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Abstract

We consider realizable contextual bandits with general function approximation,
investigating how small reward variance can lead to better-than-minimax regret
bounds. Unlike in minimax regret bounds, we show that the eluder dimension
dev—a measure of the complexity of the function class—plays a crucial role in
variance-dependent bounds. We consider two types of adversary:

* Weak adversary: The adversary sets the reward variance before observing the
learner’s action. In this setting, we prove that a regret of Q2(y/min{A4, de, }A +
dey) is unavoidable when dg, < v AT, where A is the number of actions, 7" is
the total number of rounds, and A is the total variance over 7" rounds. For the
A < dg, regime, we derive a nearly matching upper bound O(\/ﬂ + deyy) for
the special case where the variance is revealed at the beginning of each round.

» Strong adversary: The adversary sets the reward variance after observing the
learner’s action. We show that a regret of (y/deiu A + de1y) is unavoidable when

v dew\ + dey < VAT 1In this setting, we provide an upper bound of order
O(delu\/K + delu)~

Furthermore, we examine the setting where the function class additionally provides
distributional information of the reward, as studied by Wang et al. (2024). We
demonstrate that the regret bound @(\/ dey A + de,) established in their work is
unimprovable when /deu A + depy < VAT. However, with a slightly different
definition of the total variance and with the assumption that the reward follows a
Gaussian distribution, one can achieve a regret of O(v/AA + dy,).

1 Introduction

We consider the contextual bandit problem that models repeated interactions between the learner and
the environment. In each round, the learner chooses an action based on the received context, and
observes the reward of the chosen action. Algorithms designed to achieve minimax regret guarantees
under a variety of statistical assumptions and computational models have been extensively studied
(Auer et al., 2002; Dudik et al., 2011; Agarwal et al., 2012, 2014; Foster and Rakhlin, 2020; Xu and
Zeevi, 2020; Simchi-Levi and Xu, 2022; Zhang, 2022).

However, these algorithms often fail to leverage the potentially benign nature of the environment.
In this work, we refine the regret bound by considering the variance of the reward. Such variance-
dependent regret bounds, also known as second-order regret bounds, have been primarily studied
under linear function approximation (Zhang et al., 2021; Kim et al., 2022; Zhao et al., 2023). Notably,
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Zhao et al. (2023) first established a near-optimal @(d\/K + d) regret bound for linear contextual
bandits, where d represents the feature dimension and A the sum of the reward variances.

For contextual bandits with general function approximation, the recent work by Wang et al. (2024)
obtained a second-order bound assuming access to a model class containing distributional information
about the reward. They showed a regret bound of O(+/de A log [M] + de log | M|), where | M|
is the size of the model class, and dejy = deiy (M) is its eluder dimension. As noted in Wang et al.
(2024), the dependence on dg, is undesirable, and when the number of actions A is much smaller
than d.y,, this bound can potentially be improved. This conjecture is supported by Foster and Rakhlin
(2020), who showed that the upper bound O(1/AT log [F| + Alog |F|) is achievable regardless of
the eluder dimension, where T' > A is the number of rounds, and |F| is the size of the function
class containing mean reward information. It is tempting to conjecture that the regret can smoothly
scale with A, resulting in a bound of O(1/AAlog | F| + Alog |F|). Such variance-dependent regret
bounds that replace the dependence on the number of rounds 7" by the total variance A have been
shown in multi-armed bandits (Audibert et al., 2009), linear bandits (Ito and Takemura, 2023), and
linear contextual bandits (Zhao et al., 2023).

In this paper, we show, surprisingly, that the aforementioned conjecture is not true in general.
Specifically, for any A and any de, < VAT, one can construct a problem instance with lower
bound Q(+/min{A, de }A + deiw) with log |F| = O(logT) and dejy(F) = dery- This rules out
the possibility of achieving O(y/AAlog | F| + Alog|F]|) for all A because we can always make
dew = VAT, resulting in a lower bound Q(v/AT) even with A = 0. Our primary goal is to design
algorithms that achieve the near-optimal regret bound O(+/min{A, det } A log | F| + ey log | F|).

The lower bound /min{ A4, dejy } A + dejy indicates that the complexity of contextual bandits arises
from two parts. The first part accounts for local estimation of the true function, where the complexity
is due to the variance of the reward and the local structure of the function set around the ground truth
function f* € F. This results in the term /min{ A, dg, } A, with the leading coefficient min{ A, d¢, }
corresponding to the decision-estimation coefficient (Foster et al., 2021). The second part accounts
for global search for the true function, in which the complexity is due to a more global structure of the
function set and can be quantified by the disagreement among the functions. The complexity of this
part scales with de),, even when A = 2. The contribution of the global part is usually overshadowed
by the local part when only considering regret bounds with constant variance. Our work highlights
its role by studying the variance-dependent bound. The fundamental role of disagreement is also
discussed in Foster et al. (2020) for gap-dependent bounds. Specifically, they also showed that when
trying to obtain the gap-dependent bound that has logarithmic dependence on T, the complexity must
scale with some disagreement measure over the function class, instead of just the number of actions.

The previous work by Wei et al. (2020) also derived a set of results for general contextual bandits
showing that the tight second-order regret bound is strictly larger than merely replacing the 7" in the
minimax bound by the second-order error. They consider the more general agnostic setting but the
tight regret bounds are only established for the | F| = 1 case. Their result for | F| > 1 can be applied
to our setting, though it only gives highly sub-optimal bounds. Overall, our work refines theirs in the
realizable setting.

When preparing our camera-ready version, the concurrent work of Pacchiano (2024), which studied
exactly the same problem as ours, was posted on arXiv. We provide a comparison with their work in
Section 3.4. More related works are discussed in Appendix A.

2 Preliminaries

A contextual bandit problem consists of a context space X', an action space A, the total number of
rounds 7" and a class of functions F C [0, 1]¥*“. At round ¢, the learner observes a context z; € X,
then makes a decision a; € A based on the current context x; and history, and observes a reward r;.
We assume that these rewards 7, are given by

re = f* (2, a1) + €, (1)
where f*: X x A — [0, 1] is some function unknown to the learner, and ¢; are independent zero-
mean random variables with variance o such that r; € [0,1]." We denote A = 37 o2. The learner

'"We assume bounded noise for simplicity. The extension to 1-sub-Gaussian noise is straightforward.



aims to optimize the total expected regret R, defined as

T

Ry = Z (I;leaj(f*(xt,a) - f*(sr:t,at)) .
t=1

We make the following realizability assumption:
Assumption 2.1 (Function Realizability). Assume that f* in Eq. (1) satisfies f* € F.
We finish this section with the definition of eluder dimension:

Definition 2.1 (Eluder Dimension (Russo and Van Roy, 2014)). For function class F defined on
space Z, we define the eluder dimension of F at scale a > 0, denoted by d,;,(F; &), as the length
of the longest sequence of tuples (z1, f1, f1), --s (Zm, fm, 1) € Z X F x F such that there exists
oo > o making the following hold for all i =1, .., m:

> (filz) = £(z)* < af, and | fi(z) — f{(z:)] > .

j<i
Throughout the paper; if « is not specified, we take the default value o = 1/12. We also omit the
dependence on F when it is clear from the context.

3 Results Overview

We describe our three settings in the following three subsections and summarize the results in Table 1.
In the following, F denotes the function class that only contains reward mean information, and M
the model class that contains reward distribution information.

3.1 Weak Adversary Case with Variance Revealing (Section 4)

First, we consider the case where the adversary is weak. This means that the variance o, only depends
on the history up to round ¢t — 1, which aligns with the standard “adaptive adversary” assumption.
For this case, we show that for any A and d, one can find an instance of contextual problem problem
with | F| < v/ AT, such that the regret is at least

QO (\ /min{ A, d, }A + min{de, \/ﬂ}) . 2)

For upper bounds in the weak adversary case, we focus on the regime A < dg, < VvV AT, where
the lower bound can be written as Q(\/ﬂ + alelu).2 While our ultimate goal is to obtain a nearly
matching upper bound O(y/AA log | F| + de log | F|), we have not achieved it yet in full generality.
In Section 4, we provide an algorithm which operates under the assumption that the variance o; is
revealed to the learner at the beginning of round ¢, and show that it achieves the matching upper
bound. An initial attempt to remove this assumption is discussed in Section 7, where we show that
when o; € {0, 1} for all ¢ and o is revealed to the learner at the end of round ¢, the matching upper
bound can also be achieved.

3.2 Strong Adversary Case (Section 5)

Next, we consider the case where the adversary is strong. This means the adversary can decide oy
after seeing the action a; chosen by the learner at round ¢. In this case, the lower bound becomes

Q (min {v/dewA + deru, VAT }) . 3)

The difference with Eq. (2) is that the scaling in front of A changes from min{A, dej,} to dey,. This
shows the even more crucial role of eluder dimension in the strong adversary case. For this setting,
we give an upper bound of O(deju+/Alog | F| + dewy log | F]), which is off from the lower bound by a

v/ d.py factor along with other logarithmic factors.

2A < daw < VAT is a more challenging and elusive regime, and we focus our study here. When
dew > VAT, we can use SquareCB (Foster and Rakhlin, 2020) to achieve the tight bound v/ AT'; when deiy < A,
we can use the algorithm in Section 5 to get dea VA + deiu, Which is tight up to a v/deu factor.



Table 1: Results overview. dy, refers to either dejy(F) or dey (M) depending on the settings. In
Section 4 and Section 5, A := 3"/_, 02, In Section 6, Ay, := Y1, max, ops+ (24, a)? and
Ao = ZtT:1 o+ (w4, a;)?, where M* € M is the underlying true model, and o/ (, a)? is the
reward variance for (x, a) predicted by model M.

Notice: For simplicity, this table only considers the case A < d,,, and all lower bounds should be
further taken a minimum with v/AT.

Upper bound (omitting log T factors) | Lower bound

Weak adversary v AANlog | F| + dew log | F| VAA + dey
+ revealing oy (Section 4) (Corollary 4.1) (Theorem 4.1)
StI‘OIlg adversary delu V A 1Og |]:| + delu IOg |}—| Vv deluA + delu
(Section 5) (Theorem 5.2) (Theorem 5.1)
Learning with model class AN log |IM| + depy log | M| VAAN + dep
(Section 6) for Gaussian noise (Theorem 6.1) (Theorem 6.2)
Learning with model class /e Ao log |[M] + dey log | M| VdewAo + deu
(Section 6) (Wang et al. (2024)) (Theorem 6.3)

3.3 Learning with a Model Class (Section 6)

In Section 6, we assume that the function class provides information on the distribution of the
reward rather than just the mean. Such a function class is usually called a model class. More
precisely, the learner is provided with a model class M that includes the true model M™* € M
so that M*(x, a) specifies reward distribution for the context-action pair (x,a). Compared to the
scenario studied in Section 4, here we do not require variance to be revealed to the learner. This
becomes possible because with a model class, the learner can now obtain variance information
(though not precise) through the context. Under the assumption that the noise is Gaussian, we
provide an O(y/AA log |[M| + deiy log | M|) upper bound where Ay = Y, max, o+ (24, a)?,
and a matching lower bound, where o (, a) is the reward variance for the context-action pair (z, a)
predicted by M € M.

The work of Wang et al. (2024) also studied second-order contextual bandits with a model class.
They use Ao = Y, o+ (4, at)?, i.e., the reward variance of the chosen actions, as the variance

measure. They obtain @(\/delqu log | M| + depy log | M]) upper bound. We show a nearly matching
lower bound Q(min{+/dejy Ao + dety, VAT}), similar to the lower bound for the strong adversary

case studied in Section 5. The lower bound indicates that, in general, the bound of Wang et al. (2024)
cannot be improved even when A < dy.

3.4 Comparison with Pacchiano (2024)

The work of Pacchiano (2024) also studied variance-dependent bounds for realizable contextual
bandits. They also consider two settings, which can be mapped to those in our Section 4 and Section 5,
respectively. For the weak adversary setting with revealed oy (Section 4), they give an upper bound
of O(y/deuA1og [ F| + deiy log | F|),> which is incomparable to our O(y/AA log | F| + de, log | F]).
However, a full picture of this setting can be obtained by combining their upper bound and our upper
bound and the lower bound in Eq. (2). For the strong adversary setting (Section 5), they derive exactly
the same upper bound as in our Theorem 5.2. Our work makes additional contribution in the lower
bounds and the extension to the distributional setting (Section 6).

4 Weak Adversary Case with Variance Revealing

In this section, we consider cases where the variance o7 at round ¢ is given to the learner at the
beginning of round ¢ together with the context ;.

3 Although Pacchiano (2024) presents this result by assuming oz = o for some known o, it is straightforward
to extend it to the case where o are different but revealed before each round, just like in our Section 4.3.



4.1 Lower Bound

The regret lower bound is shown with identical and known variance. The construction is similar to
those in Wei et al. (2020). Concretely, we have the following theorem.

Theorem 4.1 (Main lower bound). For any integer d, A > 2, any positive real number o € [0, 1],
and time T > 0, there exists a context space X and a contextual bandit problem F C (X x A — R)
with eluder dimension d.,(0) < d, action set A with |A| < A, and variance o1 < o forall t € [T

such that any algorithm will suffer a regret at least Q(y/o? min{ A, d}T + min{d, vV AT}).

Proof sketch. The full proof is deferred to Appendix C. The two parts in the lower bound came from
the following two different hardness: (1) The first part of the lower bound with (/02 min{A,d}T)
is a natural lower bound with variance ¢ due to estimation of the mean values. (2) For the second
part, we consider the following function class. In this function class, there is a “good” action that
serves as the default choice with a reward of 1/2 for all contexts. For each of the other A — 1 “bad”
actions, for each context, there is one function that obtains a reward of 1 but obtains O for all the other
contexts. When d < v/ AT, this function class forces the learner to guess for each context which
action to choose. So even if the reward is deterministic, i.e., variance ¢ = 0, any learner would have
to suffer a regret scaling with the number of contexts times the number of actions, which in total
coincide with the eluder dimension. When d > +/ AT, the learner can simply commit to the “good”
action and suffer v/ AT but no better than this. O
This lower bound is rather surprising for the following consequences: (1) The most significant
implication from this lower bound is that improving the minimax regret bound with the knowledge
of the variance is only possible if d < v/ AT. (2) Even when d < v AT, any learner would have to
pay for the eluder dimension as a lower-order term. These are non-trivial because the second-order
bounds are usually obtained from changing Hoeffding concentration to Bernstein concentration which
usually only scales the regret bounds by o. This lower bound shows that the second-order contextual
bandit is not one of the usual cases. In the next section, we will match this lower bound from the
upper bound side by combining several algorithmic techniques.

4.2 Upper Bound with Known and Fixed Variance

Motivated by the lower bound in Theorem 4.1, we wonder whether there is an algorithm which
can achieve a matching upper bound of O(y/02 min{A, d}T + min{d, v'AT}), if the learner is
provided with information of variance at the beginning of each round. In this subsection, we answer
this question affirmly. To begin with, we consider the case when all the variance are identical, i.e.
01 =09 =+ =07 = 0, and o is given to the learner. Later (Section 4.3), we will discuss how to
generalize this result to the case with nonidentical variances across different rounds.

We assume that r, = f*(x4,a;) + €; € [0,1] and Var(e;) < o forevery 1 <t < T. Our results can
be easily extended to subgaussian random noise (at the cost of a log 7" factor) since for such variables,
with probability at least 1 — ¢, |e;| < C'+/log(1/4) for a constant C'.

4.2.1 Algorithm and Analysis for Identical Variance

We first consider the case with identical variance, i.e. 07 = o2 for all t € [T]. We propose
Algorithm 1, and show that it has regret upper bound O(\/c2AT log |F| + de log|F|). The
algorithm is adapted from SquareCB of Foster and Rakhlin (2020), but additionally maintains a
confidence function set, and has mechanisms to learn faster when the functions in the confidence set
has larger disagreement. It has the following elements:

1. Restricting action set (Line 4) At the beginning of round ¢ (Line 4), the learner restricts the
action set to 4;, which only includes those actions that is the best action of some functions in the
function class F;. If we assume that f* is always in the function class F¢, by doing this we remove
the unnecessary possibility of choosing actions that can never be the best action.

