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ABSTRACT

The generalization ability of machine learning models degrades significantly when
the test distribution shifts away from the training distribution. We investigate
the problem of training models that are robust to shifts caused by changes in
the distribution of class-priors or group-priors. The presence of skewed train-
ing priors can often lead to the models overfitting to spurious features. Un-
like existing methods, which optimize for either the worst or the average per-
formance over classes or groups, our work is motivated by the need for finer
control over the robustness properties of the model. We present an extremely
lightweight post-hoc approach that performs scaling adjustments to predictions
from a pre-trained model, with the goal of minimizing a distributionally robust
loss around a chosen target distribution. These adjustments are computed by
solving a constrained optimization problem on a validation set and applied to
the model during test time. Our constrained optimization objective is inspired
from a natural notion of robustness to controlled distribution shifts. Our method
comes with provable guarantees and empirically makes a strong case for distri-
butional robust post-hoc classifiers. An empirical implementation is available at
https://github.com/weijiaheng/Dropsk

1 INTRODUCTION

Distribution shift, a problem characterized by the shift of test distribution away from the training
distribution, deteriorates the generalizability of machine learning models and is a major challenge
for successfully deploying these models in the wild. We are specifically interested in distribution
shifts resulting from changes in marginal class priors or group priors from training to test. This is
often caused by a skewed distribution of classes or groups in the training data, and vanilla empirical
risk minimization (ERM) can lead to models overfitting to spurious features. These spurious features
seem to be predictive on the training data but do not generalize well to the test set. For example, the
background can act as a spurious feature for predicting the object of interest in images, e.g., camels
in a desert background, water-birds in water background (Sagawa et al., [2020).

Distributionally robust optimization (DRO) (Ben-Tal et al., [2013; [Duchi et al. 2016; Duchi &
Namkoong} [2018};Sagawa et al.L[2020) is a popular framework to address this problem which formu-
lates a robust optimization problem over class- or group-specific losses. The common metrics of in-
terest in the DRO methods are either the average accuracy or the worst accuracy over classes/groups
(Menon et al., 2021} Jitkrittum et al., 2022; Rosenfeld et al.,[2022; |Piratla et al.,[2022; |Sagawa et al.,
20205 Zhai et al., 2021 Xu et al., 2020; Kirichenko et al.,[2022). However, these metrics only cover
the two ends of the full spectrum of distribution shifts in the priors. We are instead motivated by the
need to measure the robustness of the model at various points on the spectrum of distribution shifts.

To this end, we consider applications where we are provided a target prior distribution (that could
either come from a practitioner or default to the uniform distribution), and would like to train a
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model that is robust to varying distribution shifts around this prior. Instead of taking the conven-
tional approach of optimizing for either the average accuracy or the worst-case accuracy, we seek
to maximize the minimum accuracy within a §-radius ball around the specified target distribution.
This strategy allows us to encourage generalization on a spectrum of controlled distribution shifts
governed by the parameter §. When 6 = 0, our objective is simply the average accuracy for the spec-
ified target priors, and when & — oo, it reduces to the model’s worst-case accuracy, thus providing
a natural way to interpolate between the two extreme goals of average and worst-case optimization.

To train a classifier that performs well on the prescribed distributionally robust objective, we propose
a fast and extremely lightweight post-hoc method that learns scaling adjustments to predictions from
a pre-trained model. These adjustments are computed by solving a constrained optimization problem
on a validation set, and then applied to the model during evaluation time. A key advantage of our
method is that it is able to reuse the same pretrained model for different robustness requirements by
simply scaling the model predictions. This is contrast to several existing DRO methods that train
all model parameters using the robust optimization loss (Sagawa et al., 2020; |Piratla et al.|, [2022)),
which requires group annotations for the training data and requires careful regularization to make it
work with overparameterized models (Sagawa et al.| [2020). On the other hand, our approach only
needs group annotations for a smaller held-out set and works by only scaling the model predictions
of a pre-trained model at test time. Our method also comes with provable convergence guarantees.
We apply our method on standard benchmarks for class imbalance and group DRO, and show that
it compares favorably to the existing methods when evaluated on a range of distribution shifts away
from the target prior distribution.

2 BACKGROUND

We are primarily interested in two specific prior shifts for distributional robustness of classifiers. In
this section, we briefly introduce the problem setting of the two prior shifts and set the notation.

Class-Level Prior Shifts. We are interested in a multi-class classification problem with instance
space X and output space [m] = {1,...,m}. Let D denote the underlying data distribution over
X x [m], the random variables of instance X and label Y satisfy that (X,Y") ~ D . We define the
conditional-class probability as n,(z) = P(Y = y|X = z) and the class priors 7, = P(Y = y),
note that m, = E [, (2)] . Weuse v = [-L, ..., -L] to denote the uniform prior over m classes.

Our goal is then to learn a multi-class classifier » : X — [m] that maps an instance z € X to one
of m classes. We will do so by first learning a scoring function f : X — A, that estimates the
conditional-class probability for a given instance, and construct the classifier by predicting the class
with the highest score: h(x) = argmaxc,, fj(z). We measure the performance of a scoring
function using a loss function £ : [m] x A,, — R and measure the per-class loss using ¢;(f) :=
E[¢(y, f(x)) [y = il.

Let {(z;,y;)}_; be a set of training data samples. The empirical estimate of training set prior is
Fi= 130 jein) 1(y; = @) where 1(-) is the indicator function. In class prior shift, the class prior
probabilities at test time shift away from 7. A special case of such class-level prior shifts includes
class-imbalanced learning (Lin et al., 2017; |Cu1 et al.| 2019; [Cao et al., 2019; Ren et al.| 2020;
Menon et al.| [2021) where 7 is a long-tailed distribution while the class prior at test time is usually
chosen to be the uniform distribution. Regular ERM tends to focus more on the majority classes
at the expense of ignoring the loss of the minority classes. Recent work (Menon et al.l 2021) uses
temperature-scaled logit adjustment with training class priors to adapt the model for average class
accuracy. Our method also applies post-hoc adjustments to model probabilities, but our goal differs
from (Menon et al.|[2021)) as we care for varying distribution shifts around the uniform prior and the
scaling adjustments are learned using a held-out set to optimize for a constrained robust loss.

Group-Level Prior Shifts. The notion of groups arises when each data point (z, y) is associated
with some attribute a € A that is spuriously correlated with the label. This is used to form m = |A|x
|Y'| groups as the cross-product of | A| attributes and |Y'| classes. The data distribution D is taken to
be a mixture of m groups with mixture prior probabilities 7, and each group-conditional distribution
given by D;, j € [m]. In this scenario, we have n training samples {(z;,y;)}/—; drawn i.i.d. from
D, with empirical group prior probabilities 7. For skewed group-prior probabilities 7, regular ERM
is vulnerable to spurious correlations between the attributes and labels, and the accuracy degrades
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when the test data comes from a shifted group prior (e.g., balanced groups). Domain-aware methods
typically assume that the attributes are available for the training examples and optimize for the worst
or average group loss (Sagawa et al.l [2020; |Piratla et al., |2022). However, recent work (Rosenfeld
et al.| 2022 Kirichenko et al.||2022) has observed that ERM on skewed group priors is able to learn
core features (in addition to spurious features), and training a linear classifier on top of ERM learned
features with a small balanced held-out set works quite well. Our proposed method is aligned with
this recent line of work in assuming access to only a small held-out set with group annotations.
However, we differ in two aspects: (i) Our method is more lightweight and works by only scaling
the model predictions post-hoc during test time, (ii) The scaling adjustments are learned to allow
more control over the desired robustness properties than implicitly targeting the worst or average
accuracies as in (Kirichenko et al., [2022).

Evaluation Metrics under Prior Shifts. Typical evaluation metrics used under prior shifts are:

e Mean: This evaluation metric assigns uniform weights for each class or group, measuring the
average class- or group-level test accuracy.

e Worst: This evaluation metric measures the performance on the worst class or group, and fails to
examine the effectiveness of proposed methods on the remaining classes.

e Stratified: To overcome the issue of worst-case metric, stratified metrics are sometimes used that
divide the classes into three strata and report average accuracy in each stratum, specifically (i)
Head: average accuracy on subsets of classes that contain more than a specified number (e.g.,
100) of training samples; (ii) Torso: average accuracy on classes that contain, e.g., 20 to 100
samples; (iii) Tail: average accuracy on tail classes.

