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Abstract

We introduce PDE-Transformer, an improved
transformer-based architecture for surrogate mod-
eling of physics simulations on regular grids. We
combine recent architectural improvements of dif-
fusion transformers with adjustments specific for
large-scale simulations to yield a more scalable
and versatile general-purpose transformer archi-
tecture, which can be used as the backbone for
building large-scale foundation models in physi-
cal sciences. We demonstrate that our proposed
architecture outperforms state-of-the-art trans-
former architectures for computer vision on a
large dataset of 16 different types of PDEs. We
propose to embed different physical channels in-
dividually as spatio-temporal tokens, which inter-
act via channel-wise self-attention. This helps to
maintain a consistent information density of to-
kens when learning multiple types of PDEs simul-
taneously. We demonstrate that our pre-trained
models achieve improved performance on several
challenging downstream tasks compared to train-
ing from scratch and also beat other foundation
model architectures for physics simulations. Our
source code is available at https://github.
com/tum-pbs/pde-transformer.

1. Introduction

Large multi-purpose networks that are trained on diverse,
high-quality datasets have shown great achievements when
adapted to specific downstream tasks. These so-called foun-
dation models have received widespread recognition in
fields such as computer vision (Yuan et al., 2021; Awais
et al., 2025), decision making (Yang et al., 2023b), and
time series prediction (Liang et al., 2024). Naturally, these
models are likewise extremely interesting for the scientific
machine learning community (Bodnar et al., 2024; Herde
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et al., 2024; Zhang et al., 2024a), where they can be used in
a variety of downstream tasks such as surrogate modeling
(Kim et al., 2019; Sun et al., 2020) or inverse problems
involving physics simulations (Ren et al., 2020; Holzschuh
et al., 2023). They are especially promising in areas where
only low amounts of training data are available.

The adoption of machine learning for physics simulations
faces several characteristic challenges. The underlying
physics often exhibit an inherent multi-scale nature (Smith,
1985). The representation of data is tied to the numerical
methods used for simulations, ranging from regular grids to
meshes to particle-based representations (Anderson et al.,
2020). While numerical simulations produce vast amounts
of data, they oftentimes cannot readily be used as input
to machine learning models as further preprocessing is re-
quired. Additionally, machine learning models in this area
directly compete with traditional numerical methods. As
such, they need to either outperform such solvers in terms
of accuracy or speed while exhibiting high reliability. Alter-
natively, they need to provide solutions that solvers cannot
easily obtain, for example, uncertainty estimates (Geneva &
Zabaras, 2019; Jacobsen et al., 2025; Liu & Thuerey, 2024;
Kohl et al., 2024) or working with partial inputs (Wu et al.,
2024a).

We address these problems by introducing a multi-purpose
transformer architecture PDE-Transformer that is carefully
tailored to scientific machine learning: the same architecture
can be used to generalize between different types of PDEs,
different resolutions, domain extents, boundary conditions,
and it includes deep conditioning mechanisms for PDE-
and task-specific information. Our model works on regular
grids in two dimensions, and can be trained in a supervised
manner as an efficient surrogate model, or as a diffusion
model for downstream tasks where solutions have wider
posterior distributions. Specifically, our contributions are:

* We augment existing SOTA diffusion transformer ar-
chitectures to tailor them to PDE and physics simula-
tions, among others, by token down- and upsampling
for efficient multi-scale modeling and shifted window
attention for improved scaling to high-resolution data.

* We modify the attention operation to decouple token
interactions between the spatio-temporal axes and the
physical channel axis. This improves accuracy and
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Figure 1. PDE-Transformer is a transformer model tailored to scienti ¢ data, the images above show its autoregressive predictions after
20 time steps on a large dataset comprising 16 different PDE dynamics, given initial conditions only. Additional simulation parameters
(viscosity, domain extent, etc.) are unknown to the model and need to be inferred from the observed data. PDE-Transformer is especially
well suited to be pre-trained for out-of-distribution downstream tasks.

allows for better generalization to different PDEs. class labels or text encodings can be used as an additional
* We perform a detailed ablation study on accuracy-”?pmihD'ﬁus'on transf_orm?rs usfea5|gn| cz:tjntlly :cower patcrt1
compute tradeoffs when scaling and modifying ppE-S1Z€ than many previous transiormer models for computer
vision tasks. While diffusion models show an increasing per-
Transformer. . .
~ formance with lower patch sizes, they can only be used for
* We demonstrate that PDE-Transformer generalizegigh-dimensional data by working in the latent space. This

well to challenging downstream tasks when pre-traineds caused by the quadratic scaling of the required compute

on a set of generic PDEs. with the number of tokens, due to the global self-attention
mechanisms of the diffusion transformer architecture, mak-
2. Related Work ing training and inference computationally expensive. In

this paper, we focus on modeling the raw data directly with-
Transformers ~ Transformers have become one of the domypyt including any pre-trained autoencoders.

inant deep learning architectures. While rst established . _ .

for sequence-to-sequence models in natural language pfggtentlon mechamsms The global self—at_tentlon opera-
cessing (Vaswani et al., 2017), transformers have been sufion of transformers is t_he main computational bottleneck
cessfully applied to computer vision by splitting imagesof the.transformer grchlrzgcturg. There have b.eenl.tvv'o mr?m
into patches, which are embedded jointly with their positiondirections addressing this. Windowed attention limits the
as tokens (Dosovitskiy et al., 2021, ViT). ViTs have beencomputqﬂon of self-attention t(_) non-overlapplng Ioc_al win-
shown to scale better in vision tasks than classical convd!oWs (Liu etal., 2021). For different layers, this window
lutional neural networks and bene t from high accelerator'S shifted to prevent discontinuities at the window borders.
utilization (Maufcio et al., 2023; Takahashi et al., 2024; Slmlarly, In axial attention (Ho et aI:, 201,9)’_ tokens only
Rodrigo et al., 2024). Large transformer-based architecture%'tleraCt W'tn each other along a specll € axis, 'He' whenbt.he)é
have led tdoundation modelsuch as GPT (Radford et al., P€/0ng to the same image row or column. When combine
2018; 2019; Brown et al., 2020) and BERT (Devlin et al. with down- and upsampling in a hierarchical architecture,
2019)’ ' ' 'the resulting models show the same or improved perfor-

mance while operating at a lower compute cost. The cost of
Diffusion Transformers While early applications of attention can also be lowered by algorithmic modi cations
transformers in computer vision focus on visual recogni{o the attention mechanisms, which make the attention scale
tion tasks, the success of latent diffusion models has alstinearly (Wang et al., 2020; Cao, 2021). However, these
led to the adoption of transformer-based diffusion modelsmodels often report subpar performance compared to the
the diffusion transformer (Peebles & Xie, 2023, DiT). In- quadratic self-attention. For physics simulations, the impor-
stead of modeling the data space directly, latent diffusiortance of transformers and attention mechanism has likewise
models (Ho et al., 2020; Rombach et al., 2022) use a varbeen recognized. Galerkin transformers (Cao, 2021) uti-
ational autoencoder to embed the data and operate in thige a linearized attention variant that removes the softmax
resulting latent space. Additionally, diffusion transform-normalization and can be related to a learnable layer-wise
ers have very powerful conditioning mechanisms based ofetrov-Galerkin projection. Multiple Physics Pertaining
adaptive layer normalization (Perez et al., 2018) in which(McCabe et al., 2023, MPP) uses a custom transformer
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Figure 2.Architecture overview of PDE-Transformer. The multi-scale architecture combines up- and downsampling of tokens with skip
connections between transformer stages of the same resolution. The attention operation is restricted to a local window of tokens. The
window is shifted between two adjacent transformer blocks. Conditionings are embedded and used to scale and shift the intermediate
token representations. The mixed channel (MC) version embeds different physical channels within the same token. The separate channel
(SC) version embeds different physical channels independently. Tokens of different physical channels only interact via axial self-attention
over the channel dimension. The types of channel (velocity, density, etc.) are part of the conditioning, which is distinct for each channel.

