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Abstract

Generating realistic synthetic sequential data is critical in real-world applications
such as operations research and finance. While diffusion models have achieved
remarkable success in generating static data, their direct extensions to sequential
settings often fail to capture temporal dependencies and information structure.
Designing diffusion models that can simulate sequential data in an adaptive, non-
anticipative manner therefore remains an open challenge.
In this work, we propose a sequential forward–backward diffusion framework for
adapted time series generation. Our approach progressively injects and removes
noise along the sequence, by conditioning on the previously generated history to
ensure adaptiveness. We further introduce a novel score-matching objective for
efficient parallel training. Finally, we establish a score approximation result using
transformer networks as an early step towards a statistical estimation theory.

1 Introduction
Diffusion models [25, 53, 54] have emerged as one of the most powerful frameworks for data
generation, achieving state-of-the-art performance across domains such as text-to-image genera-
tion [5, 17, 51], molecular design [26, 60] and diffusion language models [3, 52]. By using a
forward–backward stochastic system for injecting noise and denoising, diffusion models are capable
of generating complex, high-dimensional samples with remarkable fidelity and diversity.

Despite these advances, most existing studies focus on static data, where samples are from a fixed
distribution. In contrast, the application of diffusion models to sequential data remains relatively
underexplored. This gap is particularly significant because in many real-world applications, especially
in finance, data naturally evolves over time and is intrinsically adapted to an underlying information
flow. In the example of stress testing [1, 2, 15], realistic synthetic data generation requires not only
modeling temporal dependencies, but also ensuring that the generated sequences do not “look into
the future” and are adaptive to the specified information flow.

A straightforward extension of diffusion models to sequential data is to inject noise into the entire
sequence at once and then learn to denoise the full trajectory. Although this approach can approximate
the joint distribution, it fails to capture the temporal dependency and probabilistic structure intrinsic
to sequential data. More importantly, the generated samples are not necessarily adapted to the
underlying information flow—a key requirement in sequential settings. This limitation motivates the
development of a filtration-adapted sequential diffusion framework, the central focus of our paper.

Our work and contributions. In this work, we introduce a system of forward and time-reversed
diffusion processes for adapted time series generation. Specifically, we design noise injection
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and denoising schemes for each entry of the input sequential data, conditioning on the previously
generated entries. This construction preserves the conditional distributions of the source data while
ensuring that the generated samples are adapted to an enlarged filtration. Additionally, we propose
a novel score matching objective that enables parallel training of the score functions across the
sequence, facilitating both scalability and efficiency. As a first step towards a statistical estimation
theory, we establish a score approximation result using transformer networks. To the best of our
knowledge, this is the first work on applying diffusion models to sequential data generation with
theoretical guarantees. The analytical framework developed in this paper advances our understanding
of diffusion models and has potential to be applied in financial modeling and risk analysis.

Related literature. Our work is related to several emerging research directions.

First, a variety of generative modeling frameworks have been developed for financial time series
synthesis. Prior to the emergence of diffusion models, most approaches were based on the GAN
framework [15, 20, 30, 35, 39, 44, 57, 58, 62] while others adopted the VAE paradigm [1, 7, 8, 9,
16, 29, 43, 63]. More recently, diffusion models have gained significant attention for data synthesis
and have been adapted for time series generation [40, 41, 45, 49, 64]. In parallel, methods based on
Schrödinger Bridges have also been explored for generative modeling of time series [2, 6, 23, 59].

Our work is also closely related to the recent advances of diffusion models. A line of research focused
on the convergence theory of diffusion models [4, 10, 12, 13, 14, 21, 22, 27, 28, 31, 32, 33, 34, 36, 37,
38, 42, 48, 50, 55]. In parallel, several studies analyzed the statistical properties of score matching,
establishing statistical error rates and sample complexity bounds [18, 24, 47, 61, 65]. However, none
of the prior work addressed the statistical estimation theory of diffusion models for sequential data,
except [19], which investigated diffusion transformers restricted to (discrete) Gaussian process data.

Compared to the existing literature, our work is the first to study diffusion transformers for learning
generic sequential data with statistical guarantees. More importantly, the proposed diffusion frame-
work is designed to preserve the temporal dependencies and probabilistic structure inherent in the
source data. The adaptiveness guarantee established in this work also paves the way for applications
of diffusion models to domains where sequential structure is essential.

