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ABSTRACT

First-order stochastic optimization methods are currently the most widely used
class of methods for training deep neural networks. However, the choice of the
optimizer has become an ad-hoc rule that can significantly affect the performance.
For instance, SGD with momentum (SGD+M) is typically used in computer vision
(CV) and Adam is used for training transformer models for Natural Language
Processing (NLP). Using the wrong method can lead to significant performance
degradation. Inspired by the dual averaging algorithm, we propose Modernized
Dual Averaging (MDA), an optimizer that is able to perform as well as SGD+M
in CV and as Adam in NLP. Our method is not adaptive and is significantly simpler
than Adam. We show that MDA induces a decaying uncentered L2-regularization
compared to vanilla SGD+M and hypothesize that this may explain why it works
on NLP problems where SGD+M fails.

1 INTRODUCTION

Stochastic first-order optimization methods have been extensively employed for training neural net-
works. It has been empirically observed that the choice of the optimization algorithm is crucial
for obtaining a good accuracy score. For instance, stochastic variance-reduced methods perform
poorly in computer vision (CV) (Defazio & Bottou, 2019). On the other hand, SGD with momen-
tum (SGD+M) (Bottou, 1991; LeCun et al., 1998; Bottou & Bousquet, 2008) works particularly
well on CV tasks and Adam (Kingma & Ba, 2014) out-performs other methods on natural lan-
guage processing (NLP) tasks (Choi et al., 2019). In general, the choice of optimizer, as well as its
hyper-parameters, must be included among the set of hyper-parameters that are searched over when
tuning.

In this work we propose Modernized Dual Averaging (MDA), an optimizer that matches the perfor-
mance of SGD+M on CV tasks and Adam on NLP tasks, providing the best result in both worlds.
Dual averaging (Nesterov, 2009) and its variants have been heavily explored in the convex optimiza-
tion setting. Our modernized version updates dual averaging with a number of changes that make it
effective for non-convex problems. Compared to other methods, dual averaging has the advantage of
accumulating new gradients with non-vanishing weights. Moreover, it has been very successful for
regularized learning problems due to its ability to obtain desirable properties (e.g. a sparse solution
in Lasso) faster than SGD (Xiao, 2010).

In this paper, we point out another advantage of dual averaging compared to SGD. As we show
in Section 2, under the right parametrization, dual averaging is equivalent to SGD applied to the
same objective function but with a decaying `2-regularization. This induced `2-regularization has
two primary implications for neural network training. Firstly, from an optimization viewpoint, regu-
larization smooths the optimization landscape, aiding optimization. From a learning viewpoint, `2-
regularization (often referenced as weight decay) is crucial for generalization performance (Krogh &
Hertz, 1992; Bos & Chug, 1996; Wei et al., 2019). Through an empirical investigation, we demon-
strate that this implicit regularization effect is beneficial as MDA outperforms SGD+M in settings
where the latter perform poorly.
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CONTRIBUTIONS

This paper introduces MDA, an algorithm that matches the performance of the best first-order meth-
ods in a wide range of settings. More precisely, our contributions can be divided as follows:

– Adapting dual averaging to neural network training: We build on the subgradient method
with double averaging (Nesterov & Shikhman, 2015) and adapt it to deep learning op-
timization. In particular, we specialize the method to the L2-metric, modify the hyper-
parameters and design a proper scheduling of the parameters.

– Theoretical analysis in the non-convex setting: Leveraging a connection between SGD and
dual averaging, we derive a convergence analysis for MDA in the non-convex and smooth
optimization setting. This analysis is the first convergence proof for a dual averaging algo-
rithm in the non-convex case.

– MDA matches the performance of the best first-order methods: We investigate the effec-
tiveness of dual averaging in CV and NLP tasks. For supervised classification, we match
the test accuracy of SGD+M on CIFAR-10 and ImageNet. For image-to-image tasks, we
match the performance of Adam on MRI reconstruction on the fastMRI challenge problem.
For NLP tasks, we match the performance of Adam on machine translation on IWSLT’14
De-En, language modeling on Wikitext-103 and masked language modeling on the con-
catenation of BookCorpus and English Wikipedia.

