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Abstract

We consider the problem of recovering an unknown latent code vector under a
known generative model from compressive measurements. For a d-layer deep gen-
erative network G : R™ — R™ with ReLU activation functions and compressive
measurement matrix ® € R™*"4 et the observation be ®G(x) + € where ¢ is
noise. We introduce a simple novel algorithm, Partially Linearized Update for
Generative Inversion in Compressive Sensing (PLUGIn-CS), to estimate = (and
thus G(x)). We prove that, when sensing matrix and weights are Gaussian, if layer
widths n; 2 5in and number of measurements 1m P 290, (both up to log factors),
then the algorithm converges geometrically to a (small) neighbourhood of x with
high probability. Note the inequality on layer widths allows n; > n;4; wheni > 1
and thus allows the network to have some contractive layers. After a sufficient
number of iterations, the estimation errors for both = and G(x) are at most in the
order of \/4%n¢/m||e||. Numerical experiments on synthetic data and real data are
provided to validate our theoretical results and to illustrate that the algorithm can
effectively recover images from compressive measurements.

1 Introduction

We consider the inverse problem of recovering an unknown structured vector z* € R from a noisy
compressive observation y € R™ of the form

y=0" +e, (1

where € € R™ is noise, ® € R™* is the compressive measurement matrix. Traditional approaches
for solving (T) often use priors on the signal z*, for example, a sparsity prior with respect to a fixed
basis or dictionary [} 2, 3. An emerging viewpoint is to use a generative prior that assumes the
signal z* is in the range of a known deep generative model G : R™ — R ie., 2* = G(2*) for
some x* € R™ . We assume G has the form

G(x) = 0(Ago(Ag—1...0(A12)...)), (2)

where o(-) = max(+,0) is the ReLU activation function and A; € R™*"i-1 is the weight matrix in
the ¢-th layer (and ngy = ). One can then develop algorithms that can estimate the latent code vector
x* from ®G(z*) + ¢, thus recovering G(z*).

Recent advancements in training deep neural networks have shown that generative priors can ef-
fectively map low dimensional vectors to the space of natural image classes [4} 15, 6]. Learned
generative models can then be used as priors to solve various inverse problems including denoising
[7, 18], compressive sensing [9, 10, [11} [12} [13}[14], phase retrieval [15]], blind deconvolution [[16} [17],
low-rank matrix recovery [18] and have been shown to perform on par or outperform classical sparsity
based approaches for these inverse problems. For example, in [7] the authors empirically showed that
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an end-to-end approach for denoising using a neural network that maps noisy patches in an image to
noise-free ones achieves state-of-the-art performance and is on par with BM3D. Similarly, in [9] the
authors empirically showed that for compressive sensing using generative prior, optimization of the
empirical risk objective over the latent code space (of the generative prior) can recover a vector that
effectively estimates the uncompressed signal with 5-10 times less measurements compared to Lasso
in some cases.

Given that y equals ®G(x*), with possibly some additive noise, a standard way to estimate 2* would
be to look for a minimizer of the program
. 2

Juin |y — G ()" 3)
Unfortunately, this program is non-convex and to our knowledge there is no known efficient method
that can achieve its global minimum in general. On the other hand, in the case with random weight
matrices and sensing matrix, a line of papers showed that gradient-based algorithms can provably
avoid local minima with high probability [10} [12} [15]. In particular, [12] considers a model with
small noise, Gaussian measurement matrix ¢, and Gaussian weight matrices A; which are highly
expansive at each layer. Under these conditions, the authors show that the latent code vector z* can
be accurately estimated if m 2> dng (up to log factors) using a gradient-based method that uses the
(sub-)gradient updates given by

" =2 — (D1 A1) T(D2A2)T - (DgAg)T®T (2G (") — y) (4)

where 2" is the k-th estimate, 17 € R is step size, and Dj is a diagonal matrix with entries that are
either zero or one. Each D; zeros out the inactive rows of A; with respect to the estimate z* and so
it is a function of z* (and Ay, for p < 7). Thus, at each iteration all D; need to be updated.

In this paper, we show that one can drop all D; and still recover an accurate estimate of z*. This
result follows from our previous work in the denoising case (® = I,,,) [19], where we introduced
a novel algorithm called Partially Linearized Update for Generative Inversion (PLUGIn). For the
compressive sensing case, we propose the following iterative algorithm to estimate z*:

2P = gF —pATAT .. ATHT (q)g(xk) =) (PLUGIn-CS)

This algorithm was inspired by previous work showing that latent vectors for non-linear single-index
function can be approximately estimated by treating the function as linear [20, 21]]. Similar to
[8L19L 1104 1124 [15L [17) 22]], for theoretical analysis, we assume the weight matrices are Gaussian. To
show that the algorithm works more broadly, we conduct real data simulations. Applying the ideas in
[20. 21]] one can show that for any fixed 29, the first iteration of provides an unbiased

estimate of =* with p = 2¢, which is generally not the case for the gradient descent estimates given
by @). Additionally, each iteration of maps the difference ®G(z*) — y to the low
dimensional latent code space using a static matrix A{ Al ... AT®T, which can be pre-multiplied and
reused in subsequent iterations.

Building upon the theory for PLUGIn [19], we show that the estimates provided by
converge geometrically to a neighbourhood of z* (and also G(x*) to a neighbourhood of G(z*)) with
high probability. This result holds with the following assumptions:

Al. Each A; € R"*™i-1 hasiid. N (0,1/n;) entries and {A; },<4 are independent.
A2. Layer widths (number of nodes in each layer) satisfy
i1
n; > Cob'ng log H—J , 1<i<d (5)
. no
7=0
for some (sufficiently large) absolute constant CYy.

