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Abstract

We study the problem of estimating the distri-
bution of the return of a policy using an offline
dataset that is not generated from the policy, i.e.,
distributional offline policy evaluation (OPE). We
propose an algorithm called Fitted Likelihood Es-
timation (FLE), which conducts a sequence of
Maximum Likelihood Estimation (MLE) and has
the flexibility of integrating any state-of-the-art
probabilistic generative models as long as it can
be trained via MLE. FLE can be used for both
finite-horizon and infinite-horizon discounted set-
tings where rewards can be multi-dimensional
vectors. Our theoretical results show that for both
finite-horizon and infinite-horizon discounted set-
tings, FLE can learn distributions that are close
to the ground truth under total variation distance
and Wasserstein distance, respectively. Our theo-
retical results hold under the conditions that the
offline data covers the test policy’s traces and that
the supervised learning MLE procedures succeed.
Experimentally, we demonstrate the performance
of FLE with two generative models, Gaussian
mixture models and diffusion models. For the
multi-dimensional reward setting, FLE with diffu-
sion models is capable of estimating the compli-
cated distribution of the return of a test policy.

1. Introduction

Traditional Reinforcement Learning (RL) focuses on study-
ing the expected behaviors of a learning agent. However,
modeling the expected behavior is not enough for many
interesting applications. For instance, when estimating the
value of a new medical treatment, instead of just predicting
its expected value, we may be interested in estimating the
variance of the value as well. For a self-driving car whose
goal is to reach a destination as soon as possible, in addition
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to predicting the expected traveling time, we may be inter-
ested in estimating the tails of the distribution of traveling
time so that customers can prepare for worst-case situations.
Other risk-sensitive applications in finance and control often
require one to model beyond the expectation as well.

In this work, we study how to estimate the distribution of
the return of a policy in Markov Decision Processes (MDPs)
using only an offline dataset that is not necessarily gener-
ated from the test policy (i.e., distributional offline policy
evaluation). Estimating distributions of returns has been
studied in the setting called distributional RL (Bellemare
et al., 2017), where most existing works focus on solving
the regular RL problem, i.e., finding a policy that maximizes
the expected return by treating the task of predicting addi-
tional information beyond the mean as an auxiliary task.
Empirically, it is believed that this auxiliary task helps rep-
resentation learning which in turn leads to better empirical
performance. Instead of focusing on this auxiliary loss per-
spective, we aim to design distributional OPE algorithms,
which can accurately estimate the distribution of returns
with provable guarantees. We are also interested in the set-
ting where the one-step reward could be multi-dimensional
(i.e., multi-objective RL), and the state/action spaces could
be large or even continuous. This requires us to design new
algorithms that can leverage rich function approximation
(e.g., state-of-art probabilistic generative models).

Our algorithm, Fitted Likelihood Estimation (FLE), is
inspired by the classic OPE algorithm Fitted Q Evaluation
(FQE) (Munos & Szepesvari, 2008). Given a test policy and
an offline dataset, FLE iteratively calls a supervised learning
oracle — Maximum Likelihood Estimation (MLE) in this
case, to fit a conditional distribution to approximate a target
distribution constructed using the distribution learned from
the previous iteration. At the end of the training procedure,
it outputs an estimator which approximates the true
distribution of the return of the test policy. Our algorithm
is simple: like FQE, it decomposes the distributional OPE
problem into a sequence of supervised learning problems
(in this case, MLE). Thus it has great flexibility to leverage
any state-of-art probabilistic generative models as long as
it can be trained via MLE. Such flexibility is important,
especially when we have large state/action spaces, and
reward vectors coming from complicated high-dimensional
distributions. FLE naturally works for both finite-horizon
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setting and infinite-horizon discounted setting.

Theoretically, we prove that our algorithm, FLE, can learn
an accurate estimator of the return distribution for both
finite-horizon MDPs and infinite-horizon discounted MDPs,
under the assumptions that (1) MLE can achieve good
in-distribution generalization bounds (i.e., supervised learn-
ing succeeds), and (2) the offline state-action distribution
covers the test policy’s state-action distribution. The first
condition is well studied in statistical learning theory, and in
practice, the state-of-the-art probabilistic generative models
trained via MLE (e.g., FLOW models (Dinh et al., 2014)
and Diffusion models (Sohl-Dickstein et al., 2015)) indeed
also exhibit amazing generalization ability. The second
condition is necessary for offline RL and is widely used in
the regular offline RL literature (e.g., Munos & Szepesvari
(2008)). In other words, our analysis is modular: it simply
transfers the supervised learning MLE in-distribution
generalization bounds to a bound of distributional OPE.
The accuracy of the estimator computed by FLE is
measured under total variation distance and p-Wasserstein
distance, for finite-horizon setting and infinite-horizon
discounted setting, respectively. To complete the picture,
we further provide concrete examples showing that MLE
can provably have small in-distribution generalization
errors. To the best of our knowledge, this is the first PAC
(Probably Approximately Correct) learning algorithm for
distributional OPE with general function approximation.

Finally, we demonstrate our approach on a rich observation
combination lock MDP where it has a latent structure with
the observations being high-dimensional and continuous
(Misra et al., 2020; Agarwal et al., 2020a; Zhang et al.,
2022b). We consider the setting where the reward comes
from complicated multi-dimensional continuous distribu-
tions (thus existing algorithms such as quantile-regression
TD (Dabney et al., 2018) do not directly apply here). We
demonstrate the flexibility of our approach by using two
generative models in FLE: the classic Gaussian mixture
model and state-of-the-art diffusion model (Ho et al., 2020).

1.1. Related Works

Distributional RL. Quantile regression TD (Dabney et al.,
2018) is one of the common approaches for distributional
OPE. A very recent work (Rowland et al., 2023) demon-
strates that quantile regression TD can converge to the TD
fixed point solution of which the existence is proved under
an /. -style norm (i.e., sup over all states). Rowland et al.
(2023) do not consider the sample complexity of OPE and
the impact of learning from off-policy samples, and their
convergence analysis is asymptotic. Also, quantile regres-
sion TD only works for scalar rewards. Another popular
approach is categorical TD (Bellemare et al., 2017), where
one explicitly discretizes the return space. However, for

high-dimensional rewards, explicitly discretizing the return
space evenly can suffer the curse of dimensionality and
fail to capture some low-dimensional structures in the data
distribution. Moreover, there is no convergence or sample
complexity analysis of the categorical algorithm for OPE.
Another direction in distributional RL concentrates on esti-
mating cumulative distribution functions (CDFs) instead of
densities (Zhang et al., 2022a; Prashanth & Bhat, 2022). In
addition, there are also methods based on generative models
that aim to effectively represent continuous return distribu-
tions (Freirich et al., 2019; Doan et al., 2018; Li & Faisal,
2021). We discuss some closely related works below.

Ma et al. (2021) studied distributional offline policy opti-
mization. They focused on tabular MDPs with scalar re-
wards, and their algorithm can learn a pessimistic estimate
of the true inverse CDF of the return. Keramati et al. (2020)
also uses the distributional RL framework to optimistically
estimate the CVaR value of a policy’s return. Their analysis
also only applies to tabular MDPs with scalar rewards. In
contrast, we focus on distributional OPE with general func-
tion approximation beyond tabular or linear formats and
MDPs with multi-dimensional rewards.

Zhang et al. (2021) also consider learning from vector-
valued rewards. They propose a practical algorithm that
minimizes the Maximum Mean Discrepancy (MMD) with-
out a sample complexity analysis. In contrast, we use MLE
to minimize total variation distance, and our error bound
is based on total variation distance. Note that a small total
variation distance implies a small MMD but not vice versa,
which implies that our results are stronger.

Huang et al. (2021; 2022) explore return distribution esti-
mation for contextual bandits and MDPs using off-policy
data. They focus on learning CDFs with an estimator that
leverages importance sampling and learns the transition and
reward of the underlying MDP to reduce variance while
maintaining unbiasedness. However, their estimator can
incur exponential error in the worst case due to importance
sampling. Moreover, they measure estimation error using
the ¢, norm on CDFs, which is upper bounded by total
variation distance but not the other way around. They fur-
ther showed how to estimate a range of risk functionals
via the estimated distribution. Notably, our method is also
applicable to risk assessment, as shown in Remark 4.8.

Offline policy evaluation. Fitted Q evaluation (FQE)
(Munos & Szepesvari, 2008; Ernst et al., 2005) is one of the
most classic OPE algorithms. Many alternative approaches
have been recently proposed, such as minimax algorithms
(Yang et al., 2020; Feng et al., 2019; Uehara et al., 2020).
Somewhat surprisingly, algorithms based on FQE are often
robust and achieve stronger empirical performance in vari-
ous benchmark tasks (Fu et al., 2021; Chang et al., 2022).
Our proposed algorithm can be understood as a direct gener-
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alization of FQE to the distributional setting. Note sequen-
tial importance sampling approaches (Jiang & Li, 2016;
Precup et al., 2000) in regular RL have been applied to esti-
mate distributions (Chandak et al., 2021). However, these
methods suffer from the curse of the horizon, i.e., the vari-
ance necessarily grows exponentially in the horizon.

2. Preliminaries

In this section, we introduce the setup of the Markov deci-
sion process and the offline policy evaluation.

Notations. We define A(S) as the set of all distributions
over a set S. For any a,b € R, we denote [a,b] =
{z € R : a <z < b}. For any integer N, we denote
[N] as the set of integers between 1 and N inclusively.
Given two distributions P; and P, on a set S, we denote
dy, as the total variation distance between the two distri-
butions, i.e., diy(P1, Py) = |P1 — P»||1/2. We denote
dy p as the p-Wasserstein distance, i.e., dy, ,(P1, P2) =
(infeec Exyme ||z — y||P)/P where C denotes the set of all
couplings of P; and P». We note that d¢, dominates d,, ,
when the support is bounded (see Lemma C.6 for details):

2, (Py, Py) < diam?(S) - d;,(Py, Py) (1

where diam(S) = sup,, ,cs ||z — yl| is the diameter of S.

