optimism and unsaturation under the coupled noise design are stable, and do not1278

meaningfully vary with m after it has grown at least slightly.1279

On the other hand, under the decoupled noise design, the local optimism rate clearly crashes ex-1280

ponentially. The unsaturation rate has a slower but evident decay: roughly, this is as m−1.3 for1281

m ≤ 100, and appears to be exponential for large m. However, surprisingly, the global optimism1282

rate remains stable (although lower than the same with the coupled design). This shows that there1283

are situations with low-regret where frequent global optimism would be the ‘correct’ explanation for1284

good performance of methods like S-COLTS or E-COLTS (indeed, this is what prompted us to write the1285

optimism based analysis of these methods in §H.5). Note however that proving that global optimism1286

is frequent under the decoupled design is an open problem. In fact, with unknown constraints, we do1287

not know of any method to deal with global optimism lower bounds that does not pass through local1288

optimism, since the approach of Abeille & Lazaric [AL17] relies on convexity properties of the value1289

function in terms of the unknown parameters, which fails in this case.1290
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1. Claims1320
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Justification: as the abstract and introduction specify, we propose and analyse algorithms for1324

SLBs based on the COLTS framework.1325

Guidelines:1326

• The answer NA means that the abstract and introduction do not include the claims1327

made in the paper.1328

• The abstract and/or introduction should clearly state the claims made, including the1329

contributions made in the paper and important assumptions and limitations. A No or1330

NA answer to this question will not be perceived well by the reviewers.1331

• The claims made should match theoretical and experimental results, and reflect how1332

much the results can be expected to generalize to other settings.1333

• It is fine to include aspirational goals as motivation as long as it is clear that these goals1334

are not attained by the paper.1335

2. Limitations1336

Question: Does the paper discuss the limitations of the work performed by the authors?1337

Answer: [Yes]1338
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Justification: Theoretical limitations of results, and their context, is extensively discussed,1339

along with open problems specified (latter mostly in the appendix).1340
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• The answer NA means that the paper has no limitation while the answer No means that1342

the paper has limitations, but those are not discussed in the paper.1343

• The authors are encouraged to create a separate "Limitations" section in their paper.1344

• The paper should point out any strong assumptions and how robust the results are to1345
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model well-specification, asymptotic approximations only holding locally). The authors1347

should reflect on how these assumptions might be violated in practice and what the1348
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• The authors should reflect on the scope of the claims made, e.g., if the approach was1350

only tested on a few datasets or with a few runs. In general, empirical results often1351
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• The authors should reflect on the factors that influence the performance of the approach.1353
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• While the authors might fear that complete honesty about limitations might be used by1362

reviewers as grounds for rejection, a worse outcome might be that reviewers discover1363

limitations that aren’t acknowledged in the paper. The authors should use their best1364

judgment and recognize that individual actions in favor of transparency play an impor-1365

tant role in developing norms that preserve the integrity of the community. Reviewers1366

will be specifically instructed to not penalize honesty concerning limitations.1367

3. Theory assumptions and proofs1368

Question: For each theoretical result, does the paper provide the full set of assumptions and1369

a complete (and correct) proof?1370

Answer: [Yes]1371

Justification: Complete proofs are available in the appendix. We also specify the main1372

technical ideas in the main text.1373
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• The answer NA means that the paper does not include theoretical results.1375

• All the theorems, formulas, and proofs in the paper should be numbered and cross-1376

referenced.1377
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• The proofs can either appear in the main paper or the supplemental material, but if1379

they appear in the supplemental material, the authors are encouraged to provide a short1380

proof sketch to provide intuition.1381

• Inversely, any informal proof provided in the core of the paper should be complemented1382

by formal proofs provided in appendix or supplemental material.1383

• Theorems and Lemmas that the proof relies upon should be properly referenced.1384

4. Experimental result reproducibility1385

Question: Does the paper fully disclose all the information needed to reproduce the main ex-1386

perimental results of the paper to the extent that it affects the main claims and/or conclusions1387

of the paper (regardless of whether the code and data are provided or not)?1388

Answer: [Yes]1389

Justification: the algorithms and tools used, the computational resources needed, and the1390
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• If the paper includes experiments, a No answer to this question will not be perceived1394

well by the reviewers: Making the paper reproducible is important, regardless of1395

whether the code and data are provided or not.1396

• If the contribution is a dataset and/or model, the authors should describe the steps taken1397

to make their results reproducible or verifiable.1398

• Depending on the contribution, reproducibility can be accomplished in various ways.1399

For example, if the contribution is a novel architecture, describing the architecture fully1400
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dataset, or provide access to the model. In general. releasing code and data is often1403

one good way to accomplish this, but reproducibility can also be provided via detailed1404

instructions for how to replicate the results, access to a hosted model (e.g., in the case1405
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to reproduce that algorithm.1412

(b) If the contribution is primarily a new model architecture, the paper should describe1413

the architecture clearly and fully.1414

(c) If the contribution is a new model (e.g., a large language model), then there should1415

either be a way to access this model for reproducing the results or a way to reproduce1416

the model (e.g., with an open-source dataset or instructions for how to construct1417

the dataset).1418

(d) We recognize that reproducibility may be tricky in some cases, in which case1419

authors are welcome to describe the particular way they provide for reproducibility.1420

In the case of closed-source models, it may be that access to the model is limited in1421

some way (e.g., to registered users), but it should be possible for other researchers1422

to have some path to reproducing or verifying the results.1423

5. Open access to data and code1424

Question: Does the paper provide open access to the data and code, with sufficient instruc-1425

tions to faithfully reproduce the main experimental results, as described in supplemental1426

material?1427

Answer: [No]1428

Justification: the methods implemented use standard estimates in bandits, along with library1429

linear programming routines. We believe that this is easy to implement.1430
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• The answer NA means that paper does not include experiments requiring code.1432

