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Abstract

In spite of their prevalence, the behaviour of Neural Networks when extrapolating
far from the training distribution remains poorly understood, with existing results
limited to specific cases. In this work, we prove general results—the first of their
kind—by applying Neural Tangent Kernel (NTK) theory to analyse infinitely-
wide neural networks trained until convergence and prove that the inclusion of
just one Layer Norm (LN) fundamentally alters the induced NTK, transforming
it into a bounded-variance kernel. As a result, the output of an infinitely wide
network with at least one LN remains bounded, even on inputs far from the training
data. In contrast, we show that a broad class of networks without LN can produce
pathologically large outputs for certain inputs. We support these theoretical findings
with empirical experiments on finite-width networks, demonstrating that while
standard NNs often exhibit uncontrolled growth outside the training domain, a
single LN layer effectively mitigates this instability. Finally, we explore real-world
implications of this extrapolatory stability, including applications to predicting
residue sizes in proteins larger than those seen during training and estimating age
from facial images of underrepresented ethnicities absent from the training set.

1 Introduction

Neural Networks (NN) have dominated the Machine Learning landscape for more than a decade.
Various deep architectures became the state-of-the-art approaches across countless applications.
However, despite this empirical success, we still have a limited understanding of how these models
learn and how they behave when making predictions.

What poses particular difficulty is analysing the network’s prediction as inputs get further away from
the training data. Clearly, a network achieving a low training set error should output values close to
the ground truth labels on the training points. Yet, it is difficult to say how the network will behave
outside of the training domain, as the training process does not necessarily constrains the network’s
output there. As such, the extrapolatory behaviour of these networks is very much undefined.

Lack of understanding of this extrapolatory behaviour can be dangerous. For example, a deep learning-
based control system that applies voltages to a robot arm based on camera inputs can encounter pixel
values with brightness exceeding those found in the training set. If this causes the network to output
extreme values, this could easily lead to a serious safety hazard in the system. As such, understanding
how networks behave outside of the training domain and whether their predictions are stable out of
distribution is critical.

One of the most complete theoretical approaches to studying the behaviour of Deep Neural Networks
is the Neural Tangent Kernel (NTK) theory [[19} 23]]. Previous work in that stream [23] managed to
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show that as the network width approaches infinity, the trained network’s output is equivalent to the
posterior mean of a Gaussian Process (GP) [29] with a specific kernel function that depends only
on the network’s architecture. While any real neural network has, of course, a finite width, in many
cases, the predictions made by the NTK theory matched the empirical observations [[19, 23] |1} |13].

In this work, we use NTK theory to analyse the effect on extrapolatory, or out-of-distribution (OOD),
predictions of including Layer Normalisation (LN) [2] operations in a network. We show that for
an infinitely-wide, fully-connected standard network with positive n-homogeneous nonlinearities,
there always exists a fixed training dataset such that their predictions get pathologically large, i.e.
“explode”. On the other hand, we show that the NTK of infinitely-wide, fully-connected architectures
containing at least one LN operation admits an upper bound for any input, no matter how far from the
training domain. Using this, we show that such networks trained until convergence have a bounded
output even infinitely far from the training domain, for any training set. We then show how these
properties are useful across different practical applications, including extrapolating residue size
prediction to proteins larger than those seen during training and age prediction for unrepresented
ethnicities absent from training data. We detail our contributions below:

* We show with Theorem [3.1] that for infinitely-wide fully-connected positive n-homogeneous
nonlinearities, but without any LN, the absolute value of the expectation (with expectation
taken over initialisation) can be arbitrarily high outside of the training domain.

* We show with Theorem [3.3] that the inclusion of a single LN anywhere in the network
imposes an upper bound on the absolute value of expected output anywhere in the domain.
That is, they enjoy stable extrapolation.

* We verify these theoretical results on a number of toy problems and show that standard
neural networks “explode” outside of the training domain, whereas the presence of at least
one LN prevents this explosion from happening.

* We show how these properties are useful when making out-of-distribution predictions, such
as extrapolating residue size prediction to proteins larger than those seen during training and
age prediction for unrepresented ethnicities absent from training data.

Furthermore, we extend our extrapolation stability results with Theorem [C.3|to a more general class
of nonlinearities and with Theorem@] to, under certain circumstances, any architecture within the
Tensor Program framework [35} 36} 37]].

2 Preliminaries and Problem Setting

We assume we are solving a supervised learning problem given a dataset Dy,in = {(;, yi)}le,
where for all© = 1,...,n, by x; € R" we denote an ng-dimensional input datapoint and by
y; € R corresponding to the target variable. We assume there are no repeated datapoints, that is,
r; =x; = 1= j. We will denote by Xyain = {x;}]—; and Viain = {y:}]—,. We use this data
to train a NN fg : R" — R, parametrised by some § € Q C R% We measure the success on
this learning problem by the MSE loss function L(6; Dyain) = % || fo(:) — i Hg We assume the
parameters of NN are initialised as described in Appendix [A] They then evolve via gradient descent
update as 0" = 0'~1 — 1V L(0; Dyain) With learning rate 7 > 0 at each step ¢ > 0. The work of [19]
observed that (even finite) NNs during training follow a kernel gradient descent with a kernel:

O(z,z";0) = (Vo fo(x), Vofo(z')),

also known as the empirical NTK. They then show that for an MLP, as the width of the smallest layer
approaches infinity, the NTK converges to a limit O («, «’) that stays constant throughout the training
process. Furthermore, the work of [23]] showed that if the network is trained with learning rate small
enough then in the limit ¢ — oo, the network converges to:

f@‘X’ (w*) = @($*7 Xtrain)@(/ytrainz ‘Xlrain)_l(ylrain - f90 (CL'*)) + f90 (iL'*),

where fgo (2*) is the output of freshly initalised network with parameters 6° for input z*. As for the
standard parameterisation E[fyo (x*)] = 0, we thus also get that:

E[fex (.’11*)] = @(m*a 'X'train)@)()(traina -X'train)ilytraim



which is precisely the posterior mean of a GP with kernel function ©(x, ') conditioned on data
Durain evaluated at point *. While the original result of [23]] assumed ||z*|| < 1, this assumption
can be lifted without affecting the limit, as we explain in Appendix [B] This result is valid, as long
as the infinite width limit ©(x, ) exists. The work of [33, 36| [37] showed this limit exists for any
combinations of basic operations (called Tensor Programs), which include Convolutions, Attention,
and Layer Normalisations, to name a few. For completeness, we define the n-dimensional Layer
Normalisation (LayerNorm) operation LN : R" — R" below:

where p = L 3" z;and 0 = \/ L5 1 (zi — p)? and the division and subtraction of vector z
and scalars p and o is executed for each element of z.

3 Theoretical Results

We now proceed to analyse how the inclusion of LNs in the network’s architecture affect the NTK,
and therefore the behaviour of the trained networks. We conduct our analysis under the assumption
that the network’s activation function ¢(+) satisfies the following assumptions:

Assumption 3.1. Activation functions ¢ : R — R are almost-everywhere differentiable and act
element-wise.

Assumption 3.2. Activation functions ¢ : R — R are positive n-homogeneous with n > 0.5, i.e.
d(Ax) = N"¢(z) VA > 0.

Assumption 3.3. The minimum eigenvalue Ap;, of the Gram matrix of the NTK over the training
dataset, Oy, is strictly positive, i.e. Ay > 0.

Note that the former of the the activation function assumptions is a requirement of all activation
functions, and the latter is true for the popular ReLU [12] activation function and its Leaky [25]] and
Parametric [15] variants, which are specifically positive 1-homogeneous. This can easily be seen by
noting that, for A > 0, ¢reLu(Az) = max(0, \z) = Amax(0, z) = A ¢reLu(z). The significance of
n > 0.5 becomes clear when considering an important consequence of Assumption[3.2} the activation
derivative ¢(-), which is positive n — 1-homogeneous, is square integrable with respect to the standard
normal measure, i.e. ¢(-) € L%(R,~), only if the monomial degree of the derivative close to 0 is
greater than —0.5, which is essential for NTK analysis.

While other popular activation functions, such as GELU and Swish [[18]], do not satisfy the latter
criteria due to their behaviour for small inputs, one can see that for large inputs the behaviour of
these nonlinearities approaches positive n-homogeneity. In Appendix [C] we extend our analysis to
rigorously consider a broader class of nonlinearities containing almost all popular activation functions
[1O], observing that our most important result holds under these relaxed assumptions too.

The assumption on the eigenvalues of the Gram matrix is standard in all NTK literature, and essentially
ensures neither the dataset nor the kernel is degenerate.

3.1 Standard Neural Networks are unbounded

We first proceed by analysing the extrapolatory behaviour of standard networks without LN operations:

Theorem 3.1. Consider an infinitely-wide network fy(x) with nonlinearities satisfying Assumption
and Assumption and fully-connected layers. Then, there exists a finite dataset Dy =
(Xirainy Virain) such that any such network trained upon D until convergence has

sup [E [fy(@)]] = oo,
xcR™0

where the expectation is taken over initialisation.

'When proving statements about infinite networks fo(a), we refer to the limiting network. Eg. in this case
the statement is equivalent to sup, cgno |E [lim, oo fo()]|, where n is the width of smallest layer.




Proof sketch. We show that such a network has an NTK which, for a large input to even one of
its arguments, is approximately positive n”-homogeneous, where L is the number of layers in the
network, and thus grows without bound when nontrivial. Furthermore, we show that this behaviour
is strictly positive, and thus indeed nontrivial, for any pair of inputs with positive cosine similarity.
Using the Representer theorem to express the prediction of the trained network as a weighted sum
of NTK evaluations of the input with all training inputs, and by constructing the training dataset
with nontrivial targets such that all pairs of training inputs have positive cosine similarity, we show
that there exists a direction within the training set along which the magnitude of the trained network
prediction must be nontrivial and therefore grow without bound with input magnitude.

O

In the language of kernel methods, this is equivalent to showing that the reproducing kernel Hilbert
space (RKHS) of the NTK, the span of which forms the set of all functions learnable by the network,
contains only functions which grow without bound. For the training dataset described above, the
function learned by the network does not enjoy perfect cancellation of these growths across training
inputs, thus itself grows without bound. This result generalises existing theoretical results [34]]
(also built on NTK theory), and presents a clear problem: previously unseen inputs can generate
pathologically large outputs, which could easily lead to a serious safety hazard in critical systems.

3.2 Inclusion of even a single Layer Norm bounds network predictions

By analysing the changes induced in the NTK, and therefore the predictions of the trained network,
by the inclusion of an LN operation, we proceed to derive our main result:

Theorem 3.2. The NTK of a network fg(x) with nonlinearities satisfying Assumption and
Assumption[3.2) fully-connected layers, and at least one Layer Norm anywhere in the network, enjoys
the property that:

V:BGR”O ‘@ (iL’,iL’)| § C
for some constant C > 0.

Proof sketch. We prove that inclusion of a Layer Norm at layer hyy of the network causes the

variance NTK, i.e. ©(x, ), to take the form of a ratio of two (strictly positive) functions of input

. . hLN . -
norm, each at leading order a monomial of order ||||™ “" independent of the direction of @, thus for

large input magnitudes approaches a finite limit, also independent of input direction. Furthermore,
we show that by the assumptions on the nonlinearities, both functions remain bounded for finite input
magnitude. Thus, the variance NTK itself is bounded. O

Equipped with this result, we now proceed to study the extrapolatory behaviours of infinitely-wide
networks with LN. We have previously proven that for standard infinitely-wide networks, one can
always find a dataset causing arbitrarly large outputs. We now prove the opposite for network with
LN—that is, for any dataset and any test point the output of networks with LN remains bounded with
the bound being finite for any finite dataset.

Theorem 3.3. Given an infinitely-wide network fg(x) satisfying Assumption and Assumption
[3:2) fully-connected layers, and at least one layer-norm anywhere in the network, trained until
convergence on any training data Diygin = (Xiainy Yirain), We have that for any x € R™0:

C’max, YVirain y|
|E[f9($)]| S B(Dtrain) - H )\y—E |Dtruin| 3

where the expectation is taken over initialisation and \,,;, is the smallest eigenvalue of © 4, and C
is the kernel-dependent constant from Theorem or Theorem[3.2]

Proof sketch. Note that the GP posterior mean at a single test point @ is a product of two vectors
O(2, Xirain)© ™ (Xirain, Xirain) and y. By Cauchy-Schwarz, the absolute value of a dot product of two
vectors cannot be greater that the product of their norms. Clearly |y| < /| Diin| max,ey,,, |y| and
due to bounded variance property of the kernel we have |O (@, Xiain)| < v/|Dirain|C, as explained in
Proposition The proof is finished by observing that multiplication with 6! (Xeains Xirain) CANNOL

increase the norm by more than 4/ ﬁ, which by Assumption is finite. O
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Again in the language of kernel methods, the RKHS of the NTK, and therefore the set of functions
learnable by such a network, contains only bounded functions. As the training targets are finite, by the
self-regularising (with respect to the RKHS norm) property of kernel regressions, the trained network
learns a finite combination of these functions, and therefore must itself be bounded. Note the bound
is derived for the worst-case dataset and as such might not be tight in the average case. However, we
would like to emphasise again that it is remarkable such a bound exists at all, in contrast to Theorem
[3.1] This is a significant result and the first of its kind; by including even a single Layer Norm, one
guarantees that the trained network’s predictions remain bounded, providing a certificate of safety
for critical tasks. We add here that, while the above only considers the case of fully connected
networks with nonlinearities satisfying Assumption [3.2] in Appendix [C|we extend our analysis to a
broader class of architectures and nonlinearities, providing this same guarantee for almost all popular
activation functions and arbitrary architectures in the Tensor Program framework starting with a
linear layer followed by a Layer Norm operation.

