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GROKKING AS A FIRST ORDER PHASE TRANSITION IN
TWO LAYER NETWORKS

Noa Rubin∗ Inbar Seroussi† Zohar Ringel ‡

ABSTRACT

A key property of deep neural networks (DNNs) is their ability to learn new fea-
tures during training. This intriguing aspect of deep learning stands out most
clearly in recently reported Grokking phenomena. While mainly reflected as a
sudden increase in test accuracy, Grokking is also believed to be a beyond lazy-
learning/Gaussian Process (GP) phenomenon involving feature learning. Here we
apply a recent development in the theory of feature learning, the adaptive kernel
approach, to two teacher-student models with cubic-polynomial and modular addi-
tion teachers. We provide analytical predictions on feature learning and Grokking
properties of these models and demonstrate a mapping between Grokking and the
theory of phase transitions. We show that after Grokking, the state of the DNN
is analogous to the mixed phase following a first-order phase transition. In this
mixed phase, the DNN generates useful internal representations of the teacher
that are sharply distinct from those before the transition.

1 INTRODUCTION

Feature learning is a process wherein useful representations are inferred from the data rather than
being engineered. The success of deep learning is often attributed to this process. This is reflected, in
part, by the performance gap between actual deep neural networks and their infinite-width Gaussian
Process (GP) counterparts (Williams, 1996; Novak et al., 2018; Neal, 1996). It is also key to transfer
learning applications (Weiss et al., 2016) and interpretability (Zeiler & Fergus, 2014; Chakraborty
et al., 2017). Yet despite its importance, there is no consensus on how to measure or let alone classify
feature learning effects.

Several recent results Li & Sompolinsky (2021); Ariosto et al. (2022) began shedding light on this
matter. One line of work (adaptive kernel approaches) treats the covariance matrices of activation
within each layer (kernels) as the key quantities undergoing feature learning. Feature learning would
manifest as a deviation of these kernels from those of a random network and their adaptation to the
task at hand. While providing a quantification of feature learning in quite generic settings, the equa-
tions governing these latent kernels are quite involved and may host a variety of learning phenomena.
One such phenomenon (Seroussi et al., 2023), capable of providing a strong performance boost, is
that of Gaussian Feature Learning (GFL) : A gradual process in which the covariance matrices of
neuron pre-activations change during training so as to increase their fluctuations along label/target
relevant directions. Remarkably, despite this smooth adaptation, the pre-activations’ fluctuations,
across width and training seeds, remain Gaussian. At the same time, the latent kernel itself develops
notable spikes in the target direction, indicating feature learning.

Another phenomenon often associated with feature learning is Grokking. This abrupt phenomenon,
first observed in large language models running on simple mathematical tasks, involves fast changes
to the test accuracy following a longer period of constant and poor performance (Power et al., 2022).
Though usually described as a time-dependent phenomenon, Grokking as a function of other param-
eters, it also occurs as a function of other parameters, such as sample size Power et al. (2022); Gro-
mov (2023); Liu et al. (2022a). More broadly, DNNs behaviour as a function of time and dataset size
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is often similar as re�ected for instance the use of One Pass SGD You et al. (2014). Several authors
provided quantitative explanations in the context of speci�c toy models wherein one can handcraft
or reverse engineer the solution obtained by the network (Gromov, 2023; Nanda et al., 2023) or in
suitably tailored perceptron models (Liu et al., 2022a;�Zunkovi�c & Ilievski, 2022) where, however,
representation learning is tricky to de�ne. Given the aforementioned adaptive kernel approaches to
deep learning, as well as the universality of Grokking across different DNNs and hyperparameters,
it is natural to look for a more unifying picture of Grokking using a formalism that applies to generic
deep networks.

In this work, we study Grokking as an equilibrium (or Bayesian) phenomenon driven by sample
size, noise, or network width. Utilizing the aforementioned theoretical advancements, we show that
Grokking in large-scale models can be classi�ed and predicted through the mean �eld theory of
phase transitions in physics (Landau & Lifshitz, 2013). Studying two different models, a teacher-
student with cubic teacher and modular algebra arithmetic, we show the internal state of the DNN
before Grokking is well described by GFL. In contrast, during Grokking, it is analogous to the
mixed phase in the theory of �rst-order phase transitions, and the statistics of pre-activations are
described by a mixture of Gaussian (GMFL). In this GMFL state, the latent kernels associated with
the DNNs develop entirely new features that alter their sample complexity compared to standard
in�nite-width GP limits. After Grokking the weights are all specialized to the teacher. Besides pro-
viding a framework to classify feature learning effects, our approach provides analytically tractable
and quantitative accurate predictions for the above two models.

Our main results are as follows:

• We establish a concrete mapping between the theory of �rst-order phase transitions, internal
representations of DNNs, and Grokking for two non-linear DNN models each having two tunable
layers.

• We identify three phases related to Grokking, one which is smoothly connected to the GP limit
and two distinct phases involving different GP mixtures.

• For both our models, we simplify the task of learning high-dimensional representations to solv-
ing a non-linear equation involving either two (cubic teacher) or one (modular addition teacher)
variables. Moreover, for the latter, we determine the location of the phase transition analytically.

• We �esh out a Grokking-based mechanism that can reduce the sample complexity compared to
the GP limit.

Prior works. Phase transitions are ubiquitous in learning theory (e.g. Refs. Gardner & Derrida
(1988); Seung et al. (1992); Györgyi (1990)), often in the context of replica-symmetry breaking.
Connections between Grokking and phase transition were suggested by Nanda et al. (2023) but as
far as analytic predictions go, prior work mainly focused on one trainable layer�Zunkovi�c & Ilievski
(2022); Arnaboldi et al. (2023) some suggesting those as an effective theory of representation learn-
ing Liu et al. (2022a). This can be further investigated by analyzing the loss landscape Liu et al.
(2022b). Varma et al. (2023) suggest that the generalizing solution learned by the algorithm is more
ef�cient but slower to learn than the memorizing one, using this interpretation they de�ne regimes
of semi-grokking, and ungrokking. The formalism of Refs. Arnaboldi et al. (2023); Saad & Solla
(1995) can potentially be extended to online Grokking with two trainable layers, but would require
reducing the large matrices involved. Phase transitions in representation learning have been studied
in the context of bifurcation points in the information bottleneck approach (e.g. Tishby & Za-
slavsky (2015)), nonetheless, the connection to deep learning remains qualitative. To the best of our
knowledge, we provide a novel �rst-principals connection between grokking and phase transitionin
representation learning.

2 MODELS

2.1 NON-LINEAR TEACHER MODEL

Our �rst setting consists of a student Erf-network learning a single index non-linear teacher. The
student is trained on a training set of sizen, D = f x � ; y (x � )gn

� =1 with MSE loss. In the following,
bold symbol represents a vector. The input vector isx � 2 Rd with iid Gaussian entries of variance
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1. The target functiony, is a scalar linear function ofx , with an orthogonal non-linear correction.
Speci�cally, y is given by-

y(x ) = w � � x| {z }
H 1 (w � �x )

+ �
�

(w � � x )3 � 3 jw � j2 w � � x
�

| {z }
H 3 (w � �x )

: (1)

whereH1; H3 are the �rst two odd Hermite polynomials, andw � 2 Rd are the teacher weights. For
simplicity we take here the norm of the teacher weights to be 1, but this has no qualitative effect on
the theory as long as we requirejw � j � O (1). We consider a fully connected non-linear student
network with one hidden layer of widthN given by

f (x ) =
NX

i =1

ai erf (w i � x ) : (2)

wherew i 2 Rd for i 2 [1; N ] are the students weights. Evidence that this model Groks can be
found in App. (D).