backbone based on an axial ViT, where axial attention isnasked reconstruction (Devlin et al., 2019; He et al., 2022)
computed along the temporal and spatial dimensions. and contrastive learning (Chen et al., 2020). For PDEs, pre-
training via autoregressive next-step prediction can include
. .y i additional simulation parameters (Gupta & Brandstetter,
cult learning tasks (Raissi et al., 2019; Bruna et al., 2024 023: Takamoto et al., 2023; Subramanian et al., 2023) or

neural networks can also be combined with existing PD can be based on previous snapshots only (Herde et al., 2024).

solvers via I.earned corrections (Um et al., 2020; DrescmeIE’re-training has also been explored for PDEs in the context
et al., 2023; Thuerey et al., 2021), learned closures (Du

raisamy et al., 2019; Sirignano & MacArt, 2023), or IearnedOf neural operators (Li et al,, 2021; Goswami etal., 2022;

slgorihmi componens (Bar & Sochen, 201 Kochhovpi ™19 L. 020, 0d e varers (st ol 2000
et al., 2021), such as computation stencils (Bar-Sinai et al Y: P b

2019). Signi cant interest has been sparked in buildingpDE dynamics at the same time (Subramanian etal., 2023;

neural operators (Lu et al., 2021; Kovachki et al., 2023)?(ang etal., 2023a; McCabe et al., 2023).

which map between function spaces. The attention mecha-

nisms can be generalized to arbitrary meshes by including. PDE-Transformer
the'dlstance between nodes as Welght|qg, converging tRlotation We denote a spatiotemporal systemSyThis
an integral kernel operator as the resolution increases (Li

et al., 2023a;b). As a result, transformers and attentior% s_FTr'n eF?f %r\r;grfi;ssasgtrgls (ljcoarlng?nantltlesz(x\;/;ck)a :as s?ume
can be broadly generalized, allowing them to work on ar;,’ "+~ b S '

bitrary input and output points (Wu et al., 2024a). While g:igr?éz (;deIZC;s tljggp;%FllT s andussp ]a(\jveﬁé.ri.etzcehssys;er_n 'S
enjoying bene cial theoretical properties, the added exibil- y q P MO P

S . : .
ity makes it dif cult to scale to high resolutions and many shotuy is sampled on the points determined by the spatial

: Eiscretization. We denote all additional information about S
points. Scalable operator transformer (Herde et al., 202 %uch as the tvpe of PDE or simulation hvpernarameters b
scOT) is a hierarchical vision transformer with shifted win- yp YPErp y

dows for the attention computation. In contrast to scOTtbr;eV://sngtﬁtrg' The network, denotebl , is parameterized

PDE-Transformer is designed from the ground up as an
improved diffusion transformer for PDEs, and signi cantly atoregressive Prediction For autoregressive prediction
outperforms the former. tasks, the goal is to predict the snapshptgiven a sequence

Pre-training  Networks can be pre-trained using different of Tp preceding snapshotg® 1 ;= uf . Throughout
strategies: autoregressive prediction (Radford et al., 2018)he paper, we abbreviatg, = [uP T, i ud Jand

Learning for PDEs While physical residuals pose dif -
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Uout = [Uu7] for autoregressive prediction. The de nitions our implementation.
of uj, andugy can be easily adapted to represent differen
tasks, e.g.yin = ; andugy = [uf] for an unconditional
generative model, ouj, = [ud ;up, ] anduoy =
[u$] for temporal interpolation.

tShifted Windows To prevent the quadratic blowup of
the global self-attention in DiTs, we adopt the shifted win-
dow multi-head self-attention (MHSA) operation used by
SwinTransformers (Liu et al., 2021), which limits the self-
attention between tokens to a local window. A window with
window sizew encompasses  w spatio-temporal tokens

We augment the diffusion transformer backbone (Peebles &t €ach block. To prevent discontinuities at the window bor-
Xie, 2023, DiT) to obtain PDE-Transformer. Its architecture ders between two adjacent layers, the windows are shifted

is summarized in Figure 2. We describe the DiT architecturd?y W=2 tokens. We evaluate the impact of the window size
and our modi cations step by step in the following. on the accuracy-compute tradeoff in Section 4. In contrast

to DiTs, no absolute positions are added to the token em-
Patching DiT operates in a latent space with xed di- beddings. We use log-spaced relative positions of tokens
mension, whereas PDE-Transformer operates on the rawithin each window combined with a feed-forward neural
data. For data consisting of a single physical channel, givenetwork when computing attention scores (Liu et al., 2022).
patch sizep, an input of sizeT H W is partitioned  This improves translation-invariance for learning PDEs and
into H=p W=ppatches of siz& p p. These patches increases generalization across different window resolutions.
are embedded into tokens representing a spatio-temporal

Zuc?doma'ln V'Ia a Ilnee_llfhlayer tnat. maps quh IpﬁtCh 0 Rtixed and separate channel representations PDES can
-dimensiona yector. e patch size is a C_”t'ca YPETP o1ve multiple physical quantities and hence require differ-
rameter, as_|t directly co_ntrols the granu_lanty of the token nt numbers of physicghannelsa fundamental difference
representation. By halving the patch size, the number 0?0 the xed channel count of DIiT architectures. The dynam-

tokens quadruples, signii gantly increqsing the required COMics and scales of the physical channels can be fundamentally
pute. We de ne an additional quantity, which we call the different. A naive strategy for this situation is to de ne a

expansion raté (p) := d<(pT) that speci es the rate at maximum number of channe,ax as an additional di-

which the ian.JF data expandg. L.OW e>_<pansion rates are beljﬁension of the input. Therefore, the embedding layer will
ter for scalability, as they coincide with fewer tokens. On map the spatio-temporal patdh C b ptothe
max

the other hand, there is a clear correlation between patch i engional token embedding. If the data has fewer than
size and the performance of the trained model, where Iowe&

X . : max channels, they are padded with zeros. This is the
patch sizes achieve better results. We explore this trade-off... o4 channel (MC)variant of PDE-Transformer. Effec-

_betwee_n accuracy and compute costs for physics simulatior{ﬁ/ely’ this reduces the expansion r&€p) by the factor

in Section 4. 1=Cnax and mixes channels with different physical mean-
ing. This leads to an overly compressed token representa-
Iqon, which can deteriorate performance and lead to poor
Fneralization capabilities. Instead, we propose to scale the

3.1. Design Space

Multi-scale architecture While U-shaped architectures

like the classic UNet (Ronneberger et al., 2015) have show
remarkable success, token down- and upsampling have ng .
been used by DiTs in favor of a more streamlined archicompute with the number of channels and keep the expan-

tecture by the original authors (Peebles & Xie, 2023). The !N rate of each token the saineependent of the number

hierarchical structure of U-shaped architectures resemble%f channelsWe achieve this by embedding each channel

the multi-scale nature of features in nature and adds a stro [jdependently and by implementing interactions between

) - . . nt%kens: of different channels via an additional channel-wise
inductive bias. Several works (Bao et al., 2023; Hoogeboom ial MHSA operation in each block. The windowed self-

et al., 2023; Tian et al., 2024) have combined U—shape&lx . )
architectures with a transformer backbone architecture. Wgttentlon_ IS nofn Compmed between tokens of different chan-
nels. This variant is calleseparate channel (SChpelow,

introducedown-andupsample tokenat the end of each X . . S
transformer stage via PixelShuf e and PixelUnshuf e lay- and we evaluate both va.rlan.ts n de_ta|l for the pre-training
ers. In contrast to Bao et al. (2023) and Hoogeboom et ag_ataset and when netuning in Section 4.