3.3 Is considering learning dynamics necessary?

Within the analysis above, we analysed the behaviours of randomly initialised neural networks trained
with gradient descent until convergence via the NTK theory. Given the promising properties of
LN networks, one might reasonably ask if it possible to arrive at such a bound without considering
learning dynamics. However, we now show that in this relaxed setting, one may choose network
parameters optimal with respect to the training loss such that even with a Layer Norm, no such
guarantee is possible:

Proposition 3.4. There exists a trained network fé(:c) including Layer Norm layers such that

sup
zER™0 0+

J3@)| = oc,
where Q0* = argming g L (é, Drmm> is the set of minimisers of the training loss.

Proof sketch. There exists a network fy(x) with fully-connected layers, operating in an over-
parametrised regime such that additional linear layer parameters may not further decrease the
training loss over some finite training set Diin, and SUpP,cpno peq- |fo(T)| = oo, where Q* is the
set of minimisers of the training loss (for example, a single linear layer network with non-trivial
noiseless linear Dyin). One can construct a network f(z) from fg(z) containing a standard Layer
Norm operation, such that V& € R™, 30 € Q s.t. fé(w) = fo(x) VO € Q. As fyg(x) already
achieves the minimum training loss, it follows that the set of 9 exactly recovering fy() is a subset
of Q* VA € Q*, so any properties of trained fy(x) are also present in this subset of trained fé(m).

Thus, SupmeR"U,éefz* ‘fé(w)‘ = Q. D

The above proves that, without explicitly considering training dynamics and initialisation, one cannot
arrive at such guarantees. This lends credence to the popular theory that the training process itself is
of particular importance to network generalisation [5} 126 |4} |32]], and demonstrates the power of NTK
theory in understanding the behaviour of Neural Networks.

4 Experiments

We now proceed to verify our theoretical results with empirical experiments, as well as show how the
insights we derived can be utilised in practical problem settings. For details about compute and the
exact hyperparameter settings, see Appendix |J| We implemented all networks using PyTorch [27].
We open-source our codebase

https://github.com/JuliuszZiomek/LN-NTK
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Figure 1: Predictions made by networks with various architectures when trained on synthetic datasets.
Red dot show the train set datapoints. The solid lines indicate average values over 5 seeds and shaded
areas are 95% confidence intervals of the mean estimator.
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Figure 2: Heatmaps showing the values of empirical NTK values O(x, ') plotted on domain
x,x’ € [—25,25] with brighter colours indicating higher values. Note that the scales are different for
each heatplot, with the values range for the NTK of Standard NN being orders of magnitude higher
than others. The displayed values are averages over 5 seeds.



4.1 Verifying Theoretical Results on Toy Problems

We first verify our theory on a number of toy problems. We specifically choose three one-dimensional
datasets, where the relationship between the target and input variables are a sinusoid, a linear, and a
quadratic function respectively For each dataset, we fit neural networks with different architectures.
We first adopt a baseline standard MLP with ReL.U nonlinearities, consisting of two layers, each of
size 128. We then compare three different variants including Layer Normalisation: Preceding all, the
first, and the last hidden layers. We train each architecture to convergence on each dataset and plot
the results in Figure[T] To account for randomness in initialisation, we repeat this experiment over
five seeds and plot the mean predictions together with 95% confidence interval of the mean estimator.

The results clearly show that regardless of dataset or initialisation, the network without an LN
extrapolates linearly and thus “explodes”, verifying Theorem [3.1] while the presence of even a
single LN operation anywhere within the network prevents that behaviour from occurring, verifying
Theorem[3.3] In fact, what we typically see is that a standard NN simply continues the local trend
that appears near the boundaries of the training distribution, whereas the outputs of networks with
at least one LN quickly saturate. Interestingly, varying the position of our number of LNs in the
network has an insignificant effect on prediction. We show additional experiments in Figures[5|and
[6lin Appendix. These results show that the same effect is observed when changing the activation
function to GELU or SiLU, and that BatchNorm does not prevent the explosion as LayerNorm does,
which is expected under our theory as BatchNorm does not alter the NTK. Additionally, in Figure
we show that LayerNorm also prevents explosion in a transformer architecture, thus verifying
experimentally Theorem[C.3]k

Our theory indicates the properties of the induced NTK should drastically change after the inclusion
of even a single LN operation throughout the network. To verify this claim, we show the empirical
NTK at initialisation, that is V fp(z) " V fg (z'), as a heatplot. We note that as the network width
approaches infinity, the empirical NTK should approach the limiting NTK, which we studied above.
We show the heatplot in Figure 2| The displayed values are averages across all seeds.

By inspecting the plots in Figure[2} one immediately sees that there is a completely different structure
to the empirical NTK between Standard NN and the architectures with LN, where the latter exhibit a
“chessboard’-like pattern, clearly closely related to the cosine similarity of the inputs, which when
low leads to minimal covariance. At the same time, this kernel value quickly saturates and reaches
an upper bound that does not seem to vary with the magnitude of inputs, again as expected. On the
other hand, the pattern displayed by the empirical NTK of a standard network is vastly different,
with values steadily increasing with input’s magnitude without saturation. This behaviour seems
present even when the inputs have opposite signs, as indicated by the lighter corners of (25, —25)
and (—25,25). As such, we again see a form of explosion prevented by the presence of LN.

4.2 Extrapolating to bigger proteins

As the first real-world problem we study the UCI Physicochemical Properties of Protein Tertiary
Structure dataset [28], which consists of 45,730 examples with nine physicochemical features
extracted from amino acid sequences. The prediction target is the root mean square deviation
(RMSD) of atomic distances in protein tertiary structures, reflecting the degree of structural similarity.
As training set, we use randomly selected 90% of all proteins with surface area less than 20 thousand
square angstroms. We then construct two validation sets, one in-domain with the remaining 10% of
proteins with smaller surface area, and one out-of-domain with all proteins whose surface area is
larger than 20 thousand square angstroms. We fit the models on the training set and evaluate them
on both validation sets. We utilise the same network architectures as in the toy problem, that is, two
hidden layers of size 128, with the following variants: no LN, LN preceding every hidden layer
and LN preceding 1st and 2nd hidden layers only. Additionally, we compare with the well-known
XGBoost [6] method. We show the numerical results in Table[T]

We observe that all methods perform similarly when evaluated in-distribution, but this is no longer
the case under out-of-distribution (OOD) evaluation. Both the standard neural network and XGBoost
perform substantially worse OOD and are outperformed by neural networks that include at least one
layer normalisation. When inspecting the OOD coefficient of determination (12?) across networks
with different LN placements, we find that the position of the normalization layer does not appear to
affect performance significantly—all LN-equipped networks yield mean OOD R? values within each



other’s confidence intervals. To complement the R? analysis, Figurepresents the distribution of
model predictions on OOD data for each architecture, as well as the relationship between predicted
values and the total surface area of the proteins. The standard neural network without LN tends to
predict unrealistically large residue sizes for large proteins, while XGBoost effectively extrapolates
to a constant value. Biophysically, larger proteins often exhibit higher RMSD values because longer
chains and more complex folds are harder to model accurately. However, this relationship is not
strictly linear, as it depends on how the protein folds and the degree of structural compactness.
Consequently, while one may expect residue size to increase with protein size, a simple linear
extrapolation without bounds is unlikely to be accurate. Conversely, the constant extrapolation seen
with XGBoost likely underestimates residue sizes, which should continue to grow beyond those
observed in the training set. Neural networks that include at least one LN layer appear to strike a more
appropriate balance—continuing the upward trend without producing overly extreme predictions.
Thus, incorporating LN improves the network’s extrapolatory behaviour, leading to more stable and
realistic OOD predictions for this problem.

Table 1: In-distribution (ID) and out-of-distribution (OOD) coefficients of determinstation R? (higher
the better) on the UCI Protein dataset. Displayed value is average over 10 seeds with 95% confidence
intervals (rounded to 2 decimal places). The best values in each row and overlapping methods are

highlighted in bold.
Method LN every LN first LN second  Standard NN XGBoost

OOD R? 0.50+0.02 050+0.02 0.50+0.01 0.314+0.02 0.27+0.04
ID R? 0.60+0.01 059+0.01 0.60+0.01 058+0.01 0.61+0.01

=

Average Model Prediction (LOWESS)
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Figure 3: Histogram of predictions made by each model on the out-of-distribution data for protein
experiment (left) and LOWESS [[7] trendlines fitted to the relationship between protein surface area
and average prediction for each method (right). Both plots are produced from data aggregated from
10 seeds. Shaded areas in the right plot are 95%-confidence intervals.

4.3 Predicting Age from Facial Images of Underrepresented Ethnicities

As a second real-world experiment, we target a computer vision application, where the target is to
predict a person’s age from their facial image. We utilise the UTKFace datasetEI, a large-scale facial
image dataset annotated with age, gender, and ethnicity labels. The dataset contains over 20,000 facial
images spanning a wide range of ages from 0 to 116 years, captured in unconstrained conditions.
Each image is cropped and aligned to 200x200 pixels, and age labels are provided as discrete integers.
The ethnicity label has five unique values: White, Black, Asian, Indian and Others. To evaluate
extrapolation capabilities, we construct the training set using only samples with ethnicity labels White,
Black, Asian, or Indian. During evaluation, the in-distribution set consists of validation images from
these same four ethnicities, while the out-of-distribution set includes remaining validation set images.

*https://susanqq.github.io/UTKFace/
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We train a number of different networks, each one starting with a frozen ResNet-18 [17] as a feature
extractor. After that, each architecture includes two hidden, fully-connected layers of size 128 with
ReLU non-linearities. Same as in the previous two experiments, we experiment with presence and
position of LNs. We train one network without LN, one network with LN after every fully-connected
layer and with only one LN after 1st and 2nd fully-connected layers respectively. We train each
network until convergence on training set and then evaluate on in and out-of-distribution evaluation
sets. We show the results in Table

We observe that while all architectures perform equally well on in-distribution data, their perfor-
mances vary significantly out-of-distribution. The architecture performing best OOD contains an LN
preceding only the first hidden layer, but its confidence intervals overlap with that of architecture
with an LN preceding every hidden layer. Having an LN preceding only the second hidden layer
performs worse, but still clearly outperforms having no LN in the network. In Figure ] we show
average model error for a given OOD test input as a function of average cosine similarity of ResNet
features of that input to training samples. We see that as similiarity goes to 0.0, meaning the testing
input becomes dissimilar to the training data, the average error of all models grows, but this grow is
fastest for the model with no LN, indicating that models with LN make more accurate extrapolation,
implying the stable extrapolation property can also be useful in high-dimensional feature spaces.

Table 2: In-distribution (ID) and out-of-distribution (OOD) coefficients of determinstation R? (higher
the better) on the UTKFace age prediction problem. Displayed value is average over 250 seeds with
95% confidence intervals (rounded to 2 decimal places) . The best values in each row and overlapping
methods are highlighted in bold.

Method LN every LN first LN second  Standard NN

OOD R? 0.42+0.05 047+0.03 0.36+0.04 0.274+0.03
ID R? 0.66 +0.01 0.68+0.01 0.66+0.01 0.66+0.01

5 Related Work

Theoretical research in this area is limited, as

is typically the case for neural network theory.