2.1. Finite-Horizon MDPs

We consider a finite-horizon MDP with a vector-valued re-
ward function, which is a tuple M (X, A, r, P, H, 1) where
X and A are the state and action spaces, respectively,
P is the transition kernel, r is the reward function, i.e.,
r(r,a) € A([0,1]¢) where d € Z*, H is the length of
each episode, and 1 € A(X) is the initial state distribu-
tion. A policy is a mapping 7 : X — A(A). We denote
z € [0, H]? as the accumulative reward vector across H
steps, i.e., z = Zle ry. Note that z is a random vec-
tor whose distribution is determined by a policy 7 and the
MDP. We denote Z™ € A([0, H]¢) as the distribution' of
the random variable z under policy 7. In this paper, we are
interested in estimating Z™ using offline data. We also de-
fine conditional distributions Z7 (z,a) € A([0, H]?) which
is the distribution of the return under policy 7 starting with
state action (xp,ap) := (x,a) at time step h. It is easy
to see that Z™ = Eqy aun(a) [£7 (2, a)]. We define df;
as the state-action distribution induced by policy 7 at time
step h, and d™ = Zle d} /H as the average state-action
distribution induced by .

We denote the distributional Bellman operator (Morimura
et al., 2012) associated with 7 as 7™, which maps a condi-

"Formally, they are called probability density functions in the
continuous setting and probability mass functions in discrete set-
tings, which are different from cumulative distribution functions.

tional distribution to another conditional distribution: given
a state-action conditional distribution f € X x A +—
A([0, H]?), we have T™f € X x A — A([0, H]?), such
that for any (x, a, 2):

(T7f1(z |2, a)

= ETNT(s,a),m’wP(z,a),a’Nﬂ(z) [f (Z - ’I"|.T/, a/)] .

We can verify that 7" Z] | = Z] for all h.

2.2. Discounted Infinite-Horizon MDPs

The discounted infinite-horizon MDP is a tuple
M(X,A,r, Py, ). The return vector is defined
as z = Y o " Ir,. We call v € (0,1) the dis-
count factor. The distribution of return z is thus
Z™ € A([0,(1 — v)719). We also define the con-
ditional distribution Z™(x,a) € A([0,(1 — )79
which is the distribution of the return under policy m
starting with state action (x,a). It is easy to see that
Z™ = Bympamn(z) [Z7(x,a)]. The state-action distribu-
tion of a given policy 7 is also defined in a discounted
way: d™ = (1 —~)71Y27 4"~ 1dT where df is the
state-action distribution induced by 7 at time step h.
The distributional Bellman operator maps a state-action
conditional distribution f € X x A+ ([0, (1 — 7)) to
Tf € X x A ([0,(1 —~)"1]?) for which

[T f1(z]x,a)

= Erwr(m,a),:c/NP(ac,a),a’wﬂ'(m) |:f(

zZ—=T

for any (z,a, z). We can verify that Z7 is a fixed point of
the distributional Bellman operator, i.e., 7" Z™ = Z7.

2.3. Offline Policy Evaluation Setup

We consider estimating the distribution Z™ using offline
data which does not come from 7 (i.e., off-policy setting).
We assume we have a dataset D = {z;, a;, i, ¥} } 7, that
contains i.i.d. tuples, such that z,a ~ p € A(X x A), s’ ~
P(-|s,a), and r ~ r(s,a). For finite-horizon MDPs, we
randomly and evenly split D into H subsets, D1, ..., Dy,
for the convenience of analysis. Each subset contains n/H
samples. For infinite-horizon MDPs, we split it into T’
subsets in the same way. Here 7' is the number of iterations
which we will define later.

We consider learning distribution Z™ via general function
approximation. For finite-horizon MDPs, we denote F,
as a function class that contains state-action conditional
distributions, i.e., 7, C X x A+ A([0, H]?), which will
be used to learn Z;7. For infinite-horizon MDPs, we assume
a function class 7 C X' x A+ A([0, (1 —~)~19).



Distributional Offline Policy Evaluation with Predictive Error Guarantees

3. Fitted Likelihood Estimation

In this section, we present our algorithm — Fitted Likeli-
hood Estimation (FLE) for distributional OPE. Algorithm 1
is for finite-horizon MDPs, and Algorithm 2 is for infinite-
horizon MDPs.

Algorithm 1 takes the offline dataset D = {Dj, }/L | and the
function class {F, }/_, as inputs and iteratively performs
Maximum likelihood estimation (MLE) starting from H to
time step h = 1. For a particular time step h, given fh+1
which is learned from the previous iteration, FLE treats
T fh+1 as the target distribution to fit. To learn 7™ fh+1,
it first generates samples from it (Line 6), which is doable
as long as we can generate samples from the conditional
distribution fj, 1 (-|x, a) given any (x, a). Once we generate
samples from 77 fhﬂ, we fit fh to estimate 7™ th by
MLE (Line 13). The algorithm returns f1 to approximate
Z7T. To estimate Z™, we can compute Exwu}awﬁ(x)fl (z,a),
recalling y is the initial state distribution.

Algorithm 2 is quite similar to Algorithm 1 but is for infinite-
horizon MDPs, and it has two distinctions. First, we in-
troduce the discount factor v. Second, compared to Al-
gorithm 1 where we perform MLE in a backward manner
(from h = H to 1), here we repeatedly apply MLE in a time-
independent way. Particularly, it treats 7™ ft—1 as the target
distribution to fit by MLE at round ¢. To finally estimate
Z™, we can compute Ezw#,awﬂ(z)fT(:c, a).

To implement either algorithm, we need a function f that
has the following two properties: (1) it can generate sam-
ples given any state-action pair, i.e., z ~ f(:|z,a), and (2)
given any triple (z, a, z) we can evaluate the conditional
likelihood, i.e., we can compute f(z|z, a). Such function
approximation is widely available in practice, including dis-
crete histogram-based models, Gaussian mixture models,
Flow models (Dinh et al., 2014), and diffusion model (Sohl-
Dickstein et al., 2015). Indeed, in our experiment, we imple-
ment FLE with Gaussian mixture models and diffusion mod-
els (Ho et al., 2020), both of which are optimized via MLE.

Regarding computation, the main bottleneck is the MLE
step (Line 13 and 10). While we present it with a
argmax oracle, in both practice and theory, an ap-
proximation optimization oracle is enough. In the-
ory, as we will demonstrate, as long as we can find
some fh that exhibits good in-distribution generaliza-
tion bound (i.e., E; o~ pdiv (fr(z, a), [T™ frnt1](z,a)) or
Eo.ampdin(fi(x,a), [T™ fi_1](x, a)) is small), then we can
guarantee to have an accurate estimator for Z™. Note that
here p is the training distribution for MLE, thus we care
about in-distribution generalization. Thus our approach is
truly a reduction to supervised learning: as long as the super-
vised learning procedure (in this case, MLE) learns a model
with good in-distribution generalization performance, we

Algorithm 1 Fitted Likelihood Estimation (FLE) for finite-
horizon MDPs
1: Input: dataset {Dj, }/1_, and function classes {F, } /L,
2. forh=H,H—-1,...,1do

3: ’D;l =0

4:  forz,a,r,2’ € Dy do

5 if h < H then

6: a ~w(x'),y~ fapa(-]2’,d)
7: Setz=r+y

8 else

9: Setz=r

10: end if

11: D;, =D, U{(z,a,z)}

12:  end for

13: fp = argmax;.z, Z(x,a,z)eD;L log f(z]z,a)
14: end for

Algorithm 2 Fitted Likelihood Estimation (FLE) for infinite-
horizon MDPs
1: Input: dataset {D;}~ ; and function classes F

2: fort=1,2,...,T do

3 D=0

4:  forz,a,r, 2’ € D; do

5: a' ~m(a’)

6: y~ fioi(-|a’,a’)

7: Z=T+YY

8 D, =D;U{(z,a,2)}
9 end for

10: Je = arg maXyer 2:(%',(1,2)6’&’5 log f(Z | T, a’)
11: end for

can guarantee good prediction performance for FLE. Any
advancements from training generative models via MLE
(e.g., better training heuristics and better models) thus can
immediately lead to improvement in distributional OPE.

Remark 3.1 (Comparison to prior models). The categorical
algorithm (Bellemare et al., 2017) works by minimizing the
cross-entropy loss between the (projected) target distribu-
tion and the parametric distribution, which is equivalent to
maximizing the likelihood of the parametric model.

Remark 3.2 (FQE as a special instance). When reward is
only a scalar, and we use fixed-variance Gaussian distri-
bution f(-|z,a) := N(g(x,a),0?) where g : X x A
[0, H], and o > 0 is a fixed (not learnable) parameter, MLE
becomes a least square oracle, and FLE reduces to FQE —
the classic offline policy evaluation algorithm.

4. Theoretical Analysis

In this section, we present the theoretical guarantees of FLE.
As a warm-up, we start by analyzing the performance of
FLE for the finite-horizon setting (Section 4.1) where we
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bound the prediction error using total variation distance.
Then we study the guarantees for the infinite-horizon dis-
counted scenario in Section 4.2 where the prediction error
is measured under p-Wasserstein distance. Note that from
Equation (1), TD distance dominates p-Wasserstein distance,
which indicates that our guarantee for the finite horizon
setting is stronger. This shows an interesting difference be-
tween the two settings. In addition, we present two concrete
examples (tabular MDPs and linear quadratic regulators) in
Appendix B. All proofs can be found in Appendix D.

4.1. Finite Horizon

We start by stating the key assumption for OPE, which
concerns the overlap between 7’s distribution and the
offline distribution p.

Assumption 4.1 (Coverage). We assume there exists a con-
stant C' such that for all h € [H] the following holds

Ex,afvd;{ d?v (fh (.Z', a)7 [Tﬂ-fh-‘rl](l‘7 CL))

Bomey & (@), [T ol a) =

sup
fn€Fn

fh+1€Fh41

The data coverage assumption is necessary for off-policy
learning. Assumption 4.1 incorporates the function class
into the definition of data coverage and is always no larger
than the usual density ratio-based coverage definition,
ie., supy, ., dj(z,a)/p(z,a) which is a classic coverage
measure in offline RL literature (e.g., Munos & Szepesvari
(2008)). This type of refined coverage is used in the regular
RL setting (Xie et al., 2021; Uehara & Sun, 2021).

Next, we present the theoretical guarantee of our approach
under the assumption that the MLE can achieve good super-
vised learning-style in-distribution generalization bound.
Recall that in each iteration of our algorithm, we per-
form MLE to learn a function fh to approximate the target
T th under the training data from p. By supervised learn-
ing style in-distribution generalization error, we mean the
divergence d;, between f;, and the target 7™ fh+1 under the
training distribution p. Such an in-distribution generaliza-
tion bound for MLE is widely studied in statistical learning
theory literature (Van de Geer, 2000; Zhang, 2006), and
used in RL literature (e.g., Agarwal et al. (2020b); Uehara
et al. (2021); Zhan et al. (2022)). The following theorem
demonstrates a reduction framework: as long as supervised
learning MLE works, our estimator of Z™ is accurate.

