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ABSTRACT

We study a class of algorithms for solving bilevel optimization problems in both
stochastic and deterministic settings when the inner-level objective is strongly
convex. Specifically, we consider algorithms based on inexact implicit differenti-
ation and we exploit a warm-start strategy to amortize the estimation of the exact
gradient. We then introduce a unified theoretical framework inspired by the study
of singularly perturbed systems (Habets, 1974) to analyze such amortized algo-
rithms. By using this framework, our analysis shows these algorithms to match
the computational complexity of oracle methods that have access to an unbiased
estimate of the gradient, thus outperforming many existing results for bilevel op-
timization. We illustrate these findings on synthetic experiments and demonstrate
the efficiency of these algorithms on hyper-parameter optimization experiments
involving several thousands of variables.

1 INTRODUCTION

Bilevel optimization refers to a class of algorithms for solving problems with a hierarchical structure
involving two levels: an inner and an outer level. The inner-level problem seeks a solution y* ()
minimizing a cost g(x,y) over a set ) given a fixed outer variable x in a set X'. The outer-level
problem minimizes an objective of the form £(x)=f(z, y*(x)) over X for some upper-level cost f.
When the solution y* () is unique, the bilevel optimization problem takes the following form:

in L(x) := * h that y*(z) = i . 1
min £(z) := f(2,4"(2)),  suchthaty”(z) = argmin g(z,y) (1)

First introduced in the field of economic game theory by Stackelberg (1934) and long studied in
optimization (Ye and Zhu, 1995; Ye and Ye, 1997; Ye et al., 1997), this problem has recently received
increasing attention in the machine learning community (Domke, 2012; Gould et al., 2016; Liao
et al., 2018; Blondel et al., 2021; Liu et al., 2021; Shaban et al., 2019; Ablin et al., 2020). Indeed,
many machine learning applications can be reduced to (1) including hyper-parameter optimization
(Feurer and Hutter, 2019), meta-learning (Bertinetto et al., 2018), reinforcement learning (Hong
et al., 2020b; Liu et al., 2021) or dictionary learning (Mairal et al., 2011; Lecouat et al., 2020a;b).

The hierarchical nature of (1) introduces additional challenges compared to standard optimization
problems, such as finding a suitable trade-off between the computational budget for approximating
the inner and outer level problems (Ghadimi and Wang, 2018; Dempe and Zemkoho, 2020). These
considerations are exacerbated in machine learning applications, where the costs f and g often come
as an average of functions over a large or infinite number of data points (Franceschi et al., 2018).
All these challenges highlight the need for methods that are able to control the computational costs
inherent to (1) while dealing with the large-scale setting encountered in machine learning.

Gradient-based bilevel optimization methods appear to be viable approaches for solving (1) in large-
scale settings (Lorraine et al., 2020). They can be divided into two categories: Iterative differenti-
ation (ITD) and Approximate implicit differentiation (AID). ITD approaches approximate the map
y*(z) by a differentiable optimization algorithm A(z) viewed as a function of z. The resulting
surrogate loss L(x) = f(z,.A(x)) is optimized instead of £(x) using reverse-mode automatic dif-
ferentiation (see Baydin et al., 2018). AID approaches (Pedregosa, 2016) rely on an expression
of the gradient VL resulting from the implicit function theorem (Lang, 2012, Theorem 5.9). Un-
like ITD, AID avoids differentiating the algorithm approximating y*(z) and, instead, approximately
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solves a linear system using only Hessian and Jacobian-vector products to estimate the gradient VL
(Rajeswaran et al., 2019). These methods can also rely on stochastic approximation to increase
scalability (Franceschi et al., 2018; Grazzi et al., 2020; 2021).

In the context of machine-learning, Ghadimi and Wang (2018) provided one of the first compre-
hensive studies of the computational complexity for a class of bilevel algorithms based on AID
approaches. Subsequently, Hong et al. (2020b); Ji et al. (2021); Ji and Liang (2021); Yang et al.
(2021) proposed different algorithms for solving (1) and obtained improved overall complexity by
achieving a better trade-off between the cost of the inner and outer level problems. Still, the ques-
tion of whether these complexities can be improved by better exploiting the structure of (1) through
heuristics such as warm-start remains open (Grazzi et al., 2020). Moreover, these studies pro-
posed separate analysis of their algorithms depending on the convexity of the loss £ and whether a
stochastic or deterministic setting is considered. This points out to a lack of unified and systematic
theoretical framework for analyzing bilevel problems, which is what the present work addresses.

We consider the Amortized Implicit Gradient Optimization (AmIGO) algorithm, a bilevel opti-
mization algorithm based on Approximate Implicit Differentiation (AID) approaches that exploits a
warm-start strategy when estimating the gradient of £. We then propose a unified theoretical frame-
work for analyzing the convergence of AmIGO when the inner-level problem is strongly convex in
both stochastic and deterministic settings. The proposed framework is inspired from the early work
of Habets (1974) on singularly perturbed systems and analyzes the effect of warm start by viewing
the iterates of AmIGO algorithm as a dynamical system. The evolution of such system is described
by a total energy function which allows to recover the convergence rates of unbiased oracle methods
which have access to an unbiased estimate of V.L (c.f. Table 1). To the best of our knowledge, this
is the first time a bilevel optimization algorithm based on a warm-start strategy provably recovers
the rates of unbiased oracle methods across a wide range of settings including the stochastic ones.

2 RELATED WORK

Singularly perturbed systems (SPS) are continuous-time deterministic dynamical systems of cou-
pled variables (z(t), y(t)) with two time-scales where y(¢) evolves much faster than x(¢). As such,
they exhibit a hierarchical structure similar to (1). The early work of Habets (1974); Saberi and
Khalil (1984) provided convergence rates for SPS towards equilibria by studying the evolution of a
single scalar energy function summarizing these systems. The present work takes inspiration from
these works to analyze the convergence of AmIGO which involves three time-scales.

Two time-scale Stochastic Approximation (TTSA) can be viewed as a discrete-time stochastic ver-
sion of SPS. (Kaledin et al., 2020) showed that TTSA achieves a finite-time complexity of O (6’1)

for linear systems while Doan (2020) obtained a complexity of 0(6_3/ 2) for general non-linear
systems by extending the analysis for SPS. Hong et al. (2020b) further adapted the non-linear TTSA
for solving (1). In the present work, we obtain faster rates by taking into account the dynamics of a
third variable zj, appearing in AmIGO, thus resulting in a three time-scale dynamics.

Warm-start in bilevel optimization. Ji et al. (2021); Ji and Liang (2021) used a warm-start for
the inner-level algorithm to obtain an improved computational complexity over algorithms without
warm-start. In the deterministic non-convex setting, Ji et al. (2021) used a warm-start strategy when
solving the linear system appearing in AID approaches to obtain improved convergence rates. How-
ever, it remained open whether using a warm-start when solving both inner-level problem and linear
system arising in AID approaches can yield faster algorithms in the more challenging stochastic
setting (Grazzi et al., 2020). In the present work, we provide a positive answer to this question.

3 AMORTIZED IMPLICIT GRADIENT OPTIMIZATION

3.1 GENERAL SETTING AND MAIN ASSUMPTIONS

Notations. In all what follows, X’ and ) are Euclidean spaces. For a differentiable function h(z,y) :
X x Y — R, we denote by Vh its gradient w.r.t. (x,y), by Oh and Jyh its partial derivatives w.r.t.
« and y and by 05, h and O,y h the partial derivatives of yh w.r.t x and y, respectively.
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Geometries | Setting Algorithms Complexity
BA (Ghadimi and Wang, 2018) O(kZ V K2 log® e 1)
D) AccBio (Ji and Liang, 2021) O(/{}:/Qn_,l,p log? e 1)
AmIGO (Corollary 1) O(kckgloge™)
(SC) BSA (Ghadimi and Wang, 2018) O(kLe )
(S) TTSA (Hong et al., 2020b) O(k%5 (K5 + k3)e 32 loge™t)
AmIGO (Corollary 2) O(rZk3e 'loge™)
BA (Ghadimi and Wang, 2018) O(kye ")
D) AID-BiO (Ji et al., 2021) Ok T)
AmIGO (Corollary 3) O(mge_l)
BSA (Ghadimi and Wang, 2018) O(kge 3 + K5e?)
(NO) TTSA (Hong et al., 2020b) O(r e loge™ ")
(S) stocBiO (Ji et al., 2021) O(kge *+rpe “loge™ ")
MRBO/VRBO* (Yang et al., 2021) O(poly(rg)e3/%loge 1)
AmIGO (Corollary 4) O(rJe?)

Table 1: Cost of finding an e-accurate solution as measured by E[L(z)—L*]A27 1 uE [Hazk—x* Hﬂ

when £ is yi-strongly-convex (SC) and 1 25:1 E [HV,C(@) ||2} when £ is non-convex (NC). The

settings (D) and (S) stand for the deterministic and stochastic settings. The cost corresponds to the
total number of gradients, Jacobian and Hessian-vector products used by the algorithm. x. and x,
are the conditioning numbers of £ and g whenever applicable. The dependence on «, and x, for
TTSA and AccBio are derived in Proposition 11 of Appendix A.4. The rate of MRBO/VRBO is
obtained under the additional mean-squared smoothness assumption (Arjevani et al., 2019).

To ensure that (1) is well-defined, we consider the setting where the inner-level problem is strongly
convex so that the solution y*(x) is unique as stated by the following assumption:

Assumption 1. For any x € X, the function y — g(x,y) is Lg-smooth and p4-strongly convex.

Assumption 1 holds in the context of hyper-parameter selection when the inner-level is a kernel
regression problem (Franceschi et al., 2018), or when the variable y represents the last linear layer
of a neural network as in many meta-learning tasks (Ji et al., 2021). Under Assumption 1 and
additional smoothness assumptions on f and g, the next proposition shows that £ is differentiable:

Proposition 1. Let g be a twice differentiable function satisfying Assumption 1. Assume that f is
differentiable and consider the quadratic problem:

. 1
min Q(z,y,2) := 37 (Dyyg(2,)z + 270, f (x,y). 2)

Then, (2) admits a unique minimizer z*(x,y) for any (z,y) in X X Y. Moreover, y*(x) is unique
and well-defined for any x in X and L is differentiable with gradient given by:

VL(x) = Op f(x,y"(x)) + Onyg(x, y" (2)) 2" (z, y"(x)). 3)

Proposition 1 follows by application of the implicit function theorem (Lang, 2012, Theorem 5.9)
and provides an expression for V.L solely in terms of partial derivatives of f and g evaluated at
(z,y*(x)). Following Ghadimi and Wang (2018), we further make two smoothness assumptions on
fand g:

Assumption 2. There exist positive constants Ly and B such that for all x,x’ € X and y,y' € Y:

IVf(z,y) = VI YO < Lyll(zy) = @) 10yf(z9)ll < B.
Assumption 3. There exit positive constants L, My such that for any x,x" € X and y,y' € Y:

max {[|02y9(x,y) = Ouyg (', ¥, 10yyg(2,y) — dyyg(x’, ¥ )1} < Myll(z,y) — (2',9)]]
10yg(x,y) — Oyg(z’, y)|| < Lyl — 2'||.
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Assumptions 1 to 3 allow a control of the variations of y* and z* and ensure £ is L-smooth for
some positive constant L as shown in Proposition 6 of Appendix B.2. As an L-smooth function, L is
necessarily weakly convex (Davis et al., 2018), meaning that £ satisfies the inequality £(x)—L(y) <
VL(z)" (z—y) — bz — y||? for some fixed y € R with || < L. In particular, £ is convex when
1 > 0, strongly convex when ¢ > 0 and generally non-convex when p < 0. We thus consider two
cases for L, the strongly convex case (1 > 0) and the non-convex case (i < 0). When £ is convex,
we denote by £* its minimum value achieved at a point 2* and define k,=L/u when p > 0.

Stochastic/deterministic settings. We consider the general setting where f(x,y) and g(x,y) are

expressed as an expectation of stochastic functions f (z,9,€) and §(x,y, &) over a noise variable &.
We recover the deterministic setting as a particular case when the variable £ has zero variance, thus
allowing us to treat both stochastic (S) and deterministic (D) settings in a unified framework. As
often in machine-learning, we assume we can always draw a new batch D of i.i.d. samples of the
noise variable £ with size |D| > 1 and use it to compute stochastic approximations of f and g defined

by abuse of notation as f(z,y, D) := \%I > ¢ep f(x,y,€) and §(z,y, D) := |%\ >eep 9(@, Y, ).
We make the following noise assumptions which are implied by those in Ghadimi and Wang (2018):

Assumption 4. For any batch D, V f(z,y, D) and 0y§(z,y, D) are unbiased estimator of V f (x,y)
and Oy g(x,y) with a uniformly bounded variance, i.e. for all z,y € X x Y:

E [Hvﬂx,y,m - wmw\ﬂ <D, E[10,d(,y.D) - 9. y)IP] < 52D

Assumption 5. For any batch D, the matrices Fi(x,y,D) := 0y§(x,y,D) — Opyg(z,y) and
Fy(z,y,D) := 0yyg(z,y,D) — 8yyg(x y) have zero mean and satisfy for all x,y € X x Y:

||E[F1($7y,D)TF1(]}7y,'D |D|_ ||]E[F2($,y,D)TF2(l‘,y,Dﬂ||Op S&_gyy‘p|_1'

)} ||op - gzy

. . . - - _1 _1
For conciseness, we will use the notations 0]20::0]20|D| . 05:=6,|D|"", a; =67 |D|

ogyy :z&éyy |D| 71, without explicit reference to the batch D. Next, we descrlbe the algorithm.
3.2 ALGORITHMS

Amortized Implicit Gradient Optimization (AmIGO) is an iterative algorithm for solving (1). It
constructs iterates xy, yx and zx such that xy approaches a stationary point of £ while y;, and zy,
track the quantities y (:ck) and z*(zk,yr). AmIGO computes the iterate zj41 using an update
equation rx41 = T — 'yki/)k for some given step-size 7y and a stochastic estimate wk of VL(xg)
based on (3) and defined according to (4) below for some new batches of samples Dy and Dy, .

