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ABSTRACT

The successful graph neural networks (GNNs) and particularly message passing
neural networks critically depend on the functions employed for message aggre-
gation and graph-level readout. Using signal propagation theory, we propose
a variance-preserving aggregation function, which maintains the expressivity of
GNNs while improving learning dynamics. Our results could pave the way to-
wards normalizer-free or self-normalizing GNNs.

1 INTRODUCTION

For many real-world prediction tasks, graphs naturally represent the input data. Graph neural net-
works (GNNSs) (Scarselli et al., 2009; Kipf & Welling, 2017; Defferrard et al., 2016; Velickovié
et al., 2018) are therefore of large interest as they are able to naturally process such data.

While the expressivity of GNNs has been investigated profoundly (Xu et al., 2019), signal propaga-
tion (Neal, 1995; Schoenholz et al., 2017; Klambauer et al., 2017) through GNNss is currently under-
explored. With simplistic assumptions, we motivate the use of a variance-preserving aggregation
function for GNNs (see Fig. 1), which maintains expressivity while improving signal propagation
and consequently learning dynamics (see Apps. A.1 and A.2 for further background details).
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Figure 1: Overview of main message aggregation functions and their properties.

2  GNNS WITH VARIANCE PRESERVATION

Graph neural networks (GNNs) exchange information, i.e., messages, between neighboring nodes
of a graph § = (V, ) with nodes v; € V and edges e;; € € through the application of a lo-
cal, permutation-invariant function to all neighborhoods. The core layers iteratively update node
embeddings h; € RP at node v; via three substeps 1.-3.:

Lomig =6 (hihy) or my=o(h;) 2 m& = @jenmy 3 b= (hi0(mf))

to a new embedding hj, where the aggregation @ ;cx(;) at node v; is across all neighboring nodes
N(i), i.e., those nodes v;, that are connected to node v; via an edge e;;. These nodes are renumbered
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according to Fig. 1 from 1 to N, with N := |N(7)|. Depending on the type of GNN, ¢, 1, and 6
can be realized as learnable functions, usually Multilayer Perceptrons (MLPs). E.g., for Graph
Convolutional Networks (GCNs) (Kipf & Welling, 2017) only 1 is learnable, for general Message
Passing Neural Networks (MPNNs) (Gilmer et al., 2017) ¢ and 1 are learnable, and for Graph
Isomorphism Networks (GINs) (Xu et al., 2019) all three are learnable.

Signal propagation theory allows to analyze the distribution of quantities through randomly ini-
tialized neural networks. From certain assumptions (for details see App. B.1) it follows that
m;; ~ pa(0,I). If my; are further assumed to be independent of each other', one obtains

mi™ ~ py (0, NI) for SUM aggregation (i.e., ® = Zfil), and m™ ~ pur(O0, %I) for MEAN
aggregation (i.e., ® = + Zilil) at initialization.

QOur key idea is to introduce a new aggregation function which preserves variance, i.e., m; ~
pa (0, I). This is possible with & = ﬁ Zil We denote this function as variance-preserving
aggregation (VPA) and show the preservation property by applying Lemma B1 element-wise.

Note that by using VPA as aggregation function, the variance of messages theoretically remains in
the same range throughout the message passing layers in contrast to SUM or MEAN. According to
signal propagation theory such behavior is advantageous for learning. We further note, that for a
message passing algorithm with VPA, the expressive power w.r.t. discriminating non-isomorphic
graphs does not decrease compared to using SUM (see Lemma B2 in App. B.3) and is stronger than
with MEAN.

