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ABSTRACT

Off-policy learning enables a reinforcement learning (RL) agent to reason coun-
terfactually about policies that are not executed and is one of the most important
ideas in RL. It, however, can lead to instability when combined with function ap-
proximation and bootstrapping, two arguably indispensable ingredients for large-
scale reinforcement learning. This is the notorious deadly triad. The seminal work
Sutton et al. (2008) pioneers Gradient Temporal Difference learning (GTD) as the
first solution to the deadly triad, which has enjoyed massive success thereafter.
During the derivation of GTD, some intermediate algorithm, called ATTD, was
invented but soon deemed inferior. In this paper, we revisit this AT TD and prove
that a variant of ATTD, called A, TD, is also an effective solution to the deadly
triad. Furthermore, this A TD only needs one set of parameters and one learning
rate. By contrast, GTD has two sets of parameters and two learning rates, making
it hard to tune in practice. We provide asymptotic analysis for A, TD and finite
sample analysis for a variant of A, TD that additionally involves a projection op-
erator. The convergence rate of this variant is on par with the canonical on-policy
temporal difference learning.

1 INTRODUCTION

Off-policy learning (Watkins, 1989; Precup et al., 2000; Maei, 2011; Sutton et al., 2016; Li, 2019)
is arguably one of the most important ideas in reinforcement learning (RL, Sutton & Barto (2018)).
Different from on-policy learning (Sutton, 1988), where an RL agent learns quantities of interest of
a policy by executing the policy itself, an off-policy RL agent learns quantities of interest of a policy
by executing a different policy. This flexibility offers additional safety (Dulac-Arnold et al., 2019)
and data efficiency (Lin, 1992; Sutton et al., 2011).

Off-policy learning, however, can lead to instability if combined with function approximation and
bootstrapping, two other arguably indispensable techniques for any large-scale RL applications. The
idea of function approximation (Sutton, 1988) is to represent quantities of interest with parameter-
ized functions instead of look-up tables. The idea of bootstrapping (Sutton, 1988) is to construct
update targets for an estimator by using the estimator itself recursively. This instability resulting
from off-policy learning, function approximation, and bootstrapping is called the deadly triad (Baird,
1995; Sutton & Barto, 2018; Zhang, 2022).

The seminal work Sutton et al. (2008) pioneers the first solution to the deadly triad, called Gradient
Temporal Difference learning (GTD). Thereafter, GTD has been massively studied and enjoyed cel-
ebrated success (Sutton et al., 2008; 2009; Maei et al., 2009; Maei & Sutton, 2010; Maei et al., 2010;
Maei, 2011; Mahadevan et al., 2014; Liu et al., 2015; Du et al., 2017; Wang et al., 2017; Yu, 2017;
Xu et al., 2019; Wang & Zou, 2020; Wai et al., 2020; Ghiassian et al., 2020; Zhang et al., 2021a).
During the derivation of GTD in Sutton et al. (2008), an intermediate algorithm called ATTD was
invented but soon deemed inferior. In Sutton et al. (2008), it is said that “although we find this
algorithm interesting, we do not consider it further here because it requires O(K?) memory and
computation per time step”. Here, K refers to the feature dimension in linear function approxima-
tion. In this paper, we propose a variant of ATTD, called A, TD, which has O(K) computation per
step, and the memory cost is O(K In® t). Here, t refers to the time step. Admittedly, In? ¢ diverges
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to oo eventually. However, we argue that this memory cost is negligible in any empirical implemen-
tations. For example, our universe has an age of around 14 billion years. Consider a modern 3 GHz
CPU. Suppose that an RL agent runs 1 step every CPU clock and starts from the very beginning of
our universe. Then until now it roughly has run 7' = 14 x 10° x 3.1536 x 107 x 3 x 10° ~ 10?7
steps. We then have In?T ~ 4000. In light of this, we claim that A TD does not have any real
drawback in terms of memory compared with GTD. A, TD, however, has only one set of parameters
and one learning rate. By contrast, GTD has two sets of parameters and two learning rates, making it
hard to tune in practice (Sutton et al., 2008). We prove that A, TD eventually converges to the same
solution as GTD. We also demonstrate that if an additional projection operator is used, A, TD also
enjoys the same convergence rate as the canonical on-policy TD. The assumptions in our analysis
are all standard.

2 BACKGROUND

In this paper, all vectors are columns. We use ||-|| to denote the ¢5 vector and matrix norm. We use
functions and vectors interchangeably when it does not confuse. For example, if f is a function from
S to R, we also use f to denote a vector in RIS!, whose s-th element is f(s).

We consider an infinite horizon Markov Decision Process (MDP, Puterman (2014)) with a finite
state space S, a finite action space .4, a reward function r : § x A — R, a transition function
p:S xS xA—[0,1], and a discount factor y € [0, 1). At time step 0, a state Sy is sampled from
some initial distribution py. At time step ¢, an agent at a state .S; takes an action A; ~ 7(-|S;). Here
m: Ax S — [0,1] is the policy being followed. A reward R;11 = 7(S;, A;) is then emitted, and a
successor state Sy 1 is sampled from p(+|S;, A;).

The return at time step ¢ is defined as Gy = Z?io 'Ry iy1, which allows us to define the state
value function as v.(s) = Er ) [G¢|S; = s]. The value function v, is the unique fixed point of
the Bellman operator 7,v = 7, + vP,v. Here r, € RIS| is the reward vector induced by m,
defined as 7 (s) = > m(a|s)r(s,a). Py € RISIXIS|is the transition matrix induced by T, i.e.,
Pr(s,s") =5, m(als)p(s']s, a).

Estimating v, is one of the most important tasks in RL and is called policy evaluation. Linear
function approximation is commonly used for policy evaluation (Sutton, 1988). Consider a feature
function z : S — R¥ that maps a state s to a K-dimensional feature z(s). We then use z(s) "w to
approximate vy (s). Here w € R is the learnable weight. Let X € RISIXK be the feature matrix,
whose s-th row is a:(s)T. The goal is then to adapt w such that Xw = v,.. Linear TD (Sutton, 1988)
updates w iteratively as

Wi+1 = Wt + (673 (Rt+1 + 'yx:+1wt — x;rwt) Tt. (1)

Here, we use z; = x(S;) as shorthand. Under mild conditions, the iterates {w;} in (1) converge
almost surely (Tsitsiklis & Roy, 1996).

It is commonly the case that we want to estimate v, without actually sampling actions from 7 due
to various concerns, e.g., safety (Dulac-Arnold et al., 2019), data efficiency (Lin, 1992; Sutton et al.,
2011). Off-policy learning makes this possible. In particular, instead of sampling A; according
7(-|St), off-policy method samples A; according to another policy u. Here, the policy = is called
the target policy and the policy p is called the behavior policy. For the rest of the paper, we always
consider the off-policy setting, i.e.,

Ay ~ p(-|S), Revr = r(St, Ar), St ~ p(-|St, As). )

Since the behavior policy p is different from the target policy 7, importance sampling ratio is used to

account for this discrepancy, which is defined as p(s, a) = ZEZB . In particular, we use as shorthand

pt = p(St, Az). Off-policy linear TD then updates w iteratively as

Wil = Wi + agpy (Rt+1 + 7$:+1U/t - w;rwt) Tt 3

It is well-known (Sutton et al., 2008) that if off-policy linear TD converged, it would converge to a
w, satisfying

Aw, +b =0, 4)
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where
A=X"D,(yP, — D)X, b= X"D,r,. (5)

Here, d,, is the stationary distribution of the Markov chain induced by the behavior policy x, and D,,
is a diagonal matrix with the diagonal being d,,. Unfortunately, the possible divergence of off-policy
linear TD in (3) is well documented (Baird, 1995; Sutton et al., 2016; Sutton & Barto, 2018). This
divergence exercises the deadly triad.

Instead of using off-policy linear TD in (3) to find w,, one natural approach for policy evaluation in
the off-policy setting is then to solve Aw + b = 0 directly, probably with stochastic gradient descent
on the objective L(w) = || Aw + b||*. The on-policy version of this objective (i.e., with ;1 = ) is
first introduced in Yao & Liu (2008) to derive preconditioned TD. The off-policy version considered
in this paper is first used by Sutton et al. (2008) to derive GTD, and this objective is called the
norm of the expected TD update (NEU) in Sutton et al. (2009). The gradient of L(w) can be easily
computed as VL(w) = 2A" (Aw + b). One can, therefore, update w as

Wiyl = Wy — oztAT(Awt +0).

Since we do not know A and b, we need to estimate A" (Aw; + b) with samples. The idea of AT TD
in Sutton et al. (2008) is to estimate AT as

T o 1 t T
AT &g Yo pi(Y i1 — Ty
and to estimate Aw; + b as
Awt + b~ Pt (Rt+1 + ’YI;:_lU)t — x;wt)ozt.

