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Abstract

Variational inference (VI) is widely used for ap-
proximate Bayesian inference, but it can scale
poorly and often requires re-optimization when
new data arrive. Amortized variational inference
(AVI]) learns a global inference map, yet standard
mean-field AVI can suffer from large variational
and amortization gaps because of independence
assumptions. We propose amortized structural
variational inference (ASVI), which injects struc-
tural dependencies among latent variables through
neural architectures that encode local neighbor-
hood information. ASVI reduces both gaps while
retaining scalability. Simulations and real-data
experiments show that ASVI improves predic-
tive accuracy and posterior fidelity over AVI, and
matches structured VI at lower computational
cost.

1 INTRODUCTION

Variational inference (VI) (Blei et al., 2017, Wainwright
et al., 2008) has become a widely used framework
for approximate Bayesian inference, especially in high-
dimensional and large-scale problems. By reformulat-
ing posterior inference as an optimization problem over a
tractable family of distributions, VI offers a practical alterna-
tive to traditional sampling-based methods such as Markov
chain Monte Carlo (MCMC), which are often computation-
ally intensive. VI has been widely applied in statistical
learning, probabilistic modeling, and deep generative mod-
els, most notably in learning encoder architectures within
the variational autoencoder (VAE) framework (Kingma and
Welling, 2013). Despite these benefits, standard VI methods
can face scalability challenges with respect to sample size:
as datasets grow larger, the per-data-point optimization of
variational parameters becomes increasingly costly, both
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computationally and statistically. Moreover, the arrival of
new data typically requires re-optimizing the variational
objective from scratch, which limits the efficiency of VI in
online or streaming data settings.

These limitations raise a natural question: can one design
a variational inference framework whose per-instance com-
putational cost remains stable as the dataset grows? A
promising direction is amortized variational inference (AVI)
(Ganguly et al., 2023;|[Zhang et al.,[2018; Margossian and
Blei, [2023; |Agrawal and Domke, [2021), which draws on
the idea of amortization from accounting, where a fixed
cost is distributed across many units to reduce the per-unit
burden. In Bayesian latent variable models, such as topic
models (Blei et al., 2003; Jelodar et al.,|[2019), finite mix-
ture models (Roberts et al.,|1998; Nasios and Bors, [2006),
state-space models (Geweke and Tanizaki, 2001; West and
Harrison, [2006)), and deep generative models like the VAE,
each observation is typically associated with its own local
latent variable, requiring a separate set of variational param-
eters. Standard VI therefore incurs a growing computational
cost as data size increases. AVI addresses this by replacing
the independent optimization of local variational parameters
with a shared inference function that maps each observation
to its corresponding variational parameters. This map is
usually modeled by a deep neural network (DNN), trained
jointly with the model to approximate the posterior over
local latent variables. Once trained, this global inference
network enables efficient and scalable posterior inference
for each observation, with per-instance cost that does not
increase with the overall data size.

While amortized variational inference (AVI) improves scala-
bility, it introduces two key sources of approximation error:
the variational gap and the amortization gap. The varia-
tional gap arises from the use of restricted variational fam-
ilies, such as the mean-field family, which are often too
simplistic to capture dependencies among latent variables.
The amortization gap refers to the discrepancy between the
optimal variational parameters and those produced by the
inference network. This gap is primarily due to limitations
in the expressiveness or capacity of the learned inference
function (Cremer et al.,|2018). Recent efforts to reduce the
amortization gap include the use of more expressive net-
work architectures, regularization techniques, and hybrid
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optimization methods that combine amortized inference
with per-instance fine-tuning (e.g., (Zhang et al., 2022; |Kim
and Pavlovic,|2021; Krishnan et al.,|[2018)). However, many
of these methods remain heuristic or introduce significant
additional computational cost.

A parallel line of work has explored the construction of
richer variational families to improve approximation fidelity,
particularly in Bayesian models with dependent latent vari-
ables. For instance, |Xing et al. (2012) introduced structured
variational approximations to better capture dependencies
among latent variables. Similarly, Wang et al.| (2022)) incor-
porated structural information into variational inference for
latent state models, with a focus on the state-space model.
/hao and Linderman|(2023) summarizes the idea of using
structured ideas in the VAE setting. These advances sug-
gest that enriching the structure of the variational family
may offer a promising path for addressing the limitations
of standard amortized methods, particularly those based on
the mean-field approximating family, which assumes a fully
factorized posterior and thus fails to capture dependencies
among latent variables.

Building on these insights, we propose amortized structural
variational inference (ASVI), a novel framework that en-
hances amortized inference by constructing an amortization
scheme over a structural variational family, in contrast to
the standard factorized families commonly used in the AVI
literature. ASVI integrates amortization with structured
variational approximations, allowing the inference network
to leverage model-induced structural dependencies among
latent variables. Although prior work has incorporated struc-
tural components in specific settings, such as neighborhood-
aware amortization in graph neural variational encoders
Kipf and Welling (2016) and temporal VAEs with recurrent
architectures [Fraccaro et al. (2016), ASVI generalizes and
formalizes these ideas within a unified variational frame-
work. Rather than focusing exclusively on local interactions,
it provides a flexible mechanism for embedding structural in-
formation into both the variational family and the inference
network. As a result, ASVI offers a scalable and theoreti-
cally grounded approach that reduces both the variational
and amortization gaps while retaining the computational
efficiency of amortized inference.

The main contributions of this work are summarized as
follows:

1. We introduce the ASVI framework, which incorporates
structural information into amortized inference by jointly
specifying a structured variational family and designing
a structure-aware inference network. This integration re-
duces both the variational and amortization gaps, leading
to improved approximation quality.

2. We provide theoretical guarantees for the ASVI frame-
work by deriving explicit risk bounds for the resulting
variational approximations. In particular, we analyze

how architectural properties of the inference network,
influence the approximation error and residual amorti-
zation gap. Our results demonstrate that incorporating
local latent neighborhoods can substantially reduce the
amortization gap while maintaining computational scala-
bility.

3. We demonstrate the effectiveness of ASVI through ex-
tensive numerical experiments. Our results demonstrate
that (a) ASVI maintains computational efficiency, (b)
it significantly reduces the amortization gap, and (c) it
achieves smaller variational gaps compared to unstruc-
tured variational methods such as mean-field VI, even
when those methods are not amortized.

The rest of the paper is organized as follows. Section [2
reviews variational inference and introduce the proposed
amortized structural variational inference (ASVI) frame-
work. Section [3 provides a theoretical analysis of ASVI
and applies it to a Bayesian state-space model. Section [d
presents a computational algorithm for implementing ASVI
and reports results from an extensive simulation study. All
proofs and additional implementation details are provided
in the appendices.

2 AMORTIZED STRUCTURAL
VARIATIONAL INFERENCE

Consider a dataset X" = (Xi,...,X,,) consisting of n
independent observations, each generated from a paramet-
ric latent variable model, with Z" = (Z1,..., Z,) denot-
ing a collection of local latent variables associated with
individual data points. The joint likelihood of the data
and latent variables, conditioned on the model parame-
ters 6 = (01,...,04) shared across the dataset, is given
by p(X", 2" |6) = p(Z"0) - T\, p(Xi | 0. Z;)., where
p(X; |6, Z;) denotes the likelihood of the individual obser-
vation X; given the corresponding latent variable Z; and the
global parameter 0, and p(Z™ | 0) specifies the joint distribu-
tion of the latent variables given the model parameters. This
hierarchical structure captures both shared global character-
istics through 6 and observation-specific variability through
the local latents Z;. Such models are common in latent
variable modeling, including applications such as mixture
models, topic models, and state-space models, where the
latent variables encode unobserved features, cluster assign-
ments, or temporal latent states.

In a Bayesian setting, we place a prior distribution 7 () over
the global parameters 6, and variational inference seeks to
approximate the joint posterior distribution p(6, Z™ | X™)
by selecting a distribution @ from a chosen variational fam-
ily Q that minimizes the Kullback-Leibler (KL) divergence
to the true posterior:

7= arg min Dyt (q(6, 2™) || p(6, 2™ | X™)), (1)
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where Dxi.(p|lq) = [plog(p/q) denotes the Kull-
back-Leibler divergence between two distributions p and
q. In specifying the variational family Q, a common
choice is the mean-field family Quyr = {q 2 q(0,Z2™) =
a0(0) TT;—, @i(Z;) }, which assumes independence between
the model parameters and local latent variables, as well
as across the local latents. This simplifying assumption
enables efficient optimization using well-established al-
gorithms such as coordinate ascent variational inference
(CAVI, Bishop and Nasrabadi (2006))), which are computa-
tionally tractable for this factorized form. Alternatively, the
Gaussian family with general covariance structure, defined
as Qg = {q: q(0,Z2") = N(0; 1o, %o) - N (Z™; 12, 52) }
is also widely used, with A/(-; i, ) denoting the (multi-
variate) normal distribution with mean p and covariance
matrix 3. This family can capture correlations among pa-
rameters and can be optimized using stochastic variational
inference methods [Hoffman et al. (2013), which however
suffers from cubic computational complexity in both the
sample size and the parameter dimension due to the need to
estimate and manipulate dense covariance matrices during
optimization.

Amortized variational inference (AVI) (e.g., Margossian
and Blei (2024)) replaces the per-sample optimization of
individual variational factors ¢;(Z;) with a global inference
function ~ that maps each observation to its corresponding
variational parameters. The resulting amortized variational
family takes the form:

ox={4:9(0.2") = 0(®) - [Jarncx0 (20}, @
=1

where 7, is a parameterized mapping, typically imple-
mented using a deep neural network such as a feedforward
architecture, and v denotes its parameters.

By learning a single inference function across all data
points, AVI enables efficient posterior approximation for
new observations without the need to solve a separate opti-
mization problem for each instance. A prominent appli-
cation of this framework is the variational autoencoder
(VAE, Tomczak and Welling (2018)), where the encoder
defines the variational family Qencoder = {q 2 q(0,2™) =
a6(0) - TI7—y N'(Zs; 1y (Xi), 02(X;) }, with the inference
function v(z) = (p(z), o4(x)) modeled by deep neu-
ral networks, commonly realized as multilayer perceptrons
(MLPs).

To allow each latent variable to be influenced by other ob-
servations, thereby partially capturing dependencies among
latent variables, one can enrich the variational family of AVI
by incorporating neighborhood information. This leads to
an amortized neighborhood-aware variational family:

Qv = {a:4(0,2") = (0 [[arixe) (20}, B
=1

where C; denotes the index set of a local neighborhood
associated with X;, and X, refers to the collection of ob-
servations indexed by C;. In this formulation, the inference
function v depends not only on X; but also on the neighbor-
ing observations X ¢,. This extension allows the variational
approximation for Z; to partially capture local structure and
dependencies. Our numerical results in Section 4| show that
even this simple modification can lead to a notable improve-
ment in the performance of AVIL.