2.2 GROKKING MODULAR ALGEBRA

Here we consider the setting of Ref. Gromov (2023), where the learning task is addition moduloP
whereP is prime. The network is trained on the following data set

D = f x nm ; y (x nm ) jm; n 2 ZP g (3)

wherex nm 2 R2P , is a vector such that it is zero in all its coordinates except in the coordinatesn
andP + m where it is 1 (a “two-hot vector”). The target functiony 2 RP is given by

yp(x nm ) = � p;(n + m ) modP � 1=P; (4)

where� is the Kronecker delta and modP denotes the modulo operation which returns the remainder
from the division byP. For the student model, we consider a two-layer deep neural network with a
square activation function, given by

f p (x nm ) =
NX

i =1

api (w i � x mn )2 (5)

wherew c 2 R2P for c 2 [1; N ] are the students weights. For brevity, we denoteyp (x mn ) = yp
nm ,

andf p (x nm ) = f p
mn .

2.3 TRAINING THE MODELS

In both cases, we consider networks that are trained with MSE loss to equilibrium using Langevin
dynamics via algorithms such as Durmus & Moulines (2017); Neal et al. (2011). The continuum-
time dynamics of the parameters are thus

_� (t) = �r �

� 

2

k� (t)k2 + L (� (t); D)
�

+ 2 � � (t) (6)

where� (t) is the vector of all network parameters in timet, 
 is the strength of the weight decay,L is
the loss function, the noise� is given by h� i (t)� j (t0)i = � ij � (t � t0) and� is the magnitude of the
noise. We set the weight decay of the output layer so that with no dataa2

i ; a2
pc both average to� 2

a=N
under the equilibrium ensemble of fully trained networks. The input layer weights are required to
have a covariance of� 2

w =d in the teacher-student model with� 2
w = O(1) and a covariance of1 in

the modular algebra model. Note that the covariance of the hidden layer is given by� 2=
 . The
posterior induced by the above training protocol coincides with that of Bayesian inference with a
Gaussian prior on the weights de�ned by the above covariance and measurement noise� 2 Naveh
et al. (2021).
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2.4 DERIVATION OVERVIEW

2.4.1 BRIEF INTRODUCTION TOMEAN FIELD THEORY PHASE TRANSITIONS

Phase transitions Landau & Lifshitz (2013); Tong (2011), such as the water-vapour transition, are
ubiquitous in physics. They are marked by a singular behavior of some average observables as a
function of a control parameter (say average density as a function of volume). As the laws of physics
are typically smooth, phase transitions are inherently large-scale, or thermodynamic, phenomena
loosely analogous to how the sum of many continuous functions may lead to a non-continuous one.

In a typical setting, the probabilityp(x), of �nding the system at a statex can be approximately
marginalized to track a single random variable called an order parameter (� ). As the latter is typ-
ically a sum of many variables (i.e. macroscopic), it tends to concentrate yielding a probability of
the typelog(p(�)) / � d~S(�) whered is a macroscopic scale (e.g. number of particles) and~S(�)
is some well behaved function that does not scale withd. Given this structure, the statistics of� can
be analyzed using saddle point methods, speci�cally by Taylor expanding to second order around
minima of ~S.

Phase transitions occur when two or moreglobal minima of ~S(�) appear. First-order phase transi-
tions occur when these minima are distinct before the phase transition and only cross in~S value at
the transition. Notably, the effect of such crossing is drastic since, at larged, the observed behaviour
(e.g. the average� ) would undergo a discontinuous change. Depending on the setup, such sharp
change may be inconsistent as it would immediately change the constraints felt by the system. For
instance, in the water-vapour transition, as one lowers volume the pressure on the vapour mounts.
At some point, this makes a high-density minima of� as favourable as the low-density minima,
signifying the appearance of water droplets. However, turning all vapor to droplets would create a
drop in pressure making it unfavourable to form droplets. Instead, what is then observed is a mixture
phase where as a function of the control parameter, a fraction of droplets forms so as to maintain
two exactly degenerate minima of~S. Lowering the volume further, a point is reached where all the
vapour has turned into droplets and one is in the liquid phase.

In our analysis below,� will be a property of the weights in each neuron of the input layer, say
their overlap with some given teacher weights. A high input dimension will be analogous to the
large-scale limit, and the density loosely corresponds to the discrepancy in predictions. The phase
transitions are marked by a new minima of~S(�) which captures some feature of the teacher network
useful in reducing the discrepancy. What we refer to as droplets corresponds to some input neurons
attaining� values corresponding to the teacher feature while others �uctuate around the teacher
agnostic minima. However the spatial notion associated with droplets is not relevant in this case as
in the mean �eld theory of phase transitions.

2.4.2 ADAPTIVE KERNEL APPROACH AND ITSEXTENSION TO GAUSSIAN M IXTURES

Our main focus here is the posterior distribution of weights in the input layer (p(w i )) and posterior
averaged predictions of the network (f (x )). Such posteriors are generally intractable for deep and/or
non-linear networks. Hence, we turn to the approximation of Ref. Seroussi et al. (2023) where a
mean-�eld decoupling between the read-out layer and the input layer is performed. This is exact
in the limit of N ! 1 and vanishing� 2

a (i.e. mean-�eld scaling). Following this, the posterior
decouples to a product of two probabilities, a Gaussian probability for the read-out layer outputs
and a generally non-Gaussian probability for the input layer weights. These two probabilities are
coupled via two non-�uctuating quantities. The average kernel induced by the input layer and the
discrepancy in predictions. As shown in Seroussi et al. (2023), speci�cally for a two-layer FCN,
the resulting probability further decouples into iid probabilities over each neuronp(w i ). Below, we
thus omit the neuron indexi . The action (� log(p(w i )) up to constant normalization factors) for
each neuron's weights is then given by the following form

S[w ] =
jw j2

2� 2
w

�
� 2

a

2N

X

�;�

t (x � )T t (x � ) � (w � x � )� (w � x � )
| {z }

:= � � 2
a ~Q ��

; (7)
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where� is the activation function and�t is the discrepancy between the averaged network output and
the target given by

t (x � ) = ( y (x � ) � f (x � ))=� 2: (8)

Notably �t is not given but determined by solving the following two mean-�eld self-consistency
equations

f = Q
�
Q + � 2I n

� � 1
y (9)

where the kernelQ is de�ned via

Q�� = � 2
a h� (w � x � ) � (w � x � )i S[w ] (10)

andh:::i S[w ] denotes averaging overw with the probability implied byS[w ].In this work we use the
equivalent kernel (EK) approximation, allowing the sums appearing in eqs. 7,9 to be replaced by
integrals. This approximation washes out the generalization phenomena associated with Grokking,
while capturing underlying feature learning mechanisms. As demonstrated in App. D, the feature
learning effects hold also for �nite datasets, in which a generalization gap can be observed. Theo-
retical corrections due to �nite datasets can be made as shown in Cohen et al. (2021); Seroussi et al.
(2023); Naveh & Ringel (2021), here we focus on the EK limit for simplicity.

Even if �t is given, the remaining action is still non-linear. Ref. Seroussi et al. (2023) proceed by
performing a variational Gaussian approximation on that action. Here we extend this approximation
into a certain variational Gaussianmixtureapproximation. Speci�cally, we show that as one scales
up d; N; n in an appropriate manner, and following some decoupling arguments between,S[w ] has
the form dŜ[�( w )] whered � 1 and Ŝ[�( w )] hasO(1) coef�cients and�( w ) is some linear
combination of the weights. This allows us to treat the integration underlyingh:::i S[w ] within a
saddle-point approximation. Notably when more than one Global saddle appears the saddle-point
treatment corresponds top(w ) having a Gaussian mixture form.

Figure 1: Schematic phase diagram of
learning phases. The inset plots in the
different phases correspond to the nor-
malized negative log posterior (Ŝ). A
transition between the different phases
can be achieved by varying eithern or
N .