Notations. Let (Ω,F ,P, (Fh)
H
h=1) be a filtered probability space. Denote (Wh

t )
H
h=1 and (W̄h

t )
H
h=1

be 2H independent one-dimensional Brownian motions. For a vector X = (X1, . . . , XH) ∈ RH ,
we denote X [ℓ:h] := (Xℓ, . . . , Xh) and X [ℓ:h) := (Xℓ, . . . , Xh−1). Let N (µ, σ2) be Gaussian
distribution with mean µ and variance σ2. Let σ(X) be the σ-algebra generated by the random
variable X and A ∨ B the smallest σ-algebra containing A ∪ B. Finally, ∥·∥ is the Euclidean norm.

2 Problem Setup
We provide here an introduction to diffusion models for adapted time series generation.

Diffusion models. Let X0 = (Xh
0 )

H
h=1 ∈ RH be a time series of length H , adapted to the in-

formation filtration (Fh)
H
h=1. Our objective is to generate additional adapted time series following

the same distribution as X0, subject to a meaningful filtration. We consider a progressively condi-
tioned diffusion models based on the Ornstein–Uhlenbeck (OU) dynamics. Specifically, for each
coordinate/timestamp h (1 ≤ h ≤ H), we will define a pair of forward and time-reversed SDEs.

For h = 1, the forward process follows a standard OU dynamics:
dX1

t = − 1
2X

1
t dt+ dW 1

t , X1
0 ∼ ϕ1(0, ·), (1)

where ϕ1(0, ·) is the probability density of X1
0 . To generate new samples, we reverse process (1):

dX̄1
t =

[
1
2X̄

1
t + ∂x log ϕ

1(T − t, X̄1
t )
]
dt+ dW̄ 1

t , X̄1
0 ∼ ϕ1(T, ·), (2)

where ϕ1(t, ·) is the probability density of X1
t and ∂x log ϕ

1(t, ·) denotes its score function. For each
h > 1, we construct the forward process iteratively by conditioning on the history:

dXh
t = − 1

2X
h
t dt+ dWh

t , Xh
0 ∼ ϕh

X̄
[1:h)
T

(0, ·), (3)

where ϕh
z (0, ·) is the probability density of Xh

0 given the history X
[1:h)
0 = z and ϕh

z (t, ·) is the
conditional density of Xh

t given X
[1:h)
0 = z. Compared to (1), the forward process (3) is initialized

from a conditional probability distribution, incorporating the temporal dependencies inherent in the
time series. By reversing the forward process (3) in time, we obtain the time-reversed dynamics:

dX̄h
t =

[
1
2X̄

h
t + ∂x log ϕ

h

X̄
[1:h)
T

(T − t, X̄h
t )
]
dt+ dW̄h

t , X̄h
0 ∼ ϕh

X̄
[1:h)
T

(T, ·). (4)
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Here the time-reversed process (4) incorporates previously generated trajectories X̄ [1:h)
T , ensuring that

the synthesized series X̄T = (X̄h
T )

H
h=1 is generated sequentially and matches the joint distribution of

original data.

Proposition 2.1 (Property of the time-reversed process) Let (X̄h
T )

H
h=1 follow (1)–(4). Then the

following distributional property holds,

X̄1
T

d
= X1

0 , and (X̄h
T |X̄h−1

T = x)
d
= (Xh

0 |Xh−1
0 = x), ∀h > 1, x ∈ R.

Consequently, we have (X̄h
T )

H
h=1

d
= (Xh

0 )
H
h=1.

Proposition 2.1 indicates that the time-reversed process we constructed exhibits the desired distribu-
tional property for the sampling step of diffusion models.

In practice, however, the time-reversed SDEs (2) and (4) cannot be directly used to generate samples,
as both the score functions ∂x log ϕh

X̄
[1:h)
T

(t, ·) and the initial distributions ϕh

X̄
[1:h)
T

(T, ·) are unknown.

To address this issue, we follow common practice to replace the initial distribution by the stan-
dard Gaussian distribution and replace the ground-truth score ∂x log ϕ

h
z (t, x) by a score estimator

ŝh(t, x, z). With these modifications, we obtain an approximation of the time-reversed process, which
is practically implementable:

dX̃h
t =

[
X̃h

t /2 + ŝh(T − t, X̃h
t , X̃

[1:h)
T )

]
dt+ dW̄h

t , X̃h
0 ∼ N (0, 1). (5)

Here, by convention, we set z = ∅ when h = 1 and thus ŝ1(t, x,∅) = ŝ1(t, x). Using (5), we
propose Algorithm 1 for sequential data sampling.

