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Abstract

The goal of point cloud assembly is to reconstruct a complete 3D shape by aligning
multiple point cloud pieces. This work presents a novel equivariant solver for
assembly tasks based on flow matching models. We first theoretically show that the
key to learning equivariant distributions via flow matching is to learn related vector
fields. Based on this result, we propose an assembly model, called equivariant
diffusion assembly (Eda), which learns related vector fields conditioned on the
input pieces. We further construct an equivariant path for Eda, which guarantees
high data efficiency of the training process. Our numerical results show that Eda
is highly competitive on practical datasets, and it can even handle the challenging
situation where the input pieces are non-overlapped.

1 Introduction

Point cloud (PC) assembly is a classic machine learning task which seeks to reconstruct 3D shapes
by aligning multiple point cloud pieces. This task has been intensively studied for decades and has
various applications such as scene reconstruction [48]], robotic manipulation [32], cultural relics
reassembly [39] and protein designing [41]. A key challenge in this task is to correctly align PC
pieces with small or no overlap region, i.e., when the correspondences between pieces are lacking.

To address this challenge, some recent methods [32| 40] utilized equivariance priors for pair-wise
assembly tasks, i.e., the assembly of two pieces. In contrast to most of the state-of-the-art methods [30}
51]] which align PC pieces based on the inferred correspondence, these equivariant methods are
correspondence-free, and they are guided by the equivariance law underlying the assembly task. As a
result, these methods are able to assemble PCs without correspondence, and they enjoy high data
efficiency and promising accuracy. However, the extension of these works to multi-piece assembly
tasks remains largely unexplored.

In this work, we develop an equivariant method for multi-piece assembly based on flow matching [25].
Our main theoretical finding is that to learn an equivariant distribution via flow matching, one only
needs to ensure that the initial noise is invariant and the vector field is related (Thm.[d.2)). In other
words, instead of directly handling the SE(3)" -equivariance for N-piece assembly tasks, which
can be computationally expensive, we only need to handle the related vector fields on SE(3)",
which is efficient and easy to construct. Based on this result, we present a novel assembly model
called equivariant diffusion assembly (Eda), which uses invariant noise and predicts related vector
fields by construction. Eda is correspondence-free and is guaranteed to be equivariant by our theory.
Furthermore, we construct a short and equivariant path for the training of Eda, which guarantees high
data efficiency of the training process. When Eda is trained, an assembly solution can be sampled by
numerical integration, e.g., the Runge-Kutta method, starting from a random noise.

The contributions of this work are summarized as follows:
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- We present an equivariant flow matching framework for multi-piece assembly tasks. Our theory
reduces the task of constructing equivariant conditional distributions to the task of constructing
related vector fields, thus it provides a feasible way to define equivariant flow matching models.

- Based on the theoretical result, we present a simple and efficient multi-piece PC assembly model,
called equivariant diffusion assembly (Eda), which is correspondence-free and is guaranteed to be
equivariant. We further construct an equivariant path for the training of Eda, which guarantees
high data efficiency.

- We numerically show that Eda produces highly accurate results on the challenging 3DMatch and
BB datasets, and it can even handle non-overlapped pieces.

2 Related work

Our proposed method is based on flow matching [25]], which is one of the state-of-the-art diffusion
models for image generation tasks [11]. Some applications on manifolds have also been investi-
gated [4}46]]. Our model has two distinguishing features compared to the existing methods: it learns
conditional distributions instead of marginal distributions, and it explicitly incorporates equivariance
priors.

The PC assembly task studied in this work is related to various tasks in literature, such as PC
registration [30} 47]], robotic manipulation [32} |31]] and fragment reassembly [43]]. All these tasks
aim to align the input PC pieces, but they are different in settings such as the number of pieces,
deterministic or probabilistic, and whether the PCs are overlapped. More details can be found in
Appx. [Al In this work, we consider the most general setting: we aim to align multiple pieces of
non-overlapped PCs in a probabilistic way.

Recently, diffusion-based methods have been proposed for assembly tasks, such as registration [6}
18}, 44]] manipulation [32]] and reassembly [34} 45]. However, most of these works simply regard the
solution space as a Euclidean space, where the underlying manifold structure and the equivariance
priors of the task are ignored. One notable exception is [32]], which developed an equivariant diffusion
method for robotic manipulation, i.e., pair-wise assembly tasks. Compared to [32], our method
is conceptually simpler because it does not require Brownian diffusion on SO(3) whose kernel is
computationally intractable, and it solves the more general multi-piece problem. On the other hand,
the invariant flow theory has been studied in [20], which can be regarded as a special case of our
theory as discussed in Appx.[C.1]

Another branch of related work is equivariant neural networks. Due to their ability to incorporate
geometric priors, this type of networks has been widely used for processing 3D graph data such
as PCs and molecules. In particular, E3NN [14] is a well-known equivariant network based on the
tensor product of the input and the edge feature. An acceleration technique for E3NN was recently
proposed [28]]. On the other hand, the equivariant attention layer was studied in [12} 22, 24]]. Our
work is related to this line of approach, because our diffusion network can be seen as an equivariant
network with an additional time parameter.

3 Preliminaries

This section introduces the major tools used in this work. We first define the equivariances in Sec.[3.1]
then we briefly recall the flow matching model in Sec.

3.1 Equivariances of PC assembly

Consider the action G = Hf\il SE(3)onasetof N (N > 2)PCs X = {Xy,...,Xn}, where
SE(3) is the 3D rigid transformation group, [] is the direct product, and X is the i-th PC piece
in 3D space. We define the action of g = (g1,...,9n) € G on X as gX = {¢; X;}},, i.e., each
PC X; is rigidly transformed by the corresponding g;. For the rotation subgroup SO(3)%, the
action of 7 = (r1,...,7nx) € SOB)Y on X is rX = {r; X;},. For SO(3) C G, we denote
r=(r,...,r) € SO(3) for simplicity, and the action of  on X is written as 7 X = {r X} ,.

We also consider the permutation of X. Let S be the permutation group of N, the action of 0 € Sy
onXiscX = {Xg(i)}i]il, and the action on g is 0 = (g (1), - - - » o () ). For group multiplication,
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we denote R(A) the right multiplication and E(.) the left multiplication, i.e., (R,)r’ = r'r, and
(L)' = rr' forr, v’ € SO(3)V.
In our setting, for the given input X, the solution to the assembly task is a conditional distribution

Px € u(G), where p(G) is the set of probability distribution on G. We study the following three
equivariances of Py in this work:

Definition 3.1. Let Py € u(G) be a probability distribution on G = SE(3)" conditioned on X,
and let (-)4 be the pushforward of measures.