The three phases of learning described in the introduction
correspond to the following behavior of the saddles (see
also illustration in Fig. 1). At �rst, a single saddle cen-
tered around�( w ) = 0 exists and weights �uctuate in a
Gaussian manner around these minima, as in GFL. In the
next phase, the distribution is comprised of a weighted
average of this zero-saddle and otherj�( w )j > 0 sad-
dles. This marks a new learning ability of the network
and hence the beginning of Grokking. We name this mix-
ture phase the �rst Gaussian Mixture Feature Learning
phase (GMFL-I). This phase corresponds to the mixed
(“droplets”) phase. In this phase, picking a random neu-
ron, there is a �nite chance it is in the GFL phase and
hence �uctuates around the target agnostic minima at
w = 0 . Similarly, there is a �nite chance it �uctuates
around one of the non-trivial saddles. At some later point,

after more data has been presented, only the saddles withjw j > 0 dominate the average (GMFL-II).
The phase phenomenology is shared by both models, however, the details of the new saddles that
appear, as well as the decoupling scheme between the different components ofw differ between
both models. We next turn our attention to these details.

3 RESULTS

3.1 NON-LINEAR TEACHER STUDENT MODEL

Scaling setup and effective interaction.Consider the following two scaling variables (�; � ) which
we would soon take to in�nity together and consider scaling up the microscopic parameters in the
following manner

N ! �N d !
p

�d � 2
a ! � 2

a=
p

� ; � 2 !
�
�

� 2 n ! �n (11)
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where we comment that� can be seen as a continuum approximation allowing us to replace data
summation with integrals over the data measure and� is a combination of mean-�eld-type scaling
Mei et al. (2018) together with a thermodynamic/saddle-point limit. Notably the following combi-

nation (u) of hyper-parameteru = n 2 � 2
a

� 4 dN , which we refer to as the effective interaction, is invariant
under both� and� .

Claim I. Two relevant discrepancy modes before the transition.For � ! 1 and
p

�=� ! 0,
andu � uc(� ) (� 30:2 for � = � 0:3) the discrepancy takes the following form

� 2t (x ) = bH1 (x ) + cH3 (x ) (12)
whereb; c 2 R are someO(1) constant coef�cients. We comment thatub2 is proportional to the
emergent scale of Ref. Seroussi et al. (2023). For further detail see App. A.2.

Claim II. One-dimensional posterior weight distribution. In the same scaling limit,u � uc
the negative log probability (action in physics terminology) of weights along the teacher direction,
decouples from the rest of thew modes, and takes the following form

S[w � w � ] = d

0

B
@

(w � w � )2

2� 2
w

�
2n2� 2

a

�� 4dN
(w � w � )2

1 + 2
�

� 2
w + ( w � w � )2

�

0

@b�
2c(w � w � )2

1 + 2
�

� 2
w + ( w � w � )2

�

1

A

2
1

C
A

(13)
Notably, this expression reduces the high-dimensional network posterior into a scalar probability
involving only the relevant order parameter (� = w � w � ). We further note that all the expressions
in the brackets are invariant under� and� . Heuristically, this will also be the action for a small
� u after the phase transition since the resulting corrections to the discrepancy have a parametrically
small effect. For further detail see App. A.2.

Claim III. Exactness of Gaussian Mixture Approximation. In the same scaling limit, the proba-
bility described by the above action is exactly a mixture of Gaussians each centred around a global
minimum ofS.

Claim IV. First-order phase transition. For u < u c the only saddle is that at� = 0 . Exactly
at u = uc three saddles appear two of which are roughly at� = �j w� j2 = � 1. For some �nite
intervalu 2 [uc; uc + � u], these saddles stay degenerate inŜ value.

3.1.1 TEACHER-STUDENT EXPERIMENTAL RESULTS

Figure 2: GFL to GMFL-I Theory and Experiment in the teacher-student model. Panel (a)
and (b) show the negative log posterior before and after the phase transition induced by varying
the noise� 2. A good match with the experimental values (crosses) and theory (solid lines) for
rarer and rarer events is obtained as we scale up the model according to Table 1. (colour coding).
Turning to network outputs, panel (c) shows the expected phase transition in learning the cubic
teacher component and the inset shows the discrepancy in the linear teacher component. As our
analytics holds before and at the phase transitions, discrepancies in�f � H3 close to the transition are
an expected �nite-size effect made pronounced by its low absolute value.

To validate our theoretical approach, we trained an ensemble of 200 DNNs for different� = �
values using our Langevin dynamics at suf�ciently low learning rates and for a suf�ciently long
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time to ensure equilibration. Our initialN; d; � 2; � 2
a (i.e. at � = � = 1 ) were: N = 700; n =

3000; d = 150; � 2
w = 0 :5; � 2

a = 8=N and we took� = � 0:3. Our training ensemble consisted
of both different initialization seeds and different data-draw seeds. These, together with the neuron
indices associatedN , provided200N draws fromw � � w used for estimatedp(w ). The discrepancy
was estimated using a dot product of the outputs withH1=3(x) sampled over 3000 test points and
then averaged over the 50 seeds.

Our experimental results are given in Fig. 2. Panel (c) shows how the linear (inset) and cubic
target components learned, as a function of� 2. Notably, reducing� 2 is similar to increasingn,
hence one expects more feature learning at lower� 2. As we increase� = � (see color coding) a
sharp phase transition develops around� 2 = 0 :18 where the cubic component begins its approach
to the teacher's value (� ). Panels (a) and (b) track� log(p(w � w � )) at two points before and after
the phase transition, respectively. As� = � increases, the theory predicts a �nite probability for
�( w ) = w � w � � 1. This means that picking a random neuron has a �nite chance of �uctuating
around the teacher-aware minima. Such neurons are what we refer to as our droplets. All graphs
show a good agreement with theory as one scales up� = � before the transition. The remaining
discrepancies are attributed to �nite size (i.e. �nite�; � ) effects which, as expected, become more
noticeable near the transition.

The above experiment also points to some potentially powerful complexity aspects of feature learn-
ing. Notably, an FCN NNGP kernel induces a uniform prior over cubic polynomials (i.e. alll = 3
hyper-spherical harmonics). As there aren = O(d3) of those, it requiresn = 0 :5e + 6 datapoints
to learn such target components in our setting (see also Ref. Cohen et al. (2021)). Here this occurs
two orders of magnitudes earlier (n = 3000). This occurs because the complex prior induced by a
�nite DNN learns the features from the readily accessible linear components of the target and applies
them to the non-linear ones. Proving that such “assisted learning” of complex features changes the
sample complexity compared to NNGPs requires further work. In App. A.1 we provide an analytical
argument in support of this.

Table 1: Scaling laws

Model Width Input-dimension Data size Noise strength Weight decay
Polynomial regression N ! �N d !

p
�d n ! �n � 2 ! �

� � 2 � 2
a ! � 2

a=
p

�
Modular Theory N ! � 2N P !

p
�P P 2 ! �P 2 � 2 ! � 2=� � 2

a ! � 2
a=�

3.2 MODULAR ALGEBRA THEORY

Scaling setup and effective interaction.

Similar to the polynomial regression problem, we consider a scaling variable (� ) which we later
take to in�nity together, and consider scaling up the microscopic parameters. The precise scaling is
given in Table 1.

N ! � 2N P !
p

�P � 2
a ! � 2

a=� � 2 ! � 2=� (14)

Note that, here, we do not need additional scale for the continuum limit of the dataset, since the
continuum limit is taken by considering all combinations of data points. As before,� is a combina-
tion of mean-�eld scaling together with a thermodynamic/saddle-point limit. Notably, the following

combination (u) of hyperparameteru = 2� 2
a P 2

N� 4 , which we refer to as the effective interaction, is
invariant under� .

