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Figure 1: Top: Successful diffusion policy conditioned on a STRING-enhanced Transformer vision encoder,
attempting the double-insertion task on Aloha-sim. Bottom: Same experiment, but with a regular vision
encoder for which the policy fails. STRING provides strong improvements for training dexterous robotics
policies, outperforming previous position encoding algorithms such as RoPE.

ABSTRACT

We introduce STRING: Separable Translationally Invariant Position Encodings.
STRING improves on Rotary Position Encodings (RoPE; Su et al.| 2024) — a
recently proposed and widely used algorithm in large language models — via a
unifying theoretical framework. Importantly, STRING still provides exact trans-
lation invariance, including token coordinates of arbitrary dimensionality, whilst
maintaining a low computational footprint. These properties are especially im-
portant in robotics, where efficient 3D token representation is key. We integrate
STRING into Vision Transformers with RGB(-D) inputs (color plus optional
depth), showing substantial gains, e.g. in open-vocabulary object detection and
for robotics controllers. We complement our experiments with a rigorous math-
ematical analysis, proving the universality of our methods which extend RoPE
using Lie theory. Videos of STRING-based robotics controllers can be found here:
https://sites.google.com/view/string-robotics.

1 INTRODUCTION AND RELATED WORK

Position encodings (PEs) (Zhao et al., [2023} [Kazemnejad et al., 2023} |Chen et al.| 2021} |[Kiyono
et al.,|2021) inject information about the respective locations of tokens into transformers (Vaswani
et al., 2017). They are essential for good performance because vanilla attention is a set function,
equivariant under permutation. In contrast, the meaning of a sequence of tokens in general depends
on its ordering.
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APEs and RPEs. Practitioners initially relied on absolute PEs (APEs;|Vaswani et al.,[2017; [Kiyono
et al., [2021;Wang et al., 2021 Liu et al., 2020) which add or concatenate fixed, precomputed position
embeddings to tokens. These have since been replaced by relative PEs (RPEs; [Shaw et al.,[2018];
Raffel et al., 2020; L1 et al., [2024; |Chi et al., 2022} [Press et al.| 2022 |Chi et al.l [2023)), which add a
learnable bias term that depends on the distance between tokens to the pre-softmax attention logits.
RPEs tend to generalise better than APEs over varying sequence lengths. However, they often require
explicit computation for every query-key pair.

RoPE. To address the limitations of RPEs and APEs, researchers recently introduced rotary position
encodings (RoPE;|Su et al.,|2024; Heo et al.| 2025)). These have been widely adopted in large language
models (LLMs; Dubey et al.| 2024;|Gemma Team et al.,|2024). RoPE acts on queries and keys by
partitioning them into 2-dimensional blocks, each of which is rotated by an angle proportional to
the token’s position in the sequence. Whilst queries and keys are rotated separately, the angle of
relative rotation is proportional to their separation, combining the best properties of APEs and RPEs.
Mathematically, for query and key of dimensionality d, RoPE involves b%c Givens rotations (Bindel
et al.| 2002) acting on disjoint 2D subspaces.

Besides providing strong empirical gains, two attractive properties have driven the enthusiastic uptake
of RoPE.

1. Separability. RoPE transforms each query and key independently, based on its position. This
happens once per token; the PE’d tokens are not recalculated during subsequent processing like
autoregressive generation. This makes KV-caching convenient. Separability also makes RoPE
compatible with linear attention, e.g. Performers (Choromanski et al.| |2020; [Katharopoulos et al.}
2020). Here, the attention matrix is not instantiated in memory so explicit RPE mechanisms are
not possible

2. Translational invariance. For a query-key pair at positions (i;j) 2 N2, the relative rotation
angle depends only on i  j. This improves sequence-length generalization.

However, RoPE is not the only position encoding algorithm with these desirable traits. In this
paper, we propose a more general algorithm called STRING: Separable Translationally Invariant
Position Encodings. STRING is based on Lie groups. It generalises RoPE via a unifying theoretical
framework, incorporating the latter as a special case. In fact, we later prove that STRING is the most
general PE algorithm with the properties above, amongst a broad class.

STRING for robotics. The above features are especially important in robotics, where efficient
2D/3D token representation and sensible physical priors are key. To demonstrate it, we integrate
STRING into Vision Transformers (ViTs), showing strong improvements for open-vocabulary object
detection models and various robotics controllers. This showcases the real-world impact of our
STRING.

Videos of STRING-based robotics controllers can be found here: | https://sites.google.com/view/string+
robotics.

Key contributions.
1. We introduce STRING, a new family of position encodings for multidimensional token coordinates

that respect both separability and translational invariance.

2. We rigorously analyse STRING's theoretical properties ( Sec. [3), proving that it is more general
than RoPE. We provide computationally efficient implementations.

3. We show strong accuracy gains across varied models using Transformers with STRING, on a
range of robotics and general vision tasks (see Fig. [T|and Sec. d).

'Implicit relative position encoding schemes, which avoid instantiating the attention matrix in memory, have
also been proposed (Reid et al.| 2024} |Choromanski et al.| 2022} |Luo et al.|, [2021).
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Figure 2: Each 2D patch is lifted to 3D by assigning it a z-coordinate via an average pooling mechanism applied
across all the pixels in the patch. After this procedure is conducted, each patch is assigned its (z, y, z) position
in 3D-space, where (x, y) are its regular 2D coordinates and z is a result of the average pooling mechanism
(in practice z is then renormalized by a learnable multiplicative scalar to ensure scale unification across all
three dimensions). After the application of the STRING position encodings, the attention between two tokens is
modulated via a (learnable) function of the delta-vectors of their 3D positions rather than their absolute positions.