Theorem 4.2. Under Assumption 4.1, suppose we have a
sequence of functions fy,..., fn : X x A — A([0, H]?)
and a sequence of values (1, ... ,(g € R such that

. . 1/2
(EI’GNP dt2v (fh(x7 CL), [Tﬂfh+1}($7a)> > <{(n

holds for all h € [H]|. Let our estimator f =

Ea~p,amn(z) f1(2,a). Then we have
X H
dtv (fa Zﬂ—) S \/52 Ch-
h=1

Here recall that C' is the coverage definition. Thus the
above theorem demonstrates that when p covers d™ (i.e.,
C < o0), small supervised learning errors (i.e., (;) imply
small prediction error for distributional OPE.

Now to complete the picture, we provide some sufficient
conditions where MLE can achieve small in-distribution
generalization errors. The first condition is stated below.

Assumption 4.3 (Bellman completeness). We assume the
following holds:

max min By onp diy (9(x, @), [T™ fl(z,a)) = 0.
nepne, | min ooy di (9(z, ), [T7 fl(z,a))
We call the LHS of the above inequality inherent (distribu-
tional) Bellman error.

This condition ensures that in each call of MLE in our
algorithm, the function class F}, contains the target 7™ fh+1-
It is possible to relax this condition to a setting where the
inherent Bellman error is bounded by a small number 6 (i.e.,
for MLE, this corresponds to agnostic learning where the
hypothesis class may not contain the target, which is also a
well-studied problem in statistical learning theory (Van de
Geer, 2000)). Here we mainly focus on the 6 = 0 case.

The Bellman completeness assumption (or, more generally,
inherent Bellman error being small) is standard in offline RL
literature (Munos & Szepesvari, 2008). Indeed, in the regu-
lar RL setting, when learning with off-policy data, without
such a Bellman completeness condition, algorithms such as
TD learning or value iteration-based approaches (e.g., FQE)
can diverge (Tsitsiklis & Van Roy, 1996), and the TD fixed
solution can be arbitrarily bad in terms of approximating
the true value (e.g., Munos (2003); Scherrer (2010); Kolter
(2011)). Since distributional RL generalizes regular RL, to
prove convergence and provide an explicit sample complex-
ity, we also need such a Bellman completeness condition.

The second condition is the bounded complexity of Fj. A
simple case is when F is discrete where the standard statis-
tical complexity of F is In(|Fy|). We show the following
result for MLE’s in-distribution generalization error.

Lemma 4.4. Assume |F,| < oo. For FLE (Algorithm 1),
under Assumption 4.3, MLEs have the following guarantee:

. N 4H
LE @ (fae,0), [T fuaal(w,)) < = los(1FalH/6)
for all h € [H] with probability at least 1 — 6.

For infinite hypothesis classes, we use bracketing number
(Van de Geer, 2000) to quantify the statistical complexities.
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Definition 4.5 (Bracketing number). Consider a function
class F that maps & to R. Given two functions [ and u,
the bracket [I,u] is the set of all functions f € F with
l(z) < f(z) < u(x) for all z € X. An e-bracket is a
bracket [I, u] with ||l — u|| < e. The bracketing number of
F w.r.t. the metric || - || denoted by Npj(e, F, || - ||) is the
minimum number of e-brackets needed to cover F.

We can bound MLE’s generalization error using the bracket
number of F.

Lemma 4.6. For FLE (Algorithm 1), under Assumption 4.3,
we have

Ed,(fal@.). [T oz, a))
,anp

x

10H
<

" log (N[]((TLHd)il,fha H ’ HOC)H/5)

for all h € [H] with probability at least 1 — 6.

It is noteworthy that the logarithm of the bracketing number
is small in many common scenarios. We offer several ex-
amples in Section B. Previous studies have also extensively
examined it (e.g., Van der Vaart (2000)).

With the generalization bounds of MLE, via Theorem 4.2,
we can derive the following specific error bound for FLE.

Corollary 4.7. Under Assumption 4.1 and 4.3, for FLE
(Algorithm 1), with probability at least 1 — §, we have

H
- 4H
i (7.27) = VO3 \ Ml os(1)
when | F,| < oo forall h € [H], and

diu(£.27)

n

H
VoY P g (3 (n1) 1, - 1) 79,
h=1

for infinite function class Fj,.

Overall, our theory indicates that if we can train accurate dis-
tributions (e.g., generative models) via supervised learning
(i.e., MLE here), we automatically have good predictive per-
formance on estimating Z”. This provides great flexibility
for designing special algorithms.

Remark 4.8 (Offline CVaR Estimation). As a simple appli-
cation, FLE can derive an estimator for the CVaR of the
return under the test policy 7. This is doable because CVaR
is Lipschitz with respect to distributions in total variation
distance, and thus our results can be directly transferred.
See Appendix A for details. Essentially, any quantity that
is Lipschitz with respect to distributions in total variation
distance can be estimated using our method and the error
bound of FLE directly applies.

4.2. Infinite Horizon

Next we introduce the theoretical guarantees of FLE for
infinite horizon MDPs. Although the idea is similar, there
is an obstacle: we can no longer obtain guarantees in terms
of the total variation distance. This is perhaps not surpris-
ing considering that the distributional Bellman operator
for discounted setting is not contractive in total variation
distance (Bellemare et al., 2017). Fortunately, we found
the Bellman operator is contractive under the Wasserstein
distance measure. Note that the contractive result we es-
tablished under Wasserstein distance is different from pre-
vious works (Bellemare et al., 2017; 2023; Zhang et al.,
2021) in that these previous works consider the supremum
Wasserstein distance: sup,, , dy,p, While our contractive
property is measured under an average Wasserstein distance:
(Ez.amdr dﬁfjp)l/ (2P) which is critical to get a sample com-
plexity bound for distributional OPE. More formally, the
following lemma summarizes the contractive property.

Lemma 4.9. The distributional Bellman oper-
ator s 1=1/2p)_contractive under the metric
(Ee.a~dr dﬁfp)l/@p), ie, forany f,f' € X x A —
[0, (1 —~)~Y]4, it holds that

(L di’fp([T”f}(x,a),[T”f’](m»a)));p

z,ar~d™
1

s%?p-( E d%u%p(ﬂx,axf'(x,a)))”.

z,a~d™

We note that the contractive result in sup,, , d,,, does not
imply the result in the above lemma, thus not directly appli-
cable to the OPE setting.

Due to the dominance of total variation distance over
Wasserstein distance on bounded sets (see (1)), MLE’s esti-
mation error under total variation distance can be converted
to Wasserstein distance. This allows us to derive theoretical
guarantees for FLE under Wasserstein distance. To that end,
we start again with the coverage assumption that is similar
to Assumption 4.1. Note that we have replaced the total
variation distance with the Wasserstein distance.

Assumption 4.10 (Coverage). We assume there exists a
constant C' such that the following holds

Ez,awd” d%uzip (f(xv (l), [Tﬂf/](xv (1))
sup 2p / <C
f.f'eFr ]EJC,aNp dUhP (f(xv (I), [Tﬂf ](1'7 CL))

As similar to Theorem 4.2, the following theorem states that
as long as the supervised learning is accurate, our estimator
of Z™ will be accurate as well under p-Wasserstein distance.

Theorem 4.11. Under Assumption 4.10, suppose we have
a sequence of functions f1, ..., fr: X x A— A([0, (1 —
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’y)*l]d) and an upper bound ¢ € R such that

(Beams ity (o, 1T frl)) ) 7 ¢

holds for all t € [T). Let our estimator [ =

Ezrp,amr (@) fT(x, a). Then we have, forallp > 1,
VioAE
(1=1)

duy (1.27) < (12_67) C+ e

(MY

The upper bound in (2) is actually a simplified version as
we aim to present a cleaner result. For a more refined upper
bound that has detailed p-dependent terms, please refer to
Theorem D.2 in the appendix. For the first additive term in
(2), we will later demonstrate that the ¢ obtained from MLE
depends on p~! at an exponential rate. The second term is
insignificant as it converges to zero at the rate of y7/2.

To proceed, we introduce the Bellman completeness assump-
tion for infinite-horizon MDPs, a key condition for MLE to
achieve small in-distribution generalization errors.

Assumption 4.12 (Bellman completeness). We assume the
following holds:

I}lea]):( gél_;:l Ez,anp dw,p (g(x, a), [T™ fl(=, a)) =0.

Similar to the previous result, when Bellman completeness
holds and the function class has bounded complexity, MLE
achieves small generalization error, as the following shows.

Lemma 4.13. For FLE (Algorithm 2), under Assump-
tion 4.12, by applying MLEs we have, for all t € [T,

5 a2, (foa) [Tl

T,a~p

g
T rou(717/9)

when |F| < oo, and

E &, (filw,a), [T fia](@a))

(3 ((ljj)df I 1) 7/5)

<<¢3>2
< (2

when | F| = oo, with probability at least 1 — .

" 1oT
— log
n

The multiplicative term 7" in the upper bounds above comes
from the data splitting (recall that we have split the dataset D
into 1" subsets: D1, ..., Dr). A more careful analysis may
be able to get rid of it, leading to a slightly better polynomial
dependence on the effective horizon 1/(1 — ) in the final
sample complexity bound. We leave this for future work.

In view of the above result, to derive the specific error bound
of FLE, we need to choose an appropriate 7" to make a good
balance. The T we choose is of the logarithmic order. It is
shown in the corollary below.

Corollary 4.14. We define

_{10g(|f|/5), d i |F| < oo
F og (N (S5 F ) /0) i 1F] = oc

Then under Assumption 4.10 and 4.12, for FLE (Algo-
rithm 2), if we pick

T =log (C2lp L% (1_’)’5)_1.71—211;) /10g (f—ﬁ)

then with probability at least 1 — §, we have

s oN _~(CTFam A
dw,p(f,z)go(w.n )

where f = Ez~p,ann(a) fT($7G)~

The above upper bound depends on n~'/(P) which seems
unsatisfactory, especially when p is large. However, we
believe that it is actually tight since the previous study
has shown that the minimax rate of estimating d., , us-
ing i.i.d samples from the given distribution is around
O(n~1/(P)) (Singh & Péczos, 2018). More formally, given
a distribution @) and n i.i.d samples from @), any algorithm
that maps the n i.i.d samples to a distribution @, must have
duw»(Q,Q) = Q(n~1/2P)) in the worst case. Note that
distributional OPE is strictly harder than this problem.