Problem Symmetries

The following symmetries ofS[w ] (which is also a function of�t ) help us decouple the posterior
probability distribution into its Fourier modes and simplify the problem considerably:

I. Taking[n; m] ! [(n + q) modP; (m + q0) modP], andf p ! f (p+ q+ q0) modP with q; q0 2 ZP

II. Taking[n; m] ! [qnmodP; qmmodP] andf p ! f qp modP for q 2 ZP but different than zero.

Claim I. Single discrepancy mode. Several outcomes of these symmetries are shown in App.
(B.1). First, we �nd that the adaptive GP kernelQ (given explicitly in Eq. 21) is diagonal in the
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basis� k;k 0(xn;m ) = P � 1e2�i (kn + k 0m )=P , wherek; k0 2 f 0; 1; :::; P � 1g. Considering eigenvalues,
the second symmetry implies that� k;k 0 would be degenerate with� ck;ck 0. For prime,P this implies,
in particular, that all� k;k eigenvectors withk > 0 have the same eigenvalue (� ). Notably, the target
itself is spanned by this degenerate subspace speci�cally

yp
nm = P � 1

P � 1X

k=1

e� i 2�kp=P ei 2�k (n + m )=P =

"
P � 1X

k=1

e� i 2�kp=P � k;k (xn;m )

#

(15)

As a result, one �nds that the target is always an eigenvector of the kernel and� 2�tp
mn = ayp

nm where
a 2 R. Thus there is only one mode of the discrepancy which is aligned with the target.

Claim II. Decoupled two-dimensional posterior weight distribution for each Fourier mode.
We decouple all the different �uctuating modes by utilizing again the symmetries of the problem
and making a judicial choice of the non-linear weight decay term (� ). To this end, we de�ne
the following Fourier transformed weight variables (wk ; vk ): wn =

P P � 1
k=0 wk e� 2 �ikn

P ; wm =
P P � 1

k=0 vk e� 2 �ikm
P which when placed into action yields

S[ŵ ] = P

" 
1
2

P � 1X

k=0

wk w� k +
1
2

P � 1X

k=0

vk v� k

!

�
2� 2

aa2P2

N� 4

P � 1X

k=1

wk w� k vk v� k

#

+ �[ w ] (16)

(see App. B.2) where apart from the non-linear weight-decay term, all differentk modes have been

decoupled. For simplicity, we next choose,�[ w ] =
P

k P 

6

�
(wk w� k )3 + ( vk v� k )3

�
. Here there

are technically two order parameters-� = wk w� k ; 	 = vk v� k , but from the symmetry of the
action, we obtain that the saddles occur only at points where� = 	 . We comment that the analysis
of a more natural weight decay terms such as

P
n w6

n + w6
m , using a certain GP mixture ansatz of

p(wi ) as an approximation, we obtained similar qualitative results.

Claim III. Exactness of Gaussian Mixture Approximation. Following the presence of a large
factor ofP in front of the action, the above non-linear action, perk� mode, can be analyzed using
standard saddle point treatment. Namely, treatingQ as a function ofa, and with it� , can be evaluated
through a saddle-point approximate on the probability associated with this action. In the limit of
� ! 1 , we obtain that this approximation is exact. Following, thisa can be calculated using the
GPR expression� � 2

� + � 2 , and in this limit the value of� can be computed exactly. Demanding this
latter value ofa matches the one in the action results in an equation fora.

Claim IV. First-order phase transition. Since the quadratic term is constant in the scaled action, as
long as no other saddles become degenerate (in action value) with the� = 	 = 0 saddle, the saddle-
point treatment truncates the action at this �rst term. By increasingu the quartic term becomes more
negative, and hence a �rst-order symmetry-breaking transition must occur at some critical value of
u. Past this point,a begins to diminish. If it will diminish too rapidly, the feedback on the action
will be such that it is no longer preferential fora to diminish, and thus a probability distribution
will have two degenerate minima at a zero and non zero value of� representing the GFML-I phase.
Further increasingu will break the degeneracy resulting in the global minimum of the log posterior
distribution being non trivial. Notablya measures the test-RMSE here, thus the fact that it remains
constant and suddenly begins to diminish can also be understood as Grokking.

3.2.1 MODULAR ALGEBRA NUMERICAL SIMULATIONS

Solving the implied equation fora numerically yields the full phase diagram here (see App. B.3 for
technical details of solution) supporting the assumptions inClaim IV . Fig. (3) plots the negative-
log-probability of weights for an arbitraryk taking� = 	 for simplicity, since at the global minima
this is anyways true. Here we increaseu by decreasing� 2 and �nd the action by solving the equation
for a(� 2) numerically. The� 6= 0 saddles are exponentially suppressed inP, yet nonetheless
become more probable as� 2 decreases. At around,� 2 � 0:227they come withinO(1) of the saddle
atSk (� = 0 ; 	 = 0) (O(1=P) in the plot, given the scaled y-axis). This marks the beginning of the
mixed phase (GMFL-I), wherein all action minima contribute in a non-negligible manner. Further,
in this phase, decreasing� 2 does not change the height of the� 6= 0 minima (see inset) in any
appreciable manner. Had we zoomed in further, we would see a very minor change to these saddle's
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height throughout the mixed phase, as they go from beingO(1) above the� = 0 saddle toO(1)
below that saddle at� 2 � 0:175, this is shown in the inset graph in Fig. (3). This latter point marks
the beginning of the GMFL-II phase, where it is the contribution of the minimum at� = 0 which
becomes exponentially suppressed inP. Notablya, which measures here the test-RSME, goes from
� 1 at the beginning of GMFL-I to� 0:7 at its end. Over this small interval of� 2 we observe a
30%reduction in the magnitude of the discrepancy which can be thought of as a manifestation of
Grokking.

Our analytical results are consistent with the experiments carried out in Ref. Gromov (2023). In-
deed, as we enter GMFL-I, weights sampled near the� ; 	 6= 0 saddle, correspond to the cosine
expressions forW (1)

k of that work. As our formalism marginalizes over readout layer weights, the
phase constraint suggested in their Eq. (12) becomes irrelevant, and both viewpoints retrieve the
freedom of choosing cosine phases. In our case, this stems from theU(1) � U(1) complex-phase
freedom in our choice of saddles at� ; 	 > 0.

Figure 3:GFL to GMFL-I to GMFL-II (a) Probability distribution of weights as predicted by our
approach. The GFL phase is represented by the red graphs, where the minimum of the action at zero
(shared also by the GP limit) dominates the probability distribution. The GMFL-I phase can be seen
in the inset graph, and the �nal GMFL-II phase is shown in purple.(b) The target component of the
average network output. Here singularities can be observed at the� 2 values where the phase transi-
tions occur. The Parameters taken in this calculation are:N = 1000; P = 401; � 2

a = 0 :002=N; 
 =
0:0001

4 DISCUSSION

In this work, we studied two different models exhibiting forms of Grokking and representa-
tion/feature learning. We argue that Grokking is a result of a �rst order phase transition. To analyze
this analytically, we extended the approach of Seroussi et al. (2023) to include mixtures of Gaussian.
The resulting framework led to concrete analytical predictions for rich feature learning effects expos-
ing, in particular, several phases of learning (GFL,GMFL-I,GMFL-II) in the thermodynamic/large-
scale limit. Our results also suggest that feature learning in �nite FCNs with mean-�eld scaling can
change the sample complexity compared to the associated NNGP. Certainly, these describe very dif-
ferent behavior compared to the recently explored kernel-scaling Li & Sompolinsky (2021); Ariosto
et al. (2022) approach, wherein feature learning amounts to a multiplicative factor in front of the
output kernel. A potential source of difference here is their use of standard scaling, however, this
remains to be explored.

As our results utilize a rather general formalism Seroussi et al. (2023), we believe they generalize
to deep networks and varying architecture. As such, they invite further examination of feature
learning in the wild from the prism of the latent kernel adaptation . Such efforts may provide, for
instance, potential measures of when a model is close to Grokking by tracking outliers in the weight
or pre-activation distributions along dominant kernel eigenvectors. As latent kernels essentially
provide a spectral decomposition of neuron variance, they may help place empirical observations on
neuron sensitivity and interpretability Zeiler & Fergus (2014) on �rmer analytical grounds. Finally,
they suggest novel ways of pruning and regulating networks by removing low-lying latent kernel
eigenvalues from internal representations.
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SUPPLEMENTARY MATERIAL

A TEACHER-STUDENT MODEL

A.1 SCALING LIMIT OF TEACHER-STUDENT MODEL AND SAMPLE COMPLEXITY ASPECTS

Here we detail the scaling limits in which we believe our results become exact. To this end, we �rst
point to the factors controlling the three approximations we employ and discuss scaling limits in
which these factors all vanish.