3 EXPERIMENTS

We tested the effectiveness of our idea with established GNN architectures on the same graph classi-
fication benchmarks as Xu et al. (2019). To evaluate prediction performance, we combined the GIN
and the GCN architectures with each of the aggregation methods in Fig. 1 both for message aggre-
gation and graph-level read-out and report the test accurracies of a 10-fold cross-validation. Further,
we compared the original Simple Graph Convolution (SGC) (Wu et al., 2019) and Graph Attention
Networks (GAT) (Velickovi¢ et al., 2018) with modified versions incorporating a tailored variance-
preserving aggregation approach (see App. C.1 and App. B.4 for details). The results are shown
in Table 1. For more details on the compared architectures, validation strategy and hyperparameter
selection see App. C.1. For additional results concerning the training behavior, see App. C.3.

| IMDB-B  IMDB-M RDT-B RDT-M5K COLLAB  MUTAG  PROTEINS PTC NCIl | AvG p
GIN+suM 718 +£40 471+£43 855+£22 520+£3.0 709+15 87.2+49 733+31 541£71 8L7+£23| 693 2.0e-5
GIN+MEAN | 50.04+0.0 333+£0.0 500£0.1 20040.1 325+01 7614111 672429 587465 77.7+19 | 51.7 3.2e-15

GIN+MAX 500+£00 333+£00 497+£05 202+04 520£00 77.0+82 718+£3.6 59.0£9.7 805+28 | 548 3.9e-13
GIN+VPA 720+44 487+52 89.0+19 561+30 735+1.5 86.7+44 732+48 60.1+58 812421 | 71.2 -

GCN+suM 633+6.1 421+37 754432 373435 67.0+22 787+78 703+£22 613+78 802+2.0 | 640 9.9e9
GCN+MEAN | 500£0.0 333+£0.0 499+02 20.1+0.1 520400 724+63 743 +44 633+£65 758+£2.6| 546 33e-12
GCN+MAX 505400 333+00 500+£00 200+0.1 520+00 67.6+43 439473 587466 551+£26 | 478 lde-15
GCN+VPA 71.7+39 467+35 855+23 548+24 T737+£17 76.1+96 739+48 613£59 790+18 | 69.2 -

SGC 629+39 403+41 789+20 413+£35 680£22 735+98 731+£34 590£60 685+£22| 628 3.8e-12
SGC+vprA 704 +41 475+44 842+22 534427 T1.7+17 739462 754+42 631+80 764+28 | 684 -

GAT ‘ 51.0+44 374436 745+£38 33.1+19 562+06 77.7+11.5 754+£29 605+55 77.7+22 | 604 7.6e9

GAT+VPA 711+46 441+45 781+3.7 433+24 699132 81980 73.0+42 608+6.1 76.1£23 | 66.5

Table 1: Test accuracy on the TUDatasets with 10-fold cross-validation. Standard deviations are

indicated with . Column ”AVG” shows the average test accuracy across data sets and column ”’p
indicates p-values of paired one-sided Wilcoxon tests across all datasets.

4 DISCUSSION

Our results hint at a potentially powerful new aggregation function with equal expressivity as SUM
aggregation and improved learning dynamics (for further details see Apps. A.3 and A.4). However,
the results presented in this work are still limited to few datasets and architectures and require more
extensive experimental testing.

'Note that this assumption is too strong, since for a fixed 4, all m;; depend on each other because they are
all determined by the input h;
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APPENDIX

A SUPPLEMENTARY INFORMATION

A.1 EXTENDED ABSTRACT

Graph neural networks (GNNs), and especially message-passing neural networks are highly suc-
cessful architectures for many application areas, such as physics, drug discovery, and molecular
modeling. Message-passing neural networks generate messages for pairs of connected nodes and
subsequently aggregate those messages via message aggregation functions. While the analogous
aggregation step seems straightforward for vision-based convolutional neural networks (CNNs) due
to a fixed number of input neurons per layer, the aggregation step in GNNs might be more deli-
cate due to a variable number of neighbors per node. The type of aggregation function critically
determines the expressivity of the neural network with respect to its ability to discriminate non-
isomorphic graphs. While research has been focused on the expressivity of GNNs, there has been
little attention to applying signal propagation theory to these networks. Under basic assumptions,
signal propagation theory suggests a variance-preserving aggregation function that maintains ex-
pressivity, but yields improved forward and backward dynamics. Our experiments demonstrate that
variance preservation allows faster training of GNNs and further we even observed improved pre-
diction results on the respective test sets. Our results could pave the way towards normalizer-free or
self-normalizing GNNZs.

