The Reasoning—Creativity Trade-off:
Toward Creativity-Driven Problem Solving

Max Ruiz Luyten

Mihaela van der Schaar

University of Cambridge

Abstract

State-of-the-art post-training pipelines for
reasoning LLMs rely on bootstrapped reason-
ing loops: they sample many traces, score
them, and reinforce the highest-scoring ones,
typically by correctness. This can improve
accuracy while still collapsing the distribu-
tion inside the correct set onto a narrow fam-
ily of redundant strategies, reducing creative
problem-solving. To diagnose this failure
mode, we introduce Distributional Creative
Reasoning (DCR), a variational framework
that casts training as gradient flow on the
simplex of reasoning traces. The framework
yields three core results. First, a diversity-
decay analysis shows that STaR-style rejec-
tion fine-tuning and exact mean-field GRPO
amplify whichever correct trace is already
larger, while DPO regresses pairwise correct-
trace ratios toward the reference ratios. Sec-
ond, it explains why entropy and KL can slow
or tether collapse but do not reward semanti-
cally distinct correct strategies for being dis-
tinct, and how a creativity kernel supplies the
missing relational term. Third, under mild
conditions, the resulting dynamics converge
to a unique, stable, and diverse equilibrium,
yielding practical guidance for kernel and hy-
perparameter design. DCR thus offers a prin-
cipled route to training reasoning LLMs that
remain both correct and creative.

1 INTRODUCTION

Reasoning pipelines can improve accuracy
while collapsing diversity. Modern reasoning
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pipelines for large language models (LLMs) typically
follow a common template: sample many solution
traces, score them, and reinforce the successful ones.
This recipe has been highly effective at improving
benchmark accuracy, but it comes with a recurring side
effect: the model’s distribution over traces contracts,
concentrating on a small family of templates and near-
duplicates. We refer to this as creative collapse.
It has been observed across RLHF-style post-training,
GRPO-based reasoning, and self-training loops that
repeatedly amplify successful outputs (Kirk et al.,
2023; Shao et al., 2024; Mohammadi, 2024; Havrilla
et al., 2024; Murthy et al., 2025; Yue et al., 2025).

Accuracy is not the whole story. A policy over
traces has more structure than its top-1 answer or its
total probability of correctness. Two models can have
the same accuracy and still differ significantly: one
may spread that mass across several genuinely differ-
ent valid strategies, while another may collapse onto a
single successful template and its paraphrases. Stan-
dard accuracy-like metrics fail to represent this.

This paper studies that hidden second axis: not only
how much probability mass is correct, but also how the
correct mass is distributed. That distinction matters
particularly for (1) robustness to out-of-distribution
reasoning and (2) multi-sample settings relevant to
open-ended scientific discovery, both of which benefit
from keeping multiple distinct valid approaches alive
(Lehman and Stanley, 2011; Pugh et al., 2016; Wang
et al., 2022; Kirk et al., 2023).

An operational notion of creativity. We use cre-
ativity in an operational rather than aesthetic sense:
a model is creative when it maintains a diverse port-
folio of semantically distinct correct reasoning strate-
gies. Under this definition, a policy can become more
accurate while less creative if it concentrates its cor-
rect mass on a narrow, redundant subset of valid solu-
tions. In the theory sections, we refer to these coarse
semantic groups as strategies or semantic lumps; in
the experiments, they are represented either by exact
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strategy labels or by clustering proxies, depending on
the benchmark.
Our question. The central question of the paper is:
Can we design a training framework that ex-
plains why diversity collapse occurs under
common scalar objectives, predicts how dif-
ferent algorithms collapse, and provides a

principled remedy that preserves a diverse
portfolio of correct reasoning strategies?

Our answer. We answer this question through Dis-
tributional Creative Reasoning (DCR), a frame-
work that treats training as gradient flow on the prob-
ability simplex over complete reasoning traces. The
central object is the conditional distribution pg(7 | ),
not an individual trace. This change in perspective is
essential because collapse is a property of the distribu-
tion.

DCR balances three ingredients: utility, structured di-
versity, and KL regularization:

J(p) = u[p] + )‘D[p] - 5KL KL(p”pbasc)'

The diversity energy is

Dlp] = aH[p] — BQIp].

Here H p] is the Shannon entropy, and Q[p] = p' Kp is
a kernel coverage term built from a semantic similar-
ity kernel K, which penalizes concentration on similar
traces. Entropy spreads mass; the kernel distinguishes
“many strings that say the same thing” from “many
strategies that solve the task in different ways.”

What the theory shows.
three core messages.

The framework yields

First, it provides a unified probability-space lens on
post-training dynamics and a simple diagnostic quan-
tity: the pairwise log-ratio of trace probabilities.
Correct—incorrect log-ratios measure correctness mar-
gins. Correct—correct log-ratios measure balance in-
side the correct set, indicating whether one valid strat-
egy is taking over another.

Second, under the simplified models analyzed here,
DCR predicts distinct collapse modes. STaR-style re-
jection fine-tuning and exact mean-field GRPO both
amplify whichever correct trace is already larger;
DPO regresses pairwise correct-trace ratios toward
reference-relative values (Zelikman et al., 2022; Shao
et al., 2024; Rafailov et al., 2023). Entropy and KL
can damp or tether these ratios, but they do not cre-
ate a force that rewards distinct correct strategies for
being distinct.

Third, DCR supplies the missing force through a gated
creativity kernel over verified-correct traces. Under
mild conditions, the resulting regularized objective has
a unique globally attracting interior equilibrium. With
an appropriate kernel, this equilibrium preserves se-
mantically distinct correct strategies rather than col-
lapsing onto a reasoning monoculture.

Empirically, the same pattern appears across the ap-
pendix studies: in the held-out fixed-bank same-
support MATH-500 study, DCR improves semantic
coverage at fixed pass@8; the public-corpus symbolic
exact-label study shows larger gains with oracle kernels
than with embedding approximations; and Reasoning-
Trap serves as a secondary robustness diagnostic with
mixed results.

Contributions.

1. Unified dynamical lens. We model post-training
as Shahshahani gradient flow on the simplex of com-
plete reasoning traces (Shahshahani, 1979; Amari,
1998) and derive a universal pairwise log-ratio iden-
tity that exposes how training reshapes relative
trace probabilities.

2. Diversity decay under scalar objectives. We
show that, in the simplified models analyzed here,
STaR-style rejection fine-tuning and exact mean-
field GRPO amplify the currently larger correct
trace, while DPO regresses pairwise correct-trace
ratios toward reference-relative values.

3. A remedy with guarantees. We show that with
positive entropic weight and a gated PSD creativ-
ity kernel, DCR admits a unique globally attracting
interior equilibrium. With a semantically aligned
kernel, the regularizer repels overrepresented cor-
rect strategies while entropy homogenizes redun-
dant surface forms within a strategy.

4. Practical design rules. We provide concrete
guidance for kernel construction and hyperparam-
eter tuning, including conservative sufficient condi-
tions for suppressing incorrect traces while preserv-
ing structured diversity.

Roadmap. Section 2 situates the paper within the
literature on collapse in post-training and diversity-
aware objectives. Section 3 introduces DCR as a dis-
tributional variational framework. Section 4 develops
the diversity-decay analysis for scalar objectives. Sec-
tion 5 shows how the DCR diversity energy changes
the equilibrium geometry, Section 6 turns those results
into practical kernel-design guidance, and Section 7
surfaces the main empirical validations. Section 8 con-
cludes with implications and limitations. Appendix G
contains the full experimental appendix, including the
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toy suite, additional synthetic diagnostics, held-out
same-support MATH-500, the symbolic exact-label
study, and ReasoningTrap, while Appendix F maps
the same mechanisms to recent empirical findings on

RLVR and alignment.

2 RELATED WORK

From reward optimization to reasoning mono-
culture. A growing empirical literature suggests
that post-training can improve small-k accuracy while
narrowing the space of solutions a model actually ex-
plores. In RLHF and aligned generation more broadly,
output and conceptual diversity often drop after align-
ment (Kirk et al., 2023; Mohammadi, 2024; Murthy
et al., 2025). In reasoning-specific settings, recent
work finds that RL or RLVR often reweights or am-
plifies reasoning paths already present in the base or
SFT model rather than eliciting fundamentally new
ones, and that pass@l gains can coexist with deteri-
oration in pass@k or other diversity-sensitive metrics
(Yue et al., 2025; Havrilla et al., 2024; Dang et al.,
2025; Zhao et al., 2025; Song et al., 2025). GRPO-style
pipelines such as DeepSeekMath are central examples
of this regime (Shao et al., 2024).

First attempts to restore diversity. Most cur-
rent remedies either preserve undirected stochasticity
or try to keep policies close to a reference model. En-
tropy bonuses, KL tethers, and newer entropy-control
methods can delay or regulate entropy collapse, but
by themselves they do not distinguish trivial varia-
tion from semantically distinct reasoning strategies
(Xiao et al., 2025; Cui et al., 2025; Wang et al.,
2025). More direct diversity-aware objectives have
recently appeared for supervised fine-tuning, prefer-
ence optimization, and RL—e.g. diversity-preserving
SFT, DivPO, diversity-aware policy optimization for
reasoning, and DARLING—but these methods remain
largely algorithm-specific and do not offer a unified dis-
tributional account of why collapse occurs or what geo-
metric ingredient is missing (Li et al., 2024; Lanchantin
et al., 2025; Yao et al., 2025; Li et al., 2025). Out-
side LLM post-training, novelty search and quality-
diversity methods argue more broadly for maintaining
diverse high-performing behaviors rather than a sin-
gle optimum (Lehman and Stanley, 2011; Pugh et al.,
2016; Mouret and Clune, 2015).

Theoretical lenses. Replicator dynamics,
Shahshahani geometry, and information-geometric
natural gradients already suggest why pure utility
maximization concentrates mass on high-fitness types
and why entropy acts as an undirected spreading
force (Hofbauer and Sigmund, 1998; Shahshahani,

1979; Amari, 1998; Harper, 2010). These perspectives
are highly relevant, but they do not yet characterize
the different within-correct dynamics induced by
modern reasoning algorithms such as STaR, GRPO,
and DPO, nor do they isolate the missing relational
ingredient needed to maintain semantically distinct
correct strategies.

Where DCR differs. DCR provides (i) a common
probability-space dynamical lens for post-training on
the simplex of complete reasoning traces; (ii) a pre-
cise diagnosis of what scalar objectives do to the dis-
tribution inside the correct set; and (iii) a gated ker-
nel construction that adds the missing relational force
among correct strategies. In this sense, DCR reframes
diversity preservation from an ad hoc heuristic into a
principled design problem.

3 DISTRIBUTIONAL CREATIVE
REASONING

DCR frames LLM training as a dynamical system on
the space of probability distributions over complete
reasoning traces. This section introduces the frame-
work and the key quantities that govern it.

3.1 The Landscape of Reasoning

For a fixed prompt » € X, let ™ = (t1,...,t5) de-
note a complete trace, such as a chain of thought, a
program, or an action sequence, over a finite vocabu-
lary V and a maximum horizon T'. The set of all such
traces is finite:

ST, S = ‘ST|

A policy over traces is a probability vector
s
pe A= {p e[0,1)°: Zpi = 1}.
i=1

For tasks with binary verification, we write
Sr=CUZ,

where C and Z are the sets of correct and incorrect
traces. Two quantities then matter:

= s N c )
p(p) ~—cechc, o(p) : ) (cec, p(p) >0)

The first, p(p), is an accuracy-like quantity: total mass
on correct traces. The second, s(-), is the distribution
inside the correct set. Two policies can have the same
p(p) and yet differ radically in s: one may spread its
correct mass across distinct strategies, while another
may collapse onto one template and its paraphrases.
DCR is designed to study and control both.
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3.2 The DCR Objective

DCR optimizes an objective over the simplex:

J(p) = u[P] + XD[P] - BKL KL(pHpbase)-

The components are:

1. Utility:
Ulpl = Y U(x) p(r),

TEST
the expected task utility of traces.

2. Diversity energy: D[p], defined below, encour-
ages breadth and structured distinctiveness.

3. KL: discourages uncontrolled drift from a reference
policy ppase, typically an SE'T checkpoint.

The coefficients A, Skr, > 0 control the trade-off.

3.3 The Diversity Energy Functional D[p]

The diversity term is

Dlp] = aH[p| - BQlp],  «,82>0,
where
Zp ) log p(m
is Shannon entropy and
Qlpl =p"Kp=>_ k(=) p(m)p(r)

!

is a quadratic form induced by a symmetric similarity
kernel K.

The two terms play different roles:

1. Entropy H|[p|: rewards probabilistic breadth. It
prevents premature concentration, but it is blind to
whether traces are redundant or genuinely different.

2. Kernel coverage Q[p|: measures how much prob-
ability mass is placed on mutually similar traces.
The penalty —SQ|[p] therefore discourages concen-
tration on semantically redundant solutions.

This decomposition is important. Entropy encourages
more traces; the kernel encourages distinct traces.

Proposition 3.1 (Concavity of the diversity energy).
If K is positive semidefinite, then D|p] is concave on
the simplex. It is strictly concave on the affine simplex
if a > 0, or more generally whenever the quadratic
term is strictly negative on tangent directions.

In practice, we additionally include a small entropy
barrier +eH|[p] with e > 0. This keeps all coordi-
nates strictly positive along trajectories and ensures a
unique interior maximizer under the mild conditions
formalized in Corollary A.4.1 and Lemma A.5.

3.4 Learning Dynamics and Pairwise Ratios

DCR evolves the policy by Shahshahani gradient flow,
the natural gradient flow on the simplex (Shahshahani,
1979; Amari, 1998). Let

A:=da+ Bk, +¢>0.

Barrier versus shaping entropy. The small ad-
ditive term eH[p] and the diversity-weighted entropy
term AaH [p] play distinct roles even though they enter
the dynamics only through their sum in

A= Xa+ Bk, +e&.

We use € > 0 as an interior barrier, typically chosen
very small, to keep trajectories away from the bound-
ary and pairwise log-ratios well defined. By contrast,
A« is the tunable part that intentionally broadens the
equilibrium distribution. In practice, one can therefore
regard € as a stability floor and A« as the coefficient
that controls distributional breadth, while By, tethers
the policy to the reference rather than creating diver-
sity by itself.

With this notation, the regularized objective J (p) =
J(p) + eH|[p] induces the ODE

pi = pi(0i(p) — d(p))

where

— Ap;(logpi — (logp)), (1)

¢i (p) - QAﬂ(Kp) + 6KL 1ngbasc [2)

= ij¢j (p), and ij log p;.
j

The most informative observable is not p; in isolation
but the pairwise log-ratio

log D)

pi(t)
p;(t)
Why this quantity? If i € C and j € Z, it measures

a correctness margin. If 7,j € C, it measures balance
inside the correct set. Indeed, for correct traces a, b,

Zij (t) = log

Sa _ Pa/P _ Pa
so /P Py

so correct—correct log-ratios are exactly the right ob-
servable for within-correct diversity.

Theorem A.2 proves the universal identity

P pi(t)

og .
dt° p;(t) p;(t)

This identity underlies the rest of the paper: all com-
mon coupling terms disappear in log-ratio coordinates.
Pairwise ratios are controlled only by score differences
and the entropy /KL barrier.

= ¢i(p(t)) — ¢, (p(t)) — Alog (2)
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Theorem 3.1 (Global convergence of DCR training;
cf. Theorem A.7). Assume A > 0 and that the kernel
K is symmetric positive semidefinite. Then the regu-
larized objective J has a unique maximizer

p* e int AL,

For every interior initialization py € int AS~!, the
Shahshahani gradient flow of J admits a unique global
solution py, remains in the interior for all t > 0, and
converges to p* as t — co. Moreover, J(p;) is strictly
increasing unless py = p*.

This theorem gives interiority, stability, and unique-
ness. Whether the equilibrium is merely broad or gen-
uinely strategically diverse depends on the kernel de-
sign developed in Sections 5 and 6.

3.5 Parametric Realization and Scalability

In an LLM, the trace distribution is parameterized as
pg. Theorems D.1, D.2, and D.5 show that the pa-
rameterization itself is well behaved: a single softmax
block has exact dimension-free Jacobian and Hessian
bounds, and repeated autoregressive composition con-
tributes only an explicit linear factor in the horizon T'
to the logit-to-trace parameterization. Repeated soft-
max composition alone therefore does not imply severe
conditioning.

The kernel term is also compatible with minibatch
training. For a batch of sampled traces, the gradient
of Q[pe] can be estimated with a minibatch U-statistic
over all in-batch pairs at O(B?) cost (Clémengon et al.,
2016). Practical kernel constructions are discussed in
Section 6.

4 COLLAPSE UNDER SCALAR
OBJECTIVES

This section studies what happens when the training
signal contains no explicit relational term among cor-
rect traces. The point is not merely that incorrect
traces are suppressed. The more interesting question
is what happens inside the correct set.

4.1 What Quantity Do We Track?

As discussed in the previous section, the probability-
space dynamics takes the generic form

pi = pi(Vi(p) — ¥(p)) — e pi(logpi — (logp)), (3)

where 1;(p) is the task-dependent score and € > 0 is
an entropy-like damping term, and Theorem A.2 shows
that for any pair of positive-mass traces,

Pa(t)
po(t)

Pal(t)

po(t)

= Ya(p(t)) — Uu(p(t)) — €log (4)

ilo
dar 08

Thus pairwise diversity is governed by a simple com-
petition: task-induced score differences versus entropic
damping.

Scope of the analysis. Appendix B analyzes dif-
ferent models chosen to isolate the within-class se-
lection mechanism: STaR-style online rejection fine-
tuning, exact mean-field GRPO batch-gradient dy-
namics in a one-step tabular trace model, and DPO
under exchangeable-pair surrogates. The point is not
to reproduce every implementation detail, but to ex-
pose how training signals reshape pairwise ratios inside
the correct set.

4.2 Deterministic Diversity Decay

STaR-style rejection fine-tuning. Under online
rejection fine-tuning, accepted traces are replayed
in proportion to their current conditional frequency
among correct traces. For correct traces a,b € C, The-
orem B.1 proves

i 1Og pa(t) — 1- p(p(t)) (pa(t) _pb(t)) _ Elog p];:ég

dt py(t) p(p(t))
(5)

Hence, whenever 0 < p < 1 and p, > pp, the larger
correct trace is amplified. In the unregularized case,
STaR deterministically fixates on the initially largest
positive-mass correct trace.

Exact mean-field GRPO. At first glance, GRPO
may seem more symmetric because it uses group-
normalized rewards. However, Proposition B.2 derives
the exact Fuclidean-logit mean field of the per-batch
score-function gradient, and Theorem B.2 shows that
it already contains within-class amplification. For cor-
rect traces a,b € C,

d . pa(t) 1)
30198 oy = e (pp) (pa(®) ~ (1)) ~ clog T
h (6)

ac(p) = (1—p)ha(p) with hg(p) > 0 for p € (0,1).

Thus the larger correct trace is again amplified. This
is an important correction to the common intuition
that GRPO is neutral within the correct set: in exact
mean field, it is not.

DPO. DPO behaves differently. Under the one-
sided exchangeable-pair surrogate analyzed in Theo-
rem B.3, correct traces are updated through reference-
relative margins. For a,b € C,

an(t) = g€ (2ar(t) — ) — zan(t), (1)
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where

Pa(t)
po(t)’

and g¢;(€ap(t)) < 0. In the unregularized case, DPO
therefore regresses pairwise correct-trace ratios toward
their reference-relative values. It is not creating struc-
tured diversity among correct traces; it is preserving
the reference ratio.

DPbase,a

S ,
Pbase,b

zap(t) := log = log

Robustness of the diagnosis. Subsection B.4 also
shows that these conclusions persist under several
more realistic variants. Replay buffers in STaR add
regression toward stored frequency ratios, but not se-
mantic coupling. Centered group-weighted GRPO, lo-
cal clipping, and KL tethers modify coefficients or add
base-ratio tethering, but they preserve the same rank-
one within-correct geometry. Two-sided exchangeable
DPO blocks preserve the same reference-relative re-
gression picture.

4.3 Stochastic Effects: Fixation and Variance
Depletion

Real training is noisy. To isolate the geometry of finite-
batch fluctuations, Theorem E.1 studies moment-
matched simplex diffusion surrogates of the form

dpy = F(pt) dt + /7 q(pt) X(pt) AW, (8)
S(p)%(p) " = Jp = diag(p) —pp"-

These are not optimizer-specific weak-limit theorems.
They are stochastic surrogates that preserve the cor-
rect tangent covariance geometry.

Two regimes are particularly informative:

1. Constant modulation ¢ = 1: this recovers clas-
sical Wright-Fisher-type fixation pressure on the
simplex (Ethier and Kurtz, 1986).

2. GRPO-style variance depletion: with

ac(p) =1-p% —(1-p)°,

the noise strength is proportional to the probability
that a sampled group is mixed. As batches become
almost pure-correct or pure-incorrect, the stochas-
tic forcing shuts off.

This stochastic analysis is deliberately separated from
the exact mean-field GRPO result above. Exact
mean-field GRPO already collapses deterministically.
The diffusion surrogates reveal a different effect: how
finite-batch noise can either sustain fixation pres-
sure (Wright-Fisher regime) or freeze into a path-
dependent limiting portfolio when the variance budget
depletes (the GRPO-inspired two-block surrogate).

4.4 Synthesis: The Diversity Decay Theorem

The deterministic and stochastic analyses point to the
same conclusion: scalar objectives can improve cor-
rectness while leaving the distribution inside the cor-
rect set unprotected.

Theorem 4.1 (Diversity Decay Theorem). Consider
the scalar-objective models analyzed in Appendiz B,
i.e. training signals with no explicit relational term
among correct traces.

(i) STaR-style rejection fine-tuning induces
winner-take-all amplification among positive-
mass correct traces.

(ii) Exact mean-field GRPO induces the same
within-correct amplification: the currently larger
correct trace is deterministically reinforced.

(iii) DPO, under the exchangeable-pair models studied
here, regresses pairwise correct-trace ratios toward
reference-relative values.

Entropy and KL can damp or tether these ratios, but
they do not create a force that rewards semantically
distinct correct strategies for being distinct.

Interpretation. The theorem does not say that ev-
ery method decays in the same way. Rather, it identi-
fies a shared structural limitation: the objectives can
rescale pairwise ratios, damp them, or tether them to
a reference policy, but they do not contain the miss-
ing relational geometry among correct traces. That is
exactly the gap DCR is designed to fill. Appendix G
shows these effects directly in the toy suite and then
shows on held-out same-support MATH-500 that, once
answer correctness is fixed, the remaining movement
is in semantic coverage rather than in pass probability.

5 THE DIVERSITY ENERGY
EFFECT ON THE EQUILIBRIUM
STRUCTURE

The failure of scalar objectives is now clear: they can
move mass toward the correct set, but they do not
know whether two correct traces are redundant or gen-
uinely different. DCR changes that geometry.

5.1 From Collapse to a Structured Interior
Equilibrium

To ensure that diversity pressure is only applied where
it is meaningful, DCR uses a gated effective kernel

Ko := RKsem R, Rii = l{ieC}v
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where Kgem, is a semantic similarity kernel and R is a
verifier gate. The kernel vanishes on incorrect traces.

With such gating, the diversity pressure acts only on
verified-correct traces. Ome could also extend diver-
sity pressure to all traces, but we do not analyze that
setting here.

Under the same mild conditions as in Theorem 3.1,
the regularized DCR objective has a unique globally
attracting interior equilibrium p*. The question then
becomes: what does that equilibrium look like?

5.2 Balancing Correctness and Redundancy
at Equilibrium
Theorem C.2 answers this question most transparently
in the binary-utility, no-KL regime:
U, = 1{1'6(3}7 A=cec+da>0.