Our �rst approximation is the mean-�eld decoupling between the read-out layer and the input layer.
Speci�cally we follow Mei et al. (2018); Seroussi et al. (2023); Bordelon & Pehlevan (2022), and
introduce a mean-�eld scaling parameter� de�ne � 2

a = ~� 2
a=� (i.e. the microscopic variance of each

readout layer weight is~� 2
a=(�N ) and� 2 = ~� 2=� (i.e. the noise variance on the gradients is� 2).

Notably, sinceb; c/ � 2=[� 2 + K ] andK / � 2
a , we �nds that� has no effect onbor c. Examining

the action, this yields an additional constant factor of� in front of the non-linear term, as expected
since mean-�eld scaling increases feature learning. Taking� � 1 controls the accuracy of our
mean-�eld decoupling between the read-out and input layer.

Our second approximation is the continuum limit, where we trade summation over data-points with
integrals. This approximation is closely related to the EK approximation Rasmussen & Williams
(2005); Cohen et al. (2021). Takingn to be large while keepingn=(~� 2) � neff �xed, corrections to
this approximation scale as1=~� 2. Notably taking large~� 2 while keepingneff �x does not change
b; cor the action of the weights as the latter contains only the combinationn=~� 2.

The third approximation we carry is the saddle-point approximation or Gaussian-mixture approxi-
mation forp(w ). Examining our action

S [w ] = d

0

@jw j2

2� 2
w

�
2�n 2

eff~�
2
a

�dN
(w � w � )2

1 + 2 jw j2

 

b[neff=d] �
2c[� ] (w � w � )2

1 + 2 jw j2

! 2
1

A (1)

where we further indicated the dependencies ofb andc which arise through GPR,d comes out as
controlling the saddle point approximation, provided the other coef�cients in the action do not scale
down withd.

We thus �nd that the following family of scaling limits controlled by two scaling parameters (�; � !
1 ) ensuresS[w ] is exact and its saddle points dominatew

N ! �N (2)

d !
p

�d

� !
p

��

~� 2 !
�

p
�

~� 2 � 2 !
�
�

� 2

n ! n�

Notably increasing� makes the continuum approximation exact Cohen et al. (2021) whereas in-
creasing� makes both the saddle point and the mean-�eld decoupling exact. Furthermore, it can
be veri�ed that both� and� have no effect on~S and in particular keep the coef�cient in front of
the non-linear term invariant. The only con�ict between these two limits is in~� 2 hence we require
� 2 > � , but otherwise one is free to scale these up differently.

We conjecture that the teacher-student model has a better sample complexity than the in�nite-width
network described by the GP limit. Namely, the GP limit is able to learn the cubic target at,n / d3

whereas the former can reach good accuracy atn / d. Replacingn with the above,neff the latter is
implied by the linear scaling of andd; neff together with our analytical results, which show that the
cubic component is being learned. In general, reduction of complexity has been seen in the context
of Gradient descent in Bietti et al. (2022); Sarao Mannelli et al. (2020); Gamarnik et al. (2019) as
well as in online learning up to logarithmic factors Arous et al. (2021); Mousavi-Hosseini et al.
(2022); Tan & Vershynin (2019).
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Establishing this more rigorously requires showing thatn itself, and notn=~� 2 can be kept propor-
tional tod. Alternatively stated, that� can scale as

p
� while introducing corrections to the theory

proportional to
p

�=� , which one can then take to be as small as desired. This scenario seems to be
consistent with the corrections to EK derived in Ref. Cohen et al. (2021), which when evaluated in
simple settings (random data on a hypersphere and a rotationally invariant kernel) indeed show thatp

�=� controls corrections to EK.

A.2 CONTINUUM ACTION AND MODE DECOUPLING

Our �rst step here consists of removing the randomness induced by the speci�c choice of training
set. To this end, we consider taking a largen limit while keepingn=� 2 �xed. This has several
merits. At large,n it is natural to replace summations in Eq. (7) by integrals, which can be eval-
uated directly. Furthermore, in this limit, one obtains an analytical handle on Gaussian processes
regression via the equivalence kernel (EK) approximation Rasmussen & Williams (2005); Cohen
et al. (2021). Notably, previous works have found reasonable convergence to this approximation, in
similar scenarios to ours, for values as low asn = 100 and� 2 = 0 :1 Cohen et al. (2021). A key
element in the EK approximation is the spectrum of the kernel de�ned by

Z
d� zQ(x ; z)� � (z) = �� � (x ) (3)

where� z is the dataset measure, which corresponds here to i.i.d. standard Gaussians. Denoting by
g� the spectral decomposition of the target function on� � (x ), the GPR predictions (Eq. 9) are given
by

�f (x ) =
X

�

�
� + � 2=n

g� � � (x ) (4)

where �
� + � 2 =n are the learnability factors. Notably,n only enters through the combination,n=� 2

which we treat as the effective amount of data. Hence, we can control the amount of learning in two
equivalent ways, by either providing more data points or by reducing the noise.

The resulting limit also enables us to identify the two relevant directions in function space, being
H1(x ) andH3(x ). Speci�cally we argue that at larged the operatorQ(x ; y ) is block-diagonal
within the space spanned byH1(x ) andH3(x ). Since it acts on a target having support only on
H1(x ); H3(x ), this limits �f (x ) to this space and hence also�t(x ) = [ y(x ) � �f (x )]=� 2. Our claim is
shown to be self-consistent in App. A namely, that making this assumption results inQ and�t which
obey the same assumption. Operationally, we thus take the ansatz

� 2t (x ) = bH1 (x ) + cH3 (x ) (5)

whereb; c2 R are some unknown constant coef�cients. Later, we derive self-consistent equations
determining these constants. Given the above ansatz, we turn to the action in Eq. 7, take the
continuum approximation where

P n
� =1 ! n

R
d� y and �nd that the integral appearing in the action

can be solved exactly-t (x ) = bH1 (w � � x ) + cH3 (w � � x ), we can compute the action in the
continuum limit-

S �
d jw j2

2� 2
w

�
n2� 2

a

2N� 4

0

B
B
B
@

�
b� 3cjw � j2

� Z
d� x (w � � x ) � (w � x )

| {z }
I 0

+ c
Z

d� x (w � � x )3 � (w � x )
| {z }

I 1

1

C
C
C
A

2

(6)

= d

0

@jw j2

2� 2
w

�
2n2� 2

a

�dN� 4

(w � w � )2

1 + 2 jw j2

 

b�
2c(w � w � )2

1 + 2 jw j2

! 2
1

A

we the integralsI 0; I 1 are computed in App. A.4.

In principle, one could perform saddle point analysis in two variables. A simpli�cation can be made
by noting that the dominant �uctuations are in the direction ofw � . We are therefore projecting
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w into the subspace ofw � , such that,w = Pw ? w + P?
w � w, with Pw � = 1

jw � j2 w � (w � )T , and

Pw � = I d � P?
w � , Denote� = w � � w and� ? = jP?

w � wj the action is given by

S[w ] =
d

2� 2
w

� 2 +
d

2� 2
w

� 2
? �

4n2� 2
a

� 2N� 4

jw � j2 � 2

1 + 2 ( � 2 + � 2
? )

 

b�
2cjw � j2 � 2

1 + 2 ( � 2 + � 2
? )

! 2

; (7)

By concentration of the norm, we replace� ? by its average� 2
w yields the following action-

~S[w � w � ] = d

0

B
@

(w � w � )2

2� 2
w

�
2n2� 2

a

�� 4dN
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(8)

A.3 SOLVING THE EQUATIONS FORb; c

Since the kernel does not mix polynomials of higher order, we can write the GPR expression for
the mean network output in the function space spanned by the components of the target. Namely,
any function in this two-dimensional function space is given by a linear combination ofĤ1(x ) =
H1(x ); Ĥ3(x ) = 1p