It is important to note that both Q4 and Qan remain within
the mean-field family, as they assume conditional indepen-
dence among latent variables. Although neighborhood in-
formation is used in the inference function ~, these families
do not encode dependencies directly in the variational distri-
bution. This limitation becomes significant in models with
inherent latent structure (such as hidden Markov models,
state-space models, or latent graphical models), where ig-
noring such structure can lead to inconsistent estimation
Wang et al. (2022). This motivates the development of the
amortized structural variational inference (ASVI) frame-
work, which incorporates structural dependencies into both
the variational family and the inference function.

Specifically, We define a dependency-aware version of the
variational family, denoted Qas, that explicitly integrates
structural information into the joint approximation over
latent variables:

Ous = {a:0(0.2") = 4s(0) - 0,(2")}, @)

where ¢, (Z™) preserves the dependency structure present
in the joint latent variable distribution p(Z™ | §) [Wang et al.
(2022), and ~y denotes the corresponding inference func-
tion, which also incorporates neighborhood information
as described in (3). For example, suppose the latent dis-
tribution factorizes over cliques clique(G) in a graphical
model, p(Z™ |0) = [[pc(Zc | 0), where C ranges over
all cliques in clique(G), and Z¢ : = (Z; : i € C') denotes
the subset of latent variables indexed by C'. In this case, one
can define an amortized variational family that factorizes
over the same cliques: ¢,(Z") = [ ¢y(xo)(Zc), where
~ maps the observations within each clique X to the vari-
ational parameters for the corresponding latent variables
Ze.

For concreteness, in this paper, we focus on latent variable
models where the latent structure is governed by a graph.
Specifically, we consider the latent variable model:

XilZi~pu(Xi | Z;), i=1,...,n,
Zn = (Zlv"'7Z7l) Np)\(Zla"'aZ’rL)v

where § = (u, \) are the global model parameters. The
latent distribution p) is structured according to a graph
G = (V,E),with N = {C1,...,C,} denoting the neigh-
borhood system induced by G, so that Z satisfies a local
Markov property with respect to G; that is, Z; 1 Z; |
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Zcp\qiy forall j ¢ C;. In this setting, ASVI can be used
to amortize the local parameters of the conditional distri-
butions q(Z; | Z¢,\ {53) in the variational family Qas, using
the corresponding observations z¢; .

To illustrate Qas, we focus on general state-space models
Koller and Friedman|(2009); Zeng| (2013)), specified by

X | Zy Npu(Xt \ Zt) and Z; | Zy_1 Np)\(Zt \ Zt—l)a

where the latent variables follow a first-order Markov struc-
ture. In this case, the neighborhood for each observation is
defined as Cy = {t — 1,t,t + 1}, except at the boundaries
(e.g.,C1 = {1,2}).

We begin with a structured variational family that reflects
the Markov structure of the latent state-space model. Before
introducing the amortized structural variational family Q s,
we first define a structured variational distribution as

a(0,2") = qo(0) - 49, (21) - 49, (22| Z1) - --
qé., (Zn | Zn—l)-

ASVI amortizes the variational parameters ¢" =
(¢1,...,¢n) of the latent variables by mapping the local
neighborhoods X, to the parameters of the corresponding
conditional distributions. The resulting amortized structural
variational family is defined as

Qas = {q 2q(0,2") = q0(0) - 4y (xc,)(Z1)-
Ty (Xey) (L2 Z1) - dy(xc, ) (Zn ] anl)}.

Here, the inference function + is designed to incorporate
contextual information from neighboring observations and
may be modeled using deep neural networks, such as MLPs.

3 THEORETICAL RESULTS

In this section, we study the theoretical properties of the pro-
posed ASVI framework through the lens of variational risk
bounds, and then apply these results to latent state-space
models. Our goal is to evaluate the quality of the amortized
variational posterior § = @y X ¢z~ obtained by minimizing
the VI objective (1) using the structured inference family
Oas (see equation ). To this end, we derive a nonasymp-
totic upper bound on the amortized variational risk. Working
under a frequentist setting in which the data X™ is gener-
ated from our considered parametric latent variable model
with true parameter 6*, we show that the estimated marginal
posterior gy concentrates around 6* under appropriate dis-
crepancy measures as sample size n grows. To simplify the
theoretical analysis, we follow |Yang et al.| (2020); Wang
et al. (2022) and adopt the a-variational inference frame-
work (See Appendix B for further details), which reduces
the analysis by requiring verification of a minimal number
of conditions.

In this framework, the risk function is defined using the
a-Rényi divergence D, [Van Erven and Harremos| (2014),
where D, (q,p) = ﬁ log [ g“p'~ for two distribution
p and q. When o = 0.5, the Rényi divergence corresponds
to the squared Hellinger distance, while letting o« — 1_
recovers the KL divergence, which is commonly used in
standard VI. More specifically, we use a sample size rescaled
n=1 Dy (py", p§t) as

a measure of discrepancy between 6 and 6*, where p(e")

denotes the marginal density of X" under parameter 6 by

a-Rényi divergence DV (0,0%) =

integrating out the latent variables, that is, pgn)(X ") =
[ p(X™ | Z™,0)p(Z™|0)dZ™. See Section 3 of Wang et al.
(2022) for further discussions.

We begin by establishing a general bound for an arbitrary
amortized variational family and then specialize the result
to the state-space model setting with concrete emission and
transition structures.

Throughout, we let M and A denote the parameter spaces
for the observation distribution p,, and the latent variable
distribution p), respectively.

To begin with, we have the following definitions. Let gy o
denote the amortized variational posterior obtained from
the a-variational inference framework (see Appendix B)
using the variational family Qag, consisting of distributions
of the form ¢(Z",0) = qy(x»)(Z") - qo(0), where 7 is a
deterministic inference function over X".

Definition 1 Let 7}, := p(Z™ | X™, 0%) denote the latent
posterior distribution under true parameter 0* = (\*, u*),
and Apsvigap denote the amortization gap defined as

Ndsvicey = nf 07 D (qyxm | 75n) . (5)

qy(xn)€ Qas
Definition 2 The variational gap Avyggp is defined by

By = Da [ P23 4 1, ()

1
— ;(log Py (BY(A\*,ex)) 4+ log Py (BY (1%, e,)) )

Here, functions f,, and fx are defined in the neighborhoods
BYY(\*,ex) and BY'(u*,e,,) through

{)\EA:

D (p(Z™ | M) [ p(Z" | V) < fr(n)e3 }
V(p(Z" | N) |p(Z" | V) < f(n)ed S

(6)
max Ezn g Di(p*, 1) < fu(n)es,
IS M: - * 2 ’
max Eznjg- Vi(1*, 1) < fuln)e,
1<i<n
(7
with D; (u*

p) = Dp(|pX:) |p(-|p Xi) and
1%

Vi) = Vip( | p*Xs) lp(- | 1, Xi)], where we
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used the shorthand of D(p| q) := [plog(p/q)du and
Vipllg = fp10g2 (p/q)du for two distributions p and
q.

Theorem 1 Then, for any fixed (ex,€,,) €
1, with probability at least 1 —

it holds that

(0,1)2and D >
5
(D-1)2(fr(n)e3 +nfu(n)e2)’

n 1
/D< )(0,0) Go,« (d6) S (DaAf%SVlGap + A‘Z/lGap>'

Theorem|I provides a non-asymptotic upper bound on the
variational risk incurred by amortized inference using a
structured inference function . The bound decomposes
into three interpretable components: (i) the divergence and
variance terms f(n)e3 and f,,(n)e?, which correspond to
the standard variational approximation error; (ii) two log-
arithmic penalty terms that control concentration around
the true parameters A\* and p*; and (iii) the amortization
gap term AiSVIGap, which quantifies the additional error
introduced by amortization. In particular, the first two com-
ponents define the variational gap, which characterizes the
approximation error arising from the use of the structured
variational family Qg = {q :q(0,2™) = qg(ﬁ)-qzn(Z")}.

The variational risk bound in Theorem [T explicitly high-
lights how the design and expressiveness of the inference
function v influence the overall approximation quality.
In particular, our result generalizes Theorem 1 of [Wang
et al. (2022), which analyzes the variational risk for non-
amortized posteriors based on structured variational families.
The additional term AiSVIGap in equation l| quantifies the
amortization gap, reflecting the cost of using a shared in-
ference function + instead of optimizing each variational
factor independently. Specifically, AiSVIGap measures the
approximation error of approximating the latent variables
posterior p(Z™ | X™, 0*) under 6* using the amortized vari-
ational family Qas. When this gap is negligible, such as
in cases with high inference function capacity or favorable
model structure, our bound reduces to the non-amortized
result as a special case.

We now apply Theorem I in the context of a multivariate
latent state-space model, where Z; € R4,

This model exhibits a first-order Markov structure in the
latent sequence (Z1, . .., Z,), which is naturally leveraged
by the ASVI framework. We adopt the structured amortized
variational family Qag, which respects the latent Markovian
dependence through the factorization

(8, 2") = q(0) @y (x,)(Z1) an, (Zi | Zi-1),
1=2

where each conditional factor is truncated to maintain
bounded support:

Gyx)(Zi | Zica) = TN |Zgy,myje (Zis 11, 2)

where p = A (X;)Zi-1 + by(X;) and ¥ =
Zia 2, )

E’y(Xi) (Id + 2 m

The inference function 7y : R — R?*4 x R? x S¢ | maps
each observation X; to a triplet (A, (X;), by (X;), X,(X;)),
where Si  denotes the space of all d-by-d positive definite
matrices. Under mild regularity conditions on the outputs
of ~, we obtain the following high-probability bound on
the variational risk for the resulting amortized variational
posterior Gy .-

Corollary 1 Consider the truncated state space model de-
scribed above. Suppose the inference function is imple-
mented as a fully connected ReLU neural network of depth
L and width r, this is v € F(L,r), see Appendix A.
We assume either of the following neural network con-
figurations, L =< log(n), r =< (n)Y/PCr+Dl or [ <
log(n) - (n)/RCPHOL = O(1), for a sufficiently large
p > 0. Let m := d? + 2d denote the total number of
scalar-valued inference function outputs, corresponding to
the entries of A (x), b~ (x), and the diagonal of ¥.,(x). As-
sume the setup and notation from Theorem|[I, and define
Ex=¢€u M for some 8 > 0. Then it follows that
faln) = O(n ) fu(n) = O(1), and the amortization gap

satisfies AASWGW, < m-log(n) N~ Asa consequence,
there exist constants C(Ry, R2) > 0 and 8’ > 0 such that,
with probability approaching to one under the true parame-
ter 0%, the amortized variational posterior satisfies:

[ D 6.6) dualdt) <
1 B’
C(R1,R2) D <(cwgnn) +m - log®(n) n?pﬂ) ,

where ¢ > 0 is a universal constant.