2. Checking disagreement (Line 5-Line 7) The next step of the algorithm is to check whether
there is an action in A; such that two functions in the function class have large value differences
(Line 6). We called such actions “discriminative actions”. Roughly speaking, we are seeking an
action a € A; such that

af, f e F, |f(xs,a) — £z, 0)| 2 A = o?.



Algorithm 1 VarCB (Variance-aware Contextual Bandits)
Input: § € [0,1], 0 € [1/aT,1].

I Let I = log 22 and A = ﬁ and F, = F.
2: fort = 1,2.. d
3: Receive context Ty
4: Define A, = {a € A: 3f € F;, a € argmax, 4 f(zs,a)}
5: Define
/
gt(a) = sup |f(l't, ) f (xha)l , Va € A. )

hIer \/1 + ZT 1w7'( (xr,ar) = f(2r,a7))?

6: if max,c 4, g+(a) > A then
7: Choose action a; = argmax, ¢ 4, g:(a) and receive 7.
8: else

9: Call online regression oracle (Algorithm 4) with input (F, ;) and obtain f;.

10: Let by = argmax,¢ 4, [¢(%¢, a) (pick an arbitrary maximizer if there are multiple).

11: Draw a; ~ p; and receive r;, where
0 ifa e A\ A,

pi(a) = IAf,|+v(ft(wt,lbt)—ft(a:t,a)) ifae A\ {b:}, (inverse gap weighting)

1 7Za/¢apt(a/) ifa= bt.

12: Define w; = min {% P (al) ﬁ} and update the confidence set:

Fip1 = {f €F: wa (#r,ar) = frir(ar,a7))° < 102L}, )
R t
where ft+1 = arg minZwT(f(xT, CL-,—) - r‘r)g' (6)
§ A —

If such an action exists, then the learner chooses this action at round ¢. By selecting such an action
that can discriminate disagreed functions, the function set F; can more quickly shrink. To prevent
this action to incur overly large regret, it is important to perform Step 1 (Restricting action set). The
regret incurred in rounds choosing discriminative actions is of order O(de, log | ).

3. Inverse gap weighting (Line 8-Line 11) At round ¢, if there is no discriminative action, then the
learner performs inverse gap weighting as in the SquareCB algorithm (Foster and Rakhlin (2020)).
Inverse gap weighting requires the learner to have access to an online regression oracle that generates
online estimations f; and ensures that the estimation error Y, ( f¢(z+, at) — f* (x4, ar))? is small. In
the original SquareCB, the requirement for the online regression oracle is

T T

Rsq =Y (felw,ar) =m)* = > (f*(wr,a0) —10)* S log | Fl, (F&R’s condition)
t=1 t=1

which only allows for a /AT log | F| regret bound that does not meet our goal. To improve this, we
design an online regression oracle that ensures

Rsq = Z (filze,a0) —10)* — Z (f*(zt,a:) —14)? < (02 + A)log |F|, (our condition)

t€Tiaw t€Tiaw

where 7igw is the set of rounds that we run inverse gap weighting (i.e., entering the else case in
Line 8), and A is an upper bound for max,e 4, maxy, e 7, | f(x,a) — (x4, a)|, i.e., the maximum
disagreement among the function set F; for the context x;. Thanks to Step 2, we only run inverse
gap weighting when A < A =~ ¢2. Thus, with the refined Rsq guarantee and standard squareCB

arguments, we can get a regret bound of order o+/ AT log |F| for the rounds in Tigw.



The way to achieve “(our condition)” is an interesting part of our algorithm. A standard way to ensure
F&R’s condition is by aggregating over the function set through exponential weights. Exponential
weights ensures Rsq = O(log |F|/n) as long as the functions to be aggregated are 7-mixable. Thus,
in order to show Rsq = O(o ), we need to argue ) = €2(1/0?). However, because the
potential range of r; is [0, 1] even though the variance o2 and and the disagreement A are both much
smaller than 1, the best mixability coefficient 1 we can show for squared loss is still ©(1).

To address this, we resort to the use of the Prod algorithm (Cesa-Bianchi and Lugosi, 2006) with a
properly chosen surrogate loss to perform aggregation. This algorithm has a different second-order
approximation for the loss compared to the exponential weight algorithm, which is crucial in obtaining
the desired bound. The regret analysis is also no longer through mixability. Our online regression
oracle is provided in Algorithm 4 in Appendix D. We remark without giving details that in the linear
case, such a guarantee can also be obtained through Online Newton Step (Hazan et al., 2007).

4. Updating function set (Line 12) After finishing selecting the action a; for round ¢, the learner
updates the confidence function set F; to prepare for the next round. The construction of the
confidence set utilizes the idea of weighted regression that has been widely used in previous variance-
aware or corruption-robust contextual bandit or RL algorithms (He et al., 2022; Zhao et al., 2023;
Ye et al., 2023; Agarwal et al., 2023). This has the effect of controlling the relative importance of
different samples and is crucial in controlling the regret incurred in Step 2.

By putting these building blocks together, we arrive at Algorithm 1. The regret of Algorithm 1 is
described in Theorem 4.2, whose proof is deferred to Appendix D.
Theorem 4.2. Algorithm 1 ensures with probability at least 1 — 9,

T

Sz £~ (w1,0) — (@1, a)) = O (/o2 AT log (1F1/6) + dulog (1F1/3)) .

t=1

Comparison with AdaCB of Foster et al. (2020) Our VarCB (Algorithm 1) shares some sim-

ilarities with the AdaCB algorithm from Foster et al. (2020), which aims to achieve a O( dlgilf')
regret bound. Here, d is a disagreement coefficient of F, which takes the same role as our dy,, and
GAP represents the minimal reward gap between the best and second-best decisions. Specifically,
both algorithms include a step to remove irrelevant actions (our Step 1). The action selection rule of
AdaCB also depends on the amount of disagreement over the function class, which is superficially
related to the if-else separation in VarCB. However, we find that the case separations in the two
algorithms do not have a clear correspondence to each other, possibly due to the different objectives
of the two algorithms. Also, the two algorithms operate under quite different settings: AdaCB works
in the setting where the contexts are i.i.d., while VarCB allows for adversarial contexts. On the other
hand, AdaCB is parameter-free, but VarCB requires the information of o. Developing a more unified
version for these two better-than-minimax algorithms is an interesting future direction.

4.3 Algorithm and Analysis for Heteroscedastic Noise

Next, we will discuss how to generalize our algorithm to heteroscedastic case, i.e. when the noise of
different rounds are different. Based on the values of the variance, we classify each round into the

following (log(AT) + 1) sets: if oy € [0, —7), we classify ¢ into 7o, and for o € ( ZTl, jT] we
classify ¢ into T; for 2 < i < log(AT), i.e., if oy falls into the i-th intervals in the following,
Yo = [07 ﬁ]v Y= (ﬁv %]7 Yo = (AT7 A4T] Tty Elog(AT) = (1/27 ”’ 7N

we classify ¢ into 7;. For each set 7;, we maintain an algorithm .7 of Algorithm 1 in parallel. At the
beginning at round ¢, when observing that ¢ € 7;, only <7 is updated, while .7; remains the same for
j # i. According to Theorem 4.2, we have for any 0 < i < log 7,

S (max f*(ee,0) = *(w0,00)) = <\/A|T| (2) 1og|f|+demlogf|>

te[Ti]

we can bound the total regret by

log(AT) . R T
(\/A|T| A— log | F| 4 de log |.7:|) =0 AZO‘? log | F| + den log | F|

i=1



Algorithm 2 Algorithm for Heteroscedastic Noise
Input:
1: Initialize instances .«7; of VarCB (Algorithm 1) with o = % for 0 < i < log(AT).
2: fort =1:Tdo
3: Receive o; € [0, 1], and suppose that o; € %;, where ¥; is defined in Eq. (7).
Receive context x;, and inject z; into algorithm .¢7. to obtain action a;.
Play action a; and update algorithm .o7;.

AN

The formal algorithm for heteroscedastic cases is given in Algorithm 2, and we have the following
corollary on the second-order regret bound of Algorithm 2.

Corollary 4.1. The output a; of Algorithm 2 in rount ¢ satisfies that with probability at least 1 — 6,

T T
> (max f*(zy,0) = f*(wp,00) = O | ([AY 07 10g(1F1/0) + dery log(|F]/9)
t=1

i=1
The proof of Corollary 4.1 is given in Section E.

S5 Strong Adversary Case

In this section, we consider the case where the adversary decides the variance o; after seeing the
action a; chosen by the learner. We provide regret lower and upper bounds matching up to a factor of
v/ depy and other logarithmic factors. More importantly, the minimax regret bounds differ with the
weak adversary case (Section 4) as discussed in Section 3.2, demonstrating the even more crucial
role of eluder dimension in this case.

Regret lower bound In this strong adversary case, we first show that the adversary’s power is en-
hanced in terms of the achievable minimax regret bounds. Concretely, we have the following theorem.

Theorem 5.1. For any integer d, A, T > 2 and any positive real number A € [0,T), there exists
a context space X, a contextual bandit problem F C (X x A — R) with eluder dimension
detu(F,0) = d and action set A = [A] and an adversarial sequence of variances 0%, ..., 0% with

Zthl 02 < A such that any algorithm will suffer a regret at least Q(min{v/dA + d, v/ AT}).

The above theorem shows that the regret is at least Q(min{v/dA + d,/AT}) where d = de1,(F)
even with log |F| = O(log T'). Recall that the bound in the weak adversary case (Section 4) can
be written as Q(min{\/min{A4, d}A + d,v AT}). The power of the strong adversary is exactly the
higher complexity d in the A term compared to min{ A, d} in the weak adversary case. Now, we

proceed to provide a matching upper bound up to a factor of v/d.

Regret upper bound For the strong adversary case, we adopt an optimism-based approach. In
particular, we generalize the SAVE algorithm by Zhao et al. (2023), which achieves the tight
O(dv/A + d) bound for linear contextual bandits. We call the algorithm VarUCB and display it in
Algorithm 5 of Appendix F. The algorithm combines the idea of weighted regression and multi-layer
structure of SupLinUCB (Chu et al. (2011)) and refined variance-aware confidence set. Since this
algorithm is a rather direct extension of Zhao et al. (2023)’s algorithm from the linear case to the
non-linear case, we omit the detailed discussion on it and refer the readers to Zhao et al. (2023).
Notice that for this algorithm, we do not need o; to be revealed to the learner as in Section 4. In fact,
we do not even need to know A. We have the following theorem for its regret guarantee.

Theorem 5.2. When facing the strong adversary, Algorithm 5 guarantees a regret bound of
(dewr/ A log | F| + de log | F|) with probability at least 1 — §, where O(-) hides log(T'/6) factors.

The proof is provided in Appendix F. Notice that when specializing Theorem 5.2 to the linear
setting, the bound becomes O (V' d3A + d?) since log | F| = ©(d), which does not recover the bound
of Zhao et al. (2023). Indeed, our analysis deviates from that of Zhao et al. (2023) due to the
generality of non-linear function approximation. It is an interesting future direction to see whether
our bound can be improved. We mention in passing that the work by Wang et al. (2024) obtained



Algorithm 3 DistVarCB (Distributional Variance-aware Contextual Bandits)
I: Let My = M, My = 13 2o pse pq M and L = ©(log(|M[T/5)).
2: fort=1,...,T do
3: Receive context x;.
4 if3IM, M’ € M; and a € A such that D4 (M (z¢,a), M'(x4,a)) > 1/2 then
5 Let I; = 1 and pull a; = argmax, maxas ap-em, Di(M (2, a), M'(z¢, a)).

6: else
7: Let I; = 2 and pull a; ~ p; where

(fM(xta a) — fMt (xtv (1))2

= argmin max E,.,|max z,a) — Ty, a) —
Dt pegA(A) MeM, a~p o fM( ts ) fM( ts ) Y 0'12\/[t(.’1/'t,a)

8: Receive r;.
Let Mt+1 =M;N {M : Zi:l DI2—I(M($S) as)7 Ms(xsvas)) < L}

(MM
ZMEMt«Fl 4q ( ) Where qt(M) X Hi:l M(rs|xs; as)'

10 Let My = Sarcaty,, 40D

V/dAlog | M|+dlog | M| upper bound where d = dej, (M ). However, the algorithm relies on having
access to a model class. We study such a setting in our next section.

6 Learning with a Model Class

Distributional setup In this section, we consider the case where the learner is given a model class
M C ((X x A) = A(R)) where each model M € M maps any context-action pair to a gaussian
distribution, i.e., for any z,a € X x A,

M(Jj, a) = N(fM(x7a)’ UM('Tv CL)),

where fis(x,a) and ops(x, a) are the mean and variance of the distribution M (z, a). We assume
that all the expected rewards and variances are bounded by [0, 1]. Recall, at round ¢, the reward
is given by 7, = f*(x¢,a:) + €. We further assume throughout this section that €, is Gaussian
with variance o* (x4, a;) (since Gaussian is unbounded, we drop the assumption 7; € [0,1] that
we made in Section 2). Thus, the distribution of r; follows a true model M* where M*(z,a) =

N(f*(z,a),0%(x,a)).
Assumption 6.1 (Model Realizability). Assume M* € M.
For this setup, it is useful to consider the Hellinger counterpart of the eluder dimension.

Definition 6.1 (Hellinger Eluder Dimension). For the model class M defined on the space Z (that is
M C (Z — A(R)), we define the Hellinger eluder dimension of M at scale o > 0 as d} («) be the

length of the longest sequence of tuples (z1, My, M7), ..., (zm, My, M) and g > o such that for
alli = 1,..,m, functions M;, M € M,

Y DE(Mi(z), Mi(2;)) < af, and  Dg(My(=:), M{(z1)) > af.

j<i

Algorithm Similar to Algorithm 1, we present Algorithm 3 tailored for the distributional case. At
each round ¢, upon receiving the context x, the algorithm first checks if there exists an action a
such that two models within the localized model class M; exhibit a significant divergence on the
context-action pair x;, a measured by the squared Hellinger distance (Line 4). If such a difference is
detected, the learner selects the action associated with the greatest divergence (Line 5). Conversely,
if no action causes substantial divergence between models, the learner runs a variant of SquareCB
(Foster and Rakhlin, 2020), employing adaptive variances to ensure low regret (Line 7). The major
differences between Algorithm 1 and Algorithm 3 is that the latter measures the “disagreement” in
terms of the squared Hellinger distance.



Regret upper bound We obtain the following distributional version regret bound for Algorithm 3.

Theorem 6.1. For d = d"

o (Y/VT), the output a, of Algorithm 3 satisfies with probability at least
1-94,

Ry = @(JA S, O () - log(M1/6) + dlog<|M|/5>),

where 03,. (2;) = max,e 4 03, (T4, a).
A similar upper bound for a more general distributional case is obtained by Wang et al. (2024) in the

form of O(\/d Zthl 0%, (¢, ar) - log | M| + dlog | M]). In the leading term, our bound replaced
the dependence of d by the number of actions A which is significantly smaller than A in many cases
of interest (e.g. linear, generalized linear). However, as a tradeoff, our bound also suffers a larger
cumulative variance term. This tradeoff is necessary as we show in the following lower bound results
that both our upper bound and their upper bound are optimal, i.e., matching lower bounds exist. Thus
our result is at one end of the Pareto frontier.

Regret lower bounds We present the matching lower bound for our result as follows, which is
essentially a rewrite of Theorem 4.1.

Theorem 6.2. For any integer d, A, T > 2, any positive real number o € [0, 1], there exists a context
space X and a contextual bandit gaussian model class M C (X x A — A(R)) with Hellinger eluder
dimension d", (0) < d, action set A = [A], and variances op;(v,a) < o forall M € M, x,a €

elu

X X A such that any algorithm will suffer a regret at least Q(y/0? min{ A, d}T + min{d, v AT}).
Now we present the matching lower bound for the upper bound from Wang et al. (2024).

Theorem 6.3. For any integer d, A, T > 2 and any positive real number A € [0,T)], there exists a
context space X, a contextual bandit gaussian model class M C (X x A — A(R)) with Hellinger
eluder dimension d" (0) < d and action set A = [A] and the variances Zthl one (g, a0)? < A
such that any algorithm will suffer a regret at least Q(min{v/dA + d,/ATY).