Ui = 0o f (Tk, Y D) + 02y 3(@k, Yi» Dy, ) | 2 &)

Algorithm 1 AmIGO AmIGO computes 1;1@ in 4 steps given iterates T, Yr—1
and zp_1. A first step computes an approximation yy
to y*(x) using a stochastic algorithm Ay, initialized at
Yr—1. A second step computes unbiased estimates u; =

Bzf(xk, Yi, Dy) and vy, = 8yf(xk,yk,Df) of the partial

1: Inputs: xg, y—1, 2—1.

2 Parameters: v, K.

: for £ €{0,..,K} do
Yk Ak(xkvyk 1)

;-1 Sample batches D, D derivati.ves pf f wrt. :f andy. A third step computes an

- approximation zj to 2*(x, yx) using a second stochas-
6: (un, o) <=V f(p, yr, Dy). tic algorithm By, for solving (2) initialized at z,_1. To
7o ek By (aik’ Yk: Uk, Zk—1 increase efficiency, algorithm B, uses the pre-computed
8wy OayG(k, Yk Do,y )2k vector vy, for approximating the partial derivative 9, f in
9 Wp—1 4 up T Wk (2). Finally, the stochastic estimate 1 is computed us-
10 g ¢ Tp—1 — VY1 ing (4) by summing the pre-computed vector uy with the
11: end for jacobian-vector product wy, = 0uyd(Tk, Yk, Dy, ) Zk-
12: Return z . AmIGO is summarized in Algorithm 1. l

Algorithms A, and B;. While various choices for Ay, and By, are possible, such as adaptive algo-
rithms (Kingma and Ba, 2015), or accelerated stochastic algorithms (Ghadimi and Lan, 2012), we
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focus on simple stochastic gradient descent algorithms with a pre-defined number of iterations 7" and
N. These algorithms compute intermediate iterates y* and 2" optimizing the functions y — g(z,y)
and z — Q(xy, Yk, 2) starting from some initial values 3° and 2" and returning the last iterates y
and 2z as described in Algorithms 2 and 3. Algorithm A, updates the current iterate y’~* using
a stochastic gradient 9,g(zx,y" ™!, D,) for some new batch of samples D, and a fixed step-size
. Algorithm By, updates the current iterate z!~! using a stochastic estimate of 9, Q (., yx, 2 1)
with step-size ;. The stochastic gradient is computed by evaluating the Hessian-vector product
OyyG(xr, Yrs Dy, )z~ for some new batch of samples D,,, and summing it with a vector vy, ap-
proximating 0y f (xk., yx) provided as input to algorithm Bj.

Warm-start for y° and z°. Following the intuition that y*(x;) remains close to y*(xj_1) when
Xk ~ xp_1, and assuming that yj 1 is an accurate approximation to y*(xx—1), it is natural to initial-
ize Ay, with the iterate y,_ 1. The same intuition applies when initializing By with z;_;. Next, we
introduce a framework for analyzing the effect of warm-start on the convergence speed of AmIGO.

Algorithm 2 Ay (z,°) Algorithm 3 By, (z, y, v, 2°)
1: Parameters: oy, T’ 1: Parameters: (3, V.
2: for t € {1,...,T} do 2: for ne {1,...,N} do
3:  Sample batch DY . 3 Sample batch D;%;.
4yttt - ak3y§<w,yt717pfk>- 4: 2" 2" B (@ﬁ(z,y,DZf‘};)z”’l + v).
5: end for 5: end for
6: Return y7. 6: Return 2™V,

4 ANALYSIS OF AMORTIZED IMPLICIT GRADIENT OPTIMIZATION

4.1 GENERAL APPROACH AND MAIN RESULT

The proposed approach consists in three main steps: (1) Analysis of the outer-level problem , (2)
Analysis of the inner-level problem and (3) Analysis of the joint dynamics of both levels.

Outer-level problem. We consider a quantity I describing the evolution of z;, defined as follows:
. * (12 *
o [ B[l =2 ]+ 0 wELL@) - £, >0

&)
B[ IVL@0)]?]. u<o.

where u € {0,1} is set to 1 in the stochastic setting and to 0 in the deterministic one and dy, is a
positive sequence that determines the convergence rate of the outer-level problem and is defined by:

Ok *= MkVks Met1 = Me(1+ g1 (e — 1)L >0 + L1 co.
with 79 such that ~; '>no>pif >0 and no=L if ;1<0 and where we choose the step-size 7, to be
a non-increasing sequence with vy < % With this choice for d;, and by setting u = 1 in (5), EY re-
covers the quantity considered in the stochastic estimate sequences framework of Kulunchakov and

Mairal (2020) to analyze the convergence of stochastic optimization algorithms when L is convex.
When L is non-convex, E} recovers a standard measure of stationarity (Davis and Drusvyatskiy,

2018). In Section 4.3, we control Ij; using bias and variance error E;fq and V,il of 9y, given by
(6) below where Ej, denotes expectation conditioned on (2, Yk, 2k—1)-

B¢ =5[] - ve@ol | v |- mfi] . ©

Inner-level problems. We consider the mean-squared errors E}/ and E} between initializations
(y°=yr_1 and 2°=2;,_1) and stationary values (y*(zy) and z* (2, yx)) of algorithms Ay and By:

EY = E[Hyg - y*(wk)m, Ep = E{HZ? — 2" (x, yk)ﬂ

In Section 4.3, we show that the warm-start strategy allows to control EZ and Ef in terms of
previous iterates E} | and Ef_, as well as the bias and variance errors in (6). We further prove that

such bias and variance errors are, in turn, controlled by E}C’ and E7.
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Joint dynamics. Following Habets (1974), we consider an aggregate error E}°* defined as a linear
combination of E}, E}j and E with carefully selected coefficients aj, and by:

E]tgm" = E,f + akE,i’ + blcE/? (7

As such F°! represents the dynamics of the whole system. The following theorem provides an error
bound for E}°" in both convex and non-convex settings for a suitable choice of the coefficients ay,
and b, provided that 7" and N are large enough:

~2
Theorem 1. Choose a batch-size ’Dgyylzl\/gg% and the step-sizes c,=L_ "', Bp,=(2L,)" ",
Hglg

vie=L71. Set the coefficients a;, and by, to be ak::60(1704;,#9)1/2 and bk::(&)(l—%ﬂkug)lp

and set the number of iterations T and N of Algorithms 2 and 3 to be of order T=0(k,) and
N=0(kg4) up to a logarithmic dependence on k. Let Tp=u(1—0y)Zp—1+(1—u(1—0k))xk, with

Zo=wo. Then, under Assumptions I to 5, E'°* satisfies:

BlL(e0) — £+ B < (1- @ne) ) (B + B0 - 2] + 25 uz0

k
Et()t <
§ >
t=1

where W2, defined in (20) of Appendix A.2, is the effective variance of the problem with W?=0 in
the deterministic setting and, in the stochastic setting, VWW?>0 is of the following order:

2W?
L b

(E[L(wo) — L] + By + E) + <0,

x| =
EIE

Gyy Gzy

W2 =085 K3 IDy| 752 4 K[y, | 162, + k2D, |52+ 21D,

We describe the strategy of the proof in Section 4.3 and provide a proof outline in Appendix A.l
with exact expressions for all variables including the expressions of 7', N and W2, The full proof
is provided in Appendix A.2. The choice of aj, and by, ensures that E} and E} contribute less to
E!°t as the algorithms Ay, and By, become more accurate. The effective variance WW? accounts for
interactions between both levels in the presence of noise and becomes proportional to the outer-level
variance af[ when the inner-level problem is solved exactly. In the deterministic setting, all variances

&J%, &3, &gmy and &gw vanish so that W2=0. Hence, we characterize such setting by W?2=0 and the

stochastic one by WW2>0. Next, we apply Theorem 1 to obtain the complexity of AmIGO.

4.2 COMPLEXITY ANALYSIS

We define the complexity C(¢€) of a bilevel algorithm to be the total number of queries to the gradients
of f and g, Jacobian/hessian-vector products needed by the algorithm to achieve an error € according
to some pre-defined criterion. Let the number of iterations &, T' and N and sizes of the batches |D,|,
D¢, | Dy,, | and |Dy,, |, be such that AmIGO achieves a precision €. Then C(e) is given by:

+Dsl), ®)
We provide the complexity of AmIGO in the 4 settings of Table 1 in the form of Corrolaries 1 to 4 .
Corollary 1 (Case ;>0 and W?=0). Use batches of size 1. Achieving L(x),)—L*+% ||x), — a* I?<e

tot

requires C(e)=0 (Hglig log (EL’ ))

C(e) = k(T|Dy| + N|Dy,,| + |D,,,

Gyy

Corollary 1 outperforms the complexities in Table 1 in terms of the dependence on e. It is pos-

. . /2 . Lo . .
sible to improve the dependence on x4 to ng/ using acceleration in Ay and By, as discussed in

Appendix A.5.1, or using generic acceleration methods such as Catalyst (Lin et al., 2018).

52
—o(e152,,). IDsl=6(%)
and | D, , ’:@(&2 (Lv /-@g)>. Achieving E[L(Zy)—L*]+5E [ka - x*||2} <e requires:

v EP + E[L(x) — L] ) ) .

Corollary 2 (Case pWW?>0). Choose |Dy|=0 (e’ll-eueQ ~2), D

9%

Gay

Gyy €

Cle) = O(m: (chn‘;&; +hg(1Verg)o2 +62 + &J%) = log (
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Corollary 2 improves over the results in Table 1 in the stochastic strongly-convex setting and recov-
ers the dependence on € of stochastic gradient descent for smooth and strongly convex functions up
to a logarithmic factor.

Corollary 3 (Case u<40 and W?=0). Choose batches of size 1. Achieving + >, [ VL(x;) I <e
requires C(e) = O(%((ﬁ(xo) —L*)+EY + Eg))
Corollary 3 recovers the complexity of AID-BiO (Ji et al., 2021) in the deterministic non-convex
setting. This is expected since AID-BiO also exploits warm-start for both A and Bj,.
2 3

Corollary 4 (Case ;<0 and W>0). Choose | Dy, |=0 (%6§zy), Dy,,|=0 (%&gyy (1v e,ug)),

2z2 5~2
|Ds|=0 (@) and |Dy|=0 (%) Achieving an error Zle E [||V[,(xl)||2} < € requires:

Gy

5
Cle) =0 (':g (/i;&g +ry(IVepl)a, +a, + a—;) (E[L(xx) — L]+ Ef + Eg))

Corollary 4 recovers the optimal dependence on € of O(e%) achieved by stochastic gradient descent
in the smooth non-convex case (Arjevani et al., 2019, Theorem 1). It also improves over the results
in (Ji et al., 2021) which involve an additional logarithmic factor log(¢~!) as N is required to be
O(k4log(e™1)). In our case, N remains constant since By, benefits from warm-start. The faster rates
of MRBO/VRBO™* (Yang et al., 2021) are obtained under the additional mean-squared smoothness
assumption (Arjevani et al., 2019), which we do not investigate in the present work. Such assump-
tion allows to achieve the improved complexity of O(e~3/2log(e~1)). However, these algorithms
still require N=0(log(e~1)), indicating that the use of warm-start in Bj could further reduce the
complexity to O(e*?’/ 2) which would be an interesting direction for future work.

4.3 OUTLINE OF THE PROOF

The proof of Theorem 1 proceeds by deriving a recursion for both outer-level error £} and inner-
level errors EY and E7 and then combining those to obtain an error bound on the total error E}°*.

Outer-level recursion. To allow a unified analysis of the behavior of E{ in both convex and non-
convex settings, we define F}, as follows:

Fy, :ZuékE[ﬁ(SEk) — ,C*]]lu>0 + (E[ﬁ(.’];k) — E(xkfl)] +E; | — E,f)]lu<0.
The following proposition, with a proof in Appendix C.1, provides a recursive inequality on E}
involving the errors in (6) due to the inexact gradient 12%1
Proposition 2. Let py, be a non-increasing sequence with 0<p,<2. Assumptions 1 to 3 ensure that:

Fy+ Ef <(1= (1= 27" 00)8%) Bi_y + sk Vil y + e (sk + o ) Eiys (10)
with sy, defined as sy, 1= %&f + (%51@ +(1- u))]l,oo.

In the ideal case where y, = y*(zx) and 2z = 2*(zk, Y ), the bias E}f vanishes and (10) simplifies
to (Kulunchakov and Mairal, 2019, Proposition 1) which recovers the convergence rates for stochas-
tic gradient methods in the convex case. However, y;, and zj; are generally inexact solutions and

introduce a positive bias E;f Therefore, controlling the inner-level iterates is required to control the

bias E}f which, in turn, impacts the convergence of the outer-level as we discuss next.

Controlling the inner-level iterates y;, and z;. Proposition 3 below controls the expected mean

squared errors between iterates yj and z; and their limiting values y*(xy) and 2* (g, yx):

Proposition 3. Let the step-sizes ay, and By be such that akgL;1 and 5k§ﬁ/\”792. Let
g

#3+69yy
N
Ak::(l—ak,ug)T and I1:= (1—%) . Under Assumptions 1, 4 and 5, it holds that:
]E{Hyk*y*(zk)ﬂz} < ALE! + R, E[sz — (g, ye)I?| <ILEF 4+ R:, (1)

where R} =0 (ﬁgdg) and R;=0 (nzagw +/£ZJJ2C) are defined in (14) of Appendix A.2.