A.2 EXTENDED INTRODUCTION AND RELATED WORK

GNNs are useful for a variety of fields including molecule predictions (Duvenaud et al., 2015;
Kearnes et al., 2016; Gilmer et al., 2017; Mayr et al., 2018; Satorras et al., 2021), material sci-
ence (Reiser et al., 2022; Merchant et al., 2023), modelling physical interactions or improving
PDE solvers for physics predictions (Sanchez-Gonzalez et al., 2020; Brandstetter et al., 2022; Mayr
et al., 2023), weather prediction (Keisler, 2022; Lam et al., 2022), predictions about social networks
(Hamilton et al., 2017; Fan et al., 2019; Monti et al., 2019), gene regulatory networks in systems
biology (Eetemadi & Tagkopoulos, 2018; Wang et al., 2020), combinatorial optimization (Cappart
et al., 2023; Sanokowski et al., 2023), and knowledge graphs (Schlichtkrull et al., 2018; Li et al.,
2022) for reasoning.

Despite the huge successes of GNNs, there are some limitations. Morris et al. (2019) and Xu et al.
(2019) analysed the expressive power of GNNs and found that they are not more powerful than the
Weisfeiler-Leman graph isomorphism heuristic (1-WL test) (Leman & Weisfeiler, 1968) at distin-
guishing non-isomorphic graphs. Moreover, Xu et al. (2019) constructed a GNN (GIN architecture),
which should attain the same expressive power as the 1-WL test. An important conclusion in the
design of the GIN architecture was that SUM aggregation in the message aggregation step and the
graph-level aggregation step allows to attain WL-1 expressive power, while MEAN or MAX aggrega-
tion effectively limit the expressive power.

The message aggregation step and the graph-level readout step are the critical operations in GNNs
(Corso et al., 2020). Message passing on graphs involves the pair-wise exchange of messages, a
message aggregation mechanism, and subsequent updates on nodes. This process can be linked
to convolution operations (Wu et al., 2021; Kipf & Welling, 2017; Bronstein et al., 2021). How-
ever, unlike traditional convolutions, where the kernel size remains fixed, the message aggregation
in GNNs is contingent on the number of neighboring nodes and, consequently, the incoming mes-
sages (Wu et al., 2021). A parallel rationale applies to graph-level readout operations®, which can
be grouped into topology-based pooling, hierarchical pooling, and global pooling (Lee et al., 2019).
Advanced pooling mechanisms consider the graph as a distribution, from which nodes are sampled
(Chen et al., 2023). Especially for graph-level readouts, similar operations are used as for message

2For graph-level readouts the distributed neural representation across the graph needs to be fused to a com-
mon representation space. This operation is denoted as pooling in the context of GNNs. For CNNs pooling
often also refers also to the aggregation step itself. We will however be more strict in distinguishing aggre-
gation and pooling here and consider pooling to be caused by the stride parameter of CNNs. Especially, for
GNNs considered here, we are not interested in proposing a new pooling mechanism, but in suggesting a new
aggregation function.
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aggregation. Global pooling consolidates the graph information into a single hidden representation
before making final predictions.

There are plenty of works on conventional fully-connected neural networks (FCNN5), which study
signal propagation behavior (e.g., Schoenholz et al., 2017; Klambauer et al., 2017) throughout the
networks. Typically, for FCNNs or CNNss, there are either weight initialisation schemes (e.g., Glorot
& Bengio, 2010; He et al., 2015) or normalization layers (e.g., loffe & Szegedy, 2015; Ba et al.,
2016), which avoid that the weighted summed inputs lead to exploding activations throughout the
depth of the network. Exploding activations are a main obstacle in the efficient training of GNN's.

For GNNs and especially the GIN architecture with SUM message aggregation, signal propagation
behavior appears problematic as well. Conventional weight initialization schemes at the aggrega-
tion steps can not be applied in a straightforward manner, since the number of neighbors in an
aggregation step and the number of nodes in a graph are variable for each node. The fact, that zero
variance in messages might be a common case for graph classification also limits the applicability
of normalization layers.

Our aim in this work is to develop a general aggregation approach, which can be employed to
different GNN architectures and which preserves maximum expressiveness and at the same time
avoids exploding activations.