At the unique equilibrium p*, for any incorrect trace
1 € T and any correct trace ¢ € C,

p: _ ( 1- 2)\ﬁ(Keffp*)c>
— = e&Xp| — )

9)

* A
(&
and for any two correct traces a,b € C,
> 2A
tog 22 = 22 ((Kuqp)y — (Kerp')). (10)
Py A

These identities make the trade-off explicit. Correct-
ness still matters through the unit utility gap between
correct and incorrect traces. But among correct traces,
relative mass now depends on semantic redundancy
through the kernel response K.gp*.

A useful way to read (9) is through the correctness
margin
mz =1- QA/B(KEH])*)C.

If m} > 0, then every incorrect trace is exponentially
suppressed relative to ¢. Thus the kernel can diversify
correct traces without rewarding incorrect ones, pro-
vided it is gated and not so strong that it overwhelms
the basic correctness advantage.

5.3 Repel Strategies, Not Paraphrases

The key positive result is not only that DCR has an
interior equilibrium, but also how that equilibrium al-
locates mass across semantic strategies.

Theorem C.8 formalizes this through a partition of
traces into semantic lumps: traces in the same lump
represent the same underlying strategy up to surface-
form variation; traces in different lumps represent gen-
uinely distinct strategies. Under a block-constant ker-
nel model with within-lump similarity k;, and across-
lump similarity kout, where ki > kout > 0, two effects
emerge:

Across different correct lumps. If a belongs to

lump m and b to lump n # m, then

¢a(p)_¢b(p) = _2)‘6 (kin_kout)(Tm(p)_rn(p))? (11)

where r,,,(p) is the total correct mass in lump m. If
one correct concept becomes overrepresented, its score
is pushed down relative to underrepresented concepts.
The kernel therefore creates repulsion across distinct
correct strategies.

Within the same correct lump. If a,b are two
traces in the same correct lump, then the kernel does
not distinguish them:

ba(p) = ¢u(p)-
Their log-ratio therefore follows the pure entropic law

Pa(t) — 1o Pa(0) oAt
lo =1 gpb(O) . (12)

Within a strategy, entropy exponentially equalizes re-
dundant surface forms.

Takeaway. This cleanly separates two roles that
scalar objectives conflate:

1. repel strategies: the kernel pushes mass away
from overrepresented correct concepts toward un-
derrepresented ones;

2. homogenize paraphrases: entropy equalizes re-
dundant forms within the same concept.

This is the core geometric mechanism behind DCR.

6 THE CREATIVITY KERNEL

The theory above shows that kernel design is not a mi-
nor detail. It determines whether the interior equilib-
rium is merely broad or genuinely diverse in the sense
of maintaining semantically distinct correct strategies.

6.1 Why Entropy Alone Is Not Enough

Entropy is useful, but it is blind. It can preserve
many traces while failing to distinguish meaningful
strategy diversity from superficial variation. In par-
ticular, entropy cannot tell the difference between (i)
many traces that all instantiate the same idea, and
(ii) many traces that solve the problem in genuinely
different ways.

This is why an entropy-only remedy is incomplete. En-
tropy provides undirected breadth. The kernel pro-
vides directional structure.
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6.2 Practical Design of the Semantic Kernel

In practice, the semantic kernel kgopm (7, 7’) should re-
flect whether two traces are strategically similar. Two
broad families are especially natural:

1. Embedding-based kernels: compute an embed-
ding for the full trace or for a structured trace sum-
mary, then apply a PSD kernel in embedding space.

2. Domain-tailored kernels: in mathematics, cod-
ing, or planning, use features that reflect proof
structure, dependency graphs, execution states, or
other strategy-level invariants rather than surface
wording alone.

Concrete kernel recipes. A practical general-
purpose baseline is feature-first: extract a fixed repre-
sentation f(m) for each complete trace or for a struc-
tured trace summary, and then define

ksem(ﬂ'v 77/) = H(f(ﬂ-)v f(ﬂ-/))

with a PSD kernel k, e.g. shifted cosine or Gaussian
RBF on normalized embeddings from a strong frozen
encoder (Lee et al., 2024, 2025). For mathematical
reasoning, f(m) can summarize proof-state trajecto-
ries, intermediate lemmas, or dependency structure,
so that traces are judged similar when they instanti-
ate the same proof strategy even if their surface re-
alizations differ. This is especially natural in formal
domains such as Lean theorem proving, where inter-
mediate proof states are explicit objects and multi-
sample success is central (He et al., 2025). For code
generation, f(m) can encode AST structure, execution
traces, or unit-test fingerprints. The resulting kernel
then penalizes concentration on near-identical imple-
mentations while still distinguishing genuinely differ-
ent algorithms.

The symbolic study in Appendix G is consistent with
this design principle: when exact strategy labels are
available, oracle kernels outperform embedding-based
kernels most clearly in the saturated-pass regime,
which is precisely where strategy-level geometry mat-
ters most.

The key desiderata are:

1. Intra-strategy coherence: traces that instanti-
ate the same idea should have similar kernel rows.

2. Inter-strategy discrimination: genuinely differ-
ent correct strategies should be distinguishable.

The gate Keg = RKgem R can be regarded as part of
the kernel design.

6.3 Practical Tuning Rules

Subsection C.3 yields a set of interpretable, conserva-
tive tuning rules.

1. Use PSD kernels. Safe choices include Gram ker-
nels, shifted cosine kernels on normalized embed-
dings, and Gaussian RBF kernels. Positive semidef-
initeness is what preserves concavity and global
convergence.

2. Gate the kernel.
proved here,

To inherit the guarantees

Kot = RKgem R.

Appendix G shows that gating remains the most
conservative safety choice in the synthetic studies,
while the held-out real-math results do not support
a meaningful advantage of gated over ungated at
reporting precision.

3. Impose a conservative correctness-margin.
Since

[(Kettp)e| < [[Keftlli oo for all pe ASTY

a sufficient dimension-free condition is
1

< ———.
< Ko

(13)

Defining

Nk :=1-— 2/\B||Keff“1—>oca

this implies a uniform positive margin m* > nx > 0
and therefore exponential suppression of incorrect
traces. If M := |C| and N := |Z|, Corollary C.3
gives the bound

*
<7
pI—N+MenK/A’

where p7 is the total incorrect mass at equilibrium.

4. Tune A as breadth versus sharpening. The
effective entropy coefficient

A=¢c+

governs how broadly mass is spread once the ker-
nel is in place in the no-KL regime considered here;
more generally, A = e+ Aa+ fkr. Smaller A sharp-
ens correctness margins and suppresses incorrect
traces more aggressively. Larger A spreads mass
more broadly and accelerates within-strategy ho-
mogenization via (12). In short:

Ki chooses the geometry of diversity,
AB chooses its strength,
A chooses its breadth.
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Implementation. The kernel term can be inte-
grated into standard SGD pipelines. Given a mini-
batch of traces, the gradient of the quadratic term can
be estimated with a minibatch U-statistic over all in-
batch pairs at O(B?) per update (Clémencon et al.,
2016). This is a practical route to incorporating struc-
tured diversity into post-training. For shift-invariant
embedding kernels, one can additionally use random-
feature or other low-rank approximations so that the
quadratic term is computed in a fixed-dimensional fea-
ture space rather than from all pairwise similarities
(Rahimi and Recht, 2007).

7 EMPIRICAL VALIDATION

Our empirical results are designed to test the theory
at increasing levels of realism rather than to claim
universal end-to-end training gains on a benchmark.
Outside the toy suite, these are fixed-bank same-
support reweighting studies rather than end-to-end on-
line post-training runs. The code used in the experi-
mental pipeline is available at https://github.com/
maxruizluyten/creative_reasoning_release. Ap-
pendix G.1 records the code, external assets, and re-
producibility details.

The toy suite in Appendix G provides the theory-
faithful mechanism validation: the universal log-
ratio identity, global convergence, and aligned DCR’s
semantic-coverage gains all appear directly, with-
out increasing incorrect mass. On held-out same-
support MATH-500, all methods attain pass@Q8 =
0.8912 on the full 500-prompt held-out set (Appendix
Table 4), while on the 433-prompt multi-solution
slice DCR (Gated) raises coverage@8 from 2.4662
(UTiLITY /ENTROPY) to 2.5253 and raises Neg from
2.7883 to 2.8784 (Appendix Table 5). In this held-out
same-support evaluation, the gain is therefore redistri-
bution across correct strategies rather than improved
raw answer accuracy.

8 CONCLUDING INSIGHTS

This paper argues that collapse in reasoning post-
training is not only about losing entropy in the ab-
stract. It is about losing the distributional structure
inside the correct set until a model keeps only one suc-
cessful template and its near-duplicates. Accuracy can
keep rising while this happens.

The experiments sharpen that claim: DCR/’s clearest
gains appear when correctness is already saturated and
the remaining degree of freedom is how mass is dis-
tributed across correct strategies.

Appendix G gives the full empirical picture: the toy

Method  Within-correct law Distributional
effect

STaR Zab X Pa — Pb winner-take-all

GRPO Zab X Pa — Db winner-gets-
amplified

DPO Zab X —(Zab — z,tl’ffse) reference-
relative
regression

DCR Zab = Pa(p) — ¢b(p) — Azqr,  stable interior

portfolio under
gated PSD K

with kernel term in ¢

Table 1: Key dynamics inside the correct set.
The exact coefficients are given in Section 4 and Ap-
pendices B—C. Scalar objectives amplify or tether pair-
wise correct-trace ratios; DCR adds explicit semantic
coupling among verified-correct traces.

suite shows the predicted geometry directly, held-out
same-support MATH-500 shows improved semantic
coverage at fixed pass@8, and the symbolic exact-label
study sharpens the kernel-design story. Appendix F
connects the same mechanics to recent empirical ob-
servations in RLVR and alignment.

The key conceptual distinction is the following. Total
correct mass measures whether a model is right. The
distribution within the correct set measures whether
it still retains a portfolio of valid alternatives. Pair-
wise log-ratios make that distinction mathematically
explicit. Under the scalar objectives studied here,
those ratios are amplified, damped, or tethered, but
not organized by semantic structure.

DCR supplies the missing relational geometry. The
gated creativity kernel does not merely add more ran-
domness; it changes which correct traces compete with
which others. With a semantically aligned kernel, it
repels overrepresented strategies while entropy homog-
enizes redundant surface forms within a strategy. Un-
der mild conditions, this yields a unique, stable, in-
terior equilibrium that can remain both accurate and
strategically diverse.

Scope and limitations. Our analysis is intention-
ally structural. It is carried out on finite trace spaces
and simplified trace-level models designed to expose
within-class selection mechanisms. The stochastic sec-
tion uses moment-matched simplex diffusions rather
than optimizer-specific SDE limit theorems. In prac-
tice, success depends on the quality of the verifier and
the semantic kernel, which remain important practical
limitations.
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CHECKLIST

1. For all models and algorithms presented, check if

you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
[Yes]

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Yes]

(¢) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Not Applicable]

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. [Yes]

(b) Complete proofs of all theoretical results.
[Yes]

(¢) Clear explanations of any assumptions. [Yes]

. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed to
reproduce the main experimental results (ei-
ther in the supplemental material or as a
URL). [No] The linked public repository pro-
vides code, configurations, tests, and audit
commands, but exact paper reproduction ad-
ditionally depends on frozen release bundles
and large external artifacts outside the code-
only snapshot.

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). [Yes]

(¢) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). [Yes]

(d) A description of the computing infrastructure
used (e.g., type of GPUs, internal cluster, or
cloud provider). [Yes]

. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creators if your work uses
existing assets. [Yes]

(b) The license information of the assets, if ap-
plicable. [Yes]

(c) New assets either in the supplemental mate-
rial or as a URL, if applicable. [Yes]

(d) Information about consent from data
providers/curators. [Not Applicable]

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Not Applicable]

5. If you used crowdsourcing or conducted research

with human subjects, check if you include:

(a) The full text of instructions given to partici-
pants and screenshots. [Not Applicable]

(b) Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable. [Not Appli-
cable]

(¢) The estimated hourly wage paid to partici-
pants and the total amount spent on partic-
ipant compensation. [Not Applicable]
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Guide to the Supplementary Material. The supplement is organized in three parts: core theory for the DCR
framework and its collapse diagnosis, auxiliary technical analysis for parameterization and stochastic effects, and
empirical plus contextual material that validates and situates the theory. The list below is intended as a quick
navigation guide rather than a full table of contents.

e Appendix A (p. 14): master DCR ODE, universal log-ratio identity, interiority, and global convergence.

e Appendix B (p. 23): exact scalar-objective dynamics for STaR, GRPO, and DPO, including the diversity-
decay diagnosis.

e Appendix C (p. 40): gated kernel equilibrium geometry, coarse-graining from traces to concepts, and practical
tuning rules.

e Appendix D (p. 48): conditioning induced by the logit-to-trace parameterization and autoregressive compo-
sition.

e Appendix E (p. 59): stochastic post-training surrogates, fixation behavior, and GRPO-style variance deple-
tion.

e Appendix F (p. 70): connections between the theory and empirical observations in RLVR and alignment.

e Appendix G (p. 72): experimental protocol, toy studies, additional synthetic diagnostics, held-out same-
support MATH-500, symbolic exact-label studies, and ReasoningTrap.

How to read this supplement. For the main theoretical arc, start with Appendices A—C. For optimization and
scaling technicalities, focus on Appendices D and E. For empirical validation and external grounding, go directly
to Appendices F and G.

A THE DCR GRADIENT FLOW FRAMEWORK

This appendix develops the continuous-time dynamical-systems backbone of Distributional Creative Reasoning
(DCR). For a fixed prompt, DCR optimizes a regularized objective over the simplex of complete reasoning traces.
The continuous-time view is useful for three recurring reasons:

1. it gives an exact log-ratio identity for pairwise trace probabilities;
2. it isolates an entropy-barrier criterion that keeps trajectories away from the boundary; and

3. it yields a clean global convergence theorem for the regularized DCR objective.

Throughout, the trace space is finite, so all objects are finite-dimensional and all derivatives are classical. The
key scalar quantity is the effective entropy coefficient
A:= o+ Pk + ¢,

which will always be assumed strictly positive. The condition A > 0 has two roles: it creates an interior barrier
against boundary collapse, and—when combined with a positive-semidefinite creativity kernel—it makes the
objective strictly concave on the simplex.

A.1 The trace simplex and the master DCR ODE

Fix a prompt z, and let Sy be the finite set of all traces of length at most 7. Write
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A policy over traces is a probability vector

peASL.={peclo,1]® sz_l}
with relative interior
int A5t = {pec A7 p; >0 for all 4}.

The tangent space of the simplex is

Ta:=1%:= {v € RY: (1|v) = 0}.
Standing assumptions. Throughout this appendix we assume:

Al) K € R%*% is symmetric;

A2) A\ «, 8, BkL, e > 0;

A3) Prase € int AS71 50 log Phase,: is finite for every i;
)

(
(
(
(A4

A= Xla+ Bk, +e>0.

Whenever strict concavity or global convergence is invoked, we additionally assume K > 0.

The regularized DCR objective. We study

S
= Uipi + Ma H[p] = ABp" Kp — Bk DKL(PlIPbase) + <H[p],

i=1

where

=Y pilogpi,  Dki(plpbase) = sz log

DPbase,i
We use the convention 0log0 := 0, so both H and Dk1,( - ||pbase) extend continuously to the closed simplex.

It is convenient to collect all logarithmic terms into the single coefficient A, and to define the selective score field

(b( ) - U _QAB(KP) +ﬂKL Ingbabel

Then, for p € int AS—1, ~
5J
opi

(p) = ¢i(p) — A(1 + log p;).

The Shahshahani geometry. The Shahshahani metric is the natural Riemannian metric on the simplex
(Shahshahani, 1979; Amari, 1998)

S
U;V;
g;n(u7v) ::Z ;'17 u,v € Tha.
i=1

For a smooth function f on int AS~!, its Shahshahani gradient is the unique vector Vg, f(p) € Ta satisfying

9p(Vsnf(p),v) =df (p) -v for all v € Th.

Equivalently,

s
(Vsuf(p), = pi 8p1 z:: 5‘p]

Applying this to jyields the DCR flow.
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Definition A.1 (Master DCR ODE). The continuous-time DCR dynamics are

5= pi(6:(0) — 60)) — Api(logpi — {logp),  i=1,....5.
where

S S
o(p) = ijcbj(p), (log p) := ij log p; = —H|p].

Equivalently, p = VgpJ(p) on int AS—1,
The first term is a replicator-type selection term (Hofbauer and Sigmund, 1998), while the second is an entropic

barrier. The barrier becomes large and inward-pointing whenever a coordinate becomes very small.

A.2 The universal log-ratio identity

The most useful feature of Definition A.1 is that the global coupling terms disappear in pairwise log-ratio
coordinates.

Theorem A.2 (Universal log-ratio identity). Let p(-) be a solution of the master DCR ODE that remains
in int AS~1. For any pair of traces i, j, define

pi(t)
p;(t)

2i;(t) := log

Then

Proof. By the chain rule,

From Definition A.1, .
P — $i(p) — d(p) — A(logp; — (logp)),

bi
and the same identity holds with i replaced by j. Subtracting cancels both ¢(p) and (log p), leaving
d
Z7(t) = (6:(p(1) — ¢5(p())) — A(logpi(t) — log p;(1))-

Since log p; — log p; = 2;;, the claim follows. O

The identity can be integrated explicitly:

2 (t) = Zij(o)e_At +/ e A=) (¢z(p(5)) — ¢; (P(S))) ds.

0
This formula will be reused repeatedly in the later appendices.
A.3 Barrier dominance and forward invariance

The log-ratio identity only makes sense while coordinates stay positive. To turn strict positivity into a quanti-
tative statement, we work on a trimmed simplex:

5, €(0,1/9), AT i={pe A% iminp; >4, }.
Think of J, as a computational probability floor.

Step 1: an entropy gap on active faces. Whenever a coordinate touches the floor §,, the entropic barrier
contributes an inward drift that is uniformly bounded below.
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Lemma A.3 (Entropy face gap). If p € AS~! and p; = d,, then

1— 04

1 —logd, > Lg(0y) := (1 — 04)log —-F— .
(logp) —logdx > Ls(0x) = ( 5)0g(5_1)5*>0
Proof. Fix i and minimize
S
f(p) = _pjlogp; —logd,
j=1

subject to p; = 6, and Y il =1- 0. Because z — zlog x is strictly convex, the minimum over the remaining
coordinates is attained when they are uniform:

Substituting gives

O

1
min f = §, logd, + (1 — d,) log o1 log 0,
1 -6,
=(1-06,)log ————~— = Ls(d,).
( )Og(S—l)a* s(8x)
Since 0, < 1/8, the logarithm is strictly positive, so Lg(d,) > 0. O

Step 2: a generic forward-invariance criterion. The theorem below is stated for any locally Lipschitz
score field on a neighborhood of the trimmed simplex. This is the level of regularity actually needed in the proof.

Theorem A.4 (Barrier dominance and forward invariance). Let
H:={peR®: (1p) =1}

be the affine simplex hyperplane, and fix §, € (0,1/5). Let 4 C H be a relative-open neighborhood of A?:l
such that
U c HN(0,00)%,

and assume that ¢ : 4/ — R is locally Lipschitz.
Consider on U the vector field

Fi(p) := pi(i(p) — (p)) — Api(logpi — (logp)),

where

S S
é(p) ==Y pj¢i(p),  (logp) = p;logp;.
j=1 j=1
Define the maximal outward score pressure on the trimmed simplex by

Mout(65) :== sup max ((;_S(p) _¢z(p))

pend-11SisS
Because ¢ is continuous and A?:l is compact, Moyt (dx) < 0.
If
A LS((S*) Z Mout((s*);

then A?:l is forward-invariant under the ODE p = F(p). If the inequality is strict, then every active face is
strictly repelling: whenever p; = d,
pi > 0.
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Proof. Let K := A(;S:I. Since ¢ is locally Lipschitz on ¢ and the logarithmic term is C* on & € H N (0, 00)7,
the vector field F' is locally Lipschitz on U.

First, F is tangent to the affine hyperplane H: indeed,

S S S

ZFz(P) = Zpi(@: — ) - AZPi(logpi — (logp)) = 0.

i=1 i=1
Hence F(p) € Ta = 1+ for every p € U.

Now fix p € 0K, and let
Iact(p) = {’L P = 6*}

be the active set. The Bouligand tangent cone of K at p, viewed inside the affine space H, is

Tic(p) ={v e 1t v, >0 foralli € Zot(p)}.

So it is enough to show F;(p) > 0 for every active coordinate .

If ¢ € Tact(p), then p; = d,, and

F(p) = 8.[4:(p) = 6(p) + A((log ) — log.) .

By Lemma A.3,
<10gp> —logd, > LS((S*)v

and by definition of Mgyt (d4), B
®i(p) — (b(p) > _Mout((s*)-

Therefore
Fi(p) > 6. = Mow(6,) + ALs(6,)] > 0.

Thus F(p) € Ti(p) for every p € K. Since K is a compact convex subset of the finite-dimensional affine space
H, the standard Nagumo viability theorem (Nagumo, 1942) implies that K is forward-invariant under p = F(p).

If ALg(dx) > Mout(d4), the same computation yields F;(p) > 0 on every active face. O

For DCR itself, the hypotheses of Theorem A.4 are automatic: the score field ¢ is affine in p, hence globally
Lipschitz on RS, and therefore locally Lipschitz on every relative-open neighborhood of a trimmed simplex.

Corollary A.4.1 (Uniform interior confinement for DCR). Under the standing assumptions of this
appendix, let p(0) € int AS~!. Then there exists

0x = 5*(17(0)) € (Oa mllnpl(o))
such that the unique solution of the master DCR ODE exists for all ¢t > 0 and satisfies
p(t) € Alss:l for all ¢ > 0.

In particular, no coordinate can hit 0 in finite time.

Proof. Because ppase € int AS~1 the map p — ¢(p) is continuous on the closed simplex: U is fixed, p — Kp is
linear, and every log phase,; is finite. Since AS~1 is compact,

My = ; < 00.
¢ pesilgflg%xsl@(p)l 00

Hence, for every p € A5~ ) )
d(p) — di(p) < |d(p)| + |6 (p)] < 2My,
S0
Moy (6) < 2My for every § € (0,1/5).
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By Lemma A.3, Lg(d) — oo as § | 0. Therefore we may choose
0 < &, < minp;(0)
such that
ALs((S*) > 2My.
Then p(0) € A?:l, and Theorem A.4 shows that Aésjl is forward-invariant for the DCR flow.

It remains to justify global existence and uniqueness. On the relative-open set
Us, 2 :=1{p € H :p; > 6,/2 for all i},

the DCR vector field is C', hence locally Lipschitz. Standard ODE theory on the affine space H therefore gives a
unique maximal solution through p(0). Because the trajectory never leaves the compact set Aés*_l, no finite-time
blow-up is possible, so the maximal solution extends to all ¢ > 0. The already-proved forward invariance then
yields

p(t) e ASTH Ve 0.

A.4 Global convergence of DCR training

We now turn to the asymptotic behavior of DCR when the creativity kernel is positive semidefinite. The main
result is that the regularized objective has a unique interior maximizer and that every interior trajectory converges
to it.

Step 1: strict concavity and the unique interior maximizer.

Lemma A.5 (Strict concavity and unique interior maximizer). Assume A >0, K = KT, and K > 0.
Then the restriction of J to int A~ is A-strongly concave relative to the affine hull

H={peR®: (1p) =1}.
Consequently, J admits a unique global maximizer
p* €int AL

Proof. Let p € int A1 and v € Ta = 1+. Differentiating twice along the affine hyperplane H gives
<U‘V2J(p) v> = 2\8v' Kv — AZ .
— Di
=1
Since K = 0 and A8 > 0,
—2\B8v" Kv < 0.
Also p; <1 for every coordinate, so 1/p; > 1, hence
S 42 s
—AY E<-AY vl = Al
i= i=1
Therefore

<U‘V2j(p)v> < —Av)}?  VveTa.