Published as a conference paper at ICLR 2022

While Proposition 3 is specific to the choice of the algorithms 4y, and By, in Algorithms 2 and 3, our
analysis directly extends to other algorithms satisfying inequalities similar to (11) such as acceler-
ated or variance reduced algorithms discussed in Appendices A.5.1 and A.5.2. Proposition 4 below
controls the bias and variance terms ka and E}f in terms of the warm-start error £ and E7.

Proposition 4. Under Assumptions 1 to 5, the following inequalities hold:

B} <2L%(AEY +LEf + RY), V! <w?+ o2l Ef,
where w2=0 (ng (O'J% + O'gwy) + nzagyy), 02=0 (Jszy + ngogw) and Ly=O(k}) are positive
constants defined in (13) and (16) of Appendix A.2 with L., controlling the variations of Ei ).

Proposition 4 highlights the dependence of E;f and ka on the inner-level errors. It suggests analyz-
ing the evolution of E} and E}, to quantify how large the bias and variances can get:

Proposition 5. Let (, > 0, a 2x2 matrix Py, two vectors Uy, and Vi, in R? all independent of xy,
Yy and zy, be as defined in Proposition 8 of Appendix A.2. Under Assumptions I to 5, it holds that:

EY Ak_lEyi +Ry7 z
(5) = re (s TR oo vt v a2

Proposition 5 describes the evolution of the inner-level errors as the number of iterations k increases.
The matrix Py and vectors Uy, and V4, arise from discretization errors and depend on the step-sizes
and constants of the problem. The second term of (12) represents interactions with the outer-level
through EY_,, ka_l and E}f_l. Propositions 2, 4 and 5 describe the joint dynamics of (E, EY, E})
from which the evolution of E}°* can be deduced as shown in Appendices A.1 and A.2.

5 EXPERIMENTS

We run three sets of experiments described in Sections 5.1 to 5.3. In all cases, we consider AmIGO
with either gradient descent (AmIGO-GD) or conjugate gradient (AmIGO-CG) for algorithm Bj.
We AmIGO with AID methods without warm-start for 3, which we refer to as (AID-GD) and
(AID-CG) and with (AID-CG-WS) which uses warm-start for 3, but not for A;. We also consider
other variants using either a fixed-point algorithm (AID-FP) (Grazzi et al., 2020) or Neumann series
expansion (AID-N) (Lorraine et al., 2020) for By. Finally, we consider two algorithms based on
iterative differentiation which we refer to as (ITD) (Grazzi et al., 2020) and (Reverse) (Franceschi
et al., 2017). For all methods except (AID-CG-WS), we use warm-start in algorithm A, how-
ever only AmIGO, AmIGO-CG and AID-CG-WS exploits warm-start in 5, the other AID based
methods initializing By, with 20=0. In Sections 5.2 and 5.3, we also compare with BSA algorithm
(Ghadimi and Wang, 2018), TTSA algorithm (Hong et al., 2020a) and st ocB10 (Jietal., 2021). An
implementation of AmIGO is available in https://github.com/MichaelArbel/AmIGO.

5.1 SYNTHETIC PROBLEM

To study the behavior of AmIGO in a controlled setting, we consider a synthetic problem where
both inner and outer level losses are quadratic functions with thousands of variables as described
in details in Appendix F.1. Figure 1(a) shows the complexity C(¢) needed to reach 10~° relative
error amongst the best choice for 7" and M over a grid as the conditioning number «, increases.
AmIGO-CG achieves the lowest time and is followed by AID-CG thus showing a favorable effect
of warm-start for By. The same conclusion holds for AmIGO-GD compared to AID-GD. Note that
AID-CG is still faster than AmIGO-CG for larger values of x4 highlighting the advantage of using
algorithms By, with O(,/k,) complexity such as (CG) instead non-accelerated ones with O(Hg_l)
such as (GD). Figure 1(b) shows the relative error after 10s and maintains the same conclusions. For
moderate values of r,4, only AmIGO and AID-CG reach an error of 1072° as shown in Figure 1(c).
We refer to Figures 2 and 3 of Appendix F for additional results on the effect of the choice of 7" and
M showing that AmIGO consistently performs well for a wide range of values of 7" and M.

5.2 HYPER-PARAMETER OPTIMIZATION

We consider a classification task on the 20Newsgroup dataset using a logistic loss and a linear
model. Each dimension of the linear model is regularized using a different hyper-parameter. The
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(c): Relative error vs time; kg = 103
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Figure 1: Top row: performance on the synthetic task. The relative error is defined as a ratio
between current and initial errors (L(zy) — £*)/(L(x0) — L*). The complexity C(e) as defined in
(8). Bottom row: performance on the hyper-parameter optimization task.

collection of those hyper-parameters form a vector x of dimension d=101631 optimized using an un-
regularized regression loss over the validation set while the model is learned using the training set.
We consider two evaluations settings: A default setting based on Grazzi et al. (2020); Ji et al. (2021)
and a grid-seach search setting near the default values of 5y, T and N as detailed in Appendix F.2.
We also vary the batch-size from 103 % {0.1, 1,2, 4} and report the best performing choices for each
method. Figure 1(d,e,f) show AmIGO-CG to be the fastest, achieving the lowest error and highest
validation and test accuracies. The test accuracy of AmIGO-CG decreases after exceeding 80%
indicating a potential overfitting as also observed in Franceschi et al. (2018). Similarly, AmIGO-GD
outperformed all other methods that uses an algorithm Bj, with O(k,) complexity. Moreover, all
remaining methods achieved comparable performance matching those reported in Ji et al. (2021),
thus indicating that the warm-start in B and acceleration in Bj, were the determining factors for
obtaining an improved performance. Additionally, Figure 4 of Appendix F report similar results for
each choice of the batch-size indicating robustness to the choice of the batch-size.

5.3 DATASET DISTILLATION

Dataset distillation (Wang et al., 2018) consists in learning a synthetic dataset so that a model trained
on this dataset achieves a small error on the training set. Figure 5 of Appendix F.3 shows the training
loss (outer loss), the training and test accuracies of a model trained on MNIST by dataset distillation.
Similarly to Figure 1, AmIGO-CG achieves the best performance followed by AID-CG. AmIGO ob-
tains the best performance by far among methods without acceleration for By, while all the remaining
ones fail to improve. This finding is indicative of an ill-conditioned inner-level problem as confirmed
when computing the conditioning number of the hessian 9, g(x, y) which we found to be of order
7x10%. Indeed, when compared to the synthetic example for /»@57:104 as shown in Figure 2, we also
observe that only AmIGO-CG, AmIGO and AID-CG could successfully optimize the loss. Hence,
these results confirm the importance of warm-start for an improved performance.

6 CONCLUSION

We studied AmIGO, an algorithm for bilevel optimization based on amortized implicit differentia-
tion and introduced a unified framework for analyzing its convergence. Our analysis showed that
AmIGO achieves the same complexity as unbiased oracle methods, thus achieving improved rates
compared to methods without warm-start in various settings. We then illustrated empirically such
improved convergence in both synthetic and a hyper-optimization experiments. A future research
direction consists in extending the proposed framework to non-smooth objectives and analyzing
acceleration in both inner and outer level problems as well as variance reduction techniques.
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A CONVERGENCE OF AMIGO ALGORITHM

In this section, we provide a proof of Theorem 1 as well as its corollaries Corrolaries 1 to 4. In
Appendix A.1, we provide an outline of the proof Theorem 1 that states the main intermediary
results needed for the proof and provide explicit expressions for the quantities needed throughout
the rest of the paper. Appendices A.2 and A.3 provide the proofs of Theorem 1 and Corrolaries 1
to 4. The proofs of the intermediary results are deferred to Appendices B and C.

A.1 PROOF OUTLINE OF THEOREM 1

The proof of Theorem 1 proceeds in 8 steps as discussed bellow.

Step 1: Smoothness properties. This step consists in characterizing the smoothness of VL, y*, z*

as well as the conditional expectation E[@Mmk, Yk, zk| knowing x, yx. and z. For this purpose, we
consider the function ¥ : X x ) x YV — X defined as follows:

V(z,y,2) = 0 f(2,y) + Ouyg(x,y)z.

Hence, by definition of z@k it is easy to see that E[g@kmk, Yk, 2k] = Y(xk, Yk, 2k). The following
proposition controls the smoothness of VL, y*, z* and ¥ and is adapted from (Ghadimi and Wang,
2018, Lemma 2.2). We provide a proof in Appendix B.2 for completeness.

Proposition 6. Under Assumptions 1 to 3, L, U, y* and z* satisfy:
ly*(z) —y* @) < Lylle = 2'll,  |lz"(2,y) — 2", ¥)|| < La(llz — 2" + [ly — ¥'l})
IVL(z) = VL@E)| < Lllz = 2[l,  [|¥(z,y,2) = VL@)|| < Ly[lly = y* (@)l + ||z = 2" (2, 9)]
12" (2, y* (@)l < ug ' B,
where Ly, L., Ly and L are given by:

Lyi=pg' Ly Lei= g MyB +pg' Ly, 13
Lw (= max ((Lj —+ Mgﬂ;IB + L;Lz)aL;})
L= Ly + pg "LgMy B + g (Lo Ly + My B)) (14 py ' L)

The expressions of Ly, L., Ly and L suggests the following dependence on the conditioning
of the inner-level problem which will be useful for the complexity analysis: L, = O(kq), Ly =
O(k2), L. = O(x2) and L = O(x3).
Step 2: Convergence of the inner-level iterates. In this step, we control the mean squared er-
rors IE[Hyk - y*(mk)||2] and E {sz — 2*(xg, yk)\ﬂ as stated in Proposition 3. In fact we prove a
slightly stronger version stated below:

Proposition 7. Let «p and [y be two positive sequences with akSL;1 and
’ /“9(1+“9_203yy)

note by zj, the conditional expectation of zj, knowing xy, yy and zg. Let R} and R}, be defined

as:

N
ﬁkﬁﬁ min (1 2L9) and define Ak::(l—akug)T and Hk::(l—ﬁk%) . De-

R} = Qakug_lag, 2= BkB2u;3U§yy + 3/1520]%. (14)
Then, under Assumptions 1, 4 and 5 the iterates zy, and zj, satisfy:
E|lye — " @0)I’] < AcBY + R}
||z — =* (o) I7] < TLE |2 = 2* )| + Bk
E |1z — =" (n y) 7] < IE||28 = 2" 2, )|

— — * 2 z
E[sz - zk||2] < 403#;; QHkE[Hz,g — 2" (2k, yi) | ] +2Rj}. (15a)

13
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It is easy to see from the above expressions that R} = O(/igag) while R} = O( Ky g gy T K O'f)
as stated in Proposition 3. Controlling E[||yx — y*(a1)||]* follows by standard results on SGD
(Kulunchakov and Mairal, 2020, Corollary 31) since the iterates of Algorithm 2 uses i.i.d. samples.
The error terms E[sz — 2*(zk, yx)||” | is more delicate since Algorithm 3 uses the same sample
Oy f (zk, yr) for updating the iterates, therefore introducing additional correlations between these

iterates. We defer the proof of Proposition 7 to Appendix B.3 which relies on a general result for
stochastic linear systems with correlated noise provided in Appendix E.

Step 3: Controlling the bias and variance errors ka and E}f is achieved by Proposition 4.

The bias E}f is controlled simply by using the smoothness of the potential ¥ near the point

(g, y*(zk), 2* (g, y*(xx)) as shown in Proposition 6. The variance term ka is more deli-
cate to control due to the multiplicative noise resulting from the Jacobian-vector product between
O2y9(Tk, Yk, Dy, ) 2. We defer the proof to Appendix B.4 and provide below explicit expressions
for the constants o2 and w?:

(1 + 2L (a (L ) ) (16a)

+ 2( gmy
o2 ::20 +2(L’)

2 72 o2
+ 2B T4y

2 2 1 -3 2
L)) B2Ly o2,
2 o2
ny

2_ 3 2 2_ 2 2 2 : »
Note that wZ O( (af+a >+ngagyy) andoz—0<agzy+f$gagyy),as stated in Proposition 4.

Step 4: Outer-level error bound. This step consists in obtaining the inequality in Proposition 2
which extends the result of (Kulunchakov and Mairal, 2020, Proposition 1) to biased gradients and
to the non-convex case. We defer the proof of such result to Appendix C.1.

Step 5: Inner-level error bound. This step consists in proving Proposition 5. For clarity, we
provide a second statement with explicit expressions for the quantities of interest:

Proposition 8. Let ry, and 0y be two positive non-increasing sequences no greater than 1. For any
0 <wv <1, denote by ¢y, and Ry, the following non-negative scalars:

or = (1— U)LETQai + 2v, RY :=2(1 — v) Loy 1T202a2 +vR}
Cr = 2L(min ((1 —u)7t, Ln,;ll) >0+ ]lu<0)
Finally, consider the following matrices and vectors:

2 Yk
l+r, 0 2Ly 5 {0
Py = (16L§ 3;97 1+ 9k> , Ug:= <4L§§Z (1 +4I2 d)k) , Ve =Ry 8L29

Y re

Then, under Assumptions I to 5, the following holds:
E'y A 1E1 + R7 Wb " =
(Ek) < Py <Hk 1Ek 1+Rk 1> +27k(Ek_1 +Vk—1 +<kEk_1)Uk:+Vk:-

We defer the proof of the above result to Appendix C.2.