A3. The measurement matrix ® € R™*" has i.i.d. A (0,1/m) entries (independent from
weight matrices) with
d

m > 2o log | [ 22 ©)
. no
7=0

for some absolute constant cg.



A4. The noise € does not depend on {A;};<4 or ®. (The noise may be deterministic or random.)

Note that A2 allows n; > n;y; for ¢ > 1 and thus can provide theoretical guarantees even when
G has some contractive layers. Under these assumptions, [PLUGIn-CS| algorithm converges to a
neighbourhood of z* for a range of step sizes near 2¢. Precisely, we have the following theorem.

Theorem 1. Let§ € (0,3) and let « = |1 — 6] + 16 € (0,1). Let R be a positive number such that
|z — x*|| < R. Under assumptions Al1-A4, the k-th estimate z* given by|PLUGIn-CS|with constant
step size ) = 027 satisfies

1560

2% — 2*|| < o*R + 172d\/n0/mHe||, and
-«
450
1G(2) ~ ") < 30 R+ 2090 /g e

with probability at least 1 — 2(k + 4)e~10m0,

When 6 = 1, Theorem I]reduces to the following corollary.
Corollary 1. Let R be a positive number such that ||x° — z*|| < R. Under assumptions Al-A4, the

k-th estimate x* given bywith constant step size 1 = 2% satisfies
|zF — 2*|] < 27FR + 30 - 2¢\/ng/m||€||, and
1G(") = G(a™)| < 27F(BR) + 90 2%/no/mle
with probability at least 1 — 2(k + 4)e~10m0,

Remark 1 (Contractive layers). In A2, (5) states a lower bound on n; with respect to the latent
code dimension ng (up to log factors). While this bound strictly increases with layer depth i, it
is not necessary for n; to always increase with ¢ (except in the first layer). For example, consider
n; = BCo5%n0d(2d — i) where /3 is any fixed number such that 3Cy € N and 3 > 4 + log Cy. It is
easy to see nq > ng > - -+ > ng, and we can also verify (see Appendix [E)) that such n; satisfy (3)). In
this case, the network is contractive in each layer after the first, and Theorem|[I]still applies.

Remark 2 (Initialization may depend on random weight matrices and sensing matrix). The results
of the theorem can still hold when z° is chosen randomly, dependent on the weight matrices A;. In
this case, suppose that ||z — 2*|| < R with probability at least 1 — §. Then, the error bounds hold
with probability at least 1 — 2(k + 4)e 10" — §. This does not follow directly from the theorem as
stated (which fixes z, then takes random weight matrices), but follows from the proof.

Remark 3 (Comparison to guarantees for gradient-based method). Here we compare our results
to the ones in [12]], which uses (@) for iterations and considers a model with small noise, i.e.,

el < d‘ngﬂ; They show that when the weight matrices and sensing matrix are Gaussian with
weight matrices sufficiently expansive at each layer, the iterates of the gradient-based method converge
to a neighborhood of the target signal x*. After sufficiently many iterations IV, the iterates converge
geometrically to a neighborhood of z* of radius at most on the order of 2%/2||¢||. This rate of
convergence takes the form (1 — C/2%), thus giving slower convergence for deeper nets. On the
other hand, we note that dependence on d is of relatively minor concern. Generative models usually
have small depth in practice, our MNIST experiments (below) work well with depth 3, and typical

applications use depth less than 8.

In comparison, Theoremholds for any noise e that does not depend on { 4;},<4 or ®. Under similar
randomness assumptions, the iterates of converge to a neighborhood of the latent code
x* of radius at most on the order of 24 /ny/ml||€||. This result can hold for networks with contractive
layers and the rate of convergence is geometric starting at the initial iterate of

2 Numerical Experiments
In this section, we provide numerical experiments on synthetic data and MNIST images where the
oberservations follow the model in (T)). All experiments were conducted using Google Colaboratory.

In the synthetic experiments, we let the generative prior be a 2-layer neural network G(z) =
o(A20(Ayx))), where the entries of weight matrix A; € R™*™i-1 are sampled from N (0, 1/n;).
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Figure 1: Comparison of performance of’ with gradient descent (GD) is shown. Panels (a) and (b)
show the dependence of relative recovery error with noise level-to-signal level from 20 independent trials. Panel
(c) shows the empirical success probability versus the code dimension n¢ for noiseless problems. Panel (d)
shows the result of recovering an image from compressive measurements. The top row corresponds to original
image. The second and third row are images recovered using[PLUGIn-CS|and gradient descent, respectively.

We sample the target latent code z* uniformly from S™0~1, set the noise level as a € R, and set the
noise to be av where v is sampled uniformly from S"3~1. Then we set y = ®G(x*) + av, where
the entries of the compressive measurement matrix ® € R™*"2 are sampled from N'(0,1/m). We
run m and gradient descent each for 10,000 iterations or until the relative successive error
is less than 10~ 13, and set 4 to be the output. We use a fixed step size of 3 and 10 for
and gradient descent, respectively, with the gradient computed using PyTorch [23]].

For the first experiment, we fix ng = 10, ny = 400, ny = 300, m = 150, and sample the noise level
a uniformly in the interval [0, 1]. In figures and the solid line corresponds to the performance
of and the dotted line represents the performance of gradient descent. Figure[Ta]shows
the empirical dependence of the the relative recovery error ||Z — 2*||/||2*|| on the noise-to-signal ratio
given, given by «, from 20 independent trials. Similarly, figure [Tb]shows the empirical dependence of
the the relative reconstruction error |G (&) — G(z*)||/||G(«*)|| from 20 independent trials. The figures
show that[PLUGIn-CS]can stably solve the compressive sensing problem () with a generative prior.
For the second experiment, we fix &« = 0, ny = 250, no = 700, m = 150, and sample the latent code
dimension ng in the interval [1, 100]. In figures|lc| the solid line corresponds to the performance of
and the dotted line represents the performance of gradient descent. Figure[Tc|shows the
empirical success probability from 20 independent trials.