The lower bound obtained by Theorem 6.3 is an adaptation from Theorem 5.1 that crucially relies on
the fact that the adversary can choose the variance according to the action a.

7 Open Questions

Removing the revealing o, assumption in the weak adversary setting The assumption we made
in Section 4 that the variance is revealed at the beginning of each round is rather restrictive, and
ideally we would like to remove such an assumption. As a first step, we wonder whether the same
regret bound O(\/ﬂ + deyy) is achievable if the variance oy is revealed at the end of round t. We
answer this question affirmatively for the special case where oy € {0, 1}. More details can be found
in Appendix H. How to extend this result to general values of o; is an interesting open question.
Handling the case where oy is never revealed is even more challenging but is the ultimate goal.

Removing the Gaussian noise assumption in the distributional setting Our Theorem 6.1 heavily
relies on the assumption that the noise is Gaussian. We wonder whether such assumption can be
relaxed or completely lifted. For example, can we obtain the same bound if the noise at round ¢ is
just opr+ (24, at)-sub-Gaussian? What if it is just a bounded noise with variance 03, (¢, at)?

Acknowledgement

We thank Dylan Foster for helpful discussions. We acknowledge support from ARO through award
WO11NF-21-1-0328, from the DOE through award DE-SC0022199, and from NSF through award
DMS-2031883.

References

Alekh Agarwal, Miroslav Dudik, Satyen Kale, John Langford, and Robert Schapire. Contextual
bandit learning with predictable rewards. In Artificial Intelligence and Statistics, pages 19-26.
PMLR, 2012.

10



Alekh Agarwal, Daniel Hsu, Satyen Kale, John Langford, Lihong Li, and Robert Schapire. Taming
the monster: A fast and simple algorithm for contextual bandits. In International Conference on
Machine Learning, pages 1638—1646, 2014.

Alekh Agarwal, Yujia Jin, and Tong Zhang. Vo ¢ 1: Towards optimal regret in model-free rl with
nonlinear function approximation. In The Thirty Sixth Annual Conference on Learning Theory,
pages 987-1063. PMLR, 2023.

Zeyuan Allen-Zhu, Sébastien Bubeck, and Yuanzhi Li. Make the minority great again: First-order
regret bound for contextual bandits. In International Conference on Machine Learning, pages
186-194. PMLR, 2018.

Jean-Yves Audibert, Rémi Munos, and Csaba Szepesvari. Exploration—exploitation tradeoff using
variance estimates in multi-armed bandits. Theoretical Computer Science, 410(19):1876-1902,
2009.

Peter Auer, Nicolo Cesa-Bianchi, Yoav Freund, and Robert E Schapire. The nonstochastic multiarmed
bandit problem. SIAM journal on computing, 32(1):48-77, 2002.

Nicolo Cesa-Bianchi and Gabor Lugosi. Prediction, learning, and games. Cambridge university
press, 2006.

Nicolo Cesa-Bianchi, Yishay Mansour, and Gilles Stoltz. Improved second-order bounds for predic-
tion with expert advice. Machine Learning, 66:321-352, 2007.

Wei Chu, Lihong Li, Lev Reyzin, and Robert Schapire. Contextual bandits with linear payoff
functions. In Proceedings of the Fourteenth International Conference on Artificial Intelligence and
Statistics, pages 208-214. JIMLR Workshop and Conference Proceedings, 2011.

Yan Dai, Ruosong Wang, and Simon Shaolei Du. Variance-aware sparse linear bandits. In The
Eleventh International Conference on Learning Representations, 2023.

Chris Dann, Chen-Yu Wei, and Julian Zimmert. A blackbox approach to best of both worlds in
bandits and beyond. In The Thirty Sixth Annual Conference on Learning Theory, pages 5503-5570.
PMLR, 2023.

Qiwei Di, Tao Jin, Yue Wu, Heyang Zhao, Farzad Farnoud, and Quanquan Gu. Variance-aware regret
bounds for stochastic contextual dueling bandits. In The Twelfth International Conference on
Learning Representations, 2024.

Miroslav Dudik, Daniel Hsu, Satyen Kale, Nikos Karampatziakis, John Langford, Lev Reyzin, and
Tong Zhang. Efficient optimal learning for contextual bandits. In Proceedings of the Twenty-Seventh
Conference on Uncertainty in Artificial Intelligence, pages 169-178, 2011.

Dylan Foster and Alexander Rakhlin. Beyond ucb: Optimal and efficient contextual bandits with
regression oracles. In International Conference on Machine Learning, pages 3199-3210. PMLR,
2020.

Dylan J Foster and Akshay Krishnamurthy. Efficient first-order contextual bandits: Prediction,
allocation, and triangular discrimination. Advances in Neural Information Processing Systems, 34:
18907-18919, 2021.

Dylan J Foster, Alexander Rakhlin, David Simchi-Levi, and Yunzong Xu. Instance-dependent
complexity of contextual bandits and reinforcement learning: A disagreement-based perspective.
arXiv preprint arXiv:2010.03104, 2020.

Dylan J Foster, Sham M Kakade, Jian Qian, and Alexander Rakhlin. The statistical complexity of
interactive decision making. arXiv preprint arXiv:2112.13487, 2021.

Dylan J Foster, Yanjun Han, Jian Qian, and Alexander Rakhlin. Online estimation via offline
estimation: An information-theoretic framework. Advances in Neural Information Processing
Systems, 2024.

David A Freedman. On tail probabilities for martingales. the Annals of Probability, pages 100-118,
1975.

11



Elad Hazan and Satyen Kale. Better algorithms for benign bandits. Journal of Machine Learning
Research, 12(4), 2011.

Elad Hazan, Amit Agarwal, and Satyen Kale. Logarithmic regret algorithms for online convex
optimization. Machine Learning, 69(2):169-192, 2007.

Jiafan He, Dongruo Zhou, Tong Zhang, and Quanquan Gu. Nearly optimal algorithms for linear
contextual bandits with adversarial corruptions. Advances in neural information processing systems,

35:34614-34625, 2022.

Shinji Ito. Parameter-free multi-armed bandit algorithms with hybrid data-dependent regret bounds.
In Conference on Learning Theory, pages 2552-2583. PMLR, 2021.

Shinji Ito and Kei Takemura. Best-of-three-worlds linear bandit algorithm with variance-adaptive
regret bounds. In The Thirty Sixth Annual Conference on Learning Theory, pages 2653-2677.
PMLR, 2023.

Yeoneung Kim, Insoon Yang, and Kwang-Sung Jun. Improved regret analysis for variance-adaptive
linear bandits and horizon-free linear mixture mdps. Advances in Neural Information Processing
Systems, 35:1060-1072, 2022.

Tor Lattimore and Csaba Szepesvari. Bandit algorithms. Cambridge University Press, 2020.

Aldo Pacchiano. Second order bounds for contextual bandits with function approximation. arXiv
preprint arXiv:2409.16197, 2024.

Sasha Rakhlin and Karthik Sridharan. Optimization, learning, and games with predictable sequences.
Advances in Neural Information Processing Systems, 26, 2013.

Daniel Russo and Benjamin Van Roy. Learning to optimize via posterior sampling. Mathematics of
Operations Research, 39(4):1221-1243, 2014.

David Simchi-Levi and Yunzong Xu. Bypassing the monster: A faster and simpler optimal algorithm
for contextual bandits under realizability. Mathematics of Operations Research, 47(3):1904-1931,
2022.

Mohammad Sadegh Talebi and Odalric-Ambrym Maillard. Variance-aware regret bounds for undis-
counted reinforcement learning in mdps. In Algorithmic Learning Theory, pages 770-805. PMLR,
2018.

Vladimir G Vovk. A game of prediction with expert advice. In Proceedings of the eighth annual
conference on Computational learning theory, pages 51-60, 1995.

Kaiwen Wang, Kevin Zhou, Runzhe Wu, Nathan Kallus, and Wen Sun. The benefits of being
distributional: Small-loss bounds for reinforcement learning. Advances in Neural Information
Processing Systems, 36, 2023.

Kaiwen Wang, Owen Oertell, Alekh Agarwal, Nathan Kallus, and Wen Sun. More benefits of being
distributional: Second-order bounds for reinforcement learning. In International Conference on
Machine Learning, 2024.

Chen-Yu Wei and Haipeng Luo. More adaptive algorithms for adversarial bandits. In Conference On
Learning Theory, pages 1263—1291. PMLR, 2018.

Chen-Yu Wei, Haipeng Luo, and Alekh Agarwal. Taking a hint: How to leverage loss predictors in
contextual bandits? In Conference on Learning Theory, pages 3583-3634. PMLR, 2020.

Yunbei Xu and Assaf Zeevi. Upper counterfactual confidence bounds: a new optimism principle for
contextual bandits. arXiv preprint arXiv:2007.07876, 2020.

Chenlu Ye, Wei Xiong, Quanquan Gu, and Tong Zhang. Corruption-robust algorithms with uncertainty

weighting for nonlinear contextual bandits and markov decision processes. In International
Conference on Machine Learning, pages 39834-39863. PMLR, 2023.

12



Andrea Zanette and Emma Brunskill. Tighter problem-dependent regret bounds in reinforcement
learning without domain knowledge using value function bounds. In International Conference on
Machine Learning, pages 7304—-7312. PMLR, 2019.

Tong Zhang. Feel-good thompson sampling for contextual bandits and reinforcement learning. SIAM
Journal on Mathematics of Data Science, 4(2):834-857, 2022.

Zihan Zhang, Jiaqi Yang, Xiangyang Ji, and Simon S Du. Improved variance-aware confidence sets
for linear bandits and linear mixture mdp. Advances in Neural Information Processing Systems,
34:4342-4355, 2021.

Zihan Zhang, Jason D Lee, Yuxin Chen, and Simon S Du. Horizon-free regret for linear markov
decision processes. International Conference on Learning Representations, 2024.

Heyang Zhao, Jiafan He, Dongruo Zhou, Tong Zhang, and Quanquan Gu. Variance-dependent regret
bounds for linear bandits and reinforcement learning: Adaptivity and computational efficiency. In
The Thirty Sixth Annual Conference on Learning Theory, pages 4977-5020. PMLR, 2023.

Runlong Zhou, Ruosong Wang, and Simon Shaolei Du. Horizon-free and variance-dependent
reinforcement learning for latent markov decision processes. In International Conference on
Machine Learning, pages 42698-42723. PMLR, 2023.

Julian Zimmert and Tor Lattimore. Return of the bias: Almost minimax optimal high probability
bounds for adversarial linear bandits. In Conference on Learning Theory, pages 3285-3312. PMLR,
2022.

13



Appendices

A

Related Work
Technical Tools
Omitted Proofs in Section 4.1

Omitted Proofs in Section 4.2
D.1 Analysis of the Online Regression Oracle . . . .. ... ... ... ........
D.2 Proof of Theorem 4.2 . . . . . . . . . . . . . e

Omitted Proofs in Section 4.3

Algorithm for the Strong Adversary Case and Omitted Proofs in Section 5
F1 UpperBound . . ... . ... .. ..
F2 LowerBound . ... ... .. .. . . . . . ...

Omitted Proofs in Section 6

Upper Bound with Zero-One Variance (Section 7)

14

15

15

16

19
19
22

29

31
31
36

38

43



A Related Work

In this section, we review the literature in bandits/RL that obtains second-order regret bounds or other
data-/instance-dependent regret bounds.

Tabular/linear bandits and MDPs Second-order regret bounds for bandits have been extensively
studied in non-contextual (fixed action set) settings, such as stochastic multi-armed bandits (Audibert
et al., 2009), adversarial multi-armed bandits (Wei and Luo, 2018; Ito, 2021), and adversarial linear
bandits (Hazan and Kale, 2011; Ito and Takemura, 2023). Key techniques in this line of work
include replacing Hoeffding-style concentration bounds with Bernstein-style ones in value estimation,
and using optimistic mirror descent (Rakhlin and Sridharan, 2013) to achieve variance reduction.
Extending beyond non-contextual settings, a series of recent works (Zhang et al., 2021; Kim et al.,
2022; Zhao et al., 2023) have focused on obtaining tight variance-dependent bounds for linear
contextual bandits. The techniques developed for variance-dependent regret bounds in bandits have
been extended to MDPs, leading to either variance-dependent or horizon-free bounds (Talebi and
Maillard, 2018; Zanette and Brunskill, 2019; Zhang et al., 2021; Kim et al., 2022; Zhao et al., 2023;
Zhou et al., 2023; Zhang et al., 2024). Additionally, other settings such as dueling bandits (Di et al.,
2024) and sparse linear bandits (Dai et al., 2023) have been explored.

General contextual bandits For contextual bandits with general policy or function classes, second-
order bounds have been explored in both agnostic settings (Wei et al., 2020) and realizable settings
(Wang et al., 2024). Wei et al. (2020) focused on the case where the number of actions is small.
They demonstrated that, unlike in multi-armed or linear bandits, the tight second-order bound for
general contextual bandits is more complex than simply replacing the zeroth-order term 7" in the
minimax bound with the second-order measure, which aligns with our findings. For instance, even if
the second-order error £ is O(1), they showed that the regret could still grow with Q(7"/*). On the
other hand, Wang et al. (2024) focused on the case where the model class that provides distributional
information for the reward has small eluder dimension. In contrast to the small action regime, their
bounds smoothly scale with the second-order measure.

Other instance-dependent bounds in general contextual bandits Beyond second-order bounds,
other works have focused on other data-dependent or instance-dependent bounds. For example,
Allen-Zhu et al. (2018), Foster and Krishnamurthy (2021), and Wang et al. (2023) studied first-order
(small-loss) bounds for general contextual bandits and MDPs, in which the goal is to make the regret
scale with v/L*, where L* is the cumulative loss of the best policy. These bounds are generally
achievable with specialized algorithms. For general contextual bandits, gap-dependent bounds that
exhibit logarithmic dependence on 7" have been derived by Foster et al. (2020) and Dann et al. (2023)
for realizable and agnostic settings, respectively. Notably, the algorithm of Foster et al. (2020) has
some similarity with our main algorithm, which we discuss further in the main text.

B Technical Tools
LemmaB.1. Forany0 <o <1/2and0 < e < 0/2, define

po_ 20, with proba. 1/2, + _ |20, with proba. szf, P _ 20, with proba. ”2;5,
70, with proba. 1/2, 7¢ )0, with proba. %<, 7€ )0, with proba. %tE.

Denote by h,, h _, h; . the means of the three distributions respectively. We have

o,er 'Voe
— + - _
he =0, hy.=0+¢€ and h, =o—e

LetV,, VT V. be the variance of the three distributions respectively. We have

o€

Vo, Vi Vi < 0.
Furthermore,
Dxi (P, || Pye) < ii;'
Proof.
Dia (Pr | B) = T tow Tt 75 Crow T
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|

O
Lemma B.2. For any two gaussian distributions N (1, 01) and N (uz, 02), if | log o1 — log 02| > 3,
then

1
DI%I(N(M17O'1)7N(M2;O—2)) 2 5

3

Proof of Lemma B.2. Without loss of generality, assume o7 > e”0s > 802. The Hellinger

divergence between two gaussian distributions writes

D%{(N(/Jhdﬂ,./\/‘(uz,dg)) =1-

20109 exp(— (1 — ,u2)2)

o} + a3 4(of + 03)

20’10’2

>1—
0%—1—0%

217 201/02 Z}
(01/02)2+1 2

Lemma B.3 (Lemma 4.2 of Wang et al. (2024)). For any distribution P and Q on any space X such
that D% (P, Q) < % we have for any function h : X — R,

O

|Ep[h] — Eq[h]] < 2+/(Varp(h) + Varg(h)) D3(P, Q).

Lemma B.4 (Lemma A.11 of Foster et al. (2021)). For any distribution P and Q on any space X,
we have for any function h : X — [0, R),

|Ep[h] — Eqlh]| < \/2R(Ep(h) + Eq(h)) D¥(P, Q).

In particular,
Ez[h] < 3Eq[h] + 4RD (P, Q).
Lemma B.5 (Strengthened Freedman’s inequality (Theorem 9 of Zimmert and Lattimore (2022))).