- Px is SO(3)N-equivariant if (R,.-1)4Px = P,x forr € SO(3)V.
- Px is permutation-equivariant if o» Px = P, x for o € Sy.
- Px is SO(3)-invariant if (£,.) 2 Px = Px forr € SO(3).

Intuitively, the equivariances defined in Def. [3.T] are three natural priors of the assembly task: the
SO(3)N -equivariance of Py implies that the solution will be properly transformed when X is rotated;
the permutation-equivariance of Px implies that the assembled shape is independent of the order of
X; and the SO(3)-invariance of Px implies that the solution does not have a preferred orientation.

Note that when N = 2, SO(3)" -equivariance is closely related to SE(3)-bi-equivariance [32} 40],
and permutation-equivariance becomes swap-equivariance in [40]. Detailed explanations can be

found in Appx.

We finally recall the definition of SO(3)-equivariant networks, which will be the main computational
tool of this work. We call F! € R2*! a degree-1 SO(3)-equivariant feature if the action of » € SO(3)
on F! is the matrix-vector production: 7F' = R'F!, where R € RZH1D*(+D) g the degree-1
Wigner-D matrix of . We call a network w SO(3)-equivariant if it maintains the equivariance
from the input to the output: w(rX) = rw(X), where w(X) is a SO(3)-equivariant feature. More
detailed introduction of equivariances and the underlying representation theory can be found in [3]].

3.2 Vector fields and flow matching

To sample from a data distribution P; € p(M), where M is a smooth manifold (we only consider
M = G in this work), the flow matching [25] approach constructs a time-dependent diffeomorphism
¢+ M — M satisfying (¢o)x Py = Py and (¢1)4 Py = Py, where Py € p(M) is a fixed noise
distribution, and 7 € [0, 1] is the time parameter. Then the sample of P; can be represented as ¢1(g)
where ¢ is sampled from Fj.

Formally, ¢ is defined as a flow, i.e., an integral curve, generated by a time-dependent vector field
vy : M — T M, where T'M is the tangent bundle of M:

2 be(9) = v-(6-(9),

bo(g) =g, Vge M.

According to [25]], an efficient way to construct v, is to define a path h, connecting P, to P;.
Specifically, let gg and g; be samples from Py and P; respectively, and hy = gg and h; = g1. v,
can be constructed as the solution to the following problem:

(1)

. 0
min ET’90~P0,91~P1||’UT(hT) - 87h7'”%' 2
v T
When v is learned using (Z)), we can obtain a sample from P; by first sampling a noise go from P,
and then taking the integral of (T).

In this work, we consider a family of vector fields, flows and paths conditioned on the given PC,
and we use the pushforward operator on vector fields to study their relatedness [37]. Formally,
let ' : M — M be a diffeomorphism, v and w be vector fields on M. w is F-related to v if
w(F(g)) = Fi gv(g) forall g € M, where F, 4 is the differential of F" at g. Note that we denote
vx, ¢x and hx the vector field, flow and path conditioned on PC X respectively.
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4 Method

In this section, we provide the details of the proposed Eda model. First, the PC assembly problem
is formulated in Sec. d.I] Then, we parametrize related vector fields in Sec.[d.2] The training and
sampling procedures are finally described in Sec.[d.3]and Sec. 4.4 respectively.

4.1 Problem formulation

Given a set X containing N PC pieces, i.e., X = {X;}, where X; is the i-th piece, the goal of
assembly is to learn a distribution Px € u(G), i.e., for any sample g of Px, gX should be the
aligned complete shape. We assume that Px has the following equivariances:

Assumption 4.1. Py is SO(3)" -equivariant, permutation-equivariant and SO(3)-invariant.

We seek to approximate Px using flow matching. To avoid translation ambiguity, we also assume
that, without loss of generality, the aligned PCs gX and each input piece X; are centered, i.e.,
>, m(g; X;) =0, and m(X;) = 0 for all ¢, where m(-) is the mean vector.

4.2 Equivariant flow

The major challenge in our task is to ensure the equivariance of the learned distribution, because a
direct implement of flow matching (T)) generally does not guarantee any equivariance. To address
this challenge, we utilize the following theorem, which claims that when the noise distribution P is
invariant and vector fields vx are related, the pushforward distribution (¢ x )# Py is guaranteed to be
equivariant.

Theorem 4.2. Let G be a smooth manifold, F : G — G be a diffeomorphism, and P € u(G). If
vector field vx € TG is F-related to vector field vy € TG, then

FyPx = Py, 3)
where Px = (¢x )4 Po, Py = (¢v )y (FpePo). Here ¢x, ¢y : G — G are generated by vx and vy
respectively.

Specifically, Thm. f.2] provides a concrete way to construct equivariant distributions as follow.

Assumption 4.3 (Invariant noise). Py is SO(3)M-invariant, permutation-invariant and SO(3)-
invariant, i.e., (Rp-1)xPy = Py, 04Py = Py and Py = (L) 4P forr € SOB)N, 0 € Sy
and r € SO(3).

Corollary 4.4. Under assumption

* if vx is Rp-1-related to v, x, then (R.-1)4Px = Prx, where Px = (¢x )4 Py and Prx =
(prx)uPo. Here ¢px,prx : G — G are generated by vx and vy.x respectively.

* ifux is o-related to v, x, then 04 Px = P,x, where Px = (¢x)# Py and P,x = (¢pox)#Po.
Here ¢x,0,x : G — G are generated by vx and v, x respectively.

* ifvx is Lp-invariant, i.e., vx is L-related to vx, then (L) Px = Px, where Px = (¢x)4Po.

Now we construct the vector field required by Cor. We start by constructing (R 4-1)-related vector

fields, which are (R,.-1)-related by definition, where g € SE(3)" and r € SO(3)". Specifically,
we have the following proposition:

Proposition 4.5. vx is Rg-1-related to vgx if and only if vx(g) = (Rg)«.cvgx(e) for all g €
SE(3)VN.

According to Prop.|4.5] to construct a (R4-1)-related vector field vx, we only need to parametrize
vx at the identity e. Specifically, let f be a neural network parametrizing vx (e), i.e., f(X) = vx (e),

we can define vx as
vx(g) = (Rg)«ef(gX). )
Here, f(X) € se(3)" takes the form of

N . .
FOO =D A(X) where  fi(X) = (wXéX> t %X)> € se(3) C RO, 5)
=1
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The rotation component w' (X) € R3*3 is a skew matrix with elements in the vector w'(X) € R3,

and t*(X) € R3 is the translation component. For simplicity, we omit the superscript i when the
context is clear.

Then we enforce the other two relatedness of vx (@). According to the following proposition, o-
relatedness can be guaranteed if f is permutation-equivariant, and £,.-invariance can be guaranteed if
both w and t are SO(3)-equivariant.