We now empirically show that[PLUGIn-CS]can effectively recover MNIST images from compressive
measurements and compare its performance to gradient descent. We trained a VAE [24]] using Adam
optimizer [25] with a learning rate of 0.001 and mini-batch size 100 on the MNIST dataset [26]. The
decoder network in the VAE is a fully connected network with parameters 20 — 500 — 500 — 784.
The compressive sensing matrix ® € R™*78 follows i.i.d V'(0,1/m) entries with m = 150 and
the observation y satisfies y = $z*, where z* is an image from the MNIST database. In all MNIST
experiments, we use a fixed step size of n = 1/ for where 7 is the product of the
operator norms of the weight matrices; for gradient descent, we use a fixed step size of 1000. Similar
to the synthetic experiment, we run and gradient descent each for 10,000 iterations or
until the relative successive error is less than 10713, In ﬁgure the images in the top row are the
observations, the images in the second row and third row are the recovered images corresponding to

and gradient descent, respectively.
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Notations in proofs

For a positive integer n, let [n] = {1,2,...,n}. For a vector z, let ||z| be its Euclidean norm; for a
matrix A, let || Al be its operator norm; for a matrix A and a set 7, let || A||7 := sup,c7\ (0} %.
Let B(z, ) be the Euclidean ball of radius r centered at = and let B™ (0, ) be the Euclidean ball in
R™ with radius r, centered at origin. We use C' and ¢ to denote absolute constants (often ¢ for small
ones and C for large ones) which may vary from line to line. We also use ¢y, Cy, C, etc., to denote

particular absolute constants, which do not change throughout the paper.

We use P4, to denote that the probability is taken only with respect to A;. In neural network
G :R™ — R" letG; : R"™ — R™ be the mapping that corresponds to the first ¢ layers, i.e.
Gi(x) = 0(A;...0(A1x)...). For its weight matrices, let Ay = I,, and A; = A;A;_1 --- A; for
i € [d]. For x € R™, denote ¢ = « and ; = G;(x) for i € [d]

A Proof Outline

Our proofs for builds upon the proofs for PLUGIn [19]. Here we include all the
proofs for completeness, and note that many parts of these proofs are the same as in [19]. The
main differences are the parts dealing with sensing matrix ®. In particular, we added Lemma [9]and
modified Lemma 5} Lemmal(6|as well as Proof of Theorem I to incorporate ® in the new proofs.

Below we give a sketch for the proof of Theorem [I| For simplicity, we will only focus on analyzin
one iteration of [PLUGIn-CS|with step size 7 = 2¢. The complete proof can be found in Appendix [ﬁ

A Special Case

Let us first look at the special case where d = 1, e = 0 and ® = I. The analysis here highlights some
of the key ideas in our proofs, while its result Lemma|l|serves as a building block for proof in the

general case. In this special case, PLUGIn-CS|with = 2¢ reduces to
"t = 2% — 247 [0(A2") — o (Ax™)]
where 0 = ReLLU and A € R™*" is random with i.i.d. A/ (0, %) entries.

In fact, the first iterate provides an unbiased estimate of * when z° does not depend on A. Indeed,
the rotation invariance property of the Gaussian distribution may be leveraged to show [20} 21]], for
any fixed z,

EATo(Az) = fz. 7

For completeness, we also include a proof for (7)) in Appendix [B] Lemmal[2] Applying (7) to the first
iteration gives

Ex' = 20 — 2EATo(A2) + 2RATo(Ax*)
:.’L’O—LIZ‘O—FLI}*:QE*
Thus, even the first iterate can be shown to be a good estimate by showing that ' concentrates around
its mean. Further iterates are generally no longer unbiased estimators because they pick up complex
dependence on the random matrix A. We overcome this by developing a series of uniform deviation
inequalities, as below.

Let us suppose we have shown that, with high probability, ||2* — 2*|| < 7 for some (small) constant
r > 0. Then we wish to show that ||z¥*! — 2*|| < r/2 with high probability. Notice that

—(@* —a") = 247 [o(Aa*) - o(Ax")] — (* — o)

2Tt — 2% = sup 2 <Au,U(Axk) —o(Az*)) — <u,xk — ")
ueSn—1
=2 sup Z(u,z";z%)
uesSn—1
where
Z(u,v;2%) = (Au, 0(Av) — o(Ax*)) — 2 (u,v — 2*).



We wish to bound the supremum of random process Z(u, z¥; 2*) over u € S*~!. However, this
process is challenging to analyze since 2 depends on A when k > 1. To alleviate this dependency,
we bound by the supremum of Z (u, v; z*) over (u,v) € T° := B"(0,1) x B(z*,r) instead. Itis
worth noting that Z(u, v; 2*) is centred, namely EZ (u,v; z*) = 0 for any fixed (u,v). We now
arrive at the estimate

la**t — 2t <2 sup  Z(uwvia®) if o* — a7 <. ®
(u,v)eT

The following Lemma [I|provides a bound on supso Z(u, v; z*). In fact, it is slightly more general
because we replaced 7 with 77 x T3 (this replacement is helpful when studying the general case
d > 1). The complete proof of this lemma can be found in Appendix [C| The proof idea is to first
establish that Z(u, v; 2*) has mixed (sub-Gaussian and sub-exponential) tail increments through
Bernstein’s inequality, and then apply the result from [27], which provides a general bound for the
supremum of random processes with mixed tail increments.