As said in Sutton et al. (2008), AT TD is “essentially conventional TD(0) prefixed by an estimate of
the matrix A"”. Apparently, computing and store this estimate of AT requires O(K?) computation
and memory per step, if we use a moving average implementation. And it is unclear whether this
ATTD is convergent. Having deemed this A" TD inferior, Sutton et al. (2008) rewrite the gradient
as

VEL(w)=AT(Aw+b) = A" XD, (Tr(Xw) — Xw)

and use a secondary weight v € R¥ to approximate X " D, (T (Xw) — Xw), yielding the follow-
ing well-known GTD algorithm

0y =Ryp1 + 'yxz—ﬂwt — J;;rwt,
Vg1 =V + oy (pe0ey — 1)
W1 =Wy + e pe(Te — VTe41)T] Ut (GTD)

The convergence and finite sample analysis of GTD is well established (Sutton et al., 2008; 2009;
Liu et al., 2015; Wang et al., 2017; Yu, 2017).

3 A/ TD: REVISITING THE DESIGN CHOICE OF AT TD

In this paper, we refine the idea of AT TD via estimating A" with a single sample at time ¢ + f(t) as

AT pes gy (Ter sy = Ve po+1) Ty
where f : N — N is an increasing gap function. This yields the following novel algorithm:
(St iRt+1 + 7$;|—+1wt — x:wt,
Wi =W + aePryp(e) (Tepe) — VTt f(1)4+1) m;-f(t)ptétxt (A/ TD)

We call it A/ TD to highlight that it uses a single sample to estimate AT. In (A TD), the term
Py ()Pt (Rt+1 + 7z, LW — z) wt) is a scalar, the computational complexity of which is only
O (K). If we compute the remaining term (a:tJrf(t) — *yxtﬂf(t)ﬂ) a:tTJrf(t)xt from right to left, the

computational complexity is still O (K). In other words, the computational complexity of (A, TD)
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is the same as (GTD). The price we pay here is that we cannot start (A, TD) until the (f(0) + 1)-th
step, and we need to maintain a memory storing

Tty Pts Tr41s Prols - - - TEE) PF(E)> Tf(8)+1- 9

The size of this memory is O (f(¢)). We will soon prove that the memory can be as small as
Q(In?(t)). We argue that this memory overhead is negligible in any empirical implementations. The
gain is that we now do not need an additional weight vector, making the algorithm easy to use. We
will have a few assumptions on the gap function f shortly to facilitate the theoretical analysis. But
one example could simply be

F) = [t + 1)),

where |- | is the floor function. In other words, the choice of the gap function is simple and does not
depend on any unknown problem structure. To understand how this gap function works, we consider
a case where f(t) = 0Vt. Then we are essentially estimating AT and Aw; + b with the same sample
(w4, Ris1,7¢41). We will then for sure run into the well-known double sampling issue'. By using
the gap function, we use the sample at time ¢ + f(t) to estimate AT and the sample at time ¢ to
estimate Aw,; + b. Despite that those two samples are still correlated due to the Markovian nature of
the data stream (2), the increasing f(¢) gradually reduces the correlation. The theoretical analysis
in the following two sections confirms that such a simple gap function is enough to guarantee the
desired convergence to w, with a desired convergence rate.

We do note that throughout the paper we consider the canonical RL setting where only Markovian
samples are available. If instead i.i.d. samples are available, addressing the aforementioned doubling
sampling issue then becomes more straightforward — one can simply use two independent samples
to estimate A" and Aw; + b. ATTD with i.i.d. samples are thoroughly investigated in Yao (2023)
and we refer the reader to Yao (2023) for more details.

4 ASYMPTOTIC CONVERGENCE ANALYSIS OF A/ TD

In this section, we provide an asymptotic convergence analysis of (A TD). The major techni-
cal challenge lies in the increasing gap function. If f(¢) was a constant function, say f(t) = to,
then one could start analyzing (A, TD) via constructing an augmented Markov chain with states
Y: = {Si, Aty ..., Sivtys Attty Sttto+1}» evolving in a finite space (S x A)P+l x S. Sup-
pose the origin Markov chain {S;} is ergodic, this new chain {Y;} would also be ergodic, match-
ing the ergodicity assumption of classical convergence results (e.g., Proposition 4.7 of Bertsekas
& Tsitsiklis (1996)).2 When f (t) is increasing, the augmented chain, however, is now Y; =
{St, Apy ooy Sty Avg () St+f(t)+1} which evolves in an infinite space |J;—,(S x A)* x S.
Even if the original chain {S,} is ergodic, the new chain {Y;} still behaves poorly in that it never
visits the same augmented state twice. This rules out the possibility of applying most, if not all, ex-
isting convergence results in the stochastic approximation community (e.g., Benveniste et al. (1990);
Kushner & Yin (2003); Borkar (2009); Liu et al. (2025)). To proceed, we instead use the skeleton
iterates technique introduced by Qian et al. (2024). The key idea of this skeleton iterates technique
is to divide the non-negative real axis into intervals of length {7}, } and examine the updates interval
by interval. Importantly, we will require this {7;,,} to diminish, in a rate coordinated with the gap
function f(¢) and the learning rate c;.

Besides the skeleton iterates technique, another important ingredient is the mixing of joint state
distributions in Markov chains. Consider a general Markov chain {Y; }. Assume the chain is ergodic
and let dy denote its invariant distribution. Then the convergence theorem (see, e.g., Levin & Peres
(2017)) yields lim;_, o Pr(Y; = y) = dy(y). This convergence is uniform in y and is geometrically

"Tt is well-known that in general E[XY] # E[X]E[Y].
2We note that when f(t) = to, another key assumption does not hold. To see this, let A; = pyx¢(yxe41 —

x:) . If f(t) = to, the expected updates would be governed by —E [AtT+to At} . However, this expectation

is not equal to —A" A due to the correlation between Attho and A,. So this expectation is unlikely to be
negative definite. But canonical results typically require this expectation to be negative define. To summarize,
if f(t) = to, the ergodicity assumption on the Markov chain in the canonical results can be fulfilled but the
negative definiteness of the expected update matrix cannot be fulfilled.
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fast. Exploiting this convergence, we are able to prove the convergence of joint state distributions,
ie.,

Jim Pr(Y; =y, Yoy s = ¢') = dy(y)dy ().

Intuitively, this means the dependence between Y; and Yy ;) diminishes as ¢ goes to infinity (cf.
Lemma 7.1 in Vempala (2005)). In (A, TD), this means the bias resulting from the correlation of
the two samples at time ¢ + f(¢) and time ¢ diminishes gradually. Having introduced the two main
technical ingredients in our analysis, we are now ready to formally describe our main results. We
start with (standard) assumptions we make.

Assumption 4.1 The Markov chain induced by the behavior policy i is finite, irreducible, and
aperiodic. And i covers , i.e., ¥(s,a),mw(a|s) >0 = u(als) > 0.

Assumption 4.2 The feature matrix X has a full column rank. The matrix A defined in (5) is
nonsingular.

Assumptions 4.1 and 4.2 are standard in the analysis of linear TD methods (see, e.g., Tsitsiklis &
Roy (1996); Wang et al. (2017)).

Assumption 4.3 The learning rates {ay} have the form of oy = (tfi‘f)u, for some v € (2,1].

Assumption 4.3 considers learning rates of a specific form. This is mostly for ease of presentation.

Assumption 4.4 The gap function f(t) : N — N is increasing and satisfies Vx € [0,1),
Ydo x'® < co. Moreover, there exist constants T € (0, 3”2;2) and C > 0 such that Vt, f(t) <
Croq ™.

Assumption 4.4 is the most “unnatural” assumption we make and prescribes how the gap function
should be chosen. Intuitively, those conditions prevent the gap function from growing too fast.
Despite seemingly complicated, Lemma 15 in the appendix confirms that simply setting

f(t) = [h(t) In(t +1)] (10)

with any non-negative increasing function /() converging to co as t — oo fulfills the first condition
of Assumption 4.4. Here |z ] is the floor function denoting the largest integer smaller than . A
concrete example satisfying Assumption 4.3 and 4.4 is

v =1,h(t) =In(t + 1), f(t) = |In*(t +1)],7 = 0.1. (11)
We are now ready to present our main results.
Theorem 1 Let Assumptions 4.1, 4.2, 4.3, & 4.4 hold. Then the iterates {w;} generated by (AtTTD)
satisfies

lim wy = w, a.s.,
t—o00

where w, is the TD fixed point defined in (4).
Proof Following Qian et al. (2024), we define a sequence {7}, },, o,  as

_ 16 max(Cq,1)
T = G mt (12)

where C, is defined in Assumption 4.3 and 7 is some constant such that
—2(11_7) <n< L. (13)

Here v and 7 are defined in Assumption 4.3 and 4.4 respectively. Notably, despite that we follow
the skeleton iterates technique in Qian et al. (2024), our analysis is more challenging than Qian et al.
(2024) in that they only need to coordinate {T;,, } with the learning rate c; but we need to coordinate
{T,,} with both the learning rate «; and the gap function f(¢). As a result, Qian et al. (2024)
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only require n € (%
analysis.