The mean and worst metrics are limited in that they probe the model robustness only on the two ends
of the full spectrum. The stratified metric looks into three strata of classes, but the design of strata
is more heuristic and doesn’t allow for a principled interpolation between mean and worst metrics.

3 DISTRIBUTIONAL ROBUSTNESS OBJECTIVE UNDER PRIOR SHIFTS

We assume that we are given a target prior distribution (that could either come from a practitioner
or default to the uniform distribution), and our goal is to train a model that is robust to varying
distribution shifts around this prior. To this end, we consider an objective that naturally captures this
goal and is based on the weighted sum of class-level (or group-level) performances on the test data,
e,y e[m] 9iAACCs, where Acc; indicates the accuracy of the class/group ¢:

d-worst accuracy: min Z giAcc;, s.t. D(g,r) <9d. (1)
ISTAV
i€[m]

Here A,,, denotes the (m — 1)-dimensional probability simplex and r € A,,, is a specified reference
(or target) distribution. The d-worst accuracy seeks the worst-case g-weighted performance with the
weights constrained to lie within the §-radius ball (defined by the divergence D : A,,, x A,, = R)
around the target distribution r. For uniform distribution » = u and any choice of divergence D,
it reduces to the mean accuracy for 6 = 0 and the worst accuracy for § — oco. The objective
interpolates between these two extremes for other values of § and captures our goal of optimizing
for variations around target priors instead of more conventional objectives of optimizing for either
the average accuracy at the target prior or the worst-case accuracy. The divergence constraint in
the d-worst objective is convex in g for several divergence functions (e.g., f- dlvergence Bregman
dlvergence) and allows for efficient measurement as well (if the per-class accuracies are known)
using standard packages such as CVXPY (Diamond & Boyd, [2016).

4 ROBUST POST-HOC CLASSIFIERS UNDER CLASS PRIOR SHIFTS

In this section, we propose a Distributionally RObust PoSt-hoc method, DROPS, which enables
the reuse of a pre-trained model for different robustness requirements by simply scaling the model
predictions. In alignment with the earlier §-worst objective, we aim to learn a classifier h with
scoring function f as follows:

Goal:  min ~ max Z 9i Pxjy=i(f(X) #Y), st. D(g,r) <96. 2)
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4.1 BAYES-OPTIMAL SCORER

Recall that we measure the performance of a scoring function using a loss function ¢ : [m] x A,,, —
Ry, and the per-class loss using ¢;(f) := E [{(y, f(z)) |y = ¢]. To facilitate theoretical analysis,
we consider the scenario where the target distribution 7 is the uniform prior v = [-L, ... L] We
are then interested in minimizing the following robust objective optimization:

i DIRLGEO) = iy e ;gi G(f), 3

where G(6) = {g € A,,, | D(g,u) < §} for some ¢ > 0 and divergence function D : A, x A, —
R, . We first derive the Bayes-optimal solution to the learning problem in equation

Theorem 1 (Bayes-Optimal scorer). Suppose £(y, z) is a proper loss that is convex in its second
argument and D(g,-) is convex in g. Let 6 > 0 be such that G(0) is non-empty. The optimal
solution to equation|3|takes the following form for some g* € G(9):

9y

Ty

fy () oc == -y ().
The proof is provided in Appendix[A.T|and would use in its intermediate step, the following standard
result for cost-sensitive learning:

Lemma 2. Suppose {(y, z) is a proper loss and £;(f) = E[l(y, f(x)) |y = i]. For any fixed g €
A,,, the following is the minimizer to the objective Z:r;l gi + Li(f) over all measurable functions

frd = D fo(x) o< 24y ().

4.2 PosT-HOC APPROACH

Given a pre-trained model 77 : X — A,, that estimates the conditional-class probability function
1, we seek to approximate the Bayes-optimal classifier. To do so, we write the Lagrangian form of
equationas: L(f,9,2) => " 9i-li(f)—A(D(g, u)—5). We next show the optimization w.r.t. the
Lagrangian form has the following equivalent unconstrained problem, as specified in Proposition I}

i in £ ). 4
;. pin - max min £(f, g,A) “)

Proposition 1. The equivalence of two optimization tasks:

i DRL(f:6 = i in £ A).
;. nin  DRL(f39) pinin - max min L(f, g, A)

To understand why the above two optimization tasks are equivalent, we point out that if the constraint
is violated, then the minimizer over A would yield an unbounded objective. The maximizer over g,
as a result, will always choose a g that satisfies the constraint.

Build upon Proposition [I] one can then solve the equivalent min-max problem by alternating be-
tween a gradient-descent update on A, an Exponentiated Gradient (EG)-ascent update (Kivinen &

Warmuthl 1997) on g, and a full minimization over f: mins.x—a,, > v, gi-¢i(f), the optimal solu-

tion for which is given from Lemmaby fo(x) oc £ .py (). Thus, for the pre-trained model 7, we

, v
propose to make post-hoc adjustments over 7) to make the classifiers more robust to prior shifts. We
construct the “post-shifted” classifier by predicting the class with the “post-shifted” highest score

for each x:

DROPS: h(z) € argmax % - fi(z) -

i€m] T

Intuitively, model prediction of class ¢ is up-scaled if the class ¢ is assigned with a large weight g;,
or is of a small prior 7;.

An Empirical Alternative. Given a sample x, the “post-shifted” classifier takes the form h(z) €

argmax; ¢, 7977 - f;(z). The softmax activation function then maps the per-class mode prediction
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logit, denoted by Logit;(x), into the corresponding probability. Specifically, for i € [m], we have

77(1’) _ exp(Logiti(a:A)) )
’ > je[m) exp(Logit; (z))

adjustment approach where, given a sample x, for fixed class weights ;"r—: we have:

Thus, an empirical alternative of the proposed DROPS is a logit-

DROPS: h(x) € argmax “fly(z) < h(z) € argmax,(,, Logit, (z) + log(g—y) .

9y
y€[m] 7y ”

4.3 CONVERGENCE OF POST-HOC CLASSIFIER

In practice, we only have access to an empirical estimate of the Lagrangian form computed using a
validation set S = {(Z1,91), .- -, (Tn, Un) }:

L(f.9,)) Zgz i(f) = MD(g,u) = 5), (5)

where /; = %Z(x’y)e&yziﬁ(y,f(x)) and #; = L|{(z,y) € S : y = i}|. We can then approx-
imately solve the saddle-point problem in equation [Z_f] by repeating the following three steps for T’
number of iterations:

Step 1: updating \(), Given the step size 17y > 0, we perform gradient updates on \ through:
AEFD = XD —p wL(F0, gD, ND) = XD — 9y (6 = D(gD,w)) .

For KL divergence, the updated A\(**1) amounts to A(+1) « XB) — 5y (6 — 3" g; ) log(% )) We

can clip \ if the update falls out of the desired range: \(*t1) clipg gy (A — (6 — D(g, u)))
for some R > 0.

Step 2: updating ¢(*). Given the step size 1y > 0, we perform gradient updates on g through:
g = g exp (g - Vo L7090 AD) )

To obtain the updates for g, we consider the fixed \(¥) € R, and adopt a simplified version as

g ;- exp (@i(f(t))/)\(t))> empirically.

Step 3: scaling the predictions. In this step, we apply the post-hoc shifts on the classifier’s

(t+1)
prediction through flstH)(a:) x

g“’w— - iy(x), in which we use the pre-trained estimate 7 of the
conditional-class probabilities.

The final scorer returned is an average of scorers from each iteration: f(z) = % Z;‘F:l fO(x)

We now provide a convergence guarantee for this procedure. For a fixed pre-trained model 7 : X —
A,,, we denote the class of post-hoc adjusted functions derived from it by

]:—{f H(Z]ﬁjﬁ](l)”zjﬂjﬁ](x)> |6€Am}7

and we let | F| denote a measure of complexity of this function class.

Theorem 3. Fix § > 0. Suppose {(y, z) be a proper loss that is convex and Ly-Lipschitz in its second
argument, and {(y, z) < By, for some By > 0. Suppose D(g,u) < Bp, for some BD > 0, and D is
convex and L p-Lipschitz in its first argument. Furthermore, suppose maXye(m] — < Z, for some

Z > 0. Then when n > 8Zlog(2m/«), and we set T = O(n), R = QBZZ/(;, 7})\ =5 \f and
Ny = 35 Z}r s\ logflm), we have with probability at least 1 — o over draw of validation sample

S ~ D", the classifier returned f(z) = + Zthl f®(z) satisfies:

X—A, n

DRL(f:6) < min DRL(f3d) + o( BV 4 B, i) n(x)ll]) .
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The proof is provided in Appendix The complexity measure | F| can be further bounded using,
for example, standard covering number arguments (Shalev-Shwartz & Ben-David, 2014). Notice
that the convergence to the optimal classifier is bounded by two terms: the first is a sample complex-
ity term that goes to 0 as the number of validation samples n — oo; the second term measures how
well the pre-trained model 1) is calibrated, i.e., how well its scores match the underlying conditional-
class probabilities.