Lemma 1. Let 0 = ReLU. Fix w € R™ and let A € R™*" have i.i.d. N (0, %) entries. Define
Z(u,v;w) := (Au,0(Av) — o(Aw)) — L (u,v —w).
Suppose T1, Tz are sets (not depending on A) such that
Ti=&NB"0,0) and To=S:NB(w,ar)

for some q-dimensional (affine) subspaces S1,S2 C R™ and real numbers o, v > 0. Then for any

t>1,
sup | Z(u, v;w)| < Cra’r ,/ +7_|_”
u€Ty

vET2

with probability at least 1 — e~t. Here C1 > 0 is an absolute constant.

We can apply Lemmal [I|to estimate (§)) (with S; = S, = R™) and get, for example,

o+t <20 (m+ a4 fm+a) < b

with probability at least 1 — e~", provided that m > (16C})?n

The General Case

Let us illustrate the proof idea with d = 2 (the extension to d > 2 is straightforward). Denote
% = G;(«*) and 27 = G;(z*) for i = 1,2. By adding and subtracting 2A] (z¥ — z%) and
22 AT AT (x5 — x3), we can write[PLUGIn-CS|with 1 = 2¢ as
PP gt = ah g — 22ATATDT[BG () — ®G (") — €]
= (a% — 2*) = 24] (0(A12") — 0(A127))
+ 247 [(2f — 27) — 2A7 (0(A2af) — 0(Asa7))]
+22ATAT (I — 7®) (25 — 23)

+22ATAT®Te.
Similar to the special case above, we can get
|zt — 2% < sup 27 (u,2¥) + sup 22Zy(Aju,zb) )
uesSmo~1 uesSno—1

+ 2% A Ay [[[|(1 — @T®) (25 — 23)|| + 2% AT AT @Te|
where (denote x§ = =*)
Zj(u,v) == (Aju,0(Av) — o(Ajx;_,)) — 1 {u,v— i), j=1,2

Also assume that ||z — z*|| < r, it remains to bound each term on the right hand side of (). The first
term can be bounded directly through Lemma[I](with ¢ = 10ng). The last term is also easy to bound



by the randomness of A; (Appendix@ Lemma@), in which case we have || AT ATe|| < 15+/ng/m||e||
with high probability.

For the second term, first notice that range(A; ) is a ng-dimensional subspace in R™!. Using the ideas
from [9} 28], we can also show that range(G,) is contained in a union of N many n-dimensional
(affine) subspaces, where N < (eny/ng)™. Furthermore, let £ be the event such that mappings
Ay, A2Ay,G1,§ all have Lipschitz constants being at most 3, then we can show (Appendix [D}
Lemma that P(£) > 1 — 3e~1%m0, Also on event & (note that || A;|| < 3 and ||z} — %] < 3r), we
have

A;S™71 C range(A;) NB™(0,3) = S;NB™(0,3) = T
2% € range(Gy) NB(z},3r) C Ujeqwy (S1,; N B}, 3r)) = Ujepn Ty
where S and S, ; are ng-dimensional (affine) subspaces. Applying Lemma on each 71 x Tz ;,
followed by a union bound over j € [N], we get (denote T2 = Uje[n72,5)
sup Z(u,v) < C1(9r) (/20 + 20 4\ [iL 4 L)
TixT2 2 2 2 2

with probability (over A, and conditioning on A;) at least 1 — Ne~‘. By choosing t =
2ng log(eny /ng), we obtain a high probability bound for sup,cgno 1 Z2(Aqu, 2F).

For the third term, use the fact that || A2 A || < 3 and ||z5 — 23| < 37 on &, together with Lemma@]
we can obtain a high probability bound for || Ao Ay ||[|(I — ®T®) (x5 — 23)]|.

Finally, if C and ¢q are sufficiently large, we can thus show from (9) that, with high probability,
1
ot — %) < 5 (r +30- 22\/n0/m||eH) .

B Some Results on Gaussian Matrices

Here we state some results on Gaussian Matrices, which will be used in the proofs later.

Lemma 2 ([20, 21]). Let ¢ : R — R be a positively homogeneous activation function. Let
A € R™*™ have i.i.d. N (0, %) entries. Then for any x € R",

EATo(Az) = Az,
where X :=E g - o(g) with g ~ N(0,1). In particular, \ = § when o is ReLU.

Proof. Since ¢ is positively homogeneous, we can assume (without loss of generality) z € S?~1.
Denote by a] the j-th row of A. Then

EATo(Az) =E Z o(ajr)a; =mEo(ajz)a; = Eo(a’x)a
j=1

where a := /ma; ~ N(0, I,,). Take an orthogonal matrix U such that Uz = ||z|e; = e; where
e1 = (1,0,...,0)T. Note that by rotation invariance for standard Gaussian, Ua and a have the same
distribution (0, I, ), thus

Eo(aTx)a =Eo(aTUTe1)UTUa = Eo(aTe1)UTa = UTEo(aTer)a = \UTe; = Ax.
O

The following theorem is the concentration of (Gaussian) measure inequality for Lipschitz functions.
Here we only state a one-sided version, though it is more commonly stated with a two-sided one, i.e.,

P(I/(9) ~ Ef(g)l 2 ) < 2exp (—12/(2L2)).

Theorem 2. Let f : R™ — R be a Lipschitz function with Lipschitz constant Ly. Let g € R" be a
random vector with independent N (0, 1) entries. Then, for all t > 0,

2
P(f(9) —Ef(g) > ) < exp <2th> |



A proof of Theorem 2] can be found in [29] Chap. 8]. Based on this theorem, it is easy to prove the
following results.

Lemma 3. Let A € R™*™ have i.i.d. N(0,1) entries.

(a) For any fixed point s € R", we have
y p

P ([l 4sl] = vimllsl] + VE[s]) < e/, vt >o.

(b) For any fixed k-dimensional subspace S C R", we have
P (I Alls = Vi +VE+ Vi) <72 >0

and

P (|HA|\5 — | > VE + \/i) <2e7t2 Wt > 0.