51 35 ) but we further require n > ﬁ which significantly complicates the

We now follow Qian et al. (2024) and divide the real line into intervals with approximate length
{T,,}. To this end, we define a sequence {t,,} as top = 0,

tm+1—mln{k|zt tnoztsz},m:O,l,... (14)
For simplicity, define
O, = izit,lb_l a, m=0,1,...

Now, the real line has been divided into intervals of lengths {&;,, },,,_, ; . The following properties
of this segmentation will be used repeatedly.

Lemma 2 Forallm > 0andt > t,,, we have a; < T,gl.
The proof is provided in Section C.1.
Lemma 3 Forall m > 0, we have &, < 21,,.

The proof is provided in Section C.2. We do note that the above two lemmas are analogous to
Lemmas 1 & 2 of Qian et al. (2024) but the analysis is more challenging due to the requirement of
n> ﬁ Following Qian et al. (2024), we now investigate the iterates {w; } interval by interval.

Telescoping (A, TD) yields
Wepen = 0t + S0t ™ (AT, iy Aewn = AT, ), (s)
where we have used shorthand At = prxe(YTig1 — xt)T and f)t = pyRy+1x4. For ease of presenta-
tion, we define for all m > 0,
G = wy,, + A1, (16)
Then, our goal is to show that {g,, } converges to 0. Plugging in (16) into (15) yields

1 = Gm + S T e AL Avwy — AL br)
_qm-l-ztmﬂ 1O[t |:_At+f At (’U_}t"—A b) A;r+f(f)( AtA >:|

=qm + g1,m + 92,m + 93,m + ga,m,
where
Jran =20 (AT Ag) = ~am AT A,

om =t (ATA E [AtTJrf At‘]:tm*f(tm)})
— ST R {AHN) ( — A, A" b) \]'—tm+f(tm)]
G3m = ig;i—l a (E [AZ +f(t)At|ftm+f<tm>} - A;f(t)“it) m

Jam = :2571 atAHf(t)At [qm — (wt + Ailb)} .

Here F; denotes the o-algebra until time ¢, i.e., F; = o(wo, So, Ao, - - -, S¢—1, At—1,5¢). We use
the following lemmas to bound each term above. In Qian et al. (2024), they do not have terms
like f(t) (cf. f(t) = 0). As a result, their w;; is adapted to F;. But in our analysis, due to
the dependence on At+ £(t)» Wer1 1s not adapted to F; and is only adapted to F; ¢(s). This greatly
complicates the analysis, and we will repeatedly use Lemma 14 to address this challenge. Moreover,
Assumption 4.2 implies that the matrix A" A is positive definite, i.e., there exists a constant 3 > 0
such that for all w,

w' AT Aw > Blw|>. (17)

This (5 plays a key role in the following bounds. The finiteness of the MDP and Assumptions 4.1
& 4.2 ensure the existence of a constant ' < oo such that

suptmax{HAt y l;t y

A*le} < H.
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Lemma 4 IfeQTmHQ < 2, then for all t such that t,, <t < t,,41, we have
l[@m — (w + A7) || < 8T H?(|lgml| + 1)
The proof is provided in Section C.3.
Lemma 5 If2H*T,, < B, then ||qm + g1.m||* < (1 — BT)|lgm ||
The proof is provided in Section C.4.
Lemma 6 IfT,, <1, then
lgzmll < Car Tl ™ (H +1) (o + LX) + 15 ) (lamll + 1),

where L(f,x) = Yoo X', C. is defined in Assumption 4.4, and Cy; is defined in Lemma 14.
Notably, L(f,-) is finite due to Assumption 4.4.

The proof is provided in Section C.5.
Lemma 7 ||g3,m|| < 8TmH2(”Qm” +1)and E [93,m|]:tm+f(tm)] =0.

The proof is provided in Section C.6.
Lemma 8 If 271" <2, then ||ga,, | < 8T2 H*(||qml| +1).

The proof is provided in Section C.7. Putting all the bounds together, the following lemma shows
that the sequence {||g||},,>, is a supermartingale sequence.

Lemma9 IfT,, < min (%, 1, %) then there exists a scalar D such that

E [l *1Fr 0] < (1= 8T + DT gl + DTS,
where T is defined in Assumption 4.4. In particular, when DT,%“_T) < %BTm; we have

E [lgm 4101 Fort s0)] < (1 = 18Tm) lgm 2 + DT, (18)

The proof is provided in Section C.8. The supermartingale convergence theorem can then take over
to show the convergence of {g,, }.

Lemma 10 lim,, o ||gm| = 0 a.s.

The proof is provided in Section C.9. With all the established lemmas, we can draw our final
conclusion using Lemma 4. Since both 7,,, and ¢,, converges to 0 almost surely, the difference
between w; + A~1'b and ¢,, converges to 0 almost surely. As a result, we can conclude that
{w + Ailb}t:oa,... converges to 0, i.e., {w;} converges to —A~'bh almost surely, which com-

pletes the proof. ]

5 FINITE SAMPLE ANALYSIS OF A TD

Theorem 1 proves the asymptotic convergence of (A4, TD). The price we pay is a memory of size
Q (In®t) (cf. (9)). If the convergence is fast, e.g., O (1), the memory increases reasonably slowly,
and we argue that the memory overhead is acceptable. If, however, the convergence is too slow, the
memory may still become too large. To make sure that (4, TD) is a practical algorithm, therefore,
requires performing a finite sample analysis. To this end, we, in this section, provide a finite sample
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analysis of a variant of (A, TD), which adopts an additional projection operator and updates {w;}
iteratively as

& =Ryy1 +yxlwe — af wy (19)
wipy =T (wt + Qprsp) (Tet () — Vet p(1)41) I;r.t,_f(t)pt(stzt) )

where I' : RX — RX is a projection operator onto a ball of a radius B. The update (19) dif-
fers from (/QTD) only in that it adopts an additional projection operator I'. We, therefore, call it
Projected A, TD. We show that the convergence rate of our Projected A TD is on par with the con-
vergence rate of the canonical on-policy linear TD in Bhandari et al. (2018), up to a few logarithm
terms. Notably, adding a projection operator is a common practice in finite sample analysis of TD
algorithms (see, e.g., Liu et al. (2015); Wang et al. (2017); Bhandari et al. (2018); Zou et al. (2019))
to simplify the presentation. Techniques from Srikant & Ying (2019) can indeed be used to perform
finite sample analysis of the original (A, TD). This, however, complicates the presentation, and we,
therefore, leave it for future work. We now present our main results.

Theorem 11 Let B be large enough such that ||w.|| < B. Consider learning rates in the form of
o = tc_’;%l Let Assumptions 4.1, 4.2, & 4.4 hold. Then there exists a constant Cy such that as long

as Cy, > Cy, the iterates {w, } generated by Projected Direct GTD (19) satisfy
E [l — w.|?] = 0 ({220,

The proof of Theorem 11 is provided in Section A. Theorem 11, together with (10), confirms that
the convergence rate of Projected A, TD is reasonably fast. In particular, if the configuration in (11)
is used, the convergence rate of Projected A, TD is on-par with the on-policy linear TD (Bhandari
et al., 2018) up to logarithmic factors.

6 EXPERIMENTS

o Boyan's chain s Baird's counterexample
— GID2 — GID2
TDC TDC
s —— Vtrace —— Vtrace
’ —— HTD . —— HTD
— 1D — 1D
—— TDRC —— TDRC
20 ‘ A TD, fit) = [log? (t + 1) + 100] A TD, fit) = [log? (t + 1) + 100]
w | w’
e e
n | n
= =
4 x, I
1.0
1
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Figure 1: Comparison of (A, TD) with previous TD algorithms. All curves are averaged over 10
random seeds with shaded regions showing standard errors. The curves of Vtrace and HTD are
invisible in Boyan’s chain because they reduce to TD in the on-policy setting. The curves of Vtrace,
HTD, and TD are almost invisible in Baird’s counterexample because they diverge very quickly.