Proposition 4.6. For vy defined in (),

* if f is permutation-equivariant, i.e., f(0X) = o f(X) for c € Sy and PCs X, then ogvx =
VoX>s

o if f is SO(3)-equivariant, i.e., w(rX) = rw(X) and t(rX) = rt(X) for r € SO(3) and PCs X,
then (L;)xvx = vrx.

Finally, we define Py = (Usos) @ N (0,wI))™, where Ugqs) is the uniform distribution on SO(3),
N is the normal distribution on R? with mean zero and isotropic variance w € R, and ® represents
the independent coupling. It is straightforward to verify that P, indeed satisfies assumption[4.3]

In summary, with Py defined above and f (5) satisfying the assumptions in Prop. Theorem 4.2
guarantees that the learned distribution has the desired equivariances, i.e., SO(3)* -equivariance,
permutation-equivariance and SO(3)-invariance.

4.3 Training

To learn the vector field vx @) using flow matching , we now need to define h x, and the sampling
strategy of 7, go and g;. A canonical choice [4] is h(7) = go exp(7log(gy *g1)), where go and
g1 are sampled independently, and 7 is sampled from a predefined distribution, e.g., the uniform
distribution U ;). However, this definition of 4, go and g; does not utilize any equivariance property
of vy, thus it does not guarantee a high data efficiency.

To address this issue, we construct a “short” and equivariant hx in the following two steps. First, we
independently sample go from P, and g; from Py, and obtain g; = 7*g;, where r* € SO(3) is a
rotation correction of g1 :

r* = argmin||rg; — gOH%. (6)
reSO(3)
Then, we define hx as
hx () = exp(tlog(g195 ))go- (7

We call hx a path generated by go and g;. Note that hx (7) is a well-defined path connecting gg
to g1, because hx (0) = go and hx (1) = g1, and g; follows Px (Prop.|C.5).

The advantages of hx are twofold. First, instead of connecting a noise gg to an independent
data sample g;, hx connects gg to a modified sample g; where the redundant rotation component is
removed, thus it is easier to learn. Second, the velocity fields of & x enjoy the same relatedness as
vx (@), which leads to high data efficiency. Formally, we have the following observation.

Proposition 4.7 (Data efficiency). Under assumption 3] B.1| and[C4| we further assume that vx
satisfies the relatedness property required in Cor. 4.4} i.e., vx is R,—1-related to v, x, 11 x s o-related
10 v, x, and vx is L.-invariant. Denote L(X) = ]ET)goNpo,gprHvX(hX( ) — Zhx(7)|[% the
training loss (2) of PC X, where hx is generated by go and g1 as defined in (7). Then

L(X) = L(rX) forr € SO(3)".

L(X)=L(cX) foro € Sy.

L(X) = ( ), where i(X) = E; gy ~po.g)~(L, )#pXH’UX(hX( 7)) — %hx(T)”% is the loss
where the data distribution Px is pushed forward by L, € SO(3).

Prop. implies that when hx is combined with the equivariant components developed in
Sec. the following three data augmentations are not needed: 1) random rotation of each input
piece X;, 2) random permutation of the order of the input pieces, and 3) random rotation of the
assembled shape, because they have no influence on the training loss.
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4.4 Sampling via the Runge-Kutta method

Finally, when the vector field vx () is learned, we can obtain a sample g; from Py by numerically
integrating vx starting from a noise gy from Fy. In this work, we use the Runge-Kutta (RK) solver
on SE(3)", which is a generalization of the classical RK solver on Euclidean spaces. For clarity, we
present the formulations below, and refer the readers to [[7] for more details.

To apply the RK method, we first discretize the time interval [0, 1] into I steps, i.e., 7; = % for

i=0,...,I, with a step length = 7. For the given input X, denote f(gX) at time 7 by f-(g) for
simplicity. The first-order RK method (RK1), i.e., the Euler method, is to iterate:

gi+1 = exp(nfr,(9:))gi, (8)
fori =0,...,I. To achieve higher accuracy, we can use the fourth-order RK method (RK4):
1 1
ki = fri(9i)s ko = friy 1 (exX(50K1)G:), ks = fr,y 3y (exp(51k2)gi)s Ka = Jriin (exp(nks)gs),

1 1 1 1
gi+1 = exp(ks) exp(3nks) exp(gnkz) exp(gnki)g:. ©)
Note that RK4 (9) is more computationally expensive than RK1 (8], because it requires four evalua-

tions of vy at different points at each step, i.e., four forward passes of network f, while the Euler
method only requires one evaluation per step.

S Implementation

Croco Block
This section provides the details of the network Sy Cros
f (). Our design principle is to imitate the x, Dovnsampling g @ v
standard transformer structure [38]] to retain (i x3) (m/64%3)
its best practices. In addition, according to X % @ Pooling " ()
. ? 2 — [— 2 — ‘@ — t2 (3)
Prop. we also require f to be permutation- @ x3) (na/64x3)
equivariant and SO(3)-equivariant. : N
5 wh (3)

don

. N (3
The overall structure of the proposed network is (X 3) (/64 % 3) @

shown in F1g In a forward pass, the 1nput PC 4= 0
pieces {X;};., are first downsampled using a
few downsamphng blocks, and then fed into
the Croco blocks [42]] to model their relations. Figure 1: An overview of our model. The shapes
Meanwhile, the time step 7 is first embedded of variables are shown in the brackets.

using a multi-layer perceptron (MLP) and then incorporated into the above blocks via adaptive
normalization [29]]. The output is finally obtained by a piece-wise pooling.

XN ‘ XN

Time embedding

Next, we provide details of the equivariant attention layers, which are the major components of both
the downsampling block and the Croco block, in Sec.[5.1] Other layers, including the nonlinear and
normalization layers, are described in Sec.

5.1 Equivariant attention layers

Let I} € ReX (241) be a channel-c¢ degree- feature at point u. The equivariant dot-product attention

is defined as: %
A,lu _ Z exp(<Qu, ’Uu>) 7 V,Ulu, (10)
VERNN(w)\ {u} Zv’EKNN(u)\{u} exp ((Qus Kuvru))

where (-, -) is the dot product, KNN(u) C |J, X is a subset of points u attends to, K,V € Rex(20+1)
take the form of the e3nn [14]] message passing, and @ € R°*(2!*1) is obtained by a linear transform:

Lle,l l
Qu=EDWoF, K,= EB 3 (luol) Y (@) @), B (11
l Loy
V=" el (juol) Y (o) @, FU (12)
le,lf
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Here, Wclg € R°*¢ is a learnable weight, |vu| is the distance between point v and u, vu = vt/ |vu| €

R3 is the normalized direction, Y! : R® — R+ is the degree-I spherical harmonic function,
¢ : Ry — Ris a learnable function that maps |vul to a coefficient, and ® is the tensor product with
the Clebsch-Gordan coefficients.