2 PRELIMINARIES

Let fxigl\, 2 RY denote a set of N d-dimensional tokens. Assume that d is even. The ith query,
key and value vectors are given by Qi = WgX;, Ki = WX; and v; = W, X; respectively, where
Wy, Wi Wy, 2 R9*d are learned projection matrices (to keep the notation simple, we assume here
the one-head setting). The attention mechanism, basic computational unit of the Transformer, can be

written as:

5,6xP(a Kj)v; | W
1exp(gi ki)
This updates the set of tokens, mixing them dynamically depending on the query-key softmax
similarity scores.

Rotary position encodings. As described in Section [T} RoPE rotates tokens depending on their
locations. In the 1D data setting (e.g. text), for a token z; 2 Fqj; Kjg at position i 2 N, we take

zi ¥ RoPE(i)z; with fA
RoPE(i)z; == (i n)lzil2n—1:2n; 2
n=1
__ cos sin |
()= sin oS ' G)

Here, L denotes the direct product, so that each 2 2 matrix ¥ (i n)g?i?1 independently rotates a

2-element section of the query/key, and [Zj]on—1.2n denotes the 2n 1 and 2n elements of z;. Note

that the matrix RoPE(i) isd  d, but it is only nonzero on the 2 2 blocks on the diagonal. Since
()" = ( ) and 2D rotations commute, we have that

ROPE(i) "RoPE(j) = RoPE(j i); )
whereupon we are transforming d; Kj ¥ d; RoPE(j  i)Kj. The dependence on j i makes this
translationally invariant. RoPE takes the set of angles T ngﬂ:jl, determining the rotation frequency
of each2 2 block, as hyperparameters. We suppress this dependence for notational compactness.
The authors originally proposed the decaying sequence ,, = ~2("~1=0 with base wavelength

= 10; 000, though variants have since been explored (see below).

RoPE in higher dimensions. Whilst RoPE was originally proposed for sequence data, recent work
has extended it to encode higher-dimensional position information (Heo et al., 2025)). Now each



Accepted as a workshop paper to the 7th Robot Learning Workshop at ICLR 2025

token is equipped with a vector 2 RY%, and we requireRoPHr;)> RoPErj) = RoPEr; ry).
Since 2D rotations commute, one approach is to de ne

‘f‘c
RoPHTr;) = RoPH[r]k); (5)
k=1

where[ri]k is thekth coordinate of; (with k 2 f 1;:::;d.g). This independently applies regular
1-dimensional RoPE (E] 2) for each dimension of the position vector. The rotation frequencies
fn gﬁj can optionally differ between each coordinate axis.

Generalisations of RoOPE.Prompted by its success, a number of papers have since sought to un-
derstand the effectiveness of ROPE and propose better-performing alternatives. One well-known
method argues to increase the base wavelendgth500 000, slowing the rate of token rotation

and improving learning with longer contexts (Xiong et @al., 2023; Roziere et al., 2023). Another
suggests to completely truncate the lowest frequencies, setting them to zero, which helps preserve
long-range “semantic channels" (Barbero et al., 2024). Practitioners can also make the parameters
f ngﬂ:fl fully learnable, improving exibility. Lastly, recent work has proposed to replace the
block-diagonal RoPE matricé®PHKi) by more general dense matricesS6Y(d), parameterized

by learned antisymmetric generatdrs (Ostmeier gt al.,|2024). Whilst more expressive, this algorithm
breaks translational invariance for position vectors wlitt» 1, and has a large memory footprint.

This makes it unsuitable for robotics applications. In Sedtjon 3, we will propose a better alternative,
STRING.

3 STRING: SEPARABLE TRANSLATIONALLY INVARIANT POSITION
ENCODINGS

Recall that our goal is modify queries/keys depending on their respective positions, so that changes
to dot products); k; depend om;  r;. RoOPE achieves this using matrix multiplication (Su et al.,
2024). Here, we present STRING: a more general, better-performing algorithm.

3.1 INTRODUCING STRING

STRING is de ned as follows.

De nition 3.1. STRING is the mappin® () : R% ! RY 9, from d.-dimensional position
vectorstod d matrices, given by |
He '
R(ri) =exp Lilrile (6)
k=1
wheref Lkgﬂgl RY d s a set of learnable and commuting skew-symmetric generatg
Given a set of queries or kejgigll; RY at positionsrigh, R%, their positions are

EnEIEETEE zi! R(ri)zi 8i2f1:;Nag @)
Here,exp() refers to thamatrix exponential, de ned by its series expansexp(A) = " ilzo Al=il
and][r;]x is thekth coordinate of vectar;. By ‘commuting skew-symmetric generators', we mean
thatfL,gle, satisfy

=

S.

[Li;L;j]=0 and Li> = L; 8ij: (8)

There are many ways to parameterize such a set; we give examples in §egtion 3.2. Remarkably, the
following is true.

Theorem 3.2(STRING is general) Consider the set of mapping( ) : R% ! RY ¢ that satisfy

the group-like translational invariance proper®(ri)” R(rj) = R(rj ri)8ri;r; 2 RY, are
continuously differentiable with respecttg and satisfyR (0) = 14 (with |4 the d-dimensional
identity). All such mappings can be expressed as STRING with some set of gen‘eragﬂgsl

RY 9,

In this sense, STRING is thrmost generabf all translationally invariant position encoding mecha-
nisms using matrix multiplication. Meanwhile, ROPE is a simple special case of STRING, taking a
particular choice of generators. This can be seen as follows.
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Theorpm 3.3 (RoPE is a type of d_SZTRING #1) Consider the generators
L = g;i( 2p2p 1 2p 12p) p, Wheref pgiZt R and i is the delta function. This
corresponds to RoPE with rotational frequenciegg,_; .