We now empirically compare (A, TD) with a few other TD algorithms with linear function approx-
imation, including (naive) off-policy TD, GTD2 (Sutton et al., 2009), TDC (Sutton et al., 2009),
Vtrace (Espeholt et al., 2018), HTD (White & White, 2016), and TDRC (Ghiassian et al., 2020).
Those baselines are also used in Ghiassian et al. (2020). We consider two benchmark tasks, Boyan’s
chain (Boyan, 2002) and Baird’s counterexample (Baird, 1995), which are also used in Ghiassian
et al. (2020). Notably, Boyan’s chain is an on-policy problem while Baird’s counterexample is an
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off-policy problem. Following Ghiassian et al. (2020), we report the square root of the mean squared
projected Bellman error (RMSPBE) at each time step. We base our implementation on the open-
sourced implementation from Ghiassian et al. (2020). So we refer the reader to Ghiassian et al.
(2020) for details of the baselines and the tasks, as well as the exact definition of RMSPBE. For
each algorithm, we tune its learning rate in {272°,..., 27" 1} and report the results with the best
learning rate (in terms of minimizing RMSPBE at the last step). As can be seen in Figure 1, in
the on-policy setting, (4, TD) outperforms both GTD2 and TDC in terms of the final performance.
In the off-policy setting, (A, TD) remains convergent and achieves the same final performance as
GTD2, TDC, and TDRC.

Boyan's chain Baird's counterexample

—— f{t) =log(t + 1) + 100] . —— f(it)=llog(t+1) +1]
21\ fit) = |log? (t + 1) + 100 ‘ fit) = |log? (t + 1) + 1]

—— f{t)=[log3 (t + 1) + 100| ' —— f(it)=llog3 (t+ 1) + 1]

RMSPBE
RMSPBE

0 2000 4000 6000 8000 10000 0 2500 5000 7500 10000 12500 15000 17500 20000

Steps Steps

Figure 2: (A, TD) with different gap functions. All curves are averaged over 10 random seeds with
shaded regions showing standard errors.

We also investigate different choices of the gap function. As can be seen in Figure 2, even when
we set the gap function to f(t) = O(logt), which does not respect Assumption 4.4, (A, TD)
remains convergent and achieves a similar performance. This suggests that Assumption 4.4 might
be overly conservative. Pushing Assumption 4.4 to its limit and finding the slowest gap function is
an interesting and rewarding future work. We conjecture that if certain knowledge of the transition
function of the MDP can be incorporated into the design of the gap function, the gap function can
be greatly slowed down.

7 RELATED WORK

It is worth mentioning that the memory in A;r TD is conceptually different from the buffer for expe-
rience replay (Lin, 1992; Mnih et al., 2015), though both store previous transitions. A replay buffer
is typically used to sample mini-batch data randomly. But A, TD only deterministically uses the
first and the last entries in the memory.

Instead of minimizing NEU, Feng et al. (2019) propose to minimize a kernel loss based on the
Bellman error (cf. Baird (1995)). In the Markovian setting we consider in this paper, Feng et al.
(2019) develop a gradient estimator of this kernel loss. This gradient estimator is consistent as the
size of the replay buffer grows to infinity. However, other than the consistency, no convergence
analysis is provided. Indeed, as demonstrated in Section 4, analyzing the almost sure convergence
of such algorithms is extremely challenging, and no standard stochastic approximation tools apply.
‘We conjecture that our new analysis techniques in Section 4 could further help build an almost sure
convergence of their algorithms under certain kernels with some moderate regularization.

GTD is one of the many possible methods to address the deadly triad issue. Other methods include
emphatic TD methods (Mahmood et al., 2015; Sutton et al., 2016; Hallak et al., 2016; Zhang &
Whiteson, 2022; He et al., 2023), target networks (Zhang et al., 2021b; Fellows et al., 2023; Che
et al., 2024), and density ratio methods (Hallak & Mannor, 2017; Liu et al., 2018; Nachum et al.,
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2019; Zhang et al., 2020). We refer the reader to Ghiassian & Sutton (2021); Ghiassian et al. (2024)
for more thorough empirical study of off-policy prediction algorithms.

8 CONCLUSION

In this paper, we revisit the derivation of the seminal GTD algorithm. We demonstrate that the idea
behind the ATTD algorithm can lead to a new off-policy policy evaluation algorithm A, TD that
is as competitive as GTD in terms of both asymptotic convergence, convergence rate, and per-step
computation cost. A TD does incur additional memory cost, which we argue is negligible in any
empirical implementations. The main advantage of A, TD over GTD is that it has only one set
of parameters and one learning rate. It is well documented that the two learning rates in GTD are
hard to tune in many empirical problems. As said in Sutton et al. (2008), “we are still exploring
different ways of setting the step-size parameters’” (of GTD). It is worth noting again that the main
contribution of this work is the rediscovery of the ATTD idea, leading to the A TD algorithm.
That being said, the empirical study in this work is only preliminary and we leave a more thorough
empirical study for future work.
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A  PROOF OF THEOREM 11

Proof We first define a few shorthands. We use g(w) and g:(w) to denote the true gradient and its
stochastic estimate at time ¢, respectively, i.e.,

g(w) =— AT (Aw + ),
gt(w) = — AtT+f(t) (Agw + by).
We further define
Ay(w) = (w — ws, gr(w) — g(w)),

where we recall that w* is defined in (4). The following lemma states several useful properties of
the functions defined above.

Lemma 12 There exist constants Cy and C';p such that for all w, w' with ||w||, ||w'|| < B, we
have

max {g;(w), g(w), At(w)} < Cy,
(w—w', g(w) —g(w')) < 5|Iw W',
max {|[g:(w) — ge(w), [|9(w) — g(w)|, [Ae(w) — Ae(w')[} < Cripllw — w'l].

We recall that (3 is defined in (17).
The proof is provided in section C.10.

Lemma 13 For all time t and 0 < k < t, we have the following bound

¢ | k< f(t—k)
[E [A¢(we)][| < CgCaClipIn (t—k) +2B(B+1)Cu {Xf(t) R R s k)

The proof is provided in section C.11.

We are now ready to decompose the error as

E [wess - w?]

<E :”F(wt + arge(we)) — w*HQ}
<E [T (w: + argu(wy)) = T(w.) ]

<E | |lw; + args(wi) — w*Hﬂ

=E ||lw: — w*H +at||gt(wt)|| + 20 (wy — Wi, ge(wy)) | -
Since g(w,) = 0, we have

(Wi — wa, ge(wy))
=(w; — Wy, ge(we) — glwe) + g(we) — glws))
A

- t(wt) + <wt - w*ag(wt) - g(w*»v
yielding
E[lwir = w.?
<E [Jwn = w,|* + ollgi(w)ll” + 2arfws — w., g1 (w))]

<E [llwe = wa ? + 02 gu w) | + 20 () + 20 (g — w2, gw) — g(w.))] -

14



Published as a conference paper at ICLR 2025

Applying Lemma 12, we get
E [lw1 —w. ]
<E [y — w.|]* + afC2 + 200 (wr) = 208wy — w. ]
=(1 = 20 3)E[[|lwy — wy||*] + o 1C2 + 204 E[Ay (wy)].
Plugging in oy = 15%1 and multiplying both sides by (¢ + 1), we have

(t+ DE [Jwesr —wa ]

2
<(t+1)< C“l)E[Hwt—w*Hz] (t+1) (til) C§+(t+1)-2£—“1]E[At(wt)]
202
< (t+1—28Cq) Bf|[w; —w.|*] + tif + 2CoE[A¢ (wy)].

