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Abstract

In this paper, we consider variational autoencoders (VAE) for general state space mod-
els. We consider a backward factorization of the variational distributions to analyze the
excess risk associated with VAE. Such backward factorizations were recently proposed to
perform online variational learning |(Campbell et al.| (2021)) and to obtain upper bounds on
the variational estimation error [Chagneux et al.| (2022). When independent trajectories of
sequences are observed and under strong mixing assumptions on the state space model and
on the variational distribution, we provide an oracle inequality explicit in the number of
samples and in the length of the observation sequences. We then derive consequences of
this theoretical result. In particular, when the data distribution is given by a state space
model, we provide an upper bound for the Kullback-Leibler divergence between the data
distribution and its estimator and between the variational posterior and the estimated state
space posterior distributions. Under classical assumptions, we prove that our results can be
applied to Gaussian backward kernels built with dense and recurrent neural networks.

1 Introduction

Deep generative models have been increasingly used and analyzed for the past few years. In this setting,
Variational autoencoders (VAEs) offer the possibility to simultaneously model and train (i) the conditional
distribution of the observation given latent variables referred to as the decoder, and (ii) a variational approx-
imation of the conditional distribution of the latent variable given the observation referred to as the encoder.
They have been successfully applied in many contexts such as image generation (Vahdat & Kautz, 2020),
text generation (Bowman et al., 2015), state estimation and image reconstruction (Cohen et al., [2022)).

Variational inference has been widely and satisfactorily used for many practical applications but its theoret-
ical properties has been analyzed only very recently. Theoretical guarantees have been mostly proposed for
variational inference procedures in settings where datasets are based on independent data and for mean-field
approximations. In [Huggins et al,| (2020), the authors provided variational error bounds, in particular for
the estimation of the posterior mean and covariance. In |Chérief-Abdellatif & Alquier| (2018), the authors
established the concentration of variational approximations of posterior distributions for mixtures of general
laws using PAC-Bayesian theory. The PAC-Bayesian theory has also been used in Mbacke et al.| (2023)
where the authors controlled in particular the L2 reconstruction loss under the true data distribution for
VAEs. In addition, [Tang & Yang] (2021) provided a theoretical analysis of the excess risk for Empirical
Bayes Variational Autoencoders for both parametric and nonparametric settings. They derived a set of
generic assumptions to obtain an oracle inequality explicit in the number of samples and proposed an upper
bound for the total variation distance between the true distribution of the observations and a variational
approximation combining the empirical distribution of the dataset and the proposed VAE architecture.
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In this paper, we consider data sets consisting in n independent copies of sequences with length 7'+ 1 having
distribution Pp. We aim at extending the theoretical results on variational inference procedures in two
directions. First, we set the focus on the use of VAEs for general state space models, i.e. settings where
the decoding distribution POY of the observations depends on an unobserved Markov chain. State space
models are a ubiquitous class of latent variable models for sequential data, see for instance [Marino et al.
(2018); [Lin et al.| (2018); Krishnan et al.| (2017). In addition, instead of using mean-field approximations, we
consider variational encoding distributions @), satisfying a backward factorization as proposed in |(Campbell
et al.| (2021); (Chagneux et al.| (2022)). In |Chagneux et al| (2022)), the authors derived the first theoretical
results providing upper bounds on the state decoding estimation error when using variational inference with
backward factorization and no such results were proposed for state space models using a mean-field approx-
imation. This factorization was used in |(Campbell et al.| (2021)) to define new online variational estimation
algorithms, where observations are processed on-the-fly. In state space models, the true posterior distribu-
tion of the latent states given the observations admits a backward Markovian decomposition. Therefore this
factorization allows to introduce a variational family which fits the data structure which is not the case of
mean-field approximations.

Our results give the first (up to our knowledge) theoretical guarantees on the trained variational approxi-
mation in this setting.

e We provide assumptions on the decoding and variational encoding kernels under which we prove an
oracle inequality for the risk explicit in particular in the number of samples and in the length of the
observation sequences, see Theorem [3.1] This result is established using an alternative formulation
of (Tang & Yang), 2021, Theorem 3) in our state space setting and with an explicit dependency on
some constants to track all terms depending on the number of observations. The variance term has
the usual rate 1/n up to logn terms in the sample size n, and grows as T° in the length T' of the
sample sequences. This allows to understand when the procedure leads to a decoding distribution
that approximates well the data distribution together with a coding distribution which approximates
well the decoding state distribution.

e In particular, when data are generated from a general state space model, and when Pp belongs to
the decoding family of distributions, we give an upper bound also explicit in the way the backward
coding kernels approximate the backward decoding kernels, see Corollary [Il

e We analyse settings in which our results hold, in particular settings with Gaussian backward kernels
based on Multi-Layer Perceptrons (MLPs) and on Recurrent Neural Networks (RNNs).

Our theoretical results provide the first excess risk bounds in a context of VAE for state space models. The
proposed upper bound has the same behaviour in n as the ones obtained in the classical statistical literature
for parametric models, in which 1/n is the parametric rate and logn factors come from the concentration
of empirical measures. This behaviour was recovered in (Tang & Yang], [2021, Theorem 3) in the variational
learning context. Regarding theoretical results for VAEs in the state space models context, we are only
aware of |Chagneux et al| (2022) where the authors control the variational posterior error for the estimation
of expectations of additive functionals with an upper bound having linear growth in 7. In this context, we
target a more challenging objective and it is not surprising that the upper bound on the excess risk may
have a larger than linear growth in 7.

The paper is organised as follows. The general setting and notations for state space models and variational
learning are given in Section 2] Assumptions and theoretical results are proposed in Section [3] along with
discussions on specific deep architectures used in practice. A discussion with insights for future works is
given in Section @} Detailed technical setting ot the assumptions and detailed proofs of theoretical results
are given in Appendices. Additional proofs to highlight that when the state and observation spaces are
compact our main results hold are given in Appendix [G}
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2 State space model and variational estimation

The observations are n sequences Y., 1 < i < n, taking values in a measurable space (Y,)). We use a,.,
as a short-hand notation for (ay,...,a,) for 0 < u < v and any sequence (ar)¢>o. In the following, we need
to consider quantities depending on observation sequences yo.7, which is highlighted with super-indices in
all what follows.

2.1 Coding distribution with state space modeling

Throughout the paper, all quantities related to the coding distribution depend on a parameter 6 € O,
© C R%. To be used as coding distribution for the observations, we consider a state-space model, i.e. a
bivariate discrete-time process {(X,Y;)}i>0 where {X;};>¢ is a hidden Markov chain in a measurable space
(X, X). The initial distribution x of Xy has density ¢ with respect to a reference measure p and for all ¢ > 0,
the conditional distribution of X1 given Xy.; depends only on X, it is written My(X,,-) and has density
mg(Xy,-). In such a model, the observations {Y;}ocicr are assumed to be independent conditionally on
Xo.r and, for all 0 < ¢ < T, the distribution of Y; given Xo.7 depends on X; only, is written Go(X¢,-), and
has density y — g (X;) with respect to a reference measure v.

Example 1. Consider a nonlinear state space model defined by Xo ~ ¢ in R® and for all0 <t < T —1,
Xiy1 = fo(Xy) + e,

where fo : R — R? is a parametric function and (e4)1<i<T are i.i.d. with distribution N'(0,%) and inde-
pendent of Xo. In this setting, mo(Xy,-) is the Gaussian density with mean fo(X:) and variance . The
observations are defined, for all0 <t <T, as

Ye = ho(Xy) +me

where hg : RT — RY is a parametric function and (n;)o<i<7 are i.i.d. with distribution N'(0,A) and inde-
pendent of (Xo.r,eo.r). In this setting, y — gy (X¢) is the Gaussian density with mean ho(X¢) and variance
A.