Step 6: General error bound. By combining the inequalities in Propositions 2 and 8 resulting from
the analysis of both outer and inner levels, we obtain a general error bound on E}°* in Proposition 9
with a proof in Appendix C.4.

Proposition 9. Choose the step-sizes oy, and By such that they are non-increasing in k and choose
r and 0y, such that 5kr,:1 and 5k9]:1 are non-increasing sequences. Choose the coefficients aj, and

by, defining EL°" in (7) to be of the form aj, = 5kr; A$ and b, = 5k0_ II5 for some 0 < s < 1.
and fix a non-increasing sequence 0 < pi, < 1. Then, under Assumpnons 1 to 5 Ei°t satisfies:

Fio+ Bt < A JBI + Ve

14
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where V., and Ay, are given by:
1— (1= 2pk)6k + 2CuApulf
Ay = A (L4 (14 16 L2130, 26k + 2Lw77k Y(2uf + s + p,:l)>) (18)
I (14 04 (140 (21:2 +02) (2uf + s+ p ) )
Vitot ;zak( s+ ) + 16 L2 0, * 115 + 2L m ' (2ug, + sk + p ) ) RY_,
( (140, DGR, + 8L§0;2H2RZ) + Ye (sk + uf)w?

where we introduced ui, = a3U, ,gl) + b, U ,52) for conciseness with U lgl) and U, ,EZ) being the compo-
nents of the vector Uy, defined in Proposition 8.

Proposition 9 holds without conditions on the error made by Algorithms 2 and 3. The general form
of ay and by, allows to account for potentially decreasing step-sizes 7y, oy, and B;. However, in the
present work, we will restrict to the constant step-size for ease of presentation as we discuss next.

Step 7: Controlling the precision of the inner-level algorithms. In this step, we provide condi-
tions on 7" and NV in Proposition 10 bellow so that || A/, < 1—(1— pg)dx in the constant step-size
case. These conditions are expressed in terms of the following constants:

Cy =1+ 2log (6 + 24L%ny ") (19a)
Cy :=2log (1 + 4L L™ max (o, 8(o)) (19b)
L
= —2log (5L2my "), —2log | —5 1
C53 :=max (0, og (5 70 ), og (4L§>) (19¢)
Cy =1+ 2log (4 + 12n5 (2L} + 02)) (19d)
C4 :=2log (14 2L7L,*(1+16L2)), (19)
Ly
C4 :=max (0, —2log <4L§770> ,—2log (’Y(U;wy + (L’g)z))> (191)
Proposition 10. Let Assumptions 1 to 5 hold. Choose py, = %, the step-sizes to be constant:

l~72
ap=a< L%’ ﬁk:ﬁgi and 'ykzvg% and choose the batch-size "Dgyy‘ =0 (ﬂjfg) Moreover,

set s = % ry = 0x = 1. Finally, choose T and N as follows:
T= [oflu;l max (Cq,Cq,C5)] + 1
N = LQB_lug_l(maX(Cl,Cg,Cg) + max (C,C%,C%))| +1

with Cl, CQ, Cg, Ci, Oé and Cé
Vot < y6oW?2, with W? given by:

Hoo § 1-— (1 — pk)ék and

1—u 60L2

2 -1 2 Y2

=6 ——1,50+ + o 2
w ( 0 5 >0 3)7% 50#9 ; g (20)

We provide a proof of Proposition 10 i 1n Appendlx D. It is easy to see from Proposition 10 that that
T=0(kg) and N=0O(r4) when a—— and B—ﬁ, where the big-O notation hides a logarithmic

dependence in x, coming from the constants {C;, ! i € {1,2,3}}.

Step 8: Proving the main inequalities. The final step combines Propositions 9 and 10 to get the
desired inequality. We provide a full proof in Appendix A.2 assuming Propositions 9 and 10 hold.

A.2 PROOF OF THEOREM 1

In order to prove Theorem 1 in the convex case, we need the following averaging strategy lemma, a
generalization of (Kulunchakov and Mairal, 2020, Lemma 30):
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Lemma 1. Let L be a convex function on X. Let xj, be a (potentially stochastic) sequence of iterates
in X. Let (Ex)k>0, (Vk)ir>0 and (0)k>0 be non-negative sequences such that 6y, € (0,1). Fix
some non-negative number u € [0, 1] and define the following averaged iterates Iy, recursively by
Tk = u(l—0k)Tr—1+ (1 — (1 — O )u)xy, and starting from any initial point To. Assume the iterates
(xk)k>1 satisfy the following relation for all k > 1:

(I —u(l =0)E[L(zx) — L+ Er < (1 = 0k)(Ex—1 + (1 —w)E[L(z—1) — L*]) + V. (21)
Let Ty, := Hf:l (1 — dx). Then the averaged iterates (I, ),>1 satisfy the following:

E[L(2x) — L*] + Ex, < Ty (Eo + E[L(z0) — L* + uF (L(20) — £9]) + Ty Z T, 'V

1<t<k

Proof. For simplicity, we write Fj, = E[L(z;) — £*] and F, = E[L (&) — £*]. We first multiply
(21) by F,;l and sum the resulting inequalities for all 1 < k < K to get:

K K
ZF (1= u(l =) Fe + T e <> T (1= 6) (Teoy + (1= w)Fr1) + Ty Vi
k=1 k=1
Grouping the terms in F}, together and recalling that F,;l (1-9g) = F,;_ll yields:

K K

K K
ST R - Fea+ud T (Feoy — Fp) <Y (T 5T =T Tk) + > T Wi
k=1 k=1 k=1 k=1

Simplifying the telescoping sums and multiplying by I';, we get:

K K
Fr +ul'g » T3 (Feoy — F) < Tk + Tk (Fo +To+ ) F;%) : (22)
k=1 k=1

Consider now the quantity Ey.. Recalling that £ is convex and by definition of the iterates ) we
apply Jensen’s inequality to write:

Fy <u(l = 6k) Py + (1 — u(l — 6x)) Fi
By iteratively applying the above inequality, we get that:

K
FK SUKFKFO +I'g ZUK_kF}Zl(l — u(l — (Sk))Fk
k=1
K K
=uSTpFy+ Tk Z T A Z EaSalany AR O
k=1 k=1
K-—1
=u" T Fo + Fic + T ) u T (Fy = Fiog)
k=1

We can therefore apply (22) to the above inequality to get the desired result. O
We now proceed to prove Theorem 1.
Proof of Theorem 1. By application of Proposition 9 and using the choice of 7" and N given by
Proposition 10, the following inequality holds:

Fi+ B < (1= (1= pr)dn) B2 + 7002 (23)
with WV defined in Proposition 10. We then distinguish two cases depending on the sign of y:
Case 11 > 0. Recall that Iy, and EY are given by:

Ok

Fr = udpEB[L(xy) — L],  Ef = o ok — 2*|* + (1= wE[L(wx) — L]
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Since 4 > 0, L is a convex function and we can apply Lemma 1 with Vy=v5,)V? and
Ek:%ﬂxk - x*||2+akE,Z+bkE,§. The result follows by noting that Ty, Zle Iyt <ot

Case 1 < 0. In this case, we recall that F}, and EY are given by:
Fy = E[L(z) = Llop)] + Biy — BY,  Bf = LE[IVL@)?].
We then sum (23) for all iterations 0 < ¢ < k which, by telescoping, yields:
E[L(xx) — L(wo)] + E§ — Ef + Ef* — B + Y (1= p): B{* < kydoW*.
1<t<k
Using that E[L(xy) — L*] + E}°* — EY is non-negative since E}°" — EY = a,E} + by E}, we get:
> (1= p)diEf < (B[L(x0) — L] + a0 EY + boE§) + kydeW?.
1<t<k

Finally, since p; = % 0¢ = Ly, the result follows after dividing both sides by %kLv. O
A.3 PROOF OF CORROLARIES | TO 4

Proof of Corollary 1. Choosing u = 0 implies that Ef = & ||z — a*|? + L(xy) — L£* < Elt. We
can then apply Theorem 1 for ¢+ > 0 which yields the following:

* * - k O 2W2
Ellex — 2]l + Llaw) - £* < (1= @re)™) B+ — (24)
In the deterministic setting, it holds all variances vanish : a?:cr;:asyyzagzy =0. Hence, W? = 0

by definition of W?2. Therefore, to achieve an error L(z),)—L*<e for some €>0, (24) suggests
choosing k=0 (m; log (EUO )) Additionally, T=0(k,) and N=0O(k,,) as required by Theorem 1

€

and since ng =0, it holds that N=O(k,4). Using batches of size 1, yields the desired complexity.
B O

Proof of Corollary 2. Here we choose v = 1 and apply Theorem 1 for ;> 0 which yields:
k
E[L(ix) — £*] + Bt < (1 - (255)*1) (Bt + E[L(xo) — £4]) + 2L W2

Eé"%E[c(xo)fﬁ*])) to

€

Hence, to achieve an error E[L(Z)) — L*] < ¢, we need k = O(/@L log (
guarantee that the first term in the L.h.s. of the above inequality is O(e). Moreover, we recall that
L~' = O(k,?) from Proposition 6 and that Theorem 1 ensure the variance W satisfies:

2 _ 5.2, .32 2 2 2 _2
w —O(ngog + Koyt Rgog + chO'f).

Hence, ensuring the variance term 2L~ 2?2 is of order € is achieved by choosing the size of the

batches as follows:
5’2 K K,25'2 5_2
Df:@<f>a |D9:@< L9 ) ’D91y|:® oy )
€ € €

D, | = e(agyy (1 v Hg))

Recall that T=0(k,) and N=0(x,) as required by, Theorem 1, thus yielding the desired result. [

Proof of Corollary 3. In the non-convex deterministic case, recall that Ef = L|[VL(x,)[|* < Efet.
We thus apply Theorem 1 for ;1 < 0, multiply by L to get:

k
1 , 2L
- < =
PMIZOIES:

The setting being deterministic, it holds that WW?=0. Moreover, recall that L = O(mg) from
I”

(L(wo) = L* + (Bf + E§)) + 217,

Proposition 6. Hence, to achieve an error of order miny <<y | VL(x¢)
3
kzO(%(ﬁ(zo) —L*+ (E§ + Eg))) Thus using batches of size 1 and 7" and N of order r,. O

< ¢, it suffice to choose
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Proof of Corollary 4. In the non-convex stochastic case, Ef = +E [HVﬁ(mk) ||2] < El°'. We thus
apply Theorem 1 for 1 < 0, multiply by L to get:

k
LS R[IVL@I] < 22 EIL (o) — £ + () + Ef) + 2W°.

to achieve an error of order ¢, we need to ensure each term in the Lh.s. of the above inequality
is of order €. For the first term, similarly to the deterministic setting Corollary 3, we simply need

3
k= O(i—g(ﬁ(xo) — LY+ (E§ + Eg))). For the second term, we need to have W?=0(e), which
is achieved using the following choice for the sizes of the batches:

525,2 I€55'2 I£25'2
_ 9~ f _ 9% g _ 9% guy
|Df|_0( € >, |Dg|_0< € >7 ‘Dgzy|_0< € >7
K352
Pl =0 1va ).

Finally, as required by Theorem 1, we set T" = O(k,) and N = O(k,) thus yielding the desired
complexity. O

A.4 COMPARAISONS WITH OTHER METHODS

In this subsection we derive and discuss the complexities of methods presented in Table 1.

A.4.1 COMPARAISON WITH TTSA (HONG ET AL., 2020B)

Proposition 11. strongly-convex case ;1 > 0. The complexity of the TTSA algorithm in Hong et al.
(2020b) to achieve an error 5T [||a:k — JJ*HQ} < e s given by:

17 1 1
Cle) =0 ((Ii;; mlﬁ/z + HZ/2) ¥ log )

€

non-convex case (< 0. The complexity of the TTSA algorithm in Hong et al. (2020b) to achieve
anerror £ 3 <<, E {HVE(%)H?} < e is given by:

Cle) :==k(1+N) = 0((»@_}]1 + n;ﬁ)is log <1>>

€2 €

Proof. strongly-convex case ;1 > 0 Using the choice of step-sizes in Hong et al. (2020b), the
following bound holds:

k
.12 8 _
B s - 1] ST (1- gy ) (A2 + B2

=0

L? 1 3
¥ -1, Hgqs2
—L
i Mg/J% <Mg " p? y) <k7 + koc)

where A = E{on - x*||2} , E[Hyl - y*(xo)||2} and k,, given by:

> (512)3L3L§>
b u2 .