Proof. (a) Without loss of generality, assume ||s|| = 1. Then As ~ N(0,I,,) and by Jensen’s
inequality, E||As|| < /E||A4s||? = /m. The result follows immediately from Theorem (with
f(9) = llgll and g = As).

(b) Let U be an orthogonal matrix such that UTS = span{ey, ..., ex} =: Sp, then ||A]|s = || AU||s,-
Also, since AU has the same distribution as A (by rotation invariance), we get

P (lAlls > vim + vk + V) =P (||Alls, > vin + VE+ Vi)

Notice that || A|| s, is the operator norm for a particular sub-matrix (obtained by taking first k-columns)
of A, so without loss of generality, we can assume k = n.
Let f(A) = ||A]]. Since | f(A) — f(A")] < ||A — A’||p, f is 1-Lipschitz when viewed as a mapping
from R™" to R. By Theorem 2]

P (f(A) > Ef(A) + ﬂ) <e 2, W0

The one-sided result follows since v/m — v/n < E||A]| < v/m + /n (see, e.g., [30, Section 7.3]).
The two-sided result follows by also considering f(A4) = —|| AJ|. O

C Preliminaries and Proof for Lemma[ll

Preliminaries

For o > 1, the 1, -norm of a random variable X is defined as
| X ||, :=inf{t > 0: Eexp(|X|*/t¥) < 2}.

We say X is sub-Gaussian if || X||y, < oo and sub-exponential if || X ||y, < oo. The 1, and 1
norms are also called sub-Gaussian and sub-exponential norms respectively. Loosely speaking, a
sub-Gaussian (or a sub-exponential) random variable has tail dominated by the tail of a Gaussian (or
an exponential) random variable.

For independent, mean zero, sub-exponential random variables X1, ..., X,,, their sum concentrates
around zero. In particular, the following Bernstein’s Inequality |30, Section 2.8] holds:

- t2 t
P } X;| >t] <2exp |—cmin o , .
( ; ) P [ (Zi_l ||Xi||fb1 max; || Xil|y, )1

The above inequality also suggests that Zznzl X, has a mixed tail, i.e., a tail consisting of both a
sub-Gaussian part and a sub-exponential part. In our proof, we will use the following result from
generic chaining for mixed tail processes.

10



Theorem 3 (Theorem 3.5 [27]). If (X¢)teT has a mixed tail with respect to metric pair (d1,ds), i.e
P (|X¢ — Xs| = Vuda(t,s) + udi(t,s)) <2, Vu>0.
Then there are constants ¢, C' > 0 such that for any u > 1,
P (Sug |Xt — Xto‘ Z C(’}/Q(T7 dg) + Y1 (T, dl)) + C(\/ﬂAdz (T) + uAdl (T))) S €_u.
te
Here tg is any fixed point in T, v,,(T,d) is the v -functional and Ay, is the diameter given by
Ag,(T) = SUPg teT di(s, ).
The ~y,-functional of (T, d) is defined as
o(T,d) := inf su 2med(t, T, (10)
7 ( ) (Tn) tETP' ,;) )

where the infimum is taken with respect to all admissible sequences. A sequence (1},), >0 of subsets
of T'is called admissible if |Ty| = 1 and |T},| < 22" for all n. > 1.

For our proof, we will use the following estimate on v, (7, d), which involves the generalized
Dudley’s integral [31} [27].
Aq4(T) 1
Yo(T,d) < c(a)/ (log N (T, d,e))"* de, (11)
0

where C',,) is a constant depending only on o and N (7, d, €) is the covering number, i.e., the smallest
number of balls (in metric d and with radius ) needed to cover set T'.

Proof for Lemma/[T]

We recall the statement of Lemma [ below.
Lemmal Let 0 = ReLLU. Fix w € R™ and let A € R™*™ have i.i.d. N( ) entries. Define

Z(u,v;w) == (Au, 0(Av) — o(Aw)) — 3 (u,v — w).
Suppose T1, Tz are sets (not depending on A) such that
Ti=8NB"0,«) and T3=38NB(w,ar)

for some q-dimensional (affine) subspaces S1,So C R™ and real numbers o, v > 0. Then for any

t>1,
sup |Z(u,v;w)| < Crar ,/ —&———i—\/
u€Ty

vET,
with probability at least 1 — e~t. Here Cy > 0 is an absolute constant.

Proof. First, we establish that Z(u, v; w) has a mixed tail.

Let a] be the i-th row of A, then a; ~ N(0, I,,/m). For u € B"(0, ) and v € B(w, ar), define
random variables

Zy = {ai,u) [o({ai,v) = o((ag, w))] = 5 (w0 —w), i€ [m].
We have EZ}, , = 0 by Lemma and

Z (Au,0(Av) — o(Aw)) — L (u,v — w) = Z(u, v;w).

For the increments of Z? _, we have

u,v?
wa — Zi,’v, = (a;,u) o(a]v) — 27171 (u,v) — {a;,u'yo(alv') + ﬁ (u', 0"
(ajw

) + g (u— ' w)

- <ai7 U= u/> g 2m

11



= (ai,u) o(a]v) — g7 (u, > [(ai, u) (T ')—ﬁ(u V)]

(a;,u
+ [l ) o(aTv) = 2 (0.01)] = los ) olalv) + 2 (w107
—(au—u')o(a] )+%n<u >
= {ai, u) [o(ajv) — o(afv)] - <u v — v’>
+ {a;,u—u'y[o(a]0v) — U(aiTw)] — b w0 — w)

We can estimate its sub-exponential norm from Lemma] which gives
1Z30 = Zo sy < Com™ (lfullllo = '[| + lu = /[[[]v" — w]))
< Cyam ™! (rllu =o' + o = '])) .
By Bernstein’s inequality,
(Pt
P(|Zuy — Zuw | >t) <2exp | —cmin | —, —
’ ’ ds’ d;
where the metrics d; are given by

a? 2
di=— — — d d — —
2= (rllu—wll+]lv=v1)" and di= m( rllu =l + v =2').