In this context, the joint probability distribution Py of (Xo.7, Yo.r) has density with respect to p®T+1) @
v®(T+1) given, for all § € O, xg.r € XTH! and all yo.r € YT+, by

T

Po o (@01 yorr) = C(x0) g (x0) [ [ mo (-1, 24) g (1) .
t=1

and the coding distribution of a sequence Yy.r is denoted by P . The joint smoothing distribution, i.e. the
conditional distribution of Xg.7 given Yy.7 = yo.7, is given for every measurable function h by
T
wr () = J x(dzo)gg” (wo) [T,—y Mo(wi—1, dzs) gy’ (we) M(wo.r)
0,0:7|T\"") = :
| S x(do)gi (x0) TTi=y Mo ey, da)gf (x:)
The probability density of (I)ZOG:TNT is denoted by ¢10/06:TT|T' In the following, we use the notation ®3%* to

denote the the filtering distribution at time ¢, i.e. the conditional distribution of X; given Yy.; = yo.7, with
a similar convention for the probability densities. The joint smoothing distribution can also be written

T—1
&)y (dzor) = 04 (dar) T By Ty (o7, dar—ia), (1)

t=0
where BgO:TT_’t‘_’ll‘T_t(xT_t,de_t_l) is the backward kernel at time T — ¢ defined by
Bgf’:TT_’tt_’lllt(xT_t,me_t_l) x @z?gjt‘j(de_t_l)mg(xT_t_l,xT_t) with a probability density with re-

spect to p denoted by bzog:tt:i\Tft(xT*t’ 2. For all T, 6, yo.r € YT, the loglikelihood of the observations
is:

27 (0) = log L™ (0)
where
Lp(0) = /pe,o:T(l’o:%yO:T)U(dmoiT) :
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2.2 Variational learning with backward factorization

The joint smoothing distribution is usually intractable and we focus in this paper on variational learning
to perform approximate maximum likelihood. All quantities related to the encoding distribution depend
on a parameter ¢ € &, & C R%. Following Campbell et al.| (2021); Chagneux et al. (2022), we propose a
backward variational formulation mimicking

T-1
QYir(dwor) = QWE (der) [T QUd_,_yjpy(@r—v,dar i 1),
t=0
where QZ)‘); T (w7 _4,-) (resp. QyUT) has probability density q(pT 1| (w7 _¢,-) (resp. qg‘)TT) with

respect to the reference measure p.

In this setting, the ELBO writes, for all § € ©, ¢ € ®, and for a sequence of observations Yj.r,

o)

ELBOY* (0, ¢) = 0,7 (0) — KL (Q:?GTT 0,0:T|T

Here, KL (Q||P) denotes the Kullback-Leibler divergence between probability distributions @ and P, that is

KL (Q||P) = Eg[log(dQ/dP)]. Maximizing the empirical ELBO given by > »_, ELBO?’I’T(H, ) is equivalent
to minimizing the following loss function

Lnr(0,0) = Zw %YOT

where )
i po(Yo.r)
@ (0, p,Yy.r) = log YiioT + KL ( 0T “I)e 0: T\T) .
L™ (0)
Define
(9H,T7 Q/O\n,T) € argminOe(—),goe:b ‘Cn,T(ea ()0) . (2)

Although this is not the focus of this paper, note that in practice the estimators given by cannot be
computed explicitly, in particular when the decoder or the encoder are parameterized by neural networks. In
this case, a common approach is to obtain approximate estimators using stochastic gradient descent-based
approaches like ADAM Kingma & Baj (2015)), see for instance |Chagneux et al.| (2022) and the references
therein. In these settings, the gradient descent is performed using mini batches of trajectories for each
parameter update and the unknown expectations are approximated using Monte Carlo methods.

Such a procedure is a so-called M-estimation method in the statistical literature. The intuition is that with
large data sets, that is when n is large, the ELBO is close to the expected (under the unknown distribution
of the data) value of w, and the estimated decoding and coding parameters are close to minimizing this
expected value. An important body of work in the statistical community has been devoted to develop
very general settings in which non asymptotic bounds on the risk of M-estimators, referred to as oracle
inequalities, can be given, see van de Geer| (2000)) as early reference, or Wainwright| (2019)) and the references
therein for more recent results. Moreover, oracle inequalities are obviously the only property one can hope
for such estimators, the other properties being consequences of the oracle inequality. In the following section,
we thus first provide assumptions under which we obtain an oracle inequality for the coding and decoding
distributions with parameters defined in and then discuss consequences. Note that though defines the
parameters when the algorithm has reached the optimal value, we could relax the definition by minimizing
up to some error term that would be added to the upper bound of the oracle inequality.

2.3 Examples

We can consider for instance generative models where the transition kernels and emission distributions are
Gaussian and parameterized by neural networks.



Published in Transactions on Machine Learning Research (06/2024)

Gaussian backward kernels with dense networks.

o For all z € X, 2/ — my(z,2') is the Gaussian probability density function with mean pg(x), and
variance X () where (ug(x), Zo(z)) = MLP? () with MLP? a dense Multi-layer network with input
x and weights given by 6.

e Forall1<t<T,zeX, 2’ — qi‘)f_l‘ ((z,2") is the Gaussian probability density function with mean

(@), and variance BT (x) where (u’" (), B0 () = MLPYY [ ¥ (2) with MLPJ*1¥

a dense Multi-layer network with input z and weights depending on ¢.

Another example where the forward Markov kernels and the backward variational kernels are Gaussian is
given by the Chaotic Recurrent Neural Network (CRNN) described in |Campbell et al. (2021)); Zhao et al.
(2022); |Chagneux et al.| (2022)).

Gaussian backward kernels with recurrent networks. A natural parameterization is also to use
a recurrent neural network which updates an internal state (s;);>¢ from which the backward variational
kernels and filtering density are built. For all ¢ > 0, define s; = RNN¥(s;_1,y;) where RNN¥ is a recurrent
neural network, and let 2’ qi’ﬁu ;(z,2") be the Gaussian probability density function with mean ufﬂ:fl "

and variance Efﬂzﬂt where (u¢, 5¢) = MLP?(sy).

3 Main results

3.1 Assumptions

In this section, we propose a set of assumptions on the kernel densities my and qiotft 41 0<t<T—1, and
on the conditional densities g, under which we are able to prove an oracle inequality. The precise setting of
those assumptions is detailed in Appendix [B] We discuss in Section how they can be applied to specific
architectures used in practice. Additional discussions on the assumptions are provided in Appendix [G] where

we prove that usual compact state space models are covered by our theory.

As can be seen in the definition of the ELBO, we shall need to control smoothing expectations both in the
coding distribution and in the decoding distribution. In the state space model literature, Assumption is
usual for this purpose.

H1 There exist probability measures n_ and ny on (X, X) and constants 0 < o_ < o4 < oo such that
o_n_ (resp. o4ny) is a uniform lower bound (resp. uniform upper bound) for y and Mpy. Similarly,
there exist probability measures A_ and A, on (X, X) such that for all yo.p € YT*1!, there exist
9% > 0 and 94" > 0 such that 9¥*"A_ (resp. ¥4*" A, ) is a uniform lower bound (resp. uniform

Yyo.T Yo:.T
upper bound) for o1 and ol

In the state space model literature, is usual for the study of asymptotic properties of maximum likelihood
estimators.

H2 For all y € Y, infyco [ gf (z)n-(dz) = c_(y) > 0 and supyee [ 9 ()14 (dz) = ¢4 (y) < oo.

More assumptions are needed to manage the complexity of the models and to get a nonasymptotic control
of the risk of the estimators. These controls are obtained with Assumptions H|3H6l

We constrain the kernels and the conditional densities to be Lipschitz in the parameters with a Lipschitz
coefficient depending on the variables.

H3 There exists M, Gy,Kff‘ﬂt7K%°:T7 such that mg(z,2") is Lipschitz in 6 with Lipschitz coefficient

M(z,2"), gj(x) is Lipschitz in § with Lipschitz coefficient G¥(z), qi’}?’ti”t(m,x’) is Lipschitz in ¢

with Lipschitz coefficient Kff:lTI (@', ), 0% (x) is Lipschitz in ¢ with Lipschitz coefficient K" ().
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We shall also need Lipschitz properties of the functions comparing logarithms of the backward kernels of the
coding and decoding distributions. The precise technical setting of the assumption is given in Appendix [B]

H4 The difference between logarithms of the backward kernels of the coding and of the decoding dis-
tributions satisfy Lipschitz properties with respect to the parameters. Moreover, the integral with
respect to Ay of this difference is uniformly upper bounded.