Since int AS~! is convex, integrating this Hessian bound along the line segment from p to ¢ yields, for all
p,q € int A5,

T@) < T) + (1Y Tw)a ~p) ~ Sla .

This is the standard first-order strong-concavity inequality relative to the affine hull H.
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Because J extends continuously to the compact simplex AS~1 at least one maximizer exists. It remains to show
that no boundary point can maximize J.

Let ¢ € OA°~1, and define
Z = {k: q, =0}, m:=|Z| > 1.

Choose any j with g; > 0, and set
v::Zek—mej, q(t) :== q + tv, 0<t<gq;/m.
keZz

Then ¢(t) € int A5~ for all such ¢: every zero coordinate becomes ¢ > 0, the j-th coordinate remains positive,
and all other coordinates are unchanged.

Write .
J(p) =T (p) — A pilogp;,
i=1
where
5 s
U(p):=> Uipi = ABp Kp+Brr Y pi10g phase.i-
i=1 i=1

The function ¥ is C! on a neighborhood of the simplex, so
U(q(t)) =¥(q) +O(t) ast]O.

For the entropy term, a direct expansion gives

s s
=Y ai(t)logqi(t) = =) qiloggi —mtlogt+O(t)  ast]0.
i=1 i=1
Hence B _
J(q(®)) — J(q) = Am(—tlogt) + O(t).
Since —tlogt > t as t | 0, the right-hand side is strictly positive for all sufficiently small ¢ > 0. Thus every
boundary point admits an inward perturbation that increases J, so no boundary point can maximize it.

Therefore every maximizer lies in int AS~!. Since every maximizer is interior, the strong concavity inequality
on int AS~1 implies uniqueness. The unique maximizer is denoted p*. O

Step 2: a strict Lyapunov identity.

Theorem A.6 (Strict Lyapunov identity). Along any solution t +— p(t) € int AS~! of the master DCR
ODE,
2
s = s
d ~ oJ
(1) = _pit) | 5-(0(1) = > _pj(t
i=1

=
—
3
—~
~
=
=
\
o

opi e

Moreover, equality holds if and only if p(¢) is a stationary point of the DCR flow.

Proof. Let p; := p(t). Since py = VgnJ(pr),

%j(pt) = dJ(ps) - Pt = gp, (Vsud (pr), Vsud (pr)).-

By definition of the Shahshahani metric,

2

s .
F o F pi(t)
9p. (Vsnd, VenJ) = E .
p ( ) — py(t)
Substituting the coordinate formula for p; yields the stated identity.

Since every p;(t) is strictly positive, the sum vanishes if and only if p;(t) = 0 for every i, i.e. if and only if p(t) is
stationary. 0
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Step 3: global convergence and an exponential rate on trimmed simplices.

Theorem A.7 (Global convergence; proof of Theorem 3.1). Assume A >0, K = K", and K = 0. For
every initial condition
p(0) € int AS~L

the master DCR, ODE admits a unique global solution p(t) € int A°~! for all ¢ > 0, and
p(t) — p* as t — 0o,

where p* is the unique maximizer from Lemma A.5.

Moreover, if the trajectory is contained in a forward-invariant trimmed simplex A(;S:I, then the convergence is
exponentially fast:

T(p*) = T(pe) < e 4% (J(p*) = T(po)),

and

* 28~ * T 1/2 _
lpe —p*ll; < a (J(p )—J(po)) /2—Abit,

Proof. We split the argument into four steps.

Step 1: well-posedness and confinement. By Corollary A.4.1, there exists d, > 0 (depending on p(0)) such
that the unique DCR trajectory through p(0) stays in A(;S*_l for all ¢ > 0. In particular, the solution is global
and remains in the interior.

Step 2: LaSalle reduction to the derivative-zero set. By Theorem A.6, the map ¢ — J (pt) is nondecreasing.
Since the trajectory is contained in the compact invariant set AS Uand J is continuous, J (pt) is bounded above.
Standard LaSalle invariance (LaSalle, 1960) therefore gives that the w-limit set of the trajectory is contained in

Zi=fpead: i) =0}

Step 3: identification of the invariant set. By Theorem A.6,
d ~
J

u (p)=0 = p=0.

Because Af:l C int AS~1, the stationarity condition

0=pi %(p) — iji]_(p)

is equivalent to

50 (p)=p for all 4

for some scalar . This is exactly the first-order optimality condition for an interior extremum on the simplex.
By Lemma A.5, there is only one such point, namely p*. Hence the largest invariant subset of Z is {p*}, and
LaSalle yields

P — p* as t — oo.

Step 4: exponential rate on a trimmed simplex. Let

1
e :=1— g11T

denote the Euclidean projection onto Th = 1+.
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Because J is A-strongly concave on int A°~! relative to its affine hull H, for every p € int AS~1,

J(p*) < J(p) + <H1LV=7(p) > - gllp* —pll3-

Maximizing the right-hand side over h := p* — p € 1+ gives the Euclidean Polyak-Lojasiewicz inequality
~ 2 ~ ~
|1V T)|| > 24(T07) - T)).

Next, the squared Shahshahani gradient norm is

~ 2 5 k)
HvShJ(p)HSh:z;pi cSpZ Zp] J

Since p; > d, on A?:l,

SNE (6T 56T
VsnJ H > N ps
Vo, = 5.3 | 50 2 pig, @)
For any vector g € R, the function ¢ >ilgi— ¢)? is minimized at the arithmetic mean ¢ = % >, 9i- Therefore
s _ N2 _ s 2
oJ
> (5 SR I Ol E D P
i=1 j=1 6p i=1 5 j=1 5;03
~ 2
Jpsol

Combining the last two displays with the Euclidean Polyak—FLojasiewicz inequality yields the Shahshahani
Polyak-Lojasiewicz bound

|vsi)|7, = 246 (76— T)).

By Theorem A.6,

L 5 on) = ||Vend |
700 = [VarTeo

Define the objective gap

E(t) == J(p*) — J(py).
Then

—ij(pt) < —246,E(t),

B =-5

and Gronwall’s lemma gives

E(t) < E(0)e™ 249+t
Finally, strong concavity at the interior maximizer implies
T Tl Troox 5 A * 12
J(p) < J (") +(VI@N)|p =17 ) = S llp = P75
Because p* is an interior simplex maximizer, there exists p € R such that

VI(p*) = pl.

Since p — p* € 1+, the linear term vanishes, hence
- - A )
J(p") = J(p) = S llp = p*ll2.
Applying this at p = p; and using ||z||, < V/S|z|, gives

" 25 28 B
”pt —-p ||1 < \/ZE(t)1/2 < \/ZE(O)I/QC Ad.t

This proves the stated rate. O
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Remark. The exponential rate in Theorem A.7 is global in time along each interior trajectory, but it is not
uniform over all interior initializations: the floor §, comes from the confinement argument and therefore depends
on the starting point p(0).

B PROOF OF THE DIVERSITY-DECAY THEOREM
This appendix analyzes three scalar training mechanisms on the finite trace space

Sr=CuUZ,  pp) =) pe,
ceC

where C is the set of correct traces and Z the set of incorrect traces. Our goal is to understand whether a scalar
training signal preserves or destroys diversity inside the correct class. Throughout this appendix, the DCR
creativity kernel is turned off, the KL tether is absent, and an optional entropy barrier with coefficient € > 0
may be added to the probability-space dynamics as an algorithm-agnostic regularizer.

The key message is simple. When the objective depends only on scalar correctness, scalar normalized reward, or
scalar preferred—dispreferred margins, it has no access to semantic relations among correct traces. As a result, it
cannot actively spread mass across genuinely distinct correct strategies. Depending on the algorithm, one gets
either:

e winner-take-all amplification inside the correct class (STaR-style rejection fine-tuning and exact mean-
field GRPO batch-gradient dynamics), or

e reference-ratio regression (DPO under one-sided or two-sided exchangeable-pair surrogates).

Entropy can damp relative log-ratios, but it does not create a semantic balancing force.

Generic logit-to-probability reduction. Let § € RISl be trace-level logits and py = softmax(6) the induced
policy over traces. Any deterministic logit drift

0; = ¥i(p)

induces the probability-space dynamics
b =i (Vi) = 00)), o) = Y pivsp).
J

If we additionally include the entropy barrier € H[p], the resulting probability flow becomes

i = i (wi(p) - i(p)) - €pi<logpi - <10gp>), (logp) = ij log p;. (14)
Therefore, whenever p,(t), ps(t) > 0,
d Pal(t) _ Pal(t)
7 108 @) = ta(p(t)) — ¥u(p(t)) — €log ) (15)

Equation (15) is the only structural fact from Appendix A that we will use below.

Remark B.1 (Modeling scope). Fach subsection states the exact simplified model it analyzes. Section B.1
studies the online rejection-finetuning core of STaR-style self-training (Zelikman et al., 2022). Section B.2
studies the unclipped, no-KL, outcome-level GRPO per-batch surrogate in a one-step tabular trace model and
derives its exact Fuclidean-logit mean field (Shao et al., 2024). Section B.3 studies a one-sided exzchangeable-pair
DPO surrogate chosen to isolate preferred-side reference-margin geometry (Rafailov et al., 2023). The purpose of
this appendiz is not to reproduce every engineering detail of each implementation, but to expose the within-class
selection mechanism governing diversity decay.
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B.1 STaR-style online rejection fine-tuning: winner-take-all fixation

Context. We isolate the online rejection-finetuning core of STaR-style self-training. The policy samples traces,
a verifier filters for correctness, and the model is fine-tuned by supervised maximum likelihood on the accepted
traces. Because accepted traces are replayed in proportion to their conditional sampling frequency, the update
amplifies whichever correct trace is already more common.

Proposition B.1 (STaR-style rejection-finetuning score field). Under self-sampling with rejection, the accepted

target distribution is
Pc

p(p)

whenever p(p) > 0. If the model takes an infinitesimal Euclidean logit-ascent step on the log-likelihood against q,
then the induced trace-level logit drift is

Ge = (cel), =0 (iel),

- pil—p(p)
i (p) = —pi = p(p)

—Di, 1e€T.

, 1€C,

Proof. For multinomial logits, gradient ascent on the log-likelihood against target distribution ¢ gives

Ok = qx — Dk
Substituting the accepted-target law yields, for ¢ € C,

1 —p(p)
p(p) '

RFT _ P _
?ﬁc (p>_ p(p) Pec = Pc

and for i € Z,
b (p) =0 — pi = —pi-
O

Theorem B.1 (Correct-correct log-ratio dynamics for STaR-style rejection fine-tuning). Let a,b € C and assume
Pa(t), pp(t) > 0. Then under the flow (14) with score field YpRFT,

. palt) _ 1= p(p(t)) palt)

T 0 = ) (P = m(0) —elor i, (16)
Equivalently, with zq(t) := log 1;‘;8;,
1-— t
Zan(t) = po(t) (2 — 1) P(ZE};)())) —ezap(t).
Proof. Apply the generic identity (15) with
U T = Lo, ).
Since p, = ppe®et, the equivalent form follows immediately. O

Remark B.2 (Cold-start singularity). The accepted-target distribution contains the factor 1/p(p). Hence the
rejection-finetuning score field becomes singular as p(p) | 0. This formalizes the familiar cold-start fragility
of rejection fine-tuning: if the policy puts vanishing mass on correct traces, the online supervised target itself
becomes ill-conditioned.

Corollary B.1 (Winner-take-all among positive-mass correct traces). Assume e =0 and 0 < p(0) < 1. Let
Cy :={ceC:p.(0)>0}
be the set of correct traces with positive initial mass, and assume there exists a unique
aeCy such that  pa(0) > p.(0) VeeCy\{a}.
Then:
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1. p(t) is strictly increasing on {0 < p < 1} and satisfies p(t) 1 1.

2. Every c € C\ C4+ remains zero for all t, and for every ¢ € C4 \ {a},

Equivalently, the normalized correct-class composition converges to the vertex e, on the support Cy .
3. Consequently,
p(t) = eq.
Proof. Fix ¢ € C;4. Since the probability-space dynamics have the form p. = p.(---), any coordinate that starts
at zero remains zero. Thus traces in C \ C; are absorbing and may be ignored.

Define the normalized correct and incorrect compositions

Pc .
se:=— (cel), T = 1€Z, p<l,
P (ceC) P ( )

and the quadratic concentration functionals
S ::ng, Ry ::Zr?.
ceC €T

A direct computation from Proposition B.1 gives
b= p(1— p)*(S:+ Ra). (a7)

Since Sy > 1/|C+| whenever p > 0, the right-hand side is strictly positive on 0 < p < 1. Hence p is increasing
and has a limit L € (0,1]. If L < 1, then for all large ¢ we have

L 1-L 1
t) > — 1—p(t) > — Sy(t) > —
p()_2a p()— 9 2()—|C+|7
so (17) implies
L/1-L\2 1
s Ll-LN2 1
p(t)*Q( 2 )\C+\>O

for all large ¢, contradicting convergence of p(t) to L. Therefore p(t) 1 1.
Now set u :=1— p. Since p <1 and Ss + Ry < 2,

= prQ(SQ + Ry) > —2u2.

Hence i1 (1)
() w7
N t L 18
ult) 2 uw(0)~1 4 2t (18)

Therefore the effective time

diverges as t — oco.

Fix c € C4 \ {a} and define

2
qc = —.
Pa
By Theorem B.1 with € = 0,
d _
L logge = —L(pe — pa) = (1 = p)(5¢ — 5a).
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Passing to the rescaled time dr = (1 — p)dt gives

d d
—logge =S¢ — Sa = Salge — 1), Se = ¢cSalqe — 1).
dr dr

Since ¢.(0) < 1, uniqueness of ODE solutions implies ¢.(7) < 1 for all 7, so q. is strictly decreasing. Because a
remains the largest correct trace on the support C,, we have

IC

1
Sa(T) > .
+]

Since ¢, decreases, also 1 — q.(7) > 1 — g.(0). Therefore

1- QC(O)

d
—logg. = *Sa(l - qC) < *W-

dr

Integrating in 7 yields exponential decay in effective time,
qc(7) < qc(0) exp ( - KCT) for some k. > 0.

Since 7(t) — oo, we obtain ¢.(t) — 0 for every ¢ # a in C4. Thus the correct-class composition converges to eg,
and since p(t) — 1, we conclude p(t) — e,. O

Interpretation. The amplification factor in (16) is proportional to (1 — p)/p. Thus the selective pressure
is strongest when the model still makes many errors and weakens near mastery. The slowdown is real, but
Corollary B.1 shows that it is not strong enough to prevent deterministic fixation.

B.2 GRPO: exact Euclidean-logit mean field and deterministic within-class amplification

Context. Group Relative Policy Optimization (GRPO) samples a group of outputs for the same prompt, scores
them jointly, normalizes rewards by the group mean and standard deviation, and then applies a score-function
gradient step. The crucial structural point is that the exact FEuclidean-logit mean field of the per-batch gradient
contains the usual factor Vg logpg(Y,,). In the one-step tabular trace model, that factor contributes an extra p;
term in the mean field. This is what turns apparent class symmetry into winner-take-all competition inside the
correct class.

We analyze the outcome-level GRPO core under binary outcome supervision,
U=1 (cel), Ui=0 (1eI),

with group size G > 2, no clipping, and no KL term.

Proposition B.2 (Class-conditional normalized advantages and exact mean-field logit drift). Fiz p € [0, 1]. For
a mized group containing exactly t correct traces, the within-group standardized advantages are

with the convention Ac(G) = Ar(0) =0 on pure groups.

Define the class-conditional expected standardized advantages

G-1-8
ac(p) = ESNBinom(G—LP) 57_’_1 ’
S
ar(p) := —~Eg~Binom(G-1,p) G-S|

Then:
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1. pac(p) + (1= p)as(p) =0 for all p € [0,1].

2. There exists a continuous function hg : [0,1] — (0,00) such that

ac(p) = (1=p)ha(p),  ar(p) = —phc(p).
In particular, hg(1) = VG — 1.

3. For a sampled group Yy.q ~ p®%, define the unclipped, no-KL per-batch GRPO surrogate

G

N 1 N

Larro(0;Y1.q) = el E A log pe(Ym),
1

m=

where the sampled normalized advantages A\m are treated as fixed inside the batch gradient, exactly as in the
usual score-function estimator (Williams, 1992). Then the exact Euclidean-logit mean field of this sample
gradient is

Pi aC(p(p))’ i €C,

YPRPO(p) i= By, ,pec 89, Larro (0; Yi.g)| = {
o [ ] piar(p(p)), i€T.

Proof. If a group contains exactly ¢ correct traces, then the group mean reward is ¢/G and the empirical standard
deviation is

olt) = t(%i;t)

Hence for a correct trace in that group,

1-t/G G-t
o) t

w0 =St =g

On pure groups (¢t = 0 or t = @), the variance is zero, and we follow the standard convention of setting the
normalized advantage to zero.

Ac(t)

and for an incorrect trace,

Now condition on the class of one sampled trace. If ¢ € C, then after conditioning on Y; = ¢, the number of
additional correct traces among Ys,...,Yqs is

S ~ Binom(G — 1, p),
and the total number of correct traces in the group is T'= S + 1. Therefore
E[A; | Y1 =] = ac(p).
Similarly, if ¢ € Z, then the total number of correct traces equals T = S with the same S ~ Binom(G — 1, p), so
E[A; | Y1 =1] = au(p).

This proves the displayed formulas.

For the identity pac + (1 — p)ay = 0, note that the normalized advantages in any group sum to zero:

By exchangeability, E[A\l] = 0, but also

E[A)] = pE[A, | Y € C)+ (1 - p)E[4, | Y1 € T] = pac + (1 - p)ar.
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Hence the identity follows.

Next, factor out (1 — p) from the explicit binomial sum for ac:

G-2
acp) =1 =p) > (GS_ 1),08(1 Y ik ik}

= s+1

This defines a continuous positive function hg on [0, 1], with

ha(l) = (G —1) %1 VG-l

G

The formula for a; then follows from the zero-mean identity.

Finally, fix one sampled group Y7.¢. Differentiating the per-batch surrogate gives

G
Do, Larro(0; Yica) = 5 Z m 09, 10g o (V).

Since
6(% logPQ(Ym) = 1{Ym = k} — Pk,
we obtain
G
O Larpo(0:Yic) = & Z ({Yo = k} — pi).

Because Zi:l ﬁm = 0 pointwise, the baseline term vanishes exactly, leaving

¢
9, Larro (9; Vi) Z Yy, = k}.

m=1

Taking expectations and using exchangeability gives

¢GRPO( Z A m{Y,, = k}| = [ﬁll{Yl = k}] = pi IEL& | Y1 = k].

Substituting the class-conditional expectations gives the stated drift. O

Theorem B.2 (Correct-correct log-ratio dynamics under exact mean-field GRPO). Let a,b € C and assume
Da(t), pp(t) > 0. Under the flow (14) with the exact GRPO mean field from Proposition B.2,

d . pat) Pa(t)
%log pb(t) - ac(p(p(t)))< a(t> _pb(t)) —ElOg pb(t) (19)
Equivalently,
d palt) Pa(t) Pa(t)
0198 0 = (L= O halolp(0) () (25 1) —log 11

In particular, in the unregularized case € = 0, whenever 0 < p(p(t)) < 1 and pa(t) > pp(t), the log-ratio drift is
strictly positive.
Proof. Apply the generic identity (15) with

YO — O = ac(p) (e — ).

The equivalent form uses ac = (1 — p)hg. O
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Corollary B.2 (Deterministic fixation under exact mean-field GRPO). Assume e =0 and 0 < p(0) < 1. Let
Ci :=={ceC:p(0) >0},
and assume there exists a unique
a€Cy with — pa(0) > p(0) Vee Cq\ {a}.

Then:

1. p(t) is strictly increasing on {0 < p < 1} and satisfies p(t) T 1.
2. Every c € C\ C4+ remains zero for all t, and for each ¢ € Cy4 \ {a},

pe(t)
Pa(t)

Thus the normalized correct-class composition converges to e, on its support.

3. Consequently,
p(t) = eq.

Proof. As in Corollary B.1, any coordinate that starts at zero stays zero, so it suffices to work on the positive
support.

Let D P
Se == (cel), rji=-— i€, p<l),
P L—p (

and define

SQ = ZSE, R2 = Z’I‘?

ceC i€l
Using Proposition B.2 and the induced probability dynamics, one computes
p=ha(p) p*(1 - p)? (S2+ Ra). (20)
Since hg(p) > 0 and Sy > 1/|C.|, the right-hand side is strictly positive whenever 0 < p < 1. Thus p is increasing
and has a limit L € (0,1]. If L < 1, continuity and positivity of hg imply that

= i h > 0.
L= iR 1)z e (P)

For all large ¢ we then have

1-L 1
, L—p(t) > ——, ha(p(t)) > my, Sa(t) > 5
2 IC+

N

p(t) >

so (20) yields

02 m (5" (54 o

for all sufficiently large ¢, contradicting convergence to L. Hence p(t) 1 1.

Now let u := 1 — p. Since h¢g is continuous on the compact interval [0,1], there exists hgmax < 00 with
ha(p) < hg max for all p. Also p <1 and Sp + Ry < 2. Therefore
U= *hG(P)P2U2(52 + RQ) 2 *QhG,maxU?-

It follows that
1w

d J—
dtut)  u(t)?

< 2hG,maxv

SO

t) > .
u(t) 2 w(0)~1 + 2hG maxt
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Hence [;°(1— p(t)) dt = <.
Because p(t) — 1 and hg(1) =G — 1 > 0, there exists T < oo and ¢ > 0 such that
p()ha(p(t)) > co forallt > T.

Therefore the effective time .
)= [ (s)(1 = p)halo(s)) ds
also diverges.
Now fix ¢ € C4 \ {a} and set . := p./pa. By Theorem B.2,
d
7 1084 = ac(p)(pe = pa) = p(1 = p)hc(p)(sc = sa).
Passing to the effective time dr = p(1 — p)hg(p) dt gives

dqc
1)7 i = QCSa(QC - 1)

d
710%Qc:30_3a:3a(QC_ dr

dr

Since ¢.(0) < 1, uniqueness implies g.(7) < 1 for all 7, so q. is strictly decreasing. As a remains the largest
correct trace on the support C,,

1
So(T) 2> —.
=1
Also 1 — q.(7) > 1 — q.(0). Therefore
d 1 —q.(0)
L ogge = —sa(1 — qo) < ———20)
71080 = —sa(l = qc) < C.

Integrating in 7 shows ¢q.(7) < ¢.(0)e "7 for some k. > 0, hence ¢.(t) — 0 because 7(t) — oco. Thus the
correct-class composition converges to e,, and since p(t) — 1, we conclude p(t) — e,. O

Interpretation. The exact mean field of outcome-level GRPO is already diversity-collapsing. No neutral-drift
argument is needed: the deterministic Euclidean-logit batch-gradient mean field itself amplifies whichever correct
trace is currently larger. Finite-batch stochasticity can matter quantitatively, but the basic within-class selection
mechanism is deterministic.

B.3 DPO: reference-ratio regression under a one-sided exchangeable-pair surrogate

Context. Direct Preference Optimization (DPO) is trained on a fixed dataset of preferred—dispreferred pairs
and optimizes a logistic loss in the reference-relative log-probability margin. To obtain a closed-form dynamical
system for pairwise correct-trace ratios, we study a one-sided exchangeable-pair surrogate. At each time ¢:

e every correct trace in C enters symmetrically on the preferred side, with a common preferred-side marginal
weight A~ > 0;

e those correct traces do not appear on the dispreferred side; and

e conditional on the identity of the preferred trace, the dispreferred trace is drawn from a common loser
environment v, that does not depend on that identity.

This surrogate isolates preferred-side reference-margin geometry. It should be read as a mechanistic diagnostic,
not as a theorem about arbitrary offline preference datasets. A more faithful two-sided treatment is given in
Subsection B.4.