A.3 EXTENDED DISCUSSION

We compared VPA against other established aggregation methods on the same datasets as Xu et al.
(2019) from the TUDataset benchmark (Morris et al., 2020).

In general it needs to be considered that better prediction performance of expressively more pow-
erful GNNs will only be observed, when the underlying machine learning problem requires such a
level of expressiveness to be solved well. For benchmarks from real-world data it might however
not be known, whether expressively less powerful GNNs could also show competitive prediction
performance.

Furthermore, variance preservation seems to be an important property to avoid exploding or vanish-
ing activations. This is especially relevant for very deep networks. For the datasets used, all methods
could be trained without diverging due to exploding activations. One reason for this could be that
the GNNSs are quite shallow and therefore there are only few message passing steps. Nevertheless,
learning curves shown in Fig. C1 suggest that VPA has advantages over SUM aggregation in terms
of convergence speed.

On the social network datasets, VPA seems to perform particularly well compared to other methods
when no additional node features are introduced, forcing the GNNs to learn from the network struc-
ture instead (see experimental results in Table 1). However, including the node degree as a feature
improves the performance of less expressive GNNs (see Table C1). The advantage in prediction
performance of VPA over other methods is less pronounced in this setting.

A.4 LIMITATIONS

We suggest VPA as a general aggregation scheme. For some architectures, such as GING, it is
straightforward how to use VPA within the respective architecture. For other methods, however, its
application might not be obvious. For example, SGC inherently contains a normalization strategy
using node degrees and GAT makes use of attention weights during aggregation. In both cases,
signal propagation is affected. Taking this into account, we suggest variants of VPA for SGC and
GAT. Variance preservation for GAT+VPA is shown in Lemma 3, however, we did not formally
prove variance preservation for SGC+VPA.

It should further be considered, that distributional assumptions to formally show variance preserva-
tion for VPA might only hold at the time of initialization. However, as discussed in App. B.1 even
that time point is important. Furthermore, even under other assumptions on the distribution of the
messages, arguments about increase and decrease of variance would hold.
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B TECHNICAL DETAILS & FURTHER RESULTS

B.1 MLP SIGNAL PROPAGATION

In accordance with signal propagation literature (Schoenholz et al., 2017; Klambauer et al., 2017)
we are interested in signal propagation of randomly initialized neural networks, i.e., we assume
distributions on weights of these networks. Although it might also seem interesting to know about
signal propagation behavior at different time points during training, this is much more difficult to
study, since the distributions of weights might then also depend on the training data. An argumenta-
tion for studying signal propagation at initialization however would be, that learning might not work
at all (or start well), when signal propagation throughout the whole network does not even work
(well) at initialization.

In order to investigate the forward dynamics of a message-passing network at initialization time
with signal propagation theory, we take the following assumptions, assuming the case of ¢ taking
two arguments’. The initial representation of pairs of node representations hf; = (hy, h;) with

i # j follows a data distribution hf; ~ Ddata With some mean Epr. ), (hfj)-) = pppr and some
: Py _
covariance Covpr oy, (hij) = Chpr.

We further assume a deep and broad MLP ¢,,(.) with randomly sampled weights according to
LeCun’s initialization scheme (LeCun et al., 2012), w ~ par(0,1/H), where H is the fan-in of
each neuron, and with linear activation in the last layer. Since an MLP ¢ is a measurable function,
m;; = ¢uw(hi, h;) is also a random variable. Then central results from signal propagation theory
(Neal, 1995; Schoenholz et al., 2017; Lee et al., 2018; Hoedt & Klambauer, 2023) imply that the
distribution of m;; at initialization can be approximated by a standard normal distribution 1m;; ~
par(0, ) (Lee et al., 2018, Section 2.2) and even a fixed point at zero mean and unit variance can
be enforced (Klambauer et al., 2017; Lu et al., 2023). In practice, batch- (Ioffe & Szegedy, 2015)
or layer-norm (Ba et al., 2016) are often used in these MLPs to partly maintain these statistics, i.e.
zero mean and unit variance, also during learning. We are aware that this approximation only holds
at initialization and might be overly simplistic (Martens et al., 2021) (see Section 4). However, note
that we use this assumption only to make the point of variance preservation of the aggregation step.
Even under other assumptions on the distribution of m;; the arguments about increase and decrease
of variance would hold.