Corollary [T illustrates the application of general results in
Theorem|[I]to amortized inference in linear state-space mod-
els with truncated Gaussian innovations. In this setting,
we use a structured variational family Qag that captures
temporal dependencies through conditionals of the form
q(Z;| Z;—1), where the variational parameters are generated
by neural inference functions y(X;). Here, we use a struc-
tured variational family that preserves the autoregressive
structure, as it is known that the mean-field family, which
completely ignores dependencies among latent variables,
can lead to inconsistent estimation of § Wang et al. (2022).
Moreover, Corollary [T suggests that, for this example, set-
ting the neighborhood size to one (i.e., including only X;)
is sufficient to control the amortization gap Asvigap. Our
numerical results in Section [ demonstrate that including
additional neighbors does not lead to noticeable improve-
ment in the variational approximation, which is consistent
with our theoretical prediction.

Compared to [Wang et al. (2022), which analyzes linear
Gaussian state-space models using non-amortized, fully
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factorized variational approximations, our framework ap-
plies to substantially more general settings. We allow for
non-linear models, amortized inference via context-aware
inference networks, and structured variational families that
respect latent Markovian dependencies. While Wang et al.
(2022) establishes a variational risk bound of order O(1/n)
under strong assumptions, our bound retains the same lead-
ing O(1/n) term, augmented by an explicit amortization
error of order O (n=2P/(2P+1) 1og® n). This additional term
captures the approximation quality of the inference function
and vanishes at a near-parametric rate under mild smooth-
ness conditions on the true parameter functions.

Overall, our result decomposes the variational risk into two
components: (i) statistical estimation error due to the struc-
tured variational approximation and (ii) amortization error
arising from learning the inference function. This decompo-
sition highlights a fundamental tradeoff in amortized vari-
ational inference: improved scalability and generalization
are achieved at the cost of an additional approximation gap.
However, this gap can be explicitly quantified under regu-
larity assumptions and diminishes rapidly as smoothness
increases. In particular, as p — oo, the amortization gap
approaches O(1/n), thereby recovering the fully optimized
variational rate. By explicitly bounding the variational risk
in terms of smoothness assumptions and network complex-
ity, Corollary [T highlights the practical relevance of The-
orem [I. It demonstrates how structural modeling choices
and neural network architecture together govern the statis-
tical efficiency of modern amortized variational inference
methods.

4 SIMULATION STUDY AND REAL DATA
ANALYSIS

In this section, we present our algorithms for Amortized
Neighbor Variational Inference (ANVI) and Amortized
Structured Variational Inference (ASVI), and evaluate their
performance through a numerical study. Code repository
is available at: https://github.com/waterism211/Amortized-
Structured- Variational-Inference. We examine how incor-
porating structural information (either through a structured
variational family or a structure-aware inference mapping)
improve VI performance. To this end, we generate data from
latent variable models with either a Markov structure or a
latent graph structure, and apply our algorithms accordingly.
Our results demonstrate improvements in both computa-
tional efficiency and estimation accuracy, as measured by
reduction in run-time and increases in the Evidence Lower
Bound (ELBO), correspondingly, compared to several state-
of-the-art methods.

Table 1: Variational families considered in this work: MF =
mean-field VI; Const = naive amortized VI; A = amortized
VI; AN = neighborhood-based amortized VI; S = structured
VI; AS = amortized structured VI.

Family ¢(6, Z™) factorization

Qur  a(0)[[;— ai(Z:)

QConsr ( )Hz 1 QCon>t<Z)

Qa qo( ) i1 ay(x0)(Z0)

Qan qo(e) Hz 1 4y (Xe, )(Z)

QS QO(Q) Q1(Zl) Hz 2‘]1(2 ‘Zz 1)

Qas  90(0) ayxe)(Z0) [Tisy y(xe) (Zil Zioa)

4.1 Variational Families

We consider the variational families summarized in Table []]
to approximate the joint posterior of (6, Z™).

Here C; denotes a neighborhood of X; with |C;| > 1.
The families satisfy Qconst € Qa C Qan C Qmr
and Qas C Qs. All variational distributions are
Gaussian, and the amortization map ~(-) is modeled
by a two-layer ReLU network. For Qa and Qan, we
use ¢(y(2) = N(z;uy(-),24()). For Qs, the latent
variables follow a linear Gaussian state-space model
q(Zn> = N(Zl; bl7 21) H?ZQN(ZZ, bl + A7;71Zi,1, 22)
For Qas, the parameters are amortized, yielding ¢(Z™) =
N(ZI;AW(X01)7Z’Y(XC1)) H7:2N(Zl7b’Y(XCL) +
Ay(Xe,)Zi—1,24(Xc,)). All methods use a fractional
posterior with o = 0.99.

4.2 Algorithms for ANVI and ASVI
The amortization map is learned by maximizing the ELBO

£ =Eyo,zmllogpa(X", 2",6) — logq(6, 2" | X",

where p (X™, Z",0) = p*(X™ | Z™,0)7w(Z™ | 0) 7 (0)
and ¢(6,Z2" | X™) = q(0 | X™)q(Z™ | 6,X™). Algo-
rithm [T summarizes the ASVI procedure, while the ANVI
algorithm is deferred to Appendix C. The only difference
lies in the Monte Carlo sampling step: in ASVI the latent
variables Z" are sampled conditionally, whereas in ANVI

they are sampled jointly.

4.3 AR(1) model

As our first example, we consider the simple AR(1) latent
variable model and conduct a comprehensive simulation
study to demonstrate that the ASVI framework is compu-
tationally efficient. Our results indicate that incorporating
structural information improves estimation accuracy by re-
ducing the amortization gap. Moreover, adopting the ASVI
variational family provides a more expressive approxima-
tion, which reduces the variational gap from the outset.
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Algorithm 1 Amortized Structured Variational Inference

1: Input: Observations X" = {Xy,..., X, }.
2: Output: Variational parameters {A,,b., 3., 1o, Yo}
defining ¢(Z1) = N (b, 2.), ¢(Z; | Zi—1) = N(b, +
A,Z; 1,%,) fori > 2,and ¢(0) = N (g, X).
Initialize {A,,b., X, pg, 2o }-
while the loss £(X"™; 6, Z™) has not converged do
Sample {6;}72, ~ A/ (1, £).
fori=1,...,ndo
Sample le ~ q(Zl) and Zij ~ q(Zz ‘ Zi—l,j)
forj=1,...,m.
8: Compute L(X;;0,7;) =
> ieillog pa(Xi, Zij, 05) —log q(0;, Zi | Xi)).
9: Compute gradients VL(X;;0,Z;)
{AZ7 b27 Zza ,LL97 29}
10: end for
11: VL= %Z:l:l VE(X,L,Q, Zz)
12: Update parameters using VL.
13: end while
14: return {A4.,b,, X, pg, Lo}

AN A s

W.I.t.

We begin by simulating data from a hidden Markov model
with initial state Z; ~ A(0,1). Fori = 2,...,n, the
data-generating process is defined as:

Z; =0.52;,_1+¢€;, ¢ NN(O,Tz),
X; =0+sin(Z;) +ni, i ~N(0,07).

Here we set the global parameter to be learned as 6§ = 2,
with fixed noise levels 7 = 0.5 and ¢ = 0.7, and simulate
datasets of varying sample sizes under this model specifica-
tion. Figure[T]shows the ELBO values for different methods
as a function of sample size.

\\\A
MFVI \
const v

ANVILk=1
| —— ANVIk=2
ANVI k=3

102 103
Sample Size (n)

Sample Size (n)

(b) ELBO of the ASVI methods

(a) ELBO of the ANVI methods

Figure 1: The ELBO for different VI methods versus sample
size n. Here k stands for the number of neighbors used in
the inference function . A larger ELBO value indicates
better performance.

In Figure [Ta] we focus on the mean-field variational fam-
ily, with the goal of illustrating that incorporating structural
information into the inference map improves accuracy, as
reflected in larger ELBO values. The ELBO values for the
light orange line (ANVI with k£ = 3, using three neighbors)
and the green line (ANVI with k£ = 2, using two neighbors)

are higher than those of the blue line, which corresponds to
the amortized algorithm without neighborhood information
(ANVI with £ = 1). Even the blue line (ANVI with k = 1)
demonstrates a clear improvement over the constant varia-
tional family. The performance difference between ANVI
with £k = 3 and £ = 2 is smaller, although ANVI with
k = 3 still performs slightly better. This finding aligns with
the fact that the data were generated from a process involv-
ing two neighbors. In Figure [Tb, we examine structured

— MFVI
—— const
—— ANVLk=1
— ANVI k=2

iy ANVI k=3
1 &

0 10000 20000 30000 40000
Iteration

-ELBO

0 10000 20000 30000 40000
Iteration

(a) ANVI (b) ASVI

Figure 2: The optimization sample paths of different meth-
ods. A small value at the final iteration is preferred.

variational families. The ELBO achieved by ASVI (light
orange line) is higher than that of mean-field variational
inference (MFVI) without amortization (black line). This
demonstrates that the ASVI family not only reduces the
amortization error but also yields a tighter variational ap-
proximation, leading to a smaller variational error compared
to the standard mean-field class.

In assessing computational efficiency, Figure [2ashows that
ASVI mainly improves the early stage of optimization be-
cause it requires fewer burn-in steps, rather than reducing
the total number of epochs needed for convergence. Fig-
ure[2b] presents a similar pattern.

In Figure[I] the algorithm is retrained for each sample size
using different datasets corresponding to varying values of
n. This setup illustrates that access to more data leads to
larger reductions in the amortization gap. By contrast, Fig-
ure[3a fixes a training set with n = 100 observations to learn
the inference map, which is then applied to evaluate ELBO
values as new data arrive—without retraining from scratch.
Despite this difference, Figure [3a] shows a pattern consis-
tent with Figure [[: ASVI (light orange line) consistently
achieves the highest ELBO among the amortized methods
and even outperforms MFVI without amortization (black
line).

Figure [3b|reports running time as a function of sample size
n. The running time of ASVI (light orange line) remains
essentially constant as n grows, in sharp contrast to the
linear increases observed for MFVI (black) and SVI (red).
This demonstrates the superior scalability of the amortized
inference provided by ASVL

We conduct an additional experiment in which ASVI is fully
trained for each sample size n. As shown in Table E, the
training time of ASVI grows approximately linearly with the
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Figure 3: ELBO and running time as a function of n

training sample Size ny.in. This scaling behavior is consis-
tent with the theoretical linear complexity of our update rule
and confirms that ASVI remains computationally tractable
even when the amortizer is retrained for each n. The predic-
tive MSE and ELBO values are also stable across different
training and test sizes, indicating that performance does not
degrade with larger n. Overall, these results suggest that
ASVI remains competitive with MFVI and SVI in terms of
computational cost when training is performed separately
for each sample size.