Therefore (Z.,) (u,0)e7 has a mixed tail with respect to the metric pair (C'dy, C'dz) for some absolute
constant C'.

Next, we bound the supremum of Z(u, v; w). Without loss of generality, we will assume that ¢ > 1.
(In fact, if ¢ = 0, then 77, 75 are either empty set or singleton, in which case the result is trivial or
follows directly from Bernstein’s inequality).

Denote T := 71 x T3 and define a metric d on 7 as

d((u,), (W, v) = rllu — || + [l — o'
Itis easy to see that dy = —=d and dy = -d. Also note that Y (T, td) = t;(T,d) from definition
@)~ We can assume that Sy is a subspace[l, then Zj , = 0 for v € 75. Thus by Theorem we have

402y 402y

SUp | Zu| S —=2(T,d) + 71(7' d)+Vi—=+t
(ww)eT xf vm
with probability at least 1 — e, It remains to estimate ~; (7, d).
From (TT)) we have

Aq(T) 1
(T, d) < Cg/ (log N(T,d,e))"/" de, i=1,2.
0

Let dy, be the Euclidean metric. Note that one can always obtain a e-covering on 7 (with metric d)
from the product set of a ¢ /2-covering on 77 (with metric rdy,) and a £ /2-covering on 73 (with metric
dy, ). Moreover, note that 7 is contained in a g-dimensional ball of radius « and 75 is contained in a
g-dimensional ball of radius ar. Hence
N(T.,d,e) < N(T1, rde,, £/2) - N (Tz, de,, €/2)
< N (an7 lew 5/2) - N (aqu7 d@za 5/2)

13 g
:N(Bq,d ,—)~N(Iﬂ%q,d —)
2 oar 2 9ar

4ar\ 2
<|{14— .
€

'If S; is an affine subspace, let ¢’ = ¢ + 1 and let S be the ¢’-dimensional subspace containing S; (and

origin). One can proceed with S{ and ¢’ for the proof. Finally, notice that 4/ % + % <2 (, /L4 %), so this
will give the same result with only a different absolute constant. (In fact, in our application of Lemma ] for the
multi-layer proof, Si is chosen as range(A; - - - A1), which is always a subspace.)

12



Here the last line uses estimate N (B, dy,,e) < (1 + %)q for the covering number of unit balls (see
e.g., [30, Section 4.2]).

Note the estimat o log (22) dz = a(log2 + 1) < 2a, we get

4ar dar
4 8
W (T,d) < C’g/ 2qlog (1 + ?) de < Qng/ log <T> de < 16C5aryg.
0 0
Also note the inequality \/log(1 + x) < v/2log(1 + x) for = > 1, we have

dar

4
Yo (T,d) < Cs \/2q10g% <1 + C;r> de
0
dar
4
< 2C3\/§/ log <1 + C;T> de
0

dar
< 2C3\/§/ log <W) de
0

€
< 16C3ar./q.
Therefore with probability at least 1 — e~?,

t t
sup |Zu.| < Cra’r ,/g—l—g—i—\/——i—— .
(u,0)eT m m m m

Lemma 4. Let 0 = ReLU. For u,x,y € R" and g ~ N (0, I,), the (mean zero) random variable

O

29 = (g,u) o(g7x) — o(gTy)] — 5 (u,z —y)
has sub-exponential norm || Z9||y, < Ca||ull||z — y||, where C2 is an absolute constant.

Proof. 1t is easy to see that Z9 is mean zero from Lemma2] Also from the following two properties
of 1)1, Yo-norms (see [30, Section 2.7]):

[X —EXly, S1Xly, and [ XYy, < [1X g 1Y Nl
we have (note that o is 1-Lipschitz)

1291y S g, w) Ny llo(972) = o (") llwe S 11Ky w) lwall (95 & = 9) lluso-
The result follows by noting that || (g, u) ||y, = [|g1y, |u|] where g1 ~ N(0, 1). O

D Proof for Theorem 1]
Proof of Theorem[I] First we write
gt =9 (xk — 2t — 2 ATOT[BG(2F) — y]) +(1—6)(zF — z%).

For any fixed r > 0, using triangle inequality and Lemma[5](with events &; defined as in Lemma[5) we
can conclude that if || z* —x*|| < r, then with probability at least 1 —P(£; ) —P(E) —P(E3) —2e~ 1070,

0
e+t — 2] < 3 (r+30-2d\/§||e|> +[1—0lr = a(r + Be) (2)
where 0 6/2
a=gt=bl B= g, <=3 Vno/mle|

Now define a sequence {7y }ren such that ry 1 = a(rg + B¢) and ro = R. We can find its general
formula as follow:

af e=al|rg — af € = rp=a"(R- aﬁe + ob €.
-« l-« l-«a l-«o

2This comes from the indefinite integral Jlog (“) dx = xlog (“) +x+C.