To accelerate the computation of K and V', we use the SO(2)-reduction technique [28]], which rotates
the edge uv to the y-axis, so that the computation of spherical harmonic function, the Clebsch-Gordan
coefficients, and the iterations of /. are no longer needed. More details are provided in Appx.[D]

Following Croco [42], we stack two types of attention layers, i.e., the self-attention layer and the
cross-attention layer, into a Croco block to learn the features of each PC piece while incorporating
information from other pieces. For self-attention layers, we set KNN(u) to be the k-nearest neighbors
of w in the same piece, and for cross-attention layers, we set KNN(u) to be the k-nearest neighbors of
u in each of the different pieces. In addition, to reduce the computational cost, we use downsampling
layers to reduce the number of points before the Croco layers. Each downsampling layer consists of a
farthest point sampling (FPS) layer and a self-attention layer.

5.2 Adaptive normalization and nonlinear layers

Following the common practice [10], we seek to use the GELU activation function [16]] in our
transformer structure. However, GELU in its original form is not SO(3)-equivariant. To address this
issue, we adopt a projection formulation similar to [9]]. Specifically, we define the equivariant GELU
(Elu) as: o

Elu(F') = GELU((F',WF')) (13)
where T = x/||z|| is the normalized feature, W € R°*¢ is a learnable weight. Note that Elu isa
natural extension of GELU, because when | = 0, Elu(F°) = GELU(£F"Y).

As for the normalization layers, we use RMS-type layer normalization layers [50] following [23]],
and we use the adaptive normalization [29] technique to incorporate the time step 7. Specifically, we
use the adaptive normalization layer AN defined as:

AN(F',7) = F'/o - MLP(7), (14)

where o = \/ e Slmas 57 (FY F1), Lyas is the maximum degree, and MLP is a multi-layer

perceptron that maps 7 to a vector of length c.

We finally remark that the network f defined in this section is SO(3)-equivariant because each layer
is SO(3)-equivariant by construction. f is also permutation-equivariant because it does not use any
order information of X;.

6 Experiment

This section evaluates Eda on practical assembly tasks. After introducing the experiment settings in
Sec.[6.1] we first evaluate Eda on the pair-wise registration tasks in Sec.[6.2} and then we consider
the multi-piece assembly tasks in Sec.[6.3] An ablation study on the number of PC pieces is finally
presented in Sec. [6.4]

6.1 Experiment settings

We evaluate the accuracy of an assembly solution using the averaged pair-wise error. For a predicted
assembly g and the ground truth g, the rotation error Ar and the translation error At are computed as:

(Ar, At) = m Zi# A(gs, ngj_lgi), where the pair-wise error A is computed as A(g, §) =
(%ccos (& (tr(rfT) — 1)), ||t — t[|). Here g = (r,t), g = (7,1), and tr(-) represents the trace.

For Eda, we use 2 Croco blocks, and 4 downsampling layers with a downsampling ratio 0.25. We
use k£ = 10 nearest neighbors, [,,,, = 2 degree features with d = 64 channels and 4 attention heads.
Following [29]], we keep an exponential moving average (EMA) with a decay of 0.99, and we use the
AdamW [26]] optimizer with a learning rate 10~%. Following [11], we use a logit-normal sampling
for time variable 7. For each experiment, we train Eda on 3 Nvidia A100 GPUs for at most 5 days.
We denote Eda with g steps of RKp as “Eda (RKp, ¢)”, e.g., Eda (RK1, 10) represents Eda with 10
steps of RK1.
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6.2 Pair-wise registration

This section evaluates Eda on rotated Table 1: The overlap ratio of PC pairs (%).
3DMatch [48] (3DM) dataset containing PC 3DM 3DL 3DZ
pairs from indoor scenes. Following [17], we Training set (10,100) 0
consider the 3DLoMatch split (3DL), which Test set (30,100) (10, 30) 0

contains PC pairs with smaller overlap ratios.
Furthermore, to highlight the ability of Eda on non-overlapped assembly tasks, we consider a new
split called 3DZeroMatch (3DZ), which contains non-overlapped PC pairs. The comparison of these
three splits is shown in Tab. [T}

We compare Eda against the following Table 2: Quantitative results on rotated 3DMatch. ROI
baseline methods: FGR [52], GEO [30], (n): ROI with n RANSAC samples.

ROI [47], and AMR [l6], where FGR is a 3DM 3DL 3DZ
classic optimization-based method, GEO Ar At Ar At Ar At
and ROI are correspondence-based meth- FGR 695 06 1173 1.3 — —_
ods, and AMR is a recently proposed GEO 7.43 0.19 28.38 0.69 — —
diffusion-like method based on GEO. We ROI (500) 5.64 0.15 21.94 0.53 — —
report the results of the baseline meth- ROI (5000) 5.44 0.15 22.17 0.53 — _
ods using their official implementations. AMR 50 0.13 205 053 —

Note that the correspondence-free methods Eda (RK4, 50) 2.38 0.17 8.57 0.4 78.32 2;4
like [32,140] do not scale to this dataset.

We report the results in Tab E} On 3DM and 3DL, we observe that Eda outperforms the baseline
methods by a large margin, especially for rotation errors, where Eda achieves more than 50% lower
rotation errors on both 3DL and 3DM. We provide more details of Eda on 3DL in Fig. [5]in the
appendix.

3000
2000
1000
0% 90 150
Ar
(a) The result of Eda (b) Ground truth (¢) Distribution of Ar

Figure 2: More details of Eda on 3DZ. A result of Eda is shown in[(a)] (Ar = 90.2). Two PC pieces
are marked by different colors. Ar is centered at 0, 90, and 180 on the test set[(c)] suggesting that
Eda learns to keeps the orthogonality or parallelism of walls, floors and ceilings of the indoor scenes.

As for 3DZ, we only report the results of Eda in Tab[2] because all baseline methods are not applicable
to 3DZ, i.e., their training goal is undefined when the correspondence does not exist. We observe that
Eda’s error on 3DZ is much larger compared to that on 3DL, suggesting that there exists much larger
ambiguity. We provide an example of the result of Eda in Fig.[2] One important observation is that
despite the ambiguity of the data, Eda learned the global geometry of the indoor scenes, in the sense
that it tends to place large planes, i.e., walls, floors and ceilings, in a parallel or orthogonal position.