Assume the reference policy has full support on the traces under consideration, and define the reference-relative
margins
My (t) = logpy(t) - 1ngbase,y-
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Proposition B.3 (One-sided DPO surrogate score field). Under the one-sided exchangeable-pair surrogate de-
scribed above, the expected score of any correct trace ¢ € C is a scalar function of its own reference-relative

margin:
¥ (p(t) = g¢ (me(1)),
where
gi(m) == A\ Boro Eg,\,,,; [0(5DP0 (mz(t) — m))} .
For each fized t, the function g, is C' and strictly decreasing:

gi(m) <0 for all m € R.
Proof. For a preferred—dispreferred pair (w,£), the DPO objective is

éw,é = log U(ﬂDPO [(Ingw - 1ngba»se,w) - (Ingf - 1ngbase,€)] )
Since
1ngw - IngZ = ew - 9@7

the softmax normalizer cancels in the pairwise log-ratio, and differentiation with respect to the trace-level logits
gives

Volwe = Boro U(ﬁDPo(mz - mw)> (ew — €2).
Hence a single pair contributes
+5DP00(5DPO(7W - mw))
to the winner logit and the opposite quantity to the loser logit.

Under the one-sided surrogate, each correct trace ¢ € C contributes only through its preferred-side appearances.
Those appearances have common marginal weight \;", and conditional on w = ¢ the loser is drawn from the
common environment v, . Therefore the expected score of ¢ is exactly the displayed function g;(m.(t)).

Differentiating under the expectation yields
gu(m) = =\ BppoE,- [0(5DPO(W - m)) (1 — o(Bopo(me — m)))] <0,

since \{” > 0 and o(u)(1 — o(u)) > 0 for all finite u. O

Theorem B.3 (Exact pairwise correct-correct log-ratio dynamics for the one-sided DPO surrogate). Let a,b € C
and assume pq(t), py(t) > 0. Define

pa(t) b DPbase,a
Zab(t) :=1lo , Zop 1= log ———.
b( ) & pb(t) b & Pbase,b
Then for each t there exists Eqp(t) between mg(t) and my(t) such that
d e
Zzan(t) = g1 (Ean(®)) (2an(t) = #5°°) = ezan0). (22)

Proof. Apply (15) with the one-sided DPO surrogate score field:

Zab = 9t(Ma) — ge(Mp) — €2ap-
For fixed ¢, the function g, is C!, so the mean value theorem yields a point £, (t) between m, (t) and my(t) such
that
gt(ma) - gt(mb) = gg(gab)(ma - mb)-
Finally,
base

Mg — My = (lnga - logpbase,a) - (1ngb - logpbase,b) = Zab — Zgp >
which proves (22). O
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Corollary B.3 (Monotone regression toward the reference ratio). In the unregularized case € = 0, the one-sided
DPO surrogate always pulls pairwise correct-trace ratios toward the base-policy ratio:

Zap(t) > 2285¢ — 2.(1) < 0, Zap(t) < 285 — 2,.(1) > 0.

Moreover, if all winner and loser margins encountered along the trajectory remain in a compact interval I C R
and
AN >A>0  forallt,

then there exists k; > 0 such that

|2an(t) — 225%°| < €71t 20 (0) — 2E5%¢].

This compactness hypothesis on margins is automatic on any trimmed simplex on which the reference policy has

full support on the traces under consideration.

Proof. When ¢ = 0, Theorem B.3 gives

d
it (Zab - Z};gse) = 91 (Ean) (Zab - Zgl?se)'

Since g;(£4p) < 0, the derivative always has the opposite sign from the displacement, proving monotone regression.

Now assume all winner and loser margins lie in a compact interval I. Then the sigmoid arguments

Bopro(me —m)

lie in the compact interval
J = ﬁDpo(I — I)

Hence there exists ¢y > 0 such that
o(u)(1—o(u)) >ecr Yu € J.

Therefore
—g,(&an(t)) > ABhpocr =: k1 > 0.

Setting y(t) := zap(t) — 2085 gives

d
@y(t)2 = 2g;(Ean(1))y(8)* < —2n1y(t)?,
and Gronwall’s inequality yields the stated exponential bound. O

Corollary B.4 (Exact stationary attenuation under entropy). Let p* be any interior stationary point of the
one-sided exchangeable-pair surrogate with € > 0. Let v_ be the loser environment evaluated at p*, and let g,
denote the corresponding scalar score function. For any two correct traces a,b € C, there exists £, between m,

and m; such that
*
a
* ab base * . ! [ Ex
Zab = & Zab Qgp = _g*(gab) > 0.
ay, €

Thus entropy attenuates inherited reference bias but does not create a semantic balancing force.

Proof. At a stationary point, Z,, = 0. Evaluating Theorem B.3 at p* gives
0= g5(&x) (20 — 28™) — €2l
Writing a¥, := —g.(£},) > 0 and rearranging yields
base

* * ok
(a’ab + €)Zab = QgpZab >

which is the claimed formula. O
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B.4 Robustness to replay buffers, clipping, KL tethers, and two-sided pair data

The simplified models above isolate the core within-class geometry of three scalar training families. We now
strengthen that analysis in directions that are closer to common practice:

1. replayed accepted data in STaR-style self-training;

2. alternative centered group weightings, local PPO/GRPO clipping, and KL tethers in GRPO-style updates
(Schulman et al., 2017; Ouyang et al., 2022); and

3. two-sided pair data in DPO, allowing a trace to appear on either the preferred or the dispreferred side.

The common conclusion is unchanged. These implementation details can rescale the within-class amplification,
add regression toward replay-buffer ratios, or add regression toward reference-relative pairwise ratios. What they
do not add is any force that depends on semantic distances among correct traces.

Lemma B.1 (Pairwise log-ratio identity with KL and entropy). Let p(-) evolve on the simplex according to

= pi(¥i(p) — $(p)) — BrLpi | log ij log —2— | —ep;(logpi — (logp)), (23)

Pbase,i pbmse,]

where

=> pji(p),  (logp): ij log p;.
7

For any pair of traces a,b with p,(t), py(t) > 0, define

— Pa (t) base ,__ DPbase,a
Zab(t) = log D)’ zop = log —
Then p
2 2ab(t) = Ya(p(t)) = Pu(p(1)) — Pxr (Zab(t) = 225°) — ezan(t). (24)

Proof. Divide (23) by p; and subtract the b equation from the a equation. The common averages 1 (p),
> pjlog pb , and (log p) cancel. Since

Pa/Pbase,
10 a/ ase,a = 2, — z};gbe7
pb/pbase,b

the claim follows. O

STaR with replayed accepted data. A common practical variant of STaR-style self-training mixes newly
accepted traces with replayed accepted traces from earlier rounds. The next proposition gives the exact pairwise
dynamics of that mechanism in the trace-level logit model.

Proposition B.4 (STaR with a replayed accepted-target mixture). Fiz a replay law
re AlSTIEL T supp(r) C C,

and a mizing weight £ € [0,1]. Define the mized accepted target by

mix pC
g (p)=010-¢

e (p) = ( )p(p)
whenever p(p) > 0. If the model takes an infinitesimal FEuclidean logit-ascent step on the log-likelihood against
q™x, then

(cel), ¢"(p) =0 (i€l),

VI (p) = 4™ (p) — pi-
Hence for any a,b € C with p,(t), pp(t) > 0,

d | Pall) 1 —p(p(t))

1 Pa(t)
% 0y = 1O 000

po(t)

(alt) = 2o(0)) — €((a(t) = po() = (ra = 0)) —e1log (25)
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Proof. For multinomial logits, gradient ascent on the log-likelihood against target law ¢™* gives

9' mix

k= (p) — Pr-

Thus, for ¢ € C,

mix _ _ & _
wc (p) - (]' 5) p(p) +£TC DPe,

and for i € Z, _
Y™ (p) =0—p;i = —pi.
Now apply the generic pairwise identity (15). For a,b € C,

w?ﬂm—wwﬂm=41—@—§¥?+5vm—m»—@a—m>

Substituting this into (15) gives (25). O

Remark B.3 (Interpretation for replayed STaR targets). Equation (25) splits the within-correct dynamics into
two pieces:

1. the original online self-amplification term

(1= =L~ 1)

which favors the currently larger correct trace; and

2. the replay-regression term
—5((% —pb) — (Ta — Tb)>7
which pulls probability differences toward stored replay-buffer differences.
Thus replay can slow or partially undo fization, but only through past frequency ratios. It still does not create a
semantic balancing force.

If the replay law is itself updated by an exponential moving average of newly accepted traces,

el ) oo

then the same pairwise identity holds pointwise with time-dependent r = r(t), and

fine (5 o).

So even dynamically updated replay remains a memory term over accepted-frequency ratios rather than a semantic
interaction.

Outcome-symmetric group-weighted GRPO. Real GRPO-style implementations vary in how they nor-
malize rewards, whether they use population or sample standard deviations, whether they multiply advantages by
composition-dependent coefficients, and whether they add local clipping or KL. damping. The next proposition
shows that a large class of such variants still induces the same rank-one within-correct geometry.

Proposition B.5 (Outcome-symmetric centered group updates). Fiz group size G > 2. Let
we,wr : {0,1,...,G} - R
be two scalar weight functions satisfying the pointwise centeredness condition

twe(t)+ (G —t)wr(t) =0 forallt=0,1,...,G. (26)
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For a sampled group Y1.q ~ p®€, let

G
= Z 1oy, ccy
m=1

be its number of correct traces, and assign each sampled trace the weight

Wm _ ’wc(T), Y, € C,
’w[(T), Y., €T

Consider the one-step tabular surrogate
. 1 &L -
Lw(a; }/I:G) = Z W IOgPG(Ym)-

Then the exact Euclidean-logit mean field of Ew 15

ey [PiAEW). iec,
v {piA?<p<p>>, ieT,

where
AE(p) = EsBinom(G—1,p) [we (S +1)], (27)
AY(p) := EsBinom(c—1,p) [w1(9)]. (28)
Moreover,
pAG(p) + (1 =p)AF(p) =0  Vpe[0,1]. (29)

If, in addition,
we(t) >0 foralt=1,...,G -1, we(G) =0,

then
AB(p) >0 Vpe(0,1).
Proof. For one sampled group,

G
9r:(0; Y1.¢) —39k£ (0;Y1.¢) = Z m (1{Ym =k} — p).

m=1

By (26),

G
" W = Twe(T) + (G~ T)wy(T) =0

pointwise, so the baseline term vanishes exactly:

G
gr(0;Y1.¢) = EZ Y, = k}.

Taking expectations and using exchangeability within the group gives
Ui (p) == Elge(6; Y1.6)] = EW11{Y1 = k}] = i E[W) | Y1 = K.
If k € C, then conditional on Y; = k, the number of additional correct traces among the remaining G — 1 samples
is
S ~ Binom(G — 1, p),

and the total number of correct traces is T'= 5 + 1. Hence

E[W, | Vi = k] = A% (p).



The Reasoning—Creativity Trade-off

Similarly, if k € Z, then T'= S with the same S ~ Binom(G — 1, p), so
E[W: | Y1 = k] = AY (p).
This proves the formula for ™.
For (29), note that Zgzl Wm = 0 pointwise implies ]E[Wl] = 0 by exchangeability, while
E[Wh] = pE[W: | Y1 €Cl+ (1 — p) E[W1 | Y1 € Z] = pA&(p) + (1 — p)AT (p)-
Thus (29) holds.

Finally, if we(t) >0ont=1,...,G — 1 and we(G) = 0, then for every p € (0,1) the binomial law of S assigns
positive probability to at least one value s € {0,...,G — 2}, for which wg(s+1) > 0. Since the remaining terms
are nonnegative, A%(p) > 0. O

Remark B.4 (If centeredness is not exact). If (26) is dropped, define

BY(p) := éETwBinom(G,p) [Twe(T) + (G —T)wi(T)].

Then the exact mean field becomes

VY (p) = {pZ(AICU'(p) _Bw(P))7 iecC,
z pi(AY(p) — B“(p)), i€L.

So even without perfect centeredness, the correct-correct geometry remains rank one:

Py (p) — v (p) = (A&(p) — B¥(p)) (Pa — )

The modification changes only a scalar coefficient; it still does not introduce any semantic coupling among correct
traces.

Theorem B.4 (Robust correct-correct log-ratio dynamics for group-weighted GRPO). Assume the centered
setting of Proposition B.5, and consider the augmented probability-space flow (23) with score field v* from that
proposition. Then for any a,b € C with p,(t), ps(t) > 0,

d pa(t) w

G108 2200 — 42 p(p(0) (n(0) = (1) — . (1082200 10

b(t) DPbase,b

ase,a (lt
Phase, >—510 Pa(t) (30)

Iy .
po(t)
In particular, if A&(p) > 0, the task-dependent term still amplifies whichever correct trace is currently larger,

while the KL and entropy terms only add reference-ratio regression and damping.

Proof. By Proposition B.5,
Yo (p) — ¥y’ (p) = AE(p) (Pa —pp) (a0 €C).
Now apply Lemma B.1. O

Corollary B.5 (Local clipping does not change the first-order GRPO mean field). Fiz 6 € (0,1) and old logits

Oo1a- For a sampled group Y1.c and centered outcome-symmetric weights ﬁ/\m as above, define the PPO/GRPO-
style clipped surrogate

G
~ 1 . = . =
Laip(0;Y1.¢) == el Tnz::l min (Tm(G)Wm, clip(rm(0),1 — 6,1+ 5)Wm),
where (¥ar)
Pol¥m
rm(0) = ————.
( ) p901d(Ym)
Then

vézclip(901d§ Y1:6) = VoLuw(Ooia; Y1.0)-

Consequently, the exact first-order local mean field at the sampling policy is unchanged by clipping, and all
conclusions of Proposition B.5 and Theorem B.4 apply verbatim to the local clipped field.
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Proof. For each sampled trace Y,,, we have
m(Oola) = 1.

Since 1 lies in the interior of the clipping interval [1 — §,1 + ¢], continuity of r,,(f) implies that for 6 in a
neighborhood of 6,4,
clip(rp,(0),1 — 6,1+ 6) = ().

Thus, in that neighborhood, the two arguments of the min coincide and equal rm(G)Wm. Hence the mth
summand of L, agrees locally with the unclipped summand

o~

T () Wi

Differentiating at 8 = 6,14 therefore yields the same gradient as the unclipped surrogate. Summing over m gives
the claim. O

Remark B.5 (What the GRPO robustness result covers). Proposition B.5 and Corollary B.5 cover, within the
one-step tabular trace model:

1. population-SD and sample-SD normalization;
2. any common positive rescaling of the centered within-group weights;
3. composition-dependent centered reweightings of correct and incorrect samples; and

4. the first-order local field of PPO/GRPO clipping.

Multiple optimizer steps away from the sampling policy introduce higher-order corrections in the policy displace-
ment, but they do not create a new semantic interaction term among correct traces.

DPO on a general pair graph. The original DPO subsection studied a one-sided exchangeable surrogate
chosen to isolate preferred-side reference-margin geometry. The next proposition gives the exact expected trace-
level score under an arbitrary ordered-pair law; the theorem after it then shows that the earlier monotone-
regression conclusion survives in a more faithful two-sided exchangeable block model.

Proposition B.6 (Exact DPO score under an arbitrary ordered-pair law). Let II; be any probability law on
ordered pairs
(uz,f) € St x St,

where w is the preferred trace and { the dispreferred trace. Define the winner and loser marginals
= MWy, 0), 7 (y):=> M(wy),
4 w

and, whenever the corresponding marginal is positive, the conditional loser and winner environments

o= () = e(y:0) U () - LW, y)
W= Ty T

Then the exact expected Euclidean-logit DPO score of trace y is

lﬁ?PO(P(t)) = Boro ;' (y) ng;y [U(ﬁDPo (me(t) — my (t)))] —fBpro T () Ewwyiy [U(BDPO (my (t) — mw(t)))i| -

Proof. For one pair (w, £), the DPO objective is

gw,f - IOg J(BDPO [(logpw - logpbase,w) - (IOgPZ - 1ngbase,é)] ) .

Since
1ngw - logpg = 0w — 0y,
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the softmax normalizer cancels in the pairwise difference, and differentiation with respect to the trace-level logits
gives

Volw,e = Boro U(/BDPO(mé - mw)) (€w — €r).

Taking the yth coordinate and averaging over (w, £) ~ II; yields

%],DPO(])(t)) = Bpro Z Ht(y7£)0<ﬁDPO(mé - my)) — Bpro Zﬂt(w7 y)ff(ﬂDPo(my - mw))-
L w

Grouping terms by the marginals 7= gives (31). O

Remark B.6 (Pair-graph locality). Equation (31) is the exact trace-level score for arbitrary pair data. It shows
that DPO is local to the comparison graph: the update on trace y depends only on the ordered pairs in which y
participates and on the scalar reference-relative margins of the traces connected to y through those pairs.

What does not appear is any term involving semantic distances among correct traces. More faithful pair data
can encode comparison-specific biases through the pair graph, but they still do not create the semantic repulsion
mechanism supplied by the creativity kernel.

Theorem B.5 (Two-sided exchangeable correct block in DPO). Let Csym C C be a set of correct traces. Assume
that for each time t there exist nonnegative scalars N, \; and probability laws v; ,v;" on St such that for every
¢ € Coym,

W;F(C):Ajv V;c:V;»

and
m (¢) = A7, V:,_c:V:_-

In words: every trace in Coym has the same preferred-side marginal and common conditional loser environment,
and the same dispreferred-side marginal and common conditional winner environment.

Then there is a scalar function f; : R — R such that for every c € Csym,

V2O (p(t) = fe(me(t)),

namely

fom) i= Xf Boro By o Bopo(me(t) =m))| = A7 Boro By [o Bopolm —mu(®))] . (32)

t

For each fired t, the function f; is C' and strictly decreasing whenever A\ + \; > 0:
fi(m) = =N BBpoE,., - {0(5DPO(W - m)) (1 — o(Boro(me — m)))}
- Afﬂ%PoEwwj [0(5DPo(m - mw)) (1 — o(Bopo(m — mw)))} <0. (33)

Consequently, for any a,b € Cgym with pa(t),pu(t) > 0, there exists &qp(t) between mg(t) and my(t) such that

S 2an(t) = Si(Ea() (2a(0) — 257 — 2zal0). (39

In particular, in the unregularized case € = 0,
Zap(t) > 2225 = 2,,(t) < 0, Zap(t) < 2225° = 2,,(t) > 0.
Proof. By Proposition B.6 and the exchangeability assumptions,
PO (p(1) = Af Boro By [o( Boro(me(t) = me(t)))] = A7 Boro By [0 Bopo(me(t) = mu(®))]

which is exactly (32) with m = m.(¢).

Differentiating under the expectation gives (33). Every term is nonpositive, and if A 4+ \; > 0, at least one
term is strictly negative because o(u)(1 — o(u)) > 0 for all finite w.
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Now fix a,b € Coym. By (15),

Zan(t) = 02O (p(1) — ¥y O (p(1) — ezan(t) = fi(ma(t)) — fu(mu(t)) — ezan (1)

Since f; is C1, the mean value theorem yields a point £,p(¢) between m,(t) and my(t) such that

fe(ma(t)) = fe(mp(8)) = fi(Eap(t)) (ma(t) — m(t)).
Finally,

Mg —Mp = (Inga - 1ngbase,a) - (Ingb - 1ngbase,b) = Zab — Zsl?sev
which proves (34). The final sign statement follows from f{(£.5(¢)) < 0 when € = 0. O
Corollary B.6 (Compact-margin exponential regression for two-sided exchangeable DPO). Assume the setting
of Theorem B.5 with ¢ = 0, and suppose there exist a compact interval I C R and a constant X > 0 such that:
1. every margin mc(t) for ¢ € Cgym lies in I along the trajectory;

2. every margin my(t) of every trace y in the supports of v; and v also lies in I along the trajectory; and

8 NF AN >\ forall t.

Then there exists k; > 0 such that for all a,b € Coym,
}zab(t) — z5256| < e rirt |zab(0) — zg,?se|.
Proof. Since all relevant margins stay in I, every sigmoid argument appearing in (33) lies in the compact interval
J = ,BDpo(I - I)
Hence there exists ¢; > 0 such that
o(w)(1—o(u)) >cr Yu € J.
Therefore (33) yields
—fi(m) > (A + A7 )Bdpoct > ABppocr =:kr  Yme L
Setting
y(t) = zan(t) — 205,

Theorem B.5 gives
(t) = fi(an (1) y(2),

S0
d
Y7 = 2f/ (€ (1) y(1)” < —2ry(t)*.
Gronwall’s inequality yields the claim. O

Remark B.7 (How the robust DPO theorem relates to the one-sided surrogate). The one-sided exchangeable-
pair surrogate of Subsection B.3 is the special case of Theorem B.5 in which

A7 =0.

So the more faithful two-sided theorem strictly extends the earlier one-sided analysis: it allows a trace to appear on
either side of the pair while preserving the same qualitative conclusion of pairwise regression in reference-relative
margin coordinates.

Remark B.8 (What scalar objectives do and do not do, after the robustness layer). This appendiz now identifies
the same structural limitation across both the simplified baselines and their more faithful robust variants.

1. STaR-style rejection fine-tuning amplifies whichever correct trace is currently most common among newly
accepted samples. Replayed accepted data can add regression toward replay-buffer ratios, but only through
stored frequencies.
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2. Outcome-level GRPO, and more generally centered outcome-symmetric group-weighted score-function batch
updates, induce a rank-one within-correct mean field of the form

'éab X Pa — Pb,

possibly with additional KL or entropy damping. Alternative normalizations and local clipping change coef-
ficients, not the absence of semantic coupling.

3. DPO on a general pair graph is pair-graph local reference regularization. Under exchangeable correct blocks
it regresses pairwise correct-trace ratios toward reference-relative values; more general pair graphs can encode
comparison-specific biases, but still do not create semantic repulsion among correct traces.

In all of these cases, scalar mechanisms can rescale, damp, or tether pairwise ratios, but they do not reward
semantically distinct correct traces for being distinct.

Conclusion. Theorem 4.1 follows at the level proved in this appendix because the training signals analyzed
here never contain an explicit relational term over correct traces. Replay buffers contribute only memory over
past frequency ratios; clipping and KL tethers contribute only local damping or reference regression; pairwise
preference data contributes only comparison-graph local regularization in scalar margin coordinates. None of
these mechanisms supplies the missing semantic repulsion that would keep a portfolio of genuinely different
correct strategies alive. That missing geometric ingredient is precisely what motivates the creativity kernel
introduced in Appendix C.

C ESCAPING COLLAPSE VIA THE CREATIVITY KERNEL

The scalar-only analyses of Appendix B show a structural limitation of objectives that depend only on a one-
dimensional notion of quality: they can improve correctness while still collapsing onto a narrow subset of seman-
tically redundant solutions. The missing ingredient is relational geometry. To preserve a portfolio of genuinely
different correct strategies, the objective must distinguish between “many strings that say the same thing” and
“many strings that solve the task in different ways.”

In DCR, that additional structure enters through a gated creativity kernel. Throughout this appendix we work
in the binary-utility regime
Ui = 1iecys
where both the correct set C and the incorrect set Z are nonempty. To isolate the interaction between correctness
and diversity, we set
BkL = 0.

Accordingly, the effective entropy coefficient is
A:=ec+ da >0,
and the regularized trace-level objective from Appendix A specializes to
T(p) = p(p) — A8p" Keap + AHlpl,  p(p) = > pes
ceC

with score field
¢i(p) == Us — 2AB(Keqp)i-

The corresponding Shahshahani gradient flow is therefore

pi = pi(¢i(p) — d(p)) — Ap; (log p; — (logp)),

where

o(p) = ijséj(p% (log p) = ij log p;.