4.4 ROBUST POST-HOC CLASSIFIERS UNDER GROUP PRIOR SHIFTS

We now introduce the variant of our approach to address group prior shifts. We are interested in the
performance of the trained classifiers with additional attribute information available in a held-out
validation set. Note that the settings of class and group prior shifts differ in the knowledge of group
information at validation and test time. Thus, the first variant of DROPS under group prior shifts is
the same as the class prior setting: DROPS completely ignores the per-example group information
and post-shifts the model predictions using only class labels. We consider another variant where we
have access to the attribute information during both validation and test. This scenario can actually
arise in practice when the attribute information is readily available for test examples, such as device
or sensor type in the case of data coming from different devices/sensors. In this case, the attribute-
specific class priors take the form of 7, ; = P(y = i|a). DROPS can be naturally adapted to this
setting by learning multiple sets of scaling adjustments, one for each attribute type, and using the
scaling adjustment corresponding to the attribute of the test example at prediction time. We provide
the discussion, and the form of the Bayes-optimal classifier for this setting in Appendix

5 RELATED WORK

Class-Imbalanced Learning. = Most work in class-imbalanced learning is typically interested
in generalizing on a uniform class prior when the training data has a skewed or imbalanced class
prior. Existing solutions to the class imbalanced learning problem could be categorized into three
major lines: (1) Information augmentation methods, which make use of additional information such
as open set data (Wei et al., 2021), adopt a transfer learning approach to enrich the representation
on the tail classes (Liu et al.| 2020; |Yin et al., 2019), or use advanced data-augmentation tech-
niques (Perez & Wang| 2017} Shorten & Khoshgoftaar, [2019); (2) Module improvement methods,
i.e., the decoupled training on the head/tail classes (Kang et al.l 2019} (Chu et al., 2020; [Zhong
et al.,|2021), or through an ensemble way to make use of multiple networks with different exper-
tise/concentration (Zhou et al., 2020} |Guo & Wang} [2021;|Wang et al.|[2020); (3) The most related to
our work are the class re-balancing based methods, which mitigate the impact of class-imbalanced
data by adjusting the logits using the class prior (Menon et al.l [2021), or align the distributions of
the model prediction and a set of balanced validation set (Zhang et al., 2021b), or modify the loss
values by referring to the label frequency (Ren et al., 2020), sample influence (Park et al., 2021},
among many other robust loss designs (Amid et al., 2019; |Wei & Liul 2021} [Zhu et al., 2021) and
re-weighting schemes (Kumar & Amid, 2021} |Cheng et al., [2021; Wei et al.| [2022). Label shift
is a related problem setting where the training class prior is not so imbalanced but the class prior
shifts during test time with p(z|y) staying the same, and the goal is to mitigate the effect of this shift
(Lipton et al.} | 2018;|Azizzadenesheli et al.,|2019; |Alexandari et al.,|2020). However, our goal differs
from these methods as we are primarily interested in generalization at worst case variations around
the target distribution.

Group Distributional Robustness. It has been observed that classifiers learned with regular
ERM are vulnerable to spurious correlations between the attributes and labels, and tend to perform
worse when the test data comes from a shifted group prior. Most methods for group distributional
robustness are interested in the average or worst group performance. Several prior works utilize
the group information at the training time (Sagawa et al.| 2020; [Piratla et al., |2022)). Recent works
consider a more practical setting where the classifier does not have access to the group information
at the training time, i.e.., data re-balancing (Idrissi et al.| [2022)) or re-weighting high loss examples
(Liu et al.l 2021), or logit-correction (Liu et al., 2023), vision transformer (ViT) models (Ghosal
et al.|2022)). It was also observed recently that ERM is able to learn features that can be reused for
group robustness by training a linear classifier using a balanced held-out set (Kirichenko et al., 2022
Rosenfeld et al., [2022). Most relevant to us is AdvShift (Zhang et al., 2021a), which mitigates the
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impact of label shifts by optimizing a distributionally robust objective function with respect to the
model parameters. Out work is in similar vein in assuming access to only a held-out set with group
annotations, however our method is more lightweight and allows to optimize for varying worst-
case perturbations around the target distribution of interest using only post-hoc scaling of model
predictions. Other related work includes CGD (Piratla et al., 2022) that proposes a learning paradigm
for optimizing the average group accuracy, and Invariant risk minimization (IRM) (Arjovsky et al.,
2019;|Ahuja et al., [2020) that aims to learn core features using data from multiple environments for
mitigating the spurious correlations.

6 EXPERIMENTS

In this section, we empirically demonstrate the effectiveness of our proposed method DROPS, for
the tasks of class-imbalanced learning and group distributional robustness.

6.1 EXPERIMENTS ON CLASS-IMBALANCED LEARNING

We consider the class-imbalanced task to illustrate the robustness of DROPS under class prior shifts.
For CIFAR-10, and CIFAR-100 datasets, we down-sample the number of samples for each class to
simulate the class-imbalance as done in earlier works (Cui et al.,[2019; |Cao et al.,|2019). We define
the imbalance ratio as p := % and experiment with p € [10, 50, 100].

To demonstrate the effectiveness of DROPS, we compare the performance of our proposed method
with several popular class-imbalanced learning approaches, including: Cross-Entropy (CE) loss,
Focal Loss (Lin et al., 2017), Class-Balanced (CB) loss (Cui et al.| 2019), LDAM (Cao et al.}[2019),
Balanced-Softmax (Ren et al., 2020), Logit-adjustment (Menon et al.,|[2021)), and AdvShift (Zhang
et al} [2021a) on the original test data. All methods are trained with the same architecture (PreAct-
ResNet 18 (He et al., 2016)) with 5 random seeds, same data augmentation techniques, the same
SGD optimizer with a momentum of 0.9 with Nesterov acceleration. All methods share the same
initial learning rate of 0.1 and a piece-wise constant learning rate schedule of [1072,1073,10~*] at
[30, 80, 110] epochs, respectively. We use a batch size of 128 for all methods and train the model for
140 epochs. A balanced held-out validation set is utilized for hyper-parameter tuning. All baseline
models are picked by referring to the § = 1.0-worst case performances on the validation set, which
is made up of the last 10% of the original CIFAR training dataset. DROPS obtains the optimal
post-hoc shifts under a variety of dy.;, parameters, which is the perturbation hyper-parameter ¢ in
the Lagrangian of equation 4} We take the divergence D to be the KL-divergence.

Performances Comparisons on the Generic j-Worst Case Accuracy.  Experiment results in
Table [T] demonstrate that DROPS can not only give promising performance under the reported
d-worst case accuracy (for § = 1.0), it also outperforms other methods in the worst case accuracy,
and remains competitive on the mean accuracy as well (performs best on the CIFAR-10 setting).

To further investigate the robustness of each method under different level of prior shifts, we visualize
the performance of each method under a list of 4 within the §-worst case accuracy. For the uniform
distribution r = u, the ¢ values recover both the mean accuracy (with § = 0) and the worst accuracy
(for large enough §), and interpolates between these two metrics for other values of §. For DROPS,
we train using dyain € [0.5,1.0,1.5,2.0] (CIFAR-10) and dyain € [0.5,1.0,2.0,3.0,4.0] (CIFAR-
100) with KL-divergence while evaluating for the aforementioned range of ey values. We also
evaluate using Reverse-KL divergence to examine the behavior under a different divergence function
from that used in learning the scaling adjustments with DROPS. Figure (1| illustrates the robustness
and effectiveness of our proposed DROPS method: specifically, in each sub-figure of Figure[l] the
z-axis indicates the value of 9, and the y-axis denotes the corresponding §-worse case accuracy.
For experiment results on CIFAR-10 datasets (1st row), the curves of DROPS under different dyin
are consistently higher than the other baselines, indicating that with the increasing of perturbation
level of the distribution shifts (from left to right in each sub-figure), DROPS is more robust to the
distribution shift. As for CIFAR-100 dataset, we do observe that optimizing for the controlled worst
case performance may lead to a trade-off in the worst case accuracy and averaged test accuracy, i.e.,
Logit-Adj is more competitive than DROPS in the measure of the averaged accuracy, while DROPS
still suffers less from the increase of perturbation level.
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Table 1: Performance comparisons on class-imbalanced CIFAR datasets: mean =+ std of
averaged class accuracy, § = 1.0-worst case accuracy, and worst class accuracy of 5 runs are re-
ported. Best performed methods (corresponds to the averaged accuracy of S runs) in each setting
are highlighted in purple. And we defer the paired student t-test between each baseline method and
DROPS in Appendix (Table[d), to demonstrate the robustness of DROPS.