To show that this behavior is consistent in the whole test set, we present the distribution of Ar of
Eda on 3DZ in Fig. A simple intuition is that for rooms consisting of 6 parallel or orthogonal
planes (four walls, a floor and a ceiling), if the orthogonality or parallelism of planes is correctly
maintained in the assembly, then Ar should be 0, 90, or 180. We observe that this is indeed the
case in Fig. where Ar is centered at 0, 90, and 180. We remark that the ability to learn global
geometric properties beyond correspondences is a key advantage of Eda, and it partially explains the
superior performance of Eda in Tab.

6.3 Multi-piece assembly

This section evaluates Eda on the volume constrained version of BB dataset [35]]. We consider the
shapes with 2 < N < 8 pieces in the “everyday” subset. We compare Eda against the following
baseline methods: DGL [49]], LEV [43], GLO [35] and JIG [27]]. JIG is correspondence-based, and
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other baseline methods are regression-based. Note that we do not report the results of the diffusion-
type method [34] due to accessibility issues. We process all fragments by grid downsampling with a
grid size 0.02 for Eda. For the baseline methods, we follow their original preprocessing steps. To
reproduce the results of the baseline methods, we use the implement of DGL and GLO in the official
benchmark suite of BB, and we use the official implement of LEV and JIG.

The results are shown in Tab.[3] where we also  Table 3: Quantitative results on BB dataset and the
report the computation time for the whole test total Computation time on the test set.

set containing 6904 shapes on a Nvidia T4 GPU. Ar At Time (min)
We observe that Eda outperforms all baseline GLO 1263 03 0.9
methods by a large margin at a moderate com- DGL 125.8 0.3 0.9
putation cost. We present some qualitative re- LEV 1259 03 8.1
sults from Fig. [6]to[§]in the appendix, where we 711G 106.5 024 1222
observe that Eda can generally reconstruct the Eda (RK1, 10) 80.64 0.16 19.4
shapes more accurately than the baseline meth- Eda (RK4, 10) 79.2 0.16 76.9

ods. An example of the assembly process of Eda
is presented in Fig.

Figure 3: From left to right: the assembly process of a 8-piece bottle by Eda.

6.4 Ablation on the number of pieces

This section investigates the influence of $  Edad = 3
the number of pieces on the performance of Eda-3 18 -

Eda. We use the kitti odometry dataset [13] 5 30- % 3 sl

containing PCs of city road views. For each 3 121= 9 Edas
sequence of data, we keep pieces that are 0 = ¢ = 0 Eda-3
at least 100 meters apart so that they do not 5 5 1 5 6 T334 5 6
necessarily overlap, and we downsample M M

them using grid downsampling with a grid

size 0.5. We train Eda on al! consecutive  gioyre 4: The results of Eda on different number of
pieces of length 2 ~ N, in sequences pieces.

0 ~ 8. We call the trained model Eda-

Npax- We then evaluate Eda-NV,,,, on all consecutive pieces of length M in sequence 9 ~ 10.

The results are shown in Fig.[d] We observe that for Ar, when the length of the test data is seen in
the training set, i.e., M < N,,,, Eda performs well, and M > N, leads to worse performance. In
addition, Eda-4 generalizes better than Eda-3 on data of unseen length (5 and 6). The result indicates
the necessity of using training data of similar length to the test data. Meanwhile, the translation errors
of Eda-4 and Eda-3 are comparable, and they both increase with the length of test data.

7 Conclusion and discussion

This work studied the theory of equivariant flow matching, and presented a multi-piece assembly
method, called Eda, based on the theory. We show that Eda can accurately assemble PCs on practical
datasets.

Eda in its current form has several limitations. First, Eda is slow when using a high order RK solver
with a large number of steps. Besides its iterative nature, another cause is the lack of kernel level
optimization like FlashAttention 8] for equivariant attention layers. We expect to see acceleration in
the future when such optimization is available. Second, Eda always uses all input pieces, which is
not suitable for applications like archeology reconstruction, where the input data may contain pieces
from unrelated objects. Finally, we have not studied the scaling law [[19] of Eda in this work, where
we expect to see that an increase in model size leads to an increase in performance similar to image
generation applications [29].
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A More details of the related tasks

The registration task aims to reconstruct the scene from multiple overlapped views. A registration
method generally consists of two stages: first, each pair of pieces is aligned using a pair-wise
method [30], then all pieces are merged into a complete shape using a synchronization method [[1} 21}
15]. In contrast to other tasks, the registration task generally assumes that the pieces are overlapped.
In other words, it assumes that some points observed in one piece are also observed in the other piece,
and the goal is to match the points observed in both pieces, i.e., corresponding points. The state-of-
the-art registration methods usually infer the correspondences based on the feature similarity [47]
learned by neural networks, and then align them using the SVD projection [2] or RANSAC.

The robotic manipulation task aims to move one PC to a certain position relative to another PC. For
example, one PC can be a cup, and the other PC can be a table, and the goal is to move the cup on
the table. Since the input PCs are sampled from different objects, they are generally non-overlapped.
Unlike the other two tasks, this task is generally formulated in a probabilistic setting, as the solution is
generally not unique. Various probabilistic models, such as energy based model [36, [31]], or diffusion
model [32], have been used for this task.

The reassembly task aims to reconstruct the complete object from multiple fragment pieces. This task
is similar to the registration task, except that the input PCs are sampled from different fragments, thus
they are not necessarily overlapped, e.g., due to missing pieces or the erosion of the surfaces. Most of
the existing methods are based on regression, where the solution is directly predicted from the input
PCs [43]5/40]. Some probabilistic methods, such as diffusion based methods [45] 134], have also
been proposed. Note that there exist some exceptions [27]] which assume the overlap of the pieces,
and they reply on the inferred correspondences as the registration methods.

A comparison of these three tasks is presented in Tab. 4]

Table 4: Comparison between registration, reassembly and manipulation tasks.

Task Number of pieces Probabilistic/Deterministic Overlap
Registration 2 [30] or more [15]] Deterministic Overlapped
Reassembly >2 Deterministic Non-overlapped
Manipulation 2 Probabilistic Non-overlapped

Assembly (this work) >2 Probabilistic Non-overlapped

B Connections with bi-equivariance

This section briefly discusses the connections between Def. and the equivariances defined in [32]
and [40] in pair-wise assembly tasks.

We first recall the definition of the probabilistic bi-equivariance.
Definition B.1 (Eqn. (10) in [32] and Def. (1) in [33]). Pe u(SE(3)) is bi-equivariant if for all
g1, 92 € SO(3), PCs X1, X, and measurable set A C SFE(3),

P(AIX1, X2) = P(g249;7 |91 X1, g2 X3). (15)
Note that we only consider g1, go € SO(3) instead of g1, go € SE(3) because we require all input
PCs, i.e., X;, 9; X;, i = 1,2, to be centered.

