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Abstract

Continual learning is a task in which a learning algorithm needs to constantly adapt.
Modern reinforcement learning algorithms demonstrated strong performance across a
large selection of problems. However, certain assumptions they make about the environ-
ment are violated in the continual learning setting. We thus turn to regret minimization
algorithms, which have strong hindsight performance guarantees while making minimal
assumptions about the environment. We present a novel framework which extends the
guarantees of the regret minimizer to recent history. In particular, this allows it to model
the impact of its own actions on the environment, and adapt accordingly. We combine
our framework with regret minimizers which are able to work with continuous observa-
tions and maximize the expected reward. We can thus get the best of both worlds—an
algorithm with strong hindsight guarantees which simultaneously maximizes expected
reward akin to reinforcement learning. We study the advantages of our algorithm in
small, illustrative environments.

1 Introduction

In the domain of continual learning, one seeks to find an algorithm that can continuously adapt to
changes in the environment (Abel et al., 2023). This is challenging for the learner as the environment
may be too complex for the agent to model accurately. Any sufficiently realistic scenario has this
feature as, on top of many other sources of complexity, the environment also includes other learning
agents. Moreover, the learner doesn’t get to change its decision counterfactually—once an action is
selected, there is no going back.

Reinforcement learning (RL) has seen wide-spread success in many domains, ranging from au-
tonomous driving to training large language models (Wurman et al., 2022; Ouyang et al., 2022).
In ergodic Markovian environments, RL algorithms provably converge to an optimal policy—one
which maximizes the expected aggregated reward (Sutton et al., 1998). However, to do so RL needs
to visit every state infinitely often, repeatedly starting in some initial state and exploring all the
possible trajectories.

Moreover, realistic environments provide different feedback if different actions are used, breaking
the Markovian property. This comes up naturally in the context of game theory, where the envi-
ronment includes other learning agents. In this setting, RL is no longer guaranteed to converge,
and fails to converge even in simple games (Nisan et al., 2007). Regret minimization has become a
key building block of algorithms for solving games, including those with imperfect information and
adversarial feedback.

Regret minimization algorithms have strong hindsight performance guarantees in any environment
with bounded rewards (Blackwell et al., 1956). Informally, given a set of so-called experts, the
regret minimization algorithm is guaranteed to asymptotically match the best expert in terms of
average reward. A natural example of this comparison class are all experts who only use one fixed
action. Counterfactual regret minimization (CFR) was introduced in order to efficiently extend
regret minimization to sequential games (Zinkevich et al., 2007). The comparison class of CFR
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consists of all the experts who play a single action in a given state of the game. In other words, each
expert follows a single edge in the game tree. By repeatedly traversing the whole game tree, CFR
asymptotically finds a strategy in each node of the game tree. Following this strategy is guaranteed
to dominate choosing any of the fixed experts while traversing the tree.

CFR leverages the regret minimization guarantees by providing additional context-based experts.
This is straightforward in a sequential game where one can enumerate all the possible states. How-
ever, similar to RL, CFR effectively allows the agent to travel back in time and counterfactually
change its strategy. In fact, one can show that minimizing the counterfactual regret is impossible
without traversing the whole tree (Arora et al., 2012).!

In this paper, we introduce a novel framework in which the experts in the comparison class condi-
tion on recent history. In this way, the algorithm is able to model the effect of its own actions on
the environment, and adapt appropriately. Moreover, it operates in a fully online ‘single-lifetime’
setting, never gaining any counterfactual feedback. We combine our algorithm with the learning
not to regret framework and meta-learn the regret minimizer to maximize expected reward, while
keeping the regret minimization guarantees (Sychrovsky et al., 2024). We thus get the best of both
worlds—an algorithm with strong hindsight guarantees which simultaneously maximizes expected
reward akin to RL.

1.1 Related Work

Many recent papers argue that the Markovian property is fundamentally mismatched to continual
learning, where the environment is vast and continually evolving. The “Big World* approach high-
lights the “small agent, big world” dilemma: an agent of bounded capacity cannot hope to discover,
let alone optimize over, the entire state space (Kumar et al., 2024). For an agent, a problem is
continual if the agent needs to constantly adapt and never settles on a given strategy (Ring, 1994;
Abel et al., 2023). Empirically grounded benchmarks such as Jelly Bean World (Platanios et al.,
2020) were introduced to stress-test agents in settings where distribution shift is gradual, tasks are
unannounced, and the agent never “finishes” learning.