Let Cp = % Then as C,, > Cy, 26C, > 2BCy = 1. Hence, t + 1 — 28C, < t. Since

E |:HU}t+1 - w*||2} > 0, we have

Cc202
(t 4+ DE [Jwisr —wal®| < ¢ [Jwrss = wnl’] + 752 + 2CaE[A (wy)
Applying the inequality recursively,
TE [wr - w.|’]
T-1 2 12
c2c
< ( S 2 E[At(wt)]>
t=0
T 1 T—1
2 2
=C2C2y "= - +2Ca ZE [Ar(we)] +2Ca > E[Ay(wy)]
t=1 t=0 t=k+1
T-—1
<C2CZ(In(T) + 1] + 2C, ZEAt (w)] +2Ca > E[As(wy))],
t=0 t=k+1

where the last inequality comes from the bound for harmonic numbers. Applying Lemma 12 again
yields
TE [Jwr - w.|P’
T-1
<CAC;I(T) +1] + 2C, Zc +2Ca > E[Ay(wy)]
t=0 t=k+1
T-1
=C2C2I(T) + 1] + 2kCaCy + 2Co > E[As(wy)]. (20)
t=k+1
Now, we will use Lemma 13 to bound the last summation. Firstly, we take

k=2f(T).
Secondly, Assumption 4.4 suggests that for some 7 € (0,
_ Cao TG (t+ 1)
) <Cra;7T=Cr | ——— =T '/
fO) = Cren ((t+1)") C:
= 3v — 2 < 1. Hence, there exists a constant 1y such that for all T" > Ty,

31/’:2)’

Sincev < 1,7v < 3” 2

we have
2C.(T+1)™

<T.
058

2f(T) <

15
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For the rest of the argument, we will assume that 7' > Tp, and we will then have 2f(T") < T

As f is increasing, for all ¢ € (k,T'), we have
k=2f(T)=2f(t) = f(t — k).
So fort > k,

E[Ay(wr)] < CyCaClipln <t_t

k) +2B(B+1)CM( ®) 4y h=ft= k>) (Lemma 13)

t
< CyCoClLipln (t—kz) +4B(B + 1)CMXf(t)7

where the last inequality uses the fact that for all ¢ € (k,T'),

k= f(t—k) =2f(T) = f(t = k) >2f(t) = f(t) = f(?).
Summing them up then yields

T-1

S E[A(0)

t=k+1

T—-1
< Z <CQCaCLip In <t_tk> + 4B(B + I)CMXf(t))
t=k+1
T-1 T
<CyCuaClLip Y (In(t) —In(t—k)) +4B(B+1)Cy > x'¥
t=k+1 t=k+1

T-1 T-1 00
<CyCuClLip < > () - D In(t— k)) +4B(B+1)Cy Yy _x'?

t=k+1 t=k+1 t=0

>

t=k+1

&m0
T-1
<CCCL”,< > In()
?T
( 0

T—k—1
<CyCoClrip ln(t)> +4B(B+1)L(f, x)

1

MEE

ln(t)> +4B(B+ 1)L(f,x)

In(t) — Inft — (T — k — 1)]) +4B(B +1)L(f,x)

t

<CyCaClLip Z log(T) +4B(B + 1)L(f, x)
t=T—k

<CyCaClipklog(T) +4B(B + 1)L(f, x), 2L

where second last inequality holds because

log [t—(Tt—k‘—l)] < log(T)
holds forall T — k — 1 < ¢t < T'and L(f,x) = Y10 X'V < 0o due to Assumption 4.4.
Plugging (21) into (20) then yields
TE([|wr — w.|]
36’26’3 In(T) + 1] 4+ 2kCCy + 2C,[CyCoCripk log(T) + 4B(B + 1) L(f, x)]
=C2C2[In(T) + 1] + 2kCo Cy + 2C,CLCLipk log(T) + 8Co B(B + 1)L(f,X),
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Since we have defined k = 2 f(T'), we have that for T' > Ty,
E[|[wr — w.]|’]
CoCyIn(T) +1]  4f(T)CuCy | 4C,C2CLypf(T)log(T)  8C.B(B+ 1)L(f,X)
< + + + .
T T T T
Thus, for all T, we have

which completes the proof. |

B AUXILIARY LEMMAS
Lemma 14 Let Assumption 4.1 hold. Then there exists a constant Ciy > 0 and x € [0,1) such that
E[4] - 4| < can, @2)

B[4, A)] - E[Ausi] B 4]

‘ < Cux", (23)

B[4l AlR] - T4 < Cu {1 <l (24)

Xt
Similarly,
E[b] - 4| < canx',

E :Aj +két} —E [AM} B {Et]

‘ S CMXka

Mo - 1 t <l
B _AfT“fbt'fl} *ATbH = Cu {x’“ x>

Proof For the simplicity of display, we include the proof only for the first half of the lemma. The
second half is identical up to change of notations and is, therefore, omitted to avoid verbatim.

Define an augmented chain {Y;} evolving in
Y={(s,a,58") € Sx Ax S |d,(s) >0,ulals) > 0,p(s'|s,a) > 0}
as
Y: = (St, Av, Se41)-

According to the definition of F%, it can be easily seen that Y; is adapted to F;41. Assumption 4.1
immediately ensures that {Y;} is also ergodic with a stationary distribution

dy (y) = du(s)p(als)p(s'|s, ).
Here we have used y as shorthand for (s, a, s’). Define functions
Aly) Zp(s, a)a(s) (ya(s') = (s)) "
b(y) =p(s,a)x(s)r(s, a).

It can then be easily computed that
At :AA(}/})v
A=Y"dy(y)Ay).
Yy

17
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Assumption 4.1 ensures that the chain {Y;} mixes geometrically fast. In other words, there exist
constants x € [0,1) and Cy > 0 such that for any ¢ and &,

max Y [Pr(Yir = ¢/|Vi = y) — dy ()] < Cox"
y/

This is a well-known result, and we refer the reader to Theorem 4.7 of Levin & Peres (2017) for
detailed proof. Then we have

=4 —AH

ZPr Y, =y)A Zdy
<Z =) - ar s H
gm??XHA(y)H IPr(Y; = y) — dv ()]
<HCpx', '

which completes the proof of (22). Similarly, we have

2] -2 ]2 4] T

=D Pr(Yiw =y, Vi = 9)AW) TAly) — | D Pr(Yirx = v)A®W) (Z Pr(Y; = y)fﬂy))

y oy y’ y

=ID> Pr(Yipw = ¢, Y = y) = Pr(Vex = o) Pr(Yi = ) A(y) "A(y)

<max
y/

AT || max || A(y)

Y

H SN Pr(Vir =y Y =y) — Pr(Yir =) Pr(Y; = y))

<H-HY > [Pr(Yipr =y, Y = y) — Pr(Yoyr = ¢/) Pr(Y; = y)|

y oy

<H?Y N [Pr(Yipr = y'[Yi = y) Pr(Y; = y) — Pr(Yig = ¢/) Pr(Y; = y)|
y oy

<H? ZZ Pr(Yisw =/ [Yi = y) — Pr(Yiys = o) Pr(Y; = y)
HZZDPr Yok =9V = y) = Pr(Yigr = ¢)|

sH@ZIPr Yirk = y/[¥i = 9) = dy ()| + ldy () = Pr(Yix = o)
vy

<Y [ S Pr(Vian = y'1Yi =) — dy ()] + 3| Pr(Yirs = /) — dy ()]
Y y’

y/
<H? Z (Cox" + Cox'™)

Y

<2H?|Y|Cox*,
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which proves (23). This also suggests VI,
X . - T A
E [Aj oA | ]-‘l} “E {AHk | ]-'l] E [At | ]-'l}

To see this, we consider the two cases of whether [ < ¢ separately.

‘ < 2H?|Y|Cox*.

Case 1: [ < t. Then, by the Markov property,

HE [Akalt | ;:l} _E [Am | flr]E {At | Fz}

A R R T .
:HE (AL A | Y] —E [ | 1] B[4, 1] H
<2H?|Y|Cox*.
Case 2: [ > t. Then At is deterministic given F;. and

B[4 A 7] ~E Ay | A] B[4 7]

—\E[A7 B[4 ] | 7] E[des | A E[4] A

=|E :At-',-k |fz}TE[At|]:l} _E[At-i-k \ ]:l}TE{AtU:l}

Lastly, combining the geometrical convergence suggested in (22) and the geometrically decaying
correlation implied by (23), we can prove (24) in the following manner. First,

E {A;k/lﬂfl} _ ATAH

<|B[AldlR] ~E[Adl7] E[407) +E[duF] E[4)A] - ATAH

<||E {ALMLIE} —E {At-&-ku:l} ' E [At|.7:l]

‘ + H]E {At+k|~7:l}TE [At|.7:l} - ATAH

<2H2|Y|Cox* + +k|]—'l} [Atm} _E [At+k|fl} TA4E [AH,C\;E[} Ta- ATAH

—~

E[4
<2r?yicnd + B [AcalA] @[] - 4 + @ [l - 4)74)

<2H?Y|Cox* + B [drsl7] | [ [407] - 4] + |

—~

E [Avnl7] - )7 14]

<2H2|Y|Cox” + HHE {Atm] - AH v H ‘]E {Amm] A ‘

<2H|Y|Cox* + H (|| [47] - A|| + [ [desnl 7] - 4]))-
We now bound the last term. For ¢ < [, we use the trivial b(;und
o407 - 4]+ [ ] - ] <
For ¢t > [, both Y; and Y}, are not adapted to F;. We, therefore, have
HE [Atm} - A’ n HIE [At%m} - AH < HCox'' + HCox'** =1 < 2HCyx' .