Then we recall Def. [3.1] for pair-wise assembly tasks:

Definition B.2 (Restate SO(3)?-equivariance and SO(3)-invariance in Def. [3.1|for pair-wise prob-
lems). Let X7, X5 be the input PCs and P € u(SFE(3) x SE(3)).

* Pis SO(3)%-equivariant if P(A|X1, X2) = P(A(gy ", 95 1)|91X1, 92X>) for all gy, go € SO(3)
and A C SO(3) x SO(3), where A(g; ', g5 ') = {(a19; ', a29; ") : (a1, a2) € A}.

* P is SO(3)-invariance if P(A|X1, X5) = P(rA|X1,Xs) forall r € SO(3) and A C SO(3) x
SO(3).
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Intuitively, both Def.[B.T|and Def. [B.2]describe the equivariance property of an assembly solution, and
the only difference is that Def.[B.I|describes the special case where X can be rigidly transformed and
X5 is fixed, while Def. describes the solution where both X; and X5 can be rigidly transformed.
In other words, a solution satisfying Def.[B.2]can be converted to a solution satisfying Def. [B.1|by
fixing X5. Formally, we have the following proposition.

Proposition B.3. Let P be 50(3)2:equivariant and SO(3)-invariant. If P(A| X1, X5) 2 P(A x
{e}| X1, X2) for A C SO(3), then P is bi-equivariant.

Proof. We prove this proposition by directly verifying the definition.

P(g2Ag7 '91X1, 92X2) = P(g24g7 " x {e}|g1X1, g2 X2) (16)
= P(g2A x {e}| X1, 92X2) (17)
= P(A x {g5 "}|X1,92X2) (18)
= P(A x {e}| X1, X2) (19)
= P(A|X1, X>). (20)

Here, the second and the fourth equation hold because P is SO(3)2-equivariant, the third equation
holds because P is SO(3)-invariant, and the first and last equation are due to the definition. O

We note that the deterministic definition of bi-equivariance in [40] is a special case of Def.[B.I] where
P is a Dirac delta function. In addition, as discussed in Appx. E in [40], a major limitation of the
deterministic definition of bi-equivariance is that it cannot handle symmetric shapes. In contrast, it is
straightforward to see that the probabilistic definition, i.e., both Def. and Def. @] are free from
this issue. Here, we consider the example in [40]. Assume that X; is symmetric, i.e., there exists
g1 € SO(3) such that g1 X; = X;. Under Def.[B.1| we have P(A| X1, X2) = P(A|g1 X1, X2) =
P(Ag:1|X1, X2), which simply means that P(A[ X1, X3) is Ry, -invariant. Note that this will not
cause any contradiction, i.e., the feasible set is not empty. For example, a uniform distribution on
SO(3) is R4, -invariant.

As for the permutation-equivariance, the swap-equivariance in [40] is a deterministic pair-wise
version of the permutation-equivariance in Def.[B.2] and they both mean that the assembled shape is
independent of the order of the input pieces.

C Proofs

C.1 Proof in Sec.[d.2]

To prove Thm. .2 which established the relations between related vector fields and equivariant
distributions, we proceed in two steps: first, we prove lemma [C.T} which connects related vector
fields to equivariant mappings; then we prove lemma. [C.2] which connects equivariant mappings to
equivariant distributions.

Lemma C.1. Let G be a smooth manifold, F' : G — G be a diffeomorphism. If vector field v is
F-related to vector field w, for T € [0,1], then F o ¢, = 1) o F, where ¢ and 1 are generated by
v, and w; respectively.

Proof. Let 1/37 £ F o ¢, o F~1. We only need to show that 1/37 coincides with .

We consider a curve 9 (F(go)), 7 € [0, 1], for a arbitrary go € G. We first verify that o (F(go)) =
FoggoF~toF(gy) = F(go). Note that the second equation holds because ¢ (go) = go, i.e., ¢-
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is an integral path. Then we verify

(0 (F(g0))) == (F © 61(g0)) @
=Fo (a0 © (61 00)) @)
=L ¢-(g0) © vr(¢r(go)) (23)
=w-(F o ¢-(go)) 24
=w- (17 (F(g0))) (25)

where the 2-nd equation holds due to the chain ru~1e, and the 4-th equation holds becomes v, is
F-related to w,. Therefore, we can conclude that ¢ (F'(go)) is an integral curve generated by w.,
starting from F'(go). However, by definition of ¥, ¥, (F(go)) is also the integral curve generated

by w, and starts from F'(gg). Due to the uniqueness of integral curves, we have ¢, = 1. O

Lemma C.2. Let ¢, ¥, F' : G — G be three diffeomorphisms satisfying F' o ¢ = 1 o F'. We have
Fu(opup) = Yu(Fup) for all distribution p on G.

Proof. Let A C G be a measurable set. We first verify that ¢~ 1(F~1(A)) = F~1(p~1(A)): If
x € ¢~ (F~1(A)), then (F o ¢)(z) € A. Since F o ¢ = 1) o F, we have (1) o F)(x) € A, which
implies * € F~1(¢=(A4)), i.e., "1 (F~1(A)) € F~1(x»=1(A)). The other side can be verified
similarly. Then we have

(Fy(o0)(A) = p(¢™ (F7H(A)) = p(F~ (7 (A))) = (v (Fyp))(A), (26)

which proves the lemma. O
Now, we can prove Thm. [#.2]using the above two lemmas.

Proof of Thm. Since vy is F-related to vy, according to lemma|C.I} we have F o ¢x = ¢y o F.
Then according to lemma we have Flu(¢px4Po) = ¢yu(FuFp). The proof is complete by
letting Px = d)X#PO and Py = ¢y#(F#P0). O

We remark that our theory extends the results in [20], where only invariance is considered, Specifically,
we have the following corollary.

Corollary C.3 (Thm 2 in [20]). Let G be the Euclidean space, F be a diffeomorphism on G, and v
be a F-invariant vector field, i.e., v is F-related to v, then we have F' o ¢, = ¢, o I, where ¢ is
generated by v.

Proof. This is a direct consequence of lemma. [C.T|where G is the Euclidean space and w, = v,. [

Note that the terminology used in [20] is different from ours: The F-invariant vector fields in our
work is called F-equivariant vector field in [20], and [20] does not consider general related vector
fields.