Let X1, Xo, ..., X1 be a martingale difference sequence with a filtration %, C o C - - - such that
E[X.| %] = 0 and E[| Xy| | Z:] < oo almost surely. Then with probability at least 1 — §,

T
ZXt < 3\/VT log (2maX{U(;T,vVT}) 49Uz log <2maX{U6Ta\/VT}> ,
t=1

where Vi = ZZ;I E[X? | #] and Up = max{1, max,c] | X:|}.

C Onmitted Proofs in Section 4.1

Lemma C.1 (Theorem 15.2 of Lattimore and Szepesvari (2020)). For any integer A > 2, any
positive real number o € [0,1], and time T > 0, there exists a context space X and a contextual
bandit problem F C (X x A — R) with action set A = [A), do(F;0) = A, and variances oy < o

Sor all t € [T such that any algorithm will suffer a regret at least Q(v o2 AT).
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Proof of Lemma C.1. Without loss of generality assume o < 1/2. Fix the algorithm. The first
lower bound construction follows the standard MAB lower bound. Let the context space X = () and
the function class

F={fi()=(c+e)l(-=i)+0ol(-=1)|i€{2,3,...,A}}U{fi(-) =(c —e)1(- =i)+ ol(- = 1)},
where the gap € will be specified later with the constraint ¢ < 20. Let P,, P\, and P be defined as

in Lemma B.1. For any function f € F, suppose the environment is such that if f@i) =o0,04+€0—¢,
then the reward distribution is P,, P; P, . respectively. Any environment and algorithm give

rise to the distribution of history. Lgfe]P’i denote the distribution generated by the environment
following f; € F together with the algorithm and expectations under P; will be denoted by E;. Let

Nr(a) = 23:1 1(a: = a) where a; is the action taken at time step ¢ for t € [T]. Let

i* = argmin E4 [N7(j)].
j>1

Since Zle Nrp(i) =T, it holds that E; [N (i*)] < T'/(A — 1). For the two environments induced
by f1 and f;«, we have

T T
Ey[Rr] > Py (Nr(1) < T/2) - 75 and Ep[Ry] > Py (Np(1) > T/2) - ?5
Then, by Bretagnolle-Huber inequality, we have

E,[Rr] + E;«[Rr]

v

o (BN (1) ST/2) + Par (N2 (1) > T/2))

Te
Z I eXp(—DKL(]P’l || Pp)).
Then by the chain rule of KL divergence and Lemma B.1, we have
4Te?
Dy (Py || P+ ) = Eq [Np (i) Dy, (P || PF) < .
KL (P1 || Pix) = Eq[N7 (i) Dxr (P | Pre) < A—1)02

Thus we have

T 4Te?
]El[RT] +Ei*[RT} Z 66XP<(A€>.

4 —1)o?
Then by choosing € = /(A — 1)02/4T, we have
max{E;[Rr|} > QVo2AT).

O

Lemma C.2. For any integer N, A,'T > 2, there exists a context space X and a deterministic
(or = 0 for all t € [T]) contextual bandit problem F C (X x A — R) with action set A = [A] and
de(F;0) = N(A — 1) such that any algorithm will suffer a regret at least Q(min{T /N, AN}).

Proof of Lemma C.2. Consider the function class 7 = {f(0} U {f(i’j) }Z‘g[N] jelA—1] with the

space of contexts X = {z(1), ... 2™} and the set of actions A = [A]. Foranyi € [N],j € [A—1],
the function f(*) is defined as the following: Fori € [N]and j € [A — 1],

FOD (@ 5y =1,
FOD (@, k) =0, Vo # 2 orvk e [A—1]\ {j}.

f(i’j)(x,A)z , V.

N | =

Meanwhile
fO(z,5) =0, VzandVje [A—1]
1
fO(z, A) = 2 V.
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The eluder dimension of this function class is N (A — 1) since f(*7) is uniquely identified by its

value on (x(i) ,7)- We assume that x; is uniformly randomly chosen from X, and r; = f,(z¢, at).
That is, o = 0 for all ¢ € [T].

Fix any algorithm. Denote by PPy the probability distribution when f* = f(©) and E the expectation
under Py. Forany i € [N], j € [A— 1], denote by P, ;) the probability distribution when f* = f(*:7)
and E; ;) the expectation under P; ;. Let Np(i,j) = >/_, L[z, = 2(),a, = j]. Then the
adversary decides f, based on the following rule: if there exists ¢ € [N],j € [A — 1] such that
1
Eo [N7(6,)] < 145
then let f, = f(%9). If no 4, j satisfies this, let f, = f(O.If f, = f(©), then we have

NA-1) . o N(A-1)
7. > .
5 H;lano[NT(w)] 2 —2500

®)

1 L.
Eo[Rr] > §Eo ‘ Z Nr(i, j)| >
1€[N],jE[A-1]

On the other hand, if f, = f(*7), then we have
99
Po(Nr(i,7) =0) > —.
o(N7(6,5) = 0) 2 155
Then by Lemma B.4, we have
Po(N7(i,5) = 0) < 3P j)(Nr(i, j) = 0) + 4Dg (Po, P j))-
Then by Lemma D.2 of Foster et al. (2024), we have
D§ (Po, P jy) < TEo[Nr(i, 5)].

Altogether, we can obtain

P ;) (Nr (i, j) = 0) >

This in turn implies that

(Po(N7(i,75) = 0) — 28Eq[Nr(i,7)]) > 1/6.

Wl =

T

1 ; . T
Ej)[Br] 2 5Eq,) > Az =29 = Np(i,5) | > N
t=1

Combining the lower bounds for Eo[R7] and E(; jy[Rr] finishes the proof. O

P N(N+(1.7) = >
) (N1 (6,7) = 0) = o

Proof of Theorem 4.1. If A > T and d > T, by Lemma C.2 with N = 1, we have lower bound
Q(T). Below, we assume min{A,d} < T.

In order to prove the lower bound, we only need to show that for any fixed d, A, o, T such that
min{A, d} < T, there exists two classes where one has lower bound Q(1/0? min{ A, d}T') and the
other has lower bound Q(min{d, vV AT}).

If A < d, then we invoke Lemma C.1 to obtain the lower bound of Q (Vo2 AT). Else if d < A, we
can again invoke Lemma C.1 with the action set [d] and then expand the action set with dummy

actions with all 0 rewards to obtain the lower bound of (v o2dT’). In all, we have shown that there

is a lower bound of Q(y/02 min{A, d}T).

If d < A (which implies d < T since we assume min{A4,d} < T'), then we invoke Lemma C.2
with N = 1 with action set A be [d] plus A — d dummy actions. Then we get a lower bound of

Q(min{T, d}) = Q(d). Next, consider the case d > A. If d < /AT, then we invoke Lemma C.2

with N = d/A and obtain a lower bound of Q(min{AT/d,d}) = Q(d). Else we have d > v AT
(which implies T > A since we assume min{A4,d} < T). Then we consider the hard case

from Lemma C.2 with N = /T'/A then the function class has Hellinger eluder dimension v AT
Embedding this function class into a more complex model class with a larger Hellinger eluder

dimension, we can obtain the lower bound of 2(v/AT'). In all, we have shown that there is a lower

bound of Q(min{d, v AT?}).
Consequently, we have shown a lower bound of (y/0? min{ 4, d}T + min{d, vV AT?}).
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Algorithm 4 Prod-based online regression oracle

Input: Parameter . Contextual Bandit Oracle gives function class F; C F, action class A; and
context x; at round ¢. Contextual Bandit algorithm which takes online regression oracle and
returns an action.

1: Let ¢1(f) = /|7 for every function f € Fj.
2: fort=1,2,...do
3: Generate
flzi,a) = > ai(f)f(z1,0) )
fEF:
4: Output { f¢(2¢,a) : a € A}, and feed to Contextual Bandit algorithm to receive a; € A;.
Call Contextual Bandit oracle to get F;41 and x4 1.

6: Calculate _
ft(f) = Q(f(xt, at) - ft(l'tyat))(ft(mta at) - 7”t) (10)

at(f) (L= nle(f))
Efeﬂ+1 a(f)(1 - Ugt(f))

bl

7: and

q+1(f) =

Vf e Fip. (11)

D Omitted Proofs in Section 4.2
D.1 Analysis of the Online Regression Oracle

Lemma D.1 (Cesa-Bianchi et al. (2007)). Fix some positive parameter n > 0. Suppose we have
function sets F1 D Fo O -+ D Fr, and functions €, : F; — R satisfies that n|¢,(f)| < 3 for any
f € Fi. The prediction rule

Z!?E]:t -,/—:11(17"757'(9))
0 f € ftv

T2y (1=nt- (1) feF
Qt(f) _ { t— ty

ensures for any f* € Fr,

o lo |]-"| =
S S wne Ze () < 22003 a2
t=1 \ fer, t=1
Proof. Define w;(f) = [1'_,(1 — nt,(f)) and W; = > e wi(f).
t Zfe}',, we(f)
log W log Zfe]-'a, w1 (f)
> rer we—1(f)(1 —nle(f))
>rer wi-1(f)

<log

Dlog [ 37 a1 —nte(f))

FEF:

(2) log| 1—n Z @ (f)e:(f)

feF:
WS ae)
feF:

where in (7) we use the definition of g, in (i¢) we use the fact that 3 ;. ¢:(f) = 1, and in (iii) we
use the inequality log(1 — ) < —z for any « < 1. Therefore,

T
Wi
Z Z a:(/)4(f) IOgWO

=1 feF, T
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—~
.

) log|F| 1

< — —logwr(f™)
n n
_ k’gnﬂ Zlog (1 —nt(f*))
=
ii a
< lognlﬂ - % D (=0l f) = (1))
=1

IOg‘]:| & *\2
= th +772€t(f )
t=1

where in (i) we use the fact that Wy = | F| and W > wp(f*) for any f* € Fy, and in gzz) we use
the fact that n|¢;(f*)| < 3 and also the inequality log(1 — ) > —z — 2 for any |z| < 1 O

Lemma D.2. Suppose forany x € X,a € A, f € F, we always have f(x,a) € [0, 1], the reward
ry € [0,1] and for any f, ' € Fy, we always have

(?éaA)i |f('rt7a’) - f/(‘rtva” < A

Then for the output f; according to Algorithm 4, we have with probability at least 1 — 0,

T T

Z(ft(%,%) — )% — Z(f*(xhat) —1)? < 16(c” + A)log (| F]/9) .

t=1 t=1

Proof. We first notice that with our choice of = m, for any f € F; we have
G(f) <2 <2 ' <28 1
nle(F) < 2n[f (@i, ar) — fe(xe, ar)| < 77]{1,‘163]_)% |f (24, a0) — [, a4)| < m =3
where 7, is defined in Eq. (10). According to Lemma D.1, we have
T 3 T log | F| T
Z Z a(f)e(f) — th(f*) <—F nzﬁt(f )?
t=1 feF, t=1 g t=1

By the definition of f; in Eq. (9) and /y in Eq. (10), we have

Z @ (H(f) = 2(filws,a0) —r0) - Z at(f)f (@i, ae) — fi(xe,ai) | =0.

fEF: feF:

Next, we observe that

Et(f*) = (f* (x4, a1) — Tt)Q — (fe(ze,a¢) — Tt)2 — (fe(we, ar) — f*(iﬂt,at))27

which implies

T
Z ft fCt,at - Tt)2 - (f*(ft»at) - 7"t)2
t=1

T T
—ZE}( Z filwe, ar) = f* (@, a0))?
t=1 t=1

- . T
| +47725t( Z fe(ze,a) — f* (¢, a4)). (12)
t=1 =1

‘We notice that

G(f*) = 2(fu(we, ar) — f* (20, 00) (re — £ (@0, a0))
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is a martingale difference sequence, and we further have |/;(f*)?| < 4A% and

Vary (6(f*)?) < 4(fe(me, ar) — f* (@0, a0) ) Bel(re — f* (w0, a0))*]
S A(felxe, ae) — [ (e, a0)) Bel(re — f* (20, a0))?]
= 4(fe(xe, a0) — [ (4, at))4<72-

Hence according to Freedman inequality (Freedman, 1975), we have with probability 1 — 4,

T T
By 1 - 1
> hL(f)? > A(filwe,ar) — f* (@, ar))*o? log < + 2+ 4A% log —
t=1 t=1 6 6
r . 1 . 1
<2 ; (fe(ze, at) — f* (24, a¢))%02 - 4A2 log 5 +2-4A%log 5

Mﬂ

~ 1
S (ft(xtva’t) _f*('rt7a‘t))2o-2 + 12A2 IOg 57

t

1

where in the second inequality we use the fact that | fi (x4, a:) — f* (24, at)| < A, and in the last

inequality we use the AM-GM inequality. Hence, with our choice of = oAy Ve have

T
Z fe(@e, ar) — Tt)2 — (f*(ze, a¢) — Tt)z
t=1

< log | 7|

T
<= +4nzztf* = (felwr, ar) = f* (e, ar))?
= t=1

4(0% + A)log | F| + 12A2 log 5

< 16(c? + A)log |]5:|
where in the last inequality we use the fact that A < 1. O

Lemma D.3. Suppose for any x € X,a € A, f € F, we always have f(x,a) € [0, 1], the reward
ry € [0,1] and for any f, f' € Fi, we always have

<A.
max | f(z¢, a) = f'(ar, a)]
Then for the output fi according to Algorithm 4, we have with probability at least 1 — 9,
Zzpt (filwe,a) = f*(x1,a))® < 48(0® + A) log (2/F]/5) -
t=1acA

Proof. We use .%; denote the filtration constructed by %, = o(x1.¢, a1.¢,71.¢). And we let
My = (fe(ze,ar) —14)* — (f*(me,a) — 14)°.

Then we have | M;| < 2A. According to (Foster and Rakhlin, 2020, Lemma 1, Lemma 4), we have
with probability at least 1 — §/2,

T
S5 nafulod) - e <23 ((flaea ) 1) = () —)?) + 165 10g (2).

t=1acA

Next, according to Lemma D.2, we have with probability at least 1 — §/2,

Z ((felwe, ar) —14)> = (f* (21, a0) — 10)%) < 16(0” + A) log <@) '
=1
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Hence we obtain that with probability at least 1 — 4,

SO @) (filar,a) — f*(w0,))? < 48(0? + A) log (21F/6)

t=1acA

D.2  Proof of Theorem 4.2
For simplicity, we define the following sets based on Algorithm 1:

T1 = {t € [T], “if’ condition in Line 6 holds in Algorithm 1}, and 73 = [T|\T1. (13)
We first show that with high probability, the true model f* € F;, where F; is defined in Eq. (5) in
Algorithm 1.

Lemma D.4. When the function class F; iteratively defined in Eq. (5), with probability at least 1 — 9,
we have f* € Fyforany1 <t <T.

Proof. We will prove the result by induction on ¢. For ¢ = 1, since /; = F and according to
Assumption 2.1 we have f* € JF;. Next, we will assume that f* € F;_; and attempt to prove
f* e F. Sincer, = f*(xr,a,) + € forany 1 <7 <t — 1, we have

t—1

ZwT(ft(xT7a/T) - f*(x‘maw))Q

! t—1 t—1

= Z W (ft(xr7a‘r) - TT)Q - Zwr (f*($T7 aT) - T‘r)2
=1 T=1
t—1
+ 22 wr(fe(zr,ar) = f*(@r,a7))(rr — f*(2r,a7))

=1

t—1
<2 ZwTeT(ft('rT? a'r) - f*(xTvaT))’
T=1

where the last inequality uses the definition that f; is the minimizer of 23;11 wr(f(xr,a.) —1r,)?

in (6).