Xu et al. [34] also utilise NTK theory to analyse — Standard NN

extrapolatory behaviour for a range of infinitely- e — Weterin
wide architectures, but for our problem setting

of fully connected networks they show only that
networks with ReLU activations extrapolate lin-
early; a special case of Corollary [E.T|used in the
proof of Theorem [3.1] Hay et al. [14] provide
extrapolation bounds when learning functions
on manifolds, but this requires a specific train-
ing method and prior knowledge of the function,
rather than a general property of networks as we
prove. Courtois et al. [9] discuss the general 0.00 005 010 015 020 025 030
implications of the existence of NTK theory on Average Cosine Similarity with Training Samples

gitwork ’ext.rapolatl(l)n, but contribute no bounds Figure 4: LOWESS [7]] trendlines fitted to average
quantitative results. OOD model prediction on the UTK-Face task as a
Empirical research is more abundant; Kang et function of average cosine similarity of ResNet-18
al. [20] empirically observe that in very high- features with training samples. Shaded areas are
dimensional input spaces trained networks tend 95% confidence intervals produced over 250 seeds.
to extrapolate at the optimal constant solution,
that is, the constant solution which minimises
error on the training dataset, including with Layer Norm. This relates to our Proposition and the
proof of Corollary [E.2] which suggest that for a network with ReLU activation function and a very
high number of dimensions, the NTK is approximately constant for relatively low input magnitudes,
regions of which at these dimensions may still have the majority of their volume described as out-
of-distribution, and therefore extrapolatory. Additionally, in very high dimensions the criterion on

—— LN after 2nd

Average Model Error (LOWESS)




the dataset to guarantee prediction instability occurs with very low probability, with most training
input pairs having cosine similarity close to 0. Vita et al. [31] show that extrapolatory behaviour is
affected by the choice of optimiser for training. Fahlberg et al. [[11] investigate network extrapolation
in protein engineering, finding inductive biases of networks drive extrapolatory behaviour, which is
complimentary to our results.

Regarding work understanding Layer Norm in general, Xu et al. [33] found the effect of the Layer
Norm operation on gradients during backpropagation to be more important than its effect on the
forward pass, which matches our observations as these gradients are the mechanism by which
Theorem [3.2]is possible. Zhu et al. [38] empirically found replacing Layer Norm operations with a
scaled tanh function to be effective in large transformers; we speculate that this success comes about
from enforcing the sigmoidal behaviour of the infinite width Layer Norm (obvious from our Equation
[T0) even at lower network widths.

6 Conclusions

Within this work, we have shown how the inclusion of even a single LN operation throughout the
network fundamentally changes its extrapolatory behaviour. We explained this phenomenon from the
NTK point of view and verified our claims with a number of empirical studies, showing how this
property may be useful in real-world scenarios. We believe the conclusions drawn from our work can
be useful to practitioners. While LNs are already very popular, there are still many architectures that
do not include it. However, if one wishes for the output to be bounded even outside of the training
domain, one should consider utilising (at least one) LN somewhere within the network’s architecture.

We note that extrapolation is, in general, an incredibly difficult problem. As we go outside of
data distribution, what exactly consistutes a “good” extrapolation is unknown to us unless further
assumptions can be made. A stable (i.e. bounded) extrapolation, while desirable in many cases
outlined in this paper, does not need to be always correct. For example, there might be some datasets
when we want to continue a linear trend even as we go far away from training data. This pertains to
the broader problem of selecting a kernel based on limited observations, such that the function of
interest lies in the RKHS, which has been extensively studied in GP literature [24}, 3} 139, |40]. Within
this work, we do not claim that LN universally “solves” the problem of extrapolation. Instead, we
aimed to highlight the differences in extrapolatory behaviour of networks with and without LN, so
that practitioners can make more informed architectural choices.

References

[1] Sanjeev Arora, Simon S Du, Wei Hu, Zhiyuan Li, Russ R Salakhutdinov, and Ruosong Wang.
On exact computation with an infinitely wide neural net. Advances in neural information
processing systems, 32, 2019.

[2] Jimmy Lei Ba, Jamie Ryan Kiros, and Geoffrey E Hinton. Layer normalization. arXiv preprint
arXiv:1607.06450, 2016.

[3] Felix Berkenkamp, Angela P Schoellig, and Andreas Krause. No-regret bayesian optimization
with unknown hyperparameters. Journal of Machine Learning Research, 20(50):1-24, 2019.

[4] Satrajit Chatterjee. Coherent gradients: An approach to understanding generalization in gradient
descent-based optimization. arXiv preprint arXiv:2002.10657, 2020.

[5] Pratik Chaudhari, Anna Choromanska, Stefano Soatto, Yann LeCun, Carlo Baldassi, Chris-
tian Borgs, Jennifer Chayes, Levent Sagun, and Riccardo Zecchina. Entropy-sgd: Biasing

gradient descent into wide valleys. Journal of Statistical Mechanics: Theory and Experiment,
2019(12):124018, 2019.

[6] Tianqi Chen and Carlos Guestrin. Xgboost: A scalable tree boosting system. In Proceedings of
the 22nd acm sigkdd international conference on knowledge discovery and data mining, pages
785-794, 2016.

[7] William S Cleveland. Lowess: A program for smoothing scatterplots by robust locally weighted
regression. The American Statistician, 35(1):54, 1981.

[8] Vlad-Raul Constantinescu and Ionel Popescu. Approximation and interpolation of deep neural
networks, 2024.

10



[9] Adrien Courtois, Jean-Michel Morel, and Pablo Arias. Can neural networks extrapolate?
discussion of a theorem by Pedro Domingos. Revista de la Real Academia de Ciencias Exactas,
Fisicas y Naturales. Serie A. Matemdticas, 117(2):79, 2023.

[10] Shiv Ram Dubey, Satish Kumar Singh, and Bidyut Baran Chaudhuri. Activation functions in
deep learning: A comprehensive survey and benchmark. Neurocomputing, 503:92—108, 2022.

[11] Chase R Freschlin, Sarah A Fahlberg, Pete Heinzelman, and Philip A Romero. Neural network
extrapolation to distant regions of the protein fitness landscape. Nature Communications,
15(1):6405, 2024.

[12] Kunihiko Fukushima. Cognitron: A self-organizing multilayered neural network. Biological
cybernetics, 20(3):121-136, 1975.

[13] Eugene Golikov, Eduard Pokonechnyy, and Vladimir Korviakov. Neural tangent kernel: A
survey. arXiv preprint arXiv:2208.13614, 2022.

[14] Guy Hay and Nir Sharon. Function extrapolation with neural networks and its application for
manifolds. arXiv preprint arXiv:2405.10563, 2024.

[15] Kaiming He, Xiangyu Zhang, Shaoqing Ren, and Jian Sun. Delving deep into rectifiers:
Surpassing human-level performance on imagenet classification. In Proceedings of the IEEE
international conference on computer vision, pages 1026-1034, 2015.

[16] Kaiming He, Xiangyu Zhang, Shaoqing Ren, and Jian Sun. Delving deep into rectifiers:
Surpassing human-level performance on imagenet classification. In Proceedings of the IEEE
international conference on computer vision, pages 1026-1034, 2015.

[17] Kaiming He, Xiangyu Zhang, Shaoqing Ren, and Jian Sun. Deep residual learning for image
recognition. In Proceedings of the IEEE conference on computer vision and pattern recognition,
pages 770-778, 2016.

[18] Dan Hendrycks and Kevin Gimpel. Gaussian error linear units (gelus). arXiv preprint
arXiv:1606.08415, 2016.

[19] Arthur Jacot, Franck Gabriel, and Clément Hongler. Neural tangent kernel: Convergence and
generalization in neural networks. Advances in neural information processing systems, 31,
2018.

[20] Katie Kang, Amrith Setlur, Claire Tomlin, and Sergey Levine. Deep neural networks tend to
extrapolate predictably. arXiv preprint arXiv:2310.00873, 2023.

[21] Diederik P Kingma. Adam: A method for stochastic optimization. arXiv preprint
arXiv:1412.6980, 2014.

[22] Jaehoon Lee, Yasaman Bahri, Roman Novak, Samuel S Schoenholz, Jeffrey Pennington,
and Jascha Sohl-Dickstein. Deep neural networks as gaussian processes. arXiv preprint
arXiv:1711.00165, 2017.

[23] Jaehoon Lee, Lechao Xiao, Samuel Schoenholz, Yasaman Bahri, Roman Novak, Jascha Sohl-
Dickstein, and Jeffrey Pennington. Wide neural networks of any depth evolve as linear models
under gradient descent. Advances in neural information processing systems, 32, 2019.

[24] James Lloyd, David Duvenaud, Roger Grosse, Joshua Tenenbaum, and Zoubin Ghahramani.
Automatic construction and natural-language description of nonparametric regression models.
In Proceedings of the AAAI Conference on Artificial Intelligence, volume 28, 2014.

[25] Andrew L. Maas. Rectifier nonlinearities improve neural network acoustic models. null, 2013.

[26] Vaishnavh Nagarajan and J Zico Kolter. Generalization in deep networks: The role of distance
from initialization. arXiv preprint arXiv:1901.01672, 2019.

[27] A Paszke. Pytorch: An imperative style, high-performance deep learning library. arXiv preprint
arXiv:1912.01703, 2019.

[28] Prashant Rana. Physicochemical Properties of Protein Tertiary Structure. UCI Machine Learning
Repository, 2013. DOI: https://doi.org/10.24432/C5QW3H.

[29] Carl Edward Rasmussen. Gaussian processes in machine learning. In Summer school on
machine learning, pages 63—71. Springer, 2003.

[30] David E Rumelhart, Geoffrey E Hinton, and Ronald J Williams. Learning representations by
back-propagating errors. nature, 323(6088):533-536, 1986.

11



[31] Joshua A Vita and Daniel Schwalbe-Koda. Data efficiency and extrapolation trends in neural
network interatomic potentials. Machine Learning: Science and Technology, 4(3):035031,
2023.

[32] Puyu Wang, Yunwen Lei, Di Wang, Yiming Ying, and Ding-Xuan Zhou. Generalization
guarantees of gradient descent for multi-layer neural networks. arXiv preprint arXiv:2305.16891,
2023.

[33] Jingjing Xu, Xu Sun, Zhiyuan Zhang, Guangxiang Zhao, and Junyang Lin. Understanding and
improving layer normalization. Advances in neural information processing systems, 32, 2019.

[34] Keyulu Xu, Mozhi Zhang, Jingling Li, Simon S Du, Ken-ichi Kawarabayashi, and Stefanie
Jegelka. How neural networks extrapolate: From feedforward to graph neural networks. arXiv
preprint arXiv:2009.11848, 2020.

[35] Greg Yang. Wide feedforward or recurrent neural networks of any architecture are gaussian
processes. Advances in Neural Information Processing Systems, 32, 2019.

[36] Greg Yang. Tensor programs ii: Neural tangent kernel for any architecture. arXiv preprint
arXiv:2006.14548, 2020.

[37] Greg Yang. Tensor programs iii: Neural matrix laws. arXiv preprint arXiv:2009.10685, 2020.

[38] Jiachen Zhu, Xinlei Chen, Kaiming He, Yann LeCun, and Zhuang Liu. Transformers without
normalization. arXiv preprint arXiv:2503.10622, 2025.

[39] Juliusz Ziomek, Masaki Adachi, and Michael A Osborne. Bayesian optimisation with un-
known hyperparameters: regret bounds logarithmically closer to optimal. Advances in Neural
Information Processing Systems, 37:86346-86374, 2024.

[40] Juliusz Ziomek, Masaki Adachi, and Michael A Osborne. Time-varying gaussian process
bandits with unknown prior. In The 28th International Conference on Artificial Intelligence and
Statistics, 2025.

A Parametrisation and Initialisation

Throughout this paper, we use the following parametrisations and, where applicable, initialisations
for network components:

A.1 Linear Layers

Denoting a general layer input as £€(~1) € R"~1 and output as z(*) € R", we parametrise a linear
layer as

L) _ ;W<i>€<¢71> + opb, M

N

with parameters

W(Z) 6 IR’I’L1'><7”717
b() € R™,
and hyperparameter

op > 0.

Note that o}, # 0 is necessary to ensure that the kernel is non-degenerate, which is a requirement of
Assumption Furthermore, we initialise these parameters as
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W eR™ ~ N (0,) Vi=1,...,ni1, @
bW ~ N(0,7), 3)

where the row vector Wj(i) is the jth row of W such that

wO = Wi weT] ' @)

A.2 Layer Norm

We consider Layer Norm to operate without additional scaling parameters. Thus, denoting a general
layer input as z(*) € R™ and output as (") € R™,

20 = - Vi=1,...,n, 5)
1 QL0
n=a (©)
n=j
1 s i 2
o= ;Z(zjo—u). )
Ln_j

A.3 Activation Functions

We consider activation functions, or nonlinearities, ¢ : R — R, to act elementwise. Thus, denoting a
general layer input as 2(¥) € R™ and output as £(?) € R™,

& = vao (=) Vj=1..m ®)
where c, is the activation function-dependant constant defined in Equation

B Limit for ||x*||, > 1

While Theorem 2.1 of [23] assumes ||x||, < 1, we note this is only neccessary for establishing the
inequality labelled as S85, which states that n~'/2 ||:cl ||2 < K, where 7! is the post-activation
of Ith layer with ° being network input, n is the size of smallest layer and K is some constant.

For any finite n the set of inputs for which n~1/2 Hml H2 < K, is some subset of the entire input

space R™. However, for any finite input z, all post-activation are also finite and thus taking n >
1112

maxj—o,.. L Hf(# sufficies. As such, for an arbitrary input € R™° we can always find sufficiently
1

.....

large network and even for points ||&*||, > 1 the limiting result holds.