Our theory suggests that the overall approximation error
decomposes into two components: the amortization gap
and the variational gap. When the amortizer is pre-trained
at a fixed sample size n,i,, the amortization gap remains
approximately constant as more data arrive, while the varia-
tional gap decreases with nyg, Since parameter estimation
under the variational approximation improves with larger
datasets. This implies a characteristic pattern: as nyg in-
creases, the overall error initially decreases (when the vari-
ational gap dominates) and eventually stabilizes once the
amortization gap becomes dominant.

The empirical results in Table [2 are consistent with this
behavior. Here the MSE(pred) = 1 Y7 [|X; — X}

n

2
25

where X; is the prediction by the posterior mean of Z;.
For example, when the amortizer is trained at 7, = 300,
the predictive error MSE(pred) decreases as ny.y increases
from 100 to 400, reflecting the shrinking variational gap,
and then stabilizes around n.; = 500, where the amortiza-
tion gap dominates. Moreover, across rows, increasing the
pre-training size consistently improves performance: larger
Nyrain yields uniformly better ELBO and MSE(pred) values,
as expected from the reduced amortization gap. Empirically,
we do not observe significant degradation in performance
as more data arrive; instead, performance improves until it
reaches the limit imposed by the amortization gap.

4.4 AR(p) model

In this example, we allow for model misspecification by
generating data from a true process with a long dependence
window, as the following AR(64) process: However, the
statistical model we fit assumes an AR(3) structure for the
latent variables {Z; }?_,, where both the latent process and

the observed data depend on the model parameters. In other
words, when fitting the model we restrict the latent dynamics
to an AR(3) process by setting ¢, = 0.

3 Kmax
Zy = Zath—j + Z e Zi—i + ety 0 ~ N(0,7°13),
i=1 k—4
3
Xe=0+2Z+ Y biXej+me, ne ~N(0,0°I5).

Jj=1

In this simulation study, we compare ASVI with dif-
ferent amortization window sizes k for the variational
family Qas = {q : ¢(0,2") = q(0) 11(Z1, 22, Zs)-
[Ty @y(Xiirn)(Zi | Zi1, Zi—2, Z;_3)}. For benchmark-
ing, we also applied flow-based methods (Rezende and
Mohamed, 2015). We will use two more metrics to com-
pare our methods. The MSE(global) is the mean square
error of posterior means of global parameters, and the
MSE(pred) = 23" | ||X; — X;[|3, where X; is the pre-
diction by the posterior mean of Z;,. MSE(pred) is com-
puted using causal predictions, meaning that the predic-
tion at time n is based solely on observations up to time
n — 1. Results from Table E show that MSE(global) does
not decrease monotonically as the amortization window
k increases. In fact, the smallest MSE(global) occurs at
k = 2, which corresponds to the minimal window size
needed to capture the posterior dependence. The increase in
MSE(global) for larger £ may be due to overfitting, since a
larger neighborhood requires estimating more parameters
to model local dependence, which can reduce the efficiency
of parameter estimation, as reflected in MSE(global). In
comparison, MSE(pred) is the predictive error, which is
largely determined by the noise level o (which is fixed) in
the data-generating model and varies only slightly across
ASVI variants.

Table 2: ASVI ELBO, MSE(pred), and training time across
training and test sizes.

Test size Nuest

Metric / Tyain 100 200 300 400 500 Time (s)
ELBO, 100 -135.60 -278.25 -432.96 -548.79 -712.59  89.63
ELBO, 200 -139.53 -281.06 -407.08 -543.52 -682.04 163.69
ELBO, 300 -143.02 -282.86 -403.33 -531.19 -670.01 243.65
ELBO, 400 -140.68 -279.78 -403.30 -522.61 -672.32  323.68
ELBO, 500 -143.36  -27791 -398.10 -531.43 -676.93 410.66
MSE(pred), 100  0.3956  0.4225 04316 04122 04277
MSE(pred), 200  0.3956  0.4083  0.3994 0.3832  0.3956
MSE(pred), 300  0.4083 0.4058 0.3733  0.3588  0.3709
MSE(pred), 400  0.3844  0.3906 0.3636  0.3481  0.3588
MSE(pred), 500  0.3856  0.3869  0.3600 0.3446  0.3540

4.5 Nonlinear AR(2) model

In this example, we consider the following challenging non-
linear latent process where Z; € R? and X; € R?, with a



Fan, Padilla Madrid, Yang, and Lin

Table 3: AR(p) performance summary. Global parameters
are a, az,as, by, b, bs, 0

Method ELBO MSE (global) MSE (pred) Time (s)
MFVI -873.48 0.2254 0.3272 28.5
SVI -811.25 0.0082 0.3147 1282.3
ASVI_k1 -833.40 0.0298 0.3564 1241.9
ASVI_k2 -835.72 0.0267 0.3387 1262.7
ASVI_k3 -816.71 0.0314 0.3249 1240.8
FlowASVI_k1 -838.07 0.0948 0.3624 1278.6
FlowASVI_k2  -835.95 0.0996 0.3564 1277.9
FlowASVI_k3  -835.40 0.1048 0.3376 1258.9

nonlinear dynamic relationship among the latent variables.
This setting is substantially more complex than the linear
case, where standard Kalman filter—type algorithms are no
longer applicable. So we still persist the SVI as ¢;(Z; |

Zi1,Zi—2) = N(Zi;b; + Agl_)lziq + Al('i)zzif% ).

p(Xi | Zis e,7) = N(Xy; ¢ Z;, 7°1),
P(Zi | Zica, Zimo; 0) = M(Zy; s, 0°1),
n; = a1 ® tanh(b1 O] Zi—l) +ags©® tanh(b2 © Zi_Q).

To capture nonlinear dependencies in the latent dynam-
ics within ASVI, we augment the inference function
~ with an additional MLP that maps (Z;_1,Z;_2, X;)
to the local variational parameters. Specifically, the
mean of qy(x,)(Zi | Zi—1,Zi—2) is parameterized as
MLP,([Zi-1, Zi—2, X;]). This amortized form enables ¢
to flexibly model nonlinear interactions between Z;_; and
Z;_o while conditioning on the local observation Xj.

Table 4: Nonlinear AR(2) performance summary. Global
parameters are a1, as, by, ba, C

Method ELBO MSE (global) MSE (pred) Time (s)
MFVI -1153.21 1.6869 0.0146 904.63
SVI -215.95 0.1861 0.0047 1171.17
ASVI -205.02 0.0255 0.0027 1438.21
FlowASVI -201.31 0.0815 0.0249 2761.24

Across Table[d] ASVI consistently outperforms SVI: with its
flexible amortized MLP, ASVI achieves higher ELBO, lower
latent MSE(pred), and smaller MSE(global). In addition,
ASVI surpasses Flow-ASVI in both prediction accuracy and
parameter estimation.

4.6 Real data example

We consider Moving-MNIST sequences X., where each
frame X; € [0,1]%4*% is a grayscale image. We learn
latent representations Z; € R? with d = 64 using an en-
coder—decoder architecture. For evaluation, we compare
one-step priors over VAE latents on Moving-MNIST based
on a pretrained convolutional VAE. For prediction, we train
the conditional prior ¢(Z;|Z;_1), and decode it using the
pretrained VAE. Our ASVI-based prior is implemented as a
MLP that takes the most recent latents and predicts the next

one. During training, we introduce a guide network that has
access to the current image X,; along with the latent win-
dow, and distills this information into the prior. At test time,
however, the prior operates solely on past latents without
access to Xj;.

We compare our approach with three baselines: (i) Ran-
dom, where the next latent is drawn from a standard normal,
(ii) Gaussian, where an MLP predicts the next latent under
a Gaussian prior; and (iii) Flow, where a RealNVP prior
is conditioned on the latent window. Experiments use the
standard Moving-MNIST test split. For each sequence, we
evaluate multiple time steps and report metrics averaged
across all pairs. Performance is compared based on predic-
tive mean-square error (MSE). As shown in Table E} ASVI
achieves the lowest test MSE among all priors, demonstrat-
ing superior one-step forecasting.

Prior Train MSE Test MSE
Random 0.0540 0.0545
ASVI 0.0150 0.0176
Gaussian 0.0181 0.0198
Flow 0.0060 0.0206

Table 5: One-step prediction MSE comparison.

X {t+1} GT Random ASVI Gaussian Flow
x_{t+1} GT Random ASVI Gaussian Flow

Figure 4: Bottom row: example of predicted moving digit
from its previous frame using different methods on the train-
ing dataset. Top row: corresponding results on the test
dataset.

S CONCLUSION & DISCUSSION

In this work, we propose a novel amortized structured
variational inference (ASVI) framework that employs a
structured variational family parameterized by an inference
(amortization) map. The amortization map is implemented
using neural architectures that encode additional local neigh-
borhood structure, beyond that induced by the model. ASVI
is scalable and comes with theoretical guarantees, reducing
both the variational gap and the amortization gap. Future
work will focus on extending ASVI to more complex mod-
eling settings, for example, observations with dependence
structures beyond conditional independence given Z and
6. Other directions include developing ASVI frameworks
that can learn the underlying local neighborhood depen-
dence structure of the data, as well as extending amortized
inference to full posterior approximation.
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1 Fully Connected Neural Network Architecture

In this section, we provide a comprehensive overview of the architecture of fully connected neural networks. The architecture
of a neural network, denoted by (L, k), is characterized by two primary components: the number of hidden layers L, which
is a positive integer, and the width vector k = (k1,..., kL) € NZ, which specifies the number of neurons in each of the L
hidden layers.

A multilayer feedforward neural network with architecture (L, k), employing the ReLU activation function p(z) =
max (0, z) for any x € R, can be mathematically represented as a real-valued function f : R? — R defined as

kr
F) =3P (x) + el

i=1
for some weights cgfo), . 7C§,Lk)L € R, and for fi(L) recursively defined by
ks—l
s s—1 s—1 s—1
1) =p | 2T T+l
j=1
for some c£f071)7 e 70575,;2 eR, forse{2,...,L}, and

d
e =p | S %@ 4

j=1

for some CE?())a ceey cz(.?d) eR.

For simplification, we assume that all hidden layers possess an identical number of neurons. Consequently, we define the
space F (L, r), as per Kohler and Langer|(2021), to represent the set of neural networks with L hidden layers and r neurons
per layer:

Definition 1.1 (Neural Network Space) The space of neural networks with L hidden layers and r neurons per layer is
defined by
F(L,r)={f: fisof the form (4) and (5) withky = ko = ... =k =7}.

Here, the neurons in the neural network can be viewed as computational units. The input of any neuron ¢ in the s-th layer is

associated with the output of all k5_; units j in the (s — 1)-th layer with weights cz(-)sj_l) through the ReLU function p(-).
Such a kind of recursive construction of a fully connected neural network can be represented as an acyclic graph.