We shall need to prove that w is a Lipschitz function of the parameters, and we need an upper bound on
the L2-norm of the Lipschitz coefficient. For this purpose, we consider moment assumptions. The precise
technical setting of the assumption is given in Appendix [B]

H5 There exists A which is an upper bound of several moments involving quantities defined in the
previous assumptions.

The last assumption is used to get concentration properties, as usual in the statistical literature to get
theoretical guarantees with finite samples. It involves Orlicz norms, the precise definition of which is given
in Appendix [A]

H6 There exists o, and B > 0 such that the Orlicz norm of order «, of several functions is upper
bounded with B.

3.2 Oracle inequalities and consequences

Our main result is an oracle inequality for the risk. The so-called variance term has the usual rate 1/n up to
log n terms in the sample size n. It is proved to grow as much as T2 in the length T of the sample sequences.
We assume that © and ® are compact spaces, and that the sum of their diameters is bounded by dj.

Theorem 3.1. Assume that h@ hold. Then, there exist constants ¢y, c1, ¢2, D which depend on o+,
o_, ax, A, B and dy only, such that with probability at least 1 — coexp(—cy{d. logn}" ),

P . _,.Dd,T?
@ (On, 75 P15 Yo.7)0D (Yo7 )t (yo.7) < infyso 3 (1+7)Er +c2(14+777)

log(d..n)(log n)l/a*} :

where Er = mingeo pea [ @ (0, ¢, yo.r)pp (Yo.r)du(yo.r) and di = dg + d,.

In (Chagneux et al| (2022)), under similar assumptions as the strong mixing assumptions of our paper, the
authors obtain a linear growth in T" as an upper bound on the variational posterior error when the objective
is to compute expectations of additive functionals. In our setting we target a more challenging objective i.e.
obtaining excess risk bounds and a full control on the divergence between the true data distribution and the
estimated one (Corollary 3.2). Indeed, as an intermediate step, the proof of Theorem requires similar
bounds as the one in |Chagneux et al.| (2022). The sketch of proof we follow (see below) leads to a growth
of order T3. We do not claim that our upper bounds is optimal but it is not surprising that it has a larger
growth than the one of |(Chagneux et al.|(2022)). Finding another method to prove a bound of better order if
possible is an open problem.

In our assumptions, many constants depend on the state dimension and on the dimension of the parameter
space. In this paper, we decided to set the focus on the dependency on the number of samples and on 7. A
reason is that tracking the dependency on the dimension is challenging in state space models. Tracking the
dependency on d for mixing constants is a contribution on its own for general state spaces without assuming
too restrictive conditions on the model. This is the focus of future works.

Proof. To prove Theorem we use Theorem which is an improved formulation of (Tang & Yang
2021, Theorem 3), proved in Appendix in which we track the dependency in n and 7. Theorem |C.1
provides an oracle inequality in which the upper bound is a sum of bias term and a variance term. The bias
term is Ep. The variance term is the product of a rate in the sample size n and a complexity term. The rate
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in n is the usual one, and the complexity term is itself a product of the constants a; and D involved in the
assumptions of Theorem together with the dimensional constant d,. The main purpose of the remaining
of the proof is to understand how a; and D depend on T, the length of the sequences. This requires to
provide assumptions that can be verified in specific models such as the models described in Sections [2.3] and
and to control precisely behaviours of terms involving smoothing (coding and decoding) distributions
which is known to be challenging. The detailed proof is given in the Appendix [D}] We show that a; may be
upper bounded with CT? for some constant C' > 0, and that D may be upper bounded with DT, resulting
in a product of order T3. O

Note that

o~ 1
/w(en,Ta @n, 15 Yo:1)PD (Yo:r)dp(yo.r) = KL (PDHPGX T) +Ep, KL ( Yor

on,1,0:T

@XOI:T
0, 7,0:T|T

If the upper bound in Theorem [3.1]is small, then the distribution Pp of the observations is well approximated
by the decodlng observational distribution PA , and the decoding distribution of the latent state distribution

nT

given data <I>A = is also in average well approximated by the coding distribution Q
0y, 1,0:T|T Pn, T70 T

Er = mingeo,pea { KL (Po[|P}) + Ero KL (@) 03557 ) }

In case the data follows a state space distribution given by some decoding distribution, that is if there exists
0* € O such that Pp = Pgi, the oracle inequality in Theorem becomes, by taking § = 6* to upper bound
ET)

In the same way,

Yo, .
KL (Pg: Pgﬂj) + Epy KL < o T70 T @\:.:,O:TT) <1+ ’Y)mmgoe@EPgY* KL ( 0T ‘(I)e* 0: TIT)

Dd,T?
+e(l+97h) log(d.n)(logn)'/**  (3)

for any v > 0. In the following corollary, we assume that the coding backward kernels are chosen such that
they are good approximations of the backward decoding kernels in Kullback-Leibler divergence.

H7 There exists € > 0, such that for all § € © there exists ¢ € ® such that for all yo.r € Y7+,

KL( yOT

@yOT) <e

and forall 1 <t < T,
KL ( Yo:T

p,t—1|t

ByOt 1)§6'

0,t—1t

Corollary 1. Assume there exists 0* € © such that Pp = P).. Assume moreover Iﬂ Then under the same
assumptions as in Theorem for the constants cy, c1, co, D in Theorem with probability at least
1 — coexp(—ci{d. logn}"*), for any v > 0,

vi v . Dd,T? .
K (R p2 ) vmmn (@ odie ) < (e eticsentin ) 2 on(dalogn) o

When the data distribution is given by a state space model, Corollary [I| provides an upper bound for the
Kullback-Leibler divergence between the data distribution and its estimator and between the variational
posterior and the estimated state space posterior distributions. This result sheds additional light on the
quality of variational reconstruction in state space models with respect to (Chagneux et al.| 2022 Proposition
3). In (Chagneux et al. [2022, Proposition 3), the authors provided upper bounds on the error between
conditional expectations of state functionals under the true posterior distribution and under its variational
approximation. In both settings, designing coding backward kernels that are good approximations of the
true backward decoding kernels is enough to obtain quantitative controls on the reconstruction error.
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Proof. The result follows from equation [3} H7]and the fact that for any § € © and ¢ € ®, for any yo.r,

KL (QWi

T
: : Yo:t— : :
@) = DKL (QUy,|[Biiil,) + KL (Qur @7 ).
t=1

3.3 Applications

In this section, we consider generative models where the transition kernels and emission distributions are
Gaussian in various classical settings. We show that under weak assumptions on these models, some as-
sumptions of our main results hold. Establishing that all assumptions are satisfied in general settings, i.e.
without very specific assumptions on the architectures, is a more challenging problem.

We prove in Appendix [G] that holds in particular for compact state spaces. We also prove that the
functions hlt’?(;’T@ are upper-bounded explicitly, and that ¢Z?£t and bZ?£t11\ , are lower and upper-bounded ex-
plicitly. This allows to obtain explicit constants in Providing additional comments on the assumptions
requires assumptions on the observation space or on the dependency of the variational distributions on the
observations. When the observation space is compact we can also obtain a uniform control with respect to

the observations of these upper bounds which is crucial to check Hp| and H]

Gaussian backward kernels with dense networks. We consider a generative model where the
transition kernels and emission distributions are Gaussian and parameterized by dense networks following

Section 2.3

o For all z € X, 2/ — my(z,2') is the Gaussian probability density function with mean pg(x), and
variance X () where (ug(x), So(z)) = MLP? () with MLP? a dense Multi-layer network with input
x and weights given by 6. In this case, if the output layer of MLP? is such that e is bounded and
<, (2) <2 (ie. B (2) — 8 and ¥ — £, () are positive semi-definite matrices) for all z € X,
then there exist constants ¢, ¢ such that for all z, 2’ € X,

cexp (= z'z) < mg(a,x) < Texp (—Aa()) ,

where ) is the smallest eigenvalue of X and X is the largest eigenvalue of ¥ and where

a(z) = 5 (=l = M) Lyepsar + ()l = m)*Lygy<m + (M —m)* Ly cpay<nr) >

N |

with m = inf,ex geo [|po(7)]| and M = sup,cx gee llpto(w)]|. This implies that holds. In order
to check if we assume also that for all # € X, 6 +— pg(z) and 6 — ¥, '(z) are continuously
differentiable and that © is compact then there exists M such that for all #,0’ € © and z,z’ € X,

Ime(z, 2') — mg: (z, )| < M(z,2")[|0 — 6" -

We can check for log bgoii‘ll‘ ;» as other items can be verified following the same steps. Assuming

that bz?,;t:f‘ ,(z,-) is a Gaussian probability density with mean ,uzf’::ll‘ ,(z) and variance Ez?;:ll' ().