Hindsight rationality has been proposed in the context of continual learning before (Bowling and
Elelimy, 2025). The authors argue for minimizing a notion of regret that compares the agent’s per-
formance to other policies applied along the trajectory the agent followed. They show that widely
used RL algorithms do not minimize this notion of regret in continual learning tasks. Interestingly,
simply using the past agent’s policies already exceeds the performance of the RL agent. Our pro-
posed framework CRM follows this line by allowing experts to condition on recent history. This
strikes a middle ground: richer than static-action experts, yet tractable without full environment
resets or perfect simulators. By proving regret bounds against this history-aware class we address
the conceptual critiques above while respecting the impossibility of full-policy regret in a one-shot,
non-Markovian world.

2 Preliminaries

2.1 Regret Minimization

An online algorithm m for the regret minimization task repeatedly interacts with an environment
through available actions .A. The goal of a regret minimization algorithm is to maximize its hindsight
performance, i.e., to minimize regret. Importantly, in the regret minimization framework, one is not
restricted in the nature of the environment.

Formally, at each step ¢ € N, the algorithm submits a strategy o* € Al Subsequently, it observes
the expected reward = € Rl for each of the actions from the environment, which depends on the
strategy in the rest of the game. The difference in reward obtained under o* and any fixed action

!For example, consider a binary choice with one good and one bad outcome. Without having access to the other outcome,
the agent is unable to minimize the counterfactual regret, as that would require the agent to choose the good outcome.
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strategy is called the instantaneous regret r(o!, ') = z'(o') — (o, 2! (o)) 1. The cumulative

regret throughout time T'is RT = ",_, (o, ").

The goal of a regret minimization algorithm is to ensure that the regret grows sublinearly for any
sequence of rewards. One way to do that is for m to select a**! proportionally to the positive
parts of R?, known as regret matching (Blackwell et al., 1956). This algorithm guarantees that the
external regret R = |RT|, satisfies R*7 € O(\/T) where |R” |, = max,c4 R (a).

Instead of thinking of the action the regret minimization algorithm chooses from as direct envi-
ronment interactions, one can treat them as experts. The task of a regret minimizer is then to
continuously adapt a distribution over the experts in such a way that no single expert is asymptot-
ically strictly better. The set of all such experts forms a so-called comparison class of the regret
minimization algorithm.

3 Continual Learning Framework

We begin by formalizing the interaction of the agent with the environment . Let A and O be sets
of fixed size. We refer to a € A as actions, and o € O as observations. A history /° of length
s € Ny is a sequence of s action-observation pairs. We define the set of all histories as

H=|]Ax0).

(@

s=0

For L € Ny, weuse H<L = Uf:o (AxO)?® to denote the set of histories of length at most L. Finally,
for [ € N, we define I-suffix S;(h*) of a history h® as the last [ action-observation pairs in h°.

Definition 1. An environment € : A x H — A(O) maps actions and histories to a distribution over
observations. The environment has an associated reward function x. : A x O x H — [—1,1].

This definition subsumes the Markov decision process (MDP), which is typically used by reinforce-
ment learning algorithms (Sutton et al., 1998). These algorithms are often trained to maximize some
aggregate reward, such as the time-average, or discounted future reward known as return. When the
environment is oblivious, maximizing reward is indeed identical to minimizing regret (Lattimore
and Szepesvari, 2018). However, in general, policy gradient algorithms are not able to minimize
regret, see Section 5 for an example.

4 Continual No-Regret Learning

A straightforward way to introduce no-regret learning is to simply use a regret minimization algo-
rithm along the sequence of interactions with the environment. This would guarantee that we find
a strategy that would do at least as well as any of the fixed actions in hindsight. Depending on the
application, this guarantee may not be particularly strong as one action typically does not dominate
the other. Additionally, this agent does not take the history into consideration when choosing the
next strategy.

Instead, we want to minimize regret with respect to all histories of length up to L € Ny. Let h*~! be
the history of length ¢ — 1 that we see at step ¢ in the environment. To this end, we define cumulative
regret after T € N steps conditioned on h € H=L as

T
R, =) r(o",a")i(h =Sy k'),
t=1
where 6(h = Sj,|(h'™1)) is the indicator function of / being the |h|-suffix of h'~!. For T' = 0, we
define R|Oh = 0. Informally, our proposed algorithm internally uses a regret minimizer m. It uses m
to ensure vanishing history-conditioned regret in terms of the number of times the history has been
encountered. We refer to this family of algorithms as conditional regret minimization (CRM).
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/ Trajectory \ / Regret Tree \

So(h)

History h
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\_ / \ pesent ) \_ 8s(h) /

Figure 1: Example of a history h (left) and the associated nodes in the regret tree of the CRM
algorithm with depth L = 3 (right) in an environment with |A| = 2 actions. For each [-suffix of
h, we find the associated node in the regret tree by following the [-suffix from the root. Note the
[-suffixes of h are not hierarchical subsets, and the associated nodes are thus not in consecutive
sub-trees.