We notice that w, (f¢(2-,ar) — f*(x;,a;))e, is a martingale difference sequence, and since |w, | <
1

o2°

1
lﬁrilgiil |wT(ft(:CT’ aT) B f*(x‘rv a‘r))e‘r| < o2’
t—1 T
S (welfilwrar) = f(@rian)er)’ < 2
=1

According to the Strengthened Freeman’s Inequality (Lemma B.5), and noticing that E, _;[¢2] = o

for any 1 < 7 <t — 1, with probability at least 1 — %, for any f € F,

t—1
> weer(filariar) = f*(ar,ar)
T=1

t—1

<3 ZU}.,Q_O’Q(ft(xﬁaT) - f*(l‘-,—,a-,—))2 log

T=1

| F|T?
do2

t—1
<3 ZwT(ft(’rT’aT) - f*(IT7aT)2L +2 sup wT|ft(IT7aT) - f*(‘rTva’T)‘L
=1

7<t—1

22

2 - 1
+ 1§I§_12z(_1|w767'(ft(£7'aa7') f (mT’aT»' 0g

| F|T?
do2




i =1 —
(<) 3 ZwT fe(xr,ar) — f*(xr,a.))2L+2 sup 4| L+ Zws(ft(xs,as) — f*(xs,as))?L

—_ 7<t—1 o—1

t—1
<5\ 3 wefilarar) = f*(@r,ar))2L + L
T=1

ZZZ

< 5 Zwr fe(xr,ar) — f*(xT7aT))2 +51L,

where in (¢) we use the fact that w, < 1/52 for any 7 according to the definition of w, in Algorithm 1

= If\z ,in (i7) we use the fact that

and using the definition L =

V1 S w o as) = @00
|fT(xT7a/T)_ (mT’aT)|\/Z

according to the definition of w, in Algorithm 1 since f,, f* € F, by induction hypothesis, and
finally in (ii¢) we use AM-GM inequality. And this proves the induction hypothesis of f* € F;.

T_

Therefore, we obtain that with probability at least 1 — § forany 1 < ¢ < T, f* € F;. O

The following lemma is a useful result of Eluder dimension.

Lemma D.5. For any A > 0 and « € (0, 1], we have

min (f(xh ar) — f' (w1, a1))? } N .
Z { 7 ffle]:t 042T+ Z ( (.’ET,GT) - f/(xraar))z = ddu( )(A 1 gT).

Proof. This proof follows Lemma 5.1 of Ye et al. (2023). Create 7T bins, and call them By, ..., Br.
Each bin is empty at the beginning. Below we will add elements in {1, 2,...,7T} to the bins.

Suppose that {1,2,...,¢t — 1} have been assigned to their bins. To assign ¢ to a bin, we find the
smallest n € [T] such that “Je > a, (x¢, a¢) is e-independent to the elements in B,, with respect to
F:.” We let n; to be the n we found, and put element ¢ into bin B,,,.

By the procedure above, we can conclude that for each ¢, “Ve > «, (2¢, at) is e-dependent on all of

{Bi,...,Bn,—1} with respect to F;.” Next, we show that this necessitates the following: for any
f7 f/ 6 ‘Ft7
t—1
(f(xtaat) _f/(xtuat))2 = 1 -T'rva'r - ($T7a7'))2
T= 1

This is because if otherwise, then there exists f, f' € F; and a bin B,, € {By,..., By,_1} which
(24, ay) is e-dependent on Ve > «, but

(f($t7at)_f/(l't,at >Oé + Z x‘f‘va’T _f/(x7'7a7'))2'
TEB,
Choose
£ = max {nelaBX |f(xr,ar) — f’(:r:T,aT)|,oz} >«
Clearly, | f(zr,ar) — f'(xr,a.)| < Eforall T € By, but | f(zy,ar) — f/(x¢,a¢)| > «, contradicting
that (z, a;) is e-dependent on B,, Ve > 1/VT.
We obtain that

(f(zt,ae) — f'(@e, a0))? 1

sup  — ] p 5 < T
ffreF T + Zle(f(x‘ma’r) - f (x‘rva”r)) ne —
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Let |By], ..., |Br| be the size of the bins after all elements are added. By the eluder dimension
definition (Definition 2.1), we know |B,,| < de,(«) for all n. Therefore, we have

min (f(xtvat) — [, a0))? }
Z { f, f’€-7:f 1+ Z ( (r,a7) — f'(wr,07))?

Sy ey Y L

ting=1 n=2tn;=n

S )\delu + Z ;Iu_ 1

< )\delu( ) + delu( )log T.
O]

Lemma D.6. Suppose we have positive number B such that for any t € [T, wy € [0, B]. Then for
any A > 0, we have

min wt(f(xt,at) — F(xy, ap))? }
Z { R LS wn (f(wrar) — faran))?
< 3d(1/VBT)(\ + log T') log(BT).

Proof. We define set 7; = {t € [T] : 2°7Y/T < w; < 2¢/T} for any 1 < i < log(BT). and
To={te[T]:w € [O 1/T]} Then we have

[T] c Ulog(B/A),E.
Additionally, we notice that for any 1 < i < log(BT') and ¢t € T;, we have

wi(f (@, a0) — f' (24, 00))?
1+ Y we(f(2r,ar) = f/(2r,0r))2
< wi(f (@, ar) — f' (24, 00))?
T4 Y ey wo(f(xr,ar) = f'(2r,00))2

<o (f (@e,00) = f/(2r,0)
T V@D + e e[ ar) = f(2r,ar))?
(Z) (f(zs,ae) = f' (2, 00))*

= B Yoy s @rar) — [ an)?

where in (i) we use the fact that for any 7 € T;, w, € [27!/T,2/T], and in (ii) we use the fact
that 2* /T < B. According to Lemma D.5, we have for any 1 < i < log(BT).

: (f (@4, a0) = f'(@e, a0))?
tEZT min {)\, f;l,lepft B+ S ey ([rar) — f’(:cT,aT))z} < dew(1/VBT)(X + log |Ti])

< delu(l/ v BT)()‘ + logT).
Next we notice that for those ¢ € T, we have w; < 1/T, which implies that

Z min {)\, sup wi(f (e, a0) = f (21, 00))" } <T-1/T=1.

teT; fvf/E}—t 1+Z7‘<tw7(f(x7"a7') _fl(m‘ﬁaT))Q

min wi(f (@, ae) — f' (24, 00))* }
Z { ) ff/ej:t 1 +ZT 1wq-(f(x7.,a,r) — f'(zr,ar))?

< 2dey(1/VBT)(\ + log T) log(BT) 4 1 < 3deu(1/vVBT)(A + log T') log(BT).
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Next, we present a lemma bounding the single-step regret in terms of g; defined in Eq. (4) in
Algorithm 1.

Lemma D.7. Suppose f* € F; forany1 <t <T. Forany 1 <t < T we have

max (x4, a) — f* (x4, a0) < 21VL - max g, (a)
ac€ A, a

Proof. In the following, we assume f* € F; always holds. Let

a¥® = arg max max f(z, a).

acA; [FeF

Then we have
max f*(z,,a) = f* (24, a0)
(1)

b
<}Ié%_2(f($f a;®) — [* (¢, az)

ucb : ucb . ucb *
= max x,a — min f(xg, a +m1n Ti, Q — max f(Z¢, a¢) + max f(xs, ar) — T¢, Q
fetf(t t ) feF f(t t ) f(t t ) feJ-‘tf(t t) fe]—‘tf(t t) f(t t)

<2 max ma z "z min f(z;, a¥®) — max f(z,a
ff,egtaeﬁ\f( ta) = (e, )|+fE [l ) — fef}if( ¢ Q)

()

<2 —f
jnax max | f(zr,a) — ['(2r, )]

(#47) |f(‘rtv ) — f/(zt’a” X \/Z

< 21 max max
F.peFr ac A \/1 + ZT<t wT(f(a:T, a‘r) - f’(fET, 0’7'))2

Here in (i) we use the fact that f* € F;, and in (i¢) we first use the definition of A; in Line 4 of
Algorithm 1 that there exists f’ € F; such that a; = max,ec 4 f'(z, a), which implies

J{gl}f} F(ae, af®) < f' (e, af®) < f(2e,a0) < f}é%_{if(l"t,at)-

In (ii%) we use the definition of Eq. (5) that for any f, f’ € F,

1+ Y w,(f(xr,ar) = f(2r,a,))® < 14102 < 103L.

T<t

Our next lemma provides an upper bound to the expectation of regret for rounds falling into 77.

Lemma D.8. Suppose f* € F; forany 1 <t < T. We have

o2
Z(maxf*(zt,a) — [*(z,00)) <O (W +de1uL) ;

cA A
teTy ¢

where we use O to hide constants and factors of log (%)

Proof. We first define M = log and 8 = 21+/L and recall the definition of g, in Eq. (4).

gt(ar) = sup |f(@e,a1) — f'(w4, 1) .
rrer V14X v, (f(@rar) — /(zr,ar))?

In the following, when with no ambiguity, we write g; = g¢(a;). Since for any f € F, we have
f(z,a) € [0,1], we have |¢;| < 1. Also notice that for any ¢ € 77, we have g; > A according to
Algorithm 1.

1
AVT
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We further define subsets 7115, Ti2n C [T] forevery h = A - 2¢ withi = 0,1,2,--- , M — 1 as

1
Tin = TiN{t: hggt§2h}m{t:wt=§},

1
and  Tizn = 1N {t: hﬁgt§2h}ﬂ{t:wt7é§}.

Since A < g; < 1fort € Ty, we have

M-—1 M-—1
T C U Tii2in) U Ti2(2in)- (14)
1=0 1=0

Next, we fix h, we analyze T11;, and 7125 separately. For those ¢ € T11,, we have:

> (max f*(zy,a) = f*(21, a))

t€T11n

|f (24, a0) — f'(w1, a4)

(@)
< Z min< 1,8 max

t€Trun PR 1+ 5 ywr(f(@r,ar) = (27, 07))2
WS min{1, Bg,}
t€T11n

(i)
< min{1, 281} Ti1nl,
where in (¢) we use Lemma D.7 and the fact that | f*(x,a) — f*(z,a’)| < 1 for any action a,a’ € A,
in (iz) we use the definition of ¢, in Eq. (4) and the simplification g; := g;(a;), and in (iii) we use
the definition of 711y, that for any ¢ € 771, we always have g; < 2h. Next, we bound the cardinality
of each T11p:

(i) 1
Tl € 3 Hoe = w1 {u =

te7_11h,
< 7 Z min {h, g} I {wt = —2}
teTiin 7
D) h
< TS win {2 g
teTi1 g
(iv) & . [h?
< VTl > min {g,wtg?}
t€Ti1n
() o R wi(f(@e, a) — f'(wt,a4))?
= —/|T1nl min {, sup
h tUZl:lh, o? fif'eF 1+Z7—§t—1 wﬂ'(f(mﬂar) _f,(xraar))Q

I o () (tog T+ 22 ) 1og [ =
>~ h\/3|7—11h|dl \/T og + 0_2 0g 0_2

where in (i) we use the definition of 771, in (i¢) we merely use the inequality that I{g > h} <
+min{g, h} for any g,h > 0, in (iii) we use the the fact that [{w; = 1/0%} < /w0 since
wy < 1/0? always holds, in (iv) we use Cauchy-Schwarz inequality, in (v) we use the definition
of g; in Eq. (4), and finanly in (vi) we use Lemma D.6 with A\ = "°/»* and also w; € [0,1/02].
Therefore, we obtain that

o2logT o T
<3 (28T 1) (2 (5).

Z (max f*(z¢,a) — f* (x4, at))

acA
te€Tiin ‘

which implies
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< min {64h, 3} (" logT | 1) o (— log (%)
(o

6802 log T ) ( o ) (T)

<l —: - i

>~ ( h +3 delu \/T log 0.2
12602 log TVL ( o > (T)

< | /== - 2 ).

>~ ( h +3> delu \/T IOg 0_2

Next, we will deal with those ¢ in T72p,. Similar to the proof for 771, for any fixed i we have

> (max f*(ar,a) = f*(21, 1)) < min{1, 261} |Tionl. (15)

ac
t€Ti2n

And we can upper bound the cardinality of 712 as

Tionl = > T{g > h}T {wt # %}

te€Ti2n
1 . 1
= Z mlﬂ{hﬂtﬂ{%#;}
t€T12n
/
(é = Z min{ k, sup |f (24, a0) — [ (w4, a4)] H{wt#%}
t€T12n FIer: \/1+Z7— 1w‘r( (IT7aT)7f/(IT7aT))2 g

(g) 1 min {h \/7 sup wt(f(xt7at) — fl(xt?at))Q }
htETnh f.frer: ]‘+Z‘r 1’LUT(f(.’L'-,—,CLT) _f/(x‘HaT))Q

(#4) 3 o T
< Edelu <\/T) (\ElogT + h) log (;) ,

where in (i) we use the definition of g; in Eq. (4), in (i¢) we use the definition of w; that when
wy # /02, we always have

\/1 + ZT 1 wr(f(rr,ar) — f'(2r,a7))?
mir
ff/eft |f(ze,a¢) = f' (w4, a0)|VL

and (447) is according to Lemma D.6 and the fact that w; € [0, 1/52].

Wy = )

Therefore, according to Eq. (15), we obtain that

> (max f* (w1, a) = f*(2r, 1)) < min{1, 280} Tion|
te€Ti2n ¢
< (ﬁﬂﬁlogT + 3) detu (\/UT> log (%)
— (126L1og T + 3) duta <\;T) log (;) ,

Finally, recalling Eq. (14), if we sum the regret obtained above over h, we obtain

Z(gé% [ (@, a) = [ (1, ar))

teTy

M—
Z > ((EI&X f* (s, a) —f*(xt,at)) + 0y (ﬁg\Xf*(wt,a) —f*(:vt,at)>
=0 [t€T, i) ! t€T 502i n) '

e(2)

(usmg detw £ deu(1/72) from Section 2 and the fact that de, () is decreasing in o)

M-1
Z |: eluU f + delu + deluL + de]u

1=
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O

Finally, we provide a lemma which upper bounds the expectation of regret for rounds falling into 75.

Lemma D.9. Suppose that for any t € [T), we have f* € F,. With A = 11AVL, we have with
probability at least 1 — 6,

Z(mgxf*(mt,a) — [M(x,a4)) < 16\/(02 + A)T'log (@) + 3log (%) .

teTz

Proof. We let a} = argmax, f*(x¢,a). According to (Foster and Rakhlin, 2020, Lemma 3), we
have

Zpt [ (@i, a7) — [ (2, 0) S — + g Zpt [(fi(ze,a) = f* (241, 0))?]
acA aEA

Summing this inequality up for all ¢ € 75, we obtain

5 X mla)(Gennaf) — o) < 222 TS S @)l an) - 4 01,0

teT2 a€A t€T2 a€A

We notice that for any ¢ € 75, we have

|f('rt7 ) f/($t7a)| < A.

Sup max
f.f'EF: a€A \/1 +ZT 1w7_( (x‘r‘vaT) — f’(LEq—aa‘r))2

According to the definition of F, for any f, [’ € F,

ZwT ‘r7'7a‘7' - f/(‘rTvaT))2 S 102L7

which implies that for any f, [’ € F;,

maj(|f(xt7a) — f(z1,0)] < AV1+102L < A.
ac

Hence according to Lemma D.2, with probability at least 1 — §/2, we have

Z > pe(a)(felze,a) = *(2r,0))? < 48(0® + A) (@) .

t=1acA

AT

Further noticing that | 73| < T, with choice v = 1Ao7 log(F1/5)°

least 1 — §/2,

> D pla)(f* (e af) - f*(xt7a>><¢48<a2+mmog(4'6ﬂ).

teT2 acA

we have with probability at

Finally, since we always have 0 < f*(z¢,a}) — f*(z+,a) < 1, according to Bernstein inequality we
have with probability at least 1 — §/2,

Z(f*(xtaa:)—f (1, at)) Z Zpt [r(@e,af) = f* (2, 0))

teTz teT2 ac€A

<2 (3 3 p@) (P (nap) (o, a>>210g(5)+210g(§)

teTz acA
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S st ()

teT2 acA
2
< . tog (%)
Z Zpt mfnat) f (xtaa/)) +3 og 5 )
teT2 a€A

where in the second inequality we use the AM-GM inequality and in the last inequality we use the
fact that 0 < f*(zy,af) — f*(+,a) < 1. Therefore, we obtain that with probability at least 1 — ¢,

Z(f*(xt,at) [ (zy, ar)) 22 Zpt [ (z,a7) — f*(z,a)) + 3log <§)

teTs teT2 ac A

< 16\/(02 + A)T log (@) + 3log (;) .