Under similar regularity assumptions on the networks providing ugf’ifﬂ ,(r) and Ezf’t‘t:ll‘ ,(z), when ©
is compact, HA] holds.

e Foralll1 <t < T,z e X, 2/ qZ‘jﬁl‘t(x,x’) is the Gaussian probability density function with

mean pi‘jil‘t Zfﬁllt(w) where (pif;il‘t(x),Ei‘j‘tillt(m)) = MLPtyﬂ‘f"t@(x) with

MLPYT>% a dense Multi-layer network with input x and weights depending on . In this case, is

t—1]t
the output layer of MLPi’ﬂlel’f is such that ui‘jillt is bounded and Zi’fflt < (ngillt(x))_l < iijff‘t

(z), and variance ¥
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(ie (B2 1‘t(ac)) - X 1¢ and i‘?o:f‘t - (Ezg‘t{llt(x))_l are positive semi-definite matrices) for all
x € X, then there exist constants ¢} 1|t’ E?t’i:lTlt such that for all z, 2’ € X,

fo 1T‘t exp( /\t l\t'r x) <QZOtT 1|t( r)<e S 1)t exp( tho {|tﬁ( ))

Yo.T

where A/ 1T| , is the smallest eigenvalue of X/ 1t and Xfﬂflt is the largest eigenvalue of iﬁiﬂt and

where

8(z) = 5 (Ul = M1 s agzo + (lall = 5,0 oy o

t—1|t

N —

MYOT g ¥oT Y29
+( t—1t — M- 1|t) m?OT <z <MIOT, ) o

with mi’”flt = inf,ex ||,ui’31T‘t(x)|| and M7, = sup,x || 1)¢(@)||. Similar assumptions can be used

t—1t
Yol using dense neural networks with bounded output. Under similar regularity assumptions on

and XY than for pg, and variance %y, we may prove that holds when @ is compact.

for g,

/u'gypot 1|t’ ot 1|t
Gaussian backward kernels with recurrent networks. A natural parameterization is also to use
a recurrent neural network which updates an internal state (s¢)¢>o from which the backward variational
kernels and filtering density are built. For all t > 0, define s; = RNN¥(s;_1,y:) where RNN¥ is a recurrent
neural network, and let ' — q t 1] ,(z,2") be the Gaussian probability density function with mean ufﬂ:fl .
and variance %Y 1j¢ Where (1t Et) MLP¥(s;). If the network MLP¥ is bounded similarly as in the dense
neural network case, then the backward variational kernels satisfy

Functional autoregressive models. The discussion on neural networks also indicates that the as-
sumptions can be verified for some classical statistical models. Assume for instance that X = R and
that for all § € ©, z € X, 2’ — my(z,2’) is the Gaussian probability density function with mean fy(x),
and variance o3 (x). Then, holds for mg when —oco < infrex pco fo() < sup,ex geo fo(r) < oo and

—00 < infrex peo 09(7) < SUP,ex geo 00 (T) < 0.

Gaussian emission densities. Assume that at each time ¢ > 0, Y; = ho(X;) + ¢, where {g;}4+>¢ are
independent Gaussian random variables. Assume also that hg(X;) = MLPe(Xt) where MLP? is a dense neural
network with bounded output layer, then holds. Assume that for all z € X, 6 — hg(x) is continuously
differentiable and that © is compact, for all y € Y, there exists GY such that for all 6,0’ € © and z € X,

|95 () — gy ()] < G¥ ()]0 — 'z,

which means that HB3| holds for the emission distributions.

4 Discussion

In this paper, we used a backward decomposition of variational posterior distributions to propose the first
theoretical results for variational autoencoders (VAE) applied to general state space models. Under strong
mixing assumptions on the state space model and on the variational distribution, we provide in particular
an oracle inequality and an upper bound for the Kullback-Leibler divergence between the data distribution
and its estimator.

Although these results are the first theoretical guarantees for VAE in the context of state space models, we
believe that this is the first step to solve challenging open problems. First, in order to cover a wider variety of
applications, weakening the strong mixing assumptions, for instance using local Doeblin assumptions, would
be very interesting although it is a challenge when analyzing the stability of smoothing distributions. Another
research direction is to understand how our results can be extended in settings where the observations are
processed online, i.e. in cases where the parameters are updated when new observations are received but
never stored. To the best of our knowledge, online variational estimation has recently been explored with
new methodologies but without any theoretical guarantees.
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A Notations.

In the following, for all measures A and 1 on (X, X) and all transition kernels K we consider the follow-
ing notations. For all measurable sets A C X x X, A®@ n(4) = [La(x,2")A(dz)n(dz’) and A @ K(A) =
J14(z,2")N(dz) K (z,dz’), for all measurable sets B C X, AK(B) = [A(dz)1p(2')K(z,d2’), and for all
real-valued measurable functions k on (X, X), A(h) = [ A(dz)h(x). For all measurable functions hq, ha, we
write hy ® hg : (z,2) — hi(x)he(2').

For all @ > 0, define on R, the function %, :  — exp(z®) — 1.

For all real-valued random variables X, define the Orlicz norm of order a by

[ X[[p, = infrso{E [Ya(|X|/N)] <1}

For all probability measures P and @ defined on the same probability space, ||P — Q|| will denote the total
variation norm between P and Q.

B Assumptions

In this section, we give the precise setting of the assumptions.

H1 There exist probability measures n_ and 1y on (X, X) and constants 0 < o_ < o4 < oo such that
for all 8 € ©, z € X, all measurable set A,

o-n-(A) < x(4) < oyn4(4)

and
o_n-(A) < My(z, A) < o1n4(A).

There exist probability measures A_ and A, on (X, X) such that for all yo.r € YTT1 there exist
9¥%T > 0 and ﬁT’T > 0 such that for all ¢ € &, ¢t > 0, x € X, all measurable set A,

POTAL(A) < QU (2, A) < TN ().

In addition, for all ¢ € ®, all yg.r € YT 1, and all measurable set A,
PITA(A) < QI (A) < T (A).
H2 For all y €Y, infgco [ gf(z)n-(dz) = c_(y) > 0 and supgeg [ g (2)n4(dz) = ¢4 (y) < oo.

We consider also the following notation supycegp’ = g% and infoeo gy’ = g.

11


https://doi.org/10.1017/9781108627771

Published in Transactions on Machine Learning Research (06/2024)

H3 There exists M such that for all §,6" € © and z,2’ € X,
ime(z,2") —me(z,2")] < M(z,2')|0 — 0[]z .

For all 1 <t <T, yo., there exists Ktyo 1T|t such that for all ¢, ¢’ € ® and z, 2’ € X,

Kfoﬂt(x/’x)“‘p - L»0/”2 .

Ao = Ty (o) <
In addition, there exists K" such that for all ¢, ¢’ € ® and z € X,
|7 (@) = a5 (@) < K @)lp = &'l
For all y € Y, there exists GY such that for all 6,6’ € © and z € X,
|95 (x) — g ()| < G¥(2)[10 — 0|2 .
Define, for 1 <¢t < T —1,
hie (@1, ) =1og ¢2'" | (we, we—1) — log by';"- (@ 1)

and, by convention, hg?gw($T L,IT) = 1ogq¢T 1‘T(mT,xT 1) — log bgOTT flT(xT,mT 1) + logqy”(

log ¢4 ().