By a simple calculation, it is easy to see that Hfzo (1 — S(kika)> < (k(f(i;;lgf)z
that Ly, = O(p,?), Ly = O(u, '), we get that

(koz — 1)2
(k + ko —1)2

Njw

L3
ko = max | 35( —5(1+07)
Hyg

. Moreover, using

wlno

LE o — 2|

(S + puprg CA) + 1y S5 (14 p72) (k m ka>
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. 1 z
Using that L:O(ugd), we get u;ﬂfé (1 + /fQ):O (N;BHE + “9“2)- Hence, to reach an error

€, we need to control both terms in the above inequality. This suggests the following condition on &
to control the second term which dominates the error:

—15\ 1
kz(uzmz/ Jr/@’lC/Qu )—

3
€2

Moreover, the result in (Hong et al., 2020b, Theorem 1) requires N = G)(mg log %) where N is the

number of terms in the Neumann series used to approximate the hessian inverse (9y,g(z,y)) ! in
the expression of the gradient VL. Hence, the total complexity is given by the following expression:

17 1 1
Cle) := k(1+N):O((f<ag mlﬁ/z—k 7/2) 3log)
€2

€

Smooth Non-convex case ;1 < 0. Following Hong et al. (2020b), consider the proximal map of £
for a fixed p > 0O:

N o . Py 12
#(z) := arggg(l{ﬁ(x) + 2Hx 2| }

and define the quantity A* := | [||§:(:z:k) — ||2} , Where xj, are the iterates produced by the TTSA

algorithm. Let K be a random variable uniformly distributed on {0, ..., K — 1} and independent
from the remaining r.v. used in the TTSA algorithm. The result in (Hong et al., 2020b, Theorem 2)
provide the following error bound on A¥

1 Ai 0, 3 k8
S AL A+ =2 ) g | T
1<i<k /‘g

where p is set to 2L and A°< max (E[ﬁ(mo)—ﬁ*},E [||y1—y*(x0) ||2} ) Now, recall that by defi-
nition of the proximal map, we have the following identity:
1
- Z ]E{HVL(IZ)H } <2+ 12) LY Asr YA
1<z<k 1< <k 1<z<k

Hence, we obtain the following error bound:

1 2 _2

> E [||vc(xi)|| } < (KA(A® + K202) + prg) ke F

1<i<k
where we used that L, = O(ng). Therefore, to reach an error of order €, TTSA requires:
1 10 15 5
k> g(ng A2 + Ky ag)

Moreover, controlling the bias in the estimation of the gradient requires N = O(x, log %) terms in
the Neumann series approximating the hessian. Hence, the total complexity of the algorithm is:

Cle) = k(1 4+ N) = o((m;l + n;ﬁ)ei%mg (1))

A.4.2 COMPARAISON WITH ACCBIO (J1 AND LIANG, 2021)

Complexity of AccBio. The bilevel algorithm AccBio introduced in Ji and Liang (2021) uses ac-
celeration for both the inner and outer loops. This allows to obtain the following conditions on k, T'
and N to achieve an € accuracy:

k:O( log - )T 0( é)N o( 10g1>.
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Note that, since AccBio do not use a warm-start strategy when solving the linear system, NV is
required to grow as log % in order to achieve an € accuracy. This contributes an additional logarithmic

1 1
factor to the total complexity so that C(€) = O(r2x¢ (log %)2) This is by contrast with AmIGO
which exploits warm start when solving the linear system and thus only needs a constant number of
iterations N = O(k4) although the dependence on x4 is worse compared to AccBio. However, it is
possible to improve such dependence by using acceleration in the inner-level algorithms .4y and By,
as we discuss in Appendix A.5.1.

Complexity of AccBio as a function of 1 and 1i,. The authors choose to report the complexity as a
function of u and ji4 instead of the conditioning numbers «, and x4. To achieve this, they observe
that, under the additional assumption that the hessian 0y, g(z, y) is constant w.r.t. y, the Lipschitz
constant L has an improved dependence on ji,: L = O(p,?) instead of L = O(p,®) in the general
case where 0y, g(x,y) is only Lipschitz in y. This allows them to express ;o = % = O(py%p™)

and to report the following complexities in terms of y and p14:

Cle)=0 (Mug‘g (1og 1))

Note that, in the general case where L = O( u;g), the complexity as a function of 1 and y1, becomes

O(/f% H;Q (log %) ), while still maintaining the same expression in terms of x, and k4. Hence,

using the expression in terms of conditioning allows a more general expression for the complexity
that is less sensitive to the specific assumptions on g and is therefore more suitable for comparaison
with other results in the literature.

A.5 CHOICE OF THE INNER-LEVEL ALGORITHMS Ay, AND Bj,.

The choice of Aj and By, has an impact on the total complexity of the algorithm. We discuss two
choices for A, and B, which improve the total complexity of AmIGO: Accelerated algorithms (in
Appendix A.5.1) and variance reduced algorithms (in Appendix A.5.2).

A.5.1 ACCELERATION OF THE INNER-LEVEL FOR AMIGO

AmIGO could benefit from acceleration in the inner-loop by using standard acceleration schemes
Nesterov (2003) for A;, and Bj. As a consequence, and using analysis of accelerated algorithms
(Nesterov, 2003) in the deterministic setting, the error of the inner-level iterates would satisfy:

E[llye - y"@o)?] < AeBY, E[llye - v (@o)|?] < 1Bz

where A and I}, are accelerated rates of the form A, = O((1—,/R5)T) and Iy = O((1—/Rg)™).

The rest of the proofs are similar provided that A and I are replaced by their accelerated rates Ay

and TIj,. This implies that 7' and N need to be only of order T = O(,/Ry) and N = O(,/Ry) s0
that the final complexity becomes:

Cle) =0 (/ﬂ:ﬁ/ﬂ:;/z log 1) .

Note that using conjugate gradient for By also enjoys an accelerated convergence rate Shewchuk
et al. (1994). This is confirmed in our experiments of Figure | where AmIGO-CG enjoys the fastest
convergence.

In order to further improve the dependence on x, to Hlﬁ/ 2, one would need to use an accelerated
scheme when updating the iterates x;. The analysis of such scheme along with warm-start would
be an interesting direction for future work.

A.5.2 VARIANCE REDUCED ALGORITHMS FOR Aj AND By,

When the inner-level cost function g is a finite average of functions g(z,y) = L 3, ., gi(z,y)
empirical average, it is possible to use variance reduced algorithms such as SAG (Schmidt et al.,
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2017). If every function g; is Lg-smooth, then by (Schmidt et al., 2017, Proposition 1), the inner
level error becomes:

e o] i 9. _
E |y — v (@) |*] £ AEY + JL;707).

with Ay, = ( — g—i)T. This has the advantage that the error due to the variance decays exponentially

with the number of iterations 7. As a consequence, the dependence of the effective variance W? on
the conditioning numbers k. and x4 can be improved to:

2 —1~2 3 —1.92 2 1.2 2 —1~2
14% =O<\Dg| &2+ k,|Dy,, | agyy+/4:g|Dgzy| Gg., T gl Dyl af).

This can be achieved by taking 7' = O(nkgy) up to a logarithmic dependence on the condition
numbers. As a consequence, the complexity in the strongly convex stochastic setting becomes:

Bt + E[L(zo) — z*}))_

€

1
C(ﬁ) = O(’%L (n&g + K:g(l Vv €,€g)5’§yy + 5.;“/ + 5-]20) E 10g (

In the non-convex setting, the complexity becomes:
4

K
Cle) =0 (629 (n&? +ry(1Vens)as + koo,

o+ f;g&]%) (E[L(zx) — L] + EBY + Eg)) .

The downside of this approach is the dependence on the number n of functions g; in the total com-
plexity.

B PRELIMINARY RESULTS

B.1 EXPRESSION OF THE GRADIENT

We provide a proof of Proposition 1 which shows that £ is differentiable and provides an expression
of its gradient.

Proof. Assumption 1 ensures that y — g(z,y) admits a unique minimizer y*(x) defined as the
unique solution to the implicit equation dyg(x,y*(z)) = 0. Moreover, since g is twice continu-
ously differentiable and strongly convex, it follows that d, g(x, y*(x)) is invertible for any = € X.
Therefore the implicit function theorem (Lang, 2012, Theorem 5.9), ensures that x — y*(x) is
continuously differentiable with Jacobian given by Vy*(z) = —8,,9(, y*(x))dyyg(x, y*(x)) .
Hence, by composition of differentiable functions, £ is also differentiable with gradient given by:

VL(x) = 0uf (2, y"(2)) = Ouyg(, y* (2))Dyyg(w,y* (2)) ™' 0y f (2, y" (x)).
We can thus define 2*(z,y) = —0y,9(x,y) "0, f(x,y) to get the desired expression for VL(x)

and note that z* is the solution to (2). O]

B.2 SMOOTHNESS PROPERTIES OF L, Y*, z* AND ¥

Proof of Proposition 6. Lipschitz continuity of = — y*(x). By Assumptions | and 3, the implicit
function theorem (Lang, 2012, Theorem 5.9) ensures y* (z) is differentiable with Jacobian given by:

Vy* (@) = =0uyg(x, y* () Oyyg (@, 5" (2))

Moreover, by Assumption 3, we know that 8yg(x7 y) is L;-Lipchitz in z for any y € ), hence,
[0zy9(x, y* (2))]],,, is upper-bounded by Ly,. Moreover, by Assumption 1, g is jig-strongly convex

in y uniformly on X. Therefore, it holds that |9y, g(z, y* (z)) HOp < py*. This allows to deduce

that ||Vy* () ||Op < uglL’g, and by application of the fundamental theorem of calculus that:
I () — v (@) < 3 Ll — .

This shows that y* is L,-Lipschitz continuous with L, := ,ug‘lL;.
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Lipchitz continuity of 2 — 2*(x,y). Let (z,y) and (2, y") be two points in X x ). Recalling the
definition of z*(z, y) in Proposition 1, it is easy to see that z*(z, y) admits the following expression:

2 (2,y) = ~0yy9(x,y) "0y f(2,y). (25)
Recalling the expression of z*(z, y), the following holds:

2 (x,y) = 25 (@) =0yyg(2 ) 1O f (2, y') — Dyyg(w,y) 1Oy f (2, y)
=(Oyyg(a',y") " = Byyg(x,y) =)0y f(2',y)
+ Oyyg(,y) (0, f(2',y') — 0y f(2,y))
= yyg(x', yl)il(ayyg(fa Y) — 8yyg(m’, y’))ayyg(x, y)ilayf(x/a y')
+ 8yyg(z,y) " Oy f(2y) — B, f(2,y))

Hence, by taking the norm of the above quantity a triangular inequality followed by operator in-
equalities, it follows that:

1" (@) — 2" " )| <[ Hy Y|, [1Hy — Hall,, | Hy |, 10, f (2" )
[ HT 10y (2", y") = 0y f (2, y)ll-

where we introduced Hy; = 0Oyyg(z,y) and Hy = 0Jy,g(2’,y’) for conciseness. Using As-
sumption 1, we can upper-bound HH_IHOP and HH{lHOp by u;l. By Assumption 3, we
know that |[Hy — Ha||,, < Mg||(z,y) — (z’,y’)||. Finally by Assumption 2, we also have that
[0y f(2",y") = Oy f (x, y) || < Lf||(937y) (2',y')|| and that |9, f (z',3)|| < B ensuring that:

12" (2, y) — 2" (2" y" )| < (g *MyB + pg ' Ly)ll(z, y) — (', 5]
Hence, we conclude that z* is L.-Lipchitz continuous with L, defined as in (13).

boundedness of z*(x,y) Recalling the expression of z* in (25), it is easy to see that llz*(x,y)]| is
upper-bounded by 1, ' B since d,, g (¢, y) is f14-strongly convex in y by Assumption 1 and 8, f (, y)
is bounded by B by Assumpt1on 2.

Regularity of 0.
(z,y,2z) — V(' y, 2") =0:f(2,y) — 0 f (2, 1)) + Ouyg(,y)z — Oayg(a’,y) 2’
=0, f(x,y) — 0u f(2',Y) + Ouyg(,y) (2 — 2')
+ (Ozyg(@,y) — uyg(2',y'))7.

By taking the norm of the above expression and applying a triangular inequality followed by operator
inequalities, it follows that:

1 (2,y,2) = O(2' g, 2| <100 f(2,y) = 0o f (&', 4 )| + 102yg(, ), 12 = 2] (26)
+ 1102y g(x,y) — Ouyg(a’, 4|, 12”1l
<Li(llz = ' + lly = ¢'Il) + Lyllz = 2|
+ Mll2'|[([lz — 2"l + ly — ¥/ [D)-

To get the first term of the last inequality above, we used that J,, f is L ¢-Lipschitz by Assumption 2.
To get the second term, we used that 9,,g(z,y) is bounded since Jyg(w,y) is Ly-Lipschitz by
Assumption 3. Finally, for the last term, we used that 0., g(x, y) is M,-Lipschitz by Assumption 3.

By choosing ' = z, ¢y = y*(x) and 2’ = z*(x,y*(x)), it is easy to see from Proposition 1 that
U(z,y*(x), 2*(x,y*(z))) = VL(x). Hence, applying the above inequality yields:

10 (2, y,2) = VL(@)| <(Ly + Mllz*(z,y"(@)Dlly — y* (@)l + Lglz — 2" (@, y" (@)
<(Ly + Mgl|z" (2, y* (@) Dlly — y* (@)l + Lyllz — 2" (2, y)
+ Lylle*(2,y) — 2" (z,y" (@)
As shown earlier, ||2*(z,y*(z))]|| is upper-bounded by s, ' B, while ||z*(z,y) — z*(z, y*(x))|| is

bounded by L., ||y — y*(z)||. This allows to conclude that | U(x,y, z) — VL(z)|| < L, with Ly
defined in (13).
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Lipschitz continuity of x+ — V.L(z). We apply (26) with (y,2) = (y*(x), z*(z,y*(z))) and
(v',2") = (y*(2'), 2* (z,y*(2'))) which yields:
IVL(z) = VL@ <(Ly + Mg|l2* (2, y* (@)Dl = 2l + [ly* () — y* ("))
+ Lyllz" (2, y™ (2)) — 2" (2, y* (2)) |
<(Lf + Mg, "B+ Ly L.)(1+ Ly)||lz — 2|,

where we used that [|2* (2, y*(2'))| is upper-bounded by p, ' B, z* is L.-Lipschitz and y* is L,-
Lipschitz. Hence, VL is L-Lipschitz continuous, with L as given by (13). O

B.3 CONVERGENCE OF THE ITERATES OF ALGORITHMS A;, AND 5;,

Proof. Controlling the iterates 3¢ of A;,.
Consider a new batch D, of samples . We have by definition of the update equation of y* that:

o' =y @) |* =l = v @Ol + oy (v D)

— 20ék;ayg<xka yt_17 Dg>T (yt_l - y*(‘rk))

t—1

Taking the expectation conditionally on x; and y*~*, we get:

E[Hyt - y*(xk)HQ‘xk’yt‘l} (1= agpy) ||y = y* (=)

+ QZE[|‘ayg(Ika yt717,Dg) - ayg(xk7yt71)||2‘zk7yt71:|
«

— 2Oék;8yg(xk7yt_l)—r (yt_l - y*(ﬂfk) - Tkayg(mk)a yt_l))

<(1- akﬂg)Hyt_l — y*(xk)HQ + Zaiag

The first line uses that 9, g (xk, ytt, Dg) is an unbiased estimator of 9, g(x, y'~1). For the second
line, we use Assumption 4 which allows to upper-bound the variance of 9, g by 03. Moreover, since

g is convex and L4-smooth and since oy, < L;l, it follows that the last term in the above inequality
is non-positive and can thus be upper-bounded by 0. By unrolling the resulting inequality recursively
for 1 < t < k, we obtain the desired result.