5. Simulation

initial state terminal state

Q-\—i@;reward rt
A :

[
‘—‘b;‘greward ro

h=1  h=2  h=3 h=H-1  h=H
observation xh ~ YWy, h)
A
g
H BEE EEEEER BN N
Y - s
Wh h noise

Figure 1. Visualization of the combination lock. The dotted lines
denote transiting from good states (white) to bad states (gray).
Once the agent transits to a bad state, it stays there forever. The
observation is composed of three parts: one-hot encoding of the
latent state wy,, one-hot encoding of the step h, and random noise.
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In this section, we show the empirical performance of two
instances of FLE: GMM-FLE and Diff-FLE. The GMM-
FLE uses conditional Gaussian mixture models for F, for
which the weights and the mean and covariance of Gaus-
sians are all learnable. For Diff-FLE, we model the dis-
tribution f(- |z, a) as a conditional diffusion probabilistic
model (Sohl-Dickstein et al., 2015). The implementation is
based on DDPM (Ho et al., 2020). We elaborate on other
components of the experiments below. See Appendix E for
implementation details and a full list of results.

The combination lock environment. The combination lock
consists of two chains. One of the chains is good, while
the other is bad. The agent wants to stay on the good chain,
for which the only approach is to take the unique optimal
action at all time steps. See Figure 1 for an illustration.
Mathematically, the combination lock is a finite-horizon
MDP of horizon H. There are two latent states wy, € {0,1}.
At any time step h € [H], there is only one optimal action
aj, among A actions. If the agent is in the latent state wy, = 0
and takes a7, it transits to wp4; = 0, and otherwise transits
to wp4+; = 1. If it is already in w;, = 1, no matter what
action it takes, it transits to wp41 = 1. When h = H,
it receives a random reward T if wy = 0; otherwise,
it gets r~. The agent cannot observe the latent state wy,
directly. Instead, the observation it receives, ¥ (wp, h), is the
concatenation of one-hot coding of the latent state wy, and
the current time step h, appended with Gaussian noise. This
environment has been used in prior works (Misra et al., 2020;
Zhang et al., 2022b) where it was shown that standard deep
RL methods struggle due to the challenges from exploration
and high-dimensional observation.

Test policy. The test policy is stochastic: it takes a ran-
dom action with probability € and takes the optimal policy
otherwise. In all experiments, we set e = 1/7.

Offline data generation. The offline dataset is generated
uniformly. Specifically, for each time step h € [H]| and
each latent state w;, € {0,1}, we first randomly sample
10000 observable state ¢(wy, ). Then for each of them, we
uniformly randomly sample action and perform one step
simulation. It is clear that the offline data distribution here
satisfies the coverage assumption (Assumption 4.1).

5.1. One-Dimensional Reward

To compare to classic methods such as the categorical al-
gorithm (Bellemare et al., 2017) and quantile TD (Dab-
ney et al., 2018), we first run experiments with a 1-d re-
ward. Specifically, we have 7™ ~ A(1,0.12) and 7~ ~
N(—=1,0.12). The horizon is H = 20.

The categorical algorithm discretizes the range [—1.5,1.5]
using 100 atoms. For quantile TD, we set the number of
quantiles to 100 as well. The GMM-FLE uses 10 atomic

Gaussian distributions, although eventually, only two are
significant. See Append E for a detailed description of im-
plementations. We plot the PDFs E,.(0,1) fh (x,a}) (here
0 denotes the good latent state in h) learned by different
methods in Figure 2, at three different time steps. As we
can see, GMM-FLE in general fits the ground truth the best.

We also compute the approximated d;, between the learned
distribution and the true one. Ideally, we want to compute
div(Ezmwp(0,n) fu(2,a};), Exmp(o,n) 27 (¢, a})). However,
since obtaining the density of certain models is impossible
(e.g., Diff-FLE) and certain other models have only discrete
supports, we use an approximated version: we sample 20k
points from each distribution, construct two histograms, and
calculate d;, between the two histograms. The results are
shown in Table 1. Again, GMM-FLE achieves the smallest
total variation distance. This intuitively makes sense since
the ground truth return is a mixture of Gaussians. More-
over, we notice that GMM-FLE, Diff-FLE, and categorical
algorithms achieve significantly better performance than the
quantile regression TD algorithm. This perhaps is not sur-
prising because our theory has provided performance guar-
antees for those three algorithms under dy,, (recall that the
categorical algorithm can be roughly considered a specifica-
tion of FLE, see Remark 3.1), while it is unclear if quantile
regression TD can achieve similar guarantees in this setting.

h Cate Alg Quan Alg Diff-FLE GMM-FLE

1 0.071+0.015 0.603+0.011 0.292+0.073 0.039 + 0.004
10 0.079 £0.017 0.494 £0.018 0.234 £0.043  0.044 £ 0.012
19 0.078 £0.011 0.167 £0.019 0.109 £0.031  0.018 £ 0.008

Table 1. Approximated di, between Ei~y(0,n) fu(z,a}) and
Ez~w(o,n) Z5, (%, a},) in the 1-d case. The means and standard
errors are computed via five independent runs.

5.2. Two-Dimensional Reward

We also conducted experiments on two-dimensional rewards
where r is sampled from a ring in R? of radius 2 and r~
follows a Gaussian centered at the origin. The horizon is
H = 10. The categorical algorithm discretizes the range
[—4, 4)? into 30 atoms per dimension (totaling 900 atoms).
Although the 2-d version of the categorical algorithm is not
introduced in the original paper (Bellemare et al., 2017), the
extension is intuitive. The GMM-FLE employs 30 atomic
Gaussian distributions, but only up to six prove significant
in the end. We note that extending quantile regression TD
to multi-dimensional rewards is not straightforward.

We plotted the 2-d visualization of the learned distribution
in Figure 3 and computed the approximated TV distance
using the same method as in the 1-d case, which is shown
in Table 2. Diff-FLE achieves the smallest TV error (Ta-
ble 2) and captures the correlation among dimensions (i.e.,
see Figure 3 where Diff-FLE captures the ring structures in
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Figure 2. Plots of gy (0,1) fh (z,ay) and By (0,n) Zh (T, a}).
The histograms are generated via 50k samples.

all steps). However, the GMM-FLE also doesn’t perform
well since it is hard for vanilla GMM with a finite number
of mixtures to capture a ring-like data distribution. The
two-dimensional categorical algorithm performed badly as
well, even though it uses a larger number of atoms (recall
that for the 1-d case it only uses 100 atoms and already
achieves excellent performance), implying that it suffers
from the curse of dimensionality statistically, i.e., explicitly
discretizing the 2-d return space evenly can fail to capture
the underlying data structure (e.g., in our ring example, data
actually approximately lives in a sub-manifold). Moreover,
the training is also significantly slower. In our implemen-
tation, we found that running the 2-d categorical algorithm
with 1002 atoms is about 100 times slower than running the
1-d algorithm with 100 atoms, while the training time of

h CATE ALG Dirr-FLE GMM-FLE

1 0.4834+0.003 0.357 £0.031 0.438 +0.008
5 0.466+0.001 0.310 £0.019 0.493 +0.050
9 0.453 £0.001 0.207 =0.014 0.502 £ 0.094

Table 2. Approximated di, between Eg~y(0,r) fu(z,a}) and
Ez~w(0,0) Z5, (,ay,) in the 2-d case. The means and standard
errors are computed via five independent runs.
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2 2 2
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Figure 3. Plots of Eqy(0,h) fn(z,a}) (generated via 50k sam-
ples), and the ground truth E 0,1y Z5 (2, a,) (top row).

Diff-FLE and GMM-FLE does not change too much.

6. Discussion and Future Work

We proposed Fitted Likelihood Estimation (FLE), a simple
algorithm for distributional OPE with multi-dimensional
rewards. FLE conducts a sequence of MLEs and can in-
corporate any state-of-the-art generative models trained via
MLE. Thus, FLE is scalable to the setting where reward
vectors are high-dimensional. Theoretically, we showed that
the learned distribution is accurate under total variation dis-
tance and p-Wasserstein distance for the finite-horizon and
infinite-horizon discounted setting, respectively. In practice,
we demonstrated its flexibility in utilizing generative models
such as GMMs and diffusion models.

Our work may offer several promising avenues for future
research in distributional RL. One immediate direction is
to adapt our algorithms to the policy optimization. Another
direction is the development of more efficient algorithms
that can work in more complex environments.
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A. Offline CVaR Evaluation

We consider estimating the CVaR of Z™ with d = 1. Given a threshold 7 € (0, 1), the CVaR of Z™ is defined as (assuming
finite-horizon MDPs):

1
CVaR.(Z7™) := bg{lg}};} <b - ;Ezwzw max {b — z,O}) .

CVaR intuitively measures the expected value of the random variable belonging to the tail part of the distribution and is
often used as a risk-sensitive measure. The following lemma shows that CVaR, (Z™) is Lipschitz continuous with respect
to metric dy, and the Lipschitz constant is 2H /7.

Lemma A.1. Let f, f' € A([0, H]) be two densities. Then we have

CVaR..(f) — CVaR,(f') < g cdu(f, ).

Proof. Let f, f' € A([0, H]) denote two densities. Then we have
CVaR, (f) — CVaR,(f)

1 1
- ~ZE.. - - i — 2,
bg[l(i,);[] (b —E. max {b z,O}) bgﬁ%)}ﬂ < Bz g max {b—=z O}>

1 1
< <b0 — ;EZNf max {by — z,O}) — (bo — ;IEZNf/ max {by — z, 0})

1
== (Ezwf/ max {by — 2,0} — E,y max {by — z, O})

:1/ (f'(z) = f(z)) max{by — 2,0} dz
T Jlo,H]
< 1re) - 5@ as

7 Jlo,H]

2H ,
STdtv(fv f )

where the first inequality holds by picking by = arg maxc(o ) (b — £~y max {b— z,0}). 0O

Thus using our bound from Corollary 4.7, we get:

N 4 1/2H2.5 1
CVaR, (Z7) —CVaRT(f)’ - \/ Og(maX:L [711/9)
-

with probability at least 1 — 4.