(2023), we rely on adaptive layer normalization for condi-Conditioning mechanism Similar to DiTs, we use
tioning. Tian et al. (2024) also feature a U-shaped desigradalLN-Zero blocks (Goyal et al., 2017; Perez et al., 2018;
but it is combined with token downsampling on the query-Dhariwal & Nichol, 2021). The embedding vectors of all
key-value tuple of the self-attention operation. We foundconditionings are added and vectors for scale and shift op-
that this slightly improves performance but comes at theerations are regressed using a feed-forward network. In
cost of increased training and inference time, due to suboddition, the scale and shift vectors are initialized such that
timal accelerator utilization. Thus, we did not downsampleeach residual block is equal to the identity function, which
tokens within the self-attention operation for PDE data inaccelerates training. DiTs use the class label and diffusion
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time as conditioning. When training PDE-Transformer as aare mapped to sampl&s from the posteriop; via the or-
diffusion model, we also include the diffusion time as condi-dinary differential equation (ODEJx; = v(X;t) dt. The
tioning. The class label corresponds to the PDE type in ounetworkM  learns the velocity by regressing a vector
setup. Moreover, for each physical channel in the SC vereld that generates a probability path betweagnandp; .
sion, we use a label embedding for the type of channel (e.@amples along the probability path are generated via the
density, vorticity). All labels use dropout with probability forward process

10% therefore our model can be used in both a conditional _

and unconditional setting. Extending this conditioning to Xt = Tou +[1 (1 min)Y] @
additional simulation parameters is straightforward. for t 2 [0;1] with N (0;1) and a hyperparameter
mn = 10 4. We denoteet = [c;t] andul, = [uin;X¢].

Boundary conditions We explicitly consider periodic and
y pCItY P _The velocityv can be regressed by training with the loss

non-periodic boundary conditions for the simulation do
mains. When shifting the attention windows, the tokens Ly = E jiM  (ul;c) Uow + (1 min) ji3 (3)
are rolled along the- andy-axis as if they were aligned

on a spatial grid matching their position. This mimics pe
riodic boundary conditions for both axes. If periodicity is X - . - .
not required, it can be explicitly disabled in the architectureSO!Ving the ODEdx, = M (uj,;c’) dt from t = O until

by masking token interactions in the computation of thet = 1. We use the explicit Euler method and experiment
attention scores. with choosing a good step sizet for PDEs in Section 4.

Once trained, samples from the posterior can be generated
conditioned oruj, andc by samplingxkg N (0;1) and

Algorithmic improvements We normalize Q and K of
the self-attention operation using RMSNorm (Zhang & Sen
nrich, 2019) to avoid instabilities due to an uncontrolledyyie evaluate the performance of PDE-Transformer for au-
growth of the attention entropy (Dehghani et al., 2023). '”toregressive prediction with, = 1 preceding snapshots.
addition, we nd that the training con guration of diffusion oy experiments are divided into two parts: rstwe compare
transformers from Peebles & Xie (2023) leads to trainingppE-Transformer to other SOTA transformer architectures
instabilities and suffers from spikes in the training loss forgp g large pre-training set of different PDEs, focusing on
our datasets. Thus, we alter the learning rate fiobn10 4 accuracy, training time and required compute. We moti-
to 40 10 ° and employ the AdamW optimizer using a yate our design choices for PDE-Transformer in an abla-
small amount of weight decay with a factor8® *° for  {jon study. Second, we netune the pre-trained network
bf16-mixed precision training as recommended by Essepp, three different challenging downstream tasks involving
etal. (2024). Moreover, we nd that gradient clipping basednew houndary conditions, different resolutions, physical
on the exponential moving average (EMA) of gradients preghannels and domain sizes, showcasing its generalization
vents any remaining spikes in the loss curve and ensuregpapilities to out-of-distribution data. Our models use three
stable training. Further details of the training approach canjifierent con gurations S, B and L that have different token

4. Experiments

be found in Appendix A. embedding dimensions (96, 192 and 384 respectively).
. o o We use the name PDE-S to refer to PDE-Transformer with
3.2. Supervised and Diffusion Training con guration S. Unless otherwise notechndw are set to

Supervised PDE-Transformer can be trained both in a their defaqlt vz_ilueg = 4 andw =8 and the mixed channel
QVIC) version is used.

supervised manner and as a diffusion model. For task
with a deterministic solution, for example when training a o
surrogate for a deterministic solver, supervised training of+1- Pre-training dataset

PDE-Transformer with the MSE can be used, which allowstraining  We train our models on a large setifflinear

for a fast inference in one step. In this case, the network igng non-linear PDEs, including Kolmogorov ow, Burgers'
directly trained with the MSE loss equation, different variants of the Gray Scott equation and
) many more. The datasets are based on APEBench (Koehler
etal., 2024), and described in detail in Appendix C. For each
e - L .. .. type of PDE, we consides00trajectories of30 simulation
D|ffu3|_on training If_the solution is not determlnlsuc_, steps each, which are randomly split into a xed training,
then diffusion tralnilng IS p.refetrabl_e, as it enables_ SampllngI/alidation and test set. The data is generated with a spectral
from the full posterior distribution, instead of learning an aV-¢ o ver at resolutio048 2048and downsampled 256
eraged _solution. We adopt the ow mat_chin_g (Lipman et aI"256with PDEs having eithet or 2 physical channels. We
2023; Liu etal, 20.2:.)’) formulatlon (.)f diffusion modglg (Ho apply gradient accumulation when training larger models to
?t al., 2020) for training. le_en th_e mput_n and condition- keep the batch size unchanged. For evaluation, we use an
ing ¢, samplesco from a noise distributiomo = N (0;1) EMA of the models weights with a decay of 0.999.

Ls=E jiM (Uin;C) Uouwii3 :
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decreases, irrespective of learning rate and gradient clipping
strategies. This behavior indicates stability issues of the
DiT architecture for the characteristics of PDE datasets. For
evaluating DiT-S, we therefore use the checkpoint with the

lowest validation loss.