C Extended Results

C.1 The soft-cosine similarity

Definition C.1. The soft-cosine similarity between two vectors ¢, ' € R™, parametrised by 02 > 0,
is given by
% zTz + o2

\/(%wTw + 02)(%w/-'—w/ + 02)

S(z,x';0%) =
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Remark C.1. For 02 = 0, the soft-cosine similarity between two vectors x, ' € R", S (z,x’;0%),
reduces to the standard cosine similarity between « and @', cos (£ (z, 2')).

1,7 ../ ’
Proof. S (x,x';0) = n® T ZTZ,H = cos (£ (x,2")) by definition. O

%a:Ta:\/Tle/Tm’ R E

Remark C.2. The soft-cosine similarity between two vectors ¢, ¢’ € R™, S (a:, x’; 02), is bounded
to the set [~1,1], and Vo2 > 0, achieves the maximum value of 1 only for x = x'.

Proof. S (slr:7 ' 02) can be rewritten as the cosine similarity between the two augmented vectors

T = (ﬁw,ab) and &' = (ﬁw’,ob) € R"*1, so is trivially bounded to the set [—1,1]. The

cosine similarity achieves the maximum value of 1 only for & = AZ’ for some A > 0. When o2 >0,
the matching last element o2 constrains A = 1, and thus & = «’. Note that for the same reason, when
o2 > 0 the minimum value of —1 is unattainable. O

C.2 Asymptotically Positive n-homogeneous Functions

Definition C.2. A function ¢(-) : R — R is asymptotically positive n-homogeneous if
A
lim p(\z)

A—oo AT

=¢(x) Ve eR, >0,

where ¢(-) : R — R is positive n-homogeneous, that is, p(Az) = A"¢(z) Vz € R,A > 0.
Furthermore, we assume throughout that ¢(+) is nontrivial.

Corollary C.1. All positive n-homogeneous functions ¢ : R* — R are also asymptotically positive
n-homogeneous.

Proof.
R
= ¢(z).

By assumption of the theorem, ¢ () is positive n-homogeneous, thus ¢ () is asymptotically positive
n-homogeneous by definition.

Note that many popular activation functions [10] are asymptotically positive n-homogeneous, which
we explicitly show for a small selection:

Remark C.3. The ReLU activation function [12] ¢rery(x) = max(0,z), and its Leaky [23]
¢rreLu(z) = max(0.01x,x) and parametric [15] ¢preLu(z) = max(ax,z),« € [0,1) variants
are asymptotically positive 1-homogeneous (and indeed positive 1-homogeneous).

Proof. To begin, note that both ReLU and Leaky ReL.U are special cases of Parametric ReLU,
with ¢reLu(z) = dpreLu(, 0) and @rreru () = PpreLu(z, 0.01), thus it suffices to show that these
properties hold for Parametric ReLU. We proceed by showing that Parametric ReLU is positive
n-homogeneous:

PpreLU(AT; @) = PpReLU(AT; @)
= Amax(ax, x)

= M ¢preru(7; @) Ve e R,A >0,

which shows positive 1-homogeneity by definition. Thus due to Corollary [C.I] ReLU, Leaky ReLU,
and Parametric ReLU are all asymptotically positive 1-homogeneous. O
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Remark C.4. The GELU and Swish (or SiLU) activation functions [18]], given by ¢geLu(z) = 2®@(z),
where ®(z) = f; \/% exp (7%) dt is the standard normal cumulative distribution function and

¢swish(2; B) = zo(Bx), B > 0, where o(x) = #p(—dr) is the sigmoid function respectively, are
asymptotically positive 1-homogeneous.

Proof. To begin, note that both GELU and Swish/SiLU take the form ¢(z) = zw(z) with

. 1 >0
)\h_)n;ow(/\x)—{o <0’ and

wgr_noo zw(x) =0
where w(z) = ®(z) for GELU and w(x) = 0(B2) = yop—ga for Swish/SiLU. It then follows
that

. o(Ax) . daw(Ar)
i, Al = A

= lim zw(Azx)
A—00

=z lim w(A\x)
A—r00

B {x x>0
0 <0
= max(0, x)
= ¢reLu(z) Vr €R,

where the second transition follows from the dominance of w(x) over z in the negative limit and the
boundedness of w(z).

From Remark we see that greLu () 18 positive 1-homogeneous. Hence by definition, both GELU
and Swish/SiLU are asymptotically positive 1-homogeneous.

O

Remark C.5. The tanh ¢ynn(2) = tanh(z) and sigmoid @gigmeid (z) = o(x) =
functions [30]] are asymptotically positive 0-homogeneous.

— L activation
1—exp(—x)

Proof. Noting that ¢gigmoia () = % (gf)mnh(x) (%) + 1), it suffices to show this for ¢, (2) alone:

¢tanh ()\:C)

lim = lim tanh(\x)

A—00 )\0 A—o0

1 x>0
=<0 z=0

qgtanh ()\x)

= A%um(z) Vo eR,A>0,
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thus q@tanh(-) is positive 0-homogeneous and therefore both ¢ (-) and Pgigmoia () are asymptotically
positive 0-homogeneous by definition.

O

Note that beyond what we explicitly show here, many other popular activation functions are also
asymptotically positive n-homogeneous.

Assumption C.1. Activation functions ¢ : R — R are asymptotically positive n-homogeneous with
n > 0.5, such that by Lemmathe derivatives ¢(+) are asymptotically positive n — 1-homogeneous

with, and both ¢(-),(-) € L?(R,), i.e. they are square-integrable with respect to the standard
normal measure .

Note that Assumption [C.1]directly implies Assumption [3.2] but the same cannot be said about the
inverse of this.

C.3 Extended worst-case bound on Layer Norm Networks

Theorem C.1. The NTK of an infinitely-wide network fo(x) starting with a linear layer follows by a
Layer Norm operation, depends only on the soft-cosine similarity between the two inputs x and x'
parametrised by O'g, ie.

Va.zrerroxrno O (z, @) = O (S (z,2';07)) .

Corollary C.2. The NTK of an infinitely-wide network starting with linear layer followed by layer-
norm enjoys the property that:
VmER"D @(.’B, $) =C

for some constant C > 0.

Proof. Due to Theorem O(x,x) = €} (S (cc, ; crg)). However, due to Remarksand
S(x,z;07) = 1 Vo € R™, 02 > 0. Hence, O(z,x) = ©(1) = C Va € R"™, where C' is a
positive constant depending only on the architecture, o3, and the initialisation of the rest of the
network. O

Theorem C.2. The NTK of a network fo(x) with nonlinearities satisfying Assumption and
Assumption[C.1} fully-connected layers, and at least one layer-norm anywhere in the network, enjoys
the property that:

Vaerno O (2, 2)| < C

for some constant C > 0.

Theorem C.3. Given an infinitely-wide network fy(x) starting with a linear layer followed by a
Layer Norm operation, or with asymptotically positive n-homogeneous, nonlinearities satisfying
Assumption[3.1|bar the condition of positive n-homogeneity, fully-connected layers, and at least one
layer-norm anywhere in the network, trained until convergence on any training data D4, we have

that for any € R™°:
C maxyeytmm |y|
E[‘f&(w)” < B(Dtrain) - o |Dtmin|7

where the expectation is taken over initialisation and M\, is the smallest eigenvalue of O, and C
is the kernel-dependent constant from Theorem|C.2]

D Proof of Theorem

Theorem C.1. The NTK of an infinitely-wide network fo(x) starting with a linear layer follows by a
Layer Norm operation, depends only on the soft-cosine similarity between the two inputs x and x’
parametrised by (ff, ie.

V:lc,:c’EIR"O xR0 © (-’13,-’13,) = é (S (.’13, zc'; O'g)) .
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Proof. Let us denote the neural network as fy = (01,02,...,0r) to be a collection of operations
01,09, ...,0r, parametrised by some 6 € ) = {01, -0} such that:

fo(@) = o1(.... (o1 (@)).

Let then, o, be a linear layer and o, be the Layer Norm operator, as described by Parametrisation [I]
and Parametrisationrespectively. Assuch §; = (W) € R*1>mo p(1) € R™) and 6, = (). Notice
that we can always represent the output of this neural network as f(;(a?), where f = (03,...,0r) and
& = 02(01(x)) Let us denote by O(x, ) the NTK of neural network fy evaluated at points & and
@'. Using the decomposition in Equation 10 of [36]), we get that:

L

O(x,z') = Z(Volfe(w)avﬂfe ()

=1

M=

= (Vo, fo(x), Vo, fo (z')) + > (Vo fo(x), Ve, fo (')

l

I
w

<v01 f~§ (CC) ) V@l, fé ($/)>

M) =

= (Vo, fo(x), Vo, fo (') +

Il
w

= <v91 f@(m)7 Vo, fo (:l:/)> +O(z, (i"/)7
where the first-to-second line transition it true because the layer-norm operation has no parameters
and second-to-third is true because by construction fy(x) = f; (z). Let us denote z(1) = o, (x) =
\/% WOz + 6,1, Due to Initialisationand Initialisation
iid Gaussian variable with moments:

L each zj(-l) (forj=1,...,nq)isan

= ——E[wW ]z +E[p]"]
no
=0 Vi=1,...,n1, ©)
W\ _ L ) €)
Var (z ) —Var( nOWj m+abbj )
1 1 1
= n—OwTVar (Wj( )) x + of Var (bg ))
1
= —z'x+o0} Vi=1,...,n1. (10)
ng

We can similarly denote 20 = o1(x’), which equivalently has elements iid with moments given
&)
dependent through the random variables W) and b(!), so are joint-Gaussian distributed with
covariance given by:

li
as above. Each pair z;"’ and zj(-l) (for¢,7 = 1,...,nq) are Gaussian distributed and are linearly

Cov (50, 20") = E [+05{1]

1 1
=E [(‘)Vi(l)a: + U,El)bz) (Wj(l)a:/ + Jbb§1)>:|

v/ 1o v 1o
1 T
- —2'E [W}” W;”} 2 + o7 b6l
no
1
= f:ETZ:E/(S,'j + af&j
no
_(LtaTa + 02 ) 0y
o 7
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/
where the first line follows from the fact that both zgl), and zj(-l) are zero-mean scalars, the third

-
line follows from the independence of b® and W) and the fact that VVi(l)m = a:TWi(l) , and 0;;
denotes the Kronecker delta.

We now consider the Layer Norm operation as described in Parametrisation [5| providing

(1)
ol
&= 0p(zV); = 2 —F (1)
g

where i and o as defined in Equation [6] and Equation [7) respectively are the maximum likelihood

. (1) (1) :
estimators for E [zj } and 4 / Var (z ; ) respectively.
J

Due to asymptotic consistency of MLE, we have that with probability 1 © — E [z(l)} and 0 —

Var (zﬁ”) as n; — oo. As such, in the limit n; — oo, we have that for both  and =’ with

probability 1:

zj(-l) —E {zj(-l)}

Tj == ~ N(0,Z), (12)
Var (zj(-l))
zj(.l), —E [zj(.l /}

i’; —= "= ~ N(0,2). (13)

The joint distribution over & and &’ is then fully specified by the covariance between &; and 5:;
!/
Cov (zlm, z}l) )

\/Var (zgl)) Var (zj(-l)/)

1T 52) 5.
(n—oaz w—i—ab)&”

\/(nloas—r:c + 05) (niow/—rw’ + Uf)

=8 (CIZ, 111/; Ug) 51-]-

Cov (&, &) =

where S (ar:, ' af ) is the soft-cosine similarity from Definition Note that due to normalisation,
this is now also exactly the correlation between & and &'.

Due to result of [36], we have that © (Z, ') converges to a limit that is a function of inputs &, '.
However, note that & and &’ are now only related to « and x’ jointly through S (m, x'; af). As such,

O (&, &') must converge to a limit dependent on z and «’ only through S (z,2';0}). To finish the

proof, it is thus sufficient to show the same happens for the term (Vg, fo(x), Vo, fo (z')). We have
that

<V91f9(117),V(91f9 (wl» = <vzf0(w)7vz’f9 (wl)> <73'0me/ + 05)
0% . . 0@ _ -
= <£V,@f§ (z), %V@f@ (z)) <n10m—r;13/ + gf) .

where the term (niow—rw/ + ag) is due to the multipliers of the weight and bias parameters in the
layer.
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For the Layer Norm operator, we have:

829(7;1) = % (I_ nlollT) - 0%710 (=1~ 1) (= - 1“)T

1 ,),0)
_ 2 <I 11T) R (2z<1> . 1u)
g no 0
Due to law of large numbers we have lim,,, oo nioz(l)z(l)T — E[z(l)z(l)T] = Var(z(V) =

IVar <z§1)). Applying asymptotic consistency of MLE again, we get:

— —_
0z 3/2
o Var (z§1)) 1o Var (Zj(l)) Var (zj(-l)

0z ! T - i11T) -7 b (z§1)> ! (111T).
)

Plugging this expression for both x and «’ in to the full gradient formula:

no

\/Var (zj(-l)) Var (zj(-l)/)

(iw—rw’ + Uf)

(Vou fo(@). Vo fo (a)) = <(nlolf) Vaf; @), (-11T)Va; <5s'>>

1 T 2 A T 2
noa: a:Jrab) (nom T +ab)

(Gt G sei) (be'e )
- <(111T) Vaf; (&), (nlollT) Vo (:i’)> S (oeiod).

o

We see that the expression depends only on the gradient V3 fg (&) of the network fé (&) w.r.t. input
« and the soft-cosine similarity S (:13, x’; af), but as we discussed before, & and &’ are independent

of the inputs x and x’ except for jointly through S (:v, x’; af). Thus, we conclude that the NTK for
any network of this form can only depend on the soft-cosine similarity between the two inputs a and
'S (:I;,a:’;ag).