B. Examples
In this section, we discuss two examples: one is tabular MDPs, and the other is Linear Quadratic Regulators. For simplicity
of presentation, we focus on scalar rewards and finite horizon.

B.1. Tabular MDPs

We consider tabular MDP (i.e., | X'| and |.A| are finite) with continuous known reward distributions. Specifically, we consider
the sparse reward case where we only have a reward at the last time step H and have zero rewards at time step h < H. For
each (z,a), Denote ry(x,a) € A([0,1]).

Note that in this setup, via induction, it is easy to verify that for any h, x, a, Z] (-|z, a) is a mixture of the distributions
{ru(z,a) : © € X,a € A}, ie., for any h,z,a, there exists a probability weight vector w € A(]X]||.A|), such that

12
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Zi |z, a) = 3 pexxaw(@ a)ru(|2’,a’). Note that the parameters w(z, a) are unknown due to the unknown
transition operator P, and need to be learned. Thus, in this case, we can design function class JF, as follows:

Fn = {f(-|x,a) = Z Wy (2’ a )yru (|2 a)

z/,a’ EX XA
{wz,a € A(|X|A|)}m7aex><,4}'

It is not hard to verify that {F; ;,,}le does satisfy the Bellman complete condition. The log of the bracket number of 7,
is polynomial with respect to | X'||.A|.

Lemma B.l. In the above example, the complexity of Fj in bounded: log Ny(e,Fn,| - |loo) <
O(|X 2| A2 1og(reo| X || Al /€)) where Too = ||7H|| oo

Thus Algorithm 1 is capable of finding an accurate estimator of Z™ with sample complexity scaling polynomially with
respect to the size of the state and action spaces and horizon.

B.2. Linear Quadratic Regulator
The second example is LQR. We have X € R%, A C R%.

Thy1 = Azxp, + Bap,
r(zn,an) = —(x] Qzy, + aj Ray) + ¢
where ¢ ~ N(0, o2). Since the optimal policy for LQR is a linear policy, we consider evaluating a linear policy 7 (z) := Kx

where K € R9*d=_ For this linear policy, Z7 (-|x, a) is a Gaussian distribution, i.e., Z] (|z, a) = N (un(z, a), on(z, a)),
where py, (x, a) and o, (2, a) has closed form solutions.

Lemma B.2. For LOR defined above, uy(x,a) and o (x, a) has the following closed form solutions
pn(z,a) = — (Az + Ba) "Upy1 (Az + Ba)
—2'Qxz —a' Ra,

o3 (x,a) =(H — h+1)0?
where we denote U, = Y11 (A4 BK)"=")T(Q + KTRK)(A + BK)i=h—1.
Thus our function class F}, can be designed as follows:
Fn = {f(|x, a)=N(-|z"Miz+a' Moz +a' Msa,
(H — h + 1)02), ¥M,, My, M3}

We can show that this function class satisfies Bellman completeness. Furthermore, here, we can refine C' in Assump-
tion 4.1 to a relative condition number following the derivation in Uehara & Sun (2021). More specifically, C' is

w ! Egr T,a T T,a)|w . . .
SUP,, 20,1, wTIEd:[E;((z,a))(fT ((La)?]w where ¢(z,a) = (z7,aT)T @ (x7,a") 7 is a quadratic feature and ® is the Kronecker

product. Under some regularity assumption (i.e., the norms of M;, M5, M3 are bounded, which is the case when the
dynamical system induced by the linear policy is stable), this function class has bounded statistical complexity.

Lemma B.3. We assume there exist parameters my, mg,, my, ma, ms for which ||z||2 < my forall x € X and ||a||2 < m,
foralla € A and | M;||lp < m, fori=1,2,3. Then we have

log Ny (€, Fi, || - |loo) < Poly (dm dq,log W) ~

€0

It is unclear if quantile regression TD or categorical TD can achieve meaningful guarantees on LQR since the function
classes used by them do not satisfy Bellman completeness (i.e., given any conditional density f(:|z,a), 7™ f will not be
discrete since here r(x, a) is continuous). Even for regular RL, without Bellman completeness, in the off-policy setting,
it is possible that TD-based algorithms may diverge, and TD fixed point solutions can be arbitrarily bad.

13
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C. Supporting Lemmas
C.1. Maximum Likelihood Estimation

In this section, we adapt the theoretical results of MLE (Agarwal et al., 2020b) to more general versions. We will follow the
notation in Appendix E of Agarwal et al. (2020b) and restate the setting here for completeness.

We consider a sequential conditional probability estimation problem. Let X and ) denote the instance space and the target
space, respectively. We are given a function class F : (¥ x ))) — R with which we want to model the true conditional
distribution f*. To this end, we are given a dataset D := {(x;,y;)};—,, where x; ~ D; and y; ~ p (- | ;) = f*(z, ).

We only assume that there exists f* for each i € [n] such that E,.p, di, (f7 (), f*(x)) = 0. Note that this assumption
only considers = on the support of D; and is thus weaker than saying f* € F.

For the data generating process, we assume the data distribution D; is history-dependent, i.e., it can depend on the previous
samples: T1, Y1, ..., Ti—1,Yi—1-

Let D' = {(«%,y.)}"_, denote the tangent sequence which is generated by x ~ D; and y; ~ p(- | ;). The tangent
sequence is independent when conditioned on D.

Lemma C.1 (Adapted version of Lemma 25 (Agarwal et al., 2020b)). Ler f1 € X — A(Y) be a conditional probability
density and fo € X x Y+ R (satisfying fy fo(z,y)dy < sforall x € X). Let D € A(X) be any distribution. Then,
we have

oDy~ f1 ()

E </y|f1(x,y) —fz(fc,y)Idy)2 < (2+2s) ((s— 1)-2log E  exp (—;10g(f1(937y)/f2(937y)))>.

Proof of Lemma C.1. First, we have

</|f1$y fa(z,y)| dy

$&/WMW ﬁwg i

VR - VEED) du-2 [ (i) + i) dy / (Vi) ~ VREy) dy
)
)

IN

:LEDA}< y
= E D/y(\/fl —Vfalw,y 2dy 2/3} fil@,y) + fa(z,y)) dy
=k D/y(\/fl V@) dy-2+29)

()

where the first inequality holds for Cauchy—Schwarz inequality. For (x), we have

(x)= E /(\/ﬁxy \/fz(fc7y))2dy§(8—1)+2—2 IED/ fi(@,y) fo(z,y) dy
e~D Jy

x~D
c-n+2(1- B [ VAGIREDWY) < (-10-208( 5 [ VAGDRED W)
<(s—1)—2log E fa(z,y)/ (2, y)

z~D,y~ f1(z,)

1
=(s—1) —2log E (L,)eXp (2 log (fl(%y)/fz(%y)))

z~D,y~ f1
where the second inequality holds because 1 — x < —log z. O
Lemma C.2 (Adapted version of Theorem 21 (Agarwal et al., 2020b)). Fix ¢ € (0,1). Let Nj(¢, F,|| - ||oc) denote the

14
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e-bracketing number of F w.rt. || - ||so. Then for any estimator f that depends on D, with probability at least 1 — 8, we have
Z E d?u (f(.]?, ')7 f*(l', )) <
=1 *~Pi
3ne?|Y|?

5 T 2ne[ Y| + (4 + 2¢[Y)) ( Zlog (i, 9:)/ (i, 9:)) +log Ny (&, F, || - [l0) +10g(1/5)>
where || denotes fy dy.

Proof of Lemma C.2. We take an e-bracket of F, {[l;,u;] : i = 1,2,...},and denote F = {u; : i = 1,2,...}. Pick f € F
satisfying f < f, so f also depends on D. Applying Lemma 24 of (Agarwal et al., 2020b) to function class F and estimator
f and using Chernoff method, we have

~log E exp(L(f(D), D)) < —L(f(D), D) +log Nj(€, F, || - [lc) + log(1/6) . 3)
(i)

(1)
holds with probability at least 1 — 6. We set L(f, D) = >_"" | —1/2log(f*(zs,v:)/f(xi,y:)). Then the right hand side of
3)is

ZIOg xzayz /f(xzayz)) + logN[](ea‘Fv || : ||oo) + log(l/é)

_2 Zlog (i, yi /f(xz,yl)) +log Ny, F, || - [|oo) + log(1/9).

On the other hand, by the definition of total variation distance and the fact that a® < 2b 4 2¢? whenever 0 < a < b + ¢, we
have

(iii) (iv)

For (iii), by the definition of f, we have (iii) < ne?|)|2. For (iv), we apply Lemma C.1 with f; = f* and f, = f (thus
s=1+¢|Y|) and get

n

() =2nelyl2 + V) - s+ 4y (o5 B e (g0 (7 Fan) ) )

z,y~f*(z,)

i=1
=2ne|Y|(2+ €|Y)) Z 8 + 4e|Y)) (log E exp (;bg (f (z,9)/f(z,y) >>

=1 z,y~D;

o exp(i—;log( *(z, )/ f(x,y) )‘D]

i=1

=2neV|(2 + €[V]) = (8 +4eY|)log  E
Ty~

=dne|Y| + 2ne?| V|2 + (8 + 4e|Y)) - (i).

By plugging (iii) and (iv) back we get
n A 3 '
>° B i (F). £ () < eVl + SnelVP + (44 2V - )
i=1"
Notice that (i) < (ii), so we complete the proof by plugging (ii) into the above. O
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Lemma C.3. Fixed § € (0,1). Let f denote the maximum likelihood estimator;

f= argmaleogf i, Yi)-

fer 41

Then according to different assumptions on the size of F, we have the following two conclusions:

(1) If | F| < oo, we have

n

> E d (f@), £ (@) <4log|FI/s @
=17
with probability at least 1 — 0.
(2) For general F, we have
S E & (fa). £ @) < 100Ny (nP) 7 F 1) /6 ®)

with probability at least 1 — 0.

Proof of Lemma C.3. By Lemma C.2, we have

n

> 5, b (F@, ), (@) <

6
3ne?|Y|? ©

5+ 2nelV+ (4+2¢Y)) *Zlog *(i,9i)/ f (@i, i) +log Ny(e, F. || - [loo) + log(1/6)

()

with probability at least 1 — §. Since f is the maximum likelihood estimator and there exists f; that agrees with f* on the
support of D;, we have

log (f*(zi i)/ f (i) = log (f7 (i )/ f (i, 1)) <0

and thus(o) < 0. When | F| < oo, we can set € = 0, and then (6) exactly becomes (4). For general F, we set € = (n|Y])~!
and then get

. 3 2
> B (fe s ) < gt 24 (44 2) g Ny(a¥) - )/0)
<4+ 61og Ny (V)™ F. | - )5 < 1010g Ny ()™ F. | - 1)/,
which is exactly (5). O

C.2. Total Variation Distance and Wasserstein Distance

The following lemma states that the total variation distance is equal to the optimal coupling in a sense. The proof can be
found in Levin & Peres (2017) (Proposition 4.7).