Table 1.Training S con gurations for 100 epochs @x H100

GPUs.
Model NRMSE nRMSEg Time (h) Params
. ) o . . DiT-S 0.066 0.78 13h4m 39.8M
Figure 3.Scaling the domain size for patch sige 4. Aninput UDIT-S 0.042 0.39 18h 30m 58.9M
resolution of256 256 corresponds t®4 64 tokens. The scOT-S 0.051 0.59 21h 11m 39.8M

area of a each point corresponds to the required GPU memory for

. . FactFormer 0.069 0.65 12h 25m 3.8M
fi batch 1).
inference (batch size 1) UNett 0075  0.68 48h 00m 35.7M
, . . PDE-S 0.044 0.36 7h42m 33.2M
Evaluation metrics For the evaluation, we use the nor-
malized RMSE, de ned as
¥ S Ef cient scaling of domain size and model parameters
ARMSE = L. MSE(Oout ; Uout) . (4) We compare the compute for inference (GFlops) and GPU
M - MSE(O;Uout) ' memory requirements (GB) of PDE-S, UDIT-S and DiT-S

for different input sizes assuming a patch sizpef4. DiT-
wherel,,; is the network prediction antll corresponds S is computationally very expensive for larger domains due
to the number of trajectories in the test dataset. We cato the global self-attention. UDiT-S scales better in general;
autoregressively generate the entire trajectory for sySlem however, GPU memory requirements scale badly due to
and de ne the nRMSE at timecomparing the predicted convolutional layers within the attention operator for token
stated? at timet with the referencei$. We average over up- and downsampling. PDE-S uses as few convolutional
all systems in the test datasets for each timestep. layers as possible for up- and downsampling within the

Windowed attention and multi-scale architecture We U-shaped architecture, and achieves the best scaling for

train several distinct and representative transformer mouG— 'ft!ofc?nandra(iz ;J mSergog. dV\L/e':'rha;notheerSIDai-r:r;ncstf?:amer
els: DIT (Peebles & Xie, 2023) with no token down- or w gurations >, ' v recture 15

upsampling, UDIT (Tian et al., 2024) featuring a U—shapekept identical, but we increase the dimension of the token

architecture, scOT (Herde et al., 2024), a neural operato(?nk]bedd'%gﬂgylth elackclj i:on ggra’uon, Zee 'I]:able 2. La:/%ir.l
transformer that includes a hierarchical architecture an en embedaings lead lo an Improved performance. e

shifted window attention, FactFormer (Li et al., 2023b) a e number of GFlops for inference increases by a factor

transformer model based on axial factorized kernel inte2! €& 4 when doubling the token dimension, the total

grals, a modern UNet (Ronneberger et al., 2015: Ho et al@ralnlng time increases at a lower pace. This is due to an

2020), and our proposed PDE-Transformer. When applf—éf cient accelerator utilization of matrix-multiplication in

cable, all models are trained with the S con guration of thedself-attertltlr?p opl)erator(;n rT‘Odf”‘. G.PU];S' 'I;Ee sdl'Jf[?erwsted
their architecture. We evaluate the trained models usin Qn cilvrva?oig ;pﬁsﬁijvism lIJ:riml?rer?I?r:r]cﬁec; een dlixeren
the nRMSE and report values for the rst step and afi@r 9 9 PP '

steps of autoregressive prediction, see Table 1. We use a . . . .

patch size op = 4, resulting in64 64 spatiotemporal Axial attention for different physical channels We com-

tokens. UDIT-S and PDE-S achieve the best scores. AddR3'® the mixed channel (MC) and separate channel (SC)

tional important differences between the two are visible in/ersions of PDE-Transfor.mer for all three con ggratlons n
Figure 4 (bottom). Most importantly, the exibility of the

terms of required training time: rst, PDE-S can be trained . o
much faster (7h 42m). DiT-S has a much lower trainingpro,posed SC embeddings does not lead to any deterioration
time (13h 4m) compared to UDIT-S (18h 30m), even thoughOf inference accuracy. However, the compute of the SC

the number of GFlops is higher. We believe this is Causee{ariant increases, since the number of tokens scales linearly

by a better accelerator utilization of the DIiT architecturewIth the number of channels. Due to the fundamentally

on modern GPU hardware in comparison to UDIT. Whenmproved exibility of the SC version we will focus on it in
training D|T‘S, SpikeS in the |OSS curve occur that the mOdel 1We train the UNet for 40 epochs’ reaching a maximum com-
does not recover from. This happens repeatedly as the logsite budget of 2 days.
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the diffusion version has a slightly lower accuracy in this
evaluation, it is close to the supervised baseline. However,
the ability to sample from the posterior, even at the cost
of more network evaluations, is extremely useful in many
downstream tasks and practical engineering applications.
We also experiment with the step size for sampling, see
Figure 8 in Appendix B and nd that performance keeps
improving with more steps.

Figure 4.nRMSE evaluation of supervised training vs. training
with ow matching and sampling from the posterior (top). Com-
parison of mixed channels (MC) vs. separate channel (SC) with
axial attention over channel dimension (bottom).

the following, showing its improved versatility and general-Figure 5.Impact of varying the window size (left) and patch size

ization capabilities in the downstream tasks of Section 4.2 (1ght) on performance and required compute (GFlops). On the
left, the patch size is kept pt= 4 and the self-attention window

is increased. On the right, the patch gizand window sizev are
Supervision versus probabilistic learning We evaluate ~ chosen such that the productpandw is constantg w = 32).
supervised training against training PDE-Transformer adVindows cover the same spatial domain.
a diffusion model via ow matching. While the diffusion
PDE-Transformer samples from the posterior distribution,
supervised training is incentivized to predict the mean of
this posterior. Depending on the PDE, there are better suiteth uence of patch and window size We evaluate differ-
evaluation metrics when considering a distribution of possient patch and window sizes for PDE-Transformer. For this
ble solutions, however our datasets comprises many diffeexperiment, we focus on the S con guration with super-
ent types of PDEs. Therefore, we only compare using theised training. We rst test the effects of different window
NRMSE, as shown at the top of Figure 4. As expected, thgizesw while keeping the patch size xed at p = 4. This
supervised training consistently outperforms samples fronmeans that the receptive eld increases in the windowed
the diffusion version, since we consider only a single generself-attention, making interactions less local. While there
ated sample for each trajectory in the test set. Even thougis a decrease in training loss for larger window sizes, these
lead to larger compute costs, as shown in Figure 5 on the left.
At the same time, the nRMSE evaluation on the test set does

Table 2.Scaling the token embedding dimensidn nRMSE ~ NOt improve_noticea_bly, indicating over tting. We conclucie
shows the results for the supervised training. The training time fothat small window sizes are suf cient for the representative

100 epochs is reported on 4x H100 GPUs. PDE behavior in our dataset. In the second experiment, we
adjust window size and patch size at the same time. We keep
Cong d nRMSE Time(h) GFlops the receptive eld constant, i.e. when changing the patch
size, we also modify the window size such tpaw = 32
S 96 0.045 7h42m 19.62 is constant, as shown in Figure 5 on the right. Smaller patch
B 192 0.038 10h40m 76.55 sizes lead to improved results, however they also signi -
L 384 0.035 >0h 8m 302.34 cantly increase the required compute. There is a sweet spot

for the accuracy-compute tradeoffat 4 andw = 8.
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4.2. Downstream tasks

In this section, we evaluate the performance of our models

on three challenging downstream tasks taken from/#

repository (Ohana et al., 2024): active matter, Rayleigh-

Bénard convection (RBC), and shear ow. These tasks con-

tain substantially more complex dynamics than any datasets

seen during the pre-training phase, involving varied bound-

ary conditions (periodic and non-periodic) and geometries

(square and non-square domains). Detailed descriptions

of th_ese learning tasks are provided in Appendix El Ir}:igure 6.Average rollout NnRMSE of different models on down-
Section B.4 of the appendix, we also present a preliminargyeam tasks.
evaluation of the performance of our method in conjunction

with low-rank adaption (Hu et al., 2022, LoRA).

