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Abstract

Chain-of-thought prompting elicits multi-step rea-
soning from large language models, yet existing
approaches treat confidence at each step as an
independent signal. This independence assump-
tion contradicts the autoregressive generation pro-
cess, wherein errors at early steps propagate for-
ward and corrupt downstream outputs, creating
epistemic blind spots where a model appears lo-
cally certain but is globally unreliable, motivating
sequence-level probabilistic inference over rea-
soning chains. We introduce Probabilistic Chain-
of-Thought (PCoT), which models a reasoning
chain as a Hidden Markov Model over latent step
correctness and performs exact posterior infer-
ence via the forward-backward algorithm. PCoT
yields a principled answer confidence Cfinal and
a posterior-driven reflection policy that outper-
forms raw-score threshold rules under the model.
On MATH and GSM8K, PCoT reduces Expected
Calibration Error by 74% over the best heuristic
baseline and improves accuracy by 14.7 percent-
age points at a 2× token budget, while remaining
robust across three confidence estimators. Our
analysis of sequential contamination—whereby a
single upstream error suppresses posteriors of all
downstream steps— provides a formal explana-
tion for why point-wise step scoring is insufficient
for reliable reasoning evaluation.

1. Introduction
Chain-of-thought (CoT) prompting (Wei et al., 2022) has be-
come a dominant paradigm for eliciting structured reasoning
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from large language models (LLMs), with demonstrated ef-
fectiveness across arithmetic (Cobbe et al., 2021), symbolic
(Lightman et al., 2023), and commonsense tasks (Wang
et al., 2023). Despite these advances, a fundamental gap
persists: how should we aggregate step-level confidence
scores to form a reliable answer-level confidence, and when
should the model reflect and resample a step?

Existing approaches treat individual step scores as indepen-
dent signals and combine them via heuristics—products,
minima, or position-weighted sums (Kadavath et al., 2022;
Xiong et al., 2024). This independence assumption is in-
consistent with autoregressive generation: step si is condi-
tioned on all prior steps (x, s1, . . . , si−1), so an error at step
j shifts the distribution over all subsequent steps sk, k > j.
Treating step scores as independent therefore yields mis-
calibrated aggregate confidence and suboptimal reflection
decisions.

Beyond calibration, sequential error propagation is a fail-
ure of compositional generalization: each step must cor-
rectly compose the intermediate results of prior steps, so a
single local error corrupts every downstream composition
even when those steps appear locally correct. PCoT di-
rectly models this failure mode via the HMM transition ker-
nel, and Proposition 3.4 formalizes why point-wise scoring
cannot detect it. This structure also enables a tight theory–
benchmark connection: each component of the model yields
a falsifiable prediction (P1–P5), allowing direct empirical
validation of the theoretical assumptions. Contributions.
We present PCoT, a framework with four interlocking con-
tributions. (1) Sequential Bayesian model. We model
the joint distribution over latent step-correctness variables
Z = (Z1, . . . , Zn) as a first-order Hidden Markov Model
(HMM) with Beta emission distributions, estimated from
PRM800K annotations (Lightman et al., 2023). (2) Ex-
act posterior inference. The forward-backward algorithm
yields marginal posteriors πi = P (Zi = 1 | c) in O(n)
time, accounting for all upstream and downstream evidence
simultaneously. (3) Principled answer confidence. Cfinal

is the posterior probability of the all-correct path; unlike
heuristic rules, it has a valid probabilistic interpretation and
achieves lower ECE. (4) Posterior-driven reflection. We
derive the optimal reflection threshold τ∗i in closed form
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(Proposition 3.5) and show it is position-dependent and
superior to any raw-score threshold under the model (Propo-
sition 3.6).

2. Related Work
Process reward models. Lightman et al. (2023) introduced
PRM800K and showed that step-level process reward mod-
els (PRMs) outperform outcome reward models for best-of-
N verification. Subsequent PRM training objectives (Luo
et al., 2024) and generalisation analyses treat step scores
as independent; PCoT explicitly models sequential depen-
dence between step-correctness variables via a structured
latent-state model.

Self-consistency and reflection. Wang et al. (2023) ag-
gregate multiple sampled chains via majority voting. Self-
refinement (Madaan et al., 2023) conditions the model on its
own outputs to iteratively improve them. Neither approach
models error propagation across steps or derives a principled
intervention policy.

Uncertainty and calibration in LLMs. Kadavath et al.
(2022) demonstrated reasonable factual calibration via self-
assessment. Xiong et al. (2024) survey verbalized, token-
probability, and consistency-based estimators. Quantile-
regression recalibration (Kuleshov et al., 2018) is adopted
as a preprocessing step. All prior work operates at the step
level; PCoT is the first framework to apply sequence-level
posterior inference to calibrate reasoning chain confidence.

HMMs for sequential NLP. Hidden Markov Models are
classical tools for sequence labeling (Rabiner, 1989), and
linear-chain structured models more broadly underpin CRFs
and related sequence inference frameworks. Their applica-
tion to latent correctness in LLM reasoning chains — where
emissions are calibrated confidence scores rather than ob-
served tokens — is novel.