One key feature of our neural network architecture is that no network sparsity assumption is needed. The network class
F(L,r) represents a fully connected feedforward neural network, where each neuron is connected to every neuron in the
previous layer. To avoid the so-called curse of dimensionality, we consider f* to be in the space of hierarchical composition
models (I, P) for some ! € Z" and P C [1,00) x Z*, which is described next.
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Definition 1.2 ((p, C')-Smooth Function) Let p = q + s for some ¢ € N = ZT U {0} and 0 < s < 1. A function
g : R% — Ris called (p, C)-smooth if for every a = (auy, . .., aq) € N% with |||y = g, the partial derivative
_ 99
0zt ... 029"
exists and satisfies
&g (2) - dg
021" ...0zy" 020" ... 025"

for all z,w € R% where || - || denotes the Euclidean norm.

(W)| < Cllz — wl®

Definition 1.3 (Space of Hierarchical Composition Models, Kohler and Langer (2021)) Let! € Z* and P C [1,00) x
Z.T. The space of hierarchical composition models is defined recursively.

Forl =1,
H(l,P) = {h : Rd —R: h(Z) = u(z(ﬂ'(l))7 . .,Z(W(K)))7
where u : RE — R is (p, C)-smooth for some (p, K) € P, and 7 : {1,..., K} — {1,....d}}.

Forl > 1, we recursively define
H(,P) :={h:R* 5 R: h(z) =u(fi(2),..., fx(2)),
where u : RE — R is (p, C)-smooth for some (p, K) € P, and f; € H(l — 1,73)} .
Here, the function class H (I, P) describes the relationships between the input and output of the network, where (p, K) € P

describes the smoothness and order constraint of the hierarchical composition model. Notably, additive models, single index
models, and projection pursuit can be viewed as special cases of the hierarchical composition model.

2 Appendix B: The a-Variational Inference Framework

In this appendix, we provide background on the a-variational inference (VI) framework that underpins the theoretical results
in Section [3| We begin by reviewing the classical variational formulation, then motivate and define the o-VI objective, and
conclude with a comparison to the standard VI objective.

Classical variational inference We consider a parametric latent variable model with parameter = (u, \), observed data
X", and latent variables Z™. The marginal likelihood under parameter 6 is

w7 = [ | 27 (2 )z
The true data-generating distribution is denoted by pgf)
log-likelihood ratio is defined as

, where 0* = (p*,\*) is the true parameter. The marginal

0,(60,67) :=log pi” (X™) — log pi) (X™).

In standard variational inference, we approximate the posterior p(Z™, 0 | X™) using a structured variational family of the
form

Q(Zna 0) = qW(X")(Zn) : Q9(9)7
where the latent component is amortized via a deterministic encoder ~. The variational distribution is chosen to minimize
the KL divergence:

D [gyxn)(Z") - qo(0) || (27,0 | X™)] .
This is equivalent to maximizing the evidence lower bound (ELBO), which admits the decomposition:
log py" (X™) = ELBO(q) + D [q| p(2".6 | X"
so that minimizing the KL divergence corresponds to maximizing a lower bound on the marginal log-likelihood.

However, in models with latent variables, directly analyzing the ELBO becomes difficult due to intractable expectations and
approximation artifacts. In particular, the ELBO may include a Jensen gap due to the variational approximation over latent
variables.



A reformulation of the variational objective To better understand the structure of the ELBO in latent variable models,
we rewrite the variational objective as

V(40 @y xm) = — /@ 0a(6,07) a6(d6) + A5 (g9, 0 (xy) + Dias || o),

where the Jensen gap A ; quantifies the error due to the latent variational approximation:

Aj(q0, qy(xmy) = /

[60(0) = 21(0)] ao(@9),
e

and 2{(0) is the amortized surrogate log-likelihood:

76 = / ¢ (x) (Z") log (p (A |qf;:‘) )('ZZ ()Z | A)) dz".

Minimizing ¥,, is equivalent to minimizing the original KL divergence to the posterior, up to an additive constant £,,(6*).
This decomposition separates the model-fit components (log-likelihood ratio and Jensen gap) from the regularization term,
and motivates the next extension.

The o-VI objective To address challenges in theoretical analysis and improve control over approximation error, the a-VI
framework introduces an inverse temperature parameter o € (0, 1]. The associated objective is defined as:

N 1
Uoa(q0, Gy (xmy) = _/ng(eve ) q0(d0) + A s(ge, qyxny) + aD(Qe) | po)-

As « decreases, the regularization term is upweighted, providing stronger control over overfitting and facilitating concentra-
tion guarantees. In particular, for av = 1, this recovers the classical VI objective ¥,, above.

Interpretation and summary The a-VI objective maintains the same structure as standard VI but introduces an explicit
regularization trade-off via o. This results in more tractable analysis under mild conditions. The solution to the a-VI
problem is given by

Q0.0 @y (X)) = AT min Uy oo, ¢yxn
(q as Gy ( ),or) gquFe,qw(xn)EQAs na(q y A~ ( ))7

which is used throughout the theoretical developments in Section [3|to derive non-asymptotic variational risk bounds.

Framework follows prior a-VI and structured-VI analyses, with modifications to accommodate amortized, structured
variational distributions over Z" via encoder mappings .

3 Additional Simulation Studies

In this section, we conduct additional simulation studies by generating data from several alternative models and comparing
our proposed methods with existing approaches.

3.1 Algorithm of Amortized Neighborhood variational Inference(ANVI)

The ANVI algorithm as described in Algorithm [T]is implemented analogously to the ASVI algorithm presented in the main
paper; the only difference in ANVI is that we do not perform conditional sampling.

3.2 Hidden Markov Model with more learnable parameters

Consider the same model as we discussed in the simulation part. We add one more global parameter A here. Firstly, we
consider X" only depends on Z; linearly:

Zi=A-Zi_1+e, e~N0OT, X;=0+Z+n, mn ~N(00?). (1)

In the simulation setting, we will keep the sample size n = 500 and vary A. We will compare the metric in Appendix [3.6]
We can see in Table|l|our ASVI out performs the MFVI and gets very close to SVIL.
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Algorithm 1 Amortized Neighborhood-Aware Variational Inference (ANVI) Optimization

Input: Data {X, X», ..., X,,}, contextualized as X% = {X¢,, ..., X¢, } with neighborhood information.
Output: Variational parameters {1, >, 119, X¢ }, variational approximation g(z,6) = N (u., 2,)N (e, Xe)
Initialize {y., >, 1o, X0 }
while the loss £(X™; 6, Z™) has not converged do
Sample {0;}72, from N (19, %¢)
fori=1tondo
Sample {Z;;}72; from N (. (Xc,), %2 (Xc,))
Compute L(X;; 0, Z;) = Z;nzl [log pa (X, Zij,05) —log q(0;, Zij | X;)]
Compute Vlog L(X;; 0, Z;) wrt. {u., 2., ng, o}
10: end for
11: VlOg,C: %Z?:l Vlog/l(Xz,Ql,Zl)
12: Update {i., X, pg,, Lo} using v log L
13: end while
14: Return: {p., %, 1g, Xo}

PN AR

©°

Table 1: Nonlinear AR(1) performance summary across Ayqe.

Atrge Method ELBO  MSE (global)  MSE (pred)

0.30 MFVI -240 0.0310 0.3358
SVI -225 0.0031 0.3264
ASVI -235 0.0038 0.3295
0.50 MFVI -245 0.0693 0.3488
SVI =225 0.0051 0.3232
ASVI -235 0.0116 0.3289
0.60 MFVI -255 0.0677 0.3492
SVI -235 0.0120 0.3199
ASVI -245 0.0246 0.3268
0.70 MFVI -290 0.0677 0.3492
SVI -255 0.0120 0.3199
ASVI -270 0.0246 0.3268
0.80 MFVI -320 0.0382 0.3240
SVI -255 0.0241 0.3192
ASVI -285 0.0380 0.3209

3.3 Higher-Order Hidden Markov Model

We generate data from the following second-order hidden Markov model:

Z;=06Z;1+04Z;i_5+ei, e ~N(0,72), )

Xi =0+sin(Z;) +n;, 1 ~N(0,0%), 3)
where § = 2, 7 = 0.5, and ¢ = 0.7. We simulate datasets of various sample sizes under this specification.

Figure [T presents the final ELBO comparison between our proposed methods and the standard approaches. As shown
in Figure [la| incorporating neighborhood information helps reduce the amortization gap. When k& = 3, using the
true neighborhood size yields the greatest reduction in this gap. In contrast, for ASVI (Figure [Ib), since the true
model is not a first-order HMM, ASVI no longer outperforms MFVL If our ASVI uses Qas = {q : ¢(0,2™) =
40(0)ay(x1)(Z1) @y (x5) (Z2| Z1) [T} 3 @y x2) (Zil Zi—1, Zi—2) }, we can still out perform MFVI. The SVI works well since
it has the flexibility to train each conditional posterior. Nonetheless, including neighborhood information still narrows the
gap. In Figure [2] we still observe that our amortized methods converge in significantly fewer iterations.

3.4 Graphical Hidden Model

We consider a model with local hidden variables defined on a known underlying graph. Let the latent variables follow
a multivariate normal distribution governed by the graph’s adjacency matrix A, where each node has three neighbors.
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Specifically, we simulate data from
p() o 1,
Zym ~ N(0,72(1, + 3 4)),
X; =0 +sin(Z;) +mn, ni ~N(0,0%).

We then apply ANVI to this model to assess how incorporating neighborhood information narrows the amortization gap. As
shown in Figure [3a] using the true neighborhood specification drives the gap nearly to zero.
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(a) The ELBO for different variational family and sam-(b) The optimization sample paths of structured VI
ple size. family and standard VI family.

Figure 3: Results for Graphical Hidden Model

3.5 The sensitivity of MLP

In this section, we explore the impact of different neural network architectures on the hidden Markov Model introduced in
the main paper. Specifically, we evaluate the evidence lower bound (ELBO) under varying network widths. As illustrated in
Figure[d, the ELBO values remain consistent across all configurations, indicating that our method is robust to changes in
network width.

3.6 implementation detail for AR(p) model and nonlinear AR(2) model
3.6.1 AR(p) model

We consider a 3-dimensional latent AR(64) process {Z;}"_; with an in simulation, and AR(3) observations {X;}¥  in
Section 4.3:

3 64
Zi = Zaj Zi_j + ch Zi_k + Ei,y E; NN(O,Tzlg), (4)
j=1 k=4
3
Xi=0+ Zi + > biXij + ni,  mi~N(0,0%I5). (5)
j=1

The AR(64) tail coefficients in simulation are ¢ = ﬁ for k > 4, with an optional stability rescaling s € (0, 1] so that

2?21 |aj| + 354 lsck| < psim < 1; setting v = 0 removes the tail. The joint density factorizes as pg(X1.n, Z1:n) =
H?:l p(ZZ | Zl:i—l) p(X,L | Xl:i—l; ZZ), Wlth p(Zz | ) and p(Xz ‘ ) given by —.
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Figure 4: The sample path for ASVI with the different neural network structure, a larger ELBO value is preferred as better
method. Here width stands for the number of neuron in the neural network structure. The zoom in part is trying to distinguish
these methods with similar ELBO value.