T T

Tk+1—1
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Next, by induction on k (i.e., apply (I2) with r» = rj, for k = 0,1,2,...) we get
af
11—«
Notice that the events &1, &2, &5 remain unchanged throughout iterations, so (]E[) holds with probabil-

ity at least 1 — P(&;) — P(&2) — P(&3) — 2ke 100,

Lastly, from Lemma [6] Lemma [§] and Lemma [9] we know P(&;) < 3e'0" for i = 1,2 and
P(&3) < 2e 1070, Also, ||G(2F) — G(z*)|| < 3||z* — 2*|| on ES. This completes the proof. O

|z — 2| <r, <FR+ e, keN. (13)

Lemma 5. Fixr > 0 and assume assumptions Al1-A4 hold. If ||x* — x*|| < r, then after one iteration

according to|PLUGIn-CS|with step size n = 2%, we have

1
Jh o < (r+3o~2d\/”0||e)
2 m

with probability at least 1 — P(£1) — P(E;) — P(E3) — 2e~ 1m0,
Here £, &5, &3 are the events

& = {IlAT@ell > 15v/no/mllel }
& = {max(Ly ,Lg,) >3 foralli€ [d]} and
E3={|I —®T®|lr > 3557}
where Lg, and L 5. denote the Lipschitz constants of G;, A; : R™ — R™ respectively, and

||I _ @T@”R = sup \l(I—l“I;T”‘I’)ZH
z€R\{0}

with R := range(G) — range(G) being the Minkowski sum of range(G) and —range(G).

Proof. For x € R™, denote o = x and x; = G;(z) for ¢ € [d]. Then
" gt = ab — g - 27 ATET[DG(2F) — G (%) — €]
= (2 — 25) — 2A] (2} — 27)
+2A7 [(af — 21) — 243 (a5 — 3)]
+ ...
+ 2d711‘1£71 [(33'5_1 —xgq) — 2A£($§ - x;;)]
+ 29 AT(T — ®TD) (xk — x5)

+ 2d/~1£<I>T6
thus we can write
la** —a* = sup 2 ((Avu b o) — § (uw,af — a5))
uesno—1
+ 22 (<A2A1U>$§ - $;> ~3 <A1u,x]f - x’{>)
=+ ...

4 2d <Adfld_1u, 1:’3 — x2> — % </~1d—1U, $§_1 - $2—1>)

< I+ II+III,
where
d—1 .
I:= 22”1 sup  Zit1 (Am7 xf) ,
i—0 ueSno—1
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1= 29| Ag||[|(1 — @T@) (2} — 23],
IIT := 27| AT®Te||

with
Zj(u,v) == (Aju,0(Ajv) — o(Ajai_y)) — 5 (uv —a5_1), jel[d.

We will estimate I, IT and III as below.
bound for I
On event £5, Vi € [d — 1] we have
A; S~ C range(4;) NB™(0,3) =:
z¥ € range(G;) N B(x}, 3r) = T5.
By Lemma there are Ng, many no-dimensional affine subspaces {S; ;} such that

7 . no
T3 CUeing)Tsy where T3, = iy NB(e,3r) CR™ and Ng, < v = [ <n> |
i ’ ’ X 0
Jj=1

For i € [d — 1], apply Lemrnalon T x ’7'21 followed by a union bound over j € [Ng, |, we get

[tit1 1
sup Z;y1(u,v) < C1(9r) ( i+ tir )
7'1 ><'7'2 Ni41 n1+1 Ni41 nz+1

with probability (over A;1; and conditioning on {A;};c[;)) at least 1 — e+,

Choose t; 11 = 2log; = 2ng Z  log(52), then we get

2log 1 . .
Py | sup Ziga(u,v) <9Cr -4 08 Yi >1—e 8% Vic[d-1].
TiXT3 Mi+1

Also for i = 0, applying Lemma|[TJon B (0, 1) x B(z*,r), we get

10
sup  Zi(u,v) < Cir-4 10
u€B™ (0,1) ny
vEB(z™*,r)

with probability (over A;) at least 1 — e~1070,

Therefore under assumption A2 (with Cy > 160 - 1442 Cf) we have
d—1

) - 36r 2
9i+1 Z (Ai 1;) gi+1 20T [ 2
i; e AV 144 + Z 144V 160 - 5i+1
B 1 d—1 i
N 144 10

1<3

10
with probability at least 1 — P(&;) — e~10m0 — 971 o= log v,
Also note that (assume Cy > 160 - 1442)

Mg »Mﬁ
5l

I
o

3

<

e~ =3 Hk\ﬁ

log ¥ = no E log ( ) > noilog(eCy) > 11ngi,
no
SO Z.>1 e~ logvi <« _e 'm0 < e—10n0
12

= 1_671117,0
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bound for II

On event £5 N &5, we have || A4 < 3 and

3r

1 k *
(I — (I)T(I))( — )|l < Wde — x|l < 36.24°

Thus IT < r/4.

bound for III

Note that on &7,

2U|AT®Te|| < 15 - 2%/ ng/ml|e|.

Lemma 6. Under assumptions Al-A4, we have

P <||A}Ag L ATOTe|| > 15, /”0|e||) < 3e~10m0,
m

Proof. Denote Ag1q = ®ands; = Al | --- A}, efori € [d]. Alsolet sqy; = eand ngq = m.
For i € [d + 1], by Lemma[3{a) we have

Pa, (Vaill ATsill < yaiillsill + VElsill) = 1—e /2, vt > 0.

Choose t; = 20ng and t; = nj,l/4j*1 for j > 1, we get
n,
Py (147500 < (1 VD) 2] ) > 1 - e,
1
Py, <||AZS¢|| < (1427, [T 1|| z||) e >

Thus with probability at least 1 — e~10m0 — Zd+1 —ni-1/4",

1=2

d+1
no 1 n;—1
TAT ... ATPT¢|| < .
JATAL - AT@Te| < (1“/20)‘/111 [1 <1+ 2i_1) -

<(eva) T ()
< 15v/ng/m o

where the last inequality uses estimat [T, (1+ 57) < eand (1+ v20)e < 15.

It remains to show Zld;rzl e~mi-1/4" < 2¢=10m0 for the desired probability bound. Note that by
assumption A2 (assume Cy > 40),

42“ > 4ConOZlog< ) > 10ng 1.

Hence
d+1 d+1 —10n0

e
Ze—’m 1/4 < Ze—lOno(z 1) < Ze—IOnoz _ : o < 26—10110.
— €

O

With ReLU (or positively homogeneous) activation functions, the range of neural network (in each
layer) is contained in a union of affine subspaces. The following lemma, which is based on ideas and
results in [9], gives a precise statement of this.