• Please see the NeurIPS code and data submission guidelines (https://nips.cc/1433

public/guides/CodeSubmissionPolicy) for more details.1434

• While we encourage the release of code and data, we understand that this might not be1435

possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not1436

including code, unless this is central to the contribution (e.g., for a new open-source1437

benchmark).1438

• The instructions should contain the exact command and environment needed to run to1439

reproduce the results. See the NeurIPS code and data submission guidelines (https:1440

//nips.cc/public/guides/CodeSubmissionPolicy) for more details.1441

• The authors should provide instructions on data access and preparation, including how1442

to access the raw data, preprocessed data, intermediate data, and generated data, etc.1443

• The authors should provide scripts to reproduce all experimental results for the new1444

proposed method and baselines. If only a subset of experiments are reproducible, they1445

should state which ones are omitted from the script and why.1446
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• At submission time, to preserve anonymity, the authors should release anonymized1447

versions (if applicable).1448

• Providing as much information as possible in supplemental material (appended to the1449

paper) is recommended, but including URLs to data and code is permitted.1450

6. Experimental setting/details1451

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-1452

parameters, how they were chosen, type of optimizer, etc.) necessary to understand the1453

results?1454

Answer: [Yes]1455
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that is necessary to appreciate the results and make sense of them.1460
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material.1462

7. Experiment statistical significance1463

Question: Does the paper report error bars suitably and correctly defined or other appropriate1464

information about the statistical significance of the experiments?1465

Answer: [Yes]1466

Justification: one-sigma error bars are reported throughout, except for iteration time mea-1467
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• The answer NA means that the paper does not include experiments.1473

• The authors should answer "Yes" if the results are accompanied by error bars, confi-1474

dence intervals, or statistical significance tests, at least for the experiments that support1475

the main claims of the paper.1476

• The factors of variability that the error bars are capturing should be clearly stated (for1477
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run with given experimental conditions).1479
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• The assumptions made should be given (e.g., Normally distributed errors).1482

• It should be clear whether the error bar is the standard deviation or the standard error1483

of the mean.1484

• It is OK to report 1-sigma error bars, but one should state it. The authors should1485
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of Normality of errors is not verified.1487

• For asymmetric distributions, the authors should be careful not to show in tables or1488
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error rates).1490

• If error bars are reported in tables or plots, The authors should explain in the text how1491

they were calculated and reference the corresponding figures or tables in the text.1492

8. Experiments compute resources1493

Question: For each experiment, does the paper provide sufficient information on the com-1494

puter resources (type of compute workers, memory, time of execution) needed to reproduce1495

the experiments?1496

Answer: [Yes]1497

Justification: see §J1498
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• The answer NA means that the paper does not include experiments.1500

• The paper should indicate the type of compute workers CPU or GPU, internal cluster,1501

or cloud provider, including relevant memory and storage.1502

• The paper should provide the amount of compute required for each of the individual1503

experimental runs as well as estimate the total compute.1504

• The paper should disclose whether the full research project required more compute1505

than the experiments reported in the paper (e.g., preliminary or failed experiments that1506

didn’t make it into the paper).1507

9. Code of ethics1508

Question: Does the research conducted in the paper conform, in every respect, with the1509

NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?1510

Answer: [Yes]1511

Justification: No data drawn from human subjects was used in this research. The paper is1512
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our contributions.1516
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• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.1518
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deviation from the Code of Ethics.1520

• The authors should make sure to preserve anonymity (e.g., if there is a special consid-1521
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10. Broader impacts1523
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societal impacts of the work performed?1525

Answer: [No]1526
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feedback over time, improving the efficiency and accessibility of ML).1552
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• Datasets that have been scraped from the Internet could pose safety risks. The authors1565

should describe how they avoided releasing unsafe images.1566
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faith effort.1569

12. Licenses for existing assets1570

Question: Are the creators or original owners of assets (e.g., code, data, models), used in1571

the paper, properly credited and are the license and terms of use explicitly mentioned and1572

properly respected?1573
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Justification: the code was entirely written bythe authors. The sole data used is the matrix1575
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• The authors should state which version of the asset is used and, if possible, include a1580

URL.1581

• The name of the license (e.g., CC-BY 4.0) should be included for each asset.1582

• For scraped data from a particular source (e.g., website), the copyright and terms of1583
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13. New assets1593

Question: Are new assets introduced in the paper well documented and is the documentation1594

provided alongside the assets?1595

Answer: [NA]1596

Justification: no new assets are released.1597
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• The answer NA means that the paper does not release new assets.1599

• Researchers should communicate the details of the dataset/code/model as part of their1600
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limitations, etc.1602
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• The paper should discuss whether and how consent was obtained from people whose1603

asset is used.1604

• At submission time, remember to anonymize your assets (if applicable). You can either1605

create an anonymized URL or include an anonymized zip file.1606
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or other labor should be paid at least the minimum wage in the country of the data1620
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Question: Does the paper describe potential risks incurred by study participants, whether1624
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approvals (or an equivalent approval/review based on the requirements of your country or1626
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Answer: [NA]1628

Justification: no research with human subjects or crowdsourcing were employed.1629
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• The answer NA means that the paper does not involve crowdsourcing nor research with1631
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• Depending on the country in which research is conducted, IRB approval (or equivalent)1633

may be required for any human subjects research. If you obtained IRB approval, you1634
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• We recognize that the procedures for this may vary significantly between institutions1636
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institution.1640
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applicable), such as the institution conducting the review.1642

16. Declaration of LLM usage1643
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