RELATED WORK

First-order methods in deep learning. While SGD and Adam are the most popular methods, a
wide variety of optimization algorithms have been applied to the training of neural networks. Vari-
ants of SGD such as momentum methods and Nesterov’s accelerated gradient improve the training
performance (Sutskever et al., 2013). Adaptive methods as Adagrad (Duchi et al., 2011a), RM-
Sprop (Hinton et al., 2012) and Adam have been shown to find solutions that generalize worse than
those found by non-adaptive methods on several state-of-the-art deep learning models (Wilson et al.,
2017). Berrada et al. (2018) adapted the Frank-Wolfe algorithm to design an optimization method
that offers good generalization performance while requiring minimal hyper-parameter tuning com-
pared to SGD.

Dual averaging. Dual averaging is one of the most popular algorithms in convex optimization and
presents two main advantages. In regularized learning problems, it is known to more efficiently ob-
tain the desired regularization effects compared to other methods as SGD (Xiao, 2010). Moreover,
dual averaging fits the distributed optimization setting (Duchi et al., 2011b; Tsianos et al., 2012; Hos-
seini et al., 2013; Shahrampour & Jadbabaie, 2013; Colin et al., 2016). Finally, this method seems
to be effective in manifold identification (Lee & Wright, 2012; Duchi & Ruan, 2016). Our approach
differs from these works as we study dual averaging in the non-convex optimization setting.

Convergence guarantees in non-convex optimization. While obtaining a convergence rate for
SGD when the objective is smooth is standard (see e.g. Bottou et al. (2016)), it is more difficult
to analyze other algorithms in this setting. Recently, Zou et al. (2018); Ward et al. (2019); Li &
Orabona (2019) provided rates for the convergence of variants of Adagrad towards a stationary
point. Défossez et al. (2020) builds on the techniques introduced in Ward et al. (2019) to derive a
convergence rate for Adam. In the non-smooth weakly convex setting, Davis & Drusvyatskiy (2019)
provides a convergence analysis for SGD and Zhang & He (2018) for Stochastic Mirror Descent.
Our analysis for dual averaging builds upon the recent analysis of SGD+M by Defazio (2020).

Decaying regularization Methods that reduce the amount of regularization used over time have
been explored in the convex case. Allen-Zhu & Hazan (2016) show that it’s possible to use methods
designed for strongly convex optimization to obtain optimal rates for other classes of convex func-
tions by using polynomially decaying regularization with a restarting scheme. In Allen-Zhu (2018),
it is shown that adding regularization centered around a sequence of points encountered during op-
timization, rather than the zero vector, results in better convergence in terms of gradient norm on
convex problems.
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2 MODERNIZING DUAL AVERAGING

As we are primarily interested in neural network training, we focus in this work on the unconstrained
stochastic minimization problem

min
x∈Rn

Eξ∼P [f(x, ξ)] := f(x). (1)

We assume that ξ can be sampled from a fixed but unknown probability distribution P . Typically,
f(x, ξ) evaluates the loss of the decision rule parameterized by x on a data point ξ. Finally, f : Rn →
R is a (potentially) non-convex function.

Dual averaging. To solve (1), we are interested in the dual averaging algorithm (Nesterov, 2009).
In general, this scheme is based on a mirror map Φ: Rn → R assumed to be strongly convex.
An exhaustive list of popular mirror maps is present in Bregman (1967); Teboulle (1992); Eckstein
(1993); Bauschke et al. (1997). In this paper, we focus on the particular choice

Φ(x) :=
1

2
‖x− x0‖2, (2)

where x0 ∈ Rn is the initial point of the algorithm.