Method CIFAR-10 (Averaged) CIFAR-100 (Averaged)
p=10 p =50 p =100 p=10 p =50 p =100

Cross Entropy 86.51+£0.17 75.74+0.97 69.28+0.94 | 55.59+0.50 43.39+0.76 37.96+0.27
Focal 75.344+4.65 58.55+3.34 46.23+2.11 | 51.52+0.93 32.68+0.75 26.53+0.74
LDAM 86.63+0.33  76.004+0.78 68.81+1.01 | 55.424+0.67 43.03+0.68 38.35+0.63
Balanced-Softmax | 87.18+0.24 78.76+£0.44 35.554+0.35 | 56.37+0.54 45.10+0.51 41.21+0.23
AdvShift 86.33+£0.21 74.744+0.54 69.41+0.83 | 55.384+0.47 42.71+0.96 38.444+0.58
Logit-Adjust 89.01+£0.30 82.60+0.32 77.49+0.41 | 59.18+0.30 47.19+1.33 43.03+0.94

Logit-Adj (post-hoc) | 88.984+0.29 82.48+0.75 77.94£0.50 | 59.33£0.51 47.77£1.49 43.68+1.08
DROPS (0 =0.9) | 89.174+0.24 83.12+0.45 80.15+0.50 | 59.69+0.39 47.83+0.80 43.20£0.78

Method CIFAR-10 (6 = 1.0-worst case acc) CIFAR-100 () = 1.0-worst case acc)

p=10 p =50 p =100 p=10 p =50 p =100

Cross Entropy 79.98+0.13  59.48+1.75 43.304+3.63 | 27.06+£0.53 11.24+0.97  6.52+0.18
Focal 64.96+5.67 43.04+5.05 30.4643.13 | 23.62+1.19  6.32+0.57 3.4240.24
LDAM 79.684+0.61  59.584+3.06 42.94+2.42 | 27.44+1.56 11.26+0.60 6.62+0.71
Balanced-Softmax 80.72+0.51 68.34+0.55 24.10+0.33 | 30.36+0.81 17.06+0.47 12.00+0.52
AdvShift 80.70+0.43 60.364+0.90 48.18+£1.91 | 29.37+0.94 14.65+0.62 10.71£0.82
Logit-Adjust 82.18+0.46 73.504+1.09 63.62+£1.70 | 28.02+1.83 15.86+1.26 11.66£1.40

Logit-Adj (post-hoc) | 82.524+0.47 73.84+1.69 64.54+1.33 | 33.46+£1.26 17.96+1.08 14.344+0.53
DROPS (6 =0.9) | 86.20+0.34 79.40£0.57 75.46+0.44 | 44.96+£0.52 30.12+0.66 25.5840.50

CIFAR-10 (Worst) CIFAR-100 (Worst)

Method p=10 p =50 p =100 p=10 p =50 p =100
Cross Entropy 78294086 553214358 36004611 | 9.794257  1.384091  0.000.00
Focal 63.69£5.99 40.7314.98 28.16+3.94 | 8.65+3.58  0.0040.00  0.00-:0.00
LDAM 76.874£0.99 56.5743.18 35994272 | 10.574£2.65 1.8241.16  0.27-0.50
Balanced-Softmax | 78.86£0.84 67.11:4£0.98 22.63£0.29 | 16.174£3.85 6.05+£2.24  2.58+£1.42
AdvShift 79.60£0.93 57.71£1.60 44.7042.49 | 13.384£2.36  3.18+1.29  2.05+£1.32
Logit-Adjust 80.54+£1.11 71.24+1.72 61.1842.07 | 15.994£3.52 544+131  1.87+£1.21

Logit-Adj (post-hoc) | 81.41+£1.24 72.00+£1.72 63.16+2.43 | 16.21+£3.93 447+1.71 3.391+1.46
DROPS (6 =0.9) | 82.22+1.30 76.33£0.89 71.62+1.34 | 2598+3.95 11.65+3.05 8.61+£2.22

CIFAR-10, p=100 CIFAR-10, p=100
08 —— Cross Entropy 08 \:;;‘h —— Cross Entropy
o o T TV P Balanced Soft-Max o e N N Balanced Soft-Max
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206 —— Logit-Adj(Post-hoc) 806 \ —— Logit-Adj(Post-hoc)
8 —+— DROPS (6train=0.5) & \ —+— DROPS (8train = 0.5)
Bos —+— DROPS (byrain=0.6) £ °° ~—+— DROPS (birain = 0.6)
=3 o
S DROPS (6irain=07) = 44 DROPS (6¢rain = 0.7)
© —+— DROPS (6¢1ain =0.9) @ —+— DROPS (8¢rain = 0.9)
03 03

os 10 15 20 0 2 4 3 s 10
6 (KL divergence) & (Reverse-KL divergence)
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—+— DROPS (8train = 1.1) —+— DROPS (6¢rain = 1.1)
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Figure 1: Performance/Robustness of methods under different perturbation §-worst case accuracy.
(1st row: CIFAR-10 with imbalance ratio p = 100, adopt the KL-divergence measure (left) and
Reverse-KL divergence (right) for the §-worst case accuracy calculation; 2nd row: CIFAR-100 with
imbalance ratio p = 100, adopt the KL-divergence measure (left) and Reverse-KL divergence (right)
for the §-worst case accuracy calculation.)

6.2 EXPERIMENTS ON GROUP ROBUSTNESS TASKS

We consider the group robustness tasks to show the robustness of DROPS under group prior shifts.
For waterbirds and CelebA datasets, we obtain the datasets as described in (Sagawa et al., 2020).

We compare the performance of our proposed method with several popular group-Dro approaches,
i.e., Just-train-twice (JTT) (Liu et al., [2021)), Group Distributional Robustness (G-DRO) (Sagawa
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et al.l 2020), data balancing strategies (SUBG) (Idrissi et al., |2021), last-layer re-training (DFR)
(Kirichenko et al., [2022)). Among the baseline methods, ERM, JTT, G-DRO, and SUBG are trained
with the same architecture (ResNet 50 (He et al.l 2016)) for 5 runs, the base model for DFR and
our approach DROPS also used the same ERM pre-trained model. Note that the knowledge require-
ment over group information and validation set differs among the reported methods, we clarify the
differences in the column “Group Info” of Table 2]

As for the performance of DROPS in the group DRO datasets, since there are only two classes
within the two datasets, we define a single post-hoc scalar as w, which is considered to be a hyper-
parameter by scaling the classifier’s prediction on class 1. Note that the spurious features (minority
groups among each class) tend to have a significant impact on the ERM performances by referring
to the imbalanced group distribution. We use DROPS to learn post-doc corrections for both ERM
trained model and for the DFR (Kirichenko et al. [2022) model that additionally retrains the last
layer of the ERM-trained model with a balanced held-out set. We refer to the post-hoc corrected
DFR as DROPS* in the result tables.

Performance Comparisons on various J-Worst Accuracies. Post-hoc scaling on the ERM model
(referred as DROPS in Table [2) improves the robustness of the model as measured at various ¢
values (including § = 0 and § — oo). DROPS also outperforms JTT on the CelebA dataset. When
applying post-hoc scaling to a better pre-trained model, i.e., with DFR (Kirichenko et al.| 2022)
that re-trains the last layer on the validation set, DROPS* outperforms all baseline methods in most
settings, with the performance improvement especially clear on the CelebA dataset.

Table 2: Performance comparisons on Waterbirds and CelebA: averaged accuracy with training prior
weight and uniform weight, d-worst accuracy for several § perturbations, and worst group-level test
accuracy are reported. The Group Info column indicates whether the group labels are available to
the methods on train/validation sets. The symbol v'v'means the method also re-trains the last layer
on the validation set (w/o needing the group information for training).