Finally, we present the proof of Prop. .5]and Prop.[4.6]

Proof of Prop. If vy is Ry-1-related to vgx, we have vgx (gg™") = (Rg-1)+,gvx(g) for all
9,9 € SE(3)N. By letting g = g, we have
vx(g9) = (Rg)xcvgx (€) 27
where (Rg)s.e = ((Rg-1 )*79)71 due to the chain rule of RgRg4-1 = e.
On the other hand, if Eqn. (Z7) holds, we have
(Rg-1)x,60x(9) = (Rg=1)x,6(Rg)wcv5x (€) = (Rgg—1)xevax (e) = vgx (997, (28)

which suggests that vx is Rq-1-related to vgx. Note that the second equation holds due to the chain
rule of Rg-1Rg = Rygg-1, and the first and the third equation are the result of Eqn. (27). O
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Proof of Prop. 1) Assume vy is o-related to vox: (0)«,qvx(9) = Vox(o(g)). By inserting
Eqn. (3) to this equation, we have
(0)+.g(Rg)xef(9X) = (Rog)s.c f(o(g)a(X)). (29)
Since coRg = Ryg00, by the chain rule, we have 0, (Rg)+« = (Rog)«0«. Inaddition, o(g)o(X) =
o(gX). Thus, this equation can be simplified as
(Rog)«0+f(9X) = (Rog)s.cf(0(9X)) (30)
which suggests
o.f=foo. (3D

The first statement in Prop. 4.6 can be proved by reversing the discussion.

2) Assume vy is L,-related to vx: (L)« 4vx(g) = Vx(rg). By inserting Eqn. (5) to this equation,

we have

(LT')*ﬂ(Rg)*,ef(gX) = (R’r'g)*,ef(rgX)- (32)
Since R,q = Rg © R,, by the chain rule, we have (R,g)sc = (Rg)«,r(Rr)s.c. In addition,
(£:)(Rg) = (Rg)(L,), by the chain rule, we have (L£,). g(Rg)re = (Rg)sr(Lr)se. Thus the
above equation can be simplified as

(Lr)sef(9X) = (Rr)sef (rgX) (33)
which implies
for=(Rp-1)sr0(Lr)seo f. (34)
By representing f in the matrix form, we have
w', (rX) = rwl (X)rT (35)
t'(rX) = rt'(X) (36)

for all 7, where r on the right hand side represents the matrix form of the rotation r. Here the first
equation can be equivalently written as w*(rX) = rw*(X). The second statement in Prop. |4.6|can
be proved by reversing the discussion.

C.2 Proofs in Sec.

To establish the results in this section, we need to assume the uniqueness of 7* (6):
Assumption C.4. The solution to (6) is unique.

Note that this assumption is mild. A sufficient condition [40] of assumption [C.4]is that the singular
values of nggo € R3x3 satisfy o1 > 02 > 03 > 0, i.e., 02 and o3 are not equal. We leave the more
general treatment without requiring the uniqueness of r* to future work.

We first justify the definition of g; = r*g; by showing that g; follows P, in the following proposition.

Proposition C.5. Ler Py and Py be two SO(3)-invariant distributions, and go, g1 be independent
samples from Py and Py respectively. If r* is given by (6) and assumption|[C.4| holds, then g1 = r*g,
follows P.

Proof. Define Az, = {go|r*(go, 1) = e}, where we write 7* as a function of g, and go. Then we
have P(r* = e|g1) = Py(Ag,) by definition. In addition, due to the uniqueness of the solution to (6),
for an arbitrary 7 € SO(3), we have P(r* = #|g1) = Py(7Ag,). Since Py is SO(3)-invariant, we
have Py(7Ag, ) = Po(Ag, ), thus, P(r* = #|g1) = P(r* = e|g1). In other words, for a given g, r*
follows the uniform distribution Ugo 3.

Finally we compute the probability density of g :

P(g)) = / P(r* = 7 Y|rg)) Py (Fgy)dF 37)

= /USO(S) (7)P1(g1)dr (33)

= Pi(g1), (39

which suggests that g; follows P;. Here the second equation holds because P; is SO(3)-invariant.
O

17



ees  Then we discuss the equivariance of the constructed hx (7).

e69 Proposition C.6. Givenr € SO(3)V, go,g1 € SE(3)N, 0 € Sy, r € SO(3) and 7 € [0,1]. Let
670 hx be a path generated by gy and g,. Under assumption|C.4)

671 * if hpx is generated by gor ' and g1r =", then hy.x (1) = Rp—1hx (7).

672 * if hyx is generated by o(go) and o(g1), then hyx (1) = o(hx (7)).

673 * if hx is generated by rgo and rgy, then hx (1) = L, (hx (1)).

674 Proof. 1) Due to the uniqueness of the solution to @ we have 7*(gor~ %, g177 1) = r*(go, g1)-
675 Thus, we have

hex (1) = exp(r log(glgo_l))gor*1 =Rp-1(hex(7)). (40)

s76  2) Due to the uniqueness of the solution to (6), we have r*(c(go),o(g1)) = o(r*(go, g1)). Thus,
677 we have o(hx) = hox.

678 3) Due to the uniqueness of the solution to (6), we have 7*(rgo,rg1) = r7*(go, g1)r . Thus,

iLTX (1) = exp(T log(rr*g]go_lrfl))rgo =rexp(r log(r*jlgo_l))go =L, (hx(7)). 41)
679 O

680 With the above preparation, we can finally prove Prop. 4.7}

68t Proof of Prop. 1) By definition

0

L(rX) = E; g/ npy gy~ Pox | [Urx (hex (7)) — ajth(T)H%, (42)

es2  where h,.y is the path generated by g, and g7. Since Py = (R,-1)xFp and Pr.x = (R,.-1)xPx by
683 assumption, we can write gj, = gor ! and g} = g17 !, where go ~ Py and g1 ~ Px. According to
e84 the first part of Prop. we have h,.x (7) = R,-1hx(7), where hx is a path generated by go and ;.
es5 By taking derivative on both sides of the equation, we have %hrx (1) = (Rr—1) s hx (7 a%hx (7).
686 Then we have

0
L(rX) =E; g ~py.g;~pPox |[Vrx (Rp-1hx (7)) — (er)*,hx(r)ghx(T)H%’ (43)

es7 by inserting these two equations into Eqn. #2). Since vy is R,.-1-related to v, x by assumption, we
688 have vpx (Rp-1hx (7)) = (Rp-1)s hy(r)vx (hx(7)). Thus, we have

o Ryt (7)) = (R )y e (e = 1Rt (e (i (7)) — ()3
=l (hx () ~ ohx(DIF @4

s89  where the second equation holds because (R,.~1). (- is an orthogonal matrix. The desired result
690 follows.

691 2) The second statement can be proved similarly as the first one, where o-equivariance is considered
692 instead of R,.-1-equivariance.