Controlling the iterates z" of By. The poof follows by direct application of Proposition 15 with
8 = B and the following choices for 4, A, b, b:

An = yyg(mkvykapgyy)v :ayf(xk7yk7pf)
A :ayyg(mkv Yr) b :ayf(xkv Yr)-

This directly yields the following inequalities:

>

- 2 ”
E |12k — 2 (k, yo) || STRE][20 - 2 (@p,w)[|*] + R

E[17 - =* (e, || STE|[12f - (@, w0 ]

where ITj, and Ri are given by:

_ N 1 1
I, == (1 — Brpg)”, R; := B} (UjE[HZ*(xk,yk)Q} + 3(N/\ Bku;;)o-]%) (N/\ Bk,ug)'

First we have that IT;, < II;,. Moreover, Proposition 6, we have that ||2* (zx, yx)|| < B, ! hence,

R; < Rj thus yielding the desired inequalities. Finally (15a) also follows similarly using (45) from
Proposition 15.
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B.4 CONTROLLING THE BIAS AND VARIANCE E}f AND ka

Proof of Proposition 4 . Recall that the expressions of E}f and ka in (6) involves the conditional

expectation Ey wk] knowing g, yx and z;_1. This can be also expressed using ¥ as follows:

Eg [Z/Afk} =E [E [@k@h%&k} |l’k,yk,2k—1}

=E[¥(zr, Yk, 2k) | Ths Yk Zh—1]
E[qj(mkv Yk, ]E[Zkak; Yk, Zkfl])]

where we used the tower property for conditional expectations in the first line, then the fact that
the expectation of 1y, conditionally on xy, yi and zj is simply U(xy, yx, 21 ). Finally, for the last
line, we use the independence of the noise and the linearity of ¥ w.r.t. the last variable. In all what
follows, we write Z;, = E[zg|zk, yx, 2k—1] which is the same object as defined in Proposition 7. We

then treat E,‘f and de’ separately.

Bounding EY. Using Propositions 6 and 7 we directly get the desired inequality:
g Ly g rrop yg q y

By <213 (E[lye — v @o)l| + B[l — =" (@, w07 )
<2L% (AR E} + 1. Ef + RY)

Bound on V,f. We decompose ka into a sum of three terms Wy, W, and W}/ given by:

~ 2
Wi E|: T (xkvykapf) 7a$f(xk7yk)H :|7

W,; ::E“

. 2
3my§($k,yk7§1v+1,k) 2 — 8xyg($kvyk)5kH ]
" p T
Wk = E[(awf(l‘ka ykan) - 8wf<x7€7 yk)) aiyg(mk7yk7)(zk7 - Zk):| :

where we used that §~ N+1,k 1s independent from zj and Dy to get the last term. Hence, using
Assumption 4 to bound the first term of the above relation, we get ka < afc + W] +2W, . Thus, it
remains to control each of W} and W}/

Bound on W)!. Using that D is independent from fmk, we can apply Proposition 14 to write:

W// — ﬂk;]E

0o (f — )@k, s D) T Ouyg(ah, yi) (Z I—BAYN >By(f_f)(xkayk»pf)]

where we used the simplifying notion (f @k, yx,Dy) = f(xk,yk,Df) — f(zk, yr)-
Using Assumption 3 to bound |0zyg(2k,yk)ll,, by Lj, Assumption 1 to upper-bound

H (Ziv:l (I B BkA)N?t) ’op by (Ziil (1 - 5kﬂg) > we get

Wi| <piL, Nf(l — Buttg) |02 (F = £) (k00 D)0y (F = )(wn v, D)
t=0
SL;M;:LE[ 0u(f — ) (@e,ye, Dy) "0y (f — f)(l“k,yk,Df)H
<Ly B[ 0u(f —f)(xk,ymf)?\fE[H@(f o] = st
where we used that Zi\; o (1= Bk uq) —— for the second line, Cauchy-Schwarz inequality to get

the third line and Assumption 4 to get the last line.
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Bound on W,é Using that 5 N+1,% 1s independent from 2z, we write:

00~ ) (o) | + B[ 0msaton, e - 201

W EU

(@)
<02 E[llzl?] + (Ly)%E 12k — 2]

i)

202 (B[ — = @rw)lY] + E[ 1= @) P]) + (LB 1 - 2l

(#4d)

< 202 B[l — =" (o, yo)lP| + (LB [llzk — 2] + 202, B2y

@), 5 0_ * 2 | pe

<20, (HkE[sz — 2y + RkD

+ (L,)? (4agljzju;2HkE[Hzg — 2" (xy, yk)Hz] + QRZ) + 203@/B2p;2
<2(02,, +2(Ly)%u; %02, ILE[|2 — =*(a, ) ]

Gyy

+2 (03” + (L’g)2>R; +20, Bu,”

(i) follows from Assumptions 3 and 5, (ii) uses that ||z||> < 2(||zk — 2P+ Hz||2), (iii) uses that

12* (2, yr) || < B,ug_1 by Proposition 6. Finally (iv) follows by application of Proposition 7. We
further have by definition of R} that:

Ri < B’L;'pu, 0} +3u, %0} (29)

Gyy

Combining the inequalities on W}, W/’ and (29), we get that kagwg—i—ogﬂkE;j, with w2 and o2
given by (16). O

C GENERAL ANALYSIS OF AMIGO

C.1 ANALYSIS OF THE OUTER-LOOP

Proof of Proposition 2. We treat both cases ;1 > 0 and po < 0 separately. For simplicity we denote
by E; the conditional expectation knowing the iterates y, yr, and zx_1 and write ¢, = Ey {Jzk} .

Case 11 > 0. Recall that ] is given by:

EF = ’L;]E [ka - x*ﬁ +(1— wWE[L(ay) — L.

For simplicity define ¢, = udy + (1 — u), ex = (1 — u)(L(zx) — L*) + L= ||lzp — 2*||? and ¢}, =
udg (L(xg) — L£*). It is then easy to see that E[eg] is equal to the Lh.s of (10), i.e. E[ex] = Ef. We

25



Published as a conference paper at ICLR 2022

will start by bounding the difference between two successive iterates of ey:

6;6 + e —€ep—1 Suék(ﬁ(;ﬂk) — E*) + (1 - u)(ﬁ(xk) - ﬁ(xk,l))
*HQ k-1

i — 2|

Nk
+ 5 lzx — x

Ludi(L(on) - £+ (1 - 0)(L(wx) — L))

OkMk—
= B s — 0P+ 00 (S et — 2P = VL) T (@nos )

+ n?k (Wsz}kIHQ — 2 <'¢A}k71 — V[:(xk,l))T(%ki1 _ x*))
(2)u5k(£(zk) — L)+ (1 —u)(L(zp) — L(zg_1))

 OkMk—1
2

+ = (%Hd)k 1” — 2 ("/}k 1— VL(xp— 1>)T($k71 - 33*))
<(udk + (1 — u))(L(zk) — L(2k-1))
o ke — 2P = 6k (1 — u) (Lwp—1) — L)

lep—1 — *|” = (L (zp—1) — L*)

+ %k (’Y;%Hl%&’r — 2 (1/;1@—1 - Vﬁ(zk—ﬂ)T(xk—l - l’*))
<er(L(xr) — L(7r-1)) — dker—1
+ 5 (%Hl/)k 1H — 2 (d}k 1= VL(zp— 1>)T($k71 - w*))

(id4) L
< —Oper—1 + e VL(xp_1) (2 — 1) + 7||‘Tk — x|

Jr(’YkHwk 1” *2’Yk<1/1k 1= VL(zp— 1))T(mk—1x*))

Ek’ykL

= — dker—1 — e VL(@p—1) Pro1 + HZZJ _1H

+(%H¢k 1” —2%<¢k 1= VL(zp- 1))T(1’k—1—x*))'

(1) follows from the update expression xy = Tp_1 — ’ykz/;k,l, (ii) follows from the convexity of £
and (iii) follows by L-smoothness of L. Taking the expectation conditionally on the randomness at

iteration k£ — 1 and using that Ej_; wk_l} = 1 _1, we therefore get
. 2
Er_1lef +er —ex1] < — der_1 — e VL (xp_1) "r_1 + %(% +ex)Er_1 |:H¢k—1H ]
— (-1 — VL(xx-1))  (wpe1 — 2)
. 2
= — dkep—1 + VkSk (Ekl [Hiﬁkq - ¢k—1‘H + || -1 — Vﬁ($k1)||2>
— 0 (Yr1 — VL(xp 1)) (xh1 — mVL(2E_1) — 2*)

— 5 (e = 00| VL ()|

2 — Sper_1 + YrSk <Ek—1 [H@k—l - W—1H]2 + [[g—1 — Vﬁ(xk—l)”2>

— k(-1 — VL(xx-1)) (@re1 — mVL(2Ro1) — 2)
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where (i) follows from §; < ¢ since by construction d;, < 1. Taking the expectation w.r.t. all the
randomness and applying Cauchy-Schwarz inequality to the last term yields the following inequal-

1ty:
wSk(£(an) = £7) + Bf (= ) By + e (Vi + B, ) (30)

1 1

(50 B len s~ v ) -7

Since £ is convex, we have the inequality: ||zx_1 — 7 VL(2k—1) — *||> < |[zx—1 — *||>. Hence,
we can deduce that:

Sellzn—1 — WmVL(wR—1) — 2*|* < Spllzno1 — 2*||* < 2ymen Br_y < 2wEf_y,

where we used that 7 is non-increasing by construction. Combining the above inequality with (30)
yields:

11 L1
Fi+ Bt <(1 = 00 By + e (Vily + By ) + V267 (B ) (Bisy)®.
Case ;1 < 0. Recall that for p1 < 0, we set Ef = +E {||V£(:ck)||2} Using that £ is L-smooth, we
have that:

L
L(xy) — L(xp_1) <VL(xp_1) " (xp —2p_1) + §||$k — wk—1\|2
R L2 » 2
< —VL(zr_1) " Up_1 + %H'M’k—l“
< = VL@ I? = WL (1) T (rs = VE(r-1))

Ly,% R 2 . T 9
t Hi/)k—l - ¢k~—1” + 2(¢k—1 - ¢k—1) V-1 + [[Ye—1ll” ).
Taking the expectation w.r.t. all randomness in the algorithm in the above inequality, we get:

E[L(zr) — L(zp-1)] < — %E[HV»C(Ik—l)HQ] —NE[VL(wp-1) " (Yr-1 — VL(x-1))]

o) s )

Lo 2], L9k (o ¥
=~ (1 = ZEE[IVL@- )] + (Vi + L)

— (L = Ly)E[VL(wp—1) " (-1 — VL(zp-1))]
2
< Pg[Ive@nP] + 2 (v, 4 B

sk [Ive@ol?] (B)*
= —6.EF_ |+ 5’“% (v,j’L1 + E}f,l) V207 (E;fq)% (E;ffl)%'

where we used that 1 — % > % and 0 < 1— L+, < 1to get the last inequality. Using the definition
of I}, yields an inequality of the form:

11 5 1
Fy+ B <(1= 80 By + s (V00 + Y ) + Vo (B, ) (BE.)®.
Hence, in both cases ;» > 0 and 1 < 0 we get an inequality of the of the same form, but with different
expressions for Fj and s;. We get the desired result using Young’s inequality, to upper-bound the

last term in the r.h.s. of the above inequality. More precisely, we use that for any 0 < pi, < 1:

11 3 L1
Va8 (B )T (B < 5oy + o By
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C.2 INNER-LEVEL ERROR BOUND

In this section we prove Proposition 5 which controls the evolutions of the warm-start errors £} and
E7. As afirst step, in Proposition 12, we provide a result controlling the mean squared error between
two successive iterates xx_1, T and yx_1, yx which will be used in the proof of Proposition 5.

Proposition 12 (Control of the increments of x; and yi). Consider (i, ¢ and RZ as defined in
Proposition 8 for some fixed 0 < v < 1. Then, the following holds:

~ 2
viE[Hwk_lu } = E|lla -z P <0f (Ve +2BL ., +2GBL,)
E[Hyk - yk—1||2} <205 B} + 2R}

Proof. Proof of Proposition 12 We prove each inequality separately.