Proofs of Theorem 3.2 and Theorem 3.3 are in Appendix A.

3.2 COMPUTATIONALLY EFFICIENT STRING

Despite being general and notationally compact, the parameterization of the STRING nR(fricks
shown in Eg. 6 may not be convenient for practical applications. GWeiokens at positions
frigl, , one mustin general exponentiate and stérdensed  d matrices. This incur®(Nd?®)

time complexity andD(Nd?) space complexity cost. The problem is exacerbated if the\,

differ across training examples and batches, which occurs e.g for point cloud data or color plus depth
channel (RGB-D) images. In this ca$® (r;)gl\; cannot be cached and reused. This motivates the
goal of this section: to ncef cient STRING instantiations, nonetheless more general and expressive
than RoOPE. We begin with the following (proof in Appendix A):

Theorem 3.4(RoPE is a type of STRING #2)For any STRING position encoding with generators
fLixgl, , there exists an orthogonal matrix such that

R(ri) = PRoPHr;)P”: 9)
Note that the orthogonal matrR is independent of the coordinates so it can be learned and
stored once per attention head and shared across all training examples. MeaRaPlg, ) is
sparse — it is only nonzero on the super- and subdiagonals — so multiplying tokens only requires
O(Nd) memory andD(Nd?) time, saving a factor af. This is crucial in the contrastive learning
setting where batch sizes can become large. Once again, one can see that ROPE is a special case of
STRING, this time takind® = 14. We emphasize that the parameterization of STRING in Eq. 9
remains just as general as in Eq. 6. We also note that, since in regular attention one takes dot products
between position-encoded queries and keys, the rst orthogonal niatriil always cancel with its
counterpart. Therefore, in Transformers it is suf cient to t&ké ;) = RoPHr;)P, with P 2 O(d)
learnable, without loss of generaly.
Example 1: Cayley-STRING. Equipped with Theorem 3.4, our goal becomes to choose a suitable
parameterization for the orthogonal matfx One option is to take th€ayley Transform

P cayley = (la S)(la+ S) 1; (10)

whereS is a learnable (potentially sparse) antisymmetric matrix (Diele et al., 1998)yiey iS
convenient since, for a token, we can computély + S) 1z efciently using a linear solver,
avoiding matrix inverse computation. Where we &sgyiey, We refer to our algorithm aSayley-
STRING

The unreasonable effectiveness of STRINGn some sense, Theorem 3.4 makes it surprising that
STRING outperforms RoPE so comprehensively in all our experiments (see Section 4), given that they
are related by a change of basis. It appears that the abilgygficitly learn this basis change via
(sharedbetween queries and keys), rather than implicitly via existing network weights, substantially
boosts performance. Conversely, when using linear attention variants, the projected/toggnand

W (k; are pushed through nonlinearities suchiRas U( ) before taking the dot product. Hence, in
this case, including learnabke does increase the capacity of the network, rather than simply learning
a basis change.

Example 2: Circulant-STRING. We now present a second ef cient STRING algorithm within our
framework. A square matrix is referred to@sculant if it takes the form

2 3
Co Cd1 & &
C1 Co G 1 C2
c=8 : 6 & . i I (11)
Cd 2 : TG
Cdo 1 G 2 (o} Co

All rows are composed of the same elements, and each row is rotated one element relative to the
preceding row. The transpose of a circulant ma@ix is also circulant, and the sum of two circulant
matrices is also circulant. It follows th@ C~ is circulant and antisymmetric. Lastly, circulant

2We dropped the transpose sign on the sed@ncede ning P~ as our learnable orthogonal matrix.
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matrices commute. With these properties in mind, we can simply dejppe= Cx  C; for
k 2 f1;::;d.g, with Cy alearnable circulant matrix parameterizeddogcalars co; :::; ¢4 19. We
call this Circulant-STRING This special parameterization is convenient for the following reason.

Theorem 3.5(Circulang-STRING s fast) Given generatorg y = Cy Cy with Cy circulant, the
position encodingxp( Lk[rilk)z; for tokenz; at positionr; can be computed i®(dlogd) time
andO(d) memory using the fast Fourier Transform (FFT).

We provide a proof in Appendix A. Circulant-STRING provides another ef cient position encoding
algorithm that scales gracefully to large, high-dimensional datasets and performs well in spatial
applications (see Section 4).

Learnable frequencies with STRING. Note that the STRING generators from De nition 3.1 are

(in general) learnable. For Cayley-STRING, the angle-de ning frequencieRd®EandS, the
antisymmetric matrix from Equation (10) are learned whereas in Circulant-STRING, the scalars
fco; ¢y 19in Equation (11) are learned.

3.3 LOOSE ENDS

Here, we discuss further generalisations of STRING.