Algorithm 1 Sampling algorithm for sequential data

1: Input: Length of time series H , terminal time T , score networks
{
ŝh(·)

}H

h=1
.

2: Run the backward process up to T

dX̃1
t =

[
X̃1

t /2 + ŝ1(T − t, X̃1
t )
]
dt+ dW̄ 1

t , with X̃1
0 ∼ N (0, 1),

and obtain a realization x1.
3: for h = 2, . . . ,H do
4: Run the backward process up to T

dX̃h
t =

[
X̃h

t /2 + ŝh(T − t, X̃h
t , x

[1:h))
]
dt+ dW̄h

t , with X̃h
0 ∼ N (0, 1),

and obtain a realization xh.
5: Set x[1:h] = (x[1:h), xh).
6: end for
7: return x[1:H]

Score matching. To estimate the score function, a natural choice is to minimize the weighted
quadratic loss for all coordinates:

mins∈F
∑H

h=1

∫ T

t0
1

T−T0
E
X̄

[1:h)
T

EXh
t

[∣∣sh(t,Xh
t , X̄

[1:h)
T )− ∂x log ϕ

h

X̄
[1:h)
T

(t,Xh
t )
∣∣2]dt, (6)

where F is a function class (often neural networks). Here, t0 is an early-stopping time to prevent the
blow-up of score functions, which is commonly adopted in practice [11, 46, 54]. As X̄ [1:h)

T has the
same distribution as X [1:h)

0 for each coordinate h, one can equivalently minimize the alternative:

mins∈F
∑H

h=1

∫ T

t0
1

T−T0
E
X

[1:h)
0

EXh
t

[∣∣sh(t,Xh
t , X

[1:h)
0 )− ∂x log ϕ

h

X
[1:h)
0

(t,Xh
t )
∣∣2]dt. (7)

As shown by [56], rather than minimizing the integral above, we can minimize an equivalent denoising
score matching objective:

mins∈F
∑H

h=1

∫ T

t0
1

T−T0
E
X

[1:h)
0

EXh
0
EXh

t

[∣∣sh(t,Xh
t , X

[1:h)
0 )− αtX

h
0 −Xh

t

σ2
t

∣∣2]dt, (8)
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with αt = e−t/2 and σ2
t = 1 − e−t. Furthermore, we denote s = (s1, . . . , sH) and use the vector

notation to rewrite (8) as

mins∈F
∫ T

t0
1

T−T0
EX0

EXt|X0

[∥∥∥s(t,Xt, X0)− αtX0−Xt

σ2
t

∥∥∥2]dt. (9)
We remark that the objective (9) allows for training score functions in parallel in contrast to the
sequential sampling in Algorithm 1. In fact, (9) can be implemented in a parallel fashion for each
timestamp h ∈ [1 : H], without knowledge of information at prior timestamps.

In practice, we approximate (9) by its empirical version. Moreover, in many applications, the temporal
dependency in the time series diminishes markedly as the horizon distance increases. Therefore, we
truncate the historical data to improve the estimation efficiency. Specifically, given n i.i.d. sample
trajectories {xi}ni=1 with xi ∈ RH , we sample Xh

t given Xh
0 = xh

i from N (αtx
h
i , σ

2
t ). We focus on

the historical window from coordinate k to h and denote the associated loss function by

ℓ[k:h](xi; s) =
∫ T

t0
1

T−t0
EXh

t ∼N (αtxh
i ,σ

2
t )

[∣∣s(t,Xh
t , x

[k:h)
i )− αtx

h
i −Xh

t

σ2
t

∣∣2]dt. (10)

Here, for simplicity we assume sufficient sampling of Xh
t |Xh

0 = xh
i and t, as they are easy to generate.

Let ŝh be a minimizer to the empirical score matching risk L̂[k:h](s) := 1
n

∑n
i=1 ℓ

[k:h](xi; s).

3 Main Results
In this section, we establish adaptiveness of the generated time series and a score approximation result.

Adaptiveness. In many applications in operations research and finance, synthetic data is expected to
be adapted to a suitably chosen filtration. We make the following assumption on the score estimators.

Assumption 3.1 For each coordinate h, the score estimator ŝh is trained such that ŝh ∈ Fh∨σ(Ũh),
in which Ũh is an independent random variable on the same probability space.