H4 For all yo.r € YTt and all 0 <t < T,

/ At (dz) |h

and for all 6,0’ € ©, p, 0’ € ®, 1 <t < T,

sup

t,0 ¢ = Uy )
0€O,pcd

yOT ‘H Yo:T

/ Ae © N (deda) [log g2y (,0') —log g7y, (2,27)] < 457 o = @'l

/)\+ @ Ay (dzdz’) ‘logbzott (e, a) - log by, ~ ()| < SN0 =0,

[ o) og e ) ~ tog a5 @) < A o = ¢l

[ o) gt (o) ~ log o )| < et o - o1,
where )\ is defined in
H5 There exists A such that the following inequalities are satisfied.
Yo.r Yo.T 2 Yo.r Yo.T 2
E[(077efyr) | <A, B |(90relyr) | <A,

forall 0 <t < T,

E [’;‘f;;j] <A E [((ﬂi‘”)%i?)z] <A,

forall1<¢t<T,

2 M®7Yt,1—Y,,)2
Yo.7\2 Yo:t—1 < 77+®M( g g <
(i) ] <. m [MEEEREGE T <.

12
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T 2
E (ﬂiO:T Z )\+ ® A+(Kg(;il)p(Y0:T)s_t> S A 5

s=t—1

where for all yo.r, p(yo.r) =1 — 97, for all 0 < s,¢ < T,

e (V)2 u(GY-)?
e L_m)%_ <Ys>2} =4

and forall 0 <t<T,all1<s<T,

<A.

E

<c+<mn+ © (M ®©g¥1g") ) ’
c_ (stl)cf (Ys)cf(yt)

H6 There exists a, and B > 0 such that for all T > 1,

Yo:T
htﬂw

)

< BT,
Yo

T
(ﬁXOZT)Q : Sup@,tp,x Z )\+ 0 )‘+ (

t=1

||10ng(YO:T)Hwa* S BT and

and for all 0 <t < T,
[og c4(Yy)[ V [log c— (Y2)|[ly.. < B .

C An oracle inequality adapted from |Tang & Yang| (2021)

We propose an alternative formulation of Theorem 3 in Tang & Yang (2021 in which we provide the precise
behavior of the constant in the variance term. To avoid introducing too many new notations, we formulate
the results of |Tang & Yang| (2021) choosing the observation to be Y., the latent variables to be Xo.r in
our setting.

Condition A. There exist a; > 0 and a function b such that for all § € ©, ¢/ € ©, p € @, ¢’ € D,
Yo:T € YT+17
1@ (6, ¢, yo.r) — (0, ¢, your)| < b(yo.r) 10, 0) — (6, ¢") |2,

with E[bQ(YozT)] S ai.

Assumption A. There exist o, > 0 and D > 0 such that
LYor (g
supgw{ L = ( ) ’(252)/0{)}

pp(Yo.r)
Theorem C.1. Assume that © and ® are compact spaces and that the sum of their diameter is upper
bounded by dy. Assume moreover that Condition A and Assumption A hold. Then, there exist constants
co, c1, which depend on dy, a1 and oy, and a universal constant co, such that with probability at least
1 — coexp(—cy {d. logn}1 o),

<D. (5)

Qs

log

+ KL (QUtr

alDd*
n

/W(@L,T, @n, 15 Yo:1)PD (Yo.r)dp(yo.r) < infaysg {(1 +MEr +ca(L+v71) log(d.n)(log n)l/“*} ;

where Er = mingeo, yeo [ @ (0, ¢, yo.r)rp (Yor)dp(yo.r) and d. = dg + d.,.

Proof. We follow the proof of (Tang & Yang, 2021, Theorem 3), in which we track the dependencies of the
constants with respect to a;. In (Tang & Yang, 2021, Lemma 14), a multiplicative term ,/a; is required on
the r.h.s. of the inequality. Then on page 24 third line the inequality needs again \/a; on the r.h.s., and
the end of the proof follows by multiplying 6,, by \/a1. We obtain that in (Tang & Yang, 2021, Theorem 3),
their constant co is proportional to a;. O

13
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D Proof of Theorem [3.1]

First, Assumption A of Theorem holds with D = DT for some positive constant D depending on B.
This is a consequence of the first point in Hf| Proposition [E-4] and Proposition [E-5]

We now prove that Condition A of Theorem holds i.e. that for all 8, 0, ©, ¢, yo.T,

A(ev 0/7 2 QO/a yO:T) = |w(97 2 yO:T) - w(alv 410/’ yO:T)l < b(yO:T) ||(0’ 90) - (9/’ 90/) HQ l

with a; < CT? for some C > 0. Write, for all 8, ©1, ©a, yo.1,

Yo:. T
o 0.7 (Xo1)
EVOT (0, 1, =E . log 222 — "~
0 22) e | z?O:TT|T(XO:T)
Note that
A(aa 917 @, Qolv yO:T) S M%):T (9) - K%O:T(e/)l + |gy0:T (97 @, SD) - 5y0:T (0/7 (10/7 QD/)| .
Write
|5y0:T (0, <)0) — gvor (0,7 ¢/)| < Al(ea ©, <p/a yO:T) + AQ(ev 0/7 ®, QD/; yO:T) 5
where
A0, ¢, ¢, yo.r) = |EVT(0, 0, 0) — EVT(0, ¢, 9)|
A2(9a 9,7 ®, 30/7 yO:T) = ‘gyO:T (95 3017 %0) - gyO:T (9/7 80/7 410/)‘ .
Therefore,

A0,8", ¢, 9" your) < [T (0) = L7 (0] + A1 (0, 0,9, your) + D2(0,0, 0,0 your) -
By Proposition Proposition and Proposition we get that for all 8, 0", ¢, ¢’, and all yo.7,
A0.8, 0,9 yor) < (51 (yo.r) + Ka(yor)) 10— O'll2 + (52 (yo.7) + K3 (yor)) 0 — ¢z,
where

o (GP) N~ oy N+ ®@ p(M - g¥ ' @g”)

k1(Yor) = o_c_(yo) i

{C+(yt)Lt—1(y0:t—l)+ +’7+(Gyt)}7 (6)

Lo e () e )
with M - g¥-1 @ g¥t (z,2") = M (z,2")g¥*—1 (x)g¥* (2’), and for all ¢,
9 ¢
Leyor) = 4(;% ;)Et_s c— (195) {CT_C—tys—l)nJr BudM- g Ogh) M(GyS)} 7 @)
withe=1—0_/0y,
T T
ko (yo.r) = (99°7) Z Z A ® A ( S|811)P(yO:T)S_t ; (8)
=1 s=t—1

Ra(yoir) = 9907 ( ch” > , (9)
and

im0z (s Eai ) "

in which v*", ¢{%", c5%' ™", 4% and ¢f" are defined in }l 4l Using 1 54 it is easy to prove that E[r1(yo.7)?],
E[k2(yo.7)?], E[r3(yo.r)?], and E[m(yo;T) ] are upper bounded by ¢TI for a constant ¢ that depends only
on gy, o_ and A, and Theorem follows.
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E Additional proofs

Proposition E.1. Assume that hold. For all 6, 6 € ©, and all yo.p € YTH1,
[T (0) — 677 (0)] < k(o) [0 — 0|2

where

o (G®) <~ o Ny ®@ p(M - g¥ 1 ©g¥) ye
k1(yo.r) = e () + ; o e (W) {C+(yt)Lt—1(y0:t—1> + e () +n+(G )} )

with M - g¥= ® g¥ (z,2) = M(z,2")g¥—* (2)g¥ (2'), where L,_y is defined in Lemmal[F.3

Proof. For all §, ' € ©, and all yo.7 € YT with the convention pg(yo|y—1) = pa(vo),

T
T (0) — 7 (0') = (log po(yelyo:i—1) — log por (yelyo:e—1)) -
t=0

For all t > 0,
Po(Yt|yo:t—1) = /<I>§’°; S (dz—1)My(ze—1,dae) gy’ (z4) -

Note first that
Po(Ytlyoit—1) > o—c—(yt) ,
so that

YT () — YT (9| < |p9(y0) — Do’ ( |p9 yt'yot 1) pO/(yt|yOt 1)| )
) - epem ) < Lot e Z e

For ¢ = 0, using that pg(yo) = [ x(dzo)gs°(z0), Assumptions H1|and }' 3| yield

[Po(y0) — por (yo)| < o4m4-(G¥°)]10 — 62 -
In addition,

Po(ilyo:—1) — Por (yelyose—1) = / (@45 (i) = @47 (Awer) ) Mo (w1, da) gy (a0)

+/ Oy~ (dae—r) (Mo (-1, dwe) — Mo (241, dzy)) g5 (fft)+/ Oy =3 (dae—1) Mo (w1, dae) (95" (20) — g5 (w0)) -

Using Lemma [F1] Assumptions HI] and HJ3] we get

Do (Yeyo:t—1) — por (ye|yose—1)| < {U+C+(yt) H(PZ?;Z‘{ — éé’?j;fl

/?7+ ® p(dzda’)(M (2, 2")g" * (x)g" (")) + 0+77+(Gy*)} 16 =012 .