B.2 VARIANCE PRESERVATION

Lemma B1. Let z1,...,2n be independent copies of a centered random variable z with finite
. . N .
variance. Then the random variable y = Tlﬁ Y n_1 %n has the same mean and variance as z.

Proof. Because the variables z,, are centered, we have
- 1 &
Ely] =E lZznl = —— > Elz;] =0=E[2]. (B1)
Furthermore, we have

Varly] = E <1N Z zn> -E

1 N
T zn] = (B2)
N

A 2 1 N , N
=E |+ Zzn> = E S22 +Y " > 2z, = (B3)

= %NE[zi] = Var[z,| = Var[z], (B4)

3For the one-argument version of ¢ (where the message is computed only from the node representation h
of the neighboring node) the line of reasoning is almost analogous.
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where we have used the independence assumption E[z, z,,,] = E[z,]E[z,] = 0 and that the z,, are
centered, which means that E[22] = Var[z,].

O

B.3 EXPRESSIVITY

Lemma B2. Assume the multiset X is countable and the number of unique elements in X is bounded
by a number N. There exists a function f : X — R such that h(X) = ﬁ > wex f(x) is unique

Sor each multiset X C X of bounded size, where | X | denotes the cardinality of multiset X (sum of
multiplicities of all unique elements in the multiset).

Proof. Since the number of unique elements in & is bounded by N, there exists a bijective mapping
Z : X — {1,..., N} assigning a natural number to each 2 € X. Then an example of such a function
[ is a one-hot encoding function f(x) = ey(y), With ez(,) € RY being a standard basis vector,

0 for i# Z(x)

where component i of e (), i.e. ez(,)[i] is defined as e, [i] := {1 f = Z(x)
or i=2(x

We define h(X) to be:

h(X \/sz \/WZEZ(I)

rzeX rzeX

Summing up the components of i (X)) yields the square root of the cardinality of X, i.e. the embed-
dings contains information on the cardinality of X. Since we know, /| X | from the embedding, we
can just multiply the embedding h(X) with /| X| to obtain the original multiplicity of each element

2 in multiset X. Thus, the multiset X C X can be uniquely reconstructed from h(X ), implying that
h is injective.

O

We note, that for MEAN aggregation, i.e., B(X) = ﬁ > wex f(x), the multiset X cannot be re-
constructed from A(X), since in that case the components of (X ) sum up to 1 and therefore, do
not indicate the cardinality of X (e.g., h({0,1}) = (0.5,0.5) = h({0,0,1,1})). In contrast, for
h(X) = \/‘1)7' > zex f(x), the embeddings contain information on the cardinality of X', which is
lost for MEAN aggregation. Multiplication by |X | does not work for MEAN aggregation to recon-
struct the original multiset X, as no cardinality information is stored in the embedding h(X ). More

generally, no function f can be found such that fz(X ) is unique for each multiset X C X of bounded
size (see Corollary 8 in Xu et al. (2019)).

B.4 EXTENSION OF VARIANCE PRESERVATION TO ATTENTION

In the following, we show, how a variance-preserving aggregation strategy could be extended to
attention mechanisms. Although we do empirically investigate this strategy, we suggest that it can
be employed as part of graph attention networks and therefore consider it as future work.

We assume, that random variables z1, ..., zy are aggregated by an attention mechanism. The re-
spective computed attention weights are assumed to be given by cy,...,cy, where ¢; € Rf{ and
Zf-vzl ¢; = 1 holds. Further, we consider ¢; to be constants *.

In order to find a useful extension of VPA to attention, we first consider two extreme cases on the
distribution of attention weights:

1

* Case 1: All attention weights are equal. Then, in order to fulfill Zf\il ci=1lall¢ = 4.

“Note, that this might be an over-simplistic assumption, especially since/when keys and values are not
independent.
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 Case 2: Attention focuses on exactly one value, which might be w.l.o.g. j. Thenc; =1
andc; =0 Vi #j.