Method Group Info  (Train prior) Waterbirds (r — uniform prior)
Train  Val | Averaged | Averaged 6 =0.05-Worst 6 =0.1-Worst 0 = 0.2-Worst 0 = 0.5-Worst Worst
ERM X v 98.08+0.20 | 88.09£0.90 84.31+1.24 82.71+1.41 80.51+£1.68 76.65+£2.25 70.65+3.32
JTT X v 93.05+0.36 | 89.56+0.69 88.59+0.74 88.244+0.75 87.81+0.77 87.13+0.85 86.18+1.08
DROPS X v 97.95+0.16 | 88.55+1.15 85.50+1.51 84.33+1.64 82.81+1.79 80.41+2.00 77.14£2.15
G-DRO v v 93.03+0.34 | 91.67£0.22 91.23+0.33 91.06£0.34 90.83+0.40 90.44£0.52 89.85+0.73
SUBG v 4 91.97+0.50 | 90.05+0.44 89.46+£0.40 89.244+0.39 88.98+0.40 88.59+0.49 88.12+0.76
DERT! v v | 95.83+0.94 | 93.45+0.49 92.77+0.48 92.5140.51 92.16+0.55 91.584+0.67  90.72+0.91
DFRY! X vV | 93.17+1.30 | 93.294+0.80 92.98+0.84 92.86+0.85 92.70+0.87 92.424+0.88  92.01+0.88
DROPS* X vV | 93.01+1.32 | 93.424+0.61 93.08+0.81 92.98+0.90 92.76+£1.02 92.45+1.23  91.99£1.56
Method Gr(?up Info (Train prior) i CelebA (r — uniform prior)
Train  Val | Averaged | Averaged & =0.05-Worst 4§ =0.1-Worst § = 0.2-Worst § = 0.5-Worst Worst
ERM X v | 9533+0.12 | 81.18£1.60 73.78+2.36 70.53+2.69 65.97£3.15 57.82£3.98  44.89+5.30
JTT X v | 87.78+£0.73 | 85.04£1.05 83.34+1.35 82.89+1.49 82.35£1.71 81.51£2.12  79.71+£2.85
DROPS X v ] 90.67+0.76 | 89.05+0.88 86.80+1.34 85.89+1.55 84.67+1.88 82.59+2.50  79.44+3.58
G-DRO 4 v ] 92.59+0.87 | 90.95+0.52 90.18+0.46 89.89+0.43 89.5310.37 88.97+0.26  88.21+0.17
SUBG v v | 91.09+0.62 | 88.75+0.34 87.6940.31 87.27+0.41 86.7240.73 85.80+0.29  84.454+0.28
DFR% v v 90.36+0.64 | 89.25+0.73 87.30+0.97 86.53+1.09 85.50+1.26 83.77+1.63 81.22+2.31
DFR\T/';11 X Vv | 90.90£0.79 | 91.13+£0.40 90.32+0.54 90.02+0.58 89.64+0.65 89.05+0.77 88.25+1.03
DROPS* X Vv | 95.69+£0.41 | 93.59+0.36 92.64+0.46 92.28+0.51 91.82+0.58 91.10+0.68 90.19+0.81

7 CONCLUSIONS

We study the problem of improving the the distributional robustness of a pre-trained model under
controlled distribution shifts. We propose DROPS, a fast and lightweight post-hoc method that
learns scaling adjustments to predictions from a pre-trained model. DROPS learns the adjustments
by solving a constrained optimization problem on a held-out validation set, and then applies these
adjustments to the model predictions during evaluation time. DROPS is able to reuse the same pre-
trained model for different robustness requirements by simply scaling the model predictions. For
group robustness tasks, our approach only needs group annotations for a smaller held-out set. We
also showed provable convergence guarantees for our method. Experimental results on standard
benchmarks for class imbalance (CIFAR-10, CIFAR-100) and group DRO (Waterbirds, CelebA)
demonstrate the effectiveness and robustness of DROPS when evaluated on a range of distribution
shifts away from the target prior distribution.
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A PROOFS

A.1 PROOF OF THEOREM[I]

The proof is adaptation of a similar result in[Wang et al.| (2022). We first prove Lemma 2]

Proof of Lemmal[2] We first expand the objective:
i ) = Y g Byt [0 S @))] = Y0 2 B [i(0) - 6, (@)
i=1 i=1 i=1 "'

Given that £ is a proper loss, we have that the minimizer of this objective takes the form:

gi
2 ni(z)
fi (LL') = T g5 .
S S ()
O
We are now ready to prove Theorem [I]
Proof of Theorem[I} The min-max problem in equation [3|can be expanded as:
. . % Gy
DRL(f;46) = =.E s . 6
pipin DRL(f39) =  min = max 2, [y () - £y, f(2))] ©)

w(g,f)

Note that the objective w(g, f) is clearly linear in ¢ (for fixed f), and with ¢ chosen to be convex
in f(l‘) (fOI' fixed g)’ i'e°’ w(ga"ﬁ"fl + (1 - ’%)fQ) < K‘w(gvfl) + (1 - H)W(g,f2)7 vflan X =
A,k € [0,1]. Furthermore, given that divergence D(g,-) is convex in g, we have that G(4) is
a convex compact set, while the domain of f is convex. It follows from Sion’s minimax theorem
(S10n, |1958)) that:

. _ . . .
papn - max w(g, f) Jna | nin w(g, f) (7

Let (g*, f*) be such that:

f* € argmin DRL(f; ) = argmin max w(g, f);
FiX =D Fi XA, 9€G(3)

" .
g* € argmax min  w(g, f).
g€G(8) [ X—=A,, ’

Such an f* exists because DRL(f; ) takes a bounded value when f = 7, and any minimizer
of DRL(f; ) yields a value below that; because DRL(f;d) > 0 and is convex in f, such a
minimizer exits. Similarly, g* also exists because G(J) is a compact set, and for any fixed g,
ming.xa,, w(g, f) is bounded above (owing to the existence of a minimizer from Lemma [2)).

We now show that (g*, f*) is a saddle-point for equation@ ie.,

w(g™, f ):;&?(’E) w(g, [*) = ;o nin w(g™, f) (®)

To see this, notice that:

w(g®, f*) < max w(g, f*)

g€G(9)
= i a »JJ) = ma i )
pRin  max w(g.f) = max min w(g.f)
_ . * < * *
PR, S T) S T,

where we are able to swap the min and max in the second step using equation
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We thus from equationthat f* is a minimizer of w(g*, f), i.e.,

m *

fre ﬁg{ginirt; ) [y () - £(y, f())]

Following Lemma 2] we further have that for any z € X
" 9y
f1(@) o 2y ().

Y

A.2 PROOF OF PROPOSITION[]]

Proof. Now we prove the equivalence of two optimization tasks:

nin DRL(f;0) <= min max min L(f,g, ).

”—" Remember that

,fnin DRL(f;9) = min max. ; g9i - Gi(f),

we firstly show that any (f*, g*) given by (L.H.S) yields the optimum of the equation(R.H.S), for
some A\*. Note that for any f, g € G(¢), for any g such that D(g,r) < 4, we have:

min  max Z gili(f) > Z gibi(f).

F:X =0y, geG(d) ic[ml i€[m]

Plugging f*, g* into the R.H.S, we then have:
L5950 = D giti(f*) = X(D(g", 1) = 6).
1€[m]

Since D(g*,r) < 6, 3A* € R4 such that the optimization task \* = argmin,cp, L£(f*, g%, ).
To show (f*, g*, \*) returns the optimum of the R.H.S, we prove by contradiction and assume that
there exists f’, g’, A" such that: L(f’, ¢, \) < L(f*, g*, A*). This indicates that:

(Z giti(f') — Zg%(f*)> = (XN(D(g',r) = 0) = A" (D(g",7) = 6)) <0
= Z gili(f) — Z gil:(f*) <. (Due to Complementary Slackness Condition)
This contradicts with the fact that . g5¢;(f') > >, g;¢;(f*). Thus, (f*, g*, \*) returns the opti-
mum of R.H.S.

2" 2
—

We next prove that any (f*, g*, A\*) given by R.H.S yields the optimum in L.H.S. Due to Comple-
mentary Slackness Condition, we have: A* (D(g*,r) — d) = 0. Note that \* € R, we then have
D(g*,r) — 0 = 0 and the constraint in L.H.S is satisfied. Thus, we have: RH.S = >, ¢:(;(f*).
Again, if there exists ¢, f/ such that the L.H.S is minimized, where ¢’ # ¢g*, f' # f*, we then have
(¢', f', N = 0) which satisfies: L(f",¢',\') < L(f*,g*, \*), which contradicts with the argmin
pairs (f*, g%, A*).