For the downstream tasks, we compare PDE-Transformer t‘BabIe 3.Compar|son of the PDE-Transformers _W|th separate chan-
nel (SC) and mixed channel (MC) representations. The values are

arange of SOTA mod(-_:‘Is for PDE prediction: ScOT-S (Herdeobtained by averaging the nRMSE of the rst 20 rollout steps.
et al., 2024), a Galerkin Transformer (Cao, 2021), OFormer
(Lietal., 2023a), and a Fourier Neural Operator (Kossai

et al., 2024, FNO). All baseline models are trained from

Scratch  Pre-trained Improvement

scratch. For PDE-Transformer, we train two con guration Active SC  0.494 0.455 7.89%

S models: one initialized from scratch and the other from Matter MC  0.493 0.479 2.84%

pre_-trained weights. All models have a similar number of SC 0155 0.104 32 90%
trainable parameters, except for OFormer, whose memory RBC  \1c 0147 0.130 11.56%
consumption increases signi cantly with model size. Itis

important to note that the scOT model and Galerkin Trans- Shear  SC  0.199  0.125 37.19%
former are limited to square simulation domains, making Flow ~MC 0.178 0.163 8.43%

them unsuitable for the RBC and shear ow tasks. Further
details on each model can be found in Appendix A.3.

Figure 6 shows the results of this comparison. PDE-S wittPredictions. Overqll, these results hig.hllight the bene ts of
pre-training consistently yields more accurate predictionghe proposed architecture and pre-training approach.

than the other baselines across the full range of dif 8l |, Taple 3 we revisit the performance of the PDE-S using
tasks. It provides an average improvement of 42% in term%eparate channel (SC) and mixed channel (MC) represen-
of NRMSE, compared the second best model (FNO), demoRzions with the downstream tasks. While the performance
strating that PDE-Transformer consistently outperforms the,s o dels without pre-training is similar, the SC version
range of baseline models. Notably, although pre-training,oyides a greater performance boost on downstream tasks
was conducted with idealized data from a spectral solver, i{yhen pre-trained weights are used. Across the three chal-
improves the performance for a_II three doyv_nstrear_n taSkFenging tasks, performance improvements with SC2are
featuring highly complex dynamics. In addition, while be-1 4:4 ~ higher than the MC counterparts. This observation
ing pre-trained on periodic, square domains, the pre-training,ther highlights that the proposed channel-independent

contributes to an improved performance on tasks with NOrygpresentation enables the network to retain more knowl-
periodic boundary conditions (RBC) and non-square dogqge from pre-training without requiring extensive training
mains (RBC and shear ow). Detailed numerical valuesg, ne-tuning of the PDE-speci ¢ layers.

of the error during rollouts can be found in Appendix B.2.
Additionally, note that the Poseidon model (Herde et al.
2024) provides pre-trained weights for the scOT model a

con guration B. To enable a fair comparison, we evalu-ppe_Transformers is currently limited to 2D regular grids.
ate the performance of our pre-trained PDE-B alongsideqgitionally, we focused on autoregressive prediction tasks.
the pre-trained scOT-B, as both models are of similar sizeresting and extending PDE-Transformer for tasks with noisy

The PDE-B model demonsrates signi cantimprovementsyng only partially observed data, data assimilation, or in-
in terms of accuracy, with an accumulated NnRMSE reducyg se problems remains an open task for future work.

tion of 75% compared to Poseidon's scOT-B model, which o _

becomes unstable for long-term rollouts. Figure 9 in thelhere are several directions for extending PDE-Transformer

appendix presents the average rollout NRMSE of the modép unstructured grids. First, PDE-Transformer can be cou-
pled with Graph Neural Operator (Li et al., 2020, GNO)

5. Limitations
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layers as the encoder and decoder, replacing the patchi ca- R., and Shankar, \Computational uid mechanics and
tion, which map between the given geometry and a latent heat transfer CRC press, 2020.

regular grid. Alternatively, it is also possible to general- _

ize the notion of attention window to be de ned on local AWais, M., Naseer, M., Khan, S., Anwer, R. M., Cholakkal,
neighbourhoods of graphs. Correspondingly, token up- and H- Shah, M., Yang, M.-H., and Khan, F. S.  Foun-

downsampling need to be replaced by respective graph pool- dation models de ning a new era in vision: a sur-
ing and upsampling operations. vey and outlook.|IEEE Transactions on Pattern Anal-

ysis and Machine Intelligencep. 1-20, 2025. doi:

) 10.1109/TPAMI.2024.3506283.
6. Conclusion

h . q q ‘ " Bao, F., Nie, S., Xue, K., Cao, Y., Li, C., Su, H., and Zhu,
We have introduced PDE-Transformer, a multi-purpose J. All are worth words: A vit backbone for diffusion

transformer model that addresses key challenges in phySiCS'models. INEEE/CVF Conference on Computer Vision

gifse‘.j s"t““'atfions' 'tE mtt')“'sca'e dalr.chitteft;(”e '.mfdi ° the " and Pattern Recognitiorpp. 22669-22679. IEEE, 2023.
ITTUsIon transtormer Dackpone ana lmits token interactions URL httpS//dOIOrgllO1109/CVPR52729

to a local window without sacri cing performance on learn- 2023.02171

ing PDE dynamics. PDE-Transformer outperforms state-of- ' ’

the-art transformer architectures in terms of the accuracyBar, L. and Sochen, N. Unsupervised deep learning algo-
compute trade-off, demonstrating superior scaling for high- rithm for pde-based forward and inverse probleaiv
resolution data. By decoupling token embeddings for dis- preprint arXiv:1904.054172019.

tinct physical channels, we further enhance performance,

especially during ne-tuning on complex downstream tasksBar-Sinai, Y., Hoyer, S., Hickey, J., and Brenner, M. P.
Its focus on scalability makes PDE-Transformer an excellent Learning data driven discretizations for partial differen-
backbone for foundation models for high-resolution simula- tial equationsProceedings of the National Academy of
tion data. In the future, we aim to extend PDE-Transformer Sciences116(31):15344-15349, 2019. ISSN 0027-8424,
from 2D to 3D simulations. 1091-6490. doi: 101073/pn351814058116
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A. Training con gurations
A.1. Training Hyperparameters

Table 4 summarizes the key hyperparameters used during training. We employ the Distributed Data Parallel (DDP) strategy,
as supported by PyTorch Lightning (Falcon & The PyTorch Lightning team, 2019), to train models across multiple GPUs.
To manage memory consumption effectively and maintain a consistent effective batch size across different hardware setups,
we incorporate the gradient accumulation technique. Additionally, mixed-precision training is enabled for most models,
except for the FNO and OFormer models in the downstream tasks. The exclusion is due to the inherent incompatibility of
fast Fourier transformations within these architectures with the mixed-precision setup.

Table 4.Major hyperparameters for training.

Pre-training Downstream tasks

Effective batch size 256 256
1:00 10 # (Active matter & RBC)
4:00 10 ° (Shear ow)
Optimizer Adamw Adamw
Epochs 100 2000

Learningrate  4:00 10 °

A.2. EMA Gradient Clipping

In this study, we employ an exponential moving average (EMA) of the gradient norm to stabilize training. We compute
EMA values for the gradient norm using two different coef cients, as outlined in Algorithm 1. The EMA with a larger
coef cient places greater emphasis on historical values and serves as the clipping threshold. Meanwhile, the EMA with a
smaller coef cient acts as the target value for gradient clipping. Notably, the clipping coef cienist be set greater than 1

to ensure thaty effectively tracks changes in the gradient norm. Compared to traditional gradient clipping, which applies a
xed threshold and clipping value, EMA gradient clipping offers a more exible approach by dynamically adjusting the
threshold and clipping value. This adaptability is particularly advantageous, as gradient norms vary signi cantly across
different model sizes and training stages.