We place Gaussian priors on a global offset # and on PACF latents for both a and b:
0~ N(Ov 03)7 Ua,j ™~ N(/‘mj’ Sz,j)? Up,j ~ N(:ub,jv 5127,]‘)’

and map u — PACF via k; = tanh(u, ;), r; = tanh(us ;) to keep k;,7; € (—1,1). The AR(3) coefficients are then
obtained by the Durbin-Levinson recursion 7 (-):

(a1,az2,a3) = T (k1, ka2, k3), (b1,b2,b3) = T (r1,72,73),
which guarantees a stable AR(3).
We approximate the posterior with ¢(6) q(ua) ¢(us) ¢(Z1.n | X1.,) and optimize the true ELBO:
L =Ey[logpo(X1:n, Z1:n) + log p(6) + log p(ua) + log p(up) —log q(0) — log q(ua) — log q(up) — log ¢(Z1.n | X1:0)] -

We use ¢(0), q(uq), ¢(up) as univariate Gaussians (reparameterized). For ¢(Z1.,, | X1.,) we consider:

* MFVI: factorized Gaussian, gy (Z1:5 | X1:n) = [y N(Z; | ps, diag(s?)).

* SVI (structured, non-amortized): a linear—Gaussian AR(3) sampler via reparameterization
Z1 ~ N(aW, $%1),
Zo ~ N(a® + 622, $21),
Zi~ N(ai+brio1Zi1 +boi—2Zi o +bsi3Z;i-3, s;I), i>3,

where all {a;,b1,;—1,b2,i—2,b3,—3, s; } are free per-index variational parameters.

ASVI (amortized, structured): the same conditional Gaussian AR(3) form as SVI, but the per-index parameters are
deterministic functions of X produced by an encoder g4 with a sliding window of length k:

(ai, b1i-1,b2,i-2,03,i-3, i) = g¢>(Xi:i+k)~

* FlowASVI: draw Zf?z ~ gasvi(- | X1.r) and apply a conditional normalizing flow Z;.,, = fw(Z,(LO); X1.n,) (affine
RealNVP couplings with context from an MLP over windows of X). The density corrects as

YO
108 Gtow (Z1:n | X1:n) = 10g aasvi(Z\%) | X1.0) — " log| det 5orir .
V4

Each coupling layer uses a binary mask m € {0, 1} and context ¢;; componentwise

Y:m@Z—i—(l—m)@(Z@es(c)—i—t(c))7 log|det J| = Z s;(c),

jim;=0
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All expectations are estimated with reparameterized Monte Carlo (antithetic pairs) and optimized with AdamW. We train in
two stages (temporarily freezing b—heads) and add mild smoothness/centering regularizers on structured parameters.

For any trained method, we report

B

— 1

ELBO = — ) {1ogpe(X1:mef’Z)+10gp(9)+10gp(ua)+10gp(Ub)
b=1

o]

—log q(0) — log q(u,) — log Q(Ub)}
—log q(Z{!) | X1.n).

Using the posterior mean path Z; = E,[Z; | X1.,.], we form the conditional mean predictor with teacher forcing:
N 3 1 > N
X, =0+ Z biXi_,, MSE = — X, — X%
+ 2+ ; i o ;Il I3

For the AR(3) model without model misspecification:

Table 2: AR(3) performance summary

Method ELBO MSE (global) MSE (pred) Time (s)
MFVI -873.59 0.2252 0.3272 273
SVI -811.13 0.0082 0.3147 1272.1
ASVI_k1 -834.41 0.0305 0.3588 1237.2
ASVI_k2 -838.57 0.0281 0.3399 1241.3
ASVI_k3 -816.76 0.0324 0.3238 1245.1
FlowASVI_k1 -841.98 0.0960 0.3685 1270.5
FlowASVI_k2  -835.50 0.1024 0.3564 1267.9
FlowASVI_k3  -837.18 0.1040 0.3387 1245.5

3.6.2 Non-linear AR(2) model

For ASVI, we use an amortized variational guide that conditions on the local context and the two latent lags:
context; = [X;_o, Xi—1, Xi, Zi—2, Zi—1],

The guide is a bounded MLP that outputs a diagonal Gaussian:

h; = MLP 4(context;),
Mi = Zi—1 + tanh(W#hi) *Su,
log o7 = 2log (softplus(tanh(Wh;) s, )) + log 7,
———

bounded

QdJ(contexti)(Z’i ‘ Zi—lvzi—Q) = N(ZH Hi, diag(a?)),

where s, and s, are scalar caps that keep the residual update and the log-scale bounded, and 7 > 0 is a learned temperature
(softplus reparametrized) to calibrate posterior variance. Compared to a per-time-step linear SVI (with affine dependence on
(zi—1, zi—2)), the bounded MLP in ASVI captures richer nonlinearities in the posterior while remaining numerically stable.

For flow-ASVI, to further enrich the posterior family, we also consider a flow-based guide that transforms a diagonal-
Gaussian base via K planar flows. Given the same context h; = MLP4(context; ), we predict the base parameters and flow
parameters:

Zo ~ Npi, diag(a7)),  {wi(h), ur(hi), br(hi) oy

Each planar layer applies

. 0Z .
Zy = Zp_1 + U tanh(w,;ercfl +bk), log|det 57 k ’ = 1og’1 —&—uzwk(Zk,l) ,
k—1
with the standard stabilization 4 = ug + %wk and ¢ (Z) = (1 — tanh®(w] Z + b)) wg, m = —1 +

softplus(w, ug).



Trade-offs vs. ASVI. While Flow-ASVI may occasionally nudge the ELBO upward due to its higher expressivity, it is (i)
heavier to train (additional flow parameters and log-determinant costs), (ii) more sensitive to optimization (flow instabilities,
parameter collapse), and (iii) in our experiments often produced worse downstream [atent RMSE and larger global MSE
than ASVI. In contrast, the bounded-MLP ASVI achieves a strong balance of flexibility, stability, and efficiency, resulting in
more reliable latent recovery and global parameter estimation in practice.

3.7 The Moving MNIST data for reconstruction and prediction

Moving MNIST dataset is proposed by Srivastava et al. (2015). It consists of short grayscale clips (usually 20 frames of size
64x64) in which one or two hand-written MNIST digits move linearly across the frame and “bounce” off the boundaries.
The data are stored as a NumPy array of shape (T, N, 64, 64)—T time steps and N independent sequences. Because the
digits’ motions are random but rule-based, Moving MNIST offers a controlled yet non-trivial testbed for models that learn
spatial structure. In our simulation study, we pick the odds number of these sequence(10 frames of size 64x64).

We consider Moving-MNIST sequences X;.7, where each frame X; € [0,1]64%64

otherwise noted, all models operate per frame or per (short) window.

is a single grayscale image. Unless

We learn a latent representation Z; € R% (d=64) via an encoder—decoder pair
16(Zi | Xi) = N (ng(Xs), diag(a3(X4))) , (6)
Xi = fo(Zy), (7)

where 14, 04 are produced by a convolutional encoder (GroupNorm, ReLU), and fj is a deconvolutional decoder (Group-
Norm, ReL.U, Sigmoid). We train with a 5-VAE loss and “free-bits” regularization:

Lvag(0, ) = Exap |lee(X, X) + B- KL (go(Z| X) [ N(0,1) ] , ®)
———
reconstruction KL with free-bits
d
KL, = ZmaX{KLi, T}, )
i=1

with /. taken as per-pixel MSE in our runs. We use KL warm-up to a final § and a small free-bits floor 7.

For dynamics we work in a whitened latent space. With i, & the per-dimension mean/std of 114(X) computed on train data,
and inv(ZV)=2ZV06+ [ (10)
3.7.1 One-step priors in latent space

Given context ¢; and target Z, |, we train four priors to predict the next whitened latent.

Random baseline.
prand(ZXH) = N(O, I)

ASVIL  Given a window of whitened latents C; = [Z} . 1,..., ZY| € R”*<, our test-time prior is a windowed MLP
Z8, = folvec(Cy)). (11)
During training only, we introduce a guide that may peek at the next image,
Z8 4 = gy(vee(C), Xis1), (12)

and distill its signal into the prior. The total loss is

2
., (13)

Lasvi(p, ) = HZAX‘,-I,p - szj—le + Adistin HZA;-Vl-l,p - Sg(Zx—l,q) H; + Aguide HZAXH,q — Z%|

prior MSE distill to guide guide MSE

where sg(-) denotes stop-gradient. At evaluation we discard the guide and use only f, to predict ZAZVYH



Manuscript under review by AISTATS 2026

Gaussian. To match ASVI’s context, we use a window-conditioned Gaussian mean regressor

(L) = hy(vec(Cy)), pu (254 | Ci) = Ny, diag(exply)). (14)
We train it via a residual ( AZ ) target using the last latent in the window as the base:
AL w AL wo |2
Z = 27+ py, Liauss(¥) = HZ1'+1 - Zi+1H2- (15)

(Equivalently, h,, predicts AZ"Y; we add it back to Z;*.) No access to X, is used here.

Flow prior. Let the condition be ¢; = Z¥ (Markov) or ¢; = vec(C;) (window). We define an invertible mapping gy (-; ¢;)
such that

€= g;l(ZZ‘»’il; ci) , (16)
e ~ Mo (c:), diag(exp Lo(c;))), (17)

with affine coupling layers conditioned on ¢;. We maximize conditional log-likelihood:
. 1 1
Liiow (1) = E[—logpy (2}, | ¢)] = E[2||€ = 110(€i) | Fiagexp to(ei)) -1 §1T€0(Cz‘) —log|det Jg, || . (18)

3.7.2 Prediction and evaluation

Deterministic one-step prediction. At test time we form zv 1 via the chosen prior (ASVI/Gauss/Flow mean; Random
draws a single sample or MC-average for metrics), map back to the VAE space, and decode:

Zipy = inv(Z;-’fH) ; Xip1 = fo(Zis1). (19)

Metrics. We report per-frame image MSE:

N
1 N
-1 (n) _ x ()2
MSEfN;:lHX X2, (20)

4 Proof of Theorem 1]

We start by restating the theorem for completeness.