6
H3(x ). The factor of 1p

6
results from the requirement that the basis of this

space will be normal. In this basis, the discrepancy and the target is given by,

t =
�

bp
6c

�
; y =

�
1p
6�

�
(9)

In this basis, the two dimensional kernel~Q is given by

~Q =
� R

d� x d� z Ĥ1 (x ) Q (x ; z) Ĥ1 (z)
R

d� x d� z Ĥ3 (x ) Q (x ; z) Ĥ1 (z)R
d� x d� z Ĥ1 (x ) Q (x ; z) Ĥ3 (z)

R
d� x d� z Ĥ3 (x ) Q (x ; z) Ĥ3 (z)

�
(10)

where� x is the standard Gaussian measure,Q is the mean continuum limit kernel de�ned as

Q (x ; z) = � 2
a

Z
e�S (w ;b;c)

Z
� (x � w ) � (z � w ) dw (11)

Next, we proceed by calculating the matrix element ofQ̂. As shown in the integral appendix A.4,
we have

Z
d� x Ĥ1 (x ) � (x � w ) =

2 (w � � w )
p

�

r �
1 + 2 jw j2

�

Z
d� x Ĥ3 (x ) � (x � w ) = �

4 (w � � w )3

p
6�

r �
1 + 2 jw j2

� 3

Since the �uctuations in the directions orthogonal tow � are small, the quantityjw j2 appearing in the

denominator can be approximated to(w � w � )2 + ( d � 1) � 2
w
d as explained in the main text. Since

we are taking large values ofd, then d� 1
d

�= 1. Additionally, we denoteq = w � w � , so that .

~Q =
� 2

a

Z

2

4

R 2q2 e�S ( q ;b;c )

� (1+2( q2 + � 2
w )) dq �

R 8q4 e�S ( q ;b;c )
p

6� (1+2( q2 + � 2
w )) 2 dq

�
R 8q4 e�S ( q ;b;c )

p
6� (1+2( q2 + � 2

w )) 2 dq
R 8q6 e�S ( q ;b;c )

3� (1+2( q2 + � 2
w )) 3 dq

3

5

WhereZ =
R

dqe�S (q;b;c) . These integrals are computed numerically, given,b; c to obtain self-
consistent equations. Thus,~Q is a function ofb; c, and on the other hand we can use~Q to obtain an
expression forb; cthrough the GPR formula in this two-dimensional subspace,

�
bp
6c

�
= t =

�
~Q +

� 2

n
I 2

� � 1

y =
�

~Q +
� 2

n
I 2

� � 1 �
1p
6�

�
(12)
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Using a saddle point approximation, the action can be expanded near it's minima to a quadratic
polynomial, in order to solve the integrals appearing in the matrix elements of~Q. This results in two
equations forb; cwhich can be solved numerically.

A.4 INTEGRAL CALCULATIONS FOR THE TEACHER-STUDENT MODEL

Here we compute the integral



(w � � x )2n +1 � (w � x )
�

x wherex � N (0; I d). This integral
appears both in the computation of the action and in the calculation of the matrix elements of~Q.
Denote-

I n �
1
Z

Z
dx e� 1

2 x 2
� (w � x ) (w � � x )2n +1 : (13)

WhereZ = (2 � )d=2 is a normalizing factor. This integral is given by

I n �
1
Z

Z
dx e� 1

2 x 2
� (w � x ) (w � � x )2n +1 (14)

=
2

p
�

w � w �
p

det (1 + 2ww T )

D
(w � � x )2n

E

N (0;(1+2 ww T ) � 1 )
+ 2n jw � j2 I n � 1

=
2

p
�

w � w �
q

1 + 2 jw j2

D
(w � � x )2n

E

N (0;(1+2 ww T ) � 1 )
+ 2n jw � j2 I n � 1

By Sherman Morrison's formula,

�
1 + 2ww T � � 1

= 1 �
2ww T

1 + 2 jw j2
: (15)

Therefore, a recursive expression forI n can be obtained in terms ofw andI n � 1

I n =
1
Z

Z
dx e� 1

2 x 2
� (w � x ) (w � � x )2n +1 (16)

=
2

p
�

w � w �
q

1 + 2 jw j2

D
(w � � x )2n

E

N (0;(1+2 ww T ) � 1 )
+ 2n jw � j2 I n � 1:

The casesn = 0 ; 1 are the ones used in this work. Forn = 0 the integral is simply-

I 0 =
2

p
�

w � w �
q

1 + 2 jw j2
: (17)

Forn = 1 the calculation is slightly more complicated. We have
D

(w � � x )2
E

=
X

ij

w0
i w

0
j hx i x j i =

X

ij

w0
i w

0
j

h�
1 + 2ww T � � 1

i

ij
(18)

=
X

ij

w0
i w

0
j

"

� ij �
2wi wj

1 + 2 jw j2

#

= jw � j2 �
2 (w � w � )2

1 + 2 jw j2
:

Which yield,

I 1 =
2

p
�

(w � w � )
r �

1 + 2 jw j2
�

 

3 jw � j2 �
2 (w � w � )2

1 + 2 jw j2

!

(19)
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B MODULAR ALGEBRA

B.1 MODULAR ALGEBRA KERNEL AND SYMMETRIES

We are �rst concerned with the spectral properties ofQnm;n 0m 0, the latter being the average of
~Qnm;n 0m 0 with respectS[w ]. To this end note some useful model symmetries that occur when
ntrain spans the entire training set. By symmetries here we mean that the training algorithm, neural
network, and the data-set are invariant remain invariant under the following transformations:

I. Taking[n; m] ! [(n + q) modP; (m + q0) modP], andf p ! f (p+ q+ q0) modP with q; q0 2
ZP

II. Taking[n; m] ! [qnmodP; qmmodP] andf p ! f qp modP for q 2 ZP but different than
zero.

Notably,Q does not contain any reference to a speci�c label (p). Hence, both these symmetries are
symmetries ofQ (both before and after any potential phase transition). Speci�cally, let us denote
by T1 (T2) the orthogonal transformation taking[n; m] ! [n + 1 ; m] modP ([n; m] ! [n; m +
1]modP) and byCq the transformation taking[n; m] ! [qn; qm] modP. Then the following
commutation relations holds,

[Q; T1] = [ Q; T2] = [ Q; Cq] = 0 (20)
[T1; T2] = 0

This implies thatQ; T1 andT2 can be diagonalized on the same basis. The Fourier basis (� k;k 0),
discussed in the main text, clearly diagonalizesT1 andT2 simultaneously. Furthermore, as no two
� k;k 0 share the same eigenvalues ofT1 andT2, each� k;k 0 must be an eigenfunction ofQ.

Next, we notice that since[Q; Cq] = 0 , Cq� k;k 0 must also be an eigenvector ofQ with the same
eigenvalue. However, since[T1;2; Cq] 6= 0 Cq shifts us between,� k;k 0 hence implying degenerates.
Based on the de�nition of the Fourier modes, we �ndCq� k;k 0 = � qk;qk 0 hence all pairs of momen-
tum (k; k0,g; g0) such thatk = qg; k0 = qg0 must have degenerate eigenvalues. Notably for prime
P for anyk; g 6= 0 there exists aq such thatqk = g. We furthermore note that an additional “�ip”
symmetry exists, implying thatk; k0 are associated with the same eigenvalue ask0; k.

The above results forQ hold exactly regardless of network width, noise, or other hyperparameters.
Next, we focus onQ at the NNGP limit (N ! 1 ), which according to our saddle-point treatment,
is also the kernel at any point before the phase transition (at largeP). Here we �nd an enhanced
symmetry which explains its poor performance. Indeed, before the phase transition, The kernelQ is
given

Qnm;n 0m 0 = � 2
a

�
K nm;nm K n 0m 0;n 0m 0 + 2K 2

nm;n 0m 0

�
(21)

K nm;n 0m 0 = h(Wn + Wm + P )(Wn 0 + Wm 0+ P )i w � N [0;I 2P � 2P ]

= � n;n 0 + � m + P;m 0+ P + � n;m 0+ P + � m + P;n 0

= � n;n 0 + � m;m 0

where we recall thatn; m 2 [0:::P � 1]. Given that, one can act with symmetry II separately on
each index. This extra symmetry implies, via the above arguments, that allk; k0, andq; q0 with
k = ck0 andq = c0q0 are equivalent. For prime,P this results in only 3 distinct eigenvalues - the
one associated withk; k0 = 0 ; 0, the one associated with all0; k 6= 0 andk 6= 0 ; 0 modes and the
one (� ) associated withk 6= 0 ; k0 6= 0 . Notably, the target is supported only on this last(P � 1)2-
dimensional degenerate subspace. The equal prior on(P � 1)2 eigenfunctions then impliesO(P2)
examples are needed for the GP to perform well on the task here, namely the entire multiplication
table.