Combining the results, we obtain

4H? t <l
2H?Cox'™t t>1
~ [2H?|Y|Cy + 4H? t<l
 2H?|Y|CoxF +2H2Coxt=t t>17

HE [A:Jrkfitu:l} —ATAH < 2H?|Y|Cox* +{

(Since x < 1)
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which completes the proof of (24). |

Lemma 15 [f the gap function f(t) = |h(t)In(t) ]| where h is a non-negative, increasing function
tending to infinity, then "5, X' for all x € (0,1).

Proof Firstly, we should note that for all ¢, | h(¢) In(t)| > h(t) In(t) — 1. Therefore, take arbitrary
€ (0,1),

><

i Xf i h(t) In(t l f: n(x)h(t)In(t) _ Ztln(x h(t).
t=0

t=0 t=0

Since h is increasing in ¢ and tending to infinity, there exists a 71" such that got all ¢t > T,
flt) > —ﬁ. Then, for all ¢ > T, 0O < =2 Thuys, by comparison test and p-test, we can

conclude that > 72 xf® < 577 72 < oo, u

C PROOF OF TECHNICAL LEMMAS

C.1 PROOF OF LEMMA 2

Proof We proceed via induction on m. In particular, we prove the following two inequalities for all

m:
mitl
b, >—————— 25
"™ =16 max(Cy, 1)’ (23)
oy <T2 Wt > t,. (26)
Base Case m=0: Obviously we have
On+1

to=0= ——
0 16 max(Cy, 1)’

s0 (25) holds for m = 0. Since 1 € (0, 1], we have

16 max(Cy, 1)

T:
0 77+1

> 8max(Cy, 1).

Hence, forallt > t, = 0,

E— < Cq < 8max(Cy,1)? < Tj.

So (26) holds.
Induction Step: Suppose (25) and (26) hold for m = k. We now verify them for m = k + 1.
Letting m = k in (26) yields

togr—1
T < Y (Defintion of {#,, } in (14))
t=ty
top1—1
< Y TR = (e — te)T7.

t=ty
Dividing both sides by T} yields

1 (n+ 1) (k+1)"

thyr —t TR T
B = T (O 1)
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Consequently, we have

(n+ 1)(k+1)"

16 max(Cy, 1)

ok (n+1)(k+1)"
T16max(Cqy,1)  16max(Cy, 1)’

tk+1 2>tk +

(+1) (k+1)"

16 max {Co,1} 1S monotoni-

where the last inequality results from inductive hypothesis (25). Since
cally increasing in k, we have
(n+ Dk +1)7 /’““ (m+ D+ (k+1mt
16 max(Cy,1) — Jp 16 max(Cy,1)  16max(Cy,1)  16max(Cy,1)
We have thus verified (25) form =k + 1, i.e.
ki (k+ 1)+t kL (k+ 1)+t

t > — = .
M= 16max(Cy, 1) | 16max(Cy,1)  16max(Ca,1) 16 max(Ca, 1)
To verify (26) for m = k + 1, we will make use of our just proven (25) with m = k + 1. Take

arbitrary ¢ > tx41. As ap = (Hc_icf)y is a monotonically decreasing in ¢, we have
C C
o <oy, = = <=

(thr1 + 1)~
Using (25) with m = k + 1, we get

ap < Co Ca < 16"Cy max(Cy, 1) <k+2>("+1)v
St v (n+1)v
fow (m(lﬂ - 1)77+1) (k+2) k+1

As Z—ﬁ < 2fork > 0andn,v € (0, 1], we have
(n+1)v
k+2 < o+l
k+1 -
Moreover, since C,, < max(Cy, 1), we have
Cp max(Cy, 1) < max(Cy, 1)1,

Thus we have

Qi

16VC, max(Cy, 1)” <I<: + 2) (v 95y max(Cly, 1)1+
= (B 2)mby k+1 - (k +2)tnt1v
Using n, v € (0, 1], we have
0 <(n+5)v <6,

max(Cy, 1) <max(C,,1)%

The definition of 7 in (13) implies
2n < (n+1)v.

Hence, we get
- 2015 max(Cy, 1) 64max(Cy, 1)
- (k + 2)(n+1)v — (k+2)%

The second inequality in (13) together with the fact that v € (0, 1] implies that 7 < 1. Consequently,
we have (1 + 1)2 < 4. Therefore, 64 < (11% and

Qi

64 max(Cl, 1)? < 256 max(Cy, 1)? 16 max(Cq, 1) 2 T2
o = = .
P k+22 T (n+ 1)k +2)2 (n+ 1)(k +2)" kel
We have now verified that (26) holds for m = k + 1, which completes the induction. |
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C.2 PROOF OF LEMMA 3

Proof The fact that v € (0, 1) and (13) implies

< <v.
g 2—-v — v
The fact that ) € [0, 1] implies
16

— > 8.

n+1
Consequently, we have

16 max(Cq, 1) Co 8
m = = am.
n+1 (m+1)" (m+ 1)

The definition of {¢,,} in (14) implies that ¢,, 1 — t,, > 1 for all m > 0, so we have

tm > M.
Moreover, because oy = (tfi‘f)y is decreasing in ¢, for all t > t,,, > m, we have

atSamS?’m-

The definition of {t,,} in (14) also implies that Ziz; :2 oy < T,,. Then we have

tm41—1 tmy1—2 T 0T
— m m
Oy, = t; o = t; o+ oy -1 STm‘F?:T < 270,

which completes the proof. Note here we have used the convention that Zgzz op=0ifi >3 N

C.3 PROOF OF LEMMA 4
Proof Forall t > 0,
el
=[| o+ A710) + AL ) (vt + A7) = A, a0+ 5 |
(| e[l + a=2] + || dea=s + 1601
<|ws + A7 + o H (H||w; + A7 0|| + H + H)
=||we + A7'0|| + e H? (||lwe + A0 +2) 27)

<JJwe + A7 + || AL p)

Therefore, by adding 2 to both sides, we get
H’lUt_i,_l + A_le + 2 S (1 + OétH2) (Hwt + A_le + 2) .
Applying the inequality iteratively, we have that for all ¢ satisfying ¢t,,, <t < ¢,,41

tma1
Hwt +A—1bH +2< (Hwt +A‘1bH +2) H (1 —|—0th2) < e@mH2 (Hwt

Jj=tm

m

+ A7 +2),

where for the last two inequalities, we used the fact that

tm41—1 tmi1—1
H 1+ othQ) < exp Z aH? | =exp (&mHg) .
J=tm J=tm
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As &, < 2T,, (Lemma 3) and e2TnH> < 2,

-+ A7 42 £ €55 (g, + 4710 +2)
< 2TmH’ (|[we,, +A7"0]| +2)
<2 (||we,, + A7) +2).

Hence,
|wr + A7'0|| < 2((|wr,, +A7"0]| +1).
Therefore, for all ¢,,, <t < ¢,,41, we have
[ (we + A716) = g
=||(we + A7) — (wr,, + A7) ||

t—1
S (IUj+1 + Ailb) — (U)j + Ailb)
J=tm
t—1
< D [l(wjra + A7) — (w; + A7)
J=tm
t—1 ) R . R
= H oG AT, i) (As(we + A70) = 4,470+ 1)) H
=
tm+1—1

"
< > aH? (|Jwe+ A7M0|| +2)
=t
1

< Z o H? (2||wy,, + A7 +4) (Using (28))
J=tm
—26,002% (fu,, + 470 +2)
<AT H? (|Jwe,, + A7"0]| +2) (Using Lemma 3)
<8TmH? (||we,, + A7) +1)
=8T H? ([lgm| + 1),
which completes the proof. |
C.4 PROOF OF LEMMA 5
Proof
llgm + gl,mH2 = llgm — amATAqm”z = || (I - dmATA) Qm||2
=q) (I = amATA) (I = amATA) gn
= |lgmll® — QOzmquTAqm + ozmuATAqu2
< gl = 26mBllam | + a2 AT (| A2l g
S ||Q'mH2 - 2d7ﬂ/8||q7n||2 + @%H4||Q'm“2
< ||QmH2 - Qd’mﬂHQmHQ + 2647717-‘7nI{4||Q'm||2 (Lemma 3)
< Nlgmll? = 2amBllgm|l* + @mBllgm? (Assumption of this Lemma)
< (1= Bam) lgm?
< (1= BTn) llgml* (Definition of T}, in (14))
|
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C.5 PROOF OF LEMMA 6