This appendix has two goals. First, we characterize the unique equilibrium exactly and quantify when incorrect
traces are strongly suppressed. Second, we show how the creativity kernel acts at the level of semantic strategies:
it repels distinct correct concepts while entropy homogenizes redundant surface forms.
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C.1 The equilibrium geometry: correctness versus redundancy

A generic similarity kernel over all traces is unsafe: it can reward the model for finding “diverse ways of being
wrong.” The first design principle of DCR is therefore to apply the kernel only to verified-correct traces.

Definition C.1 (Gated effective kernel). Let R € R¥*S be the diagonal verifier matrix
Rii = 1jiccy-

Given a symmetric positive semidefinite semantic similarity matrix Kgem, define the effective creativity kernel
by
Keff = RKsemR = 0.

Equivalently, every row and column corresponding to an incorrect trace is zero. In particular,
(Ketp)i =0 for every i € Z.

Thus incorrect traces feel no diversity penalty. In the no-KL binary-utility regime considered here, their relative
masses are governed only by the common entropic barrier and the simplex constraint; with a KL tether, prior
terms also enter (Remark C.2.1 below).

Because Ko = 0 and A > 0, the objective J is A-strongly concave on the affine simplex by Appendix A
(Lemma A.5). Hence it admits a unique interior maximizer p* € int AS~!. By the global convergence theorem
from Appendix A (Theorem A.7), the DCR flow converges to p* from every interior initialization.

Theorem C.2 (Exact KKT equilibrium identities). At the unique equilibrium p*, the balance between
correctness and semantic redundancy is characterized by the following identities.

1. Exact equalization on the incorrect set. For any i,j € 7,
P = pj-

2. Incorrect-to-correct ratio. For any i € Z and any ¢ € C,

p: _ ( 1- 2)‘B(Keffp*)c)
X —exp| — .
fou A

3. Correct-to-correct log-ratio. For any a,b € C,

- A
tog 2 = 222 ((Kp)y — (Keap'). ).

py A
Proof. At the interior maximizer, the first-order simplex optimality condition says that the variational derivative
is constant across coordinates: there exists p € R such that
Uk — 208(KesrD™ )k — A(1 +logp) = p Vk e{l,...,S}.
If : € Z, then U; = 0 and (Kegp*); =0, so
—A(1 +logp]) = p.
This is the same equation for every incorrect coordinate, which proves item 1.

If ¢ € C, then
1= 2XB8(Kegp™)e — A(1 + logpl) = p.
Subtracting the incorrect equation from the correct one yields

p; 1 —2X\B(Kenp®)c
IOg . A )
p

c

which is item 2. Subtracting the KKT equations for two correct traces a,b € C eliminates both the multiplier u
and the common utility term 1, giving

—A(logp; —logp;) = _2>\5<(Keﬂ“p*)a - (Keﬂ‘p*)b>7

which is exactly item 3. O
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Remark C.2.1 (Reintroducing a nonuniform base policy). If a KL tether with coefficient Sk, > 0 and
a full-support base policy ppase is reintroduced, then the total entropy-like coefficient becomes

Aot = A+ BKL-
For an incorrect trace ¢ € Z, the KKT equation is then
BKL Ingbase,i - Atot(l + logp:) = K-

Hence the conditional profile on the incorrect set is

(pbase i)ﬂKL/Atoc N .
P =p] : N
' IZjEI(pbase,j)ﬁKL/Amt I = J

Thus a nonuniform base policy breaks exact incorrect equalization: on the incorrect sub-simplex, the equilibrium
profile is determined by a power law of the prior. Correct traces still receive prior-dependent terms through their
own KKT equations, but only the incorrect block is governed purely by prior regression because the gated kernel
vanishes there.

Corollary C.3 (Quantitative safety margin and incorrect-mass bound). For each correct trace ¢ € C,
define its equilibrium correctness margin by

my =1 —=2X\8(Kegp")e-

P} my
— =€ — .
J2 Xp( A )

Then for every ¢ € Z and ¢ € C,

In particular:

1. p; < p if and only if m} > 0;
2. if mf >n >0 for all c € C, then
Bicen/a wiet veec.

Write M :=|C|, N := |Z|, and
:nin = Icllelélm:

m

If u* denotes the common mass assigned to each incorrect trace, then

1 R N N
= , = u =
NA Seccemia M

u*

= < .
N+Zcec ems/A — N—}—Memr*nin/A

Proof. The ratio formula is just Theorem C.2, item 2, rewritten using the definition of m}. Let u* denote the
common mass of each incorrect trace. Then for every c € C,

Pl =ureme/A,

Summing over all coordinates gives

1:Nu*+ZpZ:u*<N+ZemZ/A>,

ceC ceC
which yields the formula for «* and hence for p7 = Nu*. The upper bound follows from

S emiA > Memiinl4,
ceC
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Remark C.4 (Constructive feasibility of a two-level equilibrium). Assume A3 > 0. Let M := |C| and

N :=|Z|. Fix a target two-level equilibrium of the form

1— N,
M

*

P, = pc = (cel), pf =0, (ie€l),

with po > 0.

Consider the gated rank-one kernel that vanishes outside the correct-correct block and equals kcc11T on that
block. Then
(Keggp™)e = koo (1 — N6,) Ve e C.

Matching the ratio identity from Corollary C.3 gives the exact choice

R 1 — Alog(pc/dy)
¢ ToNB(1—Ns,)

Hence whenever
Alog ];—C <1,

*

this choice satisfies koo > 0, so the resulting kernel is PSD and realizes the prescribed two-level equilibrium.
This provides a concrete witness that the safety-margin constraints are not vacuous.

C.2 From traces to concepts: rigorous coarse-graining

The KKT identities already show that the creativity kernel changes equilibrium mass allocation across correct
traces. The next question is where that mass moves. At this level, the relevant redistribution is between semantic
strategies rather than raw token strings. We now make that statement precise by aggregating the microscopic
trace dynamics onto a partition of the trace space into semantic lumps.

Definition C.5 (Semantic lumps and aggregation operator). Let the trace space be partitioned into L
nonempty, disjoint semantic lumps
El; ey £L~

Traces within the same lump represent the same underlying strategy up to surface-form variation; traces in
different lumps represent genuinely distinct strategies.

Let M € {0,1}£*9 be the indicator matrix of this partition,
My = 1gec,ys

and define the mass of lump k by

a(p) = Mp)r = > _ pi.

€Ly

Lemma C.6 (Exact lump-mass ODE). Define

S
mi(p) =Y pilogp;,  h(p) = p;logp;.
€Ly j=1

Under the DCR flow,
i) = 3 pi0)(6:p(0) ~ 6(0(1))) — A(mep(0)) — e P(NR())),
1€Ly

where ¢(p) := 3, pjd;(p)-
Proof. By linearity,

Q= i

i€Ly
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Substituting the DCR ODE B B
pi = pi(¢i — ¢) — Api(logpi — h)

and summing over i € L gives
dk = Z pi(¢i —¢) — A (Z pilogp; —h Z Pi) )
€Ly 1€Ly €Ly

which is exactly the claimed identity.

O

To obtain a closed macroscopic ODE, we must express both the selective term and the entropic term in lump-
level variables. The selective term closes under structural assumptions on the kernel; the entropic term already

admits an exact decomposition.

Theorem C.7 (Exact entropic coarse-graining identity and closure error).

lump mass gx(p) is strictly positive. Define the conditional entropy inside lump & by

Pz Pi

ar(p)’

€Ly

and the average within-lump entropy by

Also define the coarse-grained log-average

(log q)q Z q¢(p) log qe(p

Then

For p € int A~ every

mi(p) = 4k (P)h(p) = 4u(p) (108 01:(p) — {108 0)q ) — au(p) (Hilp) — H(p)).

Consequently, the entropic contribution to the lump ODE is exactly

—Agk(p) (tog ax(p) — (108 @)q ) + Agr(p) (Hx(p) — A ().

The first term is the closed coarse-grained entropy flow; the second term is the exact closure error.

If
Smax (= rélgang |Le],
then i
lak(p) (Hi(p) — H(p))| < i (p) 10g Smax-
Proof. Let
Di .
w; = 1€ Lg).
ar(p) ( )

Then Zie/:k w; = 1, and by definition of Hy,
mi(p) = Y pilogpi = qr(p)1og gk (p) — ax(p) Hi(p)-
1E€Ly
Summing over all lumps yields

L

L L
h(p) = me(p) = qu(p)logae(p) — > qe(p)He(p) = (logq)q —
(=1 =1 =1

H(p).
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Substituting this identity into my — gih gives the claimed decomposition.
For the bound, note that

0 < Hi(p) <log|Lk| <10g Smax, 0 < H(p) < 10g Smax-

Hence -
|Hk(p) - H(p)l S log Smax»

and multiplying by g (p) gives the result. O

Interpretation. Theorem C.7 cleanly separates two effects. The term

—Agi,(log g, — (log q)q)

is exactly the entropy flow one would obtain after coarse-graining to the lump simplex. The only obstruction
to perfect closure is the within-lump entropy mismatch Hy — H. If all lumps carry the same internal syntactic
entropy, then the entropic part of the lumped dynamics closes exactly.

We now identify the selective part of the dynamics under a simple but revealing kernel model.

Theorem C.8 (Inter-lump repulsion and intra-lump homogenization). Assume the semantic kernel is
block-constant across semantic lumps:

Kin, , b bel to th 1 ,
a, b belong to .e same lump R
kout, a,b belong to different lumps,

Kiem(a,b) = {

For each lump m, define its correct mass by

rm(@) = Y_ i, p) =) pe

i€LymNC ceC
Then:
1. iffae L,,NC and b € L,, NC belong to different lumps (m # n),
¢a(p) — ¢6(p) = —2AB (kin — kout) (rm(p) — mn(p));
2. if a,b € L, NC belong to the same lump, then

ba(p) = ¢1(p)-

Consequently, along any DCR trajectory t +— p(t) € int A9~ if

Pa(t)
(1)’

Zab (t) = log

then
Zab(t> = —Azab(t), zap(t) = Zab(O)e_At.

Proof. Fix a € L, NC. Because the kernel is gated, only correct traces contribute to (Kegp)s. Hence
(Ketp)a = kinm (P) + kout (0(p) — 7m(p)) = (kin — kout)Tm (P) + Koutp(p)-
The same formula holds for b € £, N C. Subtracting gives
(Kettp)a — (Kettp)o = (Kin — kout) (Tm (p) — 7n(p)),

and therefore

6a(p) = 90(p) = —278((Kestp)a — (Ketp)s),
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which proves item 1.

If a,b € L, NC lie in the same lump, then the a-th and b-th rows of K. coincide, so (Kegp)a = (Kegp)p and
therefore ¢,(p) = ¢p(p). Along any interior trajectory, the universal log-ratio identity from Appendix A then
gives

Zab(t) = @a(p(t)) — Po(p(t)) — Azap(t) = —Azas(t),

whose solution is zgp(t) = 245 (0)e ™A% O

Interpretation. The theorem separates two roles that scalar objectives conflate:

e if one correct concept becomes overrepresented relative to another, the creativity kernel lowers its score and
pushes mass back toward the minority concept;

e if two correct traces are merely redundant surface forms of the same concept, the kernel exerts no differential
force between them, and entropy alone equalizes their relative masses.

This is exactly the qualitative behavior DCR is designed to induce: repulsion across distinct strategies, homog-
enization within the same strategy.

The block-constant model is useful because it is fully explicit, but the next result shows that the underlying
principle is much more general.

Theorem C.9 (Support-function identity). For any kernel matrix K.g (in particular, for the gated PSD
kernels considered in DCR) and any two correct traces a,b € C,

sup |pa(p) — @5(p)] = 208 ||(Kett)a- — (Kerr). || .-
pEAS—1

Proof. For correct traces a,b € C, the utility terms cancel, so

T
6a(p) = 60(p) = =208 ((Ketr)ar — (Ket)s.) P-

Thus we are maximizing the absolute value of a linear functional over the simplex. By linear programming, the

maximum is attained at a vertex e;, and therefore

SXP ‘(ba(p) - ¢b(p>‘ = QABmJaX‘(KeH)aj - (Keﬂ“)bj‘ =28 H(Keff)a- - (Keff)bHOO-
pe S—1

O

Interpretation. Theorem C.9 makes the geometry explicit: two correct traces are pushed apart only to the extent
that the kernel judges them to be meaningfully different. If their kernel rows are nearly identical, the diversity
pressure between them is small and entropy dominates. That is precisely the separation of roles that scalar
objectives lack.

C.3 Practical kernel design and sufficient tuning rules

The results above answer the qualitative question—what kind of equilibrium DCR induces. We now turn to
the quantitative question—how to pick the kernel and hyperparameters so that the equilibrium is both safe and
useful.

Two points are worth separating clearly.

1. Ezistence, uniqueness, and global convergence already follow from the Appendix A conditions A > 0 and
Keﬂ i 0.

2. The design rules below are sufficient conditions for stronger operational guarantees: explicit margins against
incorrect traces, interpretable within-lump versus across-lump behavior, and conservative hyperparameter
choices.

All statements in this subsection are given in the no-KL setting Sk, = 0 used throughout this appendix. If a
KL tether is reintroduced with a uniform base policy, then A is replaced by A + Bki,. For a nonuniform base
policy, the full KKT system must be used; Remark C.2.1 gives the corresponding incorrect-profile geometry.
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1. Use kernels that are actually PSD. The convergence and strict-concavity theory from Appendix A
requires Kog = 0. Safe choices include:

e the Gram kernel Ko, (4,5) = e;'—ej for embeddings e; € R (PSD by construction; if the embeddings are

normalized, the entries lie in [—1, 1]);

e the shifted cosine kernel
1+e/e;

Ksem(ivj) = 9

for normalized embeddings (PSD, with entries in [0, 1]);

e the Gaussian RBF kernel
Kem(i,7) = eXp(_’YHei - ej”%)
(PSD, with entries in (0, 1]).
See Pillonetto et al. (2022) for the RKHS and PSD-kernel background underlying these constructions. By

contrast, entrywise truncations such as max(0,e; e;) are not PSD in general and should not be used when the
PSD hypothesis is required.

Gating preserves positive semidefiniteness because
' Kegz = 2" RKgemRr = (Rz) " Koo (Rz) > 0.
Gating typically destroys strict positive definiteness by introducing null directions on incorrect traces, but that

is harmless here: the entropy term already guarantees strict concavity of the full objective.

2. Gate the kernel: K. = RK. . R. This is essential to the intended semantics of the objective. An ungated
kernel is still mathematically tractable, but it pushes mass around all traces—including incorrect ones. In other
words, it can reward the model for being diverse in ways that are semantically wrong.

Gating removes that failure mode. Once Keg is gated, the diversity term acts only on verified-correct traces.
The relative profile inside the incorrect block is then shaped only by entropy (and, if present, the KL tether),
although the total incorrect mass still couples to the correct block through the simplex constraint and the
correctness utility.

3. Impose a uniform margin bound on diversity pressure. Corollary C.3 shows that the relevant
quantity is the equilibrium correctness margin

my =1—2\8(Kegp”®)e.
To lower-bound this margin uniformly, use the operator norm

K estll1so0 = sUp |[|Keglloo = max|(Ke)ijl.
z|[1=1 ;

Since every p € A%~! satisfies [|p||; = 1,
|(Kep)el < |Keillisoe Ve, ¥p€ AT

Therefore the dimension-free sufficient condition

1

M< =
2| Kest |l 1500

implies the uniform lower bound
mh > ni =1 —2)\B||Ket|]l1500 > 0 Ve e C.

Applying Corollary C.3 then gives

*
Picemmia vier veec,
Pe



The Reasoning—Creativity Trade-off

and

P = = |Z].
Pr = N—f—MenK/A’ M |C‘7 N |I|
For common kernels with |(Keg);j| < 1—including normalized dot-product kernels, shifted cosine kernels, and
Gaussian RBF kernels—the sufficient rule

A< 3

is already a universal sufficient condition. For example, A\ = 0.25 leaves a nontrivial global margin buffer
Nk > 0.5.

4. Tune A for breadth versus sharpening. Once A\f is fixed, the entropy coefficient A controls how broadly
probability mass is spread once the redundancy penalty is in place.

First, Corollary C.3 shows that smaller A strengthens suppression of incorrect traces:

* —
Prs N + Menx/A°

For fixed ng > 0, this upper bound decreases monotonically as A decreases.

Second, under the same-lump idealization of Theorem C.8, A is exactly the within-lump homogenization rate:
Zap(t) = —Azap(t) (a,b in the same correct lump).

Thus larger A makes redundant surface forms equalize faster.

Third, for two correct traces a,b € C, Theorem C.2 gives

Pa _ 2\8

P 2 ((Keffp*)b - (Keffp*)a)~

log
So for a fized kernel-induced score gap, increasing A attenuates the corresponding equilibrium log-ratio. However,
because p* itself also depends on A, there is no universal monotonic law for every possible inter-lump separation
metric.

Practical reading of the trade-off. Smaller A sharpens correctness margins and pushes incorrect mass down more
aggressively; larger A spreads mass more broadly and homogenizes redundant syntax more quickly. The kernel
still determines where mass is pushed apart. In that sense,

Keg chooses the geometry of diversity, AB chooses its strength, A chooses its breadth.

Taken together, this appendix gives the following picture. Under the basic DCR conditions A > 0 and Keg = 0,
the flow has a unique globally attracting equilibrium. The gating construction ensures that diversity pressure
is applied only where it is semantically meaningful-—among verified-correct traces. The KKT identities then
quantify exactly when incorrect traces are suppressed, while the coarse-graining analysis shows how the kernel
redistributes mass across concepts rather than merely across strings. Under the sufficient tuning rules above, this
equilibrium additionally enjoys explicit safety margins and controlled incorrect mass. When the kernel geometry
moreover aligns with semantic strategy structure—for example as in Theorem C.8, or more generally when
within-strategy rows are nearly equal and across-strategy rows differ—the same framework also yields repulsion
between distinct correct strategies and rapid homogenization of redundant within-strategy surface forms.

D EXACT PARAMETRIC GEOMETRY OF THE LOGIT SPACE

This appendix is narrow and structural. Sections A to C analyze the DCR objective directly on a finite trace
simplex. Here we isolate the additional curvature introduced by the parameterization that maps token logits to
a trace distribution. This lets us separate two distinct sources of conditioning;:

e the intrinsic trace-level geometry of the DCR objective, captured by the moduli of the trace-space score
field; and
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e the extra smoothness cost incurred when that objective is composed with a softmax-based autoregressive
model.

The main conclusions are:

1. a single softmax block has dimension-free Jacobian and Hessian bounds with exact sharp constants;

2. composing such blocks autoregressively contributes only an explicit linear factor in the horizon T' to the
logit-to-trace parameterization itself; and

3. any worse dependence on T must come from the trace-level objective moduli or from the neural map from

weights to sequence logits, not from repeated softmax composition alone.

D.0. Exact-length sequence space and scope
Let V be the token vocabulary, with cardinality
V=1
For the geometry in this appendix, we work on the exact-length sequence space
Vr =V,  N:=|yr|=V".

This choice is deliberate: it makes the map from autoregressive token laws to a probability vector on traces
literally a map into the full simplex AV~ so identities such as

S P =1, (Dp®)T1=0, D V&p®y) =0
yeYVr yeYVT

hold exactly, with no bookkeeping exceptions.

If the main paper represents shorter traces by EOS padding, then Y is the ambient padded sequence space. We
do not impose absorbing-EOS constraints inside the parameterization here. This makes the parameterization
more general. In the common padded-EOS setting, valid-trace restrictions or absorbing-EOS constraints just fix
some output coordinates or parameter blocks; the derivative bounds below do not worsen, and we do not rely
on that refinement here.

Sections A to C apply to any finite trace space. In the present appendix, the trace space is Y, and the DCR
objective is viewed as a function
J:ANTE SR

We proceed in two stages.

1. We first analyze a single softmax block on the centered logit space, proving exact Jacobian and Hessian
bounds that do not depend on the vocabulary size.

2. We then compose these blocks autoregressively and combine the resulting parameterization bounds with
trace-level moduli for the DCR objective.

D.1 Single-block softmax geometry

Let
Ty =1 ={0cRY : (1,0) = 0}

be the centered logit space. The softmax map is

pp = softmax(6), po(i) =
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Because
softmax (6 + c1) = softmax(0) Ve e R,

the parameterization has a one-dimensional gauge redundancy, and restricting to 7y removes it. On Ty, the
softmax map is a real-analytic diffeomorphism onto the relative interior

ri(AV"Y) ={pe AV~ p; > 0V},
with inverse (Amari and Nagaoka, 2007)

1
0 =111 logp, I :=1- VllT.

Its Jacobian is
Jo == Vepo = diag(pe) — popy -

Theorem D.1 (Loewner bounds and operator norm). For every v € Ty,

v %
v Jpv = Zpg(i)v? - (Zpg(i)vi>2 = Var;p, (vi).
i=1 i=1

If
Pmin ‘= miin Do (7/)7

then on the tangent space Ty,

1 1
pminITv = J6’|Tv = ilTva ||J0|TVHOP < 5

Proof. The quadratic-form identity is immediate from the definition of Jy:

v v 5
v Jgv = Zpg(i)v? - (Zpg(i)m) .
i=1 i=1

This is exactly the variance of the scalar random variable ¢ — v; under the law py.

For the upper bound, Popoviciu’s inequality (see Lim and McCann, 2022, for discussion and extensions) gives

1
Vary, (v;) < Z(maxvi — min vi)Q,

Set
M := maxv;, m = minv;.
2 ?

Because v € Ty, its coordinates sum to zero, so M > 0 > m. Therefore

[oll3 > M? +m? > (M —m)?,

DN =

and hence

v Jov = Varp, (v;) < (M —m)* < —lv3.

1
2

= =

This proves
1
JolTy = §ITV~

For the lower bound, write
Po = Pminl + ¢, q; = 0.

Since 1Tv =0 for v € Ty,

v
Zpe(i)vi = qu.
i=1
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Therefore
v

v Jpv = pminlvl13 + > giv] — (¢ v)%.
i=1

(¢"v)? < (Z%) (Z%ﬁ) < Z%‘v?a

because Zi ¢ =1 — Vpmin < 1. Hence the bracketed term is nonnegative, and

By Cauchy—Schwarz,

0" Jpv = Pminl|v][3-

This proves
PminlT, = Jol1y -

The operator-norm bound is the upper Loewner bound rewritten.

O

Remark D.1. The constant 1/2 is sharp. It is attained when V = 2 at the uniform binary law, and for V > 2
it is approached by centered logits whose softmazx mass concentrates on two coordinates with probabilities 1/2 and

1/2.

D.2 Exact Hessian suprema for one softmax block
For k,¢ € {1,...,V}, define the second-derivative slice

Hkg(g) S RV, [Hkg(e)]l = (99£(99kp9(i).

Thus Hye(0) is the output-direction vector obtained by differentiating column k of the Jacobian with respect to

coordinate /.

Theorem D.2 (Exact dimension-free Hessian suprema). For every V > 2,

sup || Hge(0)[11 = sup || Hge(0)[l2 =

1 1
0,k,0 3v3’ 0.k.0 NG

Proof. Differentiating J;,(0) = p;(dix — pr) gives

[Hie(0)]; = pi [(&e —pe)(6ir — pr) — Pr(Ore — pz)} :

This expression is equivariant under simultaneous permutation of coordinates, so the norms depend only on

whether k = £ or k # £. It therefore suffices to analyze one diagonal slice and one off-diagonal slice.

Step 1: diagonal slice. Take (k,¢) = (1,1) and write a := p;. Then

[H11]1 = a(1 — a)(1 — 2a), [Hi1); = —a(l —2a)p; (j #1).

Hence

|Enlls = la(l — a)(1 — 2a)| + al1 - 2a] 3" p; = 2la(1 - a)(1 - 2a)|

i#1
By symmetry it suffices to maximize this on a € [0,1/2], where it becomes

f(a) = 2a(1 — a)(1 — 2a) = 2(a — 3a® + 2a3).