Extension 1. -STRING. So far, we have followed RoOPE in assuming that our position encodings
are applied via matrix multiplication. However, this can be relaxed whilst preserving separability
and translational invariance. For example, one can transform take#ie theouter product with
position feature vectorigr;) 2 R?™,

zi ! vedf(ri) z): (12)

Here, denotes the outer product anelcdenotes the “vectorizing' operation that attens a matrix to
avector, so thateqf(ri) 0i)da+b = f(ri)aQip, Wwherea 2 f 1;:::;2mgandb 2 f 1;:::; dg. Since
the dot product of ( attened) outer products gives the product of dot products, we have

vedf(ri) qi)7vedf(r;) kj)=aik; f(ri)7f(r;): (13)
Now suppose that we take the Fourier features

>

f(ry) = p% cos( g ri);sin(! g ri) anl ; (14)

where f! gL, ) RY are learnabled-dimensional frequency vectors. Then we have that

f(ri)>f(r,) = 2 L, cosl «(ri rj)) which is clearly a function of; rj. We refer to
this novel position encoding variant, orthogonal to previous RoPE-like approachesSaRING
Extension 2: General transformation groups Having focused ottranslationalinvariance, another
natural question is whether STRING could be repurposed for other continuous transformation groups.
These may be more suitable for data with different properties; for example, one might sometimes
prefer arotationally invariant position encoding.

More formally, recall that a Lie group with parameter® RX is a group of transformations of the
formT :RY! RYthat are differentiable with respect to Let the parameter = 0 correspond to

the identity element, so th&px = x. A canonical coordinate systefor G is ag injective map from

Cartesian coordinates to a new coordinate system, satisfyingx) = (x)+ :‘21 ieg8T 2G,
wheree; is theith standard basis vector. Observe that the right hand side of this equation represents a
translation in the new basis. Canonical coordinate systems exist for all one-parameter Lie groups
(k = 1), and more generally for Abelian groups of dimenskon d (Segman et al., 1992; Rubinstein
etal., 1991; Tai et al., 2019). They can be derived analytically by solving a set of rst-order PDEs,
though for many common transformation groups the canonical coordinate system is obvious. For
instance, for azimuthal and polar rotatieps of pofimts; ry;r ;) in 3D spaceK = 2), a canonical
coordinate system i; ), wheresin = rZ+ ri=krkp andtan = ry=ry. Rotating simply
“translates' the canonical coordinates )! ( +  ; + ) — a transformation looking much

more complicated in the Cartesian basis.

STRING for Abelian Lie groups. It follows that, simply by replacing Cartesian coordinatesgl.;

with their canonical counterparts, we can repurpose STRING to construct position encodings that
respect more general invariances.

3Note that this differs from full 3D object pose invariance, for which the transformatiometform an
Abelian group.
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4 EXPERIMENTS

In this section, we provide an exhaustive empirical comparison of STRING with ROPE and vision
encoders leveraging regular APEs. To set up the ground, we start with general non-robotics experi-
ments in Sec. 4.1. On our way to robotics applications, we then test STRING for 2D and 3D object
detection in Sec. 4.2. Finally, we present robotics manipulation experiments in Sec. 4.3 and Sec. 4.4.
4.1 GENERAL EXPERIMENTS. CLASSIFICATION AND RETRIEVAL

We tested STRING for image classi cation tasks on thegeNet2012Deng et al. (2009) and
Places36%datasets, with Vision Transformer (ViT) Dosovitskiy et al. (2021) as our base model. We
compare against ROPE and RoPE-Mixed (Heo et al., 2025), abbreviated to RoOPE-M to Circulant-
STRING and Cayley-STRING (respectively abbreviated to Circulant-S and Cayley-S). The results
are shown in Table 1. For both datasets, STRING offers best modelsnkgeNet2012 top two
models are STRINGs. Furthermore, forageNet2012STRINGs provide the rst absolute gains
larger thanl %, as compared to regular ViTs, with only a negligible set of extra trainable parameters.

| VIT RoPE RoPE-M| Circulant-S Cayley-S

ImageNet | 80:.04 8018 8086 81.22 81:.09
Places365| 56:79 5697 5669 56:77 57.16
Mean | 6842 6858 6878 | 6900 69.12

Table 1: Image classi catiofo test accuracy. Best numbers are highlightedatd and the second-
best numbers are underlined

Next, we lift WebLI (Chen et al., 2023), a dataset of 10 billion image-text pairs across a variety of
languages, into 3D by pre-processing a 60-million image subset with Depth-Anything-V2 (Yang
et al., 2024) for metric mono-depth estimation. The dataset is Itered using methods from (Chen
et al., 2024) for images that the indoor- netuned model performs poorly on (pictures with overlays,
no visible groundplane, large outdoor scenes, optical illusions are removed).

We perform contrastive learning on the text to visual representation pairs in the WebLI-3D lifted
dataset, where the visual representation may be in the form of an RGB image or an RGB-D depth
image. Similar to CLIP (Radford et al., 2021), this is done by maximizing the similarity between
the embeddings of matching visual-text pairs, while minimizing the similarity between embeddings
of the non-matching pairs. This enables open-vocabulary detection and classi cation by comparing
the text embeddings of all possible classes against those of the visual representation, and selecting
the minimum distance pair. We compare against baseline in TaboRall six evaluations
Cayley-STRING is the best and Circulant-STRING is second best.

i2t@1 i2t@5 i2t@10 t2i@1 t2i@5 t2i@10 Mean

VIT 53.88 73.17 78.49 53.98 73.83 79.29 68.77
RoPE 55.27 74.27 79.52 55.22 74.61 80.25 69.86
RoPE-M 55.30 74.08 79.47 55.36 74.73 80.18 69.85

Circulant-S 55.5274.69 79.91 55.68 75.03 80.45 70.21
Cayley-S  55.70 75.08 80.24 55.82 75.40 80.65 70.48

Table 2: Image-to-text (i2t) and text-to-image (t2i) WebLlI recall @ rank (best numbebsildn
second-best: underlingd

4.2 IMPROVING OPEN-VOCABULARY OBJECTDETECTION
4,2.1 OPEN-VOCABULARY OBJECTDETECTION IN2D

We demonstrate the ef cacy of STRING on open-vocabulary object detection for localizing a 2D
bounding box on standard RGB image benchmarks. For a baseline, we use the of cial implementation
of OWL-ViT# (Matthias Minderer, 2022) which applies a standard Vision Transformer (Dosovitskiy
et al., 2021) with light-weight classi cation and localization heads for detection. Table 3 compares
the baseline OWL-VIiT model with RoPE and STRING variants. For all experiments, we followed
the standard training pipeline for the B/32 backbone with the CLIP loss (Radford et al., 2021).