O

Proof of Theorem 4.2. Lemma D.4 and Lemma D.8 gives that with probability at least 1 — /2 we
have

2
Z(%lea}f*(l‘taa) — f*(ze,a)) = O (Udzﬂ/z + deluL> -

teTy

Additionally, according to Lemma D.9, we have with probability at least 1 — §,/2

2. (maxx f*(ze,0) = [*(1,00)) < 16y/ (0% + A)TL + 3L.

teTz

Hence when A = ¢2/(11V/L) (so A = o2), with probability at least 1 — §, we have

Z (I(fleaj( [ (@, a) = f* (2, )

te[T]
= Z(maxf*(xha) — [*(zy,a4)) + Z maxf (xe,a) — f* (x4, a1))
acA
teTy teTz
= O (Vo2ATL + dauLL) .
Then noticing that L = log L |2 5 and that o > AT finishes the proof. O

E Omitted Proofs in Section 4.3

In this section, we will prove Corollary 4.1.

Proof of Corollary 4.1. Based on the variance o7 at round ¢, Algorithm 2 classify rounds into
To, -+, Tiog 7- We will bound the regret of rounds in 7; separately.

According to Algorithm 2, for t € T; with 0 < i < log(AT), we always have /AT < oy < 2'/aT.
Hence, according to Theorem 4.2, with probability at least 1 — ¢/ log(AT), we have

> (mig f*(wr.) — £*(w1.00)) = O <\/A7z| /(A7)0 (1) + da 10 (?l)) |

te[T:]

We further observe that for 1 < i < log(AT), o; > 2'~"/aT, which implies that

IT5| - (21/(AT))? < 42 ol

teT;
And for ¢ = 0, we have
. 1 1
i@ /(AT))? < T - < —.
T QAT ST s < 4



Therefore, with probability at least 1 — J, we have

T

Z({jleaj( [ (@, a) = [ (2, ar))

t=1

log(AT)

- ( > A <AT>>Qlog('§')+demlog(?'))
log(AT)

_(§< Z AZUflog<?>+delu10g (@))
=1

teT;

) log(AT) |f|
(QO log(AT) - Z AZO’ log( > + depy log <T)

teT;

(JAZU s (121 )+demlog(|§)> ,

where in (¢) we use Cauchy-Schwarz inequality.
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Algorithm 5 VarUCB
1: Define: L = O(log(|F|T/d)), Fo = F.
2: Define: K £ [logT]. Let Wy, =0 fork =1,2,..., K, K + 1.
3: fort=1,2,...do
4: Define confidence set:

Fo=SfeFa:VkelK], > w(f(zr,ar) = frulera:))* < By,

TEV i

where

fir = argmin Z w2 (f(wr,ar) — 1) (16)

fe}-t TE‘I’t,k

By = 10 - Q‘k\/ZTe% L w2(rr — fur(zr,a,))2L+ L2 ifk < K and 22¢ > 80L
tk — ’
VI k] if k < K and 22F < 80L

5: Receive z;, and define A, = {a € A: 3f € F; : a € argmax, 4 f(x¢,a')}.
6: Define

max | (xt,0) = f'(1, )]
PPER S Ty, wE(f(ar,ar) = Flarar)?

gik(a) =

7. Let k; be the smallest k € [K] such that max,e 4, g¢ x(a) > 27%.
(Let k; = K + 1 if such k; does not exist)

8: Play a; = 16 MAxaea, Itk (@) itk < K )

argmax,c 4, maxyer, f(x¢,a) otherwise

9: Define g; = g1k, (at). Letw, = 27% /g, if ky < K and wy = 1if k; = K + 1.
10: Update \Ijt+1,kt < \I/t,kt U {t} and \I}t+1,k — \Ijt,k for k 7é kt.

and receive 7.

F Algorithm for the Strong Adversary Case and Omitted Proofs in Section 5

F.1 Upper Bound

In this section, we introduce and analyze Algorithm 5, an algorithm that achieves @(delu Alog | F|+
dey log | F|) regret bound against strong adversary.

Algorithm 5 is an extension of the SAVE algorithm (Zhao et al., 2023) from linear function approxi-
mation to general function approximation. The algorithm maintains K 4+ 1 = O(log T') bins denoted
as {¥;r}, k =1,2,..., K + 1, which forms a partition of [t — 1] (i.e., every time index 7 < ¢
falls into exactly one of these bins). Each bin k can form a confidence function set like in standard
LinUCB using samples in W ;.. The overall confidence set F; is the intersection of the confidence
sets of individual bins (Line 4).

Upon receiving the context x;, the learner form an active action set that contains plausible actions
(Line 5). The next step is to decide which bin ¢ should go to. This is done by leveraging the uncertainty
measure g, ;,(a) for bin k and action a (Line 6), which measures how uncertain the reward of action
a is, given prior samples in bin k. The measure g, ;. (a) corresponds to the quantity ||‘IH2;,{ usually

seen in linear contextual bandits, where 3J; j, is the covariance matrix formed by the samples in Wy ;.
The algorithm finds the smallest k£ such that there exists an action with relative large uncertainty
grx(a) > 2~% (Line 7). The learner would then choose this action in order to gain relatively large
shrinking in bin k’s confidence set (Line 8), and put time ¢ in bin k. The sample at time ¢ is assigned
a weight w, that is inversely proportional to the uncertainty measure (Line 9). This ensures that the
importance of the samples within each bin is more balanced.

Before proving the main theorem Theorem 5.2, we first establish lemmas Lemma F.1-Lemma E.5.
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Lemma F.1. Suppose that f* € F;_1. Then with probability at least 1 — § /T, for all k € [K] we
have

S w(fir(er,an) = flar,ar)? <10-27% [N wo?L+ L

TEW & TEW &

Proof. Since r, = f*(x,,a,) + €, we have

Z w?—(ft,k(xTvaT) - f*(xﬁa‘r))2

TEWY &
= Z ’U)72_ (ftﬁk(x‘raar) - 7”7—>2 - Z w72' (f*<$7—7a7) - TT)Q
TEW, TEV &
+2 > wifin(ze,a0) = f(2r,00)(rr — f*(2r,0r))
TEV ks
<2 Z wzer(ft,k(xrvar) - f*(zr,a.)), a7
TEW &

where the last inequality is by the optimality of ft, & given in Eq. (16). According to the strengthened
Freeman’s Inequality (Lemma B.5), with L = C'log(|F|T'/J) for some large enough universal
constant C' (specified in Line 1 of Algorithm 5), the last expression in Eq. (17) can be further bounded
by

E w402 ftk 1‘77@7) _f*(x7'7a‘7')) L+ m‘?X w €T(ft k(xraar) _f*(‘rT’aT)) L
TEWV K
TEV: K

Z w402 ft k JCT,(ZT) f*(z‘m a‘r>2L + TIélqE}lX w‘r|ft,k(937'7a7) - f*(z‘ra a.,-)|L,
TEW, & ok

(wy < 1because g; = gr k, (ar) > 2% for k € [K], and |e;| < 1)

< < Iél‘gx wT|ftk -T‘rvaT) _f*($75a7)|> / Z wr 02L+L (13)
T bk TG\I}f'}g

for all & with probability at least 1 — § /T by a union bound over & and f; k-
For any 7 € W, 1, by the definition of w, (Line 9 of Algorithm 5), we have

w‘r|ft,k(x‘ra ar) — f*(xr,a;)|
<27%/gr | fon(@r, az) = f* (s, a7)]
272 L2 + Zse\p, . wi(f(xs,as) — f'(xs,as))?

:2—k 3 . f -r,-r_*r,‘r
f}r}lelg_} |f(£L‘T,aT)*f/(iET,aT)| |ft,k($ a) f (:L‘ a )|
\/2 QkLQ + Z ftk ms;as) - f*(‘r57a’5))2'

SG\P‘rk

(f*, fix € Fi_1 C F- by assumption)

Combining this and Eq. (18), we get
Z w?—(ft,k(%':ar) - f(2r,a.))?

TEV,: 1

<27% | max [272kL2+ W2 (fo (s, a5) — f*(xs,a5))2 / w2o?L + L
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<ot \/2%L2+ S w2(forenar) — a2 | [ [ wezrsr
TEV: & TEWV: K

Solving the inequality yields

Z wz(ft,k’(x‘f'vaT) - f*(zTﬂaT))Q S 10 - 272]6 Z ’LU,,2_J72_L =+ L2

TEW & TEV, 1

O

Lemma F.2. Suppose that f* € F;_1. Then for all k € [K] satisfying 2°* > 80L, we have with
probability at least 1 — § /T,

S we?<8 3 wl(rr - faler,an) +4L,

TEW, & TEY: K
~ 2
2 2 2
E ws (TT - ft7k(xT,aT)) <2 g wior + L.
TEW & TEV &

Proof. With L = C'log(|F|T'/d) for some large enough universal constant C, we have

Z w?o? <2 Z w?e + L (Freedman’s inequality)
TEWV, & TEV &
. 2 . 2
<4 Z wg (7“7- *ft,k(x‘raa‘r» +4 Z w?— (ft,k(x‘raa‘r) *f*($7,a7)> +L
TEV & TEV &

<4 Z w? (rT—ftyk(xT,aT)>2+4O'2_2k Z w?o?L+ L% | +L

TEWY, TEWY, &
(by Lemma F.1)
. 2 1
<4 w? (rT — for(zr, aT)) + 2L + 3 Z w?o?.
TEWY: & TEV: &

Rearranging gives the first inequality. For the second inequality, note that we have
N 2 A
S w?(re — fiklwe,ar) < D w?(rr — f*(2r,a5))?  (by the optimality of f; )
TEV, ) TEV:k

<2 Z w2o? + L. (Freedman’s inequality)
T E‘I’gyk

O

Lemma F.3. With probability at least 1 — 6, f* € F; for all t.

Proof. We prove by induction. Assume that f* € F,_;. Then for all k € [K] such that 22¥ > 80L,
by Lemma F.1 and Lemma F.2, with probability at least 1 — /7,

S w(for(@r,ar) = f*(ar,a-)? <1027 [N w2o? L4 12

TG\Pt,k Te\l’t,k

<1027 (8 Y w? (rT—ft,k(mT,aT))2L+4L2

TG\I/tyk
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< ﬁ?,lv
For k € [K] such that 22* < 80L, we bound trivially
> W(for(er,ar) = fH(ar,a0))” < [ok| = 67 (w; <1)
TEW: &

In both cases, we have f* € F, by the definition of F;. By induction, we conclude that with
probability at least 1 — 4, f* € F; for all £. O

Lemma Fd. For k € [K], we have |11 1| < O(22%d,).
Proof. For ¢ such that k; € [K], by the definition of w; we have

1= 2%, = 2% max wel f (e, ar) — f' (@, a4)| '
f ' eF: \/27210‘[/2 + ZTE\IINQ qu-(f(x‘ra a'r) - f’(xT,aT))Q

= Z min{ 1, 2 max we|f(xe, ar) — f'(2e, )]
R By \/272kL2 + ZTG‘I’t,k w?’(f(x'ra a‘r) - f/(x'ra a‘r))2

— 92k Z min {2—21@’ % wi (f(ze, ae) — f' (2, ar))? }

ma.
L' eF 272’6[’2 + Zfe\pm w‘?‘(f(xTa a'r) - f/(xTa a‘r))2

teVTit K
< @(Zdeelu). (by Lemma D.5)
O]
Lemma F.5. Fort such that 225t=1) > 80L, we have
max [ (xe,a) — f*(z4,a;) < 200272 <\/AL + L) .
Proof.
(Ilréa)if (z¢,a) — f* (4, a4)
< max (24, a¥%) — f* (24, a4) (define a{°® = arg max, ¢ 4, maxyer, f(2¢,a))
(SN

_ ucby _ . ucb . ucby ok
fjl}ggif(fftaat ) }glj__ntf(xtvat )+;2%f(xtvat ) }Ié%f(xt,at)Jr?éa}%f(%tvat) [ (e, ar)

<2 max max |f(x¢,a) — lx,a + min x,a“Cb — max f(z;,a
- f,f/eftae_At‘f( ¢ ) f( t )| fe]:tf( iy % ) fe]:tf( t t)
(1)

< 2 max max |f(zs,a) — f'(z¢,a)]

f,f’G]:f, ac A,
(id) —f
S 92 max max |f(xt7a‘) f (xtva)‘ % \/gﬂt,ktfl
[t €Ft a€ A, \/Q_th+2L2 + Zre\llt P w?—(f(xﬁ a‘r) - f/('rT? CL.,-))Q
=2V5- _ _
V5 max g1k —1(a) Bk, -1
<2v5.27ketlg (by the definition of k;)
< 2/5. 2 ketl q(. g—ke+1 Z w2(r, — ft,k,,_1(IT,aT))2L + 12
TEV: ky—1
(by the definition of /3 1)
<200-27%% [N w202+ L2 (by Lemma F.2)

Teqjt,kt—l
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<200 - (2*2’“ VAL + 2*2’%) . (w, < 1)
(19)

Here, in (i) we use the definition of A, that there exists f’ € F; such that a; = max,c 4 f'(z¢,a),
which implies

ucb ucb /
min f(x < T < a;) < max f(xe, ar).
f€1 ( ty @ ) f ( t, A ) f (mt» t) = fer f( ty t)

In (it) we use the fact that for f, f € F;, k < K and 22k > 80, we have

2722 + Z xT7a’T - f/(x‘f'7a’7'))2
TEW: &
< 6tk +2 Z LL'T,GT ft,k}(xTaaT +2 Z ‘rTﬂaT) ft,k(x7'7ar))2
TEW & TEWY &
(by the definition of /3 1)
< 553,1«- (by the fact that f, f € F})

O

Proof of Theorem 5.2. Without loss of generality, assume 225 > 80L, which is equivalent to
T2 > ©(log(|F|T/5)). Notice that [T] = U, U1 4.

Bound the regret in Y7 . Notice that by assumption, for ¢ € W71 k11, we have
22(ke=1) — 92K > 80 L. Thus, by Lemma F.5,

> (ff&x *(aea) - f*(xuat)) < 200[Wr 41 4| - 2720 (VAL + 1)
teEVT L1 K41 ’

gO(Tx%x(ALJrL)) — o).

Bound the regret in W7 5, with 22* > 80L. By LemmaF.5,

Z (max f(xg,a) — f*(:vt,at)) < 200[ Wy |- 272K (\//E—&— L)

aE-At
teVrik

<0 ( elu (\/7 + L)) (by Lemma F.4)

o (delu\/Alog IF| + de log |]-'\) .

Bound the regret in W71 5, with 22 < 80L.

Z (ma>§ (x4, a) — f*(xta@t)) < [Wrik

tE‘I/T+1,k a€A,
<0 (2 ( deru) (by Lemma F.4)
S (7)( elu )
= @( et log [F) .
Combining all parts proves the desired bound.
O
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F.2 Lower Bound

Lemma F.6. For any integer A, T > 2, N < ¢/T/A and positive number A > AN /c with some
¢ < 1, there exists a context space X, a contextual bandit problem F C (X x A — R) with eluder
dimension d,(F,0) = N(A — 1) and action set A = [A], and adversarially assigned variances

o?,... 0% that Zthl 02 < A such that any algorithm will suffer at least Q(min{v/N A\, /AT?}).
Proof of Lemma F.6. Lete? € [2N/T, 1] be a parameter to be decided later. Consider the function
class F = {fO}u {f(i’j)}iE[N]7je[A_l] with the space of contexts X = {zM ... 2N} and the
set of actions A = [A]. Forany i € [N],j € [A — 1], the function f(+7) is defined as the following:
Fori € [N]and j € [A — 1],
-- ; 1
f(l’J)(x(Z)mj) = 5 +e,

FOD (@ k) = 5 —e, Vo #aDor¥k € [A—1\ {j}.

fOD (2, A) = =, V.

PO = N

Meanwhile
1
FOz,5) = 56 VeandVje[A-1]
1
fO(z, A) = 2’ V.
The eluder dimension of this function class is N(A — 1) since f (4:9) is uniquely identified by its
value on (2%, 5).
We assume that x; is uniformly randomly chosen from X, and r, = f,(x¢,a:) + €0y, where
t
e ~N(0,1) and oy is defined in the following way. Fix the algorithm. Let N;(¢,5) = > 1(zs =
s=1
2 a, = j) for any z € X and the action b. The adversary assigns
oy = L(ar = j, Ne(24, j) < 1/52)»

that is, it assigns variance 1 when the algorithm chooses action b and the context-action pair z;, b are
not played for more than 1/&? times.