Thus, we finished the proof. O

A.3 PROOF OF THEOREM[3]

The proof builds on prior convergence results in constrained and robust optimization (Narasimhan
et al.,[2019; [Wang et al.| |2022). We will find it useful to define the following quantities:

Li(f9) =D gi-t(f);  Li(f.9) =D gi-Li(f);
i=1 1=1
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52(97 )‘) = _)‘(D(gau) - 5)
We further define averages of different iterates A = % Zthl A® and g = % Zthl g®.

We would also find the following lemmas useful. The first is a bound on our estimate of the class
priors.

Lemma 4. Under the assumptions in Theorem I} with probability at least 1 — /2 over draw of
validation sample S ~ D":

R 1
Tty > ﬁ,Vy € [m].

Proof. The proof follows from a direct application of Chernoff’s bound (along with a union bound
over all m classes), noting that min, e[, 7, > + and n > 87 log(2m/a). O

Throughout the proof, we will assume that the statement in the above lemma holds with probability
atleast 1 — a/2.

Our second lemma shows that the equivalence between the saddle-point optimization in equation ]
and the original constrained optimization problem in equation [3| still holds when we minimize the
Lagrange multiplier only over a bounded set:

Lemma 5. Under the assumptions in Theorem|[l] we have for any f': X — A,

min max £ ,A) = max i (f
(f',9,A 966(5)29 (/)

AE[0,R] gEAM

Proof. Let A\* € argmin Imax L(f’,g,\) be the A\-minimizer over all non-negative R. Such a
A>0 gEA M,

minimizer exists for the following reason. Owing to the continuity of D we know there exits at
least one ¢’ € A,, for which D(g,u) = § and therefore we have that the minimization objective is
bounded:

< <
g%ngﬂ(f ' 9, ) Ef g )‘ Zgz z ZBE

It remains to be shown that \* < R. To do this end, let

m
g€ argmax > gi-li(f').
9E€A,:D(g,u)<8 T

‘We note that:

!/ *\ __ ). AN b _
Zgl mln max ‘C(f g, )_qrgg}'i'c(faga)‘ )_qrgg}i;gl ‘el(f) )‘ (D(gau) 5)

>0 geAm

Choose g such that D (g, u) = §/2, which exits thanks to the continuity of D. Upper bounding the
max on RHS in the above equality by substituting g, we get:

m m

m
ZQ;' <Zgz z _/\*( Zgz z _/\*5/2
i=1
which gives us:
2 m m 2
i=1
as desired. O

The lemmas below follow from Lemma [ and standard results in online convex optimization
(Shalev-Shwartz et al., 2011).
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Lemma 6. Under the assumptions in Theorem and for 1y = 55 Z_l‘_ RIS logq(,m) , with probabil-
ity at least 1 — /2 over draw of S ~ D", the sequence of iterates g, ..., gD satisfies:
- log(m)
gAY < 2(2B¢Z + RL :
Jnax o 2:: 9,9, A Z AY) < 22BeZ + RLp)\| =

Proof. The proof follows from standard convergence result for the exponentiated-gradient descent
algorithm noting that

IV L0, g A oe < max |8(f)] + XDV D9, )|

1
S Bg - max — + RLD S 2ZB£ + RLD,

7 T

where we use the bound on the class prior estimates in Lemmald] The last step holds with probability
atleast 1 — «/2. O

Lemma 7. Under the assumptions in Theorem and for ny = 5 Lt Vi with probability at least
D

1 — «/2 over draw of validation sample S ~ D", the sequence of iterates XD AT satisfies:

1 & RB
— ®) \®y _ — (®) D
T tEZI Lo(g', A1) Aéné%% g Lo(g'™, ) ok

Proof. The proof follows from standard convergence result for the online gradient descent algorithm
noting that |V x£L2(g®, \)| < |D(¢®,u) — §| < Bp and |A| < R. O

The following lemma provides a generalization bound for the empirical Lagrangian.

Lemma 8. Under the assumptions in Theorem I} with probability at least 1 — o over draw of
validation sample S ~ D", for all t € [T):

IL(FD, gD, D) — 2D, g0 A < (9( 10g(m|f/a)>.

n

Proof. For any t € [T, we first bound the left-hand side by:

LD, g®2D) = £(£©, g, 2D)) ng =8| < max |6 ~ 41| ©
Further define /; = 7 D(eyesy—i (s f(2)).  We then can bound the above difference

6:(f) — 0;(f)| in the above bound using:

|£z(f) *gz(f)‘

< 6(f) = (D1 + 16(F) = ()]

= LRI F@) 1y =) — = S0 f) 1 =) + [ — 2| = S LG Fla) Ly =)

I =1 7 7 =1
1 & B
< Z[E[M, () Uy =] =+ D fa) 1y = )] + e |~
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We know 7; < . Further, applying Lemma@ we can bound 7;. We therefore have with probability

atleast 1 — « / 2 over draw of S ~ D™:

|4:(f)

— () < Z|E [0, f(z)) -

Wy =) — >0 f(ay)
j=1

1(y; =1)| + 22°By|m — 74 -

An application of Hoeffding’s inequality to both the above terms, noting that the loss £(y, z) is
bonded, together with a union bound over all f € F and class ¢ € [m], gives us with probability at
least 1 — /2 over draw of S ~ D", forall f € F and i € [m]:

1i(f) — bi(f) <O (

1og<mf|/a>> |

Plugging back into equation [0] and taking a union bound over both the high probability statements
completes the proof.

We will additionally use the following regret bound for the f-minimization step:

O

Lemma 9. Under the assumptions in Theorem[I} for a fixed g € A,,, with probability at least 1 — «
over draw of S ~ D",

£1(59,0) ~min £1(7,0) < BiZ-Ex i) ~n(@)h] + O ( lg@:/a))

Proof. We first expand £ in terms of the conditional-class probability function 7(x):

9) = Zgi :
i=1

We know from Lemmathat the minimizer of £, (f, g) over all f takes the form f*(z) o oy (@

We also know from Lemma [2|that () is the minimizer of a similar objective where 7 is replaced

by the pre-trained model 7:

We would like to bound:
L1(f",

9) —

El(f*ag)

l

i=1

-y 4

) - (i, f(x))]-

18

Lif.9) =Y 2 B i) - £, ()]
i=1 "

= L1(F".9) = Lo(f W 9) + L1(FV.9) = L1(F",9)
< Li(f"9) = Li(f9.9) + L1 (F7.9) = L1(F7,9)
_E, Zn:gi- (m(ﬂs) _fh‘A(l‘) 060, fO ()| +E,
. (t (s £ ni(x
_E, zgz (i £ @) . f <:c>>>-( -
< B, | max g 06,7 @) — 16 @)Y ”75
B li mi(x) _ ()
e ni(x)_ﬁi(w)+ﬁi(x)_ﬁi5w)]

‘ Lz—:l T Ur e T

9y

().
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1 . | LACIIC)
< By- — - E,; — E,. E
= zrg[?vi(] 5 lnt) =A@l + Pl D T
1
< BoZ - Eg [|Ini(@) — (@) [li] + Eo [[9(2)] |1 - max | — — —
i€[m] 7TL
— BeZ B [lns(a) — @)ly] + (1) max —— | — ]
i€[m)] W;T;

where in the second step, we use the fact that f(*) minimizes £; in the second-last step, we apply
Holder’s inequality; in the last step, we use the fact that g; € [0,1], m; < 1 and {(y, z) < By.

We know ; g —. Further, applying Lemma@ we can bound 7;. We have with probability at least
1—a/2over draw of S ~ D™

Li(0.9) = L1(F",9) < BeZ - Ea [Imila) = iu(@)ll)] + 227 - max |m; — i
An application of Hoeffding’s inequality to the last term completes the proof. O

We are now ready to prove Theorem 3]

Proof of Theorem[3] Let k, = O (\/ W + E; [||5(z) — n(a:)||1]) . We start by combin-

ing Lemma [] with the generalization bound in Lemma [§] from which we have with probability at
least 1 — « over draw of validation sample S ~ D",

E E ) (1) \(t log(m) log(m|F|/a)

grggxf 79’ Ef( ),/\())+0<\/OgT +\/Og . )
1 ) (t 1 & 0 \(t log(m) log(m|F|/a)
:th_gﬁl(f()7g())+th_1£2(g()7/\())+o<\/Ong +\/ogmn "

T T
1 1 log(m|F|/«
= Tzﬁl(f(t)vg(t)) + TZ,CQ(g(t),/\(t)) + (’)( g(||/)> 7
t=1 t=1

n
(10)

where we have used the fact that 7' = O(n).