O

E Auxillary Results

Proposition E.1. For a bounded-variance kernel (i.e. Vgernok(x,x) < C for some C > 0), we
have that the corresponding kernel feature map )(-) (i.e. k(x,x') = (x) "1p(x')) has the property
of:

Vaerro [[4(@)| < VC
Proof. Clearly for all x € R™0:
k@, @) = (@) (@) = [¢(@)|; < C.
Taking square root of both side of last equation completes the proof. O
Lemma E.1. Consider an asymptotically positive n-homogeneous function (with n > 0.5) function
¢ : R — R satisfying Assumption Then, the derivative of ¢, <Z>() will also_be asymptotically

positive (n—1)-homogeneous. Moreover, if $(-) is positive n-homogeneous, then ¢(-) will be positive
(n — 1)-homogeneous.
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Proof. We can decompose ¢ as ¢(-) = &(-) + ¢(-), where ¢(x) = limy o0 ¢()\)‘ 2) is positive n-

homogeneous, both ¢(-) and ¢(-) satisfy Assumption and lim, 4o ¢(f) = 0, ie ¢(-) has
bidirectional asymptotic growth bounded by a polynomial of order 7 < n. Moreover, we can rewrite
é(x) = ||z||" f(sign(z)) where f(-) : {—1,0,1} — R is bounded.

By linearity of differentiation, ¢(-) = ¢( )+ d)( ). sign(-) is constant almost-everywhere, and is
multiplied by 0 where it is not, thus does not contribute to the derivative of (;3 Then, c;AS( )=(n—

1) ||| " sign(z) f(sign(z)) = ||=||" " f1(sign(x)), which is clearly positive (n—1)-homogeneous.
As ¢(+) is almost-everywhere differentiable by Assumptlon gb ) exists and is defined on R \
where F is a set of measure zero. Moreover, as ¢( ) has bidirectional asymptotic growth bounded by

a polynomial of order 7, (ZB has bidirectional asymptotic growth bounded by a polynomial of order
n—1 < n—1. Thus,

) . 0w) . é(a)
s An=1 i An—1 + im An—1
= o(x)

O

where the second line follows from the fact that ¢(x) is positive (n — 1)-homogeneous and 7i, ¢ has

bidirectional asymptotic growth bounded by a polynomial of order » — 1 < n — 1. Hence, (b()\x) is
asymptotically positive (n — 1)-homogeneous.

Clearly, if ¢(-) is positive n-homogeneous, then ¢(-) = ¢(-). Thus, ¢(-) = ¢(-), so will be positive

(n — 1)-homogeneous.

Lemma E.2. Consider an asymptotically positive n-homogeneous (with n > 0), nonlinear func-

tion ¢(-) : R — R € L3*(R,~), where v is the standard normal measure. Then, for zero-

mean, joint-distributed scalar random variables with correlation p, ie (u,v) ~ N(0,A) where
{ o2 Juavp}

= 2
OyOup oy

CoBu,0) [S(w)$(0)] = (0uow)" (p) + R(ow, 00, p)

-1
~ (72 2
where cy = (hmgﬁoo E“%W) , k(p) : [-1,1] = [-1,1] satisfies k(1) = 1, and

limy, g/ —yo0 BET2L) = 0 Yo, > 0,p € [-1,1].

(o0”)"

Proof. First, let us change variables from (u, v) to (z,y), where (u, v) = (o, o,y), and thus (x, y)

are joint normally distributed with unit variance and covariance p. That is, (z,y) ~ N(0,A,),
where A, = F ,0} Thus,
p 1

E(uw) [0(w)¢(v)] = E(ay) [P(ouz)d(o0y)]

As ¢(+) is asymptotically positive n-homogeneous, as above we can decompose ¢ as

o() = o() + 8(-), (14)
p(Az)

where qAS(x) = lim) 00 5= is n-homogeneous, and lim 4 o % =0, ie q~5() has bidirectional
asymptotic growth bounded by a polynomial of order 7. Then,
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d(0u2)d(ovy) = (d(oue) + d(our) ) (dlovy) + dowy))
= &(Jux)é(avy) + é(UuIC)(Z;(O'vy) + J)(Uuw)ﬂg(ovy) + é(aux)(g)(avy)

o1 d(2)d(00y) + 0 (0ur)d(y) + d(our)P(ouy)

,Y; 0u, O)

E !

where

R(@,y;00,00,p) = 00 d(2)d(00y) + 01 d(0u2)d(y) + d(0ur)d(00Y) (15)

clearly has asymptotic growth in 0,0, bounded by a polynomial of order 7 < n, such that

. R(z,y;0,0")
lim ————=
o,0'—00 (O’O”)

=0 Vz,y €R,04,0,>0,p€[-1,1].

Thus,

E (o) [6(0u0)6(000)] = Equy) [9(@)d(y) + Rz, y30u,0,)|

= (Guav)n]E(w,y) [(ZAS(qu)(%(UUy)} =+ E(Ly) [R(x, Y;Ous Uv)

= (O'ua'v)n’%(p) JFR(Uu,Uv,P) (16)
where
#(p) = Eay) [6(2)()] a7
trivially depends only on p and
R(Uuaavap) = ]E(m,y) |:R<x7y§aua0—b7):| . (18)

‘We have that,

Ez,y) [R(x, y; o, O'/)}

. R(o,0'p) .
lim ————= = lim =
0,0’ —00 (CTO'/) o,0’ =00 (CTO'/)
- ) ,
= E(z y) hm 7[{(37, y7 O-;LU )
’ 0,0’ —00 (0’0”)
=0 Vpe[-1,1]

where the second line follows from the dominated convergence theorem. We then have that

E, ~ N (0,02) [¢(u)?] 02"i(1) + R(0,0,1)

lim = lim
o—00 o2n o—00 o2n
i (1 R 1
— 1im Z ~( )Jr lim Ro,0,1)
o—00 o“n T—00 o2n
— &(1).
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Thus,

—1
. Ey ~N(0,0%) [¢(u)?] 1
= (JLH;O o 0 4
Finally, defining
A(p)
= 20
K(p) A1)’ (20)
R(0w,00,p)
U Uy = A b 21
R(oy, 00, p) ) 21
where x : [-1,1] — [-1,1],
csBuw) [0(u)d(v)] = (0u0v)" K(p) + R(0u, 00, p)
—1
~, 0'2 u 2
where ¢y = <lim(,_>OO E“%W) , k(p) : [-1,1] — [-1,1] satisfies x(1) = 1, and
limy /500 R((g;f;;’,) ) =0 Vp € [~1, 1] as required, completing the proof.
O

Proposition E.2. The NTK of a neural network with L fully-connected layers and nonlinearities
satisfying Assumption[3.1|and Assumption takes the following form:

L

1 n _
6 (z.2) (n ™ ||m'||) R (@,2) + R (2,a')

where i (xz,x') € [-C,C), k(xz,x) = C Va,x’ € R"™ for some constant C > 0, and

lmy oo %ﬁ/) =0 Va,x’ € R™, ie R(-, ') has bidirectional asymptotic growth bounded by

a polynomial of order ng < n

Proof. Recall from [22] that in the infinite-width limit, the pre-activations f(*)(z) at every hidden
layer h € [L] have all their coordinates tending to i.i.d. centered Gaussian processes with covariance

) R xR 5 R

defined recursively as follows:

1
YO(z, 2y = —x"2' +oZ,

1o
w(h=1) T, n(h—-1) :B,CL‘/ 27
A(h)(f’37wl> = Z(hfl)((m/ :c)) E(hfl)((m/ m’)) € R**?, (22)

S0 (@, 2') = sy 0)mnr (0,40 (w,21)) [B(W)S(0)] + 0F,

where ¢y, = (Eyn(0,1) [¢(1)?]) ~!. Note that while [T] use o(-) to denote nonlinearities, we use
¢(+) to prevent ambiguity with standard deviations, which we denote with variants of o. Note also
that cy is an arbitrary normalisation constant used to control the magnitude of the variance throughout
the network, but is ill-defined in this form for non-exactly positive homogeneous activation functions
(ie, all but powers of ReLU, Leaky ReLU, and Parametric ReLU), hence we freely redefine this

1
2
to match the definition provided in Equation namely cg = limy_,0o (W) for
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asymptotically positive n-homogeneous ¢(-). Note that this definition is equivalent to the previous

one for positive n-homogeneous activation functions such as ReLU.

To give the formula of the NTK, we also define a derivative covariance:
S (@, @) = By ) A (0.0 (@) [GB(U)@(U)} :

The final NTK expression for the fully-connected neural network is [[1}36]:

L+1 L+1

where (21 (z, ') = 1 for convenience and

L+1
@(L’h) _ Z(h) (iL‘, :l:/) H z(h’) (m7$/)
h'=h+1

(23)

(24)

(25)

is the contribution of the hth layer to the NTK. Applying Lemmato the recursion for ©(") (x, '),

Recursion[22] we get that

E(thl)(m,ml) _ (E(h)(:c,a:)E(h) (', a:’)) 2. (p(h) (a:,:c’))

(V202 20 (@) (@) ) + o

where

$(h) /
p") (@, a') = (@) e [-1,1].
\/E(h) (w7 w)z(h) (w/7 x’)

We therefore also get that

Rt (g, ) = (2””(:::, w))n +R <\/E<h>(w7 ), \/E“)(w,w% 1) + 03,

(26)

27)

(28)

which follows from the fact that p(") (2, ) = 1 Va € R™, h by definition and (1) = 1. Applying

1

this recursion to (9 (z, z) = n—Ome + o we inductively get that

h

1 n

S0 (@, z) = (an:E) + R (z, x)
0

1 )
= — > + RM (@, )
no

where R(") (z, ') is defined recursively by
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n—1 knl
1 n—
RO (@,0) = (2 : (Z) ( I m'n) R (@, 2) ’“)
ng

k=0
1 2nh 1 2nh (h) /
+R o ||.’1}|| +R(h)(m7x)7 — ||.’B/|| +R(h) (:c’,m’),p (:E,.’B )
no no
+ UZ,
R =52,
(30)

ROD Oz, N a')
Oovyn D
note that for the case n = 0 it trivially holds as R() (x,z’) = 07 Vz,x’ € R™, a constant. Then

assuming this holds for R(") (z, ), we have that

and satisfies limy x/— o0 = 0. To show this, we take an inductive approach. First,

knh
R(h+1)()\a:,)\’w’) B S <n> (% H>‘ZL’|| H>\IiL'I||) R(h)(}\w7>\/wl)(n_k)

lim = lim
A\ — o0 ()\)\/)"(h“) A\ =00 P k ()\)\/)”“”1)

R (y/% el 4 RO @), N+ RO (v ve) o, )

n(ht1)

+

(AN)
_ 9
n(h+1)
)

(AN
, k:’ﬂh
) O (L Jlal fl2]l) RO (ha, X))

k=0

n(h+1)

(AN)

3 nh nh
R (3 el + EEGEE, 0y” [E [4 RO) (@), o O ) )

Aznh
+ ()\)\/)n(h+1)
n— kn" n—
o Zl(n),;<||w|| /)" RO (@, Xa) ()
T AN S0 k pnhtD) —knh
’ k=0 (AN)
nh 1 nt nn 1 ’ nt (h) .,
R (A=) 00" (S lal) ™ O, Na)
+ (}\)\/)n(h+1)

oy 1 , " . R(h)()\az,)\’w’) (n=k)
=Y — [|e[| ||’ lim ————
=0 k ) AN =00 A

b nh
R (A (G llel) & (s 1) i 000 V)
+~1lm —_\n
AN =00 ()\)\/)
=0

where the transition from the 5th to the 7th line follows from the closely related property
)
limy 00 % = 0 and the equivalent for \’, the third-to-last line follows from direct applica-

tion of the algebraic limit theorem and the fact that n— & > 0, and the second-to-last line follows from
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an aforementioned equivalent property of R(x, x’, p), the fact that p(Az, N'a') € [-1,1] A\, N > 0,
and the fact that for \ = \"" limy 00 = limy/_,oc as n” > 0 and the equivalent for \’.