Lemma C.4. Let f1 and fo be two probability distributions on X. Then

diw(f1, f2) = inf Pr (z #y)

ceC x,y~c

where C is the set of all couplings of f1 and fs.

16



Distributional Offline Policy Evaluation with Predictive Error Guarantees

The following lemma shows the dual representation of the Wasserstein distance. The proof can be found in Villani (2021)
(Theorem 1.3) and Villani et al. (2009) (Theorem 5.10).

Lemma C.5 (Kantorovich duality). Let f1, fo € A(X) where X is a Polish space (e.g., Euclidean space). It can be shown
that, forany 1 < p < oo,

d, o (f1, f2) = Zug/d)(m)fl(z) dz — /gb(:c)fg(:c) dz st Y(z)— o) <|z—vy|P, Vz,yeX.

Lemma C.6. Let f1 and fo be two distributions on a bounded set X. Then

dy, »(f1, f2) < diam®”(X) - d(f1, f2)

where diam(X) = sup,, ,c y [|x — y|| is the diameter of X.

Proof. By definition, we have

p — inf —ylP=inf E [1 Al — 7
@pfifo)=inf B fo—yl"=inf E [1e#y] llz—yll’]

<diam”(X) - 1161£ E 1z # y] = diam”(X) - deo(f1, f2)
ceC z,y~c

where by C we denote the set of all couplings of f7 and f5, and the last equality holds because of Lemma C.4. [

Corollary C.7. Let f and fs be two distributions on [0, m]%. Then
p
dh, (1, f2) < (V)" - du (1, fo).

Since the total variation distance is at most one, we have the following.
Corollary C.8. Let f and fs be two distributions on [0, m]%. Then

p

dy, ,(f1, f2) < (m\/&)

D. Missing Proofs in Section 4
D.1. Proof of Theorem 4.2
Proof. Note that for all h € [H], we have

E di (T fniil(@,0). [T 27 ) (@, )

z,a~d}

1
== sup E E g(r+vy) - E g9(r+)
2 wardf g:|lgfl <1 @' ~P(w,a) \y~fr(]a’,a’) Y~ 2 (lathal)

a'~m(z
rer(z,a)
1
<3 sup B g(rty) - E  g(r+y)
2 za~d] glgle<1 |y~ frsr(lasa’) y~Zf 4 (e’ al)
z'~P(z,a)
a’ ~7(-|z)
rer(z,a)
1
=5 E  suwp E 9(y) — g
za~dy gil|gllee <1 [y~ firsa (|2’ ,a’) y~Zi i (leha’)
' ~P(z,a)
'~ (-|z)

= E  d (fh+1(x’7a’),Z,’{+1(x’7a’)) )

! ’ T
z',a Ndh+1
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Here the inequality holds for Jensen’s inequality. The second equality holds since the randomness of r lies outside the
supremum, so we can consider r as a constant within the supremum, allowing us to set §(y) = g(r + y) for which we have
lg]loc < 1 thus removing the additive term 7. Hence, by triangle inequality, we have

E dn(fule,0),Z0@a)) = E di (fulw,0), [T 27, )

z,a~vdf z,a~vdf
< B do (Ao [Tl o)+ B do (1T ful(@.a). [T 2] @.a))

® (i)

By Assumption 4.1 and Jensen’s inequality, we have (i) < v/C(}, because

E du (Jule, @), [T fu)(@.a))

z,a~dp

1/2
< { E d%v (fh(xaa)’ [Tﬂchrl](xaa))} < \/5Ch

z,a~dp

And by the above derivation we have (ii) < E,, andy diy (th(x, a), Zf (@, a)). Hence,

E diy (fh(x’a)>zg($7a)) < \/ach + E tv (fh+1(x7a)azg+1(m7a)) .

s
z,a~vdf T aNdthl

Summing over b = 1, ..., H on both sides, we get

I H
E  dyy (fl(;p,a),Zf(x,a)) < \FC}; (bt E d (fH+1(az7a)7Zf1+1(x,a)) = \@};Ch.

™ i
z,a~d] T u,fvclHJrl

where the equality holds since f H+1 = Zf 1 = 0 by definition. Now we complete the proof by noticing the following

2 1
dm(f,Z”):f sup E E gyy— E  g(y)
zanvd] \ y~fy (-|z,0) y~Z7(+|z,a)

gillglloe <1

1 R
<- E sup A]E g(y) - E g(y) = E dtv (fl(x,a),Zf(x,a)) :
2 2,074 gillglloo <1 |y~ fi (la0) y~Zr(-|z.a) za~d]
O
D.2. Proof of Lemma 4.4

Proof. Observing Algorithm 1, when h = H, we are estimating the conditional distribution ZF; via MLE. Under Assump-
tion 4.3 which implies that there exists a function g € Fp that agrees with ZF; on the support of p, we can apply Lemma C.3,
which leads to AH
E d2, (fu(e.a). 2 (e, ) < = log(|Ful/3)
z,a~p

with probability at least 1 — . When h < H, we are estimating the conditional distribution 7™ fh+1 via MLE. Also note
that thanks to the random data split, we have fh+1 being independent of the dataset Dy, ( fh+1 only depends on datasets
Dhi1,- .- Dg). Therefore, under Assumption 4.3 which implies that there exists a function g € F, that agrees with 7™ fh+1
on the support of p, we can apply Lemma C.3, which leads to

£ &, (fale,a), [T funl(e,0)) < 2 log(|Ful /)

T,a~p

with probability at least 1 — §. We complete the proof by taking the union bound for h € [H].
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D.3. Proof of Lemma 4.6

Proof. The proof is similar to Lemma 4.4. Observing Algorithm 1, when h = H, we are basically estimating the conditional
distribution Z7; via MLE. Hence, under Assumption 4.3 which implies that there exists a function g € Fp that agrees with
Z7F; on the support of p, we can apply Lemma C.3, which leads to

R - 10H _
LE & (Fu(ea), ZR(ea)) < = tog (N (nH) ™ Fir, |- 1) /9)
with probability at least 1 — 0. When h < H, we are estimating the conditional distribution 7™ fh+1 via MLE. Therefore,
under Assumption 4.3 which implies that there exists a function g € F}, that agrees with 7™ f, 1 on the support of p, we
can apply Lemma C.3, which leads to

B (o). [T (o) < S tog (N ()™ Foc - 1) /)

T,a~p

with probability at least 1 — 6. We complete the proof by taking the union bound for h € [H]. O

D.4. Proof of Lemma 4.9

Proof. First, it deserves to Verify that the “metric” (Em,af\/d'” d?ﬂp’p)l/(Qp) we are using satisfies the triang]e inequality and
is thus indeed a metric. To this end, we note that, for any three densities f1, fo, f3 : X x A +— A([0, (1 — 7)~1]%), the
following holds since d,, ;, is a metric,

( I d%uljp(fl(%a%fﬂxaa)));p < ( (dw,p(h(m,a)?fs(%a)) +dw,p(fg(x,a)7f2(:c,a))>2p>211).

z,a~d™ z,a~d™

Then by Minkowski inequality, the above

s( E dfgjp(fl(:c,a),fg(m,a)));p+( Edﬂdi%(h(raa%h(raa)))zlp,

z,a~d™ T,an

for which we conclude triangle inequality for (Ez qa~ d%}jp) 1/(2p) | Since other axioms of metrics are trivial to verify, we
conclude that it is indeed a metric. Hence, we can safely proceed.

To establish the contractive property, we start with the following lemma, which shows that the distributional Bellman
operator is roughly “vy-contractive” in a sense but with distribution shifts.

LemmaD.1. Forany f,f' € F, x € X and a € A, we have

dy, , (TS, a), [T f)(@,0)) < E Yy, , (f(2',d), f'(2,a")) .

z’'~P(z,a),a’ ~7(z")

Proof of Lemma D.1. By the dual form of Wasserstein distance (Lemma C.5), we have

b, ([T" fl(z,a), [T"f'](z,a)) = sup E Y(z) — E #(2)
(.)€l 2~[T™ f](z,a) 2 [T7 /) (z,a)
= sup E ( E Yr+y)— E ¢(r+vy)>
(w,qb)eFm'/NP(w,/a) y~f(z',a") y~f'(z',a’)
o
< E sup ( E Yr+y)— E ¢(r+vy)) @)
z’/~P<(w,;;><w,¢)er y~f(a’a) y~f' (@ a’)
rer(z,a) (%)

where I' = {(, ¢) : ¥(z) — ¢(y) < ||z — y||P}. The second equality holds by the definition of Bellman operator.
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Regarding (+), for any (¢, ) € T, we define () = ¥ (r + yy) /7 and ¢(y) = ¢(r + yy)/~P. Then, we have

(#) =47 sup( E - & $<y>).
(,¢)el \y~f(z',a’) y~f'(x,a’)

We note that, for any z, y,

o - Y(r+yz) —or +y r+yx) — (r+y)lP
Bw) - o) = Lol ren) =l e
Y Y
Here the inequality holds since (i, ¢) € T'. Hence, ({ﬁv, %) € T as well. In other words, for any given ¢ and ¢, their
correspondences 1 and ¢ are also in I'. Thus we can take the supremum directly over the latter, which leads to

(*) S ’Yp sup ( E {/;(y) - E (E(y)) = ’ypdfu7p<f(l'/,a/)7 f/(x/, a/))
(’J;g)EF y~f(z’,a’) y~f(z',a’)

where the equality holds due to the dual form of Wasserstein distance (Lemma C.5) again. Then we plug the above into (7)
and get

&, (T @ a, [T Flwa) < B d,(fad), @)

2’ ~P(z,a),a ~7(x")

where we have removed the randomness of  ~ 7(x, a) originally appeared in (7) since the the term inside the expectation is
now completely independent of 7. O

By Lemma D.1, we have

(. di’fp([T”ﬂ(x,a),[T”f’}(a:,a))>;p (LB (dﬁ,p([T“f](x,a),[T’Tf’](x,a)))Q)le

z,a~d™ z,a~d™

1
2\ 2r
< (L E (B, )£ )
(m,awd7T z'~P(z,a),a’ ~7(z’) P

L
2p

<v- xa]}gdw d?uljp (f(:c',a'),f’(x’,a/))
x’NP(:c:a),a/NTr(x’)

(1)

where the last inequality holds because of Jensen’s inequality. Since d™(z,a) = YEz g~d~ P(z|Z,a)m(alz) + (1 —
Y)p(x)m(x|a), we have Ez goa~ P(z|Z,a)m(alx) < v~'d™(x,a). Therefore,

<y E, @, (fa),f @a).

m?