Theorem 4.1 Let Gg ., denote the a-Rényi variational posterior obtained from an amortized variational approximation
qwn(Z",0) = qyxn)(Z") - q9(0), where vy is a deterministic encoder depending on X". Let 75, := p(Z" | X", 0%)
denote the true latent posterior given 0*. For any fixed (¢x,¢,) € (0,1)? and D > 1, with probability at least 1 —

GEVEG (n)iz ) under the true parameter 0%, where f,, and fy are defined as
- A N M m

Vi { D (p(Z™ | X) | p(Z™ | X)) < fa(n)ex }
BYI(\*,e0) = A €A ot 1)
A

V(p(Z" | X)[p(Z" | A) < fa(n)e

e * ) < 2
jaax Eznjg Di(p*, 1) < fu(n)e,

B u*e,) = peM: , (22)
! ax Egnjg- Vi(u', 1) < fu(n)=y
with Dy (11", 1) = Dp (-] 1", X5) | p (- | 11, X)), and Vi (u*, 1) := V [p (- | 5%, X0) | p (- | . X0)] it holds that
n * Da f
/D( 9 9 (de) 1—Oé (|: A( ) )\"’fu :| ASVIGap >
1
— ———log P (B)( log Py, (B (1* :
n(l ) 0g L7\ (B ) ) 0og (Bn (,LL 76#))
where
1
inf =D (gyxm) [ 720) < Adsvicay- (23)

Gy (xn)EQas M



Proof 1 We begin by applying Theorem 3.1 from|Yang et al. (2020), which provides a general PAC-Bayes-type upper bound
for the a-Rényi variational risk. In our setting, we consider the amortized variational family defined by

Gry(xn)(Z",0) == qy(xn)(Z") - q0(0),
where the encoder map ~y deterministically maps the data X™ to variational parameters for Z™.

Let Ty denote the collection of variational distributions over 6 such that q9 < pg, and let Fv( Xn) denote the class of
amortized variational distributions over Z™ induced by encoder functions v, i.e.,

Lyxny = {a(Z") = ayx)(Z") : v € G},
where G is the space of admissible encoder mappings (e.g., neural networks).
We now apply Theorem 3.1 from|Yang et al.|(2020) with
1
(D —1)? (3 fa(n) + nef fu(n)’

which guarantees that with probability at least 1 — ( under the true data-generating distribution Py., the following holds
forany qp € T'g and q(x»)(Z"™) € Ty xny:

¢:=

o . 1 1
/D((l") (0,07) Go,a(d0) < 771(10: ) Vn.a(90; 4y(xm) (Z27)) + n(l—a) log (C) ; 24)
where )
Vst (2) = [ [000°) = F20)] an(0) + < Dlao | o). es)
i (X" | 2% 1) - p(Z" | N
() = (2" log (2 M) P )dZ". 26
20 = [y (2o (R 26)

To simplify the expression €,,(0%) — Z%(&) in Equation (23)), we proceed as follows. First note that by Bayes’ rule:

X" 2" pw)p(Z" | A7)

B
Zm | X" 0F) = ,
AT p(X"]0)

so that
logp(Z™ [ X", 6%) = logp(X™ | Z", i) +log p(Z™ [ ") — log p(X™ | 7). @27
Using this identity, we expand the KL divergence as
D(gy(x)(Z2") [[p(Z2™ | X™,07))
= / Gy(xm) (Z27)log ( p(quglxn;éf”g*Q az"
= [ a0 (2) 08 600 (27) ~ ogp(X" | 27, 4%) = logp(Z" | X) +log (X" | 6°)] dZ"

XTL Z"L7 * ZTL A* n n .
_ —/qv(xn)(Z”)log (p( 2" 1 ”’g | )> dZ™ + log p(X™ | 0%).
qV(X")(Z )

Using this, the definition of £,, (0*) = logp (X™ | 6*), Equation (23), and Equation 26), we obtain:

Ca(0%) = 03(0) = D(qy(x)(Z2") | p(Z2" | X™,60%))
v (PXP L2 (2 [ AN o,
+ [ )1°g< (X | 2 pyp(Z7 | N )dZ '
p(X™ | Z7, w*)p(Z™ | X¥) n
p(X™ | Z7 w)p(Zn | N) )dZ '

S nA/ZASVIGap + /q'y(X”)(Zn> log < (28)
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Substituting Equation (28)) into Equation [29)), and then into Equation (24), completes the first step of the proof.
p(X"Z" 1" )p(Z7|N)
p(X™[Zm,1)p(Z™[N)
over qg in Equation [25). To that end, we choose the variational distribution qg as a renormalized restriction of the prior

Do = D * Dy onto the high-probability events defined in the theorem statement. Define,

We now analyze the term f qy(xn)(Z™)log ( ) dZ™. Specifically, we now control the expectation of it

Py [N BYO )] P [0 BASVI(t )]

@9(‘) = Py [BYY(A*,e))] - P, [BASVI(p*,e,)] ’

(29)

and let Gy denote its density with respect to pg, which satisfies Gy < pe.
By substituting q9 = qo in Equation (23)), we need to control the term
p(X™ | 2" )p(Z™ | A7)
T,(X" :/{/q nanog( dzZ™ | qe(df). (30)
)= o [ B @8 G 2 ayp(z [ 3 )

Our goal is to show that T, (X™) is bounded with high probability. Since this is a real-valued random variable measurable
with respect to X" ~ IPp., we invoke Chebyshev’s inequality.

To apply this inequality effectively, we first derive explicit upper bounds on Eg- [T, (X™)] and Varg- (T, (X™)) under the
true data-generating distribution P}y.. To bound these moments for the integral in Equation (30), we compared T, with

- [ [ (B e

where the non amortized distribution Gz~ is defined as,

Gz (Z") P (X" | 4, Z") P(Z" | 6) (32)

Observe that
Eo- (T,(X™)) = Eo- (T,(X™) = T(X")) + Eo- (T(X")).
and,
Varg- (T, (X™)) < 2 Varg- (T,(X™) — T(X™)) + 2 Varg- (T'(X")).
Then, by Lemma
B (T5(X") = T(X™)) < 4 (nAlsvigay + nfu(n)ey + fr()e3) (33)
and similarly,

Varg- (T,(X") = T(X")) < 8 (nAisvigay + nfu(n)e, + fa(n)el) - (34)

Moreover, using Fubini’s theorem, the expectation under Py, becomes

o e (S ) ] o,

B [1(X")] = |

(C]
And since for all 0 = (u, \) € BY', the inequalities in Equations and are satisfied, we obtain the bound,
Eo- [T(X™)] fa(n)e} + nfu(n)e;.- (35)

We also require an upper bound on the variance of T(X™). Similarly, we have that for all 6 = (u, \) € B;‘:‘SVI, using the
Equations and the variance can be bounded as

Varg- (T'(X")) < 2 (f)\(n)Ei + nfﬂ(n)si) . (36)

Define,
o= 5(nA§SVIGap + fa(n)ex + ”fu(”)’fi)-



Now apply Chebyshev’s inequality to deviation Do — E[T,(X™)] > (D — 1)o2. The standard Chebyshev bound gives

or ~ (D-1P

n(T,(X") > Do?) < Y (X") 2(,;3 )

(D—1)%08 = (D-

Therefore,

b= (T(X™) > D - 5(nAigvicay + fr(n)ed +nfu(n)e}))
4

< . 37
25(D —1)2 (fa(n)e3 + nfu(n)e?)
This establishes the desired high-probability control of T(X™). It reminds to observe that
D(Go |l po) = —log Py [BY'(\", ex)] —log P [BY (1", ¢,)] - (38)

Substituting both Equation (37) and (38) into Equation and then into Equation yields the final bound in Theorem(l]

Lemma 4.1 Suppose the variational approximation q.,(x~y € Qas satisfies the following property

1
inf —D Z" | X" 6%)) < A? ) 39
A (qllp(Z™ | ) < Absvicap (39

Define the reference density
Gxn(Z™) o p(X™ | Z" ) - p(Z7 | AF).

Let qg be a probability measure over ©, and define the deviation term

_ o g (P LN P2 1Y
60 = [ (e (27) ~ e (27 0 (P BT g

Assume qg is supported on the set
By = BY'(\ en) N BY (1 e,),

n

where for all = (1, A) € supp(gp):

D(p(Z™ | X)[Ip(Z™ | X)) < fa(m)ek, V(p(Z™ | ) [Ip(Z"™ | 2) < fa(n)es,

max By piznixn oo [Di(u®s )] < fu(n)el, max Eynpznixnon [Vile" )] < fu(n)el.

Then,

Eo- /@ (0) %(de)’ <4 (nA%svigay + nfu(n)ey + fr(n)E3)
Proof 2 We begin by expressing the deviation term of interest as

Lo ata) = [ ([ (@@ = (2) ol a2 Y ao(ab),

where fy(Z") = log (PSS E ), and gxn (Z7) o p(X™ | 27 1) - p(Z7 | X°).

Then, observe that by Fubini’s Theorem
[ B0 ao(at) = [ o ([ (o) = e (2) fo(27) 42" ) ao(a0).

For each fixed 6 € ©, we now apply the classical Holder’s inequality inequality,

‘ / <q—q~>f] < ([ 0nwra) avia. .
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Applying this to our integrand at each 0 € O, we obtain:

|¢(9)| = ‘/ (%(X’n) (Zn) —qxn (Zn)) fo (Z”)dZ" < ||f0||oo ) Hq'y(X") —qgxn ™

This leads to,
Eg-

P(0)] < Eor [ follo- - |aycxmy — @xn |y ] -
Using Cauchy-Scwarz with respect to Eg«,

y(xn) — 4xn

f9||io) v (Ee*

5 \1/2
Ey- TV) .

6(0)] < (Eo-

Then using Pinsker’s inequality

- 1 .
larxm) = @xollry < 5D (@y0xm ) -

Now we apply Jensen’s inequality to the product of the square roots,

[ B ottan) s\/ [ 550D el @) [ (5o 1501) " o)

Then, for all 0 € B, we observe that the following inequalities hold,
Eo- || foll% ao(d0). < 2 (nfu(n)e; + fr(n)e3) .
Now, let 7 (Z™) := p(Z™ | X™, 0*) and define the log-density ratio:

p(X" | 2", )p(Z" | /\*)) o (p(X” | Z"w*))
p(X™ [ 27, p)p(Z™ | A¥) (X | Zmp) )

h(Z™;6) := log (

By construction, for fixed 0, we define

p(X™ | 27, ) - p(Z™ | X¥)
Zo ’

Gxn(Z") = where Zy normalizes {xn .

We then write
ny (2™
Gy (X )( )) a7,

D(quixm || Gxn) = (21
(¢y(xny I dxn) /%(X (Z") 0g< T (27

Now expand the denominator:

GO o (B2 7 ZN N g (@)Y
ox () <o (M i) <o (M) ) s

Therefore,
D(gy(xny [ dxn) = D(gy(xn) [|77) + Eq, xn) [R(Z7;0)] + log Zp.