+

tv
04

o-c(yi-1)

The proof is completed by using Lemma [F.2] O
Proposition E.2. Assume that hold. Then,

A0, 0,9, y0.r) < Ke(yo.r)lle — ¢'ll2

where
Yo: T Yo: 1T
a0 0o (Xo.r) 2o (Xo:r)
Al(ea @, 90/, yO:T) = |E vor |l —A | — E vor IOg s Y ,
o.0rr(XoT) toror p.0:rr (Xo:)

with p(yo.7) = 1 — 9% and

K2 (yor) = (V407) Z e Z A @ X (K0 )p(yor) ™"

s=t—1
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Proof. For all p,¢’ € ®,0<t<T —1, define

t+1 1
Yo:T Yo:T
qu Lp/ t|T(x0 T) = qg;T zr) H Qo u—1|u (Tu, Tu—1) Hq¢/7u_1|u(xuvxu—1)
u=t
t42
yOT Yo:T Yo: T
_quT xT Hqgo,u 1|u .’I/'q“.'l?u 1 H C]W u—1lu l‘u;xufl)

u=t+1
with the convention Hu T qzouT llu(gcu,xu,l) =1and Hi:o qi?jzillu(xu,xu,l) =1,and fort =T,

~Yo:T yOT
qtp,tp’,T\T(IO:T) :ET H q@ u—1lu I’u7l'u_1) q¢/T IT H q@ u—1lu Iluzu—l) .

Therefore,

Al(aa 2 90/3 yO:T)

?

IE o [ :Z(Xt_l,Xt)} —Egror [hi’%io(Xt_l,Xt)}

:

T
Z o1 {h?‘j@Tcp(Xt—laXt)H ;
=0

where RY%T ., 1 < t < T, are defined in equation Note first that if ¢ > s + 1, then

t,0,¢07
Y —
Egor [ht%Tcp(Xt,l,Xt)} — 0 so that

Al(ga 2 90,7 yO:T) =

T T
Z Z Eqi?fmw {h?‘};Tw(Xtﬂ,Xt)}
t=1 s=

For all t < s+ 1, write for all measurable set A,

s+1
M%OST(A) /]IA(SCS)QPT xT dzT H q@u 1|u zuazu—l)ﬂ(dxu—l) s
s+2
ﬁiof Q(A) = /]lA(xS)qz;?:j? (zr)pu(dzr) H LIZ)?LT_HH(Q?W17u—1)U(d1'u—1)qsy;1:|s+1(1'5+1,l's),u(dlfs) .
u=T

Therefore,

e,0’s|T

t+1
) Yo:T — Yyo:r __ Yo7 Yo:T Yo:T Yo:T
quO:T; |:ht 0 cp(Xt_l’Xt):| - ('u'8075 lu'(p @’ s) {H Qgp u— lu} @’ t— 1|tht,9,tp '

Using the backward variational kernels satisfy a Doeblin condition, see (Douc et al., {2014, Section 6.1.3),
so that

quO:T [h?ogT(p(thlaXt)] = 7||MyOT ﬂgzg/,s‘ltvp(yo:T)s_tOSC( y‘?f 1|thi/09T<p) s

@0l ,s|T

where for all measurable functions f, osc(f) = sup, .ox |f(z) — f(z')|. By Hl1|and H4
z,x’ X

)

08C (QZQ t— 1|th3ﬁ!097:,o < 2 H/ ’ t 1|t $t—1)h?f§ip($t—la’),u(dxt—l)

/

Yo:.T ,,Y0:T
< 2970700

‘ o0

< 29t ,

t,0,p

P (-1, ) | A (A )

‘ o0
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Noting that by

t+1
s — 0 Mev < y“TH o1 K o = @lla < @)y @ A (BT Dl — ¢ la

concludes the proof. O
Proposition E.3. Assume that hold. Then,
Az(0,6",0,¢" yor) < K3(your) o — &lly + Kalyor) 10— 0],

Yo:T Yyo: T
q5.0: T(XO:T) q, O:T(XO:T>
or |log 22— | —E voir |log —oi——r
hor l Z?O:TT|T(X01T) for 0 39;(§T|T(X0¢T)

where

)

with

K3(y0:T) 19yo T (ﬂyo T Z 0211 + cyo T) and 54(y0:T) 192/0 T (191/0 T Z cyo t—1 yo T) ,

and where ¢{%", 3%, % and ci%" are defined in ,

Proof. By definition,

A (97 0/7 2 90/; yO:T)

Yyo:T Yyo:T
q(p 0: T(XO:T) qap’,O:T(X()iT)

Z(,JO:TT|T(X01T 35’j§T\T(Xo:T)

|

BT (Xt X0) = BT (X, X))

. g (Xor) os a2 .7 (Xo.r)
g?é;TﬂT(XO:T) 39J5T|T(X0:T)

where h%fo, 1 <t < T, are defined in equation 4| For t < T and all z;_1, z; € X,

hiGo (@1, x) — W57 (21, 3775)‘ < ‘log QZ?;T_l‘t(xta-thl) — log qgf:f_l‘t(l‘t,%tfl)‘

Yo:t—1 Yo:t—1
o+ log by, wi-1) — log b~ (o, ) -

Using HI| and HA|
E o [[lo a0y (e wi-1) = log g7y (i) |

)

< (?ﬁ”)z/h ® At (dzdz’) ’10g a2 (@, 2") —log ¢y, (w,2")

< (P e = ¢l -

Similarly,

Yo:t—1 Yo:t—1
qucl):g Hlog bg t_l‘t(xtaxt—l) - IOg bg/ t— 1|t(xtaxt 1)H

©’,0:T
< ( ﬁyoT /)\+®/\+ da:da; ’10gb29!0tt 11\t( /)_logbZ?:;:i‘t(m,x’) )
< ()P 10 =0l -

For t = T, it remains to bound E u.r [| log ¢’ (X1) — log ¢ 7 (X1)| + [log ¢ (X7) — log ¢g"7 (X7 )],

which is straightforward by using Hﬁl and HA O
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Proposition E.4. Assume that and HB hold. Then, there exists ¢ > 0 such that ,

sup |log L%‘”(Q)”
[SC)
Proof. For all § € ©, and all yg.r € YT, with the convention pg(yo|y_1) = pe(yo),

T

log L™ (8) = ¢4 () = Y _ 1og po(yt|yo:1—1) -
t=0

As po(yo) = [ x(dzo)gy° (z0), by o_c_(yo) < po(yo) < orcs(yo). For all ¢ > 0,

Po (Yt |Yor—1) = /‘I)Z?f__f (dzy—1) Mo (2i—1,dxs) gy () ,
so that by o_c_(yt) < po(ylyo—1) < oyci(ye). Using the second point in Hf| and the triangular
inequality concludes the proof. O
Proposition E.5. Assume that and HO| hold. Then, there exists B > 0 such that

YOT)