Its derivative is
f'(a) = 2(1 — 6a + 6a?),

which vanishes at
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The maximizer in [0,1/2] is a, = 1 — 2—\1/5, and substitution yields

Hq1(0 = —.
Sl;p” 1(0)[lx 373

Step 2: off-diagonal slice. Take (k,¢) = (1,2) and write
a = p1, b::p27 ri=1-—a—0.
A direct computation gives
Hiys=ab(2a—1, 2b—1, 2ps3,...,2py),
SO
| Hia|ls = ab<|2a 12— 1)+ 27").
There are three cases.

If a,b < 1/2, then
1

4
H = 1-2 1-2 2r) = 4abr < — < —&=.
|| H12]|1 ab(( a) + ( b) + 7’) abr < 27< We
If a > 1/2 > b, then
[ Hzll1 = ab((2a — 1) + (1 — 2b) + 2r) = 2ab(1 — 2b).

Since a <1 -0,
1

3v3’

by the same one-variable maximization as in the diagonal case. The case b > 1/2 > a is symmetric. Therefore

| Hyall1 < 2b(1 — b)(1 — 2b) <

1
sup ||Hie(0)||1 = —=.

sup [HieO)s = 5

Step 3: the Ly supremum. Because ), pg(i) = 1, every second-derivative slice has zero sum:

\%4

S [Hie(0)); = 0.

i=1

If z € RY satisfies Y, z; = 0, define

Pi=> ai=)Y (~a)= %||x||1.

x; >0 x; <0
Then )
lalls = 3 wf+ 3 of < PP+ P = Slali,
z; >0 z;<0
SO
1
[zll2 < —=

V2

Applying this to = Hy(0) gives

1 1 1

1
vl @l = 55 5 = Usi

This bound is sharp: when V = 2, the diagonal family H;; has the form (u, —u), so equality holds in ||z||s =
lz|l1/v/2 at the maximizing value of a. For V > 2, the same value is approached by letting the residual mass on
the remaining coordinates tend to zero. 0

[ Hie(0)ll2 < —=Hye(0)
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Corollary D.3 (Global Lipschitz continuity of the softmax Jacobian). For all 61,6s € Ty,

1

33

170, = Joullop < 7= 162 = 0111 <

vV
—— |8 — O1]]2.
3\/§|| 2 — 012

Proof. Let h € RV. The directional derivative D.Jy[h] is the matrix whose kth column is

14
(DJg[h])k =Y heHye(0).
(=1

Hence, by Theorem D.2,

1%
1
DJylhl). < hol| || Hye(0 < —||hll;.
[(DJp] Dklllfgl el Hie (@)1 < 3\/:,;II ll
Therefore )
DJylhlll; < —=||h]l|;.
1D Jg[h][[1 < 3[3\\ Il

Since DJy[h] is symmetric, its spectral norm is bounded by its matrix 1-norm, so

1
1D [h]llop < ﬁlthl-

Integrating along the line segment from 6; to 6, yields

1
Jo, — Jo, = / Dy, ys(0,—0,)[02 — 01] ds,
0

and thus )
[Jo, — Jo, lop < ﬁWz — 011

The second inequality is the standard bound ||z||; < vV ||z

D.3 The smooth active regime and implementation clipping
To keep all derivatives classical, we work on a trimmed token-level regime. Fix
0 €(0,1/V),

and define the active set
5 == {9 € Ty : min softmax(6); > é}

For each coordinate,
log softmax; (0) = 0; — log (Z 607')

J
is concave in 6, so each superlevel set {6 : softmax;(#) > d} is convex. Hence O is convex.
On this active region, the centered logit lift is exactly the identity. Indeed, if py = softmax(@), then

logpy = 6 — log (Zeoj)l,

J

so projecting onto 11 gives
HlL logpg =6.

Thus all derivatives used below are ordinary C? derivatives; no generalized or nonsmooth calculus is needed.
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Implementation note (hard clipping is separate from the formal theory). In code, one may still use
a clip-and-renormalize safeguard
max(p, d,)

Co (P) = o

If one wants the final renormalized vector to satisfy

it is enough to choose

S

Indeed,
[lmax(p,d)|l1 <1+ (V —1)d,,

so every coordinate of the renormalized vector is at least

=

1+ (V —1), =4

This clipping map is only a numerical safeguard; it plays no role in the formal smoothness bounds below.

D.4 Trace-level moduli and the gauge convention

Let
A, 1:——{ EAlemin >(5}
Otr b yey Py Z Otr

be a trimmed trace simplex, where N = V1. Assume the base trace law satisfies ppase(y) > 0 for every y € V.

Gauge convention. For the composed trace law p®, one has

(Dp)"1=0, > VEp®(y) =0,

JISA%Y

because Zy p®(y) = 1. Consequently, if a trace-level score representative g is replaced by

for any scalar function c¢(p), then the first- and second-order derivatives of the composed objective do not change:
(Dp?) "9 (%) = (Dp®) " g(0®),

and
(Dp®) TV (p°)Dp® + > g, (p°)VEr® (y) = (Dp°) "Va(®)Dp® + Y 9,(p°)Ver°® (v).

Thus, for parameter-space geometry, one may work with any ambient Euclidean representative of the simplex
gradient, defined only up to an additive 1-multiple.

Lemma D.4 (Trace-level moduli of the DCR objective). Define the Euclidean trace-level score repre-
sentative

g(p) =U — 2)‘6Keffp + ﬁKL logpbase - A<1 + Ing)a

where
A= /\Oz—l-ﬁKL—l-E.

Set

Gootr = sup [[g(P)llccs  Lor = sup [[Vg(p)[1-oo-

N-1
pGASN
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Then
Goo,tr S ||U||oo + 2)\5||Keff||1—>oo + BKLH 1ngbause”oo + A(l - lOg 6tr)a

and

A

Ltr < 2>\5||Keff||1~>oo + 67

tr

Here
[Mlio := sup [[Mz|e = HZIE;X|MZJ|

[lz]1=1
Proof. From the definition of g,

lg(®)lloe < IUlloc + 2AB Kegtplloo + BrLll10g Phaselloc + All1 + log plloo.

Now
[ Ketplloo < [ Ketll1=oollPllt = | Keftll1— o0,

and on Aé\t’r_l,
1+ log py| <1 —1log .

This proves the bound for G 4.
Differentiating g with respect to p gives
Vy(p) = —2\BKex — A diag(1/p),

since the base-policy term does not depend on p. Therefore

IVg(D)l1-00 < 28] Kest[[1-00 + All diag(1/p)[[1-00-

Because 1 1
| diag(1/p)[[1—00 = max — < —,
Y py (Str

the bound for L, follows. O

Corollary D.4.1 (Uniform-base simplification). If the base trace law is uniform on Yr, then
logpbase = - 1OgN 1.

By the gauge convention, this additive 1-multiple can be dropped without changing any composed first- or
second-order derivative. In that case one may work with the simplified representative

g(p) =U — 2XBKegp — A(1 + logp),

and the bound on G ¢, loses the term Skr,|| 1og prasel|co-

Corollary D.4.2 (Lipschitz continuity of the DCR vector field). Define the DCR vector field on the
trace simplex by

F(p):=p© (9(p) — (p,9(p))1),

where ©® denotes componentwise multiplication. Then on Aé\{ :17

[F(p) = F(q)llh < (3Goo,tr + 2Lex) llp — qll1-

Proof. Write
m(p) :== (p,9(p))-
Then
F(p) = F(q) = (p—q) © (9(p) —m(p)1) + q & (9(p) — g(q) — (m(p) —m(q))1).
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For the first term,
I(p =) © (g9(p) = m(p)1)|x < llp = allx llg(p) — m(p)1]| -

Since [m(p)| < [[g(P)[loc < Goo tirs
llg(p) = m(P)1f|oe < 2Gc0 b,

I(p =) © (9(p) =m(P)V)1 < 2Gocixllp —gll1-

For the second term, convexity of Aé\f :1 and the mean-value theorem imply
l9(p) = 9(@)lloe < Lexllp — ql1-
Also,
im(p) —m(q)| = p" 9() —a" 9(a)| <1 —a)"9@)| + la" (9(p) = 9(@))| < (Goo,tx + Lix) lp — gll1-

Since ||¢||1 =1,

lg® (g(p) — g9(q) — (m(p) —m(q))V)|l1 < |lg(p) — 9(0)|lc + [m(p) — m(q)]
< (Goo,tr + 2Ltr) ||P - qH1

Summing the two estimates gives the claim. O

D.5 Autoregressive composition and sequence-level smoothness

Let

be the set of prefixes of length strictly less than 7. The tabular autoregressive parameter space is
Or = {@ = (0u)uctty : O € TV}.
We equip ®1 with the block Euclidean norm
1015 := >~ 16ull3-
ueUT

For © € ®, define the local token laws
¢ = softmax(6,,),

and the induced exact-length sequence law on Vr = V7 by

p° (i) = [ [ v (wo)-
t=1

Because we work on the full exact-length space Yy, this is a genuine probability vector in AN !, with no missing
mass and no post-EOS corner cases.

Restrict attention to the active region
Os 1 = {6 € Op :ming,(i) > Q}.
u,

This set is convex, because it is a Cartesian product of convex token-level active sets. Moreover, every sequence
probability satisfies

p@(y) 2 5tr = éT; (TS yTa
so p® € Ag:l.

Define the composed objective
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Theorem D.5 (Autoregressive composition and sequence-level smoothness). On ©; r, the map © —
p® is C?, and so is ®p. Moreover,

HVG‘I’T(@)H2 S V 2TGOO,tr7

and

1
V3@ (O)llop < 2T Lix + (27 + 5 ) Govir = Lour-

Proof. Fix a sequence y = (y1,...,yr) € Yr and define its log-probability

T
£,(0) :=1ogp®(y) = logqy_, (v1)-
t=1

Exactly T prefix blocks appear in this sum, one for each time step. For the block u = y,

Veu log Qu(yt) = €y, — Qu-
Since both e, and ¢, are probability vectors,
2
||eyt - qu||2 <2

Therefore the full gradient of ¢, has exactly 7" nonzero blocks and

T

IVelyl3 =D lley, — a3 < 2T
t=1

On each visited block,
V3. log qu(ys) = —Ja,,
so Theorem D.1 yields
1
1936 lop < 5

Now
Veor®(y) = p°(y) Vely,
and
V2°(y) = p°(y) (veey Vol + vgey).
Hence

IVor® W)l < VAT RP(), V5P W)lop < (27 + 3 )p°(0).

Let Dp® denote the Jacobian of the map © + p®. For any unit vector h,

IDPO R = > [(Ver®(y), ) <D IVer® W)ll2 < V2T Y p°(y) = V2T.
yEYr Y Y
Therefore
| Dp®l251 < V2T.
By the gauge convention of the previous subsection, the chain rule may be written using the representative g:

Ve®r(0) = (Dp®) " g(»°),

and
Ve@r(0) = (Dp®)TVg(p®)Dp® + > 9,(0°) VEp°©(v).
yeVr
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For the first term,
1(Dp®) TV g(p®) Dp®||op = o 1w (Dp®)"Vg(p®)Dp®u)|
u||2=||v||2=

= sup ’(Dp@u, Vg(pe)Dpev)|

lullz=llvll2=1

< sup [1Dpully [Vg(p®) Dp®ullo

lullz=llvll2=1

< [1Dp®1151 V()10
< 9T Ly,

For the second term,

| S 0,60V W) < Goie X198 Wlon < (27 + 5) G 3 6°(0),
Y Y

y
which is

H %:gy(p@)vép@(y) s (2T + %)Gmytr.

Adding the two bounds proves the Hessian estimate.

For the gradient,
IVe@r(©)]l2 < [Dp®[la=1 9(0°) oo < V2T G -
This completes the proof. O

What Theorem D.5 does and does not say. The theorem isolates only the smoothness contributed by the
parameterization. Because

6tr = éTv
the trace-level moduli Goo ¢y and Ly may themselves depend strongly on 7. Thus Theorem D.5 rules out
exponential blow-up coming from repeated softmaz composition alone; it does not assert that the full optimization
problem is uniformly linear in 7.

Conservative step-size guarantee. The region ®s r is convex, and ®7 is Lg r-smooth there. Therefore,
for any © € ®; p and any step size 0 < ng < 2/Le r such that the update remains in the active region,

IVe®r(0)]f3.

L
21(0+ 16Vor(6)) 2 B1(6) + 7o (1~ L2210

In particular,

Ne <

Lo

is a conservative sufficient choice for monotone ascent.

D.6 From tabular sequence logits to neural-network weight space

In a neural model, the tabular sequence-logit variable © is generated by a parameterized backbone. Let W C R?
be a convex parameter region, and let

Fr:W — Or
be a C? sequence-logit map such that

Fr(W) C O r.
Define the weight-space objective

U (W) := &p(Fr(W)).
Assume that on W,
||DFT(W)H0p < Jw,r, ||D2FT(W)||OP < Hw,r,

where || D?Fr(W)||op denotes the induced bilinear operator norm

sup  ||D*Fr(W)[u, v]||2.

llullz=llv]l2=1
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Corollary D.6 (Mapping to neural-network weight space). Under the assumptions above, U7 is C? on
W, and

IV U2 (W)llop < JivrLer + HwrV2T G = Lw,r.

Proof. For unit vectors u,v € R?, the bilinear chain rule gives
Vi Ur(W)[u,v] = Vg @r (Fr(W))[DFr(W)u, DEr(W)v] + (Ve®r(Fr(W)), D> Fr(W)[u, v]).
Therefore

|V Ur (W) [u, v)| < V@1 (Fr(W))llop [DFr(W)ulls [|DEr(W)vlla
+ Vo ®r(Fr(W))|l2 | D Fr(W)[u, o]l

Taking the supremum over unit u, v and applying Theorem D.5 yields
Vi ¥rW)lop < JivrLer + Hw V2T Goo ir,

as claimed. 0

On any such convex region W, any step size 0 < nw < 2/Lyw, such that
W+ nwVw¥r(W)eWw

satisfies the standard ascent lemma. In particular,

nw <

Lwr

)

is a conservative sufficient choice for monotone ascent.

Conclusion. A single softmax block has fully dimension-free curvature with exact sharp constants. Com-
posing such blocks autoregressively contributes only an explicit linear factor in the horizon T to the param-
eterization itself. Thus no exponential ill-conditioning arises from repeated softmax composition alone. Any
residual conditioning must come from the trace-level DCR geometry encoded in Go ¢ and Ly, or from the
architecture-dependent map Fr from weights to sequence logits.

E STOCHASTIC DYNAMICS OF POST-TRAINING ON THE SIMPLEX

The master DCR ODE of Appendix A describes the expected drift of training on the probability simplex. Real
post-training uses finite batches of sampled traces, so the update is noisy. This appendix studies stochastic
simplex surrogates that preserve the correct tangent covariance geometry while remaining analytically tractable.

Three distinctions matter up front. First, this appendix is not an exact weak-limit theorem for any one post-
training optimizer. Instead, we work with moment-matched diffusions whose covariance is proportional to the
multinomial covariance

Jp := diag(p) —pp" .

Second, we keep three processes separate throughout: (i) an unreflected diffusion on the open simplex, used only
up to its first boundary hit; (ii) its standard absorbing continuation on the closed simplex, used for classical
Wright—Fisher fixation statements; and (iii) a normally reflected diffusion on a trimmed simplex, used to model
numerical floors and interior confinement. Third, the GRPO discussion below is an idealized surrogate designed
to isolate the effect of group-normalized variance depletion; it should not be read either as an optimizer-specific
SDE limit theorem or as the exact deterministic GRPO mean field analyzed in Appendix B.

These distinctions matter. They prevent boundary fixation, numerical reflection, and local fluctuations around
an interior equilibrium from being conflated.
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E.1 A moment-matched simplex diffusion surrogate

Write <
AShi={pe0,19:) pi=1},  imtATli={pe ATl :p; >0Vi},
i=1
and let
Ta =1t ={veR%:(1,v) =0}
be the simplex tangent space.

Fix a drift field
F:int A1 5 Ta.

Define the volatility matrix
Lik(p) = dik/Pi — Pin/Dks p€int AL
A direct computation gives
S(p)X(p) " = diag(p) —pp' = Jp,  175(p) = 0.
Thus X(p) injects tangent noise with exactly the multinomial covariance geometry.

Let
q:int AS™1 [0, 00)

be a nonnegative modulation function, let v > 0 be the overall stochastic scale, and define the first boundary
hitting time
To := inf{t > 0 : min p;(¢) = 0}.
1

Theorem E.1 (Moment-matched simplex diffusion surrogate). Let (p;) be any continuous semimartingale so-
lution, up to time Ty, of the It6 SDE

dp; = F(py) dt +/vq(pe) S(pe) dWi, <79, (35)

where Wy is standard S-dimensional Brownian motion. Then:

1. the simplex constraint is preserved,
s
sz‘(t) =1 for all t < 7p;
i=1

2. the predictable quadratic variation is
d(p)e = v q(pe) Jp, dt; (36)

3. the choice ¢ =1 yields the constant-modulation Wright-Fisher surrogate.

Proof. Since 1T F(p) =0 and 17 X(p) = 0, Ito’s formula gives

s
d(ZPi(t)) =0.
i=1
This proves mass conservation. The quadratic variation is

dp)e = v q(pt) S(pe)S(pe) " dt =y q(pe) Jy, dt,

which is exactly (36). The final claim is immediate. O

Conventions on continuation. FEquation (35) is only used on the open simplex, hence only up to 79. When-
ever we later discuss global behavior on the closed simplex, we will say so explicitly. In particular: (i) classical
Wright-Fisher fixation statements are made for the standard absorbing closed-simplex process; (ii) numerical-
floor statements are made for a reflected process on a trimmed simplex.
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GRPO variance-depletion proxy. Under binary outcome supervision and group size G > 2, group-standard-
deviation normalization produces zero advantage whenever all sampled traces are correct or all are incorrect. A
natural first-order modulation is the mixed-group probability

ga(p) :=1-p—(1—=p)%  pel0,1], (37)

which is exactly the probability that an i.i.d. group contains at least one correct and at least one incorrect trace.
We use g = 1 for the idealized constant-modulation Wright—Fisher regime, and ¢ = gg o p for the GRPO-inspired
variance-depletion regime in Section E.4.

Corollary E.1 (Log-ratio SDE for the unreflected surrogate). Assume the drift has DCR form

Fi(p) = pi(#:(p) = 6(p) — Allogpi — (logp)) )

with effective entropic weight A > 0, where

S
=> pioi(p),  (logp): ij log p;.
j=1

(In the pure scalar-objective limit of Appendiz B, A =¢.) For any pair of traces (a,b), define
zap(t) 1= logpa(t) —logpy(t),  Tap :=inf{t > 0:p,(t)ps(t) = 0}.

Then on [0, Tqp A o),

dzan(t) = (9a(pr) = d0pe) — Azan(1) )t
. Yq(pt) (1 — pa(t) . 1 _pb<t)> dt (38)

2 DPa (t) pb(t)

dWa(t) — dWi(t)
+ Vva(p) (\/— \/M). (39)

Proof. Apply It6’s formula to
f(p) =logpa —logps

on the open simplex, stopped at 7,5 A 79. The first-order terms reproduce the deterministic log-ratio drift from
Appendix A:
Fa(p)  Fi(p)

DPa Do

= ¢a(p) — ¢u(p) — A(log pa — log pp).

The second-order terms use

d(pa;Pa)e = Yq(Pe)pa(t)(1 = pa(t)) dt, d(po, o)t = vq(pe)pu(t) (1 — py(t)) dt,

S0
Ld{pa)e | Ldlpy)e _ va(pe) <1 —pa(t) 1 —pb(t)> i@t
2pa(6)? T 2pe(1)? 2 Pa(t) Po(t)
Finally,
1 1 el el
—¥a.(p) = —Zp(p) = = - — =,
a Pv \/lTa Do
which yields the martingale term in (38). O

Interpretation. Even when the diffusion is symmetric in probability space, the logarithm introduces an It
correction that penalizes minority strategies as they approach the boundary. Under GRPO, that same geometric
correction is multiplied by the state-dependent modulation ¢gg(p), so it disappears when mixed groups become
rare.
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E.2 Reflection on a trimmed simplex and local boundary repulsion
Fix a computational floor
9, €(0,1/5), Ds, = A(SS*_I = {pEASil :miinpizd*}.
This set lies in the affine hyperplane
H:={pe RS : (1,p) = 1}.

All normals, tangent cones, and reflections in this subsection are understood relative to H. Equivalently, one
may identify H isometrically with RS~! by choosing an orthonormal basis of 1. We make that identification
explicit in Theorem E.3.

Before introducing reflection, we first isolate the intrinsic one-coordinate repulsion produced by the entropic
barrier.

Theorem E.2 (Local boundary repulsion for the unreflected surrogate). Fiz a coordinate i and a boundary band
[0y Ymax] With 0x < Ymax < 1. Assume q and ¢ — ¢; admit continuous extensions to the closed band

Bi,band = {p S ASil 1pi € [6*;ymax]}a

and define the finite constants

Tpang = inf  ((logp) — log p;

band peégband(<ogp> ogpi),

M(i,band) o n . (¢,band) .__

out V= sup  (@(p) — di(p)), V= sup - q(p).
peBi,band pEBi,band

Assume Thana > 0; for example, any band with ymax < 1/S satisfies this by continuity and compactness. If

AThana > MEP™Y,

out
set ‘
= O (AFband — Mélzl,tband)) > 0,
and define
Tmax = Ve sup  a(1 - ).
$6[6*7ymax]
Let

75 ;= 1nf{t > 0 : p;(t) = 0.}, Ty ' =1nf{t > 0 : p;(t) = Ymax}-

Assume in addition that the initial condition satisfies

pz(o) S (5*,ymax)~

®© =0 when o2, =0,

Then, with the convention e~ o

P(7s < 7y A7) < exp(— zﬂ (pi(0) — 6*)> . (40)

max

2

In particular, if 05, = 0, then the process is deterministic on the band and the hitting probability is 0.

Proof. Set
T:=Ts NTy N Ty.

Because p;(0) € (4, Ymax) and the paths are continuous, on the event {¢ < 7} one has p; € B; pana. Hence

Filpe) = pi()(91(p2) — 6(p) + A({log pi) — log pi(1)) )
> 0, (_M(i,band) + Arband) = M.

out
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Also,

d

2P =7aP)p()(1 = pi(t)) < 0

If 02, = 0, then p; is deterministic on the band and has drift at least p > 0, so it cannot hit &, before leaving
upward. This gives the last sentence.

2
Assume now o7, > 0 and set

2p

2
O max

A=

, S(z) := exp(—A(z — d,)).
By It0’s formula,
1

Using S’ = —AS and S” = A28, together with the drift and variance bounds above, gives

1
LS(x) < —AuS(x) + §A202 S(x)=0 for x € [0x, Ymax)-

max

Hence
X, = S(pi(t A T))

is a bounded supermartingale, so for every T' > 0,
E[X7] < Xo = S(p;(0)).
Let
A= {15 <1y ATs}.

On the event A, one has 7 = 75 < 00, and therefore X7 =1 for all T' > 7. Thus
14 <liminf X1 almost surely.
T—o0

By Fatou’s lemma,

P(A) < ]E{hm inf XT} < liminf E[X7] < S(pi(0)).

T—o0 T—o0

This is exactly (40). O
The previous theorem is deliberately local: it controls one-coordinate downward excursions inside a prescribed

band. It does not by itself imply global ergodicity on the open simplex. To model global confinement with a
numerical floor, we now switch to a reflected diffusion on the trimmed simplex.