Algorithm 1 (Stochastic) dual averaging
Input: initial point x0, scaling parameter sequence {βk}Tk=1 , step-size sequence {λk}Tk=1 , stop-
ping time T .
for k = 0 . . . T do

Sample ξk ∼ P and compute stochastic gradient gk = ∇f(xk, ξk)
sk = sk−1 + λkgk. // Update the sum of gradients
xk+1 = argminx∈Rn

{
〈sk, x〉+ βk

2 ‖x− x0‖
2
2

}
// Update the iterate

end for
return x̂T = 1

T+1

∑T
k=0 xk.

Dual averaging generates a sequence of iterates {xk, sk}Tk=0 as detailed in Algorithm 1. At time
step k of the algorithm, the algorithm receives gk and updates the sum of the weighted gradients
sk. Lastly, it updates the next iterate xk+1 according to a proximal step. Intuitively, xk+1 is chosen
to minimize an averaged first-order approximation to the function f , while the regularization term
βkΦ(x) prevents the sequence {xk}Tk=0 from oscillating too wildly. The sequence {βk}Tk=1 is cho-
sen to be non-decreasing in order to counter-balance the growing influence of 〈sk, x〉. We remark
that the update in Algorithm 1 can be rewritten as:

xk+1 = −sk/βk. (3)

In the convex setting, Nesterov (2009) chooses βk+1 = βk + 1/βk and λk = 1 and shows conver-
gence of the average iterate x̂T to the optimal solution at a rate of O(1/

√
T ). That sequence of β

values grows proportionally to the square-root of k, resulting in a method which an effective step
size that decays at a rate O(1/

√
T ). This rate is typical of decaying step size sequences used in first

order stochastic optimization methods when no strong-convexity is present.

Connection with SGD. With our choice of mirror map (2), stochastic mirror descent (SMD) is
equivalent to SGD whose update is

xk+1 = xk − ηkgk. (4)

Dual averaging and SMD share similarities. While in constrained optimization the two algorithms
are different Juditsky et al. (2019), they yield the same update in the unconstrained case when
λk = ηk and βk = 1. In this paper, we propose another viewpoint on the relationship between the
two algorithms.
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Proposition 2.1. Let f : Rn → R be a function and let T > 0. Let {h(k)}Tk=0 be a sequence of
functions such that h(k) : Rn → R and

h(k)(x) = f(x) +
αk
2
‖x− x0‖2, (5)

where {αk}Tk=0 is a sequence in R. Then, for k ∈ {1, . . . , T}, the update of dual averaging at
iteration k for the minimization problem on f is equivalent to the one of SGD for the minimization
problem on h(k) when

ηk =
λk
βk

and αk =
βk − βk−1

λk
. (6)

Proof of Proposition 2.1. We start by deriving the SGD update for h(k).

xk+1 = xk − ηkgk − ηkαkxk. (7)

We now rewrite the update of dual averaging. By evaluating (3) at iterations k and k− 1, we obtain:{
xk+1 = −sk/βk
xk = −sk−1/βk−1

=⇒ xk+1 = xk −
λk
βk
gk −

(
1− βk−1

βk

)
xk. (8)

By comparing (7) and (8), we obtain (6).

Proposition 2.1 shows that dual averaging implicitly induces a time-varying L2-regularization to an
SGD update.

Modernized dual averaging. The modernized dual averaging (MDA) algorithm, our adaptation
of dual averaging for deep learning optimization, is given in Algorithm 2.

Algorithm 2 Modernized dual averaging (MDA)
Input: x0 ∈ Rn initial point, ηk > 0 stepsize sequence, ck momentum parameter sequence,
T > 0 stopping time.
Initialize s−1 = 0.
for k = 0 . . . T − 1 do

Set the scaling coefficient βk =
√
k + 1 and the stepsize λk = ηk

√
k + 1.