Algorithm 1 EMA Gradinet Clip.

Input: rst EMA coef cient 1, second EMA coef cient ,, Clip threshold coef cient , Clip value coef cient .
Initialize 1 =0:99, ,=0:999 =2, =1:1,i=0,00=0,0=0.
repeat

Get gradieng from training step

if il =0 andjgj > 192,2 then

9= g7t

end if

0= 1+(@  1)igj

2= 10+l 1)ig]

i=i+1l
until training is nished

A.3. Model Details

Table. 5 summarizes the sizes of the network in different models. The size de nition of scOT models follows the
de nition in the Poseidon foundation model (Herde et al., 2024). Meanwhile, we rescale the size of FNO by set-
ting then_modes_height=16 , n_.modes_width=16 , andhidden _channels=192 in the of cial implementation

(Kossai et al., 2024). For the Galerkin Transformer, we also changathielden=96 , numencoder _layers=5 ,

dim _feedforward=128 , andfreq _dim=432 in the of cial implementation (Cao, 2021) to extend the network size.We
noticed that the OFormer requires much more memory during the training compared with other models. We have to modify

16



PDE-Transformer: Ef cient and Versatile Transformers for Physics Simulations

Table 5.Size of the network of different models.

Models Number of trainable parameters
PDE-S 46.57M
scOT-S 39.90M
FNO 42.72M
Galerkin Transformer 38.82M
OFormer 0.12M
PDE-B pre-trained 178.97M
scOT-B pre-trained 152.70M

Table 6.Architecture hyperparameters of PDE-Transformer.

Name of hyperparameter Value
window _size 8
depth [2,4,4,6,4,4,2]
num_heads 16
mip _ratio 4.0
class _dropout _prob 0.1
gkv _bias True
activation GELU

thein _emb.dim=24 andout _seq _emb.dim=48 of the original implementation (Li et al., 2023a) to make it have similar
memory consumption as other models, although the network size is in different magnitude. We list hyperparameter for the
architecture of PDE-Transformer in Table 6.

B. Details and Additional Results

B.1. Training Methodology

Details of the convergence of the training loss for different con gurations of PDE Transformer can be found in Figure 7.
The plots show that B and L con gurations yield consistently lower training losses for both supervised and diffusion based

training methodologies. Additionally, the left plot shows the stable behavior of the diffusion training with reduced loss
uctuations across epochs.
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Figure 7.Training loss of supervised (left) and diffusion training (right) for con gurations S, B and L.

Figure 8 shows the nRMSE over rollout steps for the PDE Transformer L con guration when using ow matching. After
using more than ca. 20 ow integration steps the nNRMSE values begin to stabilize at a lower level in terms of mean errors.
Increasing the number of steps gives persistent improvements.
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Figure 8.We evaluate the nRMSE against the number of inference steps for PDE-Transformer with con guration L. We use the explicit
Euler method to solve the ODE for sampling.

B.2. Downstream Tasks

Details of the comparison with the pre-trained Poseidon model scOT-B over time are shown in Figure 9. Both scOT-B
and PDE-Transformer B have a similar size, show comparable performance during the very rst frames of the trajectory.
However, the prediction error of scOT-B accumulates rapidly over time, while our PDE-B produces stable trajectories with
persistently low errors despite the challenging task. This is re ected in the snapshot for atcas® shown on the left of

Figure 9. While scOT-B has diverged to a state dominated by oscillations, the PDE-B solution stays close to the reference
solution.
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Figure 9.Average trajectory nRMSE of PDE-Transfomer and scOT with pre-trained weights on active matter tasks. A representative
frame atf = 8 is shown left.

B.3. Numerical Values

Table 7 shows the exact numerical values of the nRMSE value in Figure 6. In addition, Figure 10 illustrates the nRMSE
changes during the rollout for each downstream task. It highlights that the pre-trained PDE-Transformer consistently
outperforms baselines over the course of the full rollout.

B.4. Fine-tuning with LoRA

Low-Rank Adaptation (LoRA) (Hu et al., 2022) has recently emerged as a popular technique for addressing the computational
challenges associated with ne-tuning foundation models (Zhang et al., 2024b; Wu et al., 2024b; Yang et al., 2024). Like
many other parameter-ef cient ne-tuning (PEFT) methodologies, LORA signi cantly reduces the number of trainable
parameters during ne-tuning, achieving this with minimal performance degradation. Building on its early success in
ne-tuning large language models (Hu et al., 2022; Mao et al., 2025) and diffusion-based image models (Luo et al., 2023;
Smith et al., 2024), LoRA has gained considerable traction in other domains. These include computer vision (Aleem et al.,
2024; Lin et al., 2024), continual learning (Wistuba et al., 2023; Wei et al., 2025), and time-series prediction (Gupta et al.,
2024b;a). Within the scienti ¢ deep-learning community, LORA has also been applied to protein and materials engineering

Table 7.Average rollout nNRMSE of different models on downstream tasks.

Active Matter RBC Shear ow

FNO 0.509 0.269 0.274
OFormer 0.752 0.520 0.780
scOT-s 0.546 - -
Galerkin 0.638 - -
PDE-S 0.494 0.155 0.199
PDE-S pre-trained 0.455 0.104 0.125
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Figure 10.Average rollout nNRMSE of different models on downstream tasks.

(Buehler & Buehler, 2024; Zeng et al., 2024). Despite these advancements, the application of LORA in foundation models
for partial differential equations (PDES) remains relatively unexplored. Given the input of netwaotll the original
pre-trined weightV o 2 RY X, LoRA introduces a low-rank matrix W to calculate the network outpyt

y = Wox+ WX :W0x+?BAx: (5)

Here,B 2 RY " A 2 R" K ristherank,and ( = r inthe current study) is the coef cient used to rescale the low-rank
matrix. By setting < dk=(d+ k) and freezing the pre-trained weight during the ne-tuning, the trainable parameter during
ne-tuning can be signi cantly reduced. We enable LoRA for the weights of linear layers and convolutional layers in the
network and keep other parameters, e.g., biases, unchanged with their full parameters. Fig. 11 illustrates how the size of
the network changes with different numbers of ranks. The size of PDE-Transformer-S, -B, and -L all grow linearly with
more ranks. We evaluate the performance of LORA on the downstream tasks by training a B-size PDE-Transformer with

Figure 11.The number of trainable parameters of different sizes of PDE-Transformer w.r.t different LORA ranks.
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r = 96, which satis es the theoretical minimum rank required for transformer-based models (Zeng & Lee, 2024). The nal
ne-tuned network consists of 42.06M trainable parameters, a size comparable to the S-size model. Figure 12 presents
the average rollout performance of LORA ne-tuning on the B-size model. In the active matter case, the LoORA-B model
outperforms the LORA-S model without pre-training, demonstrating advantages similar to those of the pre-trained S model.
However, for the RBC task, the LORA-B model performs comparably to the non-pre-trained model but falls short of the
pre-trained model. These results indicate that while the LORA ne-tuned model achieves performance similar to that of a
model of the same size trained from scratch, it can not always reach the level of a fully pre-trained model with a similar size.