Algorithm 1: Conditional Regret Minimization

Input: Regret minimizer m, L € Ny
Initialize: Regret tree {Rf, +~ 0 € R : h e #=F}

function NEXTSTRATEGY(h!™1)
R (a) e hax R, (4i-1y(a) forevery a € A
ot <« m(R5 )
function OBSERVEREWARD(x?, h'~1)
forl € {0,...,L}
Ris,qu-1) < Rig ) +r(o", ")

Formally, at each step ¢, given the history 2!, CRM chooses a strategy with respect to a regret R
where, for every a € A,

ng(a) = le{rgﬁ%[{} Ri‘&sl(ht—l)(a}). (1)

After observing the reward, it accumulates the instantaneous regret to all nodes of the regret-tree
given by S;(ht71),1 € {0,...,L}; see Algorithm 1 and Figure 1. Note that the reward is O if h
is not a |h|-suffix of h'~!. Therefore, we only need to accumulate regret for the [-suffixes of the
current history.

It is not clear at first which notion of regret CRM minimizes. This is because we are only updating
the regret of the experts corresponding to the [-suffixes of the current history. However, we can show
that for the histories that the agent visits at a non-vanishing rate, the associated regret is minimized.

Theorem 1 (Correctness of CRM). Let L € Ny, h € H=L be a history and Cﬂ be the number of
times h was an |h|-suffix of a history of CRM until step T € N. Then, for any sequence of rewards,
the regret of CRM conditioned on h satisfies |R|7;L|OO € O(VT). Furthermore,

IRl € QCl) = Cf, € O(VT).

In particular, the visit rate C"q,;/T goes to zero as T — oo.

4
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Proof. We proceed by induction over the step number 7'. For the induction base, we have T =
0 and Rf) = O for every i € H=", and thus |R};|o € O(VT). For the induction step, our

induction hypothesis gives | R/, | € O(VT) for every h € H=. This implies | R§ |- € O(VT),
since each coordinate of R% achieves a maximum for some history from H<L. CRM chooses the

strategy o T1 with respect to Rg such that for any reward x7+! € [—1, 1]‘““| we have |R§ +

r(cTH1, 2TtY)|, € O(V/T +1). This follows from the properties of the regret minimizer m
which CRM internally uses. Our choice of R§ gives R§(a) > R, (a) for every a € A and

h e {S(hT-1):1€{0,...,L}}. Thus, we have,
IR, oo = R, + (0" 2" )| <[RS + (e 2" )| € OWT +1)

for every h € {S;(hT~1): 1 € {0,...,L}}. For the histories h € H=L which are not a suffix
of hT=1, we have R‘q,;“(a) = Ry, (a) for every a € A, which in combination with the induction
hypothesis implies

IR} |0 = |R|7;L+1|oo € O(VT).

Altogether, we obtain |R|:7f1 loo € O(/T + 1) for every history h € H=E.

In terms of the visit count CI;L of each history h, we can thus accumulate even superlinear regret
in the number of visits, but only if the visit count grows sufficiently slowly. In particular, since
IR, € O(V/T) and since we are assuming R, | € Q(C}},), we obtain O}, € O(VT). O

Corollary 1. Since the root of the regret tree, corresponding to the empty history, is a suffix of any
hT, the algorithm minimizes the standard external regret, similar to applying a regret minimizer
along the trajectory.

4.1 Incorporating Policy Gradient

While CRM can work with any regret minimization algorithm m, one particular interesting class
is the neural predictive regret matching (NPRM) (Sychrovsky et al., 2024). NPRM is an extension
of predictive regret matching (Farina et al., 2021), which employs a predictor about future rewards.
More precise predictions provable result in lower regret (Farina et al., 2021). However, importantly,
the algorithm maintains regret minimization guarantees for arbitrary predictions. NPRM uses pre-
dictor parametrized by a neural network. This allows NPRM to work with arbitrary additional, even
continuous, context—something most other regret minimization algorithms cannot do. When the
predictor is trained to minimize the external regret R®*%T, then it is equivalent to maximizing the
expected reward Zthl (ot, z!) (Sychrovsky et al., 2024). We refer to CRM which uses NPRM as
the regret minimizer m and trains to maximize the reward as NPCRM.