Fix any algorithm. Denote by PP, the probability distribution when f* = f(©) and E the expectation
under Pg. Forany i € [N],j € [A— 1], denote by P, ;) the probability distribution when f* = f(%-7)
and [E(; ;) the expectation under P(; ;). Then the adversary decides f, based on the following rule: if
there exists ¢ € [N],j € [A — 1] such that

Eo [N7 (4, j)] (20)

< -
~ 1000¢2
then let f, = f(%7) If no 4, j satisfies this, let f, = f(9).

If f* = £(9, then we have

N(A-1
Eo[Rr] > € - Eq E Nr(i,j)| = eN(A—1) -minEo[Nr(i,5)] > NA=1)
) - i,] 1000e
i€[N],je[A-1]

On the other hand, if f, = f (4.9) | then we have

1Y _ 999
Po( No(i, j) < = ) > -,
0( T(”><52>—1000

Then by Lemma B.4, we have

. 1 . 1
PO (NT(Z,]) < ?) < 3]P>7;J (NT(Z,j) < g) +4D12_I(]P)0,]P)Z,])
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Then by Lemma D.2 of Foster et al. (2024), we have
D (Po,P; ;) < TEo[Np(i, ) A (1/€?)] - 46 < ——.

Altogether, we can obtain
.. 1 1 L 1
Pi,j NT(l,j) < ? > g Py NT(Z,]) < ; — 28/250 > 1/6

This in turn, implies that with the choice g2 > 2N /T, that

T 1 1 Te
Se (= 2P (Np(h, ) < = ) > ——.
= (N e2> ’J< r(i J)<52> 12N

Thus if VAT > vV NAA, then we set e = \/NA/A. We have ¢ < 1 due to the assumption that
A > AN/c. Then we verify

T

th =Y 1wy =2, ap = j, Ny(i,j) < 1/e®) < N(A—1)/e* < A.

t=1

Furthermore, vV AT > v/ N AA implies Te /N > AN/e, and thus

sup E;[Rr] > Q(mm{AN Ta}) > AN = Q(VINAA).
i€{0YU[N] e N 3

Otherwise if VAT < v/ N AA, then we have T/N < A and we sete = Ny/A/T. We have e < 1
due to the assumption that N < ¢/T/A. Then we verify

T
EijlRr] > €-Ei; lZ Lo, = 9] — Np (21, j)

t=1

> o7 Z zp =W ay = §,Ny(i,§) <1/e?) < N(A—1)/e? < T/N < A.
t=1 t=1
Finally, we have the lower bounds
AN T
sup E;[Rr] > Q(mln{ 8}) > Q(VAT).
4€{0}U[N] e ' N
Overall, we have proven that

o BlEr] > 0(min{ 25 T} ) > Ouin{ VAR VAT))

Proof of Theorem 5.1.
We first deal with some corner cases:
Case 1: If A > T and d > T, then by Lemma C.2 with N = 1, we have a lower bound of Q(T').

Case 2: If A>T,d < T,and d > A, then by Lemma C.2 with N = 1 and the number of actions in
Lemma C.2 set to d, we have a lower bound of (d).

Case3: If A>T,d < T,and d < A, then by Lemma C.1 with the number of actions in Lemma C.1
set to d, we have a lower bound of Q(v/dA).

Case 4: If A < T, d > T, then by Lemma C.2 with N = /T /A, we have a lower bound of
Q(VAT).

Case 5: If A< T,d<T,d < A,and d > A then by Lemma C.2 with N = 1 and the number of
actions in Lemma C.2 set to be d, we have a lower bound of Q(d).

37



Case 6: If A< T,d<T,d<A,and d > A, then by Lemma C.1 with the number of actions in
Lemma C.1 set to be d, we have a lower bound of (v dA).

Now, we consider our main cases where A,d < T and d > A. We consider the following two
subcases:

Subcase 1: If d > Q(vdA) or d > Q(+VAT), then we invoke Lemma C.2 with N =
min{d/A, \/T/A} and obtain a lower bound of Q(min{d, v AT}) > Q(min{vdA + d,v AT}).

Subcase 2: If d < ¢v/dA and d < ¢/ AT for a small enough constant 0 < ¢ < 1. Then we invoke
Lemma F.6 with N = d/A and obtain a lower bound of Q(min{vdA + d,vVAT?}).

Thus, we conclude our proof.

G Omitted Proofs in Section 6
We revise the proof of Lemma 3 of Foster and Rakhlin (2020) to show the following guarantee.
Lemma G.1. We have for any t € [T],

(far(ze,a) — far, (20, a))? Aoy, (w4)
f st Eqn Hl — — t < t
pelg(A) MeaMX arvp | MAX far (T, @ )= fuaya) = UJQ\Q (w4, a) ~ ~

)

where 03 (xy) = Supge 4 03y, (24, @)
Proof of Lemma G.1. Fix t € [T]. Let ¢ € A(.A) be the policy such that
1
A4vy/o3y, (21, a) - (maxgea far, (w6, 0") — for, (2, 0))

q(xta a) =

where A is such that ° _ , q(z¢,a) = 1. We show that such X exists and A € (0, A]. Let
L Then we have h(\) is monotonically

h(A) = 2Laca A+y/o%y, (we,a)-(maxgr e 4 fu, (@,0") = far, (ze,0))
decreasing with 2(0) = oo and h(A) < 1. Thus there exists A € (0, 4] such that A(A\) = 1 that
corresponds to g(z¢, a).

We first separate the regret with respect to any fixed M into four parts as the following
By [max far(@1,0') = fas (20, 0)]
= By [max fut, (20,@) = frr, (1, )] + Bl s (w1, 0) = far, (1, )]
+ (far(xe,a) — far, (ze,0%)) + (fMt(aJt,a ) — mafot(xt, )) 1)
where a* € arg max, ¢ 4 far+ (¢4, a). Firstly, by the definition of ¢, we have

maxg ca o, (mt» ) - fum, (xt7a)

Eong [II%IZ}XfMt(xm ) fa (T, a ] Z /\""Y/UM 21, a) - (MaXgea far, (@, d') — far, (@1, 0))

< Z GM (¢, a) < AO’Mt(It). 22)
acA v

Secondly, by the AM-GM inequality, we have
b (fa(@e, a) — [, (4, a))2

2 aﬁ/[t (z¢,0a)

]anq |:fJV[* (xta a) - fMt (xt? (L) -

(23)

2 2
< Eouq {UM*‘ (xt’a)} < (@)

v v
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Thirdly, again by the AM-GM inequality and the definition of g, we have
2 (fM(xh a*) — fMt (mt’ a*))Q

I (e, a®) — far, (@, a*) — q(2¢, a)

2 o3y, (xr,a*)
o3y, (xe,a*)
= vq(xe,a*)
(A ry/ody, (@, 0*) - (maxwea fu, (2,0") = far, (24, 0))) - 03y, (24, a*)
= 2 .
w +max I (ze,a’) — far, (24, @). (24)

Plug the inequality (22), (23), and (24) in the equality (21) to obtain the desired bound of

(far(@e,a) = fag, (24, 0))° < Aoy, ()

0.12\4,,(xt7a) v

Eong |max far(ze, ') = far(wr,0) =

Lemma G.2. Whenever I, = 2 and M* € My, we have for any action a € [A],

Uif*(xtva) S 012v1t(33t,a) S U%x[*(ﬂﬁt,a)

Proof. Since for any M, M’ € M; and a € A, one has D (M (z,a), M'(z¢,a)) < 1/2. Thus by
Lemma B.2, we have that oy (2, a) < o (x4, a).

Then since M™* is in M, and M, is a mixture of models in M, we have by the total variacne law

o (@ 0) S in ok(,0) S o3 (w,0) S max ok(ee,0) S oy (20, 0).

Lemma G.3. Whenever I, = 2 and M* € M, we have for any action a € A
e (w1, @) = for, (20, 0)| S /03y, (2, 0)? DE (M (4, a), Mi(s, a)).

Proof. Since M™* is in M, and M, is a mixture of models in M, we have for any action a € [A],

D%I(M*(xt,a),Mt(a:t,a)) < J\/Ilréa/\/lx D%I(M*(ast,a),M(xt,a)) <1/2.
t

Then by Lemma B.3, we have that

|fM* (xt,a) - fa, (xt,a)| S \/(012\4*(9%7@) + U%/ft(xua))D%{(M(xt,a),Mt(aUt,a))-

Then by Lemma G.2, we have
‘fM* (mt’ a’) - fJVIt (xt’ a)| S \/(012\/[* (:L’t, a) + 0]2\4t (mt’ a))DI%I(M(mtﬂ a)a Mt(xtv a))
< \/a%/[t (24, a)2DE(M (24, a), My(z¢, a)).

O

Lemma G.4. The regrets accumalated on rounds where I, = 2 are bounded with probability at least
1—46by

T

T
Zregt]l(ft =2)< AZJ]QW (x¢) - log(|M]/0),

t=1

where 03,. (T1) = Sup,e 4 02« (21, a) and reg, = Eqrp, [maxy far (e, a’) — far (x4, a)).
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Proof. Let E,[-] := E[- | H;] where H, is the history up to time ¢. By Lemma G.1 and Lemma G.3,
whenever I; = 2 and M* € M,, we have

Eilreg,1(I; =2, M* € M) = Eqnp, [(mz}fo* (w¢,a") — fare (xt,a)) 1M e Mt)}
(Far (20, 0) = far, (31, 0))°

o3y, (x4,a)

AU%/[t (x4)

. ]].(M* S Mf)

< ’Y]anpf, {

AO'Jth (x¢)

S VEamp, (D%(M*(xt,a),Mt(azt,a)) LM e My)) + Y

Then by summation over ¢ € [T'], we have
T
ZEt[regt]l(It =2, M* € My)]

t=1

T
AY o3 @)
I 7 Y By, [DROM (31,0), My, ) - 100" € M),
t=1

AN

Then by Lemma A.15 of Foster et al. (2021), we have that with probability at least 1 — §/2,

T
> Eamp, [Di(M* (21, a), My(x4,0)) - L(M* € My)] < log(2|M|/d).

T
Then by the choice of ¥ = \/A > o3y, (x¢)/ log(2| M|/d), we have with probability at least 1 —4/2,

t=1
T

A ‘712\41(3%) T
= ~ +,y : ZEGNPt [D%(M*(xtva)th(xtva)) : ]]-(M* S Mt)]
t=1
T
S[AY 03, () - log(2/M|/6)
t=1

T
SA[AD 03 () - log(21M]/6),

t=1

where the second inequality is by Lemma G.2. We also have by Lemma A.3 of Foster et al. (2021)
that with probability at least 1 — §/4, for all ¢ € [T,

¢ t
3
> DR(M* (4, a5), My(5, a5)) < 5 > " Earp, [DE(M* (2, 0), My(24,0))] + 410g(8T/5).
s=1 s=1

By union bound, this implies with probability at least 1 — 3§ /4, for all ¢ € [T], M* € M. Again by
Lemma A.3 of Foster et al. (2021), we have with probability at least 1 — §/4, for all ¢ € [T]

T
Zregt (I =2, M* € M) ZEt reg, 1(I; = 2, M™* € M)] + 41og(8/9).
t=1 23
Thus by the union bound , with probability at least 1 — §, we have
T T
> reg(l; =2) =Y reg,I(I, =2,M* € M)
t=1 t=1

AZUM* 1) - log(|M]/6).
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Lemma G.5. Forany A > 0 and oo > 0, we have

DIQ-I(M(xha't)vM/(mtyat))
me{ MM’SM Q2T+ 5 1D2 (M(mT,aT),M’(xT,aT))} d (@) (A +1logT).

Proof. The proof follows similarly from the proof of Lemma D.5 by replacing the square divergence
with squared Hellinger distance. O

Lemma G.6. The regrets accumalated on rounds where I, = 1 are bounded by

Zregt It - 1 < delu( )(Q2T + lOg(|M|T/5)) IOgT,

t=1
for any a > 0.
Proof. For any ¢t € [T'] and M, M’ € M, we have

Z D%I(M(xﬂ'v ar), M'(z7,a:))

t—1 t—1
< 2(2 Di(M (27, a7), Mr(2-,07)) + > Dy(M (27, a,), M/(xT,aT))> <4L. (25)
T=1 T=1

T
Thus let Y 1(I; = 1) = T} and we have
=1

T T
Zregt (I; =1) §Z]l 1.

t=1 t=1

Thus we have for any o > 0,

—_

T = Z 1 { sup  DH(M(zy,ar), M' (x4, a;)) > }

, 2
=1 \MaMrem.

gﬁZmin{l, sup DH(M(ztaat)’M/(xhat))}

I,=1 M,M’'eM;

Du(M M’
<\f2mln 7 MAS}IE)M I:_(l (ﬂct,at)7 (l‘t,at)) . /a2T+4L ,
Li=1 ' \/a2T+ S DZ(M(xr,a.), M'(2+,a,))
T=1

where the last inequality is by (25). Furthermore, by Cauchy-Schwarz inequality, we have

Dy(M M’
> min —, sup (M (e, ar), M (2 a0)) “Va2T +4L
o] V2 M Mrem, =l
= a?T+ > Di(M(zr,ar), M'(z-,a:))
T=1

1 D (M M’
< /T, Zmin 5 sup El( (xt,at)7 (z¢,at)) (02T +4L)

I=1 MAMIEMe (21 4 5™ D2 (M (2, ar), M (2, a,))
T=1

< /Ty - dH (a)(1/2 + (a2T + 4L) log T),
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where the last inequality is by Lemma G.5. Altogether, we have

Ty S /Ty - d (a)(1/2 + (2T +4L) log T).

elu

Reorganizing the above inequality, we obtain the desired bound.

O

Proof of Theorem 6.1. The proof is straight-forward by combing Lemma G.6 and Lemma G .4, i.e.,
with probability at least 1 — 4,

T
Rr <t/A Z 03 (x¢) - log(IM|/8) + dlf,(a) (T + log(|M|T/4)) log T.

t=1

Then, by choosing o« = 1/ /T, we obtain the desired bound. O

Proof of Theorem 6.2. The proof of this theorem is essentially the same as that of Theorem 4.1.
Recall that in Theorem 4.1 we construct a hard instance for a function class F that only contain
reward mean information, but the reward has a fixed variance upper bound o? < o2. What we do
here is simply embed this instance in a model class M where for every model, every context, and
every action, the reward distribution is a Gaussian with mean as in F and variance o2. Notice that
we can change the distribution P, and Pt in Lemma B.1 to N'(c — €,0%) and N (0 + €,0?),

respectively, which still gives us Dxr, (Po: APt 6) < % = 20%2 This allows us to prove the same
bound as in Lemma C.1. Furthermore, the eluder dimension d!}, (M, 0) defined through the Hellinger
distance between models remain the same as the eluder dimension de, (F, 0) defined through the
mean difference in the constructions of Lemma C.1 and Lemma C.2. Overall, the lower bounds
in Lemma C.1 and Lemma C.2 are still applicable after we change the reward distribution from
Bernoulli-style distributions to Gaussian distributions, and change the distance measure from mean
difference to Hellinger distance. The arguments in Theorem 4.1 thus allow us to prove the same
lower bound in the case here.

O

Lemma G.7. For any integer A,T > 2, N < ¢+/T /A and positive number A > AN /c, there exists
a context space X, a contextual bandit model class M C (X x A — A(R)) with eluder dimension

dh (M,0) = N(A — 1) and action set A = [A], and adversarially assigned variances %, . ..,0%

that Zle 02 < A such that any algorithm will suffer at least Q(min{v/ N A\, AT}).

Proof of Lemma G.7. This lower bound is based on a modification of Lemma F.6. Concretely,
we illustrate here how to embed the hard case from Lemma F.6 to an equivalent model class in the
distributional case.

One can add information into the context for the hard case constructed in Lemma F.6. Concretely,
we don’t enlarge the function class, but for each context x, the new context space will have TA
corresponding contexts (x, j1, ..., j A)ls j1,...ja<T> Where the second argument will be used to record
the number of pulls to each action a under context z. The function value under these contexts
will be the same as under the original context. The adversarial thus can choose in the new context
space (z¢, N¢(zt,1), ..., N¢(z¢, A)) to embed the hard case from Lemma F.6. The Hellinger eluder
dimension is twice the eluder dimension because there are two types of variances corresponding to
each original context. Thus, we obtain the desired bound.