Proof
t7n+1 1
lgzmll <|| > o (ATA E|:At+f(t)At|J:tm+f(tm)})qm
t=tm
t,n+171
+ Z atIE |:A;r+f(t) (bt _AtA_lb) |‘th+f(tm)i| ‘
t=tm,
tmy1—1
< ) o|ATA- E[AIH At|]:tm+f(tm)}H||Qm”
t=tm
tm+1—1
+ 3 B [AT 0 (b AAT) 1Fisen] |
t=t
trm41— 1
< Z a||[ATA - E[AtJrf At|]:tm+f(tm)”‘||QmH
t=tm
timp1—1
+ Z oy [ t+f(t)bt ATb‘}—th(tm)]H
t=tm
tm+1—1
+ Z O“HE[A b- At+f(t)AtAfletwﬁf(tm)}H
trm41— 1
= Z o||ATA - E[AtJrf At|]:tm+f(tm)”‘||QmH
t=tm
timp1—1
+ Y B AL b~ ATEF g0 ||
t=tm
tmt+1—1
+ Z O“HE[A A- At+f(t)At|ftm+f(tm>] Aile
t.m+1 1
< Z a||[ATA - E[Atﬂc At|]:tm+f(tm)”‘||qm”
t=tm
timp1—1
+ Z Q [ t+£(t) bt AT bl Fe,, +f(tm)]H
t=tm
tmy1—1

+ Z a|[E[ATA = AL, ji Al Fop e pienn |47

To bound the last three terms, we will consider separately whether ¢,,, + f(t) < tmy1. If t +
f(tm) > tm+1, then applying Lemma 14 yields

tmy1—1 tmy1—1 tm41—1
lgomll < D" @Cullamll + D aCu+ Y aCuH
t=tm t=tm, t=tm,
tgr—1
:CM(H%rLH"'H_"l) Z Qg.
t=tm
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Since oy = (1 7 is a decreasing function in ¢, we have
t7n+1_1
gzl < Crr(llgml +H+1) Y o,
t=tm

= Cu(llgmll + H + 1) (tms1 — tm)au,,
< Culllgmll + H + 1) f(tm)a,, -

Assumption 4.4 suggests f(t) < Cra; ", so

lg2,m |l < Crr(llgmll + H +1)Cray "oy
< CuCr(llgml + H+ 1)af 7.

m

Because oy < T2, fort > t,,, (Lemma 2),

lg2ml < CarCr(lgml| + H + 1)T20=7)
< CuCr(H + DT (lgmll + ).

For the general case where t,,, + f(tm) < tyn4+1, we break the summation Ztm“ !

ie. Zthrf(tm) !and me+1 ! ) and apply Lemma 14 separately. We have

into two parts,

ton+f(tm
tm+f(tm)
lozmll < 2 O‘tHATA E (A% j0Ai | Fopt 0] |l
t=t.m
tmg1—1
b afATA B[ A | Fov s ]l
t:tmr""f(trn,)
tm+f(tm)—1
+ Y ]E{Atﬂct)bt ATH | Fo s )}H
t=tm
tm41—1

)«
t:tm"l'f(tm)
tm"l‘f(tm) 1

E [A;f(t)bt — AT ftm+f(tm)} H

[B[aTA= A% A | Foigin] 147

t=tm
o
Y w|E[ATA AT A | Fopren] |47
t:tm+f(tm)
mJFf( m) tm+1_1
B SETT TN PR SR (/O 4yl g
t=t,, t=tm+f(tm)
tm+f(tm)—1 tmy1—1
+ Y alu+ Y. aCy (xf(t) + xt*“m”“m”)
t=tm t=tm+f(tm)
tm+f(tm)—1 tmy1—1
+ Y aluH+ Y alu (Xm) n Xt—[tm+f<tm)1) o
t=tm t=tm+f(tm)
tmt+f(tm)—1 tmg1—1
<Cullgnll +H+1) | 3wt D ap (O 4yl 0])
t=tm t=tm+f(tm)
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Because o = uiit)v is a decreasing function in ¢t and ay; < TﬁL fort > t,, (Lemma 2), we get

tmy1—1

Oétm + Tfn Z

[+ f(tm)—1
lg2,mll < Crr(llgmll + H + 1) >

L t=tm t=t7n+f(t7n)
[ tm41—1
< Crrlllgmll + H+1) | f(tm)an,, + T2 >

t=tm+f(tm)

O 4 th[tm+f(tm)])

tm41—1

Xf(t) + Z Xt*[tmﬁ’f(tm)]

t=tm +f(t7n)

o0 [ee)
< Cu(llgmll + H 4+ 1) | f(tm)an,, + T, ( xF® + xtﬂ
t=0

t=0

Assumption 4.4 suggests that f(t) < Cra; " and L(f, x) = > 1o, x/® < oco. Therefore,

g2l < Cr(llgmll + H +1) | Crag T au,, + T, (L(f, x) + thﬂ

< Onilllgmll + H+1) [Cral=m 412 (L(f, %)

[ 1
< Cum(llgmll +H+1) |C-T20T + T2, <L(f, X) + X)} :

When 7;,, < 1, we then have

1

1
g2l < Car 7207 (H + 1) (cT FLE+

which completes the proof.

26
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C.6 PROOF OF LEMMA 7

Proof Firstly, we have

t1n+1 -1

lgsmll <[ D (]E {AtT+f(t)At|ftm+f(tm)} - AtT+f(t)At) Gm
t=tm
8 o 0 (- A7) ] - A (- 27|
t=ty,
tmg1—1
< Y (B [AL o AdFen ] | + ]| A% 0| 1460) llaml
t=ty,
T SO OO W T B8 oo (RS E )
t=tm
tma1—1
< o (]E {HA;-f(t)AtH|]:tm+f(tm)} +H- H) gl
t=tm
S (B 4T 0 (b A=) [ s] + 10+ )
t=tm,
1

|4

it stem | + H?) Nl

tm+1
<D (E {HALf(t)
t=

o
w30 o (B[] (o] 4470 1P ] +287)

=tm

tmi1—1 tmt1—1
< > o (H+H) gnll+ D o (HH+ H) +2H?)
t=t,, =t
<28 H?([lgmll +2)

<8 H?(llgm|l + 1)-
Secondly,

E [93,m|Ftpt £ (1)) =0

holds trivially, which completes the proof. |

C.7 PROOF OF LEMMA 8

Proof
tm41—1
ol = |32 AT 0 [qm_wm)}H
t=tm
tmt1—1
< 0 | AL g |[1Addllam — (e A 0)]|

=tm
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Then, by Lemma 4, we have

tmy1—1

lgamll < > aiH - H - 8T H(|lgm| + 1)

t=tm
= S&meH4(HQmH +1),
which completes the proof. |

C.8 PROOF OF LEMMA 9

Proof
2 2
lgm+11l” =llgm + g1,m + g2,m + g3,m + gamll
2 2
:HQm + gl,m” + ||92,m + gS,m + g4,mH + 2(Qm + gl,m)T(g2,m + gS,m + g4,m)
2 2
<llgm + g1,ml” + 1192,m + g3,m + gaml||
+2(gm + g1m) " 93.m + 2llam + grmlllg2m + gaml-
Lemma 5 implies that || ¢, + g1.m > < (1= 8T00)||gm” and [|gm + g1.m|| = O(|/gm||), Lemma 6
suggests that gz | = O (T2 (g + 1)), Lemma 7 suggests that |gs | = O(Ton ([l +
1)), and Lemma 8 suggests that || g4,,n|| = O (T2 (||gm || + 1)). Hence,

l92.m + 93,m + gam| < g2.mll +1lg3,m |l + 92.m [ = O(Tm(llgm |l + 1)),

and
lg2m + 9amll = O (T2 (llamll + 1)) .
Moreover, both ¢, and g1, = —@&mnA" Agy, are adapted to Fy, ,f(,,) and 7 implies that

E [93,m|F,,.+(t,,)] = 0. We, therefore, have

E [(Qm + gl,m)TgZi,m|]:tm+f(tm)] =0.
Lastly, putting everything together, we have

E [lgm 1110 )
<(1 = BT g |I* + OTonllgm | + 1)) + Olllam O (T2~ (gl + 1))
<(1 = 8T lanll” + O (T2 (llamll + 1)?)
<(1 = BT laml® + O (T2 (g + 1) .

where the last inequality comes from the fact that (|||l + 1) < 2(||gm]||* + 1). In conclusion,
there exists a constant D such that

E [lam 11717+ 00| < (1= BT + DTZ7) g + DT,

which completes the proof. |

C.9 PROOF OF LEMMA 10
Proof To prove the lemma, we will invoke a supermartingale convergence theorem stated as follows.

Theorem 16 (Proposition 4.2 in Bertsekas & Tsitsiklis (1996)) Let Yy, Xy, and Zp,, m > 0 be
three sequences of random variables and let F,,, m > 0, be sets of random variables such that
Fm C Fm+1 for all m. Suppose that

28



Published as a conference paper at ICLR 2025

1. The random variables Y,,, X,,, and Z,, are non-negative and are functions of the random
variables in F,,,

2. For each m, we have E [Ym+1|]?m] <Y, —Xm+Zn,
3. There holds >_>_ Z, < o0.

Then, we have Zf::o X, < 0o almost surely, and the sequence Y,, converges almost surely to a
non-negative random variable Y .