Hence, we conclude that

( B & (T fl(e.a), [T (e, a>>) ”
z,ar~d™
< (! B, U S wa))

(B (0. @)

z,ar~d™
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D.5. Proof of Theorem 4.11
Proof. We will prove the following theorem which is more general.

Theorem D.2. Under Assumption 4.10, suppose we have a sequence of functions f1, ..., fr:+ X x A A([0, (1 —~)71)9)
and a sequence of values (1, . ..,(r € R such that

1
~ ~ 2p
<Em*a~p di)p,P (ft(x’a)v [Tﬂftfl](xaa)) > < G
holds for all t € [T). Let our estimator f := Earp,amm(z) fr(z,a). Then we have, for all p > 1,

) 5T 1 ()
dus (:27) £ (755) oot g VTS

1
1- t=1 (1- ’Y)HZ”

Proof of Theorem D.2. Recall that we defined the conditional distribuions Z7 (z,a) € A([0, (1 — ~)~1]%) which is the
distribution of the return under policy 7 starting with state action (z, ). It is easy to see that Z™ = E,., qon(a) [Z ™(z, a)] )
We start with the following.

(= @ (fm,a),Z”(x,a)));"

z,ar~d™
1

S( E dF, (ft(ﬂfya)’[Tﬂft—ﬂ(x,a)))% +< E d ([Tﬂft—ﬂ(a:,a),Zﬂ(x’a)))21”

x,ar~d™
1

§021p< E 0, (ft(x,a),[’f’rft_l](x,a))>211)+( E ¥, ([T”ft_lux,a),[T”Zﬂ(x,a>))2’7

x,arvp z,ar~d™

x,ar~d™

§C’21p<t+'yl_2‘1p< E d¥, (ft_l(z,a),Z”(x,a))>

where the first inequality is due to triangle inequality (proved in Appendix D.4), the second inequality holds because of the
coverage assumption (Assumption 4.10), and the last inequality holds due to the contractive property of the distributional
Bellman operator (Lemma 4.9). Unrolling the recursion of ¢, we arrive at

L

(&, @, (a2 wa))”

Py(Tt)(lzlp)C;pQ_,_,yT(lzlp)( E dfvi‘jp (fo(x,a%Zﬂ(%a)))h

-

=1 x,a~d™
T
d
<IN H) e 44 T0) 1{7 ©)

t=1

where the last inequality is due to Corollary C.8 which shows that

b, 77,0 < (0,021 = Y

Since d™(z,a) = v Ez a~a~ P(z|Z,a)m(alz) + (1 — y)u(z)n(z | a), we have pu(x)m(z |a) < (1 — )~ 'd™(z,a) and thus

(L& & (feozw)” <(0-9" 5 &, (ieozwa))”
- 2p £ 7T i - - (T_t)(l_%) T T(l_%) \/&
=(1—~)" <m’£dwdw7p (fr(z.a).2 (x,a))) <(1—7) % tzzly L
(10)
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where the last inequality is for (9).

Applying the dual representation of Wasserstein distance (Lemma C.5) to df, | ( f 7 ”) , we have

dr, (f, Z”) =d, ( E fr(z,a), E Z”(a:,a))

wpan(x) wpan(x)

= sup E < E ¢()—- E ¢(2)>

g€l z~panm(x) \ 2~ fr(z,a) 2~Z7™(z,a)

< E sup E ¢()—- E ¢
wrop,ant () ,¢€l \ z~ fr(z,a) z~Z7(x,a)

— E dn, (fﬂm,a),Z”(x,a))

zrop,an(x)

1
N _ 2
(B (a7 wa)) (1)
wmppar(z)
where I' = { (¥, ¢) : ¢(x) — ¢(y) < ||z — y||’}. By chaining (10) and (11) we complete the proof. O

By assuming there exists a common upper bound ¢ (i.e., ; < (, Vt), we can further simplify (8) by noticing the following.
First, since the sum of geometric series is bounded in the following sense

L 1
S rod) e L
= )

1-— 7(17ﬁ

(f ZT") ( C >21:D C + \/a.fyT(l_%)
oo 1= (l—vb%ﬂ (1—m)ttes
Second, we note that the right-hand side above attains the maximum when p = 1. Therefore

to (7,77) = <C>;p'1c Vd-~%

we can get

1= BN
20 d-yz
< - 3 C + \f i 23
(1-7)2 (1—n)2
where the last inequality holds since 1 — y'/2 > (1 — 7)/2. O

D.6. Proof of Lemma 4.13
Proof. We only show the proof for finite function class since the proof for infinite class is essentially the same.

For Algorithm 2, we are iteratively estimating the conditional distribution 7™ ft 1- Note that thanks to the random data
split, we have ft 1 being independent of the dataset D; ( ft 1 only depends on datasets Dy, ... D;_1). Therefore, under
Assumption 4.12 which implies that there exists a function g € F that agrees with 7™ ft—l on the support of p, we can
apply Lemma C.3, which leads to

. . 4T
E_d, (filz.a). [T fis](,a)) < — log(|FIT/3)
x,ar~p

with probability at least 1 — 0. Here we have taken the union bound for ¢ € [T']. For the result of Wasserstein distance, we
apply Corollary C.7 and get

E_d, (il [T fmi)(z,a)).

x,anp x,anp

-7

E d7, (ft(x,aHTﬂft—l](%a)) < (1\@ )
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D.7. Proof of Corollary 4.14
Proof. We only prove for the finite function class (|F| < o) since the proof for the infinite function class is quite similar.

We start with Theorem 4.11, plug in the result of Lemma 4.13, and get

duy (£.27) s(f_cw - 1_“‘77 ~ (‘flogmma)) + (‘f o
vd (20% (4T .
T (1_7 (%5 toxtirse)) +7> (1)

‘We choose

where ¢ = log(|F|/9),

which leads to

1 1 _ 1
C2p -(2r -~ 2p

L=~

[N

v

Thus, the second additive term of (12) will be smaller than the first one. Hence, we conclude that

. (4: log(|]-"|T/5)> <o \/&(gﬁ()lfli;/é))

) Vi 5
) oo 2

D.8. Proof of Lemma B.1

Proof. The bracketing number of the probability simplex A(]X]|.A]) is bounded by Z\Z[](E;A(\XHAD, [ lloo) < (/€)X
where c is a constant. Hence, we have Ny (e, (A (|X\|A|))‘XHA| I lloo) < (c/e)‘)‘f| A7

Let A denote an e-bracket of (A(]X||.A]))*!MI. Then we can construct a bracket of FJ, as follows

F, = [f f] Z w, a)rg(a,d), f(z,a) = Z We.a(2',a )rg(2',a’), Viw, ] € A

z’,a’ z’,a’
We claim that Fy, is a eroo| X ||.A|-bracket of . To see this, we have

H?—i” < g |wl7a(x’,a’) —@xva(x’,a’)h,q(x’,a’) <e g rg (2, a’) < ere|X||Al.
o0
z’,a’

z’,a’

Therefore, we conclude Nj(eroo | X[ A, F, || [loc) < |A| < (¢/e)l*I*IAI” By substitution we arrive at Ny(e, Fu || [loo) <
(croo| X||A| /€)1 X1 Then we complete the proof by taking a logatithm. O
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D.9. Proof of Lemma B.2

H H
un(z,a) = Z —(z; Qz; +a] Ra;) = —2"Qz —a" Ra — Z —(z] Qz; + o Ra)
i=h i=h+1
H
=—2'Qx—a' Ra— Z (z] Qi + 2] K" RKx;)
i=h+1
H
=—2'Qr—a' Ra— Z I,T (Q+KTRK) z;
i=h+1
H
=—2'Qe—a"Ra— Y ((A+BK) " '(Az+Ba)) (Q+K'RK) ((A+BK)"(Az+ Ba))
i=h+1
H
=—2'Qx—a' Ra— (Az+ Ba)" ( > ((A+ BK)Z‘*’H)T (Q+ K'RK) (A+ BK)ih1> (Az + Ba).
i=h+1

D.10. Proof of Lemma B.3
Lemma D.3. For any x,a,b € R, we have exp(—(z — a)?) — exp(—(z — b)?) < \/2/e - |a —b|.

Proof of Lemma D.3. When a > b, it is equivalent to exp(—(x — a)?) — exp(—(x — b)?) < y/2/e- (a —b). Thus it suffices
to show that g(z,a) := exp(—(z — a)?) — \/2/e - a is non-increasing in a. We take the first derivative with respect to a
and then get

€

since it is easy to verify that max, |z exp(—22)| < 1/v/2e. This completes the proof for a > b.

When a < b, it suffices to show that h(z,a) = exp(—(x — a)?) + /2/e - a is non-decreasing in a. We take the first
derivative with respect to a and then get

%h(aj,a) =2(z—a)exp (- (z—a)?) + Z > 0.

Thus we are done. O

Lemma D.4. For any jui1, jiz2 € R, it holds that max, N'(x | u1,0%) — N (x| g, 0?) < ﬁ\/ﬂ g — pal

Proof of Lemma D.4.

s« g (oo (3052 o (3052))

<1 \/5 e e 1 — p2
T o2 e |ov2 V2 o2/ 2me

where the inequality holds for Lemma D.3. O

Lemma D.5. For LOR, let M; (i = 1,2,3) denotes the set of possible matrices of M;. We assume that, there exists
parameters m,, and my, for which ||z||2 < my and ||a|l2 < mq forall x € X and a € A. Then we have

ec?(H — h+ 1)V2me
( ( A ,Mi,-nF).