Applying the above to Equation [26] we then get that

nh+1

1
200 (ea) = (el 1) w (o) (@2) + RO (@),

Due to LemmalE.1} ¢(-) is asymptotically positive (n — 1)-homogeneous. Thus, applying Lemma
[E-2]to Equation 23] we get that

n—1

Z(thl)(:B, m/) _ (Z(h)(a), :c)z(h) (CC/,.’B/)) T L (p(h) (ﬂf,m/))

(€29
+R <\/E(h)(a3, x), \/z<h) (z!, '), p™) (a:ﬂ:’)) ,
where /(+) and R(-,, p) are defined as the analogues to (-) and R(-, -/, p) for ¢(-);
v R(p)
R ','/a

where #(p) and R (-, -/, p) are defined by application of Equation [17|and Equationrespectively to

&(-). Note the different scaling (for example, /(1) = % - 1 in general where /() is the analogue
to k(-)). More specifically, we then have that /(-) € [— %, %} . Inserting the above expression

for (D) (2, x'), we get that

htl_ph

: 1 " ) .
ﬂ“ww@=cwwww0 i (0" (@,2) + R (@2l 34

which follows from the fact that ¢(-) is asymptotically positive (n — 1)-homogeneous and
. H>(h+1 ’

R (2, 2') satisfies equivalent properties to R+ (z, '), namely limy_, o % =
R(h+1>(Am,A/m’) _

O 0 Vx,x' € R, which can be shown by similar

0 Ve, x' € R™ and lim,\)\/_,oo
derivation.

Inserting Equation [29]and Equation [34]into Equation 23] the contribution of the hth layer of the NTK,
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L+1
0M (z,a') =2 (z,2') ] 20 (@, 2')

h=ht1
1 "
_ - / (h—1) / (h) /
((n fell2') o (5 (@29) + R <w,w>>
L 1 nh _ph' 1
I | (i tellln) i (o) (@) + ) (@,0)

h/=h+1

1 nh+Eﬁ/:h+1 nh,—nh, L l
~ (- lall121) w (o0 @) TI # (0" (@2)

h'’=h+1
+ RM (z,x')
1 n
~ (- lellll) & @) + R (@,) 65)
0
implicitly accounting for the exceptions for XXV (x,2') = 1 and /f(p(*l) (z,x')) =

S (z,x';07) by abuse of notation, and where R") (z, ') accounts for all remaining (lower-order)

R™ Az, N

terms, thus satisfying limy y/— oo : Lm) =0 Ve, 2’ € R h = 0,...,L with equivalent
ying lim,, v q

derivation to the above, and

) (2,2 ={" (" (@, @) [Tz (p(h/) (@, ml)) h=0,...L-1 . (36)
R (x,2') =k (p) (z,2")) h=1L

: =) (. ! A\ R\ - ing thi
noting that & (x,x’) € |- (W) , (W) Vh =0, ..., L. Finally, applying this to

Equation 24] by summing over all layers we get

O(z,z") Ol (g, a')

[
M=

>
I

0
L

1 n _
( ™ ||w'||) RO (2,a) + R® (2, )
ng

I
M=

h=0
1 n”
~ (o lallel) r(e.e)+ Riea) @7
0
where
L
k(xz,2') = Z HONERON (38)
h=0
SNk 1o (B
. _ L A(1 = (1)
noting that & (x, ") € [-C,C] where C' =}, , (ﬁ) = 1<—:Eli§)’ and
L
R(z,a')=> R™ (x,a'), (39)
h=0
.. . . . R(Am,A/m’) .o . .
trivially satisfying limy o0 oo T = 0 as this is satisfied by all components of the finite sum

individually.
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Definition E.1. A function of two variables © : R? x R — R is doubly asymptotically positive
n-homogeneous if

. 9()"’13’ )‘/33/) A ’ ’ d
A’)l\llrgoow =0 (x,z') Vx,z' € RY

where © (z, ') is positive n-homogeneous in both arguments, that is, © (\x, Na') =

MO (z,x') Va,z' € R4\ N > 0.

Corollary E.1. The NTK of a neural network with fully-connected layers and nonlinearities satisfying
Assumption and Assumption is itself doubly asymptotically positive n*-homogeneous. That
is, Vo, z' € R"0,

O (\x, Nz')

lim —— = O (x,z') Va,z’ € R™

AN — o0 ()\)\/)

where © (x, ') is positive n*-homogeneous with respect to both arguments, that is,

6 Az, z') = 6 (x, \x) = \" o (z,z') Va,z’ e R™ X\ >0, and
6z, Na') = O\ O (z,2) Va,&' € R™ AN > 0.

Proof. From Proposition[E:2] we have that

TLL

1 O(xz,Nz') . (nio Azl ||)\’ar:’||) R(A\x,Na'iof) R (Ae, Na'; o)
A,)\l/goo ()\/\/)”L o A,Al/rgoo ()\)\/)”L + ()\)\/)"L

12 nt

= lim (W) -

AN =00 (/\/\/)”

L

1 "
(o lalllh) = (aX@'o)

L

1 n
(s talle) (g 5 Oexeia)) Voo e R
1o ,A/ =00
We thus define

~ ! !
O(z,2')= lim O (z, N'z')

AN =00 ()\/\/)WL (40)

Now, note from Equation and [36| Equation38]that % (z, ') is composed of a summation of products
(+), which both only act on pre-activation correlations, which in turn

of compositions of x(-), and &
M) (z,x’ e
are given in Equation[27|by p) (2, 2') = 20 (w2 . In the limiting case,

- \/E(h)(m7m)2(h)(m/7m/)
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E(h) e Na!
lim p™(\z, Na')= lim Az Nz')
AN o0 AN=oo /S0 (a, Ae)S ) (N, N ')

nh
(n%, ¥ ||Xa:’||> k (0D Az, Na')) + R (A, Na')

= lim

A\ =00 oanh 2nh
<<nlo H>\5’3||> + R(h)()\:c,)\w)> <(nlo ||)‘/5'3/H) + R(h)()\’a:’,)\'m'))

h

)™ ()" Ul )™ s (o0 O, Xa)) + RO O, Xa)

no

= lim
Moo nk " 2nh r R Az, A) 2nh h R (X! N
O (&) (I + g £20m22) (o7 e B2 )
nh —_
o Ul s (00D ) | RO 0w, )
AN 00

(2" ()™

L (an )

h
(fJao]| /()" AAA"o0

=K ( lim p" Y (e, )\’ac’))
AN =00

which follows similar reasoning to that used in the proof of Proposition[E.2} with the final transition

assuming #(-) is continuous on [—1, 1] and the limit for p(*~1) exists. Now, the initial limit correlation

is given by

lim pP 0z, Na')= lim S (\z,Na';0})

AN o0 AN o0

11 T 2
)\)\n—ow ' + o

-l
A =00 2 2
\/(n1 2l +07) (& IIva|l® + o?)
. Mzl ngo;
= lim +
Moo N [z 2] AN ||| [|=/]]
—&'d&' Vr,x' cR™\0

where & and 2’ are unit vectors in the directions of « and =’ respectively. Note that when x = =’ = 0,
this expression is instead given by

2
9%

(03) (o3)

=1

p'(0,0) =

In either case, the limit exists and depends only on & and &’ (which if are equal to O indicate the
adoption of the alternative case). Hence by induction, limy »/— o p(h) (z,x') exists Vh =0,...,L
and depends only on & and &’. To solidify notation, we define

P (&,2") = lim p™ A&, Na') (41)
AN 00
1 @) = (1 (@.2)
Tal s A 42
50 (5, 4) = z'a’ 2 #0 (42)
P 1 &4 =0



where & and &’ are unit vectors in the direction of & and «’ respectively. By identical logic, the
same can be said about limy x/—,oc £ (p" =1 (A, N'a’)). As both « and £ have range C [—1, 1], this
limiting behaviour carries over to

k(2,@) = lim &z N2, (43)

Thus,

N 1 n 2 ~ A
0 (\z, Na';07) = ( Az ||/\'ac’||> 3 (/\w,)\’a:’)
no
1 n
W) <n | ||:c’) A (@)

- ()\)\’)"L O (x,z') Va,z’ eR™ NN >0,

where the \a and Mz’ are abuses of notation referencing unit vectors in the direction of Az and '’
respectively, and the penultimate transition follows from noting that for nonzero « and A\, Az and
Na' do not depend on X or X for A\, \ > 0, and in the case where either are zero the change in

behaviour is hidden by a multiplication by zero. Hence, 6 (x, ') is positive n”-homogeneous with
respect to its first argument by definition, and also with respect to the second argument by symmetry.
Therefore © (x, ') is doubly asymptotically positive n’-homogeneous by definition.

O

Corollary E.2. The NTK of a neural network with fully-connected layers and positive n-homogeneous
nonlinearities satisfying Assumption is itself asymptotically positive n*-homogeneous with
respect to both arguments. That is, V&, € R™,

! !
lim O (Ax,x) . Oz, \x)

A—00 )\nL o A— 00 )\nL

=0 (x,x') Va,z’ € R™

where © (x, ') is positive n*-homogeneous with respect to its first argument, that is,

O(\e,z') = A" O (z,@') Va,@ € R™ \>0.

Proof. Consider Lemmafor the case of positive n-homogeneous ¢(+). Clearly, with reference to

Equation the non-homogeneous part ¢(z) = 0 Va € R, and as such ¢(z) = ¢(z) Vo € R. It
then follows from application of these conditions to Equation[I5]that

R(‘T,y;auaalnp) =0 Vz,y e R 04,0, > 0,p€ [7171]7 (44)

and thus from Equation [T8] Equation[T6] and Equation [2T]

R(0y,00,p) =0 Vou, 00 >0,p € [—1,1] (45)
E(zy) [#(0ur)d(00y)] = (0uoy)"R(p) Vo, 0, > 0,p € [—1,1] (46)
R(0y,00,p) =0 Vou,0, > 0,p € [—1,1] 47)

We now consider Proposition |E.2|for the case of positive n-homogeneous ¢(-). Recall the recursion
for R (z, z'), Recursion
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n—1 knl
RO (2,0/) = (Z () (& elier) 2 <x,m’><""“))
no

k=0

1 1
+R (\/n HxHth + RUL)(w,m), \/n Hw,H2nh + R(h) (:I:’,:I:’),p(h) (:B,:c/)> _|_0'§
0 0
n—1 n 1 knh
= (Z ( ) ( I |m'||) R <w,m'><”"“> +0i,
k no
k=0
RO :af.

Under these conditions,

knl
n— n n—=k
R ey (S ) (E all) RO e o
lim ————""7 = lim

A—00 )\”h+1 A—o00 /\”h_'—1

w5 (1) (L 11 RO O,
A—)ook:O k no e A (n—k)
“— /n\ [ 1 SN FRW s 2)\ T
=3 — ]| [|="]| lim | ———5——
k no A—r00 A
n—k)

_ knh (n—
1 RM (\x. x'
— (”) (|w|||w’||) (hm R O, &) i""’”)) :
=0 k no A—00 A"

where the final transition follows from direct application of the algebraic limit theorem. Considering
the case of n = 0;

I
5

R(O) A / 2
( ?,Lj) = lim %
A—0c0 AT A—oo A

=0 Vx,x’ € R™,

hence by induction;

(h) ’
lim R™ Az, x')

A—00 an”

=0 Vx, 2’ € X ,h=0,...L.

By identical derivation,

R (\x, x’
im T O22) o e R =0, L.
A—oo AT
Again considering the contribution of the hth layer of the NTK and collecting lower order terms into
R (x, '), it is clear that

R(M) (. '
lim Li‘”’””):o Vo, 2’ € R™,h=0,..., L.
A— 00 A"

Note that this a stronger statement than the equivalent in the proof of Proposition [E.2] and owes to the
fact that under these stronger assumptions R(") vanishes under scaling in one argument only, rather
than requiring both as was previously the case. It follows that
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Following now the proof of Corollary

nL
opww) (& allle])” 7 (e, a';07) R ()
A—00 ank A—>H;o ant Ant

L L
An

. 1 "
3 (lellel) 5 Oaa'iod)

1 n
(s telll) (Jim = (. o'sa) )

For convenience, we define the single-argument limit NTK

~ O Az, z’
O (z,2') = lim M (48)

A—o00 N
As before with reference to Equation[27] considering the single-argument limiting case for the layer-h
correlation,

v (A, 2’
lim p(h)()\w,x/) — lim ( T, T )
o A=oo \/SW) Az, )P (z, ')

nh
(& Il l2) " (p "D O, 2) + R® ()

anh
V (& al)™ + m90w0)) 50 @, 2)

h

h " nh _
X(L) lll i)™ s (6" O, &) + RO (A, @)

no

= lim
A—00

lim

AT gnr (i)nh \/(||:c||2nh' + ngn" 7R(h)(m’m)) 2 (2!, ')

no A2nl
nl _
o Ul 5 (V0w ) RO O, a)
[P wress nh At
w e =0 @ a)

(e (i (o D02

nh s (h) (x/, @) \\>o0

|

’ nh
0D 00
VE® (2 x)  \ A=

which follows similar reasoning to that used in the proof of Proposition[E.2} with the final transition
assuming #(-) is continuous on [—1, 1] and the limit for p("*~1) exists as before. Now, the initial limit
correlation is given by
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lim p@(\z,2') = lim S (\e,z';0})

A—00 A—00
)\ninw’Jrag
:)\lim 0
J( hal? +7) (& 121+ o2)
)\ T a7 2
~ lim re T 0%
—00 2 2
Meal /Il |” +nooy Ml \/[|2']]” 4+ nooy
&'z

- Yz eR™\0,z ecR™
Vl2|* + noo?

where & is a unit vector in the direction of . Note that when x = 0, this expression is instead given
by

TLQO'Z%

0e) (12717 + o)

g
- Va' € R™.