Sample ξk ∼ P and compute stochastic gradient gk = ∇f(xk, ξk).
sk = sk−1 + λkgk // Update the sum of gradients
zk+1 = x0 − sk/βk // Update the dual averaging iterate
xk+1 = (1− ck+1)xk + ck+1zk+1 // Update the averaged iterate

end for
return xT .

MDA differs from dual averaging in the following fundamental ways. Firstly, it maintains an iter-
ate xk+1 obtained as a weighted average of the previous average xk and the current dual averaging
iterate zk+1. It has been recently noticed that this averaging step can be interpreted as introducing
momentum in the algorithm (Sebbouh et al., 2020; Tao et al., 2018) (more details in Appendix A).
For this reason, we will refer to ck as the momentum parameter. While dual averaging with double
averaging has already been introduced in Nesterov & Shikhman (2015), it is our choices of param-
eters that make it suitable for non-convex deep learning objectives. In particular, our choice of βk
and λk, motivated by a careful analysis of our theoretical convergence rate bounds, result in the
following adaptive regularization when viewed as regularized SGD with momentum:

αk =

√
k + 2−

√
k + 1

ηk
√
k + 2

≈ 1

k + 2
(9)

In practice, a schedule of the momentum parameter (in our case ck) and learning rate (ηk) must also
be chosen to get the best performance out of the method. We found that the schedules used for SGD
or Adam can be adapted for MDA with small modifications. For CV tasks, we found it was most
effective to use modifications of existing stage-wise schemes where instead of a sudden decrease at
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the end of each stage, the learning rate decreases linearly to the next stages value, over the course
of a few epochs. For NLP problems, a warmup stage is necessary following the same schedule
typically used for Adam. Linear decay, rather than inverse-sqrt schedules, were the most effective
post-warmup.

For the momentum parameter, in each case the initial value can be chosen to match the momentum
β used for other methods, with the mapping ck = 1−β. Our theory suggests that when the learning
rate is decreased, ck should be increased proportionally (up to a maximum of 1) so we used this rule
in our experiments, however it doesn’t make a large difference.

3 CONVERGENCE ANALYSIS

Our analysis requires the following assumptions. We assume that f has Lipschitz gradients but
in not necessarily convex. Similarly to Robbins & Monro (1951), we assume unbiasedness of the
gradient estimate and boundedness of the variance.
Assumption 1 (Stochastic gradient oracle). We make the two following assumptions.
(A1) Unbiased oracle: Eξ∼P [∇f(x, ξ)] = ∇f(x).
(A2) Bounded second moment: Eξ∼P [‖∇f(x, ξ)‖22] ≤ σ2.
Assumption 2 (Boundedness of the domain). Let x0 ∈ Rn. Then, we assume that there exists
R > 0 such that R2 = supx∈Rd ‖x− x0‖22 <∞.
Theorem 3.1. Let f be a Lipschitz-smooth function with minimum f∗. Let Assumption 1 and As-
sumption 2 for (1) hold. Let x0 ∈ Rn be the initial point of MDA. Assume that we run MDA for T
iterations. Let z1, . . . , zT and x1, . . . , xT be the points returned by MDA and set λk = ηk

√
k + 1,

βk =
√
k + 1 and ck = c where ηk = 1/

√
T and c ∈ (0, 1]. Assume that T ≥ L2/c2. Then, we

have:

1

2T

T∑
k=0

(‖∇f(xk)‖22 + ‖∇f(zk)‖22)

≤ 2((f(x0)− f∗)− E[f(zT+1)− f∗])√
T

+ 2

(
1

c
− 1

)
(L+ 1)(f(x0)− f∗)− (L+ αT )E[f(xT )− f∗]

T

+ 2

[(
L√
T

+
log(T + 1)

T

)
σ2 +

(
L log(T )

T
+

2 log(T )√
T

)
R2

]
,

(10)

where f∗ is the value of f at a stationary point and αT =
√
T
(

1−
√
T+1√
T+2

)
.