Figure 12.Performance of the LORA netuning on downstream tasks.

C. Pre-training Datasets

The sources for our datasets are chosen to ensure a wide range of different PDEs, at high spatial resolutions, and with
varying physical quantities across the simulations in each dataset. To simulate linear, reaction-diffusion, and nonlinear PDEs,
we employ theExponaxsolver (Koehler et al., 2024). It implements a range of Exponential Time Differencing Runge-Kutta
(ETDRK) methods for numerically solving different PDEs in an ef cient and uni ed manner. Our choice against using the
authors benchmark APEBench directly was intentional, to ensure that the datasets are higher in resolution and more diverse
in terms of physical behavior across simulations rather than only changing initial conditions. The ETDRK methods operate
in Fourier space and as such do not allow for non-periodic domains or complex boundaries. We always use the physical
solver interface across data sets, rather than the non-dimensionalized dif cult-based interface, to provide a simpler, uni ed
way of handling physical quantities for the task embedding.

C.1. Linear PDEs

The Exponaxsolver framework features a wide range of Exponential Time Differencing Runge-Kutta (ETDRK) methods

to ef ciently simulate different PDEs (Koehler et al., 2024). The chosen linear PDEs are comparatively simple and have
analytical solutions, but are nevertheless an important building block for more complex PDEs. Here, each linear PDE can
be interpreted as a scalar quantity like density that is affected by different physical processes. Unless speci ed otherwise,
sampling from intervals is always performed uniformly random below. Figure 13 shows example visualizations of every
dataset described below.

In addition to varying physical parameters across the dataset, each simulation features randomized initial conditions. By
default, the initial conditions are constructed in the following way: One of three initialization types with different spectral
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Table 8.0verview of datasets simulated witxponax(top, Koehler et al., 2024) featuring linear PDEs, reaction-diffusion PDEs, and
nonlinear PDEs. The dimensionality of each dataset is described via the number of simgldiimesstepg, elds (or channels§ , and
spatial dimensiong andy. In addition to varying the speci ed quantities, the initial conditions of each simulatisrane different.

Dataset | s t f X y Varied Quantities across Test Set

diff | 600 30 1 2048 2048 viscosity;(y) s 2 [500; 600[
fisher 600 30 1 2048 2048 diffusivity, reactivity s 2 [500; 600[

sh 600 30 1 2048 2048 reactivity, critical number s 2 [500; 600[
gs-alpha 100 30 2 2048 2048 initial conditions only separaes 30,t = 100
gs-beta 100 30 2 2048 2048 initial conditions only separate: 30,t =100
gs-gamma 100 30 2 2048 2048 initial conditions only separates 30,t = 100
gs-delta 100 30 2 2048 2048 initial conditions only s 2 [80; 100[
gs-epsilon 100 30 2 2048 2048 initial conditions only separates 30,t = 100
gs-theta 100 30 2 2048 2048 initial conditions only s 2 [80; 100[
gs-iota 100 30 2 2048 2048 initial conditions only s 2 [80; 100[
gs-kappa 100 30 2 2048 2048 initial conditions only s 2 [80; 100[
burgers 600 30 2 2048 2048 viscosity s 2 [500; 600[

kdv 600 30 2 2048 2048 domain extent, viscosity s 2 [500; 600[

ks 600 30 1 2048 2048 domain extent separate:50,t = 200
decay-turb 600 30 1 2048 2048 viscosity separaes 50,t = 200
kolm-flow 600 30 1 2048 2048 viscosity separates 50, t = 200

energy distributions implemented by Exponax is chosen uniformly random: First, the random truncated Fourier series
initializer layers multiple Fourier series additively up to a cutoff at a certain frequency level. The cutoff threshold is chosen
as a uniformly random integer frofg; 11[. Second, the Gaussian random eld initializer creates a power-law spectrum in
Fourier space, i.e., the energy decays polynomially with the wavenumber. The power-law exponent is chosen uniformly
random from the intervgP:3; 3:6[. Third, the diffused noise initializer creates a tensor of values with white normally
distributed noise, that is diffused afterwards. The resulting spectrum decays exponentially quadratic with an intensity rate
chosen uniformly random from the intenj@00005 0:01]. For all initializers, the resulting values of the initial conditions

are normalized to have a maximum absolute value of one after generation. For vector quantities, the randomly selected
initializer is sampled independently for each vector component.

Diffusion (diff ) features the spatial dissipation of density eld due to diffusion. The diffusivity also known as viscosity
depends on the coordinate axis direction in our setup. This process is visually similar to blurring the density eld over
time, as high frequency information is damped. While simple at rst glance, diffusion processes occur across domains, for
instance in physics, biology, economics, and statistics.

* Dimensionality:s = 600,t =30,f =1,x =2048,y = 2048

Initial Conditions: random truncated Fourier / Gaussian random eld / diffused noise
« Boundary Conditions: periodic

« Time Step of Stored Data: 0.01
 Spatial Domain Size of SimulatioifO; 1]

L]

[0; 1]

* Fields: density

» Varied Parameters: viscosi®y[0:005 0:05] independently fok; y
« Validation Set: randomi5% split of all sequences from2 [0; 500[
» Test Set: all sequences fra2 [500 600][

C.2. Reaction-Diffusion PDEs

The Exponaxsolver (Koehler et al., 2024) was also used to simulate different reaction-diffusion PDEs. Such PDEs are most
commonly encountered for local chemical reactions, but can also occur in domains such as biology, physics, or geology.
They can be used to model traveling waves and pattern formation, and typically describe concentrations of one or more
substances.
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Figure 13.Random example simulations frodiff

Fisher-KPP (fisher ) contains simulations of a reaction-diffusion system according to the Fisher-KPP equation. It
describes how the concentration of a substance changes over time and space due to a reaction process controlled by a
reactivity parameter, while also considering the spatial spread of the substance due to diffusion according to a diffusivity
parameter. The equation can be applied in the context of wave propagation and population dynamics, as well as ecology or
plasma physics. Figure 14 shows example visualizations fisimer

e Dimensionality:s =600,t =30,f =1,x =2048,y = 2048

Initial Conditions: random truncated Fourier / Gaussian random eld / diffused noise (with clamgi@gdLip
Boundary Conditions: periodic

« Time Step of Stored Data: 0.005

Spatial Domain Size of Simulatiof®; 1] [0; 1]

* Fields: concentration

Varied Parameters: diffusivit® [0:00005 0:01[and reactivity2 [5; 15[

Validation Set: random 5% split of all sequences from2 [0; 500[

Test Set: all sequences fras®2 [500 600

L]

Figure 14.Random example simulations frdiisher andsh (from top to bottom).