2
Vs 1217+ of
In either case, the limit exists and depends only on & and x’ (the former of which if equal to 0
indicate the adoption of the alternative case). Hence by induction, limy_,. p™ (A, ') exists

Vh = 0,...,L and depends only on & and =’. By identical logic, the same can be said about
limy 00 & (p(hfl) (Ax, w/)) To solidify notation, we then define

p(0,2) =

P (&, 2') = lim p™ (\a, '), (49)
A—00
nh,
A(h+H1) (5 ) — (Il="1)) A(h) (A ol
P ) = o (x/,mq’”“(" (#,2"))
:i:-;:c' - x € Rno \O (50)
PO (&, 2') = lle’l* +nooy
b) Jp 3320

1 2 2
NENTIR:

As before, since both « and % have range C [—1, 1], this limiting behaviour carries over to

k(z,2') = lim & \x,z). (51)

A— 00

Thus,

L
R 1 LN
O (\z,z’) = ()\ l|lz|| ||zc'|) K (/\:c,w’;ag)
o
L1 n
v (lelllel) & (@ o'sat)
no
— A0 (z,2') Vx,x’' € R™ X >0,
where Az is an abuse of notation representing a unit vector in the direction of Ax, and the penultimate

transition follows from noting that Az does not depend on A for all z € R™ A > 0, and in the
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case where either are zero the change in behaviour is hidden by a multiplication by zero. Hence,
6 (x, ') is positive n’-homogeneous with respect to its first argument by definition (and also with
respect to the second argument by symmetry). Therefore, © (ac, x’; Jg) is asymptotically positive
n’-homogeneous in its first argument (and indeed the second) by definition.

O

Lemma E.3. The probabilists’ Hermite polynomials satisfy

(o]} 1))

Proof. We begin by noting that the differential joint density function of the given x and y is
1 22 4+ y? — 2pay
d = —— —
fx,y(@,y) eXP( 2(1— 2

=S, () Hy (y)dy(2)dy (y),

where + is the standard normal measure and the second line is a direct statement of Mehler’s formula.
Hence,

E(ay) [Hn(2)Hm(y)] = | Hun(x)Hm(y)dfxy (2,y)

where the second transition follows from the dominated convergence theorem, the penultimate
transition follows from the orthogonality of the probabilist’s Hermite polynomials with respect to the
standard normal measure .

O

Lemma E.4. For all nonlinearities ¢ : R — R satisfying Assumption[3.1]and Assumption the
associated k(p) and (p) defined as in Lemma E.2|exist and satisfy

k(p) >0 Vp>0, and
k(p) >0 Vp>0.

Proof. First, we recall the definition of &(p):
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#(p) = Bey) [9(2)d(y)] , where

(o} )

where ¢(-) is the positive n-homogeneous part of ¢(-), i.e. ¢(x) = limy_, o0 ¢(/\A,f6) Vo € R.

Observe that #(-) € L%(R, ), where + is the standard normal measure, which follows trivially from

the fact that (;AS() has polynomial bidirectional asymptotic growth (specifically monomial growth of
order n). Indeed, this is a requirement for the mere existence of (-).

The probabilists’ Hermite polynomials H,,(-), -, are well-known to form an orthogonal basis in
L?(R,~), with

/ Hoy(2) Hy (2)d(2) = 11600

where d,,.,, is the Kronecker delta, nonzero only for n = m. Thus, we can write

qAS() = Zan »(+), where

an:;EmNNOD [Qg( ) n(z )}

Hence,

#p) = Biey [6(2)6()]

<Z aan(x)> <Z amHm(y)>]
n=0 m=0

=E,

2Y)

n,m=0
o)
m
= § anamn!p Onm
n,m=0
%)
_ 2 n
= E a,nlp"™, where
n=0

(o 1)

where the second transition follows from the dominated convergence theorem and the third transition
follows from direct application of Lemma|[E.3]

By assumption of our definition of asymptotic positive n-homogeneity, 4(-) is nontrivial; hence there
must exist at least one a,, # 0, so the corresponding term a2n!p™ is strictly positive for all p > 0.
Thus noting that 1 > 0,

R(p) >0 Vp>0.

Noting that under Assumption é(-) € L? (R, ~), so the above also holds for (p).

Finally, noting thatas 1 > 0, #(1) > 0, and recalling x(p) = “Ef; and £(p) = Z%’l’g,
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k(p) >0 Vp>0, and
k(p) >0 VYp>0.

O

Corollary E.3. For all neural network with fully-connected layers and nonlinearities satisfying
Assumption 31| and Assumption[3.2]

k(z,x") = Alim Rz, ') >0 Ve, cR™ 2 2 >0,
— o0

where i (z, @) is defined as in Equation[38|of Proposition

Proof. We begin by showing that the limit correlation p (&, ') = limy_ o p" (A, 2') >
0Ve, ' € R : "2’ > 0,h = 0,..., L. First, recall the recursion for the single-argument
limit correlations derived in Corollary [E-T] Recursion 50}

iyt
A(ht1) (Y ([l="1)) <A(h) . /)
pr @) DO (as’,oc’)K )
ST 7
T x R™o 0
NO WIS ' lI*+noo? re \
pO (@) = VI= o

e +o?
Due to Lemma and the strict positivity of (" (x/, 2’) as it is a valid kernel and ' > 0
by assumption of the theorem, if 5(") (&, ') > 0 then it follows that 5("*1) (&, x’) > 0 as the
nonlinearity ¢(-) satisfies the conditions for this Lemma by assumption of the theorem. Note also
that by assumption of the theorem p(") (&, 2’) > 0, hence by induction

P (&, 2') >0 Ve, eR™ :&'&>0,h=0,...,L. (52)

Again due to Lemma[E-4]
K (ﬁ(h) (, :c’)) >0 Vo, 2 € R™ @72’ >0,h=0,...,L, (53)
A <p<h> (, :c')) >0 Ve, €R™ 22’ >0,h=0,...,L (54)

To conclude the proof, recall from Equation K (&, 2") = limy_, o & (A\x,x’) is composed of a

summation of products of 4" (&, 2’) and £ (&, ') for various h = 0,..., L, all of which are
existing limits and are strictly positive. Thus concluding the proof,

f(&,2') = lim & (\z,2') >0 Ve, cR™ 2z 2’ >0 (55)

A—00

O

F Proof of Theorem [C.2 and Theorem

Theorem C.2. The NTK of a network fo(x) with nonlinearities satisfying Assumption and
Assumption[C 1] fully-connected layers, and at least one layer-norm anywhere in the network, enjoys
the property that:

Vacrno |© (z,2)| < C

for some constant C > 0.
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Proof. We first consider the effect of placing a first layer-norm operation between the linear com-
ponent and nonlinearity of arbitrary layer hyy, with 0 < hpny < L of such a network. The first
observation is that this destroys the variance for both inputs & and @’ subsequent to this layer, while
maintaining correlation. Thus, the activations and therefore ©(") (2, ') and ©(®) (, ') can have no
dependence on ||| and ||2’|| for all hrx < h < L. Not accounting for the effect of the layer-norm
on the backwards pass, following the reasoning of the proof of Corollary the contribution of
layer h, where 0 < h < hpn to the NTK would be asymptotically positive n"Z~ -homogeneous with
respect to both & and «’. That is, at leading order they are polynomials of order n*~~ in both = and
&’. Similarly, the contributions of layers h will depend only on the correlation of the activations at
layer hr .

We must now consider the effect of the layer-norm operation on the backwards pass. From the proof
of Theorem [C.2] we see that the layer-norm operation essentially divides the backwards pass by
the square root of the variance directly preceding the operation, which in this case is given by the
square roots of X("2~) (z, ) and X("2~) (2, 2’) for inputs  and ' respectively, both of which
are asymptotically positive n~~ -homogeneous, i.e. at leading order a polynomial of order n/t~

Accounting for this effect on backpropagation, we see that for all layers h < hr,, the contribution
to the NTK is now given by the ratio of two asymptotically positive n/2~ -homogeneous terms in
both  and «’. Thus, in the limit as ||z|| , ||| — oo, the contribution to the NTK must approach a
finite limit dependent only on the layer correlations between the two inputs.

For the case & = &/, all layer correlations are 1, thus in the limit ||z|| — oo, ©(x, ) approaches a
positive constant independent of the direction of . By the assumptions of the Theorem, specifically
that the nonlinearities are locally-bounded, almost-everywhere differentiable, and of locally-bounded
derivative (which apply to all commonly activation functions), © (x, x) is also bounded by a finite
positive constant for all ||| not inducing the homogeneous regime. Thus, the NTK of such a network
satisfies Vgerno ||© (2, x)|| < C for some finite constant C' > 0. Hence, the proof is concluded. [J

Theorem 3.2. The NTK of a network fg(x) with nonlinearities satisfying Assumption and
Assumption 3.2} fully-connected layers, and at least one Layer Norm anywhere in the network, enjoys
the property that:

Vaerro [0 (z,x)| < C
for some constant C > 0.

Proof. By Corollary [C.I] positive n-homogeneous nonlinearities satisfying Assumption [3.1] also
satisfy the conditions for Theorem [C.2] hence its result also applies here.

G Proof of Theorem

Theorem 3.3. Given an infinitely-wide network fo(x) satisfying Assumption and Assumption
fully-connected layers, and at least one layer-norm anywhere in the network, trained until
convergence on any training data Diyuin = (Xiain, Yirain), We have that for any x € R™0:

C max train |y
Elfol@)]| < B(Dyun) = 1| <0 altl )

where the expectation is taken over initialisation and M\, is the smallest eigenvalue of Oy, and C
is the kernel-dependent constant from Theorem|C.2 or Theorem[3.2}

Proof. For an inifinitely wide NN after convergence we have:
fo(@) = O(@, Xinin) Opein(y — No(@)) + No(@),
where (O (&, Xiin))i = O(x, &;) and (Oain)i,; = O(x;, ;) and (y); = y; ford, j = 1,.. ., |Dyain|

and No(x) is the output of freshly initialised network with property E[Ny(z)] = 0. Let us denote
by ®(-) the feature map of network’s NTK, such that O(z, ') = () "1)(z) and let Ay, be the
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smallest eigenvalue of the Oy, matrix. In expectation we thus have:
|E[ft9(w)]| = ’@(mw)(train ;a}ny‘
S ||@(w’ 'X’tram tram||2 ||yH2

1
S H@(watrain)Hg ‘Dtram| max |y|
Amin € Virain

m Z 77/1 ) |DLr¢un| Iél)f}ix |y|

/eRno train
1 /
S \/ﬁ V |Dtrain‘c |Dtram| mﬁfiﬂ |y|

train
_ ¢ MAaXy € Yinin ‘y| ‘Dt . |
= rain
)\min ’

where the penultimate transition is due to Proposition [E. T} O

H Proof of Theorem 3.1

Theorem 3.1. Consider an infinitely-wide network fy(x) with nonlinearities satisfying Assumption
[3.1) and Assumption [3.2) and fully-connected layers. Then, there exists a finite dataset Diyqin =
(Xirainy Virain) such that any such network trained upon D until convergence has

sup [E [fo(x)]| = oo
xER™0
where the expectation is taken over initialisation.