Ũh can be viewed as exogenous randomness occurred in training (e.g., adopting a stochastic opti-
mization algorithm). The next proposition states the adaptiveness of the generated time series.

Proposition 3.2 (Adaptiveness) Suppose Assumption 3.1 holds. In addition, assume the filtered
probability space is rich enough to contain H independent Brownian motions {W̄h

t }Hh=1, H indepen-
dent random variables Ũh, and H independent standard Gaussian random variables X̃h

0 ∼ N (0, 1).
Then the output (X̃h

T )
H
h=1 from Algorithm 1 is adapted to the enlarged filtration H̃ := (H̃h)

H
h=1

defined as, for 1 ≤ h ≤ H

H̃1 = σ(X̃1
0 ) ∨ σ({W̄ 1

t }Tt=0) ∨ σ(Ũ1) ∨ F1, H̃h = H̃h−1 ∨ σ(X̃h
0 ) ∨ σ({W̄h

t }Tt=0) ∨ σ(Ũh) ∨ Fh.

To understand Proposition 3.2, we note that the definition of enlarged filtration consists of four sources
of information: 1) data filtration Fh, 2) stochastic algorithm σ(Ũh), 3) initial distribution σ(X̃h

0 ),
and 4) Brownian motion σ({W̄h

t }Tt=0). Consequently, H̃ can be treated as the smallest meaningful
filtration that includes all the randomness occurred in training and sampling.

Score approximation. We establish an approximation theory of score functions. In this work, we
consider the transformer network class as in [27]. Given input Z ∈ Rd×L, define self-attention layer
fSA(Z) := Z +

∑M
i=1 W

i
O(W

i
V Z)Softmax((W i

KZ)⊤W i
QZ) and feed-forward layer fFF(Z) :=

Z +W2ReLU(W1Z + b1) + b2. With these two layers, we define the transformer block with with
positional encoding E ∈ Rd×L as f trans(Z) := fFF(fSA(Z + E)) : Rd×L → Rd×L. Denote
transformer class T as the collection of all functions f = fout ◦R−1 ◦ f trans

1 ◦ · · · ◦ f trans
L ◦R ◦ fin,

where fin : Rh−k+2 → Rh−k+2 and fout : Rh−k+2 → R are linear input/output layers, and
R : Rh−k+2 → Rd×L is a reshape layer.

To state the approximation result, we impose the following assumption on the tail probability and the
smoothness of the data distribution. We denote ϕ

[k:h]
z (0, ·) as the conditional probability density of

Xh
0 given X

[k:h)
0 = z.

Assumption 3.3 (Conditional sub-Gaussianity and Hölder smoothness) For each fixed k < h,
we assume there exist positive constants C1, C2 > 0 and a vector v ∈ Rh−k such that
ϕ
[k:h]

x
[k:h)
0

(0, xh
0 ) ≤ C1 exp

(
− C2|xh

0 − v⊤x
[k:h)
0 |2/2

)
. Moreover, we assume the conditional den-

sity is β-Hölder smooth with its Hölder norm bounded by B.
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The following theorem states the approximation of the score function using transformer networks.

Theorem 3.4 (Score approximation) Suppose Assumption 3.3 holds. Let N > 0 be a sufficiently
large integer (neural network hyper-parameter) and we set t0 = N−Cσ and T = Cα logN for some
positive constants Cσ and Cα. There is a transformer network s∗ ∈ T such that

E
[∣∣∣s⋆(t,Xh

t , X
[ℓ:h)
0 )− ∂x log ϕ

[ℓ:h]

X
[ℓ:h)
0

(t,Xh
t )
∣∣∣2] ≲ B

σ4
t
N−β(logN)2+β/2, ∀t ∈ [t0, T ]. (11)

Theorem 3.4 provides a transformer network to approximate the score function with a rate depending
on the hyperparameter N . This result will serve as a building block for score and distribution
estimation theory.

4 Conclusion
In this work, we study diffusion models for adapted time series generation. We introduce a system
of forward and backward processes for time series generation and establish the adaptiveness of
the resulting synthetic data sequence. In addition, we propose a novel score matching objective
for training score functions efficiently in parallel. As a first step towards the statistical estimation
theory, we derive a score approximation result using transformer networks. The analytical framework
laid out in this paper sheds light on the application of diffusion models for learning time series.
Finally, our work leaves several open questions for future investigation, including score estimation
and distribution estimation theory as well as connection to financial modeling.
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