B.2 FOURIER TRANSFORM OF THE ACTION

Here we compute the action in Fourier space without the weight decay term which appears in the
main text. To construct the Fourier transformed action, we start from the �uctuating kernel term (~Q)

5
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given by

� � 2
a

~Q =
PX

n;n 0=0

2P � 1X

m;m 0= P

(wm + wn )2 (wm 0 + wn 0)2 jn; mi hn0; m0j (22)

where we have used physics-style bra-ket notation to denote the basis on which the operator~Q is
presented. For instance,~Qn 0 m 0 ;n 0

0 m 0
0

is given by acting withhn0; m0j from the left andjn0
0; m0

0i
from the right and usinghn0; m0jn1; m1i = � n 0 ;n 1 � m 0 ;m 1 .

Based on the symmetries of the problem we consider the following coordinate transformation

wm 7!
P � 1X

k=0

wk e� 2 �i
P kn ; wn 7!

P � 1X

k=0

vk e� 2 �i
P km (23)

Substituting this in the equation for~Q:

~Q =
X

kk 0qq0

X

m;n

�
wk e� 2 �i

P kn + vk e� 2 �i
P km

� �
wk 0e� 2 �i

P k 0n + vk 0e� 2 �i
P k 0m

�
jn; mi

| {z }
J

(24)

�
X

m 0;n 0

�
wqe

2 �i
P qn0

+ vqe
2 �i
P qm 0

� �
wq0e

2 �i
P q0n 0

+ vq0e
2 �i
P q0m 0

�
hn0; m0j

| {z }
J 0

Where we can simplify further

J =
X

mn

�
wk wk 0e� 2 �i

P (k+ k 0)n + vk vk 0e� 2 �i
P (k+ k 0)m + wk 0vk e� 2 �i

P (k 0n + km ) + wk vk 0e� 2 �i
P (kn + k 0m )

�
jn; mi

(25)

� P (wk wk 0 jk + k0; 0i + vk vk 0 j0; k + k0i + wk vk 0 jk; k0i + wk 0vk jk0; ki ) ;

(which also serves as the de�nition of the Fourier transformed bra-ket notation) and similarly for the
conjugated term:

J 0 = P (h� q;� q0j wqvq0 + h� q0; � qj wq0vq + h� (q + q0) ; 0j wqwq0 + h0; � (q + q0)j vqvq0)
(26)

We next turn to the quadratic term

P � 1X

n =0

w2
n =

P � 1X

n =0

P � 1X

k;k 0=0

wk wk 0e
2 �i
P (k+ k 0)n (27)

= P
P � 1X

k=0

wk w� k ;

using
P P � 1

n =0 e
2 �i
P (k+ k 0)n = P � k; � k . The quadratic term in the action (main text equation 3.2)jw j2

is given by

jw j2 =
P � 1X

n =0

w2
n +

2P � 1X

m = P

w2
m = P

 
P � 1X

k=0

wk w� k +
P � 1X

k=0

vk v� k

!

(28)

The target can be also expressed in terms of the Fourier basis, noting that the mode zero is zero for
P prime

yp
nm = P � 1

P � 1X

k=1

e� i 2�kp=P ei 2�k (n + m )=P = hn; mj
P � 1X

q=1

e� 2�iqp=P jq; qi (29)
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The remaining term in the action (main text equation 23) following the anzats� 2t = ay, and
considering the whole dataset. the involves the kernel and is given by

X

p;mn;m 0n 0

yp
nm yp

n 0m 0
~Qnmn 0m 0 (30)

=
X

p;mn;m 0n 0

hn; mj
P � 1X

q=1

e� 2�iqp=P jq; qi hn0; m0j
X

q0

e2�iq 0p=P jq0; q0i ~Qnmn 0m 0

=
X

mn;m 0n 0

P � 1X

q;q0=1

hn; m j q; qi hn0; m0 j q0; q0i ~Qnn 0mm 0

X

p

e� 2�i (q0� q)p=P

= P
X

mn;m 0n 0

X

q;q0

hn; m j q; qi hn0; m0 j q0; q0i ~Qnn 0mm 0� q;q0

= P
X

q

hq; qj

2

4
X

mn;m 0n 0

~Qnn 0mm 0 jn; mi hn0; m0j

3

5 jq; qi

= P
P � 1X

q=1

hq; qj ~Q jq; qi

Note that the chosen basis is orthonormal, so thatht j ki = � k;t and thus all terms withj0i vanish
and, and we are left with-

P
P � 1X

t =1

ht; t j ~Q jt; t i (31)

= P3
X

kk 0qq0

P � 1X

t =1

ht; t j (wk vk 0 jk; k0i + wk 0vk jk0; ki ) (wqvq0 h� q;� q0j + wq0vq h� q0; � qj) jt; t i

= P3
X

kk 0qq0

P � 1X

t =1

(wk vk 0� k;t � k 0;t + wk 0vk � k;t � k 0;t ) (wqvq0� � q;t � � q0;t + wq0vq� � q;t � � q0;t )

= 4P3
P � 1X

t =1

wt vt w� t v� t :

The action in Fourier space is then given by

S[ŵ ] = P

" 
1
2

P � 1X

k=0

wk w� k +
1
2

P � 1X

k=0

vk v� k

!

�
2� 2

aa2P2

N� 4

P � 1X

k=1

wk w� k vk v� k

#

: (32)

Note that since the weights are all real, the Fourier transforms obeywk = w� k ; we can therefore
rewriteS in terms of the parametersjwk j ; jvk j

S [ŵ ] = P

"
1
2

P � 1X

k=0

�
jwk j2 + jvk j2

�
�

2� 2
aa2P2

N� 4

P � 1X

k=1

jwk j2 jvk j2
#

: (33)

So that the action can be separated into independent actionsSk that each depend on different values
of k

S[ŵ ] =
P � 1X

k6=0

P
�

1
2

�
jwk j2 + jvk j2

�
�

2� 2
aa2P2

N� 4 jwk j2 jvk j2
�

+
1
2

�
jw0j2 + jv0j2

�

� S 0(jw0j ; jv0j) +
P � 1X

k6=0

Sk (jwk j ; jvk j) (34)

7
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B.3 SOLVING THE EQUATION FORa

As done in the teacher-student model, obtaining a self-consistent equation for the discrepancy re-
quires averaging the kernel with respect to the weights. Here,~Q is given by-

~Q =
X

k;k 0;q;q0

(wk wk 0 jk + k0; 0i + vk vk 0 j0; k + k0i + wk vk 0 jk; k0i + wk 0vk jk0; ki ) � (35)

� (h� q;� q0j wqvq0 + h� q0; � qj wq0vq + h� (q + q0) ; 0j wqwq0 + h0; � (q + q0)j vqvq0)

Since the action in Fourier space depends only on the magnitude of the weights and not on the
phase, we deduce that the phases are uniformly distributed on the unit circle and are independent of
the magnitudes. There are multiple types of terms that appear in~Q, and we will calculate each part
individually:

1. For terms of the form- wk vk 0wqvq0, we have-hwk vk 0wqvq0i =

hjwk j j vk 0j jwqj j vq0ji
D

ei ( � k + � q + � k 0+ � q0)
E

. Since the phases ofv; w are indepen-

dents, then
D

ei ( � k + � q + � k 0+ � q0)
E

=


ei ( � k + � q )

� D
ei ( � k 0+ � q0)

E
. If q 6= � k then



ei ( � k + � q )

�
=



ei� k

� 

ei� q

�
and since the phases are uniformly distributed over[0; 2� ]

these averages vanish and ifq = k then


ei ( � k + � q )

�
=



e2i� k

�
which vanishes too,

so that


ei ( � k + � q )

�
= � k; � q. Similarly,

D
ei ( � k 0+ � q0)

E
= � k 0;� q0.Thus, we have-

hwk vk 0wqvq0i = � k 0;� q0� k; � q

D
jwk j2 jvk 0j2

E

2. For terms such as-hwk wk 0wqvq0i , by averaging over the phases ofvq0 the term vanishes,
and similarly terms likehwk vk 0vqvq0i vanish.