Theorem 3.1 informs us that the convergence rate of MDA to a stationary point is of O(1/
√
T ) and

is similar to the one obtained with SGD. A proof of this statement can be found in Appendix B.

4 NUMERICAL EXPERIMENTS

We investigate the numerical performance of MDA on a wide range of learning tasks, including im-
age classification, MRI reconstruction, neural machine translation (NMT) and language modeling.
We performed a comparison against both SGD+M and Adam. Depending on the task, one of these
two methods is considered the current state-of-the-art for the problem. For each task, to enable a
fair comparison, we perform a grid-search over step-sizes, weight decay and learning rate schedule
to obtain the best result for each method. For our CV experiments we use the torchvision pack-
age, and for our NLP experiments we use fairseq (Ott et al., 2019). We now briefly explain each
of the learning tasks and present our results. Details of our experimental setup and experiments on
Wikitext-103 can be respectively found in Appendix C and Appendix D.

4.1 IMAGE CLASSIFICATION

We run our image classification experiments on the CIFAR-10 and ImageNet datasets. The CIFAR-
10 dataset consists of 50k training images and 10k testing images. The ILSVRC 2012 ImageNet
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Figure 1: (a): Test accuracy of SGD with momentum and MDA on CIFAR-10 and (b) on ImageNet.
(c): Test SSIM of Adam and MDA on fastMRI Knee dataset. MDA matches the performance of the
best first-order methods in these computer vision tasks. (d): Ablation study for MDA on CIFAR-10.

dataset has 1.2M training images and 50k validation images. We train a pre-activation ResNet-
152 on CIFAR-10 and a ResNet-50 model for ImageNet. Both architectures are commonly used
base-lines for these problems. We follow the settings described in He et al. (2016) for training.
Figure 1 (a) represents the accuracy obtained on CIFAR-10. MDA achieves a slightly better accuracy
compared to SGD with momentum (by 0.36%). This is an interesting result as SGD with momentum
serves as first-order benchmark on CIFAR-10. We speculate this difference is due to the beneficial
properties of the decaying regularization that MDA contains. Figure 1 (b) represents the accuracy
obtained on ImageNet. In this case the difference between MDA and SGD+M is within the standard
errors, with Adam trailing far behind.

4.2 MRI RECONSTRUCTION

For our MRI reconstruction task we used the fastMRI knee dataset (Zbontar et al., 2018). It con-
sists of more than 10k training examples from approximately 1.5k fully sampled knee MRIs. The
fastMRI challenge is a kind of image-to-image prediction task where the model must predict a MRI
image from raw data represented as “k-space” image. We trained the VarNet 2.0 model introduced
by Sriram et al. (2020), which is currently the state-of-the-art for this task. We used 12 cascades,
batch-size 8, a 4x acceleration factor, 16 center lines and the masking procedure described in Defazio
(2019). Figure 1 (c) shows the SSIM scores obtained for each method. We observe that MDA per-
forms slightly better than Adam, although the difference is within the standard error. SGD performs
particularly badly for this task, no mater what tuning of learning rate schedule is tried. The visual
difference between reconstructions given by the best SGD trained model, versus the best model from
the other two methods is readily apparent when compared at the pixel level (Figure 2).
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Ground truth MDA (SSIM 0.48844

ADAM (SSIM 0.48744) SGD (SSIM 0.48361)

Figure 2: Reconstruction images for an illustrative knee slice for the same model trained with each
of the 3 methods, using the best model for the seeds for each. The difference image between the
ground-truth and the noise is shown on the right.
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Figure 3: Left: performance of Adam and MDA in NMT on IWSLT’14. The plot shows the training
loss convergence, while the table provides the BLEU score on the test set. Right: performance of
ADAM and MDA on RoBERTa training.