Yo T
HSUpeea,weé,x ‘KL ( »,0:T

Proof. For all § € ©, p € ®, yo.r € YT,

_ 0. (Xowr
o) = By, [10 ml ;Ey” L (X, X0

KL (QUity

where hi”‘gfp, 1 <t <T, are defined in equation 4l By forall 1 <t <T,

Dt ]| 087 o (i

)

which concludes the proof by H] O

F Technical results

Lemma F.1. Assume that and b@ hold. For all§ € ©, allt > 0, all yo., € YT, positive measurable
function h,

o-n-(g5'h) _ oL () < o495 h)
o+ (ye) ' o_c—(yt)

Proof. At time 0, we have ®3% (dzo) o< x(dzo)gy° (o) so that by HIE2)
Yo Yo
0—77—(90 h’) S q)zgo(h) S U+77+(ga h’) )
o4 (Yo) —c— (o)

Similarly,
30 (dat) o< gy (wr) /‘bgf’f:f (dzg—1)Mp(2s—1,dmy),
so that by HI] and HZ]

Yt Yt
g_1— (90 h) < ‘I)Zofjt (h) < 47+ (99 h) )
oyci(Ye) o-c—(y)

18
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Lemma F.2. Assume that I@ and P@ hold. Then, for all9, 0’ € ©,t > 1,

Yo:t Yo:t
H(I)&t - (1)0’7:‘,

S Lulyo)ll6 = 0l

where

1
L L) = t—s gYs—1 a¥s - M GYs ,
o) = 3 E € C_(ys){a_c_(ys_l)m @pu(gh®g )+ 14 ( )}
withe=1—o0_/o4.

Proof. The proof follows the same lines as the proof of (De Castro et all [2017, Proposition 2.1),
which was in the setting of a discrete state space. For ¢ > 0, note that ®}%'(dz;) =
96" (x4) [ @47 (A1) Mo (we—1,de) /co,e(Yo) Where coe(you) = [ g5 (we) @) (dwe—1) Mp(wi—1, dy).
Consider the forward kernel at time t defined, for all # € O, all y, € Y, z € R?, and probability mea-
sure v by

vy — ) me(@’, 2)g" (z)y(da)
FO,tPY( ) fmg(x’7x”)ggt(x“)'y(dx')u(dx”) :

Therefore, @g?f = Fé{"t@g?t:“:f and for all 6,0’ € ©,

Yot _ Yot _ Yt FYo:t—1 _ Yt FYo:t—1
(I)G,t (I)G’,t - Fa,tq)e,t—l FO’,t(I)G’,t—l ’
t—1
— Yt FY0:t—1 Yt Yo:t—1
= Z A (Ysit) + Foi®yi—1 — Fo' 1oy
s=0

where

_ Yt Ys+1 Ys FY0:s—1 Yt Ys+1 Yo:s
Ars(Ysi) = Fyly - Fp B By @o Ty — Byl By 1 s

with the convention F, é’%sz,’il = <I>g°0. Consider also the backward function %" and the forward smooth-

st
ing kernel Fsyfite defined by

Byt (ws) = /Me(xs,dxsﬂ)gé““(xsﬂ)~~M9(fvt—17dxt)gé“ (1) ,

Ys+1: R
" Y () mo (a1, 20)g) (22)

st (o1, 20) = J B (@) Mo (ws—1, da) g (x)

Following for instance (Cappé et al.l |2005, Chapter 4), we can write for all probability measure +,

Yt . Ys+1 _ Ys+1:t Yt
F0,t Fe,s+17 = VO,SItFe,sH\t F07t|t )

where g, 5|¢ o ﬂg;ﬁ"y Therefore,
t—1
Yo:it __ Yot _ Yt L Ys+1 & Yt L. FYs+1 Yt HYo:t—1 _ Yt FYo:t—1
gt — Py = § : ('7979’75\tF0,s+1|t EFyie = Yo.0rs1tEg snye o ) +Fy @iy =y @y
s=0

where .91 41 ﬁgzzm Ft;;@z?:;:a and Fg g 4|1 ﬁglﬁtﬂ @35’:;. Note that by for all measurable sets A,

) o [0 (dr)1a(@)8% ™ (@)g} (2)
Fii(eam, A) = 7= :

Top [na(do)BY T (2)ggt (@)

so that

Yt L EYstL & Yt L Yst+1
H’Yé’ﬂ',SItFa,erl\t Fyve =Yoo sitbysinye o

o <€ ||'79,0/,s\t - Wa,e’,s\tHw ’
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with e =1 —o_ /o . This yields

Yo:t Yo:t
| @t — ot

t—1
t—s 5 Yt FY0:t—1 Yt FYo:t—1
2 e oo st = To0r el + HFeft‘I’egH — For @i Ta
v
s=0

For all bounded measurable functions #,

B @) P (o) hws)ldas) [ By () @0 (ws) h(ws) w(das)
S By () By @) (s u(das) T8y ) @ () pu(dey)

< 00 1 (h) + 3550 5 (h)

0,00 51t (R) — Fo,01,51¢ (R)] =

)

where

Ys+1: t
fﬂG ,s|t ‘Tg

) | Fo®yr s (ws) = g (@) 7Y ()| h(ws) p(dzs)

S By (ws) Fg;qﬁg?; Lz p(day) ’

Sgr 1 (h) =

J By (@)@ (xs)h(ws)pldas) [ B9 0 () | F @yl i) () = Fyr G0 s 20 ()| wldas)
[ By (ws) g ( )u(dxs) T By ) By () puldas)
Note that for all z5 € X, by H[]

Sgr 2(h) =

o- /n—(dxs+1)935“($s+1) ~emg(z-1, )95 (we) p(desian) < Byl ()

<on [ o)l ) mo(ei20gf ez
so that
1855 oo
nf,ox AL (25)

g s is—
<2 Bl 1@ 7 — Bl @5l

35 (1) 835 o (h) < 20| FJ @2 — B @2 o

For all bounded measurable function h,

Y042 h — Fi O b < Ry + R,

where
f (mo (2, z)gy" (z) — mg/(x’,x)ggf(x))@Z?:;:ll(dx’)h(x)u(dx)
Jme(a!, a) gy (") @y~ (da’ ) p(da”) ’
| Lo e 0 e || ol g ) — s, 2 (a7)) @ )
T Jmer (2, 2")ggr (2" Y (da’) p(d") Jmo(a,x)ghe (x") @y~ (da’) p(da”)
By H[}i3] and Lemma
o4 1 /
R < Ys—1 - M GYs 0—06 h|lso
vt sl e g M) (6 |0 el

The same upper bound can be obtained for R as
J (a2 )gl ()@~ (e’ (" yu(da”)
T (@, 2" gfy (a g (A (e

< [lAlloo -

This yields

20
FYs @?]9:5—1 _ Fy/s Qy?:s—l < +
” 0,s 7 0",s—1 6',s0 7s—lHtV = O'_C_(ys) e (ys—l)
which concludes the proof. [

ny © (5" @ g -M>+n+<Gys>}||e—e'2,
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G Checking assumptions

In this section, we provide additional assumptions on the state space model and on the variational family to
support that our assumptions can be verified.

A1 There exist constants 0 < o_ < g4 < 0o such that for all x € X,

o <((z) <oy

and for all § € O, z,2" € X,
o_ <mg(x,2') <o, .

For all yo.r € YT, there exist 9" > 0 and ¥4”” > 0 such that for all p € ®, ¢ >0, all z,2’ € X,

Yo:T Yyo:T !/ Yo:T
9T < q%t‘tﬂ(x,x ) < 9T

In addition, for all ¢ € ®, all yg.r € YT*1 and all = € X,

Yo: Yo: Yo:
PO < g0 (z) < PR

Assumption All]is known as a strong-mixing assumption and allows to verify HI] It is classical to obtain
quantitative bounds on approximation of joint smoothing distributions, see for instance Olsson et al.| (2008));
Gloaguen et al.| (2022)). It typically requires the state space X to be compact. In settings where the bacwkard
variartional kernels are Gaussian and obtained with neural networks which are uniformly bounded with
respect to the time index and the observations, 191“” and 9Y%7 do not depend on the observations.