Theorem E.3 (Reflected surrogate on the trimmed simplex). Let D := D5, C H. Assume that the drift and
diffusion coefficients

b(p) == F(p),  G(p):=Vq(p)E(p)
are Lipschitz on D. Consider the reflected SDE on the hyperplane H
dPt:b<Pt) dt+G(Pt) th+th, P, e D, (41)
where Koy = 0 is a bounded-variation process such that, pathwise,
dK, e NJ™(P,)d|K]|;,
with Ng’in(p) denoting the relative inward normal cone of D at p inside the hyperplane H. Then (41) admits
a unique strong solution. Moreover, the associated Markov process on compact state space D has at least one

invariant probability measure, which we denote by

H776*,q~
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Proof. Fix the barycenter

1
°:=—=1€H,
LS

and choose an orthonormal matrix Q € RS*(S=1) whose columns form a basis of 1. Then every point in H can
be written uniquely as
p=p°+ Qxz, r e RS7L

Under this identification, the trimmed simplex becomes the compact convex polytope
D:={zeR%':p°+Qz e D}.
Define the projected coefficients
b(x) = QTb(p° +Qa).  G(x):=QTCH° + Q).

Because b and G are Lipschitz on D, the projected coefficients are Lipschitz on D. The relative inward normal
cone of D inside H is carried by QT to the ordinary inward normal cone of D in RS~!. Therefore the reflected
SDE

dX; :/b\(Xt) dt+@(Xt)th+dI?t, X; € ﬁ,

with normal reflection on the convex domain D C RS —1 falls under the standard Skorokhod theory for reflected
SDEs on convex domains (Lions and Sznitman, 1984; Saisho, 1987). Hence it has a unique strong solution.
Mapping back by R

P i=p° + QXq, K := QK

yields a unique strong solution of (41). Since D is compact and the reflected diffusion is Feller, the Krylov—
Bogolyubov theorem gives at least one invariant probability measure on D (Ethier and Kurtz, 1986). O

For the DCR coefficients from Appendix A, and for continuous modulations such as ¢ = 1 or ¢ = gg o p, the
hypotheses of Theorem E.3 are automatic on Dgs,. The reason is straightforward: on a trimmed simplex every
coordinate is bounded away from zero, so the coefficients are smooth and hence Lipschitz on the compact state
space.

E.3 Heterozygosity, fixation, and local fluctuations

We now separate three effects that should not be conflated: (i) exact neutral fixation in the absorbing Wright—
Fisher model, (ii) the opposing effect of numerical reflection on a trimmed simplex, and (iii) local Gaussian
fluctuations around an interior DCR equilibrium.

Restrict attention in this subsection to the correct-trace simplex
m
A= {pE[O,l]m:ij:I}, m :=|C|,
j=1

and its trimmed version

m—1._ m—1 . 3 L >
Ay {p eA : 1gjl'lgnmpj > 5*}, 0, € (0,1/m).

Define the heterozygosity (equivalently, the Gini-Simpson diversity index)
m
H(p):=1- p}.
j=1

Then H(p) = 0 if and only if p is a simplex vertex.

Let b € 1+ be a microscopic bias vector, and write

my(p) =D bjp;.
j=1
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Consider the reflected diffusion on Agf*l with drift

FY(p) := pi(bs — myp(p)) — epi(logp; — (logp)),  1<i<m,

and covariance modulation ¢ as in Theorem E.1. Here X(p) denotes the m x m version of the moment-matched
volatility matrix.

Theorem E.4 (Reflection opposes heterogeneity loss). For the reflected surrogate above,
AH(P,) = (=1a(P)H(P) = 2C(P,) + 26Con(Py) ) dt + dM, + (VH(Py), dK), (42)

where

Cy(p) := zm:pzzbi - (ipf) (ipjbj),
=1 i—1 =1

Cent (p) = pr (1ng1 - <10gp>) > 0’
=1

and M is a local martingale. Moreover,
(VH(P;),dK:) > 0 pathwise. (43)

Thus the reflection term contributes nonnegatively to the heterozygosity balance and acts locally against hetero-
geneity loss.

Proof. Since VH(p) = —2p and V2H = —2I, It6’s formula gives
1
5 Tr(va(P)Jp V?H) = —yq(P)H(P).
Also,

(VH(p), F*(p)) = =2 p? (b — ms(p)) +2¢ > _ p?(logp; — (log p))
=1 i=1

= —2Cp(p) + 26Cont (p).
This yields (42).

It remains to prove the sign statements. First,

2Cent(p) = Z pipj(pi — p;)(log p; — logp;) = 0,
ij=1

because (u —v)(logu — logwv) > 0 for all u,v > 0. Second, on an active face {py = d,} of the trimmed simplex,

the relative inward normal is
k) — e — —1.
m

nl

Therefore )
(k)y — /_ _ 14N o = _

(VH(p),n®) = (<2p.en = £1) = 2(— = 6.) > 0.

At a point with several active faces, the reflection increment dK; lies in the cone generated by the corresponding
inward normals, so the same inequality yields (43). O

Corollary E.2 (Neutral Wright—Fisher fixation on the closed simplex). Consider the classical neutral Wright—
Fisher diffusion on the closed simplex A™ ™1, equivalently the absorbing continuation of the unreflected constant-
modulation surrogate with

Then
dHt == —’yHt dt + th, ]E[Ht] = 6_’YtH(). (44)

Consequently,
Pt — €K almost surely for some random vertex ey .
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Proof. With b =0, ¢ =0, and no reflection, Theorem E.4 reduces to
dHt = *’yHt dt + th

Thus (H¢)t>0 is a bounded nonnegative supermartingale, so it converges almost surely and in L' to some random
variable Ho, > 0. Taking expectations in (44) gives

E[H;] = e "Hy — 0,

so necessarily E[H ] = 0 and therefore H,, = 0 almost surely.

It remains to upgrade H; — 0 to vertex convergence of p;. Fix n € (0,1/2) and define the disjoint vertex
neighborhoods
U,Z::{pEAm’lzpk>1—n}, 1<k<m.

If p ¢ Uj—, U}, then every coordinate satisfies p;, <1 — 7, and hence

S pi<@-n)?+n®  afortiori  H(p) >2n(1—n).
k=1

Since H; — 0 almost surely, there exists an almost surely finite random time T, such that
H; <2n(1—n) for all t > T,.

Thus, for all sufficiently large ¢, the process lies in the disjoint union (J, U}!. By path continuity, it cannot move
from one component U;" to another U ;7 without crossing the complement of that union, where H > 2n(1 — 7).
Hence there exists a random index K such that eventually

Pt € Uln(

Taking n = 1/4, we have pg (t) > 3/4 for all large ¢, and then

Hy=1-> p;(t)?
j=1

v

—pr()? = (1 —px(t)?
Pk (t) (1 — px (1))

1
2
S px().

%

Therefore 1 — pg(t) < 2H, — 0, which implies px(t) — 1 and p;(t) — 0 for j # K. So p; — ex almost
surely. O

Remark E.1 (Local fluctuation scale near an interior DCR equilibrium). Let p* € int A5~ be the unique DCR
equilibrium from Appendiz A, and set q. := q(p*). Because p* is interior, no reflection is active in a sufficiently
small neighborhood of p*.
Let

A, = DF(p*)‘TA

be the Jacobian of the deterministic drift restricted to the tangent space, and define
B, :=—A,.

Also write
G(p) = V) 2(p), G =GP") =102,  Zo=3(0p").

The exact first-order expansion of the unreflected surrogate around p* contains the additional state-dependent
notse term

(DG(p")&:]) dWr.
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If one freezes the diffusion coefficient at p* and retains only the linearized drift, one obtains the leading Ornstein—
Uhlenbeck approzimation
dft = A*gt dt + G* th = —B*é-t dt + VY% Z* th

Its stationary covariance C solves the Lyapunov equation
B,C+CB, =7¢:Qs, Qi := Jpe.

Hence the local fluctuation scale is controlled by the ratio vq« /K, where k is the smallest positive contraction rate
of the linearized deterministic drift (for example, the smallest positive eigenvalue of the symmetric part of B,y
on Ta). This recovers the usual heuristic: stable diversity requires the effective diffusion scale to remain small
relative to deterministic contraction toward the equilibrium.

E.4 GRPO-style variance depletion and conditional stochastic freezing

The constant-modulation Wright—Fisher model of Corollary E.2 retains a nonvanishing stochastic forcing up
to absorption/fixation on the closed simplex. GRPO changes this picture because group-standard-deviation
normalization turns the stochastic signal off when sampled groups become nearly pure-correct or nearly pure-
incorrect (Shao et al., 2024).

To isolate that variance-depletion mechanism alone, we do not use the exact deterministic GRPO mean field
from Appendix B. Appendix B already showed that the exact mean field contains deterministic within-class
amplification and obeys the class-mass identity

p=ha(p) p*(1 = p)*(S2 + Re).

That exact flow is not the object of study here. Instead, we introduce a simpler class-symmetric two-block
surrogate that preserves the sign pattern of correct-versus-incorrect class-mass drift and the same mixed-group
variance shutdown factor qg, while deliberately suppressing the exact within-class amplification proved in Ap-
pendix B.

Let

p(p) =Y pe

ceC

be the total correct mass, and let gg be defined by (37). Let h¢g : [0,1] — (0, 00) be the positive scalar function
from Appendix B. We recall its endpoint values as

Part 1 of Theorem E.5 verifies that this definition is continuous. We combine this modulation with the two-block
GRPO surrogate drift

Fi(p) =

{pi(l - p)h(;(,o), i €C, (45)

_pzth(p)v { GI,

where the endpoint values above are used when p € {0, 1}. We emphasize again that (45) is an idealized surrogate:
the point of the theorem below is to separate the geometry of variance depletion from the optimizer-specific details
of any concrete implementation.

Theorem E.5 (Variance depletion and conditional stochastic freezing in a two-block GRPO surrogate). Assume
binary outcome supervision and group size G > 2. Then:

1. The mixed-group modulation satisfies

ac(p) ~G(L—p)  asp?Tl

Moreover, the endpoint extension of hg is continuous on [0, 1], with
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2. Consider any continuous semimartingale (py)i>o0 on the closed simplex AS=1 with decomposition

pit) = pi(0) + As(t) + Mi(t), Amraéﬂ@m&

where F' is the two-block GRPO surrogate drift (45), each M; is a continuous local martingale, and the
predictable quadratic variation satisfies

d(p)t = vqc(pt) Jp, dt. (46)
Then each drift term is monotone in time:

A; is nondecreasing for i € C, A; is nonincreasing for i € I.

3. The martingale quadratic variation satisfies

A(M;): = 146 (p)pi(H)(1 = pit)) dt < Jac(po) dt. (47)

Consequently, on any event where
(oo}
/ g (pe) dt < oo, (48)
0
every coordinate p;(t) converges almost surely on that event.

4. In particular, along the deterministic class-mass trajectory of the same two-block surrogate with initial con-
dition po € (0,1),

p=p(l—pha(p), (49)
one has
Pt T 17
and . ) )
B qGc\p 0
AquﬁLMUﬂMdm@< - (50)

Thus the deterministic two-block mastery regime has a finite cumulative variance budget.

Proof. For the asymptotic of qg, write p =1 —e. Then
ga(l—e)=1-(1-¢)% — % = Ge + 0(¢?), el0,

which proves gg(p) ~ G(1 — p).

Next we verify the endpoint values of hg. By the correct-trace formula from Appendix B,

G-1-5

(1 - p)hG(p) = ]ESNBinom(G—Lp) S+ 1

As p | 0, the binomial law concentrates on S = 0, so
(1 - p)ha(p) > VG~ 1.

Since 1 — p — 1, this yields

ha(p) - VG —1 as p J 0.

Now set p =1 —¢. The S = G — 2 term contributes

P(S = G — 2)y| —— = (G — 1)(1 — )2 .

e =VG —1e+0(e?),
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while all terms with § < G — 3 are O(g?). Therefore
(1= pha(p) = VG =1(1 = p) +O((1 = p)*),
0
ha(p) —» VG —1 as p 1T 1.

This proves continuity of the endpoint extension on [0, 1].

The monotonicity of A4, is immediate from the sign of the two-block drift (45). For the quadratic variation, (46)
gives

d(M;)e = d(pi)e = vqc(pt) [Jp,Jis dt = vqa(pe)pi(t)(1 — pi(t)) dt,
which is exactly (47).

Assume now that (48) holds. Then (47) implies (M;)o < 00, so M;(t) converges almost surely by the local-
martingale convergence theorem. Since p;(t) € [0, 1] for all ¢, the identity

Ai(t) = pi(t) — pi(0) — M;(t)

shows that A;(t) is bounded. Because A; is monotone, it must converge. Hence p;(t) = p;(0) + A;(¢) + M;(t)
converges almost surely for every coordinate on the event (48).
Finally, along the deterministic mastery trajectory (49), one has p > 0 on (0,1), so p; is increasing and bounded
above by 1. Hence p; — L € [po,1]. If L < 1, then continuity of the right-hand side of (49) gives

pr = L = Lha(L) > 0,

contradicting convergence of p; to L. Therefore p, 1 1.

Along this same trajectory,
dp

p(1 = p)ha(p)’

> Y ae(p)
[ aetmar= [t

Near p = 1, the numerator satisfies qa(p) ~ G(1 — p), while hg(p) — VG —1 > 0. Therefore the integrand
remains bounded near 1, and the integral is finite. This proves (50). O

dt =

SO

Interpretation. Theorem E.5 does not rule out rare boundary hits before mastery, and it does not assert that
every stochastic trajectory of the two-block surrogate automatically satisfies the finite-budget condition (48).
What it shows is conditional and precise: on any path for which the cumulative variance budget fooo qc(pe) dt is
finite, the martingale part has finite quadratic variation and the coordinates converge. Along the deterministic
mastery trajectory of the same two-block surrogate, this finite-budget condition holds exactly. This is the clean
mathematical sense in which variance depletion can replace persistent Wright—Fisher-type stochastic forcing by
convergence to a path-dependent limiting portfolio. This finite-budget conclusion is specific to the two-block
surrogate (45); it is not a statement about the exact GRPO mean field from Appendix B.

Edge cases. If pg = 1, then go(p:) = 0 and the process is already frozen. If pg = 0, then neither the two-block
drift nor the covariance term creates correct mass, so the correct set is never entered. The relevant regime is
therefore py € (0,1).

Bibliographic note. The reflected-diffusion statement above is the standard Skorokhod construction on a
convex domain, applied after identifying the simplex hyperplane with RS~!; classical references are Lions and
Sznitman (1984) and Saisho (1987). The GRPO-specific discussion in Section E.4 uses a two-block, moment-
matched surrogate motivated by group-standard-deviation normalization, not an exact covariance formula or
exact deterministic drift for any one implementation.
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Phenomenon

Representative papers

DCR lens

Entropy sensitivity

Large-k degradation

Temperature fails to
restore diversity

Entropy-shaped
updates help but
remain incomplete

Reward—entropy

Cui et al. (2025);
Cheng et al. (2026)

Yue et al. (2025);
Dang et al. (2025); He
et al. (2025); Zhao

et al. (2025)

Yun et al. (2025);
Murthy et al. (2025)

Cheng et al. (2026);
Cui et al. (2025)

Cui et al. (2025)

is consistent with entropic
damping needing to offset selective
score gaps before the trajectory
enters a near-boundary
low-entropy regime

scalar objectives can sharpen the
distribution inside the correct set
and can fail to preserve rare
correct strategies

post-hoc decoding rescales logits
but need not undo
training-induced pairwise ratio
changes

entropy slows concentration, but
without a kernel it does not
distinguish paraphrases from
distinct strategies

reward gains and entropy loss can

arise from the same concentration
dynamics under scalar
post-training

coupling

Table 2: From theory to recent observations. The cited papers are not assumed by our analysis; they are
external empirical phenomena that the DCR framework helps organize mechanistically.

F CONNECTING THEORY TO PRACTICE

This appendix gives a trace-space account of how the mechanisms isolated in the main text and Appendices A-E
relate to several empirical phenomena reported in recent work on RLVR and alignment. The goal is not to claim
a one-to-one identification between our stylized trace-level models and any single large-scale implementation.
Rather, the point is mechanistic: the same pairwise-ratio geometry that drives our theorems offers a lens for
interpreting why several apparently different empirical failure modes recur across settings.

Scope. These comparisons are structural. Our theory works on finite trace spaces and simplified trace-level
surrogates, whereas the cited works use token-level objectives, large parametric models, and concrete optimizers.
The comparison is therefore at the level of distributional effect: which ratios are amplified, damped, tethered,
or semantically repelled.

F.1 Why entropy control can look knife-edge

Recent empirical work, especially Cui et al. (2025), shows that plain entropy control can be highly coefficient-
sensitive: small coefficients barely change training, while slightly larger ones can over-broaden the policy or
destabilize learning. Cheng et al. (2026) further show that plain entropy regularization can induce unstable
entropy dynamics, motivating more structured entropy-shaped updates. Our framework offers a mechanistic
lens on this behavior through the universal pairwise log-ratio law. Under scalar training,

Zij = Aipyi(p) — ezij,
and under DCR,

Zij = Adij(p) — Azij.
In both cases, entropy enters as linear damping against task-induced score differences. If the effective entropic
weight is too small relative to the score gaps encountered along training, damping does not act strongly enough
before the trajectory moves into a low-entropy near-boundary regime. On trimmed simplices, Theorem A.4
makes this competition explicit through the comparison between inward entropic drift and maximal outward
score pressure: when the barrier dominates that outward pressure, the flow remains inside the chosen trimmed
simplex. The result is not a claim of a literal discontinuous phase transition for the exact regularized flow, which

retains an interior maximizer whenever A > 0, but it is consistent with the threshold-like sensitivity to coefficient
choices seen empirically.
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F.2 Large-k degradation, distribution sharpening, and tail erosion

A recurring empirical pattern is that RLVR improves pass@1 while harming large-k performance. Yue et al.
(2025) and Dang et al. (2025) report that RLVR-trained models can outperform their base models at small k
yet underperform them at large k, and He et al. (2025) identify in GRPO a rank bias that reinforces already
probable correct proofs while neglecting rare ones. This is consistent with the structural failure mode analyzed by
Theorem 4.1. Large-k performance depends on the tail of correct traces, but STaR and exact mean-field GRPO
amplify whichever correct trace is already larger, while DPO regresses ratios toward reference-relative values.
None of these scalar objectives creates a force that protects rare but semantically distinct correct strategies
for being distinct. Hence pass@1 can rise even as the tail needed for large-k sampling is depleted. The same
concentration picture is also consistent with the amplification-of-pretraining-distributions perspective of Zhao
et al. (2025). Appendix G, especially the toy suite and Figure 4, illustrates the same geometry across the
synthetic studies in the appendix: STaR fixates, the DPO-style toy surrogate regresses pairwise ratios toward
reference-relative values, the GRPO-style two-block variance-depletion surrogate shows slower path-dependent
concentration, and DCR alone retains support across multiple correct clusters.

F.3 Why post-hoc temperature is not a substitute for online diversity preservation

Recent work finds that diversity collapse can persist even under high-temperature sampling (Yun et al., 2025), and
that prompt-based perturbations can have a larger effect on conceptual diversity than temperature manipulations
alone (Murthy et al., 2025). DCR helps explain why post-hoc temperature is limited. Temperature rescales logits
at inference time, but the training dynamics change the pairwise log-ratios themselves. Once post-training has
driven many correct—correct or correct—incorrect ratios far from their base values, test-time temperature can
flatten the resulting distribution only around those new ratios; it cannot in general reconstruct the pre-collapse
portfolio of strategies. In this framework, preserving diversity is primarily an online training problem, not merely
a decoding problem.

F.4 Why entropy-shaped updates help, but do not solve semantic redundancy

Cheng et al. (2026) show that augmenting the advantage with an entropy-based term improves pass@QK , especially
at large K. At the level of mechanism, this aligns with the entropic damping term in our probability-space
dynamics: entropy opposes rapid concentration and can keep more of the tail alive. The same logic helps interpret
covariance-aware entropy control methods such as those studied by Cui et al. (2025). Our analysis also clarifies
the limit of these approaches. Entropy is blind to whether two traces are paraphrases or genuinely different
strategies. It spreads mass, but it does not add semantic repulsion. This is why Section 6 and Appendix C
go beyond entropy-only control and add a gated kernel term that acts directly on strategic redundancy among
verified-correct traces.

F.5 Why reward and entropy often track each other

Cui et al. (2025) report a tight empirical relation between reward and entropy throughout training. This coupling
is natural at the trace-space level. In binary-verification regimes, reward is largely controlled by the total correct
mass p(p), while entropy is controlled by both the correct/incorrect split and the concentration of mass within
the correct set. Under scalar post-training, these quantities are driven by the same concentration mechanism:
probability moves toward a smaller set of high-scoring traces. We therefore interpret tightly linked reward gains
and entropy loss as a consequence of the same sharpening dynamics, while remaining agnostic about any universal
closed-form curve. What this theory does not claim is that one universal functional relation must hold across
all algorithms, models, and tasks; the exact empirical fit is problem-dependent.

F.6 Design lessons for future algorithms

Viewed through DCR, recent positive results from methods that reward rare correct solutions or encourage
exploratory outcomes can be interpreted as moving training away from pure scalar sharpening by preserving or
reintroducing support for underrepresented successful traces (He et al., 2025; Song et al., 2025). This theory
suggests three concrete design rules. First, keep a strictly positive interior barrier so that pairwise ratios remain
well defined and near-boundary collapse is controllable. Second, if diversity pressure is used, gate it to verified-
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correct traces so that exploration is not paid for with incorrect mass. Third, build the kernel on strategy-level
features rather than surface wording, so that the regularizer repels redundant concepts rather than merely
spreading paraphrases. Under the formal conditions of Theorem A.7, together with the gated-kernel setup
analyzed in Appendix C, the DCR flow has a unique globally attracting interior equilibrium. Appendix G shows
a broad safe region, while the held-out real-math study indicates that gated and ungated variants are tied at
reporting precision in that fixed-bank regime.

Takeaway. These comparisons suggest that DCR does more than restate that diversity matters. It identifies
the missing relational geometry behind several empirical failure modes and helps explain why fixes based only on
entropy or KL can help but remain incomplete. The practical implication is that post-training objectives should
be designed around the distribution inside the correct set, not only around scalar correctness.

G EXPERIMENTAL RESULTS

This appendix collects the empirical evidence for Distributional Creative Reasoning (DCR). It combines a theory-
faithful toy finite-simplex suite, supporting synthetic diagnostics, a held-out same-support real-math study on
MATH-500 (Lightman et al., 2023), a controlled symbolic strategy study on Game of 24 and Countdown, and
the ReasoningTrap diagnostic (Jang et al., 2025). The implementation and configuration files are available
at https://github.com/maxruizluyten/creative_reasoning release. The appendix proceeds in stages:
the shared protocol fixes scope and reproducibility, the synthetic sections test the mechanism directly, held-
out MATH-500 provides the main real-task result, the symbolic section gives an exact-label comparison, and
ReasoningTrap serves as a secondary robustness check.

G.1 Shared Protocol and Reproducibility

Hardware, seeds, and scope. All reportable runs use one NVIDIA RTX 6000 with 49 GB VRAM and the
fixed seed set {101,202, 303,404,505}. The non-toy sections are fized-bank same-support reweighting studies,
not end-to-end online post-training runs: for each prompt, every method optimizes a distribution over the same
finite bank of sampled traces and is evaluated on that shared support. The non-toy claims therefore concern
redistribution over discovered candidates, not discovery of new strategies outside the sampled bank. All reported
paired intervals use 1000-resample percentile bootstraps, with prompts or problem instances as the resampling
unit rather than individual traces.

Common generator and prompting. All real-text generation experiments use Qwen/Qwen2.5-Math-1.5B
(Qwen Team, 2024) as the common base generator. The shared completion template instructs the model to
solve the problem step by step and place the final answer once at the end as \boxed{...}. For MATH-
500 and ReasoningTrap bank generation, decoding uses temperature=0.8, top_p=0.95, do_sample=True, and
max new_tokens=1024. For the symbolic tasks, generation uses the same temperature=0.8, top_p=0.95, and
do_sample=True, with max_new_tokens=256; when public corpora are available, those corpora are reused directly
rather than regenerated. The symbolic corpora come from the external 11lm-reasoning-uft release of Ni et al.
(2025), so the Game of 24 and Countdown comparisons are anchored to a public source rather than to a private
regenerated bank.