We note, that case 1 is the same as MEAN aggregation and case 2 is the same as MAX aggregation if
max(z1,...,2ny) = z;and z; < z; Vi # j. For both cases, GNNs have more limited expressivity
than with VPA or SUM aggregation.

A first extension, to increase expressivity for case 1, could therefore be, to change the attention
mechanism from y = 2% ¢; zitoy = VN Y, ¢; zi. Then case 1 is analogous to VPA:

N N
y=vVN Tl § = \;ﬁ Dim1 i

A more general extension of variance preservation to attention might be to compute a constant

C= Zf\’ , ¢ and use the following attention mechanism: y = C Zz 1 Ci %
Lemma B3. Let z1,...,2n be independent copies of a centered random variable z with finite
variance and let cq,...,cn be constants, where c; € R(J{ and Ziv=1 ¢; = 1. Then the random

. N . [N .
variable y = £ 3,1 ¢pzn with C = 1/ >_;, ¢? has the same mean and variance as z.

Proof. Because the variables z,, are centered, we have

E|ls Z Cnzn | = Z E[z,] = 0 = E[z]. (B5)
Furthermore, we have
(1 & ’ 1 & ’
Var[y] = E <C’ z:: cnzn> —E ol nz::l cnzn] = (B6)
2 1 N N N
=E (Z cnzn> = 5E Z cizfl + Z Z 20 CmZnzm | = B7)
n=1 n=1m=1,m#n

c?
ﬁ: = #(chﬂ [22] = Var[z,] = Var[z], (B8)

where we have used the independence assumption E[z,,2,,] = E[z,,|E[2,;] = 0 and that the z,, are
centered, which means that E[22] = Var[z,].

O

=11

\/N]\}Q \ﬁ Furthery = 7 Zi]\ilcizi = % Zz i nz=VN g Zz 1 %= \/%Zz]\il Zi
is obtained, which is the same as VPA.

Case 2,ie,c;j =1landc; =0 Vi # jgivesC =1, andy = % Zfil ¢; z; = z;. Cardinality
information is lost in this case. However, the attention mechanism might be learnable and therefore
not converge to this solution if limited expressivity leads to larger losses during optimization.

. . . 2
Note, that for case 1 (uniform attention weights), C' = Z]\L = Zfil (% ) =

10
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C EXPERIMENTAL DETAILS & FURTHER RESULTS

C.1 IMPLEMENTATION DETAILS

GNN architectures and aggregation functions compared. The models used in our experiments
were Graph Isomorphism Networks (GIN) (Xu et al., 2019), Graph Convolutional Network (GCN)
(Kipf & Welling, 2017), Graph Attention Networks (GAT) (Velickovi¢ et al., 2018) and Simple
Graph Convolution Networks (SGC) (Wu et al., 2019). To evaluate prediction performance, we
combined GIN and GCN architectures with each of the aggregation methods in Fig. 1 - sum aggre-
gation (SUM), mean aggregation (MEAN), max aggregation (MAX) and variance- preserving aggre-
gation (VPA) - both for message aggregation and graph-level readout. Note that we used the GCN
formulation as reported in Morris et al. (2019) to circumvent the inherent normalization in the GCN
architecture by Kipf & Welling (2017).

To incorporate the idea of variance preservation into the SGC architecture, we changed the update
of h from

N

1 a
hj=-——h; + i h;
todi+1 2 (di+1)(d; + 1)’

j=1
to

’r_ Qij

N
1
hj=——h;+) h;
Vi +1 YA+ +1)

(where a;; are entries of the adjacency matrix, d; and d; are node degrees, and, h; and h; denote the
hidden neural representation at some time step during message passing. For a variance-preserving
version of GAT, we suggest an extension as presented in App. B.4. More specifically, we employ
the normalization constant suggested in Lemma B3 and note, that in a practical implementation we
do not backpropagate errors through these constants during training.

Hyperparameters. We extended our framework upon implementations as provided by PyTorch
Geometric (Fey & Lenssen, 2019). Specifically, we used the following convolutional layers: GIN-
Conc (GIN), GraphConv (GCN), SGConv (SGC) and GATConv (GAT). We used 5 GNN layers for
GIN, GCN and GAT, respectively, and one layer with K = 5 hops for SGC. The dimension of the
messages was 64 for all architectures. An MLP with one hidden layer was used for classification
with a hidden dimension of 64 for GIN and 128 for all other models. We used a dropout-rate of 0.5
and the standard Adam optimizer with a learning rate of 0.001.