A2 For all y €Y, infoco [ gj(z)pu(dz) = c—(y) > 0 and supyce [ g4 (x)pu(dz) = cy(y) < oco.

Lemma [G.I] Lemma [G.2 and Proposition [G.3] allow to obtain explicit constants in H4 We prove that

the functions h?t{“éza are upper-bounded explicitly, and that gi)gf’t’t and bz?t:ff' , are lower and upper-bounded

explicitly, in particular with respect to the observation sequence.

When the observation space is compact we can also obtain a uniform control with respect to the observations
of these quantities which is crucial to check Hp| and Ho}

Lemma G.1. Assume that and AZ hold. For all 8 € ©, allt >0, all yo.t, =+,

0+93t ()
(o)

o_gy' (1)

< gt () <
ocq (yt) 9’t< )

Proof. At time 0, we have ¢p% (o) o< ((0)gg° (z0) so that by A

O’,ggo(xo) < (ﬁyo (ﬂUo) < U+99yo($0) )
orep(yo) — 00 ~ o-c—(y)
Similarly,
oo (1) o< gy (24) /éé’f’gi’f (dzg—1)me(zs—1, 2)p(dwy)
so that by All] and
795 (2 _ o () < T (@0)
orey(y) — 0 T o—c— ()
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Lemma G.2. Assume that and A hold. For all 0, all1 <t < T, all yo.r, z¢—1, T4,

02 ggf 1($t—1) by()f 1 < 0+g31 1(It—1)
o1 (T T-1) < o2
U+C+(yt71) f(ytfl)

and for 1 <t <T —1,

[R5 7 oo < [log ¥ —(yo.7)| V [log ¥+ (yo.7)|

gyt—l (It—l)

0% c_(ye—1)g¥ " (ze-1)

Uic+(yt—1)

+ sup |log

zr—1€X

and

‘1 oty (ye-1)
2
2e (Ye-1)

U7 (x7) 049" (1)
hor < |log 29%7 | v |log 2947 | + sup 1og = V |log
|| T04p||00 | ‘ | + | oreX ( ) O',C,(yT>
2 AYyT—1
x oic _ T
v log? (yT 1)g"" ( T-1) \/‘log 1 +(y€ 1)gv" = (xp—1)
or-1€X ofeq(yr- oZc_(yr-1)
where hig,,, 1 <t < T, are defined in equation .
Proof. By Lemma [F1]
Yt—1 Yt—1
029y (xe1) Yort—1 U+99 (1)
< Gy (@e—1)mg(zi—1, @) <
oy (Ye-1) ot i Jml ) —c—(yt-1)
Since
bym 1 (.’E T ) got:till(xt—l)me(xt—lamt)
t; Te—1
Gt J a5 (we—1)me(we—1, ) p(day—1)

C—(yt—l)ggH(ﬂUt—l) < Yo < Uic+(yt—1)93“1($t—1)
2 0,t— 1|t(33taxt—1) = 5 .
oyt (Ye-1) o%c_(ye-1)

-1, h?e w(mt—hxt) =

we get

Now by equation I for1<t<T

BT, (w1, )| < [log V- (yor)| V| log V- (yor)|
2e(ye1)gy (1)

Yo: 1T Yo:t—1
log qw,t—l\t(xtv T1-1) — log by 11t

Uic+(yt—1)93t71 (z¢-1)

(¢, x4—1) so that

+ |log ? \Y ‘log

olcs(ye-1)

which concludes the proof. In addition, using that
Wy (wr—1,xr) =log ¢f y p(ar, wr—1) = log by )y (ar, 2r—1) + log ¢%F (vr) —

yields
yT y
o-gy (xr) v ‘bg 0+9y
o

Ry (w1, a¢)| < |log 20 _(yo.r)| V [log 204 (yo.r)| +
oyci(yr)

log

Zeo (yt71)

"(zr)
—c—(yr)
ofcy(yr-1)gy H(xr-1)

log ¢4 (27)

T,0,0
o2c_(yr-1)gy" ' (zr-1)

ofei(yr-1)

\Y, ‘log

+ |log
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Proposition G.3. Assume that A@ and b@ hold. Then b@ holds. More precisely, for all yg.p € YTH1
and all0 <t <T,

sup / A(dz) hf%Tw ’ H vy T
0€O,pcd

where v}*" = supgeo peo 157l is given in Lemma . For all0,0' € ©, p,o' € ®, 1<t <T,

(2,2') — log g0, ,(w,a)| < &7 lp — &'l -

/ A ® A(dzdz')
/ A @ A(dzdz’)

bzott 11“(1:,:5’) - logbz?z 11|t(ac,3:’) <epi o=, ,

/A (dz) [log 422 (2) — log a4 5.(2) | < e o — 'l

[ ) oot (@) o o (a)| < it o~ 01,

where czl’?t’T = (ﬁlio’T)_1/\®)\(Kty°1T‘t) c‘g?{t’l = 204 Ly 1(yo:—1)/(0— infrex g¥=1(x)), czi,’?f =

(W) TINKYT), and ¢y = 204cy(yr)Lr(yor)/ (o infrex g¥7 ().
Proof. Forall p,¢' € &, 1<t < T,
(o) = (o)

a7 ) A g T (wa)

Yo:T Yyo:T

’logq%'t,m(ff,w) log gt ), (z,2")| <

)

so that by Al]and

llong Lo(@a!) —log g7 (x,)| < (997 KPR (2l — )l

t—1|t

an we can choose ¢/%" = (9"7) A ® A(KY*,). Similarly, for all ¢,¢" € @,

yOT

—QWT( )‘

07 (@) A g ()

oz

)

‘logqy”( ) —log g7 (x )‘ <

so that by Al]and
log 227 (&) — log g 5(2)| < (207) KT (@)l —
and we can choose ¢§%" = (9*7) "' A(K{*7T). Forall 6,0’ € ©,1 <t < T,

‘bym 1 (:L‘ I‘) bOt 1 (x’x/)’
<

o 0,t—1|t 0/, t—1|t
logbyOt 1 ( /) —10gby?'t 1 (1_ IE/) < )
0,t—1|t 0/ t—1|t ? byOt 1 /\by()t 1 ,

0,¢t— 1|t ') o ¢ — 1|t(33’33)

By Lemma

Uic+(yt—1)

[log 6354 (,2') — log by ()| < g H RS Py o0 = b ()]
Then, noting that by, el a’) = o1 (@ )yme (e’ ) /co(x) where co(x) = [y (a)me(2', x)p(da’),
write
( ZO:t_—l(x/) _ y?:til (x/))mg(x’ x)
Yo:t— Y -1 0’ t—1 ’
b@?tt_ll‘t(max) bg?é 11|t(213,$,) S Ce(il')
597;:11 (l”)(mg(x”;r) — My’ (IZ”,I')) g?;:ll (x’)mgl (q;'/’l') CG/(x) — Ce(x)
co(x) cor(x) co(x)
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By Afl}

(D1 (@) — ¢gl =i (2))mo (2, @)

gv=1 () co ()

and by Lemma we can choose ¢y’ = 204 Ly_1(yo:e—1)/(0— infrex g¥—* (x)). For all 6,60 € ©,

/ A ® A(dzda!)

9+ H Yo:t—1 Yo:t—1
- @ it _ @ it
—infgex g¥er (z) 10671 0

[0 () = 03 (@)

bo.r () A g ()

)

log 84 (@) ~ log 635 (2)| <

By Lemma

e w ¢y (yr)
o0 - et « 25

o () — 0 (a)

Therefore,

9

yOT Yo:T oc4(yr) H Yo:T _ FYo:T
[ e log o ) — g )] < 2 i o - e

and by Lemma we can choose ¢ = 201y (yr)Lr(yor)/ (0 infrex g¥7 (). O

tv

If the observation space is compact, under standard regularity assumptions, all upper bounds can be obtained
uniformly with respect to the observations. Therefore, Hb| holds as soon as the integrals under p, 74 ® p
and Ay ® Ay are finite.
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