In our case, we let
Yoo =g,
X =3 8Tl
Z =DT2077),
Fin =F bt F(tm)-

The first condition of Theorem 16 holds trivially. For the second condition of Theorem 16 to hold,
we rely on (18) in Lemma 9. According to the definition of 7},, in (12), we have

lim T, = 0.

m—0o0

As a result, the condition

(B mE)
T, < min (2H4’ 1, S T2

in Lemma 9 holds for sufficiently large m. Moreover, since

3 1
T<- — — (Assumption 4.4)

2 v
3 1 .

<= — = (Assumption 4.3)
2 1

1

=3

we have
2(1—7) > 1.

Consequently, the condition
—r 1
DT < BT,
which is equivalent to
T2(1 -1 P B
— 2D’

also holds for sufficiently large m as lim,, oo I, = 0. Crucially, D is deterministic because D
only depends on H, 3, C,, Cpr, L(f, x), and x, which are all deterministic quantities. Therefore,
there always exists a finite and deterministic myg such that the subsequence {X,,, Y, Zm}m>m0

verifies the second condition. Since n > ﬁ, i.e. 2(1 — 7)n > 1, by p-test, we can deduce that

e’} 0 2(1—7
S Zp =Y D20 = Z ( 16 max(Co, 1) ) 4=
m=0 " m=0 " 77+ 1 m—i_ 1)

(16 max(C,, 1))2(1—T)D 1 _
= o0
2(1—7 2(1—7
(n+1)20-7) A= (n+1)20=mn
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The third condition of Theorem 16, therefore, also holds. All the conditions of Theorem 16 are now

verified for the subsequence {X,,, Yy, Zp, } which implies that the sequence {qu ||2}

m2mo’ m>0

converges and
1 oo
2
582 Tullam|® < oo.
m=0

Asn < 1, we have

iTm i 16maxCa,l) _ 16max(Ca, 1) i

1)(m + 1) n+1 m+1

m=0 m=0

Thus, ||gm||* must converge to zero. Otherwise, S o Xm = 5B, T llgm||” diverges to
infinity. Thus, g, converges to 0 almost surely, which completes the proof. |

C.10 PROOF OF LEMMA 12

Proof First, we prove the bounds for each function.

Bound for g;(-):

lge()ll = ||~ AT o (Arw + B0)| < [ AT s || (HAL ol + 1601)

<H(HB+ H)=H*(B+1).

t+f(t)

Bound for g(-):

lg(w)ll = [[AT (Aw + b) | < [|AT(|(IAlllw] + [Ib]]) < H(HB + B) = H*(B +1).

Bound for A:(-):

[Ar(w)] = [(w — ws, ge(w) — g(w))| < flw —willlge(w) — g(w)]
< (Jlwll + w1 (lge ()| = llgw)ll) < (B + B)[H?*(B + 1) + H*(B +1)]
=4H?B(B +1).

Hence, by taking C, = max{H?(B + 1),4H?B(B + 1)}, we have the result stated. Second, we
prove the functions are Lipschitz.

g¢(+) is H?-Lipschitz:

lge(w) = go(w) | = ||=AT; s (Aerw + Be) + AT, g (A’ + )| = [ ATy Aiw — ')
< AT | Ae 0 = 'l < B2 — )
g(+) is H?-Lipschitz:
g(w) — G| = | ~AT (Aw +b) + AT (4w’ +b)|| = AT A’ — w)|

< | AT|IAllllw" = w]| < H?|lw' - w].

30



Published as a conference paper at ICLR 2025

A¢() is 2H?(3B + 1)-Lipschitz:
[Ad(w) — Ag(w)]

=[(w = w, gr(w) = g(w)) = (W' = wy, g (w’) = g(w"))|
=[(w = w, go(w) = g(w) = (ge(w') — g(w")) + {w — ws = (W' = w,), ge(w') — g(w"))]|
< w = we, g (w) = g(w) = (ge(w) — g(w")))| + [{w — w', gt (w') — g(w'))]

") = G + [lw = w'|[l|ge(w’) = g(w)]|

<lw = willlge(w) — g(w) — (ge(w
<(lwll + [[wel[)(llge(w) = ge(w)ll + [|g(w) = g(w")]) + (lge(w")]| + llg(w) )]Jw — |
<(B+ B)(|lge(w') = ge(w)[| + [|g(w) — g(w")]|) + [H*(B+1) + H*(B+ 1)]w — w'||
<2B(||gi(w') = ge(w)[| + [|g(w) — g(w")[|) + 2H*(B + 1) [|w — o'

L2B(H?|w' — w| + H?||w' —wl|)) + 2H*(B + 1)||jw — v'||

=2H*(3B +1)||w — ']

Therefore, by taking Cr;, = max{H? 2H?(3B + 1)}, we have the result stated.
Lastly, we prove the following inequality regarding the inner product.
(w—w', g(w) — g(w)) = (w—w', —AT (Aw + b) + AT (Aw’ + b))
= —(w—w)"ATA(w —w') < —pljw —w'|]?,
where the last inequality holds due to (17). |

C.11 PROOF OF LEMMA 13

Proof For any 7 > 0, since w; lies in the ball for projection, we have
|witr = wil| = [T'(w; + cigi(wi)) — wi|

= || (w;i + aigi(wi)) — T'(w;)]|

< T (w; + asgi(wi) — wi)| (I'(-) is non-expansive)

= [T (evgi(w:))]|

< [leigi(wi)||

= a|gi(w;)|

< a0y (Lemma 12)
Therefore, by telescoping, we can deduce that for all 0 < k < ¢,

t—1 t—1 t—1
lwe —wiill < Y o —will € Y Coai=Cy Y o
i=t—k i=t—k i=t—k

Because tJ%l is a decreasing function in ¢, for all ¢ € [t,¢t 4+ 1], 45 < 1. As a consequence,

t+1
t+1 1
t+1 — f 7

iziléi /ii+11~§/i 1,:1n(t)_1n(t—k):1n(ttk).

i=t—k i=t—k J t—k
In addition, given that o Sr—"i, we have
t—1 t
<y =Cy < CyCyl
l Z

Applying Lemma 12 again, we get
t
|At(wt) — At(wt,k” S CgCaCLip In (t—]{j)
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and hence

Av(wy) < A(wy_y) + C,C 0L1p1n< tk> (29)

We now bound the expectation of A;(w;_) conditioning on F;_ #(t—k)- In particular, we have
E [A¢(wi— i) | Fiks fe—n)]
=E [(wi—k — wi, ge(wi—i) — Gwi—i)) | Fe— s pt—1) ]
=k [<wf k= Wa, AL o (Apwy_g +b) — AT (Awy_y, — b>> |ftfk+f(t*k)}

= [ (i — w., (AT A = ATA) wiy = (AT pbe = ATO) Y Fe s i) -

As expectation and dot product are linear and w;_, is adapted to F;_j ¢(;_x), we can further reduce
our expectations as

E [At(wt—k)|ft7k+f(t7k)}
—(wit = e (B [AT,poo il B riir] — ATA) wi — (B[4, s bl Firpion] — A70))

<weeie — ws| ‘(]E {A; f(t)At|ft,k+f(t,k)} AT A) Wi g — (E [A;f(t)zstm,H f(t,k)} _ ATb) H

<(we—ell + e (| (B [AT i Al Fo o] = AT4) w4 |B [AT, pbil P o] — A8
<weill + ) (B [AT, pe AelFei -] = AT A lewe-sll + B [AT, pbil Feas -] — A7)
<(B+ B) (HE [A:+f(t)At|}—t—k+f(t—k-)] - ATAHB + HE [A:+f(t)5t|ft—k+f(t—k)} - ATbH)

<2B (HE[ Y k)} A AHB+HE [At+f(t)bf|ft_k+f(t_k)] fATb’D.
Applying Lemma 14, we get

t<t—Fk+ f(t—k)

1
E[A k)| Fi— _nl < 2B(B+1 .
[Ae(wi—i) | Fo—pspe-r)) < (B+1)Cu {Xf(t) R OR) g f(E— k) <t

Taking total expectations then yields

1
E[A¢(wi—r)] <2B(B +1)Cn {Xf(t) 4yt (k=) (30)

Plugging (30) into the expectation of (29) yields

t 1 k< f(t—k)
Bl < C,CaCuptn () +28@ + 00w {0 | eremsn 45 ng 1)
which completes the proof. |
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