Proof. For an infinitely-wide NN after convergence we have:

fe( ) (m /Ytram)@[ram( NO( ))+N0(w)7

where (O(x, Xipin))i = O(x, ;) and (Oain)i ; = O(x;, @;) and (y); = y; fori, j = 1,. .., |Diain|
and Ny () is the output of freshly initialised network with property E[Ny(x)] = 0. As such, we
have:

[f(’( )} (:B ‘){trdln)gtramytl’dm?

which is just the mean of a noiseless Gaussian Process conditioned on Dy, with kernel O (x, x').
Due to the Representer Theorem, we can always rewrite this mean as:

Elfg(x)] = > awO(m,a),

x’cR"0

train

for some v,y € R. Due to the assumption of Theorem 3.1} we must have at least one § € Virain Such
that §j # 0, and hence v € RlI%winll £ 0, where c; = aig, fori =1, ..., || Diain-

Let us study the predictions for the set AXiin, Where (AXiain); € R™ = A (Xiain); for some A > 0,
given by

E [N(AXyain)]; = E [N (Az;)]
= Z Qe O Az, ).

w/ex‘tmin
We can rewrite this as E[N(AXin)] = © (AXiain, Xirain) &, where ('—)()\)(traim-)(train)id
O (A\x;,x;) for i,j = 1,...,||Dyainl|- AS Xiin is non-degenerate and ©O(-.-') is a valid ker-

nel, © (AXiain, Xirain) is full-rank YA > 0, and thus has trivial nullspace. Therefore, as o #

*When proving statements about infinite networks fo(a), we refer to the limiting network. Eg. in this case
the statement is equivalent to sup, cgno |E [lim, oo fo()]|, where n is the width of smallest layer.
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0, E[N(AXuin)] = © (AXuain, Xain) @ # 0. Hence, VA > 0,3& € Xiin such that E [N (&)] # 0.

’ILL
We can arbitrarily multiply this expression by ;7 = 1, giving

ENOE)] =" Y gy 2022

TLL
@’ € Xirain A
Consider now the case where Xy, is constructed such that z ' «’ > 0 YV, ' € Xyain. Then, due to

Corollary [E.2]and Corollary [E3]

i /
lim M - (:)(5:,:13')

A—00 )\”L
= |z l12'] & (&.2")

>0 vwl S )(traim

where Z is a unit vector in the direction of & and the final transition holds as the condition = "z’ >
0 V&, x’ € Xypain guarantees ||| > 0 Vo € R,

Invoking Corollary [E.T} in the limit we then have

lim |E[N(A&)]| = lim

A—00 A—o0

An”

lim
A—o0

O (\z,2)
Z Q! At

’
@’ € Xirain

Z 0z O (2, 2)

@’ € Xirain

. L
lim A"
A—o0

where the last transition follows from the assumption that > 0 and the first transition is valid as we

o( &z’ AL
( )| = ‘Ewlexmm g © (Z,2')| # 0.

can choose & € R™ such that limy_, o Zw'exm O =T

Concluding the proof, it follows that

sup |E [fo()]| = occ.
xcR"0

I Proof of Proposition 3.4

Proposition 3.4. There exists a trained network fé(:n) including Layer Norm layers such that

sup
zER™0 00>

fol@)| = oo.

where Q* = arg ming g L (é, Dtmin) is the set of minimisers of the training loss.

Consider some network fy(x) with fully-connected layers, operating in an over-parametrised regime
such that additional linear layer parameters may not further decrease the training loss over some finite
training set Dyin. Suppose further that
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sup | fe(x)| = o0, where
@ER0,0€0

0" = arg IerélgrzlL (eaDLra.in) = {9 €Q: L (G;Dtrain) = IgggI)lL (0>Dtrain)}

Such a network trivially exists; for any finite training dataset, any network interpolating the training
targets (or, in the case of a degenerate training set with duplicated inputs, interpolating the minimal
predictions with respect to the loss) will achieve the minimum possible loss of all networks. Moreover,
there always exists a finite fully connected network achieving this [8].

Consider now the modified network f;(x) formed by the insertion of a linear layer followed by an
LN operation and ReLU nonlinearity anywhere in the network immediately followed by another
linear layer. Specifically, we choose this additional layer to have 2n + 2 output nodes, where n is the
number of nodes in the preceding layer.

Suppose we are free to choose the parameters of this linear layer. In block diagonal form, we choose
the following:

W:[On In _In On] ’
b:[ﬁ ol of _@}T,

where 0,, € R” is a vector of zeros, Z, is the n x n identity matrix, and € > 0 is some positive
constant.

Denoting the input to the linear layer as z € R”, the first and second moments of the output of the
linear layer are given by

()

= —+z—z—
H 2n + 2 € + €
9 1 nJri 2+i 2+n n 1+72
o= — | = Z; zZZ+=l=—|(=+z
2n+2 \ &2 P K — g2 n-+1\e2 ms j

where Zins = 1/ % Z?:l zf is the root mean square value of z. As all © € X, are finite, so are all

Zrms, hence we can upper bound z,s by the largest value of any element observed during training,
Zmax. for all forward passes during training. Thus, setting ¢ < _1

s
Zmax

2. N i
T n41e?

for all forward passes during training. Consider now the outputs from the Layer Norm during training,
given by

Wz+b-—
5 z+ 0
g
n+1
~ e(Wz+b)

:\/nzl[\/ﬁ €z —ez —\/ﬂT.

Consider now the next linear layer, with weight matrix W' € R”*(27+2) Suppose in the absence
of our additions (and noting the differing dimensions), this layer originally had optimal weight
W* € R™*™ and bias b* € R™. We can freely decompose W' as

39



w =w*lo, 11, -7, 0,],

such that the output of this linear layer is

Zl = W/(Z)ReLU (2) + b*
= W* [On %I’n —%Zn On] (Z)ReLU <[\/’ﬁ €z —¢&z _\/ﬁ] T) + b*
1
= W*g (¢reLU (€2) — PreLu (—€2)) + b”
1
= W*g (max (0,,,ez) — max (0, —cz)) + b*

1
= W*g (ez) + b*
= W*z + b",

i.e. the unmodified output of the network, where the second transition follows from the element-wise
distribution of ReLLU. By assumption of the Theorem, this minimises the empirical risk over the
training set and the additional parameters and layer-norm do not further decrease the value of this
minimum. Hence, denoting a complete set of unaugmented network parameters drawn from *,
the set of minimisers of L (&, Dy,in ), augmented with our additional and modified parameters, as
6 (W, b, W) it follows that

L (9 (W7 b7 W/) 7Dtrain) = é)gigL (9, Dlrain)

=min L (é(m), Dtram) and so
0cd
O (W, b,W') € Q" Ve < zmax,

where the first transition follows from the assumption of the theorem that the network is sufficiently
overparametrised such that these augmentations cannot further reduce the empirical risk over the
training set. Thus, when considering supremums over Q*, we can consider the limiting case € — 0.
Considering the dual-limiting case where £ — 0 faster than ||| — oo for some € R™, it is clear
that the assumption on € holds for all such x, thus the Layer Norm is effectively bypassed and we
approach a network exactly equivalent to the unmodified network. More precisely,

Ve € R™, 30 € Q* such that fé(m) = fo(x).

Noting that by assumption that

sup | fo(z)| = oo,
zER"0,0€Q*

it is clear that

fg(a:)‘ = 0.

sup
xeR™0 ,56 Q*

J Experimental Details

To run all experiments we used NVIDIA GeForce RTX 3090 with 24GB of memory. For all
experiments we used the same architecture consisting of fully-connected layers with ReLU non-
linearities. All hidden layers have a size of 128. To be consistent with the theory, we initialised
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weights of fully-connected layers with Kaiming initialisation [16] and biases were sampled from
N(0,07) with 07 = 0.01. For the UTK experiments in Section a frozen ResNet-18 [17] is used
before the fully-connected layers. We utilised Adam optimiser [21]] and MSE Loss for all experiments.
See Table 3] below for exact hyperparameters settings. For XGBoost we use the XGBoost Python
package E| with hyperparameter values set to default values and number of boosting rounds set to 100.
Training took less than 10 seconds per seed for experiments in Section .1 and .2} and around 2
minutes per seed for experiments in Sectionf.3]

Table 3: Hyperparameter values used throughout the experiments.

Experiment Method Batch size Epochs Learning rate
All 100 (entire dataset) 3000 0.001
4.2 All 40132 (entire dataset) 2500 0.001
Standard NN 128 10 0.001
LN after Ist 128 10 0.001
LN after 2nd 128 10 0.003
LN after every 128 10 0.003

K Additional Experiments: Different Activations

sine 20 quadratic linear
10 <
151
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5 _s5]
-10 0
-20 -10 O 10 20 -20 -10 O 10 20 -20 -10 O 10 20
X X X
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4
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—— LN (Relu) —— LN (Gelu) —— LN (Swish)

Figure 5: Predictions made by networks with various activations when trained on synthetic datasets.
Plots above consider the case of standard NN without LayerNorm, whereas plots below show the case
of varying activations while keeping the LayerNorm in the architecture. Red dots show the train set
datapoints. The solid lines indicate average values over 5 seeds and shaded areas are 95% confidence
intervals of the mean estimator.

https://xgboost.readthedocs.io/en/stable/index.html
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L Additional Experiments: Batch Norm vs Layer Norm

sine quadratic linear
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5
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5
_s5]
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-100 =50 0 50 100 -20 -10 O 10 20 -20 -10 O 10 20
X X X
—— Standard NN —— LN after every —— BN after every

Figure 6: Predictions made by networks with various activations when trained on synthetic datasets.
Red dots show the train set datapoints. The solid lines indicate average values over 5 seeds and
shaded areas are 95% confidence intervals of the mean estimator.

M Additional Experiments: Transformer

1750 - Transformer Variant
—— Without LayerNorm
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Figure 7: Results on a transformer toy problem. We train a 2-layer decoder-only transformer with
4 heads and embedding size of 64 with two versions: with and without layer normalisation after
input embedding layer. The model is trained to on sequences of form f(i) = a + b * i, where
a,b~N(0,1)andi € {1,2,...,30} to predict the value with index ¢ + 1 given value with indices
from 1 to ¢. On the plot above we show the average prediction made by each model, when tested for
index ¢ € {20,21,...,100} and as such beyond its training domain. In red we show model without
LayerNorm, whereas blue show the model with LayerNorm. Solid lines are means over 5 seeds and
shaded areas are 95% confidence intervals.
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NeurlIPS Paper Checklist

The checklist is designed to encourage best practices for responsible machine learning research,
addressing issues of reproducibility, transparency, research ethics, and societal impact. Do not remove
the checklist: The papers not including the checklist will be desk rejected. The checklist should
follow the references and follow the (optional) supplemental material. The checklist does NOT count
towards the page limit.

Please read the checklist guidelines carefully for information on how to answer these questions. For
each question in the checklist:

¢ You should answer [Yes] , ,or [NA] .

* [NA] means either that the question is Not Applicable for that particular paper or the
relevant information is Not Available.

* Please provide a short (1-2 sentence) justification right after your answer (even for NA).

The checklist answers are an integral part of your paper submission. They are visible to the
reviewers, area chairs, senior area chairs, and ethics reviewers. You will be asked to also include it
(after eventual revisions) with the final version of your paper, and its final version will be published
with the paper.

The reviewers of your paper will be asked to use the checklist as one of the factors in their evaluation.
While "[Yes] " is generally preferable to " ", itis perfectly acceptable to answer " " provided a
proper justification is given (e.g., "error bars are not reported because it would be too computationally
expensive" or "we were unable to find the license for the dataset we used"). In general, answering
" "or "[NA] " is not grounds for rejection. While the questions are phrased in a binary way, we
acknowledge that the true answer is often more nuanced, so please just use your best judgment and
write a justification to elaborate. All supporting evidence can appear either in the main paper or the
supplemental material, provided in appendix. If you answer [Yes] to a question, in the justification
please point to the section(s) where related material for the question can be found.

IMPORTANT, please:

* Delete this instruction block, but keep the section heading ‘“NeurIPS Paper Checklist",
* Keep the checklist subsection headings, questions/answers and guidelines below.
* Do not modify the questions and only use the provided macros for your answers.

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We made claims about deriving novel theoretical results, which we do in
section Theoretical Results and about verying them empirically, which we do in section
Experiments.

Guidelines:
e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?

Answer: [Yes]
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Justification: We discuss the limitations in Conclusions section.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

 The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: All assumptions are stated at the beginning of Theoretical Results section all
proofs are in the Appendix.

Guidelines:

* The answer NA means that the paper does not include Theoretical Results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: All details are described in the Experiments section.

Guidelines:
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The answer NA means that the paper does not include experiments.
If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We provide full code by an anonymised link in the Experiments section.

Guidelines:

The answer NA means that paper does not include experiments requiring code.

Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.
The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).
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* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: Full details are provided in Appendix
Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: All tables and plots have confidence intervals.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: We list compute resources in Appendix [J}
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.
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9.

10.

11.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]

Justification: The paper is concerned with foundational research and not tied to any particular
application that can cause ethical concerns.

Guidelines:

* The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: The research presented in the work is foundational and not tied to any particular
application.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: The paper is not accompanied by a release of any new data sets or pre-trained
models.
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Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

13.

14.

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: We clearly credited the sources for datasets used in Sections 4.2 and .3}
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]
Justification: We released our code and provided README.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

48


paperswithcode.com/datasets

15.

16.

Answer: [NA]
Justification: Papers contains no experiments including crowdsourcing or human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

¢ Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer:
Justification: The paper does not describe any form of LLM usage.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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