Applying Lemma([7]to the right-hand side of equation[L0} with T = O(n), we have with probability
at least 1 — a,

1
max fZE (f®, g, A0) < Zl:l (F®,¢®) + min fZ@ ™)) + O( Og(mfl/a)>

9EA,, )\E[OR]T n
1 T
< min & (1)) 1 g
< B, 72 L) Agfs%ﬂTZﬁz )
< L L . 11
. nin 1(f,9) + Ag[%gﬂ 2(9,\) + K (11

where in the pen-ultimate step, we apply Lemma@], and the last step uses the fact that £;(f, g) is
linear in g and applies Jensen’s inequality to Lo(f, g) noting that is concave in g (as a result of
—D(g,u) being concave in g).

Applying Jensen’s inequality again to the LHS of equation [11} noting that £;(f) =
E[l(y, f(z)|y =] and as a result £1(f,g) is convex in f (owing to ¢(y, z) being convex in z)
and additionally using the fact that £5(g, A) is linear in A, we further have:

L(f, g\ < i L(~f g, .
Jnax (f, 9 )_fzxﬁin"}ge[o’m (f:9,A) + kn
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Lower bounding the LHS by a min over A € [0, R] (noting that A € [0, R]), and the RHS by a max
over g € A,,, we have:

ax L ,A) < ma i L(f,g,\) + En.
Ag%ér}%]grgAX (£,9:%) grgA}fnf:Xagnige[O,R] (£,9:0) + rin

Exchanging the min’s and max’s using min-max theorem,

max min L ,A) < min max min L(f,g,\) + Kn-
gEA L AE[O,R) (fg )_fX—>AmgeAm>\e[0R} (fg ) "

In other words for any f* : X — A,,,

L(f.g.\) < L(f* 9, A) + Fin.
SRS By C5 0N S s i, U0 )

An application of Lemma 5] to both the LHS and RHS gives us for any f*: X — A,

m m

max Zgl i f ) < max Zgz€1(f*) + Kn,

9€G(9) ¢

which completes the proof.

A.4 EG-UPDATE FOR g

To obtain the updates for g, we consider the fixed A(*) € R, and adopt a EG-style computation.
Taking the KL divergence for illustration, we provide the closed form of g(**1) in Proposition

Proposition 2. (Un-normalized) EG-updates for ¢\ under Dy is given by:

1
(t+1) 1+Ang

9, = (gi(t) exp{ngli(f) + Ang log(Ui)})

Regarding the EG-updates for ¢(*), it is straightforward from Propositionthat classes with a larger
loss or a higher target distribution weight r; tend to receive a larger weight.

Proof. In this proof, we consider the generic target distribution » which covers the uniform prior u
as a special case. To obtain g( 1 for KL divergence, where Dxy.(g,7) = >, gi log (%), we need:

?

of (- avton (25 ) + Sast() - A (Soavton (2) - 9) )
9g;

(*)
5 ) : () (5) ()
——1lo — g , Alo — \gi ~)=o0
Mg g(g@) 77gg (91 > ( (t)> (f) & i g i T
—liog o X iup- Mog< )—A—O

Mg g; Mg

)

—t,(f) - nlg — A+ Alog(r) + log( ) = Alog (g2) + % log (g:)

—(Ang + 1) log(g:) = £(f)ng — 1 — Any + Ang log(r:) + log(g")
{&(f)n — 1= Mgy + Ay log(r:) + log(g") }

=0

:>€i(f)—1—)\:/\log< +—1o (

Mg

=—=gi = €Xp Mg+ 1
g

log(0;")) + £:(S)my + Miglog(rs) |
1+ Ang ’

=—g; = €xp {
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Remove the constant, we then have:

o [ 1os(@”) + 6y + g log(r)
gi p 1 +)\779

1
1+Ang

=g = (g§t) exp{ngli(f) + Ang log(m)})

B EXTENSION TO GROUP-PRIOR SHIFTS

We now show how our theoretical results extend to the group-prior shift setting. Suppose each
instance x € X is associated with a group a € A, m = |Y| x |A|. We define the group-specific
conditional-class probability to be 7;(z,a) = P(y = i|z,a) and the group-specific class priors
Ta,i = P(y = ila). In this case, we wish to learn a scoring function f : X x A — A,, that
takes both the instance = and group g into account. We use ¢, ,(f) = E [((y, f(z, a)|z, a] to denote
the class-¢ loss conditioned on group g. Our goal is to minimize the following group-specific DRE
objective:

DRL(f;d) = min - wfggé);ga,z Cai(f), (12)
where G(0) = {g € Apuxi | D(g,7) < &} forsome § > 0, divergence function D : A, xA,,, — R,
and target distribution r € A,,.

Theorem 10 (Bayes-optimal scorer for group-prior shift). Suppose £(y, z) is a proper loss that is
convex in its second argument and D(g, -) is convex in g. Let § > 0 be such that G(9) is non-empty.
For some g* € G(9), then the optimal solution to equation takes the form:

*

f;(x,a) o 22 -y (z, a).

The proof follows the same steps as Theorem [T} except that it uses the following lemma instead of
Lemma 2

Lemma 11. Suppose {(y, z) is a proper loss. For any fixed g € Rﬁxm, the following is a minimizer
to the objective 3, . Ga,y - La,y(f) over all measurable functions f : X x A — Ap,:

[y (w,a) o Jay | ny(x, a).
Ta,y

Proof. We first expand the objective:

Z‘gaﬂ . Eaﬂ(f) = Zga,i : Em\a,y:i [6(2, f(.l’, a’))] = Z % ‘Eg [ni(l" a’) . E(Z, f($7a))] .

Given that £ is a proper loss, we have that the minimizer of this objective takes the form:

Ya,i
=iz, a)
fi(w0) = =<5 :
R 7 fl'a’j 1y (xva)

C ADDITIONAL EXPERIMENT DETAILS AND RESULTS

In this section, we introduce omitted experiment details and additional experiment results of our
proposed methods.
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C.1 ABLATION STUDY OF DROPS ON CLASS-IMBALANCED CIFAR

We offer the ablation study of DROPS in Table [3| Suppose the designer is interested in deyy = 1.0
robustness, setting dy,in € [0.5, 1.0] frequently reaches best three performances in mean/(Jeyay =
1.0)-worst/worst by referring to the performance of averaged 5 runs, which indicates that DROPS is
less sensitive to the parameter dy,in. Setting dy.in to be a coarse estimate of the Jey, should be able
to appropriately improve the model robustness under prior shifts.

Table 3: Ablation study of DROPS on class-imbalanced CIFAR-100 dataset: mean =+ std of
averaged class accuracy, d = 1.0-worst case accuracy, and worst class accuracy of 5 runs are re-

ported. The best three performed ¢ for in each setting are highlighted.
CIFAR-100 (Averaged)

C.2 HYPOTHESIS TESTING OF PERFORMANCE COMPARISONS ON CLASS-IMBALANCED

CIFAR

We provide the statistical testing of results in Table [T} in Table 4] we included the paired student
t-test results between each baseline method and DROPS, for each dataset and each metric (mean/d-
worst/worst accuracy), and the inputs of samples of each method for testing are the test accuracies

Method

p=10 p =50 p =100
DROPS (6 = 0.1) | 59.08+£0.38 48.244+0.63 43.37+0.62
DROPS (6 = 0.2) | 59.124£0.21 47.904+0.52 43.58+0.61
DROPS (6 = 0.3) | 58.62+0.56 48.17+0.91 42.854+0.86
DROPS (6 = 0.4) | 58.98+0.37 47.64+0.88 42.60+1.15
DROPS (6 = 0.5) | 58.79+£0.21 47.844+0.35 42.5240.43
DROPS (6 = 0.6) | 59.35£0.27 47.4440.65 42.47+0.84
DROPS (6 = 0.7) | 59.42£0.30 48.04+0.47 43.20+0.92
DROPS (6 = 0.8) | 59.63£0.10 47.784+0.96 43.4440.60
DROPS (6 = 0.9) | 59.69+0.39 47.83+0.80 43.20+0.78
DROPS (6 = 1.0) | 59.60+0.63 47.96+0.86 43.23+1.45
DROPS (6 = 1.1) | 59.00£0.56 48.31+0.46 43.724+0.55
DROPS (6 = 1.2) | 59.36£0.37 48.02+1.30 43.114+0.35
DROPS (6 = 1.3) | 59.54£0.75 47.86+1.00 42.80+0.67