3For @ > 0, estimate Z]Oil log (1 + oz2_j) < Z o, a2” J = @ holds, thus H (1 + %) < e,
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Lemma 7. If minjciq{n;} > no, then for i € [d], range(G;) is contained in a union of affine
subspaces. Precisely,

[ -\ "o
range(G) C Ujeng,Si;  where  Ng, < [ <enzj> '
j=1

Here each S; j is some no-dimensional affine subspace (which depends on { A }¢[;)) in R™.

Proof. The theory on hyperplane arrangements [28] Chapter 6.1] tells us that n hyperplanes in R¥
(assume n > k) partition the space R” into at most E?:o (%) region

Also for k € [n],
BN S S CO

j=0 =0

So consider range(G1) = {o(A1z) : = € R™}. Denote by aj (j € [n1]) the rows of A; and let
H be the set of hyperplanes H := Ujepn,{ : (a}, ) = 0}. Then H partitions R™ into at most
(eny/mg)™ regions. Note that o is linear in each of these regions (thus the mapping G; is linear
in each region), so range(G) is contained in at most (en;/ng)™ many ng-dimensional (affine)
subspace.

The result then follows by induction. O
The following lemma shows that the network G in our model is Lipschitz with high probability. This

may be an interesting result on its own.

Lemma 8. For mappings G;, A; : R0 — R™, et Lg, and L. be their Lipschitz constants
respectively. Under assumptions Al and A2, we have '

P (max{L4 ,Lg,} <3 forallic [d]) >1—3e ',

Proof. Denote 7~20 =Ry = R™ and
R; = range(G;) — range(G;), R; = R; Urange(4;), j € [d].

Note that A; is linear, so range(A;) is a subspace in R™ with dimension at most 7.

Since o is 1-Lipschitz, we have

1Gi(x) — Gi(2")|| = [|o(AiGi-1(x)) — o(AiGi—1 ("))
<N Ai (Gia(x) = Gica(2)) |l
<N Aillr,_ i 1Gi-1(x) = Gima (")

Hence '
1Gi(x) — Gi(2")|| < (H IIAuall> |z —a'|l, Vield].
=1

Similarly,

=1

Az — Aia'|| < (H IIAzIIng> lz = '|I, Vi € [d].

By Lemma range(G;) is contained in a union of Ng, many ny-dimensional affine subspaces, so
‘R; is contained in a union of at most Né many 2ng-dimensional affine subspaces. Since every

“Such regions are also called k-faces or k-cells. Relative to each of the n hyperplanes, all points inside a
region are on the same side.
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2no-dimensional affine subspaces in R™ is also contained in a (2ng + 1)-dimensional subspace, we
can further write this as

7 . no
R; = R;Urange(A4;) C Uje(nvz +1Si;  where  Ng, < := H () )

and each S; ; is a (2ny + 1)-dimensional subspace in R™:.
Thus by Lemma b) and union bound we have, for i € [d — 1],
Pa, (VR llAisallg, = Vi + V200 + 14+ V1) < (W + e /2 vt > 0.

Choose t; = 26log 1; = 26n, 22:1 log(%) > 2ng + 1 we get

2610 i _ )
Paiyy <|A¢+1||7@i >1 +2\/W> < e~ 10log s
Mit1

Under assumption A2 (with Cy > 22 - 26), this implies

1 ‘ .
Pa (|Ai+1||7éi >1+ 2i+1> < e 0l e d— 1),
Also by Lemma[3[b) with ¢ = 20ng and assumption A2 (assume Cj > 22 - 26), we have
1
Py, (||z41||7”3O >1+ 2) < 1m0

Therefore with probability at least 1 — =100 — S 91 —10log v

=1
vield, [[l4lg,_, <]] L+ <I] Lt ) <3
=1 =1

=1

Finally, note that log1; > ing, so we have Z,Ltll e 10log v < $70 e 10m0i < 9e=10m0 This
completes the proof. O

Lemma 9. Let R = range(G) — range(G). If minjciq{n;} > no and assumption A3 holds, then

Po (|1 — TP||r > 5557) < 271070,

; ’IL() . . . . . .
Proof. Lety = H‘;.l:l (6"” ) . Similar to the proof in Lemma we know that R is contained in a

no

union of at most 12 many (2ng + 1)-dimensional subspaces in R"™4.

From Lemma[3|b) and a union bound we get

2ng +1 t _
Po (IIIfDIR—lI > \/Oﬂ/) < 2 /2,
m m

By choosing ¢t = 24ng E?zl log(%4) and noticing that || — ®T®||z = |[|[®[ = — 1%, we have
4
Po (nf BT > 4) < 221/ < 26100,
m
This completes the proof with ¢y > 96 - 36 in assumption A3. O

E An Example of n;

Here we show if n; = Cy5%n0d(2d — i) where 3 is any fixed number such that 3Cy € N and
B > 4+ log Cy, then n; satisfy (3).
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In fact, note that 2log d < d and log(2/) < 3, we have

i—1 i—1
log H@ =1+Zlog<enj)
j=0 "0 i=1 o

<1+ (d—1)log (efCo5* - 2d?)
=1+ (d—1)[dlog5+ 2logd + log(eCy)] + (d — 1) log(20)
<1+d(d—1)log5+1+log(eCo)]+ (d—1)8
<B+dd-1)B+(d-1)8
= Bd>.

Since n; > Co5%ng(Bd?), it is easy to see that n; satisfy (3).

Remark: A similar argument as above can also show that n; = BCo5'ngi? satisfy ().

F Code Link

Codes for numerical experiments are available at https://github.com/babhrujoshi/PLUGIn.
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