O
Proof of Theorem 6.3.

This proof follows a similar argument with Theorem 5.1, with only embedding the function classes to
model classes. Again, we change the Bernoulli-styled distributions in the construction of Theorem 5.1
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to Gaussian distributions. The only other more crucial difference lies in the Subclass 2 at the end. We
first deal with some corner cases:

Case 1: If A > T and d > T, then by Lemma C.2 with N = 1, we have a lower bound of (7).

Case2: If A>T,d <T,and d > A, then by Lemma C.2 with N = 1 and the number of actions in
Lemma C.2 set to d, we have a lower bound of Q(d).

Case3: If A>T,d <T,and d < A, then by Lemma C.1 with the number of actions in Lemma C.1
set to d, we have a lower bound of Q(v/dA).

Case 4: If A < T, d > T, then by Lemma C.2 with N = /T/A, we have a lower bound of
Q(VAT).

Case 5: If A< T,d<T,d < A,and d > A then by Lemma C.2 with N = 1 and the number of
actions in Lemma C.2 set to be d, we have a lower bound of Q(d).

Case 6: f A< T,d<T,d<A,and d > A, then by Lemma C.1 with the number of actions in
Lemma C.1 set to be d, we have a lower bound of Q(v/dA).

Now, we consider our main cases where A,d < T and d > A. We consider the following two
subcases:

Subcase 1: If d > Q(vdA) or d > Q(+VAT), then we invoke Lemma C.2 with N =
min{d/A, \/T/A} and obtain a lower bound of Q(min{d, vV AT}) > Q(min{vVdA + d,v AT?}).

Subcase 2: If d < ¢vdA and d < ¢V AT for a small enough constant ¢ > 0. Then we invoke
Lemma G.7 and obtain a lower bound of Q(min{v'dA + d, vV AT}).

Thus, we conclude our proof.

H Upper Bound with Zero-One Variance (Section 7)

In this section, we consider the setting where o, = 0 or 1, and not reveal to the learner at the
beginning of each round. The algorithm is displayed in Algorithm 6. We have the following theorem.

Theorem H.1. With the choice of v = / %, we have the upper bound on the expected regret of
Algorithm 6

T
E[Rr] =0 Alog|F]| <1 + ZU?) + A(de + log | F])

t=1

We will prove upper bounds for regret of rounds with o, = 0 and oy = 1 separately. First we bound
the regret of rounds with oy = 1.

Lemma H.1. Withy = ,/ %, the output actions a; at each round in Algorithm 6 satisfies

T

T
Z]I[at =1] (maj(f*(xt,a) - f(:z:t,at)) < 4y[2Alog|F| - (1 JrZUf).
t=1

ac
t=1

Proof. Based on the inverse-gap weighting update rule Eq. (26), similar to (Foster and Rakhlin, 2020,
Lemma 3), we have

E | lo = 1 (max f* (x4, a) - f*($t7at))]

t=1
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Algorithm 6 Variance Sensitive SquareCB for Zero-One Noise
Input: ~.
1: Let Fp «+ F.
2: fort=1:Tdo
3: Receive x4, and calculate A; = {a € A: 3f € F, f(x4,a) = argmax,ca f (2, a)}

4: Sample action a; ~ p; and receive o; and r;, where
1 fora € A
pela) = Aty /1432, 02 (maxy e 4, fr(@s,0')—fe(xs,a)) ora b (26)
0 fora & A;.

5: Calculate L (f) for all f € F as

t 2
Z xT’aT — o)
b

T=1

where for those o, = 0, we define Wf# = 0if f(z,,a,) = 7, and oo otherwise.

6: Calculate ¢;(f) to be
e—Li(f)

Sper e @

fe1 = Z e+1(f)

q+1(f) =

7: Calculate f; 1 to be

feF
8: if 0y = 0 then
9: Update ft+1 = {f € ./—"t, f(.ft, at) = ’/‘t}.
10: else
11: Let .7:,54_1 = F;.
T
2A
<E > To¢=1]-

A+yy/1+ 3] 02

For the first term, we have analysis

T

t
1 2 2

E I[o; = 1) <= 1+§ o2 — 1+§ o2 | =

t=1 A+’}/\/1+Zé 10' ’Yt:l s=1 s=1 7

where the first inequality uses the fact that o, € {0,1} and when 0, = 1 we have ———~—— =

B

\/j (\/1+Z _,02— \/1+Z§ 10) For the second term, we have
s=1

t—1

L+ o2 (flw ar) = f* (20, @)
s=1

T T
<4/1 +Zo*t Z fi(ze, a) = [ (@1, 00))?
=1 t=1

2’10g|"f‘,

where the last line is according to the analysis of Vovk’s aggregating algorithm (Vovk, 1995; Cesa-
Bianchi and Lugosi, 2006).
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Above all, with y = ,/ %, we get

T
Doy = 1)(mas f* (1, ) — f*(xuat»]

< (%Jr"ylog\ﬂ)
<3 ©

T
=4, [2Alog|F| - <1 + Za§>.
t=1

E

T
1+ ZO’?
t=1

O
The following is a useful lemma regarding Eluder dimension.
Lemma H.2. We define
1
Z, =1 {Elf, 1 € Fy suchthat | f(xy,ar) — f' (x4, a0)| > 7 27

Then we have
T

> o = 012 < der(Y/7).

t=1

Proof. This lemma follows directly according to the definition of Eluder dimension dj,(1/7) in
Definition 2.1, and the fact that all functions in F; must agree on the previous samples where
os = 0. O]

With this lemma, we are ready to bound the regret of rounds with o, = 0.

Lemma H.3. Withy =,/ %, the output actions a; at each round in Algorithm 6 satisfies

T

2 | S eyl =0 o) = (o 0) | =0

T
Alog |F|> " 02 + A(dew + log | F])

t=1

Proof. In this proof, we focus on the case o, = 0. We first notice that for rounds o, = 0, we always
have f*(x,a;) = . Hence f* € F for every t € [T']. We define

a; = argmax f* (x4, a).
acA

Atround t, we let by = argmax, ¢ 4 fi(z+, a), and we define B, C A; as

2
Bt £ {CL S At : ft(xtabt) — ft(xt,a) < T} . (28)
For rounds with o; = 0, based on z, f;, we divide such rounds into two cases, which we denote as
71 and 7.
(a) There exists a € By and f € Fy, such that |f(z¢,a) — fi(xt,a)| > Y.
(b) Forall f € F; and a € By, we have | f(x¢, a) — fi(z,a)|] < Y.

Regretint € 7;.  For those ¢t € Ty, first we notice that for any a € 5;, according to Eq. (26) we
have

1 1

= >
pile) A4y 1+ 3 02 (fe(xe,be) — fi(we,a)) A4y 14+, 02-2/T
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where in the last inequality we use the fact that

271+ 2t 03 < 2VT _ 284 log[F] _
- N < 6A.

T - T
Therefore, according to the definition of 77 that there exists some a € B; and f € F; such that

|f(xg,a) — fi(xe,a)] > 1/T, for any ¢t € T; with probability at least 1/74 we will sample an action
a; such that Z;, = 1 (Z, is defined in Eq. (27)). Therefore, we have

E|Y (f*(af) - f*(ﬂft»at))]
teTy
T T T
<E lZH[t € Th]| <E Z W =TAE ZZtH[Ut =0]| < 7Adeu(Y/1),

where the last inequality uses Lemma H.2.
Regretin ¢t € 75 with a; € B;.  For those t € T, to facilitate the analysis we define

(f(w¢,a) — Tt)2 — (f*(%4,a) — Tt)2

2
0

t
P, =log Zexp( Z (f, zs,as ) . (29)
feF s=1
Zt

— exp(— (:11 ls(fa xsaas))
Qt(f) de]—‘ eXp(—ZZ;ll ls(fv .’ES,CLS))’

lt(f, ZCt,(I) = Vit € [T],

and

Then we have

which implies that

2 jeF OXP (_

E[q)t—l — (I)t] =—-E log
Yper e (-

.
Y L(f. 74, 04))

= —FE |log <Z q:(f) exp (=l (f, xt,at)))]
i fer
> —pi(a}) log (Z a(f) exp (il xt,a:»)

i:l ls(f, s, (LS)) ]

fer

= —pe(af) log (Z a(If (ze, af) = f*(xt,am>

fer

fer

= —pi(a7)log (1 = > @S (@, af) # f*(a, aI)])

= pe(ay) Z at (NI (24, af) # f* (w4, af)]. (30)

feF
Hence we have
Zpt xtvat) f*(xtva))
acB;

< > pila) (f*(we,af) = filwr, af) + folwe,a) = (e, a) + %
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< > pel@) (F(we,af) = felwe,af)) +

Nl w

ac€B;
<L @) e a)) - f e + o
prl(ad) T
* at Z Qt xta at f*(xtv CL:) + E
pt(at) fe]_— T
* * * 3
) t(ay) Z(Jt flae,af) # f (Itaat)]+?
pt( t fer

(4i4) T 3
< | Aty 14D o? B[y — @ +
t=1

where in (i) we use the fact that according to the definition of B; in Eq. (28),

2 2

>

T- T

and (i7) uses the definition of 75 that for any a € B; and f € F; we always have | fi (¢, a) —
f*(x¢,a)| < Y7, and (i4i) uses Eq. (30) and also the fact that

1 1
pe(ay) = >

A+ /14 5o 2 felaebe) — f(arap) ~ A4 41+ 5L, o2

Suming this up for every ¢ € 72, we obtain that

fe(z,a) — fi(ze,a7) > frlwe, be) — fe(ae, ap) —

E Z Ia; € Bo](f* (¢, a7) — f*(x, at))]

teTs

T
3
< A+y 1+ o -<1+ZE[<I>t1—<I>t]>+T~T
t=1

<| A+~ 1+Za log |F| + 3,

where in the last inequality we use the definition of ®; in Eq. (29) that ®, = log | F| and

<I>T>log<exp< Zl X X, >>:0.

Regret in~t € T> with a, ¢~Bt. Next, for a; ¢ By, according to the definition of A;, there exists a
function f € F; such that f(z,,a;) > f(x¢,a’) for any o’ € A. This implies that

(@) 2 (i) 1 2 1

fe(ze,a) < fi(we, be) — 7 < Flae,be) + T = fxe,a0) - T

where in (i) we use the definition of B; in Eq. (28), and in (i7) we use the definition of 75 that for any
f € Fu, |f(x,be) — fe(xe,be)] < 1/7. Therefore, in those rounds with oy = 0,¢ € T3 and a & B,
we always have Z; = 1 (Z; is defined in Eq. (27)), which implies that

T
Z I[[O't = O}Zt
t=1

> Tar € B (f* (e, a7) = f* (w1, ar))

teTa

S E S delu(l/T)7

where the last inequality uses Lemma H.2.
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Finally we combined these these bounds in 77 and 7> together, and obtain that

T
’ [Z Ty = 0](f* (w1, a7) — f* (z1,ar)

=E | Y (f* (@ a) = [ a) | +E| D (f(w0,a]) = (s, at))]
teTy teT2
< TAdey (Y1) + E Z Tar € Bo] (f*(x¢,a;) — f*(ay, at))l
teT2
+E | Y lar & Bo (f* (20, af) = f* (w1, 1)
teTz

T
< TAdan(Y1) + | A+ [1+ D 0? | log|F| + 3+ de(Y/7)

t=1

T
=0 Alog|]—"|ZUt2—|—A(de1u+10g|-7:|)
t=1

Finally, combining the regret bound for rounds with oy = 1 and oy = 0 together, we can prove
Theorem H.1.

With our choice of v = / %ﬁfl’ we have

’ lZ Tlow = 0)(* (zv, ) — /* (w1, )

t=1

O

Proof of Theorem H.1. We decompose the regret

Ry = ZT: (Igléﬁ(f*(xtya) - f*(l't’at)>

t=1

I[or = 0] (gleaj(f*(xt,a) - f*(xt,at)> + Zﬂ[at =1] (I;leaj(f*(xt,a) - f*(xt,at)) .

1 t=1

Il
™=

t

According to Lemma H.1, we have

T

Z]I[at =1] (I;leajcf*(xt,a) - f*(xt,at)>

t=1

E

and according to Lemma H.3, we have

T

/ T
E Z]I[ot = 0] (r;?j(f*(xt,a) - f*(xt,at)) =0 < Alog | F]| Zaf + A(deny + log |]-"|)> .
t=1 t=1

Summing these two together, we obtain that

t=1

T
E[Rr] =0 < Alog | F| ZJ? + A(dew + log |]-')> .
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NeurlIPS Paper Checklist

The checklist is designed to encourage best practices for responsible machine learning research,
addressing issues of reproducibility, transparency, research ethics, and societal impact. Do not remove
the checklist: The papers not including the checklist will be desk rejected. The checklist should
follow the references and follow the (optional) supplemental material. The checklist does NOT count
towards the page limit.

Please read the checklist guidelines carefully for information on how to answer these questions. For
each question in the checklist:

¢ You should answer [ Yes] , ,or [NA].

* [NA] means either that the question is Not Applicable for that particular paper or the
relevant information is Not Available.

* Please provide a short (1-2 sentence) justification right after your answer (even for NA).

The checklist answers are an integral part of your paper submission. They are visible to the
reviewers, area chairs, senior area chairs, and ethics reviewers. You will be asked to also include it
(after eventual revisions) with the final version of your paper, and its final version will be published
with the paper.

The reviewers of your paper will be asked to use the checklist as one of the factors in their evaluation.
While "[Yes] " is generally preferable to " ", itis perfectly acceptable to answer " " provided a
proper justification is given (e.g., "error bars are not reported because it would be too computationally
expensive" or "we were unable to find the license for the dataset we used"). In general, answering
" "or "[NA] " is not grounds for rejection. While the questions are phrased in a binary way, we
acknowledge that the true answer is often more nuanced, so please just use your best judgment and
write a justification to elaborate. All supporting evidence can appear either in the main paper or the
supplemental material, provided in appendix. If you answer [Yes] to a question, in the justification
please point to the section(s) where related material for the question can be found.

IMPORTANT, please:
* Delete this instruction block, but keep the section heading “NeurIPS paper checklist',
* Keep the checklist subsection headings, questions/answers and guidelines below.
* Do not modify the questions and only use the provided macros for your answers.
1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes] .

Justification: The main claims made in the abstract and introductio accurately reflect the
paper’s contributions and scope. The claims are validated by detailed proofs.

Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

 The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It s fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
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Answer: [Yes] .

Justification: The paper discuss the limitations of the work in the discussion section.

Guidelines:

The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes] .

Justification: The paper provides detailed assumptions and proofs.

Guidelines:

The answer NA means that the paper does not include theoretical results.

All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

All assumptions should be clearly stated or referenced in the statement of any theorems.

The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility
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Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA] .
Justification: This is a theoretical paper.
Guidelines:
* The answer NA means that the paper does not include experiments.

« If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [NA]
Justification: This paper does not include experiments.
Guidelines:
» The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
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including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA] .

Justification: This paper does not include experiments.

Guidelines:

The answer NA means that the paper does not include experiments.

The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA] .

Justification: This paper does not include experiments.

Guidelines:

The answer NA means that the paper does not include experiments.

The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

The assumptions made should be given (e.g., Normally distributed errors).

It should be clear whether the error bar is the standard deviation or the standard error
of the mean.
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8.

10.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CIL, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA] .
Justification: This paper does not include experiments.
Guidelines:
* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes] .

Justification: The research conducted in the paper conforms, in every respect, with the
NeurIPS Code of Ethics.

Guidelines:
¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: This is a theoretical work. There is no societal impact of the work performed.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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11.

12.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA] .
Justification: The paper poses no such risks.
Guidelines:
* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA] .
Justification: This paper does not use existing assets.
Guidelines:
» The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.
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13.

14.

15.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA] .
Justification: This paper does not release new assets.
Guidelines:
» The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

 The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA] .
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA] .

Justification: This paper does not involve crowdsourcing nor research with human subjects.
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Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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