“https://github.com/google-research/scenic/tree/main/scenic/projects/
owl_vit
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Baseline RoPE Cayley-STRING

ViT

VIiTD

Figure 3: Example outputs for the 3D detection task for baseline, ROPE, and Cayley-S. Green boxes:
groundtruth. Blue boxes: predictions.

Even in this axis-aligned 2D detection setting — which is favourable for the standard RoPE variant —
Cayley-STRING provides the best overall performance.

| Baseline RoPE RoOPE-M Circulant-S Cayley-S

APCOCO | 3544 3366 32.74 33.24 33.47
APHVIS 21.98 2271 22.43 22.60 23.01

Mean | 27.21 28.18 2759 | 27.92 28.24

Table 3: Average Precision (AP) % of the OWL-ViT model on COCO (Lin et al., 2014) and LVIS
(Gupta et al., 2019). Best imold, second-best underlined

4,2.2 OPEN-VOCABULARY OBJECTDETECTION IN3D

We tested STRING on the open-vocabulary 3D object bounding box prediction task, similar to those
from Section 4.2.1. Here we modify the output to be the BH{3) pose and 3D size of the bounding

box. We initialize the weights of the vision and text towers of our model with the weights from the
models trained on the WebLI-3D dataset from Section 4.1. We replace the 10U loss from OWL-ViT
with an 8-corner vertex loss, but otherwise keep the same matching and loss algorithm. We train on a
simulated dataset of 4 million images of indoor and tabletop scenes with groundtruth 3D bounding
box labels (see Appendix F.1). From this dataset, we hold out 80 images for evaluation. We evaluate
both ViT and ViTD variants. The 3D intersection-over-union (IOU) values for various RoPE and
STRING variants on the evaluation data are shown in Table 4. For each con guration, we train 3
models with different random seeds and take the best performing model (see Appendix F.2.4 for
details). Fig. 3 shows example 3D detections for 6 different variants (see Appendix F for details).
Note that STRINGs provide much more accurate prediction of the 3D bounding boxes for more
challenging to localize smaller objects than baseline and RoPE. For ViT, Circulant-STRING is the
best, providindl:5% relative improvement as compared to the best RoPE variant. For ViTD, Cayley-
STRING is the best, providing% relative improvement as compared to the best RoPE variant. For
both VIiT and ViTD, two best models are STRINGs.

| Baseline RoPE RoPE-NICirculant-S Cayley-S

ViT 49.77 58.09 57.17 58.95 58.85
ViTD 67.60 71.21 70.90 72.36 72.67

Table 4: Average 3D IOU % over all objects for the 3D bounding box prediction task. For each
setting, 3 models were trained with different random seeds and the max is reported. Baseline indicates
no RoPE or STRING. Best inold, second-best underlined
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4,3 SMULATION -BASED ROBOT MANIPULATION: ALOHA

We evaluate the performance of STRING on
dexterous robotics tasks using ALOHA 2, a bi-
manual parallel-jaw gripper workcell with two 6-
DoF arms, within the ALOHA Unleashed (Zhao
et al., 2024) simulation environment (see: Fig.
1). ALOHA Unleashed utilizes a scalable teleop-
eration framework used to collect human demon-
stration data. We trained ALOHA Unleashed's
Transformer-based neural network with diffu-
sion policies (conditioned on vision encoders)

on human de_monstranons .Of .12 dexterous ta*@ure 4:HandOverBananaALOHA robot task eval-
(see Appendlx B for 9"?30”9“0”3 and re"‘d(:"r@ation: real (top) and the simulated (bottom).
The vision system utilized images from RGB

cameras positioned overhead, on each wrist, and

at the level of the table. We also deployed our

policies on real ALOHA 2 robots (see Fig. 4

and Fig. 12). Due to the large observed vari-

ance of the on-robot evaluation for ALOHA 2,

we focused on the evaluation in simulation to

accurately rank different methods.

Table 5 reports mean success rate (bebbid,

second-bestunderlined over 10 evaluations

of each ALOHA simulation task. ALOHA

leader robots are teleoperated in ALOHA sim-

ulation for data collection using an ALOHAFigure 5:Mean success rate across all tasks evaluated
station, an Oculus VR headset and controllet§ times every 10K train steps over 1M train steps.
(Zhao et al., 2024). The teleoperators are in-

structed to perform the following tasks using ViT ROPE STRING

this setup. ROPE (Heo et al., 2025) and Cayley-
STRING are added to a baseline SigLIP B/16 BowlOnRack ~ 0.90 0.80 ~ 1.00
256 VIT (Zhai et al., 2023) model. See Ap- Doublelnsertion 020 _0.50 0.60