693 3) Denote g{, = rgo and gi = rgi, where go ~ Py and g; ~ Px. According to the third part of
694 Prop. we have hx (1) = L,(hx(7)). By taking derivative on both sides of the equation, we

695 have a%fz x(7) = (L) hx(r) %h x (7). Then the rest of the proof can be conducted similarly to the
696 first part of the proof. O

s7 D SO(2)-reduction

ee8 The main idea of SO(2)-reduction [] is to rotate the edge uv to the y-axis, and then update node
699 feature in the rotated space. Since all 3D rotations are reduced to 2D rotations about the y-axis in the
700 rotated space, the feature update rule is greatly simplified.
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Here, we describe this technique in the matrix form to facilitates better parallelization. The original
element form description can be found in []. Let F!' € R*(2!+1) be a c-channel I-degree feature of
point v, and L > 0 be the maximum degree of features. We construct Ff, € Re*(2L+1) by padding
F! with L — [ zeros at the beginning and the end of the feature, then we define the full feature
F, € Re¥EX(L+1) a5 the concatenate of all F!) with 0 < [ < L. For an edge vu, there exists a

rotation r,,, that aligns uv to the y-axis. We define R,,, € R* (2L+1)x(2L+1) 1 be the full rotation
matrix, where the [-th slice R, [l,:,:] is the [-th Wigner-D matrix of r,,, with zeros padded at the
boundary. K, defined in (TT) can be efficiently computed as

K, =R, x12 Wk x3 (Di x12 Rou X12 Fb)), (45)

where M; x; M represents the batch-wise multiplication of M; and Ms with the i-th dimen-
sion of M, treated as the batch dimension. Wy € R(L)x(cL) g a learnable weight, D €
Rex (LA+1)x(2L+1) i 3 learnable matrix taking the form of 2D rotations about the y-axis, i.e., for
each i, Dkli,:,:] is

ai
a2

ar—1
ar,
br—1

ba

—br_1

ar—1

—by
—by

. (46)

ag

by

ay

where ay, -+ ,ar, by, - ,br—1 : Ry — R are learnable functions that map |vu| to the coefficients.
V, defined in (TT)) can be computed similarly. Note that (@3]) does not require the computation of
Clebsch-Gordan coefficients, the spherical harmonic functions, and all computations are in the matrix
form where no for-loop is needed, so it is much faster than the computations in (TT).

E More details of Sec.

We present more details of Eda on 3DL in Fig.[5] We observe that the vector field is is gradually
learned during training, i.e., the training error converges. On the test set, RK4 outperforms the RK1,
and they both benefit from more time steps, especially for rotation errors.

0.43
12 — RK1 —— RK1
o RK4
10 m 0.42 RKk4
&~ +
4 Bl <
10-2 10 0.41
9
o ] : 0.401 — ‘ |
0 100 200 300 400 510 20 50 5100 20 50

Iterations (103) Number of steps Number of steps

Figure 5: More details of Eda on 3DL. Left: the training curve. Middle and right: the influence of
RK4/RK1 and the number of time steps on Ar and At.

We provide the complete version of Table [2]in Table [5] where we additionally report the standard
deviations of Eda.

We provide some qualitative results on BB datasets in Fig.[6|and Fig.[8] Eda can generally recover the
shape of the objects except for some rare cases, such as the 3rd sample in the second row in Fig. [f]
We hypothesize that Eda can achieve better performance when using finer grained inputs. A complete
version of Tab. [3is provided in Tab.[6] where we additionally report the standard deviations of Eda.

We provide a few examples of the reconstructed road views in Fig.[9]
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Table 5: The complete version of Table 2] with stds of Eda reported in bracked.

3DM 3DL 3DZ
Ar At Ar At Ar At
FGR 69.5 0.6 117.3 1.3 — -
GEO 7.43 0.19 28.38 0.69 — —
ROI (500) 5.64 0.15 21.94 0.53 — —
ROI (5000) 5.44 0.15 22.17 0.53 — —
AMR 5.0 0.13 20.5 0.53 —

Eda (RK4, 50) 2.38 (0.16) 0.16 (0.01) 8.57 (0.08) 0.4 (0.0) 78.74 (0.6) 0.96 (0.01)

Table 6: The complete version of Table [3| with stds of Eda reported in brackets.

Ar At Time (min)
GLO 126.3 0.3 0.9
DGL 125.8 0.3 0.9
LEV 125.9 0.3 8.1
Eda (RK1, 10) 80.64 0.16 194

Eda (RK4, 10) 79.2 (0.58) 0.16 (0.0) 76.9
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(b) Random samples of DGL
Figure 6: Qualitative results of Eda and DGL.
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(a) Random samples of GLO

(b) Random samples of LEV

Qualitative results of GLO and LEV.

Figure 7
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(a) Random samples of JIG
Figure 8: Qualitative results of JIG.

(a) 2-piece assembly (b) 3-piece assembly (c) 4-piece assembly

Figure 9: Qualitative results of Eda on kitti. We present the results of Eda (1-st row) and the ground
truth (2-nd row). For each assembly, Eda correctly places the input road views on the same plane.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We claim a new equivariant flow matching method, called Eda, for multi-piece
assembly tasks in the abstract and introduction. This is the main contribution of the paper.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We discuss the limitations/future research directions in Sec. [7}
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: All proofs can be found in Sec.[C|
Guidelines:

* The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

 All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

e Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: The details of the experiments are provided in Sec.[6.1]
Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [Yes]
Justification: We will release the code needed to reproduce the results upon acceptance.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: The details of the experiments are provided Sec.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: We provide standard deviation for our method in Tab. [5|and Tab.[6] We also
include std in the figures in Sec. [6.4]

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).
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8.

10.

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

¢ For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

e If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: As stated in Sec. [6.1] all experiments are conducted on a cluster with 3 A100
GPUs.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research conducted in the paper conforms with the NeurIPS Code of
Ethics.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

 The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: This work focuses on point cloud assembly task. The author does not see any
negative societal impact of this work.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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11.

12.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: This work does not generate new data. The author does not see any risk of
misuse.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: This work used 3DMatch, BB and kitti datasets and cited them. The baseline
methods are also cited.

Guidelines:

e The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.
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14.

15.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA|
Justification: The paper does not involve crowdsourcing nor research with human subjects
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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1041 16. Declaration of LLLM usage

1042 Question: Does the paper describe the usage of LLMs if it is an important, original, or
1043 non-standard component of the core methods in this research? Note that if the LLM is used
1044 only for writing, editing, or formatting purposes and does not impact the core methodology,
1045 scientific rigorousness, or originality of the research, declaration is not required.

1046 Answer: [NA|

1047 Justification: The core method development in this research does not involve LLMs.

1048 Guidelines:

1049 * The answer NA means that the core method development in this research does not
1050 involve LLMs as any important, original, or non-standard components.

1051 * Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
1052 for what should or should not be described.
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