Benchmarking datasets and settings. We tested our methods on the same graph classification
benchmarks from the TUDataset collection as Xu et al. (2019), consisting of five social network
datasets (IMDB-BINARY, IMDB-MULTI, COLLAB, REDDIT-BINARY, and REDDIT-MULTI-
5K) and four bioinformatics datasets (MUTAG, PROTEINS, PTC and NCI1). Since the social
datasets do not contain any node features, we introduced node features in two different ways. In
the first variant the graphs are considered as given with all node features set to 1. In the other variant
the one-hot encoded node degree is used as an additional node feature. We report results for the first
variant in Table | and results for the second variant in Table C1. The bioinformatics datasets were
used with the provided node features. For more details on the used datasets, we refer to Morris et al.
(2020) and Xu et al. (2019).

Training, validation, and test splits. Our experiments were evaluated with 10-fold cross-
validation. In each iteration, we used 1/10 of the data as test set, /10 for validation and 8/10 for
training. The validation set was only used to adjust the number of training epochs, such that our test
accuracies were computed for the epoch with the highest validation accuracy. For other hyperpa-
rameters we made use of default settings in compared methods.

Code availability. The code used to produce our results is available at https://
github.com/ml-jku/GNN-VPA. Moreover, VPA has been integrated into the Py-
Torch Geometric framework as an aggregation function and will be released in version

11
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2.6.0 (https://pytorch—-geometric.readthedocs.io/en/latest/generated/
torch_geometric.nn.aggr.VariancePreservingAggregation.html).

C.2 EXTENDED RESULTS

Table C1 shows results for the social datasets from the benchmark datasets used by Xu et al. (2019)
with preprocessed graphs. Please refer to App. A.3 for a discussion about these results compared to
those in Table 1.

IMDB-B IMDB-M RDT-B RDT-M5K COLLAB

GIN+sum 725+45 508=+41 815+17 475+24 822+17
GIN+MEAN 738 +44 489+37 77.14+28 471+16 80.7+1.0
GIN+MAX 71.0£45 475+£49 7185+£22 427+21 T71.1x17
GIN+vPA 73.7+37 497436 820+20 474+19 822+1.7

GCN+suM 70.7£3.1 439+37 763+36 504+24 737+22
GCN+MEAN 719452 513+34 71.0+25 463+23 80.6=+1.0
GCN+MAX 629435 43.1+42 634+£50 306£26 748+1.6
GCN+VPA 73.6+55 505+27 80.6+34 479+23 813+15

SGC 729+39 50.6+35 81.0+24 49.0+19 81.3+18
SGC+VPA 72.6+37 494+36 815+23 478+28 805+1.1
GAT 739+34 502+40 783+£30 47.0+27 81.2+14

GAT+VPA 71.7+49 496+61 791+23 475+17 795+15

Table C1: Results on the social datasets of the benchmark setting by (Xu et al., 2019). In this variant
of the datasets, the number of neighbors of a node is encoded as a node feature. The compared
methods are again GIN and GCN with four different aggregation functions and SGC and GAT
with their tailor-made variance preservation modifications.
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C.3 LEARNING DYNAMICS

We investigated the learning dynamics of the compared methods based on the training loss curves
(see Figure C1). The learning curves show that GIN model training converges fast with MEAN,
MAX and VPA and slower with SUM aggregation, which we attribute to the exploding variance in the
forward pass.
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Figure C1: Learning Curves of the GIN architecture with different aggregation functions on the
TUDataset benchmarks used by Xu et al. (2019) and which were retrieved in the version as provided
by Morris et al. (2020). Note that the default hyperparameters are adjusted to the SUM aggregation
function. Nevertheless, the network training converges faster with variance-preserving aggregation
(VPA) compared to SUM aggregation. At the same time, VPA also maintains expressivity, whereas
MEAN and MAX aggregation decrease the expressivity of GNNs.
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