Swift-Hohenberg (sh) features simulations of the Swift-Hohenberg equation, which describes certain pattern formation
processes. It can be applied to describe the morphology of wrinkles in curved elastic bilayer materials, for example, the
formation of human ngerprints, where stresses between layers of skin lead to characteristic wrinkles. Figure 14 shows
example visualizations frorsh .
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* Dimensionality:s = 600,t =30,f =1,x =2048,y = 2048
Initial Conditions: random truncated Fourier / Gaussian random eld / diffused noise

Boundary Conditions: periodic

« Time Step of Stored Data: 0.5 (with 5 substeps for the simulation)
 Spatial Domain Size of Simulatiof©;20 ] [0; 20 ]

* Fields: concentration

* Varied Parameters: reactivig/ [0:4; 1[ and critical numbe® [0:8; 1:2]
« Validation Set: random5%split of all sequences from 2 [0; 500[

« Test Set: all sequences fra2 [500, 600[

Gray-Scott (gs) describes a system in which two chemical substances react and diffuse over time. A substeitite
concentratiort, is consumed by the reaction and is replenished according to a feed rate, while the product of the reaction
Sp with concentratiore, is removed from the domain according to a kill rate. Depending on the con guration of both
rates, simulations result in highly different steady or unsteady behavior with different patterns. Thus, we create various
subsets: four with temporally steady con gurations, which result in a state that does not substantially change anymore
(gs-delta , gs-theta ,gs-iota ,andgs-kappa ), and four temporally unsteady con gurations, which continuously
evolve over timeds-alpha , gs-beta , gs-gamma, andgs-epsilon ). For the unsteady case, separate test sets with
longer temporal rollouts are created. Figure 15 shows example visualizations from the steady con gurations, and Figures 16
and 17 from the unsteady con gurations and corresponding test sets. For further details, we refer the reader to Pearson
(1993). For all simulations, the diffusivity of the substances is xed{e= 0:00002andd, = 0:00001 Furthermore, we

use a random Gaussian blob initializer for these datasets: It creates four Gaussian blobs of random position and variance in
the center 60% (20% fays-kappa ) of the domain, where the initialization of is the complement af,, i.e.c; =1 ¢,

Steady Con gurations (gs-delta , gs-theta ,gs-iota , andgs-kappa ):
» Dimensionality:s = 100,t =30, f =2, x = 2048, y = 2048 (per con guration)
« Initial Conditions: random Gaussian blobs
» Boundary Conditions: periodic
¢ Time Step of Simulation: 1.0 (all con gurations)
« Time Step of Stored Data:
— gs-delta :130.0
— gs-theta :200.0
— gs-iota  :240.0
— gs-kappa : 300.0

* Number of Warmup Steps (discarded, in time step of data storage):

— gs-delta :0
— gs-theta :0
— gs-iota : 0

— gs-kappa : 15

¢ Spatial Domain Size of SimulatiofiQ; 2.5] [0; 2:5]
* Fields: concentration,, concentratior,

Varied Parameters: feed rate and kill rate determined by con guration (i.e., initial conditions only within con guration)

— gs-delta : feed rate: 0.028, kill rate: 0.056
— gs-theta : feed rate: 0.040, kill rate: 0.060
— gs-iota : feed rate: 0.050, kill rate: 0.0605
— gs-kappa : feed rate: 0.052, kill rate: 0.063
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 Validation Set: random5%split of all sequences from 2 [0; 80[
» Test Set: all sequences fra2 [80; 100[

Unsteady Con gurations (gs-alpha , gs-beta , gs-gamma, and gs-epsilon ):
¢ Dimensionality:s = 100,t = 30,f =2, x =2048,y = 2048 (per con guration)
« Initial Conditions: random Gaussian blobs
< Boundary Conditions: periodic
« Time Step of Simulation: 1.0 (all con gurations)
» Time Step of Stored Data:
— gs-alpha :30.0
— gs-beta :30.0

— gs-gamma: 75.0
— gs-epsilon  :15.0
* Number of Warmup Steps (discarded, in time step of data storage):
— gs-alpha :75
— gs-beta :50
— gs-gamma: 70
— gs-epsilon  : 300
e Spatial Domain Size of SimulatiofiQ; 2.5] [0; 2:5]
* Fields: concentration,, concentratiort,
« Varied Parameters: feed rate and kill rate determined by con guration (i.e., initial conditions only within con guration)
— gs-alpha : feed rate: 0.008, kill rate: 0.046
— gs-beta : feed rate: 0.020, kill rate: 0.046

— gs-gamma: feed rate: 0.024, kill rate: 0.056
— gs-epsilon : feed rate: 0.020, kill rate: 0.056

 Validation Set: randomi5%split of all sequences from 2 [0; 100[
» Test Set: separate simulations watkr 30,t = 100, f =2, x = 2048, y = 2048 (per con guration)

C.3. Nonlinear PDEs

Nonlinear PDEs are generally dif cult to study, as even the question of the existence of analytical solutions is already a
hard problem. Furthermore, most general techniques do not work across cases, and single nonlinear PDEs are commonly
tackled as individual problems. Th&ponaxsolver (Koehler et al., 2024) provides tools to approach some nonlinear PDES,
however, we also consider other data sources below.

Burgers (burgers ) features simulations of Burgers' equation, which is similar to an advection-diffusion problem. Rather
than the transport of a scalar density, it describes how a ow eld itself changes due advection and diffusion. This can lead
to the development of sharp discontinuities or shock waves, making it dif cult to simulate accurately. Burgers' equation also
has applications in nonlinear acoustics and traf ¢ ow. Figure 18 shows example visualizationbfirgers

¢ Dimensionality:s = 600,t = 30,f =2,x =2048,y = 2048
Initial Conditions: random truncated Fourier / Gaussian random eld / diffused noise

Boundary Conditions: periodic
« Time Step of Stored Data: 0.01 (with 50 substeps for the simulation)
Spatial Domain Size of Simulatioifd; 1] [0; 1]
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Figure 15.Random example simulations from steady con gurations of the Gray-Scott model of a reaction-diffusion gsstisita
gs-theta ,gs-iota , andgs-kappa .

Fields: velocity &;y)

Varied Parameters: viscosigy[0:00005 0:0003[

Validation Set: random5%split of all sequences from2 [0; 500[
Test Set: all sequences fras2 [500 600

Korteweg-de-Vries kdv ) contains simulations of the Korteweg-de-Vries equation on a periodic domain, which serves as

a model of waves on shallow water. It is challenging as energy is transported to high spatial frequencies, leading to individual
moving solition waves with unchanged shape and propagation speed. Across simulations, the convection coef cient with a
value of -6, and the dispersivity coef cient with a value of 1 remain constant. Figure 18 shows example visualizations from
kdv .

« Dimensionality:s = 600,t = 30,f =2,x =2048,y = 2048
« Initial Conditions: random truncated Fourier / Gaussian random eld / diffused noise
» Boundary Conditions: periodic
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Figure 16 Random example simulations from unsteady con gurations of the Gray-Scott model of a reaction-diffusiongsystipina
gs-beta , gs-gamma, andgs-epsilon

L]

Time Step of Stored Data: 0.05 (with 10 substeps for the simulation)

Spatial Domain Size of Simulation: varied per simulation

Fields: velocity k;y)

Varied Parameters: domain ext@nf30; 120[identically forx; y, i.e. a square domain, and viscosity0:00005 0:001[
Validation Set: random 5% split of all sequences from2 [0; 500[

Test Set: all sequences fras2 [500 600

Kuramoto-Sivashinsky (ks) features simulations of the Kuramoto-Sivashinsky equations on a periodic domain, which
models thermo-diffusive ame instabilities in combustion. It also has applications in reaction-diffusion systems. The
equation is well-known for its chaotic behavior, where temporal trajectories with slightly different initial conditions can
substantially diverge over time. The initial transient phase of the simulations is discarded. kerdhagset, a test set

with longer rollout is used to investigate how well models can deal with this chaotic behavior. Figure 18 shows example
visualizations fronks .

¢ Dimensionality:s = 600,t =30,f =1,x =2048,y = 2048
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