3. We are left with terms of the form-hwk wk 0wqwq0i , for this not to vanish, we require� k +
� q + � k 0 + � q0 = 0 so that eitherk = � k0 andq = � q0 , k = � q andk0 = � q0 or
k = � q0; k0 = � q. The same is true forhvk vk 0vqvq0i .

In conclusion, the average kernel is given by-

� � 2
a Q =

P � 1X

k;k 0=0

D
jwk j2 jvk 0j2

E
jk; k0i hk; k0j (36)

+
P � 1X

k;k 0=0

D
jwk j2 jwk 0j2

E
(2 jk + k0; 0i hk + k0; 0j + j0; 0i h0; 0j)

+
P � 1X

k;k 0=0

D
jvk j2 jvk 0j2

E
(2 j0; k + k0i h0; k + k0j + j0; 0i h0; 0j)

Since the target has noj0i component, it is orthogonal to the vectorshk + k0; 0j ; h0; k + k0j and
h0; 0j so that these terms don't contribute whenQ acts on the target. We are left with-

� � 2
a Qy p =

P � 1X

t =1

e
2 �i
P pt Q jt; t i =

P � 1X

t =1

e
2 �i
P pt

P � 1X

k;k 0=0

D
jwk j2 jvk 0j2

E
jk; k0i � t;k � t;k 0 (37)

=
P � 1X

k=1

e
2 �i
P pk

D
jwk j2 jvk j2

E
jk; ki = � � 2

a � y P

Since for allk 6= 0 the actions are identical, the mean

� = � 2
a

D
jwk j2 jvk j2

E
= � 2

a

R�
jwk j2 jvk j2

�
e� Sk ( jwk j ;j vk j ;a)

R
e� Sk ( jwk j ;j vk j ;a)

;
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is a constant function ofa for everyk. Thus, it can be deduced that the target in an eigenvector ofQ,
with an eigenvalue� . A self-consistent equation fora is obtained using the GPR formula, where-

a = �
� 2

� (a) + � 2 (38)

B.4 CALCULATING THE EIGENVALUE OF THE TARGET

In the limit of P � 1, the quantity
D

jwk j2 jvk j2
E

can be estimated using a saddle point approxima-

tion. The minimum of the action can be found by minimizing with respect tojwk j ; jvk j-

0 = jwk j �
8� 2

aa2P
N� 4 jwk j j vk j2 + � jwk j5 (39)

= jwk j
�

1 �
8� 2

aa2P
N� 4 jvk j2 + � jwk j4

�

0 = jvk j �
8� 2

aa2P
N� 4 jwk j2 jvk j + � jvk j5 (40)

= jvk j
�

1 �
8� 2

aa2P
N� 4 jwk j2 + � jvk j4

�

If jwk j ; jvk j are both nonzero, then from symmetry we assume thatjwk j2 = jvk j2, so that

jvk j2 = jwk j2 =
1



0

@2� 2
aa2P2

N� 4 �

s �
2� 2

aa2P2

N� 4

� 2

� 


1

A := w2
�

If jwk j = 0 then eitherjvk j = 0 or (� 
 ) � 1
4 , but since we chose a positive
 this is not possible.

Similarly choosingjvk j = 0 results injwk j = 0 so that either both are zero, or we have-jvk j2 =
jwk j2 = w2

� . Using saddle point approximation, we have fork 6= 0

P (jwk j ; jvk j) =
4e� Sk (w+ ;w + ) � (jwk j � w+ ) � (jvk j � w+ ) + � (jwk j) � (jvk j)

1 + 4e� Sk (w+ ;w + )
(41)

In principle the leading order �uctuations near zero should appear in the probability distribution.
However, this term can be discarded since the �uctuations inwk ; vk are of orderP � 1 and so this
contributes to� terms of orderP � 2 so these are higher order corrections and can be ignored. With
this discrete probability distribution, the matrix elements ofQ can be computed as follows

D
jwk j2 jvk j2

E
=

4w4
+ e�S k (w+ ;w + )

1 + 4e�S k (w+ ;w + )
(42)

C EXPERIMENTAL SETUP

Networks were trained for 360000 epochs, with lr2 � 10� 3 with varying noise and as detailed in
the graphs. The networks were trained on 50 different randomly generated datasets, with at least
4 different networks trained on each dataset. Parameters of the networks for the� = 1 case were
given by-

N = 700; n = 3000; d = 150; � 2
w = 0 :5; ~� 2

a = 8 ; � = � 0:3 (43)

with � 2 2 f 0:1; 0:15; 0:2; 0:25; 0:3g. This was repeated for� = 1=8; 1=2; 2 and in each case took
� = � . The error bars on the negative log posterior plots were calculated by dividing up the set of
200 trained networks into 5 subsets and computing the histogram of the weights in thew � direction
in each subset. The error was obtained by dividing the std of the different histograms by the square
root of the number of samples per ensemble. In the calculation for the average network output, the
value forb; cwas computed as an average over the different datasets, and the error is given by the
std divided by the number of ensembles.
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D TIME DEPENDENT GROKKING

The equations appearing in section [3] rely on the equivalent kernel (EK) approximation, where the
number of data points is taken to infinity, allowing the substitution of summations with integrals.
This approximation captures the underlying feature learning aspect of Grokking, but phenomena
resulting from differences between the train and the test data such as delayed generalization remain
obscured. Here we provide numerical evidence that, away from the EK limit (i.e. for finite datasets
and finite GPR noise) the phase transition behavior we predicted using EK persists and becomes
accompanied by the expected generalization behavior of models which Grok.

To showcase this, we demonstrate experimentally in the teacher student setup, that for finite sized
datasets the qualitative phenomena described in the EK limit hold as well. Namely, a first order
phase transition into a GMFL phase is observed also for networks not in the EK limit. Moreover, in
this case delayed generalization between the train and test data is observed during training.

Here we study the teacher-student setup, we train an ensemble of 50 networks for 7 � 106 epochs,
each with:

n = 600; d = 150 � = �1:2 (44)

�2 = 0:05; �2
a = 0:011; �2

w = 0:5

We drive a phase transition by reducing the width of the network, N , from N = 2800 to N = 700
as done in Gromov (2023). As the width of the network approaches infinity the network would not
learn the cubic component as these require n / d3 Cohen et al. (2021). Lowering the width of
the network allows the network to learn the cubic component. We comment that opposed to the
experiments shown in fig. (3), we do not use �2 to drive the phase transition, since taking vanishing
values of �2 puts us in the EK limit, and for large values of �2 the network would fail to learn both
train and test, artificially minimizing the difference between the two.

Figure 4: Phase transition to GMFL-I phase for networks trained on finite sized data sets. Here
we use N to drive the phase transition, and observe that for the smaller Ns two new local minima
appear in the action, which become more significant by decreasing the width.

Our experimental results are given in Figs. 4,5 and 6. Fig. 4 tracks the action S, where S =
� log(p(w �w∗)) for different values of N : before the phase transition (N = 2800) shortly after the
phase transition (N = 1400) and into the GMFL-I phase (N = 700). The error bars were computed
by calculating the action for five subsets of the ensemble separately. The phase transition appearing
here is also a first order phase transition, as demonstrated above for the EK limit.
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