4.3 NEURAL MACHINE TRANSLATION (NMT)

We run our machine translation task on the IWSLT’14 German-to-English (De-En) dataset (approx-
imately 160k sentence pairs) (Cettolo et al., 2014). We use a Transformer architecture and follow
the settings reported in Ott et al. (2019), using the pre-normalization described in Wang et al. (2019).
The length penalty is set to 0.6 and the beam size is set to 5. For NMT, BLEU score is used (Papineni
et al., 2002). We report the results of the best checkpoints with respect to the BLEU score averaged
over 20 seeds. We report tokenized case-insensitive BLEU. Figure 3 reports the training loss and the
BLEU score on the test set of SGD, MDA and Adam on IWSLT’14. SGD as reported in (Yao et al.,
2020) performs worse than the other methods. While Adam and MDA match in terms of training
loss, MDA outperforms Adam (by 0.20) on the test set. Despite containing no adaptivity, the MDA
method is as capable as Adam for this task.
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4.4 MASKED LANGUAGE MODELING

Our largest comparison was on the task of masked language modeling. Pretraining using masked
language models has quickly become a standard approach within the natural language processing
community (Devlin et al., 2019), so it serves as a large-scale, realistic task that is representative
of optimization in modern NLP. We used the RoBERTa variant of the BERT model (Liu et al.,
2019), as implemented in fairseq, training on the concatenation of BookCorpus (Zhu et al., 2015)
and English Wikipedia. Due to the high computational costs of training we present the results of 1
run for each method rather than an average over seeds. We performed hyper-parameter search only
on the learning rate. Figure 3 shows the training loss for Adam and MDA; SGD fails on this task.
MDA’s learning curve is virtually identical to Adam. The “elbow” shape of the graph is due to the
training reaching the end of the first epoch around step 4000. On validation data, MDA achieves a
perplexity of 5.3 broadly comparable to the 4.95 value of Adam. As we are using hyper-parameters
tuned for Adam, we believe this small gap can be further closed with additional tuning.

4.5 ABLATION STUDY

As our approach builds upon regular dual averaging, we performed an ablation study on CIFAR-10
to assess the improvement from our changes. We ran each method with a sweep of learning rates,
both with flat learning rate schedules and the standard stage-wise scheme. The results are shown in
Figure 1 (d). Regular dual averaging performs extremely poorly on this task, which may explain why
dual averaging variants have seen no use that we are aware of for deep neural network optimization.
The best hyper-parameter combination was LR 1 with the flat LR scheme. We report the results
based on the last-iterate, rather than a random iterate (required by the theory), since such post-hoc
sampling performs poorly for non-convex tasks. The addition of momentum in the form of iterate
averaging within the method brings the test accuracy up by 3.7%, and allows for the use of a larger
learning rate of 2.5. The largest increase is from the use of an increasing lambda sequence, which
improves performance by a further 4.78%.

5 TIPS FOR USAGE

When applying the MDA algorithm to a new problem, we found the following guidelines to be
useful:

• MDA may be slower than other methods at the early iterations. It is important to run the
method to convergence when comparing against other methods.

• The amount of weight decay required when using MDA is often significantly lower than
for SGD+M or Adam. We recommend trying a sweep with a maximum of the default for
SGD+M or Adam, and a minimum of zero.

• Learning rates for MDA are much larger than SGD+M or Adam, due to their different
parameterizations. When comparing to SGD+M with learning rate η and momentum β, a
value comparable to η/(1 − β) is a good starting point. On NLP problems, learning rates
as large at 15.0 are sometimes effective.

6 CONCLUSION

Based on our experiments, the MDA algorithm appears to be a good choice for a general purpose
optimization algorithm for the non-convex problems encountered in deep learning. It avoids the
sometimes suboptimal test performance of Adam, while converging on problems where SGD+M
fails to work well. Unlike Adam which has no general convergence theory for non-convex problems
under the standard hyper-parameter settings, we have proven convergence of MDA under realistic
hyper-parameter settings for non-convex problems. It remains an open question why MDA is able
to provide the best result in SGD and Adam worlds.
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