Increments of z;. By the update equation, we have that z;, = 1 — Yk z/;k_l, hence we only need

. 2
to control E {Hwk_l H } . We have the following:
2|

In the case (1 < 0), we have Ef _; = 5-E {||V£(xk_1)||2} , hence by setting (;, := 2L, we get the
desired inequality. In the convex case (p > 0), since £ is L-smooth, we have that:

B || <B[Jdnr =[] + 28 1w - 9] + 2219 G

=V |+ 2B + 2B ||V L))

IVL@ro)]® < 2L(L(exor) — £*) < 201 —u) " "Bf_,,

provided that u < 1. We also have that (£(zj_1) — £*) < L||lzp_y — 2*||* < Ly, Ef_, which
yields |[VL(zx_1)|> < 2L%n; ' EY_|. Hence, we can set , = 2L min ((1 —u)~, Ly *,).

Increments of y;. Denoting by D; a batch of samples at time iteration ¢ of algorithm .4;, and using
the update equation of y* we get the following inequality by application of the triangular inequality:

T-1 1 T-1 1

]E{Hyk - yk—1||2} <ag E[Hayﬁ(fﬂk,yt,pgﬂf} < ag Z (03 + Lg]E{Hyt - y*(xk)||2D ’
0 t=0

-1

o » (02 + LIRy + LﬁAt,kE}j)% <oT(02(1+2L2qp, ") + L2EY)?

t

=
IA
i Ty
[}

where we applied Proposition 7 for every 0<¢<T'—1 to get the second line with A; :=(1 — o /Lg)t.
This directly implies the following bound:

B3k - v l*] < 2037202 (1 + 2L20; ) + L2E). (31)
On the other hand, using a triangular inequality and applying Proposition 7, we also have that:

E[llye = ve-117) < 2E[llge — v @I + 2B [lyer — v (@0)|*] < (4B} +2RY). (32)

The result follows by combining (31) and (32) using coefficients 1—v and v. O

C.3 PROOF OF PROPOSITION 5

Proof of Proposition 5. We will control each of E} and E7} separately.
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Upper-bound on E}. Let 7, be a non-increasing sequences between 0 and 1. The following holds:

BY =Ellys-1 — " (@e-0) ] + E[ly* (@n = v (@e-0)I]
+ 2B [ (g1 — 7 (w11) T (0" (o — 7 ()|
2(1 + Tk)E{Hyk—l - y*(xk—l)HQ} +(1+ Tk_l)]E[”y*('rk - y*(l‘k—l)HQ}

(i1
< (14 m) (Akoa By + RYy) + 200 B[y (@x) = y* ()|

(i)

< (1) (A1 BY_y + RY_y) + 2020 'E [l — 2 ]

(iv) y y 9 _1 9 " 2

< (1) (Aka BY_y + RBY_y) + 282 92 ]| | (33a)

(i) follows by Young’s inequality, (ii) uses Proposition 7 to bound the first term and that (1 + r,;l) <
27“,;1 for the second term, (iii) uses that y* is L,-Lipschitz by Proposition 6 and (iv) uses the update

equation Ty = Tp—1 — YWk —1-

Upper-bound on E7. Similarly, for a non-increasing sequence 0 < 6, < 1, we have that:
B =E |z = =" @it ye-0) I + E[]|2* @0 ) = =* @1 90

+2E [(qu — 2 (ko1 k1)) | (2 (e yr) — Z*(-Tlcfhykfl))]

(@)
(U4 00E |11 — 2 @em1y-) 2] + (L 7B 127 @ ) — 2 @, )|

(44)
< (14 6) (M1 Ef_y + Ri_q) + QQIZI]E{HZ*(Imyk) - Z*(xk—lvyk—l)”ﬂ

(i)

< (1 00) (1 By + Ri_) + 402607 (B [l — wia | + lyw — ]

(iv) ~ 2 ~

< (14 00) (I EZ , + RE,) +4L26; ! (7,31%3 [Hml H } +26LEY + 2Rg) (34a)

(i) follows by Young’s inequality, (ii) uses Proposition 7 to bound the first term and that (1 + 9,;1) <
29,;1 for the second term, (iii) uses that z*(x, y) is L.-Lipschitz in  and y by Proposition 6 and,

finally, (iv) uses the update equation xp = xp_1 — ’szjk—l for the term E[ka - zk_l\ﬂ and
Proposition 12 to control the increments E Myk — Yg—1 ||2} .

In order to express the upper-bound on E7 in terms of E} ;| instead of E}/, we substitute £ in
(34a) by its upper-bound in (33a) and use that (1 + 74) < 2 to write:

. 2

B <(1+6,) (T 1B, + Ri_,) +4L%60; 42 (1 + 4L§¢kr;1)ﬂz[ w,HH }

+ 8120, (20 (Ak—1 BY_y + RY_,) + RY) (35)
We can then express (33a) and (35) jointly in matrix form as follows:

Elzc! AkflEllc/fl + RZA 7 2
(EZ) < Pk (HklEz_l +Ri—1 +7kE Hwk—lH Uk+Vk
where the Py is a 2 X 2 matrix and Uy, and V}, are 2-dimensional vectors given by (17). The desired
. 2

result follows directly by substituting E [Hwkl H } by its upper-bound from Proposition 12 in the

above inequality. [
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C.4 GENERAL ERROR BOUND

1

Proof of Proposition 9. First note that, by assumption, we have that dyr, ' < dx_17, ", and

5k9];1 < 5k_10,:_11. Moreover, since ay, and (B are non-increasing, we also have that Ap_; < Ay
and II;_; < II. This implies the following inequalities which will be used in the rest of the proof:

a; b Apo1 < ap Ay, bt Ty < by ', (36)

Now, let p;, be a non-increasing sequence with 0 < p;, < 1. By Proposition 2, it follows that £}
satisfies the inequality:

1 -
Fy + E} < <1 B <1 B ka) 5k>E’f—1 + ’Ykskvkw—1 + Vi (Sk + P 1)E}:—1 (37
On the other hand, by Proposition 5 we know that E} and E} satisfy:

£y Aea B+ R, (4 i z
(Ek> <P (H“Ez_l TR (Vs +2B) 426 Uk + Vi G9)

where the Py, Uy, and V}, are defined in (17). For conciseness, define Sy and E,ﬁ to be:

[0k 0 I_ El?j
Sk ’_<0 bk)’ E, = Sk (E,i
By (36), we directly have that:

—1 [(As_ 0 _1 (A 0 ~
SkPkSk_1< 0 Hk_l)sskPkSk (0’“ m) = Py, (39)

where the inequality in (39) holds component-wise. Therefore, multiplying (38) by Sj and using
(39) yields:

~ RZI
El <P.E!_ +5, <P,c (R’ﬁ) + (v;;b_1 +oEY |+ 2<kE,f_1)Uk n Vk> (40)

Furthermore, by Proposition 4 we can bound E;fq and kaq as follows:

By, <2I? (Ak(ak)_lak_lEZ_l + Hk(bk)_lbk_lE,j_l) +2L2RY
V2 <wl 4 o (be) e By,
where we used (36) a second time to replace Ag_1 (ak_l)_l and Hk_l(bk_l)_l by Ak(ak)_l and

Hk(bk)fl. By summing both inequalities (37) and (40) and substituting all terms E;f_l and ka_l
by their upper-bounds we obtain an inequality of the form:

By + B <ARE{y + Alar1 BY_ | + Ajbk 1 By + Vi
where A7, AZ , A} are the components of the vector A, defined in (18) and th"t is the variance

term also defined in (18). The desired inequality follows by upper-bounding A}, A} , A} by their
maximum value || Azl - O

D CONTROLLING THE PRECISION OF THE INNER-LEVEL ALGORITHMS.

In this section, we prove Proposition 10. To achieve this, we first provide general conditions on Ay
and I, for controlling the rate || Ay and which hold regardless of the choice of step-sizes. This
is achieved in Proposition 13 of Appendix D.1. Then we prove Proposition 10 in Appendix D.2.
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D.1 CONTROLLING II;, AND A,.

We introduce the following quantities:

1 1—(1-—
pW .= (1 — pi)dk

log N (41a)
1—s 1+ 2y [1+2L3ﬂk5,;1[sk+1+ 2p1]” H
D = log ((16L2) " prgyy i 2rf) (41b)
D,(:’) == log (4L§§k’yk7",:2) (41c)
1 1—(1—
D,(:l) = log (L= pr)on : (414d)
1—s 71140, [1+27,€5,;1(2L§,+ag) sk+ 1+ (201)” H
1
D = — < log (16126, %6, (41e)
1
D =~ s log (2L2L,, %0, %ri (1 + 4Lyry o)) (41f)

Proposition 13. Let py, be a non-increasing sequence of positive numbers smaller than 1. Consider
Ay and 11y, so that:

log A}, <min (D,(:), D,(f), D,(CS)) , (42a)
log T, < min (D,(j), D log Ay + D,S”)). (42b)

Then, the following inequalities holds:
Al < (L= (1= pr)di), Vi < VEen
where Ay, and Vit are defined in (18) of Proposition 9 and V't is defined as:
Vot .=y (3t + 2L k0, (24 (sk + o)) R,
40,10 (29,;1}2;_1 + 8L§0;2Rz) i (51 + AL2 A Spyprys 2w

Proof. We first prove that uI <u+<1 and p/ "~ <1 under (42a) and (42b) with u;" N ) . given by:
wi = ALy AL, pif = 16L21136; % ¢y

A direct calculation shows u; <1 whenever (42a) holds. Moreover, recall that ul=a;U ,51)+ka ,52)

with U, 151) and U, ,52) being the components of the vector Uy, defined in (17). Thus by direct substitu-

tion, we get the following expression for ué:

uy, = 2L25kyery, 2 AL (1 +2L2L%0,  ri (L+4L2r —1¢k) )

Therefore, (42b) suffices to ensure that uk < u,c Finally, (42b) implies directly that pJr <1.
We will control each component A7, A7 and A} of the vector Ay, separately.

Controlling A7. Recalling the expression of Af, the first component of Ay, in (18), it holds that:

i 1 L) 1 .
Ap=1—-(1- 5Pk O + 2QkApup, <1 — (1~ 3Pk Ok + 2y,

(i) 1
<1- (1 — pk)ék + zpkék =1- (]. —pk)(s

(i) holds since uiguz while (ii) follows from (42a) which ensures that QCWkuﬁ < % PrOk.
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Controlling A . Recall the expression of second component of AY in (18), we have:
AY =N (141 (1 + 16L21130; by, + 2L 70, ' (2uf, + (1 + 03 1))

2(1 + 2rk(1 + 2020 (s + 1+ (ka)‘l)))A};s 1= e
(i) holds since p: = 16L§H20k_2¢k < 1and u£ < 1 while (ii) is a consequence of (42a).
Controlling A7. Similarly, recalling the expression of the third component of A, we get that:
=107 (14 0, (1 + 8y (2L2 + 02) (2ul, + (s + o3 1))
%)H};su + 0k (1+ 296, " (207 + 02) (1 + (se + (201) ™)) (2 1— (1= pp)o,
where (i) uses that uf < 1 and (ii) follows from (42b).
Controlling V/°’. Recalling the expression of V;'** from (18), we have that:
Vi =6p (AL(L 47 1) + 16 L2 ¢y *TI; + 2L i6;, * (2uf + (s + o 1)) ) RY_,
0 (14 0 IILRE _y + BL20 T RY ) + 9 (s, + uf Ju?
<6 (3ryt + 2L 0 (2 + (sk +pp ) ) RY_,
46 (29,;111; : L+ 8L§9,;2H2R§;) + i (sk + uf w2 = Vet

where we use 16L2¢;.0; *T13, < 1 and uf < 1 for the first line and uf < u; for the last line. O

D.2 CONTROLLING THE NUMBER OF INNER-LEVEL ITERATIONS

We provide now a proof of Proposition 10 which is a consequence of Proposition 13.

Proof of Proposition 10. We first provide conditions on the number of iterations 7" and N of algo-
rithms Ay, and By, to control the rate | Ax|| ., and then provide an upper-bound on V}/*".

Conditions on 7" and N. We consider the setting with constant step-size y,=", ay=c and Sy=/
and choose =60, = 1 and §;, =0 for some 0<dy<<1. We also take v=1 so that ¢,,=2 and Ry:Rz.
By direct substitution of the parameters r, 0k, ok, V&, Ok, pr and (g, in the expressions of D(,l),
D,(f), DISS), D,(:l), D,(f) and D,(f) defined in (41a) to (41f), we verify that:
~cr <o, —ci=pl, G <min (DY, D), ~Cj <min (D, D).
Hence, we can ensure the conditions of Proposition 13 hold by choosing 7" and NV so that:
log Ay, < —max (1,C4,Cs), logIT;, < —log Ay — max (1,C1, C5).

This is achieved by for the following choice:

T = La‘luglmax (C1,C5,C5)] +1, (43)

N = [267" ;" (max (Cy, Gz, C3) + max (C1, C3, C5)) | +1

Hence, for such choice, we are guaranteed by Proposition 13 that ||Ag||, <1 — (1 — pr)d%.

Bound on the variance V/°*. By choosing 7" and N as in (43), we know that A, and II}, satisfy
(42), so that the variance term V" is upper-bounded by V}/°*. Moreover, by direct substitution of

the sequences appearing in the expression of V Lot by their values, we get:

Vet < VU =0, (AR (1 + 1) + 16L2¢,0, °TT; + 2L, ' (2uf, + (se + 03 1)) RY_,
0 (U O IR + SL2OPTGRY) + (e + uf Ju?

4 1—u 1+u s
<6 <770 ! + <7 + 4L§sz) ) w?