. . FMB-1 0.20 0.20 0.20
pendix B for details. FMB-2 010 010 0.10
We nd that STRING has the best success rate  gritBowi 030 030 030

across 11 of 13 tasks, thereby showcasing the GlassOnRack 0.60 060  0.60
effectiveness of our model. The success rate HandOverBanana1.00 1.00  1.00

is averaged over 10 trials of each checkpoint, HandOverPen  1.00 1.00 1.00

taken every 10K train steps and over 1M train  MugOnPlate 0.70 0.90 0.80

steps. Corresponding curves are given in Fig- PlateOnRack _0.60 0.70 0.50

ure 5. Cayley-STRING achieves superior re- Singlelnsertion _0.40 0.60  0.60

sults across all tasks on average (i.e. MultiTask). StorageBin 0.00 000 000
Additionally, it achieves equivalent or superior  MultiTask 03667 0.41670.4583
results, as compared to RoPE (e.g. for the Dou- )
blelnsertion task from Figure 1) and ViT for all Table 5:Mean success rate on ALOHA sim tasks.
12 tasks except for MugOnPlate and PlateOnRack (second-best).

Finally, STRING converges much faster than other methods (see: Figure 5). Note that we applied the
strategy of learning all angle-de ning frequencies for both RoOPE and Cayley-STRING.

4.4 REAL-WORLD 3D ROBOT MANIPULATION: KUKA

Establishing STRING as superior to other methods on previous tasks, we let it operate on 3D data to
obtain new SOTA robotic manipulation policies. This resulted in policies directly using depth and
deployed on real hardware. Note that STRING can be naturally applied in that context since it can be
used for data equipped with general coordinate vectoassociated with tokens (e.g. 3D).

4.4.1 FTTING
We evaluated STRING in the vision encoder of a generative policy applying energy-based mod-
els (Singh et al., 2024) and deployed on a real industrial KUKA robot arm (Udayan et al., 2023). The

closed-loop feedback policy operates on the RGB-D images, and is learned as a generative model
with imitation learning. Its architecture is shown in Figure 15 (Appendix G), and consists of the
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diffusion Transformer and the 3D encoder. The policy was trained on a mixture of scripted and
teleoperated data collected for 3 different skills (pick, place and handover) on various objects. Itis
evaluated exclusively on the pick skill with a diverse set of objects. Each evaluation was run as an
A/B test for a total of 50 trials.

4.4.2 REGULAR EVALUATIONS

We experimented with two ways of using depth in the policy.

Implicit depth via normal maps: In the rst approach, following (Tziafas & Kasaei, 2023), depth
input is used to construct a surface normal map with RAivalues per pixel.

Both RGB and depth inputs are then processed

via identical (shared weights) embedding lay-

ers. The embeddings are concatenated and pro-

cessed through Transformer layers. Finally, the

embeddings are split and fused to yield the nal

vision embedding. Our results in Figure 6 show

that this approach of incorporating depth has

a detrimental effect on the on-robot deployed

policy. We hypothesize that this is caused by

the signi cant amount of noise coming from

the depth sensors, leading to imperfect surfaggyyre 6:Performance of STRING with 3D input vs.
normal maps. baselines on real-robot tasks (with 2 seeds). 2D baseline
Lifting patches to 3D for STRING: In the performance without depth input is 65%. Incorporat-
second approach, we compute the height fiowy depth through surface normal maps (nmap) reduces
each patch via mean-pooling across depth valugsformance t@#2%. Using 3D STRING for incorporat-

for all the pixels in the patch, followed by thehg depth improves the performance in both scenarios -
learnable linear layer. The resulting 3D patch&4th and without normal maps %3%and74% respec-

are then fed to the Transformer, with position%’l"e'y- Me{in/stdev shown above were calculated from
encoding given by STRING to incorporate deptf° €valuation runs.

into the vision encoder. Our results Figure 6 show that STRING improves the success rate over the
2D base policy. Also, when STRING is combined with the rst methodyritstically reduces the
negative impact of noisy normal maps.

We used Circulant-STRING to obtain a particularly compact computational footprint. Note that in
this setting, more computationally intense mechanisms, such as Ostmeier et al. (2024), run out of
memory and could not be trained.

4.4.3 QJT-OF-DISTRIBUTION EVALUATION: STRINGVS BASELINE

To further compare STRING with the baseline and show the advantages of using 3D over 2D policies,
we also performout-of-distribution(OOD) evaluations on the real robot.

We vary three different environment settings. These include: (1) lighting changes, (2) adding large
distractor objects and (3) changing the height of the table from which the robot has to grasp the block.
For each setting, we test multiple different variations, e.g., three different light settings.

Figure 7 compares STRING with the 2D baseline for each OOD setting. For these evaluations, we
choose the best policies from Section 4.4.2. As seen in Figure 7, 3D STRING policies outperform
2D policies across all OOD settings. For instance, with large distractors (middle), the 2D model's
performance decreases fr@B% to 57%, while 3D STRINGmaintainsperformance similar to
non-O0D settings ( 74%). In some OOD cases, such as lighting changes, both 2D0%9 and

3D ( 25%) policies experience a performance decrease vs. the non-OOD setup. This drop in
performance during lighting changes is likely due to the signi cant alteration in image observations,
thus affecting both 2D and 3D policies. Finally, the largest performance difference is observed in the
table height variation scenario. Here, the 3D policies exhibit signi cantly higher robustnes8%)
compared to the 2D policies (10%). This suggests that the 3D STRING policy leverages the raw
depth signal to better generalize to table height variations, a change imperceptible to xed monocular
cameras.

Overall, our results show that 3D STRING policies are highly robust to many variations and signi -
cantly improve over 2D policies. Fig. 8 shows a sample episode from the on-robot evaluation of the
STRING generative policy.