CIFAR-100 (5 = 1.0-worst case acc)

Method p=10 p=50 =100
DROPS (6 = 0.1) | 42985039 29.625052 24.26%0.68
DROPS (5 — 0.2) | 43.96+0.18 29.98+1.00 25.16:0.49
DROPS (8 = 0.3) | 43.544043 30.18+1.02 25.14+0.77
DROPS (6 = 0.4) | 44.1640.76 30.50+0.96 24.90+0.88
DROPS (8 = 0.5) | 44.18+034 31.1040.35 25.08+0.36
DROPS (5 = 0.6) | 44.64-0.35 30.1240.73 24.60+0.64
DROPS (5 = 0.7) | 44.34£0.90 30.30+£0.41 25.30+0.85
DROPS (5 = 0.8) | 44.16+043 30.32+0.68 25.48+0.55
DROPS (8 = 0.9) | 44.96+0.52 30.1240.66 25.58+0.50
DROPS (§ = 1.0) | 44.86:£1.05 31.14+0.74 26.24+1.88
DROPS (5 = 1.1) | 43.74+1.33 31.18+0.56 25.84-0.53
DROPS (5 = 1.2) | 44.9240.69 31.28+127 25.06+0.58
DROPS (5 — 1.3) | 45.04+0.84 31.2240.98 25.22+0.64

CIFAR-100 (Worst)

Method p=10 =50 p =100
DROPS (5 = 0.1) | 20615324 8254246  6.0251.50
DROPS (5 = 0.2) | 22.5143.10 9584334  7.40+1.04
DROPS (5 — 0.3) | 23324439 10.90+390 7.29+1.90
DROPS (§ — 0.4) | 22.51+2.87 10.79+2.07 8.28+1.98
DROPS (5 = 0.5) | 25.1343.05 12.5242.57  6.70+2.39
DROPS (5 = 0.6) | 24.86+4.18 10.33+1.92 7.43+2.78
DROPS (5 = 0.7) | 21.74+4.97 10.89+2.07  9.032.67
DROPS (5 — 0.8) | 24.78+4.84 11.17+1.54 8.21+2.06
DROPS (5 — 0.9) | 25.9843.95 11.65+3.05 8.6142.22
DROPS (5 — 1.0) | 24.80+2.85 11.86+2.85 7.5242.11
DROPS (5 = 1.1) | 24.22+4.83 128142.15 9.42+1.99
DROPS (5 = 1.2) | 25.77+4.58 12894246 7.27+232
DROPS (5 = 1.3) | 2649+3.66 12.54+1.41 8.56+1.02
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of 5 runs x 3 imbalance ratio settings). And each cell indicates the (¢-statistics and p-value). It is
quite obvious that for most results, there exists negative statistics, meaning that the given baseline
method is significantly (if p-value is small enough, i.e., p < 0.05) worse than DROPS.

Table 4: Paired student t-test of the performance comparisons between each baseline method and
DROPS: cells in right 6 columns denote (statistics, p-value) of the hypothesis testing results between
each baseline method and DROPS, the scenario where negative statistics and p-value less than 0.05
indicates that DROPS is statistically significant better than the corresponding baseline method.

CIFAR-10 CIFAR-100

Method V.S. DROPS Mean 6 = 1.0-worst Worst Mean d = 1.0-worst Worst
Cross Entropy —11.3,1.9¢ % —11.1,2.6¢ —9.7,14e¢"7 | —=7.9,1.5¢ 8 —12.9,37¢ 7 —13.0,3.3¢ "
Focal —4.9,2.2¢7*  —15.1,4.9¢719 —21.2,4.8¢712 | —9.4,3.6¢"7  5.6,8.8¢7° —4.6,5.0e74
LDAM -9.1,2.8¢77  —9.8,1.2¢77 —9.2,2.6e77 | —7.4,3.1e7 %  —6.6,1.2¢7°>  —7.4,3.2¢76
Balanced-Softmax —4.1,1.1e73  —3.9,1.6e73 —3.6,3.2¢73 | —5.5,84e5 —5.7,54e7®  —6.1,2.6e75
Logit-Adjust 1.9,0.08 —4.6,4.4e4 —5.9,3.9e75 | —3.5,3.6e7% —34,4.7e"% —4.1,1.0e73
Logit-Adj (post-hoc) 0.3,0.75 —6.1,2.6e75 —5.7,5.6e® | —3.4,4.3¢7% —3.1,7.2¢7% —3.4,4.1e73

C.3 CouLbp DROPS OUTPERFORM FINE-TUNING?

We adopt two kinds of fine-tuning strategies by using the pre-trained model of Cross-Entropy loss
in Table E] and re-train another 2000 iterations with a fixed learning rate (le-3, le-4, le-5, 1e-6),
including the following two options in Table [5}

Fine-tuning the whole networks: named as the row “Cross-Entropy (le-3)”, empirically we ob-
served that the learning rate 1e-3 is consistently better than the others and is reported here.

Fine-tuning the last layer (DFR): where learning rate le-3 is consistently better than others.

All other settings and model selection criterion remains the same as the vanilla training procedure,
except for replacing the training data by the whole validation set. Although these two fine-tuning
strategies are beneficial in improving the model performance across each metric and setting over
Cross-Entropy loss in Table |1} they still fall largely behind DROPS in most scenarios and require
re-training the model on the additional validation set, while DROPS only needs the information of
per-class accuracy to decide on the parameters of post-hoc scaling, as also utilized for the model
selection of all other baseline methods appeared in Table|I]

Table 5: Performance comparisons on class-imbalanced CIFAR datasets: mean =+ std of
averaged class accuracy, § = 1.0-worst case accuracy, and worst class accuracy of 5 runs are re-
ported: for all three baseline methods, we perform fine-tune of the pre-trained model appeared in
Table[T]on the hold out balanced validation set (last 10% of the original balanced training set). Best
performed methods in each setting are highlighted. While DROPS only makes use of the validation
set to calculate per-class accuracy, without needing to training on samples in the validation set.

Method CIFAR-10 (Averaged) CIFAR-100 (Averaged)
p=10 p =50 p = 100 p=10 p =50 p = 100
Cross Entropy (no fine-tune) | 86.51+0.17 75.74+0.97 69.2840.94 | 55.59+0.50 43.39+0.76 37.96+0.27
Cross Entropy (le-3) 87.80+0.30 82.66+0.24 79.68+0.62 | 57.24+0.40 48.22+0.40 44.80+0.62
DFRy 87.58+0.25 80.324+0.94 75.84+0.95 | 57.08+0.52 46.68+0.28 42.964+0.69
DROPS (6 = 0.9) 89.17+0.24 83.124+0.45 80.15+£0.50 | 59.69+0.39 47.83+0.80 43.20+0.78
Method CIFAR-10 (0 = 1.0-worst case acc) CIFAR-100 (6 = 1.0-worst case acc)
p=10 p =50 p =100 p=10 p =50 p =100
Cross Entropy (no fine-tune) | 79.98+0.13 59.48+1.75 43.30+3.63 | 27.06+0.53 11.24+0.97  6.52+0.18
Cross Entropy (le-3) 79.14+1.02 72.48+0.47 69.02+1.31 | 34.3840.55 25.04+0.72 21.20+1.24
DFRY! 79.80+0.74 70.24+1.52 65.10+0.91 | 34.144+0.91 22.78+0.52 18.86+0.73
DROPS (6 = 0.9) 86.20+0.34 79.40+0.57 75.46+0.44 | 44.96+0.52 30.12+0.66 25.58+0.50
Method CIFAR-10 (Worst) CIFAR-100 (Worst)
p=10 p =50 p =100 p=10 p =50 p =100
Cross Entropy (no fine-tune) | 78.29+0.86 55.32+3.58 36.00+6.11 | 9.79+2.57 1.38+0.91 0.00+0.00
Cross Entropy (le-3) 75.48+1.53 68.32+1.13 65.064+2.04 | 18.60+1.62 10.10£1.02  7.40+2.58
DFRyY 76.84+1.27 66.30+2.24 60.96+1.23 | 20.60+1.62 11.00£1.41  6.80+2.93
DROPS (6 = 0.9) 82.22+1.30 76.33+0.89 71.62+1.34 | 25.98+3.95 11.65+3.05 8.61+2.22
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