Same-support bank construction. For each prompt x and each seed, a finite trace bank

Se=A{m,...,7n,}

is constructed once and then shared by every method. The bank builder draws 32 raw traces, normalizes and
deduplicates them, and if fewer than 8 unique traces remain, draws additional batches of 8 raw traces up to a
hard cap of 64 total raw samples.

Verification and strategy labels. The synthetic studies use oracle correctness and oracle strategy labels by
construction. The symbolic studies use exact symbolic verifiers: a trace is correct if and only if its final expression
uses the supplied numbers legally and evaluates exactly to the target, and strategy labels are canonicalized
SymPy expression trees (Meurer et al., 2017). The real-math and ReasoningTrap studies use boxed-answer
extraction plus symbolic or numeric normalization, together with clustering of verified-correct reasoning bodies
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using Qwen/Qwen3-Embedding-0.6B (Qwen Team, 2025). The final clustering threshold is selected once on a
50-prompt calibration subset by maximizing penalized silhouette (Rousseeuw, 1987),

score(7) = mean silhouette(7) x scorable bank fraction(r),

over 7 € {0.05,0.075,0.10,0.125,0.15,0.175,0.20}. The selected rule uses 7 = 0.05.

Reported metrics. For each prompt, let g, denote the induced distribution over verified correct strategy
labels after aggregating trace-level mass inside the prompt’s bank.

o Effective number of strategies:
Neg (%) := exp(H|qy]).

e Semantic coverage at eight draws:
cov@8(z) := Z(l - (1- qm,c)8)7
C

the expected number of distinct verified-correct strategies observed in eight i.i.d. draws from the optimized
distribution.

e Safety margin:
min (1 — 2)\5(Keffp)c),

ce€Cy
reported after optimizing the prompt-level distribution.

o DCR KKT residual: the maximum absolute stationarity residual after subtracting the best simplex Lagrange
multiplier from the prompt-level first-order conditions of the DCR objective above.

For non-DCR baselines, the DCR KKT residual is reported only as a diagnostic distance to DCR stationarity,
S0 it is not expected to vanish. All tables report prompt averages of these metrics unless stated otherwise.

Optimization and baselines. All same-support DCR runs optimize the binary-utility, no-KL objective from
Appendix C,

Jlp] = Z Uip; + AH[p| — A\8p" Kegp,

with exponentiated mirror ascent from the uniform initialization, step size n = 0.10, at most 2000 steps, and early
stopping when [|pt*tD —p®)||; < 1078, We use A = 0.05 by default and choose A3 through the safety-normalized
scale

s = 2>\B||Keff||1~>oou

with default s = 0.25. By Corollary C.3, this leaves the conservative global margin buffer ng = 1 — s. The
same-support comparison set is UTILITY, ENTROPY, DCR (Gated), DCR (Ungated), and DCR (Shuffled). In
the toy suite we additionally report RFT, exact mean-field GRPO, and one-sided DPO.

Code and assets. The project source, environment files, experiment configurations, tests, and audit commands
are available in maxruizluyten/creative _reasoning release. Exact paper reproduction additionally depends
on frozen release bundles and large external artifacts outside the code-only snapshot.

Project and reused-asset licenses. The project source is ours, and the reused external assets are public
releases that we do not redistribute inside this repository. The corresponding public source pages list the following
terms:

e creative_reasoning release (project source): MIT license.
e Quen/Qwen2.5-Math-1.5B (common base generator): Apache-2.0, as listed on the Hugging Face model card.

e Qwen/Qwen3-Embedding-0.6B (embedding model for clustering verified correct traces): Apache-2.0, as listed
on the Hugging Face model card.

e ReasoningTrap/ReasoningTrap (evaluation pipeline): MIT license.
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e ReasoningTrap/AIME (ConditionedMath AIME benchmark): MIT, as listed on the Hugging Face dataset
page.

e ReasoningTrap/MATH500 (ConditionedMath MATH500 benchmark): the public Hugging Face dataset page
and README were available, but no explicit license was stated on the cited page.

e twni2016/11lm-reasoning-uft (symbolic corpora source for Game of 24 and Countdown): Apache-2.0. That
repository also links external dataset files, which we reuse without redistributing them here.

e HuggingFaceH4/MATH-500 (held-out benchmark source page): the cited Hugging Face page names
openai/prm800k as the source of the selected math splits. The Hugging Face MATH-500 page itself did
not state a standalone license, while the linked openai/prm800k repository is MIT-licensed.

All reused assets here are public model, code, or benchmark releases rather than new human-subject data
collected for this paper, and we do not redistribute personally identifying content.

G.2 Synthetic Mechanism Studies

The synthetic studies play two distinct roles. The toy suite is the main theory-faithful mechanism study: it
directly tests the universal log-ratio identity, global convergence, and the geometry of the DCR equilibrium. The
additional synthetic panels are supporting diagnostics that broaden the view of the same geometry.

Table 3: Toy finite-simplex summary. The toy suite isolates the semantic-coverage effect cleanly. DCR
(Gated) raises coverage from 2.8540 (UTILITY) and 2.8533 (ENTROPY) to 2.8786 while keeping pass@8 = 1.0
and driving incorrect mass to numerical zero. The shuffled control is weaker, which shows that the gain depends
on semantic alignment rather than generic flattening of the trace distribution.

Method Nes cov@8 Incorrect Mass pass@8 Safety Margin
DCR (Gated) 2.9923 2.8786 0.0000 1.0000 0.9125

DCR (Shuffled) 2.7889 2.7572 0.0000 1.0000 0.9527

DCR (Ungated) 2.9923 2.8786 0.0000 1.0000 0.9125

DPO 2.7416 2.7014 0.0222 1.0000 —
ENTROPY 2.9512  2.8533 0.0000 1.0000 1.0000

GRPO 29512  2.7975 0.0971 1.0000 —

RFT 2.9512 2.7635 0.1446 1.0000 —

UTILITY 2.9522  2.8540 0.0000 1.0000 1.0000
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Figure 1: Toy log-ratio diagnostics. Left: residuals for the universal log-ratio identity of Theorem A.2.
Right: representative same-lump, cross-lump, and correct-vs-incorrect log-ratio trajectories. At print scale, two
trajectories lie nearly on top of the horizontal axis, so the panel is intended as a qualitative diagnostic rather
than a precise color-decoding plot. The visible separation is consistent with the intended “homogenization within
a strategy, repulsion across strategies” geometry.
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Figure 2: Toy global-convergence diagnostics. Left: semilog objective gap J(p*) — J(p;). Right: ¢1-distance
to the optimizer. Both panels decay cleanly, providing the numerical counterpart of the strict-concavity and
global-convergence theory in Theorem A.7.
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Figure 3: Toy ablation summary. Aligned DCR attains the best coverage trade-off, the shuffled control
is weaker, and the scalar baselines remain more vulnerable to redundant concentration even when pass@8 is
unchanged. In this toy kernel, the ungated and gated variants coincide numerically because the kernel already

vanishes on the incorrect block.
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Additional synthetic diagnostics. The appendix also includes a broader family of synthetic panels that
examine the same mechanisms from complementary angles. The scalar-objective dynamics in Figure 4 and the
phase diagrams in Figure 8 give the broadest synthetic view of the geometry. The overlay, alignment, ablation,
and safety plots provide complementary diagnostics for the same regime.

Study A: Scalar-Objective Dynamics
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Figure 4: Additional synthetic diagnostic: scalar dynamics. Across representative synthetic settings, the
scalar baselines drift toward concentration with distinct patterns: RFT fixates fastest, GRPO shows slower
path-dependent concentration, and DPO regresses toward its reference-relative state.

Synthetic summary. The synthetic evidence supports three points. First, the toy suite directly renders the
DCR mechanism visible: pairwise log-ratio geometry, global convergence, and semantic-coverage gains all appear
in the intended regime. Second, the toy ablation shows that the gain is semantic rather than a generic preference
for flatter distributions. Third, the supporting synthetic panels show that the same geometry occupies a broad
safe region rather than a single fragile operating point.
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Theory vs Procedural Overlays (seed=101, B=64)
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Figure 5: Additional synthetic diagnostic: theory-versus-procedural overlays. The procedural surro-
gate preserves the same event ordering as the idealized flow, so the panel remains informative about ordering
even when the trajectories do not match pointwise.
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Study A+: Alignment Diagnostics Over Time (B=64)
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Figure 6: Additional synthetic diagnostic: alignment-over-time trajectories. The procedural dynamics
track the theoretical targets directionally over time, so the surrogate preserves the intended drift geometry
rather than reversing it. Columns report cosine of Ap, sign agreement, and one-step JS divergence. In the cosine
column, the solid blue trace is the Euclidean reference and the dashed blue trace is the Shahshahani reference.
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Alignment Summary vs Batch Size
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Figure 7: Additional synthetic diagnostic: alignment summary. Across batch sizes, the procedural
surrogate preserves the qualitative method ranking.
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Figure 8: Additional synthetic diagnostic: phase diagrams. The main takeaway is a broad DCR band
with essentially zero incorrect mass, high correct mass, and near-zero between-seed JSD, rather than a single
tuned operating point.
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DCR vs Ablations
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Figure 9: Additional synthetic diagnostic: ablation comparison. At the selected center point, all three

methods keep incorrect mass numerically negligible and remain in the positive-safety regime. Relative to the
entropy-only baseline, the DCR variants induce nonzero kernel energy while leaving coverage nearly unchanged.
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Figure 10: Additional synthetic diagnostic: objective and safety overlay. At the selected center point,
ENTROPY reaches the highest plotted method-specific score and the largest safety margin, while the DCR variants
remain safely inside the positive-margin regime. Because the left panel traces each method under its own score
rather than a shared cross-method objective, this figure is best read as a local optimization-and-safety diagnostic.
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Figure 11: Additional synthetic diagnostic: safety-margin distribution. The full selected DCR band
stays strictly positive in safety, with minimum margin approximately 0.497, so the synthetic gains are not
achieved by crossing into net encouragement of incorrect traces.

G.3 Same-Support Real-Math Evaluation

The held-out MATH-500 study is the main real-task result in the paper. In this finite-bank setting, bank
solvability leaves little room for further movement in pass@8, so the meaningful empirical movement is in semantic
coverage: DCR redistributes probability mass across semantically distinct correct strategies while leaving answer
accuracy fixed. This is the setting that the semantic coverage metric is designed to summarize.

Table 4: Held-out MATH-500 all-prompt summary. All methods attain the same pass@8 = 0.8912, so the
main effect is not a change in answer correctness. The semantic benefit appears in the multi-solution slice and
in the coverage-oriented figures below; safety margins for the DCR variants remain comfortably positive.

Method pass@8 Incorrect Mass  Safety Margin
UTiLITY 0.8912 0.1088 1.0000
ENTROPY 0.8912 0.1088 1.0000
DCR (Gated) 0.8912 0.1088 0.7553
DCR (Ungated)  0.8912 0.1088 0.7553
DCR (Shuffled)  0.8912 0.1088 0.7561

Table 4 summarizes the full 500-prompt held-out set, whereas Table 5 isolates the 433-prompt multi-solution
slice.

Real-math interpretation. The paired bootstrap shows the same pattern. On the full 500-prompt held-out
set, DCR (Gated) improves coverage@8 relative to both UTILITY and ENTROPY by approximately +0.0512,
with percentile bootstrap interval [0.0464,0.0562], while the held-out pass@8 difference is exactly zero. These
are paired full-set prompt-level differences, not values read directly from the displayed tables. Table 5 separately
reports the raw 433-prompt multi-solution slice means, where coverage@8 increases from 2.4662 to 2.5253. The
empirical claim is therefore that DCR increases semantic-strategy coverage at fixed accuracy. The calibration
split shows the same pattern under the threshold rule, which reduces concern that the held-out result reflects a
selection effect. These held-out results also do not support a meaningful advantage of DCR, (Gated) over DCR
(Ungated) on real math, since the two variants are effectively tied at reporting precision.
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Table 5: Held-out MATH-500 multi-solution slice. The held-out run identifies 433/500 prompts as multi-
solution under the frozen clustering rule. On this slice, DCR improves semantic coverage and the effective
number of correct strategies, while the DCR KKT residuals remain near zero. This table is the main summary

for whether DCR, changes the distribution over correct reasoning strategies rather than raw correctness.

Method cov@8 Nesr DCR KKT Residual
UTILITY 2.4662 2.7883 0.9307
ENTROPY 2.4662  2.7883 0.2400
DCR (Gated) 2.5253 2.8784 0.0004
DCR (Ungated) 2.5253 2.8784 0.0027
DCR (Shuffled) 2.4616 2.7807 0.0027
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Figure 12: Held-out M ATH-500 overview and ablation view. Left composite: the held-out summary, which
separates accuracy from semantic coverage on the full 500-prompt set and shows the incorrect-mass baseline.
Right: direct coverage comparison on the 433-prompt multi-solution slice. On that slice, DCR raises coverage@8
from 2.4662 (UTILITY and ENTROPY) to 2.5253 (DCR (Gated) and DCR (Ungated)) while all methods remain
fixed at pass@8 = 0.8912 on the full set. The shuffled control is weaker, which supports the claim that the gain

depends on semantic alignment rather than on a generic preference for flatter distributions.
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Figure 13: Calibration phase sweep: coverage@8. This phase plot shows that the meaningful movement
across the (A, s) grid is in semantic coverage rather than in pass probability. On the calibration split, with the
selected penalized-silhouette threshold, pass@8 stays at 0.89 while coverage@8 rises from 2.1825 for UTILITY/
ENTROPY to 2.2335 for DCR (Gated).
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Coverage Lift Tracks Strategy Headroom
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Figure 14: Why coverage moves while pass remains fixed. Left: a bank-solvability diagnostic showing
that most prompt-seed banks are effectively either solved or unsolved, leaving little room for further movement
in pass@8. Right: coverage lift versus discovered strategy count. The DCR gain is concentrated on prompts
with semantic headroom, which is consistent with the intended mechanism.
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Figure 15: Real-math safety-margin distribution. The held-out DCR solutions remain comfortably inside
the no-incorrect-reward regime. The orange spike near 0.755 is the DCR family, whereas the blue spike at 1.0 is
the UTILITY/ENTROPY baseline. The semantic-coverage gain is therefore not bought by drifting into a regime
where incorrect traces receive net encouragement.
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G.4 Controlled Symbolic Strategy Study

The symbolic study is an exact-label comparison in a non-toy setting because both correctness and strategy
labels are exact. Its candidate banks are drawn from the public Game of 24 and Countdown corpora reused from
the external 11m-reasoning-uft release of Ni et al. (2025), so the pipeline evaluates a public source rather than
a privately regenerated bank. Unlike the real-math section, there is no need to approximate semantic strategies
with embeddings before the oracle comparison can be stated. The resulting gain is not new-trace discovery; it
is an exact-label test of how the optimized distribution reallocates mass across strategies already present in the
bank.

Table 6: Symbolic strategy study on Game of 24 and Countdown. Every method attains pass@8 = 1.0,
so the entire comparison is about strategy coverage rather than correctness. The oracle kernel produces the
largest gains, as expected when semantic geometry is captured without approximation.

Task Method Case Count cov@8 Neg

Game of 24 DCR (Embedding) 250 2.5105 2.6134
Game of 24 DCR (Oracle) 250 2.9189  3.2431
Game of 24 DCR (Shuffled) 250 2.4654 2.5532
Game of 24 DCR (Ungated) 250 2.5105 2.6134
Game of 24 ENTROPY 250 2.4681  2.5568
Game of 24  UTILITY 250 2.4681  2.5568
Countdown DCR (Embedding) 250 2.0901 2.0651
Countdown DCR (Oracle) 250 2.1314  2.1535
Countdown DCR (Shuffled) 250 2.0835 2.0535
Countdown DCR (Ungated) 250 2.0901 2.0651
Countdown  ENTROPY 250 2.0840 2.0543
Countdown  UTILITY 250 2.0840 2.0543

Symbolic interpretation. The symbolic bootstrap comparisons reinforce the same story, but the comparison
is informative because oracle labels remove the main approximation layer from real math. On Game of 24,
the oracle kernel improves coverage@8 over UTILITY by about +0.451; on Countdown the corresponding gain
is +0.0474. The oracle-embedding gap therefore measures how much is lost when semantic geometry must be
inferred rather than specified exactly. The symbolic section therefore provides an exact-label validation: exact
semantic labels reveal large strategy-coverage gains at saturated pass.
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Controlled Symbolic Tasks: Oracle vs Embedding Strategy Kernels
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Figure 16: Oracle-kernel versus embedding-kernel DCR in the symbolic study. This figure compares
the oracle and embedding kernels in a non-toy setting. Because symbolic strategy labels are exact, the oracle
kernel can directly target semantic diversity rather than an embedding approximation. The resulting coverage
gains are largest on Game of 24, where DCR (Oracle) increases coverage@8 from approximately 2.468 to 2.919
at unchanged pass@8 = 1.0.
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Figure 17: Symbolic coverage geometry. Because every method already attains pass@8 = 1, the meaningful
difference is how mass is distributed across correct strategies. The oracle variant reduces redundant within-
strategy concentration and increases coverage across distinct strategies. Blue bars denote within-strategy mass
and orange bars denote across-strategy mass.
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Figure 18: Within-lump versus across-lump slope comparison in the symbolic study. This panel
connects the symbolic empirical results back to the DCR log-ratio theory. In the oracle setting, within-lump
slopes are near zero while across-lump slopes remain positive, which is the expected pattern from Theorem C.8.
Blue bars denote within-lump slopes and orange bars denote across-lump slopes.

G.5 ReasoningTrap Robustness Diagnostic

ReasoningTrap (Jang et al., 2025) serves as a secondary robustness diagnostic rather than the main empiri-
cal focus. The pipeline evaluates the public ReasoningTrap release together with the Hugging Face datasets
ReasoningTrap/MATH500 and ReasoningTrap/AIME. In this setup, the modified variants are easier than the
originals and exhibit richer strategy headroom, which weakens the benchmark as a pure rigidity validator.

Table 7: ReasoningTrap rigidity-gap summary. All methods have the same negative rigidity _gap_pass@Q8,
which means the modified public variants are easier than the originals. The semantic coverage gap is also negative
for every method, so this release does not cleanly isolate the intended rigidity effect.

Method Rigidity gap in pass@8 Coverage Gap
DCR (Gated) -0.1905 -0.9249
DCR (Shuffled) -0.1905 -0.9073
DCR (Ungated) -0.1905 -0.9249
ENTROPY -0.1905 -0.9136
UTIiLiTy -0.1905 -0.9136

ReasoningTrap interpretation. In this appendix, ReasoningTrap functions as a secondary robustness diag-
nostic rather than as the core empirical test. The evaluation uses all 84 public-release pairs: 50 MATH500-derived
items and 34 AIME-derived items. The bootstrap comparison of DCR (Gated) against UTILITY on the cover-
age gap is only about —0.0113 and crosses zero, so these results do not isolate a DCR-specific failure or make
ReasoningTrap the main empirical evidence for rigidity.
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Figure 19: ReasoningTrap pass shift by variant. The modified variants are easier than the originals for
every method. The negative rigidity gap is driven primarily by a benchmark shift, not by a DCR-specific drop in
answer accuracy. Within each Original/Modified group, the five bars correspond to UTiLITY, ENTROPY, DCR
(Gated), DCR (Ungated), and DCR (Shuffled).

ReasoningTrap Public Release: Modified Variants Increase Solvability and Strategy Headroom
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Figure 20: ReasoningTrap headroom-shift diagnostic. The modified variants have both higher pass and
richer strategy structure than the originals. In this setup, the benchmark is informative but does not behave like
a clean rigidity-only stress test.
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G.6 Cross-Experiment Synthesis

Across the non-toy sections, the evidence is conditional on fixed candidate banks: it supports better redistribution
over discovered correct strategies, not new-strategy discovery outside the sampled support.

1. The toy suite validates the core DCR mechanism directly: global convergence and repulsion across correct
strategies both appear clearly.

2. The supporting synthetic diagnostics show that the same mechanism occupies a broad safe region rather
than a single tuned point.

3. The held-out MATH-500 study is the main real-task support: DCR improves semantic-strategy coverage by
roughly +0.051 at fixed pass@8 = 0.8912, and the real-math results do not support a meaningful advantage
of DCR (Gated) over DCR (Ungated).

4. The symbolic study provides a non-toy mechanism validation: exact strategy labels remove embedding
ambiguity and reveal the largest gains when correctness is already saturated.

5. The ReasoningTrap diagnostic is informative but mixed, so it is best viewed as a boundary case rather than

as the main empirical support for rigidity.

Across fixed candidate banks, the empirical results support improved redistribution across semantically distinct
correct strategies when raw correctness is already saturated.



	INTRODUCTION
	RELATED WORK
	DISTRIBUTIONAL CREATIVE REASONING
	The Landscape of Reasoning
	The DCR Objective
	The Diversity Energy Functional D[p]
	Learning Dynamics and Pairwise Ratios
	Parametric Realization and Scalability

	COLLAPSE UNDER SCALAR OBJECTIVES
	What Quantity Do We Track?
	Deterministic Diversity Decay
	Stochastic Effects: Fixation and Variance Depletion
	Synthesis: The Diversity Decay Theorem

	THE DIVERSITY ENERGY EFFECT ON THE EQUILIBRIUM STRUCTURE
	From Collapse to a Structured Interior Equilibrium
	Balancing Correctness and Redundancy at Equilibrium
	Repel Strategies, Not Paraphrases

	THE CREATIVITY KERNEL
	Why Entropy Alone Is Not Enough
	Practical Design of the Semantic Kernel
	Practical Tuning Rules

	EMPIRICAL VALIDATION
	CONCLUDING INSIGHTS
	THE DCR GRADIENT FLOW FRAMEWORK
	The trace simplex and the master DCR ODE
	The universal log-ratio identity
	Barrier dominance and forward invariance
	Global convergence of DCR training

	PROOF OF THE DIVERSITY-DECAY THEOREM
	STaR-style online rejection fine-tuning: winner-take-all fixation
	GRPO: exact Euclidean-logit mean field and deterministic within-class amplification
	DPO: reference-ratio regression under a one-sided exchangeable-pair surrogate
	Robustness to replay buffers, clipping, KL tethers, and two-sided pair data

	ESCAPING COLLAPSE VIA THE CREATIVITY KERNEL
	The equilibrium geometry: correctness versus redundancy
	From traces to concepts: rigorous coarse-graining
	Practical kernel design and sufficient tuning rules

	EXACT PARAMETRIC GEOMETRY OF THE LOGIT SPACE
	Single-block softmax geometry
	Exact Hessian suprema for one softmax block
	The smooth active regime and implementation clipping
	Trace-level moduli and the gauge convention
	Autoregressive composition and sequence-level smoothness
	From tabular sequence logits to neural-network weight space

	STOCHASTIC DYNAMICS OF POST-TRAINING ON THE SIMPLEX
	A moment-matched simplex diffusion surrogate
	Reflection on a trimmed simplex and local boundary repulsion
	Heterozygosity, fixation, and local fluctuations
	GRPO-style variance depletion and conditional stochastic freezing

	CONNECTING THEORY TO PRACTICE
	Why entropy control can look knife-edge
	Large-k degradation, distribution sharpening, and tail erosion
	Why post-hoc temperature is not a substitute for online diversity preservation
	Why entropy-shaped updates help, but do not solve semantic redundancy
	Why reward and entropy often track each other
	Design lessons for future algorithms

	EXPERIMENTAL RESULTS
	Shared Protocol and Reproducibility
	Synthetic Mechanism Studies
	Same-Support Real-Math Evaluation
	Controlled Symbolic Strategy Study
	ReasoningTrap Robustness Diagnostic
	Cross-Experiment Synthesis