From 2D to 3D with STRING:  We have already demonstrated (see the normal map approach from
Section 4.4.2) that just adding a depth signal does not necessarily improve performance. STRING
does so and exhibits another feature that other approaches (e.g. adding depth as extra channel) do
not: it can be trained from a regular 2D pre-trained checkpoint. This is the case since STRING

10
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Figure 7: Comparison of 2D baseline with 3D STRING on out-of-distribution scenarios for real-world
Kuka robot evaluations.

Figure 8: Rollout frames from a successful policy evaluation in the real world (top: RGB, bottom:
depth). Best viewed zoomed-in.

incorporates depth by using it to modulate a regular attention matrix, effectively disentangling 3D
speci ¢ parameters (de ning the modulation) from the core 2D backbone. All training runs in
Section 4.4 started from the pre-trained 2D backbones.

5 CONCLUSION

We introduced a new class of translationally invariant position encodings (PEs) for Transformers,
called STRING. STRING is the most general of all translation-invariant PE methods using matrix
multiplications (under weak smoothness assumptions) and contains the prominent class of RoPE
methods as its special instantiation. We proposed to apply STRING in robotics for 2D and 3D
modeling and provided its extensive empirical veri cation over a range of tasks, from standard
classi cation and retrieval, through object localization, to diffusion robotic policies conditioned on
Vision Transformers. In all these experiments, we showed consistent gains over RoPE, as well as
baselines applying regular absolute position encodings.

6 IMPACT STATEMENT

The goal of this work is to contribute to the advancement of the machine learning eld which may
result in potential societal consequences. We acknowledge these potential risks, especially in down-
stream use-cases of advanced machine learning techniques and advocate for careful consideration of
ethical implications in the development and deployment of these techniques. Additionally, as it is the

11



Accepted as a workshop paper to the 7th Robot Learning Workshop at ICLR 2025

case for all papers discussing training Transformer architectures, the corresponding carbon footprint
needs to be taken into account. STRING plays a positive role here since it reduces computational
costs of ne-tuning pre-trained architectures with a negligible increase of trainable parameters.
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A PROOFs

A.1 PROOF OFTHEOREM3.2
To begin, we provide a proof of Theorem 3.2: that STRING is the most general form of transformation
that respects the group-like property

R(ri)”R(rj)= R(rj ri); (15)

supposing thaR (0) = 14 andR (r) is continuously differentiable with respectitoNote that this is
a suf cient, but not necessary, assumption for translational invariance.
Proof. Recall STRING is applied as

gi! R(ri)ai (16)
with R():R% ! RY 9 sothatr(r;) 2 RY 9. Then we require that
ar ki ! oar R(ri)” R(rj)k;: 17)

Recall thatR (0) = 14, thed-dimensional identity, so that the logit of a query and key at the same
position ¢; = r;) will be unmodi ed by the positional encoding. Then cleaRyr;) 2 O(d), the
orthogonal group in dimensiah For compatability with gradient-based optimisers (a chief concern

in the machine learning setting), it is convenient to specialise to the connected component (normal
subgroup) ofO(d) containing the identity matrix: that is, the special orthogonal gi®0fd).°> This

means thatlet(R (r;)) = 1 . These transformations are ttkelimensional rotations.

SinceR (rj) 2 SO(d), the rotation can be written using its Lie group,

R(ri) = exp(L(ri)) (18)

where the matrik (ri) is antisymmetric (Hall, 2013).(r;) is called the "generator’, representing
an in nitesimal rotation. Hereexp() denotes thenatrix exponential (not to be confused with the
element-wise exponential of a matrix, as appears e.g. in softmax). Sgttind in Equation (15), it
is clearthal.( r;)= L(r;). We then require that

exp(L(ri))exp(L(rj)) = exp(L(ri + 1))
= exp(L(r;))exp(L(ri)):

ClearlyL (ri) andL(r;) must commute for all choices of coordinate vedtar, r; ). Therefore, we
need

(19)

L(ri+rj)=L(ri)+ L(rj); (20)
soL () is linear in its arguments. That is( ) is a linear map from the set df-dimensional vectors
to a set of commuting antisymmetric matrices. We can write

e
L(ri)= Lk[ril; (21)
k=1
with kagﬁgl RY 9 a set ofcommuting antisymmetric generatasd]|r ;] thek-th entry of
coordinate vector;. This completes the proof. O
A.2 PROOF OFTHEOREM 3.3

Now, we prove that generators of the folp = P gj( 2p:2p 1 2p 1;2p) p recover RoPE, as
described in Theorem 3.3.

Proof. Let us initially consider the cask = 1, so that the token coordinate= r 2 R and we learn

a single generator. Recall that powers of a block diagonal matrix will remain block diagonal. Each
block of the generatdr is of the form

(22)

Then note that
= 2 . (23)

5This means that you can optimise the position encoding transformations on the same manifold. You could in
priniciple also incorporate re ections so th@ei{R (r;)) = 1, but this seems unlikely to signi cantly improve
performance.
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It follows that 8
n 3 "( 12 10 if n is even,
0 _ 0 1
= (24)
O Baigemov2 O 1y isodd
10 '
Combining and inspecting the Taylor expansions,
0 _ cos sin |
exp 0~ sin  cos (25)

which is clearly a rotation matrix — a well-known result. This holds for alldh2 blocks, each of
which exponentiates to giveza 2 rotation at a different frequency. Therefore,

exp(Lr) = RoPHr); (26)
showing that with this particular genﬁrator STRING is RoPE.
- e : .
Now suppoSe thad. > 1,soL(r;) = 2, Lk[rilc. In our special case, each generator is of the
formLy = gif( 2p2p 1 2p 1:2p) p» Wheref pggif can differ for differentk (notationally
suppressed for compactness). Observing that
0 0 0
0 0~ o (27)
0 0
= 0 0’ (28)

differentL «[ri]Jx commute. Then we have that
!

e e
exp Lg[rilk = exp (Lk[rilk) (29)
k=1 k=1
Yo
= RoPH[r k) (30)
k=1
= RoPHTr); (31)

where we used the de nition for multidimensional RoPE from Equation (5). This completes the
proof.