2(m2 + mgymg + m2)

N[](G’]:h’H ’ ”oo) < H N

i=1,2,3

Here Nyj() and N() denote the bracketing number and covering number, respectively.
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Proof of Lemma D.5. We denote by /\7 1, .//\/lv o, and .//\>l/3 the e-covers of M1, My, and M3, respectively. We construct the
following function class

]Afh = {f(|g:,a) :N( . |ITM1$ =+ GTMQIE + CLTﬂga, (H —h+ 1)0’2), VMl S //\2/1,]/\22 c MQ,M:; S Mg}
We clairll/ that J%h is a cover of Fy. To see this, note that for any f € F},, there exists f € ]?h (z = 1,2, 3) for which
HMz — MZ”F <k, and thus

Hf - fH =max |N(z | ' Mz +a' Moz +a' Msa,(H — h+1)0?)
- N(z]| " Mz +a' Moz +a" Msa, (H — h+ 1)02)’
< 1
“(H —h+1)0%2y/2me

‘xT<M1 - Ml)m + aT(MQ - MQ).’I? + aT(Mg - Mg,)a .

©)
where the last inequality holds for Lemma D.4. For (©), we have
(V) < llll2l My — Millellzll2 + llall2) M2 — Ma|pl|z(l2 + llall2[| M5 — Ma|lpllallz. < e(m3 +mama +m3).

Hence, we have
2 2
my + mgmeg +mg,

F— <e€- .
Hf fHoo— (H — h+ 1)02\/2me
This implies
(et £ 1) 7 ) £ Nl Mu - ) N M) Ve Mo )
) v |l oo >~ €, s |l : €, s . €, sl .
(H — h+ 1)o2v/2re [ 1 F 2 F 3 F
We note that Njj(2¢, Fp, || - [[oo) < N(€, Fp, || - [|). Hence we complete the proof. O

Proof of Lemma B.3. Let M; = {M : |M||lr < m;} (i = 1,2,3) denote the set of possible matrices M;. Then we have
N(e, My, |- lg) < (3mafe)?=>%, N(e, Ma, || - lr) < (3ma/€)%*%, and N(e, M3, || - [lr) < (3ms/e)% . By
Lemma D.5, we have that

Ny(e, Fs [l - [loo)
2 2 dm de 2 2 dz ><d@ 2 2 da X da
< <6m1 (m2 4+ mgymg + ma)> <6m2(mx + mymg + ma)> (Gmg(mx + mame + ma))

€c?(H — h+ 1)y/2me €c?(H — h+ 1)y/2me eo?(H — h + 1)V/2me

< <6m1(mi 4+ mymg + mﬁ))dedm <6mg(mfc 4+ mymg + mi))deda (67713(77137 +mgmg + mi))daXd“
- €02/ 2me €02/ 2me €02/ 2me

Taking a logarithm on both sides, we get

logN[](€7‘Fha || ' HOO)

2 2 2 2
ms + mymg +m?) ms + mgymg +m?)

<0 (di log m( + dydg log ma

+ d?% log ma(my, + Mama + mi)) .

€02 €02 €o?

O

E. Experiment Details

We release our code at https://github.com/zigian2000/Fitted-Likelihood-Estimation.

E.1. Implementation Details of Combination Lock Environment

We first clarify our implementation of the combination lock environment.
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Reward. We denote r™ and 7~ as the random reward for latent state wy = 0 and wy = 1, respectively. For the
one-dimensional case, they are sampled from Gaussian distributions: r+ ~ N(1,0.12) and 7~ ~ N(—1,0.12). For the
second experiment with two-dimensional reward, they are defined as

2% 0] 005 0 . 0] 005 o
I xNN(M’ [ 0 0.05])’ r NN(M’ [ 0 0.05D'

Visually, most samples of ™ appear in a ring centered at the origin with a radius of 2.

r+:a?+

State. The state is constructed by three components, that is, state = (x1, 2, (E3)T for which z; is the one-hot encoding
of latent state, x5 is the one-hot encoding of time step h, and x3 is a vector of Gaussian noise sampled independently from

N(0,0.12).

The optimal action o}, is chosen to be 0 for all & € [H] for simplicity. We list other environment hyperparameters in Table 3
for reference.

Table 3. Hyperparameters for the combination lock environment. The two columns denote the respective hyperparameters employed in
one-dimensional and two-dimensional experiments.

1-DIMENSIONAL  2-DIMENSIONAL

HORIZON 20 10
NUMBER OF ACTIONS 2 2
DIMENSION OF STATES 30 30

E.2. Implementation Details of Algorithms

All algorithms, with the exception of Diff-FLE, is implemented by a neural network consisting of two layers, each with
32 neurons, connected by the ReLU activation functions. Diff-FLE employs a three-layered neural network, each layer
containing 256 neurons, connected by the ReLLU functions. Some shared hyperparameters are listed in Table 4.

Table 4. Shared hyperparameters. Note that the size of the dataset is written as a product, which is determined by the way we generate the
offline data: the first number means the number of samples generated for each latent state and each time step, the second number means
the number of time steps (i.e., horizon), and the third number means the size of the latent space.

1-DIMENSIONAL  2-DIMENSIONAL

S1ZE OF DATASET 10000 x 20 x 2 10000 x 10 x 2
BATCH SIZE 500 500

Categorical Algorithm. We present the implementation of the two-dimensional version of the categorical algorithm,
which is not presented in the prior work (Bellemare et al., 2017). As a reminder, for the one-dimensional counterpart, for
each atom of the next state, we first calculate its target position, then distribute the probability of that atom based on the
distance of the target position to the closest two atoms. In the two-dimensional case, we discretize on each dimension,
resulting in a grid-shaped discretization. Therefore, the probability of the atoms of the next state will be distributed based on
the distance to the four closest atoms (generally, it will be distributed to 2" atoms in the n-dimensional case). The other
implementation details are the same as the one-dimensional case. The list of hyperparameters can be found in the Table 5.

Quantile Algorithm. We followed the implementation of Dabney et al. (2018). The list of hyperparameters can be found
in the Table 6.

Diff-FLE. Our implementation is based on DDPM (Ho et al., 2020). However, our neural network is much simpler than
theirs, as mentioned above. The list of hyperparameters can be found in the Table 7.
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Table 5. Hyperparameters for the categorical algorithm.

1-DIMENSIONAL  2-DIMENSIONAL

NUMBER OF ATOMS 100 302
LEARNING RATE 1072 3x 1072

NUMBER OF ITERATIONS 200 100
DISCRETIZED RANGE [—1.5,1.5] [—4,4]?

Table 6. Hyperparameters for quantile Algorithm.

1-DIMENSIONAL

NUMBER OF QUANTILES 100
LEARNING RATE 1073
NUMBER OF ITERATIONS 1000

GMM-FLE. For the training of GMM-FLE, we applied gradient ascent on the log-likelihood. While many classic
approaches (e.g., the Expectation-Maximization (EM) algorithm) exist, we found no significant performance gap between
gradient ascent and EM in our trials on both one-dimensional and two-dimensional data. Therefore, we opted for the gradient
ascent, which matches our theory better. The list of hyperparameters is listed in Table 8.

E.3. Full Experiment Results
Table 9 is the full version of Table 1, and Table 10 is the full version of Table 2.
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Table 7. Hyperparameters for Diff-FLE.

1-DIMENSIONAL

2-DIMENSIONAL

STEPS OF DIFFUSION PROCESS
STARING VARIANCE
FINAL VARIANCE
VARIANCE INCREASING
LEARNING RATE
NUMBER OF ITERATIONS

200
1073
0.1

LINEAR

1073
5000

200
1073
0.1
LINEAR
1073
15000

Table 8. Hyperparameters for GMM-FLE.

1-DIMENSIONAL

2-DIMENSIONAL

NUMBER OF GAUSSIAN DISTRIBUTION 10 10
LEARNING RATE 107 2x107*
NUMBER OF ITERATIONS 20000 10000
Table 9. Full version of Table 1.
h CATE ALG QUAN ALG DiFr-FLE GMM-FLE
1 0.071 £0.015 0.603 £0.011 0.292 4+0.073 0.039 £ 0.004
2 0.0674+0.012 0.609£0.014 0.305+0.055 0.041 +£0.005
3 0.068 = 0.013 0.612£0.017 0.305+0.079 0.039 £ 0.009
4 0.0734+£0.013 0.593+£0.015 0.288 +£0.073 0.038 +0.003
5 0.074 £ 0.015 0.602 =0.009 0.285 +0.054 0.036 £ 0.009
6 0.077+£0.011 0.612+£0.010 0.268 +0.040 0.030 £+ 0.008
7 0.080+0.014 0.602+£0.014 0.290+0.066 0.034 +0.004
8 0.080£0.016 0.584+0.018 0.273 £0.039 0.039+0.013
9 0.0814+0.019 0.529£0.028 0.247 £0.034 0.048 £0.010
10 0.079 £0.017 0.494 £0.018 0.234 +0.043 0.044 £0.012
11 0.080£0.016 0.514+0.018 0.244 £0.038 0.039+0.012
12 0.089 £0.009 0.518 £0.013 0.2324+0.015 0.032 £ 0.007
13 0.089£0.011 0.481+0.016 0.219£0.027 0.029 +0.016
14 0.081 £0.015 0.416+0.026 0.221 £0.021 0.033 +0.012
15 0.083£0.015 0.3304+0.028 0.178 £0.033 0.026 =0.015
16 0.081 £0.009 0.2834+0.017 0.170+0.045 0.027 £0.013
17 0.082+£0.008 0.2524+0.008 0.167 £0.037 0.034 +0.013
18 0.070 £0.010 0.217 £0.012 0.133 +£0.019 0.023 £ 0.008
19 0.078 £0.011 0.167 =£0.019 0.109 £0.031 0.018 +0.008
20 0.077 £0.014 0.076 £0.009 0.067 &0.024 0.013 £ 0.005
Table 10. Full version of Table 2.

h CATE ALG DiFr-FLE GMM-FLE

1 0.483 +£0.003 0.357 £0.031 0.438 +0.008

2 0.4834+0.003 0.344 +0.030 0.424 +0.048

3 0.480+0.003 0.339+0.023 0.450 £ 0.042

4 0.469+£0.002 0.327 £0.019 0.478 +0.048

5 0.466+0.001 0.310+0.019 0.493 £0.050

6 0.466+0.001 0.289+0.031 0.491 £0.061

7 0.470£0.003 0.256+0.032 0.510+£0.080

8 0.465+£0.002 0.2344+0.023 0.505 £ 0.099

9 0.4534£0.001 0.207 +£0.014 0.502 £ 0.094

10 0.446 +£0.002 0.143 £0.011 0.376 = 0.101
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