5 Experiments

We illustrate the differences between RL, un-contextual regret minimization, and CRM in a set of
small non-Markovian learning tasks. In particular, we use the policy gradient (PG) algorithm (Sut-
ton et al., 1998) to represent RL, and regret matching (RM) (Blackwell et al., 1956) as a regret
minimizer. Both CRM and NPCRM use the depth of the regret tree L = 3. All algorithms are
trained online with full-information feedback x! about every expert without resetting the environ-
ment. After committing to a strategy, the environment uses it to sample an expert, which it uses to
transition to the next state.

5.1 Multi-Agent Environment

First, we show that RL fails to minimize regret in a notorious example of a two-player zero-sum
game. We use the rock-paper-scissors game where the opponent changes her strategy according
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Figure 2: Comparison of the average reward and external regret of RM, PG, CRM, and NPCRM in

rps_pdg, see Section 5.1. In contrast to the regret minimization algorithms, the average external
regret of RL remains high even after many environment steps.
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Figure 3: Comparison of the average reward and external regret of RM, PG, CRM, and NPCRM

in noisy_swap, see Section 5.2. Both PG and NPCRM can achieve near-optimal average reward
thanks to their ability to process observations.

to PG. We refer to this environment as rps_pg and compare performance of each algorithm in
Figure 2. Unlike the remaining algorithms, PG fails to minimize regret. In this case, the regret
minimization algorithms also perform better in terms of the average reward.

5.2 Continuous Observations

An advantage of PG is that it can efficiently work with large, or even continuous, observation spaces.
In contrast, conditioning on such infinite space might result in no history being encountered more
than once. We illustrate this advantage. We consider a simple environment where the observations
are drawn from U(0, 1). The agent receives +1 reward for using the action with the index equal to
the rounded observation, and -1 otherwise. On top of this reward signal, we add Gaussian noise to
the rewards. We refer to this environment as noisy_swap and show our results in Figure 3.

Both PG and NPCRM can infer the correct action from the observation, and their average reward
remains close to optimal. As a result, they also outperform all experts in the comparison class and
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Figure 4: Comparison of the average reward and external regret of RM, PG, CRM, and NPCRM in
investment, see Section 5.3. Both CRM and NPCRM achieve high reward and negative regret
as they can condition their strategy on the actions selected in the last L = 3 steps.

have no regret. In this, both RM and CRM have no way to access the observation and thus fall
behind. However, being able to condition on its last action, CRM can alternate between actions,
bringing its expected reward up compared to RM.

5.3 History-Conditioned Feedback

An important feature of a continual learning environment is that it may respond differently depend-
ing on the strategy of the agent. To illustrate this, we use an environment with two actions and
binary internal state. The state encodes the action the agent needs to use to enable the option of
obtaining large reward in the following step. To get this reward, the agent needs to use the other
action, which also flips the internal environment state. In addition, we perturb the rewards in each
step with Gaussian noise.

We refer to this environment as investment and show the performance of each algorithm on this
benchmark in Figure 4. While PG dominates RM in terms of the average reward, its regret remains
high. In contrast, both CRM and NPCRM can achieve negative regret, outperforming all experts in
the comparison class. Optimizing the expected reward in the way NPCRM does brings no benefit
over CRM in this case.

6 Conclusion

In this paper, we focus on continual learning, a general framework in which a learning agent needs
to constantly adapt. We argue that current reinforcement learning techniques are not well suited for
this task, in particular due to the assumptions they make about the environment. In contrast, regret
minimization algorithms are guaranteed to continuously adapt, without making any assumptions
about the environment. We present a novel framework which extends the guarantees of the regret
minimizer to recent history of the interaction. In particular, this allows the algorithm to model and
adapt to the impart its own actions have on the environment.

Future Work We plan to extend our empirical evaluation, focusing on realistic scenarios where
the effect of the agent’s actions on the environment is significant. Offline pretraining from off-
policy data can also be combined with NPCRM in an interesting way. When learning from such
experiences, the agent can learn to take different action, but the simulator often cannot accurately
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215 replicate the environment feedback. However, such pretraining step can still improve empirical
216  performance of NPCRM.
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