A.3 PROOF OFTHEOREM3.4

Next, we prove that STRING can always be rewritten as RoPE in a different basis.

Proof. As usual, we begin witd; = 1. Then our task is to show that a matRr) = exp( Lr), with

L 2 RY 9 an antisymmetric matrix and2 R, can be rewritten as RoPE with a change of basis.
Begin by noting thaR (r) 2 SO(d); it is a special orthogonal matrix. It is orthogonal since
R(r)> R(r) =exp(Lr)” exp(Lr) =exp( Lr)exp(Lr) = lg, and its determinant i since it is
continuously connected to the identity (which occurs at0). Consider an eigenvecter2 C¢,

with eigenvalue 2 C. SinceR”R = lg4,j j=1so = € . Taking the complex conjugate of

Rv = v,wehaveRv = v,where = e ' andv isthe complex conjugate of. We used that

R is real. Therefore, the eigenvalues appear in conjugate pairs for conjugate eigenvectors.

Letv = u+ iw andv = u iw with u;w 2 RY real vectors. Inserting into the eigenvector
equation,R(u + iw) = (cos( ) + isin( ))(u + iw). Equating the real and imaginary parts,

Ru =cos( )u sin( )w andRv = cos( )v +sin( )u. This corresponds exactly fadimensional
rotation in the(u; v) plane. By normalisation of (complex), juj? + jwj? = 1. But since and

differ, their corresponding eigenvectors are orthogonal under the Hermitian inner product, so we also
have thavYv = juj? j wj°+2iu”w =0. Sou™w = 0, whereupom andw are orthogonal vectors

in RY. Of course, from basic linear algebra the complex eigenvectors correspondiiffgent will

also be orthogonal i€9, or in the case of degenerat®ne can choose an orthogonal basis for the
corresponding subspace using e.g. the Gram-Schmidt process. Itis easy to show that the corresponding
real vectorqu;; w;) will therefore be orthogonal for differemti.e.uyu; = i = wiw;. To
summarise: the real and imaginary parts of thedloethogonal (complex) eigenvectorsRfin C9
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correspond tal orthogonal (real) vectors iRY, organised irg planes in each of whicR acts as
a 2-dimensional rotation, at a frequency that depends on the corresponding eigenvalue. These real

vectorsf uj; wi gid::f can be aggregated as the columns an orthogonal niafiaking

P:= Uy Wi Uz W» 2 RY @ (32)
# # # #
whereupon
R(r) = PRoOPHI)P”: (33)

Note especially that the change of basis ma#iis independent of, becaus® determines the axes

of rotation whereas the (complex) eigenvalues depend on the amount of rotation. This is obvious from
the de nition R (r) = exp(Lr); the matrixP needs to (block) diagonalide then this is suf cient to
(block) diagonalisér, and the matrix is independent of .

Now suppose that; > 1. Recall that we have

NS e e
R(r)=exp  Lkrg= expLrg = R([r«); (34)
k=1 k=1 k=1
where we used the fact that the generatdxrpagﬁ;l commute (De nition 3.1)fR (rk)gﬁ;l must
also commute so are simultaneously diagonalisable, whereupon

c

R(r) = PRoPH][rk)P~ (35)
k=1 I
e '
=P RoPH[r]) P~ (36)
k=1
= PROPHr)P”: (37)
This concludes the proof. O

A.4 PROOF OFTHEOREM3.5

Proof. Note that it suf ces to show that the computationpf exp(C C” )z can be computed
in time O(dlog(d)) and memoryO(d) for a circulant matrixC, de ned by its rst row c. We will
leverage the fact that every circulant mat@ixcan be factorized as follows:

C = DFT diag(DFTc) DFT % (38)

for the Discrete Fourier Transform matid&T , and wherediag(v) stands for the diagonal matrix
with the main diagonal given by. Therefore we have the following:

p = exp(DFT (diag(DFTu )))DFT !z (39)

whereu = ¢t andt stands for the rst column o€. Here we leverage the fact that the transpose
of the circulant matrix is also circulant. Therefore, by leveraging Taylor series formuéxpomwe
get:

DFT exp(diag(DFTu ))DFT !z (40)
DFT diag(exp(DFTu ))DFT 1!z; (41)

whereexp in the last formula is computed element-wise. Note that matrix-vector product with
diagonal matrices can be trivially conducted in linear time. Thus the calculatipnaain be
conducted irD(d) memory andD(dlog(d)) time complexity via Fast Fourier Transform (FFT) (to
multiply with DFT matrices) and inverse FFT (iFFT) (to multiply with matrid@8T ). That
completes the proof. O

©
1

B ALOHA UNLEASHED SIMULATION TASKS

ALOHA leader robots are teleoperated in ALOHA simulation for data collection using an ALOHA
station, an Oculus VR headset and controllers (Zhao et al., 2024). The teleoperators are instructed to
perform the following tasks using this setup. See Figure 10 and Figure 11 for simulation renders of
the following 12 tasks.
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