Now integrate over qp,
/ D(gy(x) || Gxn)q0(df) = D(gy(xny || 7*) + / Eq, xn [M(Z7;0)]q0(d0) + / log Zg qo(d0).

Bound term 1: By assumption,

D(qyxny || 7*) <n- A2ASVIGap'



Bound term 2: We aim to bound
p(X" | 27, )

E (27 0 h Z":0) :=log —————=.
/Wﬂ)[( Oao(dh),  where h(Z"36) = log © TRl

We begin by adding and subtracting the expectation of h(Z™;0) under 7*(Z™) := p(Z™ | X™, 6*):

[ B (27500 a0(d6) = [ B (1(27:0)]an(d) + [ (By o [H(Z736)) = B [1(Z736)]) ().

Step 1. By assumption, for all 6 € supp(qy),

* 2
1I£i3'§XnEZ"~7T* [D’L</’(‘ a:u’)] < fﬂ(n)gﬂ'

Therefore,

n. R p(Xi | Zi, p*)
/]EW*[h(Z :0)] qo(dO) = ;/EW* [logm q0(df) < nfﬂ(n)ei.

Step 2. Define the deviation
5(0) :=E [M(Z";0)] — En-[M(Z"; 0)].

= Ty

Apply the classical Holder’s inequality
16(0)] < [|M(Z";0)]|oo - llay(xxmy — 7" l2v-

Therefore

w012 aotan).

/@ E9*5(9)QG(d‘9)’ < ¢ /O SEoD (1) ao(d6) /O (Eo-

As before, we get
/ (Eg*
©

| o 800a0(a)| < \n8 gy R < )k + 15y

n0)2) " g0(d8) < nf(m)et.

Therefore,

Combining both steps,
[ B (027500 00(d8) < 3+ (0f, ()28 + n¥Ey).

for a universal constant C > 0.

Bound term 3:  From the definition

Zy ZZ/P(X" | 2" 1) - p (2" | X)dZ" = p (X" | p, AY)
N

log Zp = logp (X" | p, A)

Now, we compare this to the true marginal likelihood p (X™ | 0*), and use the reverse KL inequality (also known as the
log-integral inequality)

logp (X" | %) —logp (X" | 4, A*) < D (p (2" | 0%) Ip (2" | . \"))

Then, again by assumptions on 0 € B,,, this is bounded by
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D(p(Z" | X)lp(Z™ [ N) + D EeeDi (1, 1) < fr(n)e} + nfu(n)e;,

=1

So

logp (X" | 11, X") <logp (X" [ 0%) + fa(n)el + nfu(n)e,

and integrating over qy, we get,

/log Zgqo(dO) <logp (X™ | 0%) + fa(n)eX + nfu(n)e;-

Final bound
/@ D(gy(x | Gxn)g0(d0) < 4 (nA%syicay + nfu(n)el + fr(n)el) -

Thus,

\ /@ Ey- 6(6) qe<d9>\ < (8 (nAsyigey + 1fu ()2 + fr(m)e3)) 2 (2 (nfu ()X + fr(m)e3)) 2,

and the result is obtained.

5 Proof of Corollary 1

Proof 3 We work under the setup of the truncated linear-Gaussian latent state-space model, where Z; € R? evolves
according to the dynamics

Zl NTN[,RI’Rl]d(O,TQId), Zi = AZi,1 —&—b—i—ei, €; NTN[,RI’Rl]d(QTQId).
Observations are given by
Xi=w+ f(Z)+ni, i ~ TN [_R, re(0,0%14),
where f : R* — R% is a fixed nonlinear function.

Step 1: Events bounds. We begin by proving that fx(n) = O(n) and f,,(n) = O(1), since Theorem 1 requires these scaling
behaviors in order to bound the variational risk. To this end, remember that the quantities fx(n) and f,(n) are defined in
the concentration events
B\ sex) = {0 = (1, 2) : D(p(Z" [ \)|Ip(Z" | X)) < Fa(n)e3,
V(p(Z" | X)llp(Z" | V) < fa(n)ed},

BXI(/U’*7€M) = {6 = (,U,)\) : lrgiag(n]EZ"Np(Z"\X",G*)Di(,u*),u) < fﬂ(n)giv

max Bynpzn xn o) Vil 1) < fu (n)fi} :

First, consider the KL divergence term D(p(Z™ | \*) || p(Z™ | \)). Using the chain rule for KL divergence applied to the
latent Markov model, we have

n

D(p(Z™ | X)Ip(Z" | N) =D D®(Zi | Zia, N)p(Zi | Ziea, V),
i=1

where each transition p(Z; | Z;—1,\*) is a truncated Gaussian TN (_g, g,ja(A*Z;i_1 + b*, (7*)*1q) under \* = (A, b),
and p(Z; | Zi—1, ) is a truncated Gaussian TN (_g, p,ja(AZ;—1 + b,7°14) under X = (A,b). Each term in the sum



is a KL divergence between two truncated Gaussian distributions over a bounded domain. Although there is no closed-
form expression for the KL divergence between truncated Gaussians, upper bounds can be obtained via the standard KL
divergence between the corresponding untruncated Gaussians, which gives

D(p(Zi | Zier, N)P(Zi | Zie1,0) < C - (|A" = AT + (b = bl + ()2 = 7)),

for some constant C depending on the truncation region. Now, under the concentration event \ € BY'(\*, ¢)), we have
2 2 22 2
[A" = Al + (o™ = bllz + ((77)2 = 77)" < &3,
so each KL term is O(s%\) and same for the Variance term, and summing over n terms yields

fa(n) -2 xn-2 = fi(n) = O(n).

We now analyze the term f,(n). Recall that for each 6 = (u, \), the function fu(n)si bounds the average predictive
discrepancy in the observation model

max Eznpznixn o) [Di(u, p)] < fu(n)eg.

Here, D;(u*, ) represents the KL divergence between p(X; | Z;, i*) and p(X; | Z;, ). Under our generative model,
these are both truncated Gaussians

p(Xi | Zis ") = TN [ py moja(w + f(Zs), (7)),

p(Xi | Zi,p) = TN Ry o (w + f(Z5),0° 1),

so the KL divergence between them is again controlled by the sum of the squared distances |w* — w||3 and ((0*)? — (0)?)2.
Similarly for the Variance term, the same is obtained.

Under the concentration event ji € BY'(u*, ), this squared error is O(Ei), and the KL divergence and V variance are
bounded independently of n, yielding

fuln) -5 = O(e}) = fu(n) = O(1).
Step 2: Prior Mass Bound. We now turn to bounding the prior mass term appearing in Theorem 1,

1
- (log Py (BZI(/\*,EA)) +log P, (Bxl(p*,eﬂ))) .

Recall we set 5
1
Ex =€y = %, for some 5 > 0.
From the previous step, we have shown that fx(n) = O(n) and f,(n) = O(1) hold under our model and the definition of

the KL concentration events BY'(-). Additionally, the same KL/variance bounds imply
D(p(Z" | X*) | p(Z™ | X)) < C1(Ra, Ra) fa(n)[|A = A2,

max Eznp(znxm,00 [Di(0*, 1)) < Co(Ra, Ra) fu(n)||p — )7,

for constants C1(R1, Rz), C2(R1, R2) > 0. These imply that

2

2 €
)\_)\* 2<EA}CBVI )\*,E , ¥ 2<7H« CBVI *,E )
{| H — lek(n) =*~n ( )\) ||:u’ 1% H — C'qu(n) =*~n (M /1«)

Now assume the priors Py and P,, admit continuous densities that are bounded away from zero in neighborhoods around \*
and p*. Then standard volume bounds for Euclidean balls in R™ and R% yield

VI E?\ D2
P)\(Bn ()\ ,6)\)),%(01]6\(70) )

2 /2
P, (BXI(,U*,&#)) pe <C’2f:(n)> .
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Taking logarithms and dividing by n, we get
1 c’ n?fr(n) 2 fu(n)
— (log PA(BY") +log Pu(BY")) > —— [ dalog | ——% | +d,log | —r
n(og ABL) +log Pu(B,)) = n \"™ %8 (logn)?? Tdulos (logn)?# ) )’
for some universal constant C' > 0 depending on R1, Ry. Substituting fy(n) = O(n), f.(n) = O(1), we conclude

1 logn)?
L (tog PA(BY") +10g P (BY)) 2 121
for some constant 3’ > 0 depending on f3, d, and d,,. This completes the second required component of Theorem 1, the
AbiGap
ap

Step 3: Bounding the Amortization Gap AﬁSVIGaP. We now complete the proof of Corollaryby bounding the amortization
gap term

3 1 n n *
AElSVIGap = inf -D (q’y(X") |p(Z ‘ X 70 )) s

Gr(xn)€EQas M

appearing in Theorem This KL divergence measures how well the amortized variational approximation q.(x») matches
the latent posterior p(Z™ | X™, 0%).

We consider the structured amortized variational family,
tyx(Z2") = ayx0) (Z1) - [ [ tvix) (Zi | Zima),
i=2

where each conditional is a truncated Gaussian distribution:

Zi A7)
q'y(X7)(Zz | Zifl) - TN[—Rl,Rl]d <Z“ AA/(XZ) Zi71 + b"/(Xz)v EA/(Xl) (Id + 2. m>> '
=112

The encoder v : R? — R4 x R4 x S‘j_ . is implemented via a fully connected ReLU neural network of architecture
~v € F(L,r), with one of the two configurations,

o L =log(n), r < n'/C@r0) o

o L =log(n) - n/CC+1) = O(1),
for a sufficiently large p > 0. We denote by m = d* + 2d the total number of outputs of the encoder, corresponding to the
entries of Ay(X;), by(X;), and the diagonal of ¥ (X;).

We assume that the true transition parameters (A*,b*, ¥*) are constant across time and belong to the approximation
class H(1,{(p,1)}), meaning each entry can be approximated with accuracy ¢ using ReLU networks of width and depth
depending on the smoothness parameter p.

By Theorem 1 of Kohler and Langer|(2021)), the ReLU network class F (L, r) achieves an L*-approximation error rate of
I7(X0) =7 (X0)|* = O (log(m) - =2/ 1))

uniformly for alli =1, ... n, where v*(X;) denotes the true parameter map (i.e., mapping X; to (A*,b*,3*)). This is a
uniform rate over the compact support of X; € [— Ry, R2|?, which is valid due to the truncation in the observation model.

Since m total outputs need to be approximated across n time steps, and the variational approximation is entry-wise in the
encoder, the total approximation error (per sample) satisfies

1
=D (qy(xm) |p(Z" | X7,6%)) S m-log(n) - n =2/ GPHD,
n

Hence, the amortization gap satisfies

Adsvice S m - log®(n) - n=22/ @D,

as claimed.
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