2 2
+ 80243, + 32L2T13 + 10125 ) RY_, + & (211; : 4 8L§Hzﬁz,~z)
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Furthermore, by definition of RZ_1 and R} _,, we have that:

R} | <2,ug L> 103, i1 <y (B2L ! 3 +3,ugaj2¢).

Moreover, recall that RZ:RZ since we chose v=1. Thus ]:ZZ < Q;L;laog. This implies that:

1-u
Vietsy iyt <50_12 + (1+ 4L§ Z’y))u}?ﬂ + 21‘[2771#;3 (32609w + 3,ugojzc) (44)

+ (47} + 8OLZII}, + 20L7mg ), oy~ o
By choosing 7" and NNV as in (43), the following conditions hold:
L

As AS < 5L¢'770 , H:. S ’y(O’;M + (L;)2)7

1
= 4L27 L'L/;

kS 412
By applying these inequalities in (44), we get:
1—u
Viotsy vt < (5512 + 2) w42, (o2 4 (1)) (BB, + 3u0%)
+ 60Lwn0 Ky L 17_103

ol 60LY o)
T+ +50Mg o2 =

9o
Therefore, we have shown that V" < 76,2, with W? given by (20). O

where we used that 2/, (02 L+ (L;)Q) (Bgﬁagyy + 3%0;) < w? by definition of w? in (16a).

E STOCHASTIC LINEAR DYNAMICAL SYSTEM WITH CORRELATED NOISE

Let A be a positive definite matrix in R? x R? satisfying 0 < p, > |0;(A)| < L, and b a vector in
R?. We denote by z* = —A~'b. Consider A,, be a sequence of i.i.d. positive symmetric matrices

in R? x R? such that E[A,,] = A, and b a random vector in R? such that E m = b, with A,,, and

b being mutually independent. Define 4 = E [(A — A" (A, - A)] and denote by o4 and L4
the largest singular values of ¥4 and A~'¥ 4 A~!. Let 3 be such that § < 7~ - Finally let o2 be an

upper-bound on E Mb — bH } . Let 2z and 2’ be two vectors in R? and define the iterates 2" and 2"

such that z° = z and z2° = 2’ and using the recursion:

= (I — BAL)Z" "1 = Bb,z" = (I — BA)Z" ' — jb.
Hence, from the definition of z™ and z™ we directly have that:

n

=[] - B4 ZH BI - BAb, =" =]]U - BA)= ZH B(I — BA)b
t=1 j=t t=1 t=1 j=t

t=1
i
Proposition 14. The following identities hold:

13}:(1_@4) 2—7) (iz BA)" )(z}—b)

E[z" — 2" =(I — BA)" (2 — 2)

The next proposition computes the bias {z” —-z"

E [z” -z"

Proof. The proof is a consequence of A,, and b being i.i.d. and unbiased estimates of A and b. [
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The next proposition controls the mean squared errors E [Hz" —z* ||2} and E [||z” —z" ||2} .

Proposition 15. Define n*(n, 8) = min(n, ﬁ) Let (3 such that:
g

1 2L
B < w—min (1, ———5—=
2L, pg(1+ pg 2‘7124)

Then, the following inequalities holds:

1 1
E[ 2" =2 2} <(1 = Buy)™||z — 2~ 2—1—62(02 P 2—}—3(71/\)03) (n/\),
| [ )"l | allZ”| B By
=n * n %112
12" = 2*[|* <(1 — Bug)"ll2' — 2*||

Moreover, if z' = z, then we have:

n zn - /BILL n *
E[l" - 2] <4uy2oh(1— =52)" = — =) (45)

+ 2432 (0124|z*|2 + 3(n A 5;)03) (n/\ 5/1;)

Proof. 1t is straightforward to see that:
- 2 2
127 = 2%|” < (L= Bug)ll2" = 2*|".

Now, let’s control E [||z” —z" ||2} . The following identity holds by definition of z™ and z":

E[ll2" - 2°)] =E[ (2" = 27) (1 = BA)? + 878a) (=71 = 271

—2BE[(="" = 2" )L - BA)(b - b)]
5 (e[ o] + £l ma))
:H«:[(Z”*1 — ) (1= BA)2 + B254) (2" — EH)]
+ 2 ((E"I)TzAz“ + E[(@ - b>T(I +2(I — BA)Dn)(B _ b)])

where ¥4 = E [(An — A (4, - A)} and D,, = Y21 (I — BA)". By simple calculation we can
upper-bound the last term by:
. T R 1 . 2
AT ) P n P
3 E[(b b) (I+2(I BA)Dn)(b b)} < 3<n/\ ﬂug>6 ]ET[ b—b

Moreover, provided that 3 < £ C , where L 4 is the highest eigenvalue of A~!X 4 A~!, then

1
1+La )
we have the following:

E[le" - 271°) <(1 - Bug)E[]|-" - 2]

e e ea(nn L Ve[ fpof])

g
<(1- B,ug)IE[Hz"_l - Z”_l‘ﬂ + B (0124“,2”_1“2 + 3(n A é)a?),
9

Unrolling the recursion, it follows that:

n

1
B[~ #17] <0 - gl = 17 + 8 300 - g (Al 38 51 )o2)
t=1 g
(46)

34



Published as a conference paper at ICLR 2022

In particular, if 2 = z*, then 2" = z* and we get:

1 1
B[l - 1] (1= i)l = 1+ 52 (A1 3 g )2 ) (nn 5o )
g A Bﬂg 6:“9
To get the last inequality, we simply choose z’ = z and recall that:
[Z7H] < 2((0 = Brg) M1z = 2%l + l12*]])-
Using the above in in (46) yields:
n -n|2 2 2 n—1 * |2 2 21 %2 1 2 1
E[ll2" - 21| <2n820%(1 = Bug)" M|z — 271 + 282 (Al +3(n A —— )o2 ) (A —— ).
5#9 ﬁ/‘g

(1— %)”_1 and since Su, < 1, we
g

)™. Hence, we can write:

Moreover, by Lemma 3 we know that n3? 2 (1 — Sg)"

have that (1 — 2%2)~1 < 2 50 that (1 — 242)"=1 < 2(1
_ - B 2 2 1 1

]E[ 2" —-zZ" 2} <4p 7202 (1 — 2L — 2> +252 a4l +3(nA =— af nA——|.
| | trg oA 5 )"l | allz"|l Bitg Bitg
O]

_ Bu
2

Lemma 2. Let A and ¥4 be symmetric positive matrix in R® x R?® with o2 its largest singular
value of ¥4 and 0 < pg < 0;(A) < Lgy. Let (8 be a positive number such that:

5 < 1 1 2L,
Sy min|l, ——————=
2L, ﬂg(1 t g 20’%)

Then the following holds:
I( = BA)® + B2Zal|,, <1 - Buy.

Proof. First note that § < %’ so that I — BA is positive. Now, we observe that
g

(1 — BA)? + ﬁQEAHOP < (1 — Bugy)? + B%*0% which holds since I — B4 is positive. And since
B < —t2, we further have (1 — Bu,)? + 52074 < 1 — Bu,, which yields the desired result. [

n2+oy’

Lemma 3. Ler 0 < b < 1andn > 1, then the following inequality holds:

nb?(1—b)" "t < (1— g)”—l.

Proof. We consider the function h(n, b) defined by:

b

2) — log(nb?).

h(n,b) := (n—l)log(l_b

We need to show that h(n, b) is non-negative for any n > 1 and 0 < b < 1. For this purpose, we fix
b and consider the variations of h(n, b) in n:

1-2
&Lh(n,b)log(l_lz)) f%.

. . 1—2\ 1 ..
Oph(n,b) is non-negative for n > n* = log (1—7;‘;) and non-positive for all n < n*. Hence,

h(n,b) achieves its minimum value in n* over the (0, +-00). We distinguish two case depending on
whether n* is greater of smaller than 1.

Case n* < 1. In this case n — h(n,b) is increasing on the interval [1, +00) since 9, h(n,b) > 0
for n > n*. Hence, h(n,b) > h(1,b) for all n > 1. Moreover, since h(1,b) = —log(h?) > 0 the
result follows directly.
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Case n* > 1. In this case we still have h(n,b) > h(n*,b) for all n > 1, since n* achieves the
minimum value of h. Thus we only need to show that h(n*,b) > 0. Using the expression of n*, we
have:

b

1—
h(n*,b) =1 — log <1 Z) — log (n*b?)

__i_ *7.2
=1 ~ log (n*b%)

Since n* > 1, the first term 1 — n—l* is non-negative, thus we only need to show that n*b? < 1 so that
the last term is also non-negative. It is easy to see that n*b? < 1 is equivalent to having h(b) > 0,
where we define the function h(b) as:

. 1-2
h(b) = log —2 — b*.

1-b
We can analyze the variations of bbe computing its derivative which is given by:
~ 1
Oph(b) = ———— — 2b.
bh(b) (1—b)(2—-b)

Hence, we have the following equivalence:
Ah(b) >0 = 2b(1—-b)(2—-0) <1
This is always true for 0 < b < 1 since b(1 — b) < 1 so that 2b(1 — b)(2 — b) < 25 < 1. Thus

we have shown that 7 is increasing over [0, 1) so that h(b) > h(0) = 0. As discussed above, this is
equivalent to having n*b? < 1, so that h(n*, b) > 0 which concludes the proof.

O

F EXPERIMENTS

F.1 DETAILS OF THE SYNTHETIC EXAMPLE

We choose the functions f and g to be of the form: f(z,y) := %xTAfx +y"Cy and g(z,y) :=

%yTAgy + y " B,z where Ay and A, are symmetric definite positive matrices of size d, x d, and
dy x dy, By is ady x d, matrix and C is a d,, vector with d,, = 2000 and d,, = 1000.

We generate the parameters of the problem so that the smoothness constants L and L, are fixed to
1, k=10 and r, taking values in {10%,7 € {0, .., 7}}. We then solve each problem using different
methods and perform a grid-search on the number of iterations 7" and M of algorithms .4, and 5y, .

We fix the step-sizes to vy, =1/L and ay=0;,=1/L, and perform a grid-search on the number of
iterations 7" and M of algorithms Ay, and By, from {10%,i € 0, 1,2, 3}. For AID methods without
warm-start in By, we consider an additional setting where M increases logarithmically with £,
as suggested in Ji et al. (2021), with M=|10%log(k)]. Similarly, for (ITD) and (Reverse), we
additionally use an increasing 7' of the same form.

F.2 EXPERIMENTAL DETAILS FOR LOGISTIC REGRESSION

The inner-level and outer-level cost functions for such task take the following form:

fan) = e & L8, o@s) =51 3 L9+ o S exp@ly.i

Dyt £€Dpul €D,

2

For the default setting, we use the well-chosen parameters reported in Grazzi et al. (2020); Ji et al.
(2021) where ay=;,=100, 5;,=0.5, and T=N=10. For the grid-search setting, we select the best
performing parameters 7', M and ), from a grid {10,20} x {5,10} x {0.5,10}, while the batch-
size (chosen to be the same for all steps of the algorithms) varies from 10 % {0.1,1,2,4}. We also
compared with VRBO (Yang et al., 2021) using the implementation available online and noticed
instabilities for large values of 7" and N, as reported by the authors, but also a drop in performance
compared to st ocBi0O for smaller T" and N due to inexact estimates of the gradient.
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Figure 2: Evolution of the relative error vs. time in seconds for different AID based methods on
the synthetic example. Each column corresponds to a method (AID-CG, AmIGO-CG, AmIGO-GD,
AID-N, AID-FP) and each row corresponds to a choice of the conditioning number 4. For each
method we consider 7" and N from a grid {1,10,10% 103} x {1,10,102,103}. Lightest colors
corresponds to smaller values of N while nuances within each color correspond to increasing values
of T.
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Figure 3: Evolution of the relative error vs. time in seconds for different ITD based methods on the
synthetic example. From the left to the right, the first two columns correspond to Reverse and ITD
method small conditioning numbers ~, € {1, 10, 10%}, last two column are for higher conditioning
numbers r, € {10,105, 107}. For each method we consider T" € {1, 10,102, 103}. Lightest colors
correspond to smaller values of 7.

F.3 DATASET DISTILLATION

Dataset distillation (Wang et al., 2018; Lorraine et al., 2020) consists in learning a small synthetic
dataset such that a model trained on this dataset achieves a small error on the training set. Specifi-
cally, we consider a classification problem of C classes using a linear model and a training dataset
D,, where each training point { € Dy, is a d-dimensional vector with a class ¢¢ € {1,...,C}. The
linear model is represented by a matrix y € R°*¢ multiplying a data point y¢ and providing the
logits of each class. The dataset distillation can be cas as a bilevel problem of the form:

1

i — CE(y*(z,\
s iipr] 2 CEW (Mg <o),

E€EDyr

| 2

yech d

c d
N .1 1
y*(x,\) € arg min ° ;CE(ymc, c)+ Cd ;exp()\i)ﬂy_,i

where A € R? is a vector of hyper-parameter for regularizing the inner-level problem which we
found beneficial to add.

Experimental setup. We perform the distillation task on MNIST dataset. We set the step-
sizes ap=0r=0.1 and T=N=10. We perform a grid-search on the outer-level step-size
~v,€{0.01,0.001, 0.0001} and run the algorithms for £ = 10000 iterations.
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Figure 4: Evolution of the validation loss (left column), validation accuracy (middle column) and
test accuracy (right column) in time (s) for different methods on the logistic regression task. Each
row correspond to different choices for the size of the batch |D| € {100, 1000, 2000,4000} chosen
to be the same for all gradient, Hessian and Jacobian-vector products evaluations. Time is reported
in seconds.
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Figure 5: Performance of various bi-level algorithms on the dataset distillation task on MNIST
dataset.
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