3. Theory
3.1. Setup and Notation

Let S = (s1, . . . , sn) be a reasoning chain produced au-
toregressively by a language modelM given input problem
x. Let y be the model’s final answer and y∗ the ground
truth. Each step carries a latent binary correctness vari-
able Zi ∈ {0, 1}, where Zi = 1 denotes correctness per
human annotation (Lightman et al., 2023). Let ci ∈ [0, 1]
be the observed confidence score for si produced by esti-
mator ĉ after post-hoc quantile-regression (QR) recalibra-
tion (Kuleshov et al., 2018). Write Z = (Z1, . . . , Zn) and
c = (c1, . . . , cn).

3.2. Step-Level Calibration

Definition 3.1 (Step-Level Calibration). An estimator ĉ :
si 7→ [0, 1] is step-level calibrated if P (Zi = 1 | ĉ(si) =
p) = p for all p ∈ [0, 1].

We measure deviation via the Expected Calibration Error
over B bins:

ECE =

B∑
b=1

|b|
N

∣∣acc(b)− c̄(b)
∣∣, (1)

where acc(b) = 1
|b|

∑
i∈b Zi and c̄(b) is the mean confi-

dence in bin b. Labels Zi are sourced from PRM800K. ECE
is computed separately per step type (algebraic vs. inferen-
tial) to avoid masking poor calibration on soft inferential
steps with well-calibrated algebraic ones.

3.3. Sequential Bayesian Model

Motivation. We emphasise that the model below is a deliber-
ate approximation: it trades fidelity for tractability and inter-
pretability. The goal is not to faithfully model all aspects of
reasoning, but to capture the dominant sequential structure
in a form that admits exact inference and empirical valida-
tion. Since si is generated conditioned on (x, s1, . . . , si−1),

P (Zi | Z1:i−1, x) ̸= P (Zi | x), (2)

so errors in early steps shift the distribution of subsequent
steps. Treating step correctness as independent discards this
dependence and leads to miscalibrated uncertainty.

Graphical model. We adopt the factorisation

P (Z, Y | x) = P (Z1 | x)
n∏

i=2

P (Zi | Zi−1, x)·P (Y | Z, x),

(3)
which is a first-order HMM over latent correctness states
Zi, with observed confidence scores ci as emissions. We
set P (Y = y∗ | Z, x) = 1[Zn = 1]. This is a simplifying
terminal-state assumption that treats final answer correct-
ness as determined by the last reasoning state; richer answer
models, such as depending on multiple steps or majority cor-
rectness across the chain, are natural extensions for future
work. Emission model. Confidence scores are bounded in
[0, 1], making the Beta family a natural choice:

ci | Zi = 1 ∼ Beta(α1, β1), (4)
ci | Zi = 0 ∼ Beta(α0, β0), (5)

with α1 > β1 (correct steps produce high confidence) and
α0 < β0 (incorrect steps produce low confidence). Param-
eters (α0, β0, α1, β1) are estimated from QR-recalibrated
scores in PRM800K, ensuring consistency between the cali-
bration preprocessing and the emission model. Note: αi(z)
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denotes the HMM forward variable (Section 3.4); α0, α1 de-
note Beta shape parameters. Context disambiguates through-
out. Transition model. Error propagation is encoded as

P (Zi = 1 | Zi−1 = z) =

{
λ z = 1

ϵ z = 0,
(6)

where λ ∈ (0, 1] is the persistence probability of correctness
and ϵ ∈ [0, 1) is the error-recovery probability, with λ > ϵ.
Both are estimated from data. The prior π0 = P (Z1 = 1 |
x) is set to the empirical fraction of correct first steps.
Remark 3.2 (Binary Correctness). We adopt Zi ∈ {0, 1} as
a tractable first-order model. The framework extends natu-
rally to ordinal correctness Zi ∈ {0, . . . ,K} with forward-
backward remaining exact in O(n(K+1)2); we leave multi-
state extensions to future work.
Remark 3.3 (First-Order Approximation). The factorisation
in Eq. (3) assumes P (Zi | Z1:i−1, x) ≈ P (Zi | Zi−1, x).
This is justified on tractability grounds (exact inference
in O(n) vs. intractable full dependence) and identifiabil-
ity grounds (estimating P (Zi | Z1:i−1) requires 2i−1 con-
figurations). We validate the approximation empirically
by showing that posteriors πi improve calibration over
independence-based baselines (Section 5).

3.4. Posterior Inference via Forward-Backward

The central inference task is computing P (Zi = 1 | c)
for all i. Because Eq. (3) is a linear-chain HMM, exact
inference runs in O(n) via the forward-backward algorithm.

Forward pass. Define αi(z) = P (Zi = z, c1, . . . , ci):

αi(z) = P (ci | Zi = z)
∑
z′

P (Zi = z | Zi−1 = z′)αi−1(z
′),

(7)
with α1(z) = P (c1 | Z1 = z)P (Z1 = z | x).

Backward pass. Define βi(z) = P (ci+1, . . . , cn | Zi =
z):

βi(z) =
∑
z′

P (Zi+1=z′ | Zi=z)P (ci+1 | Zi+1=z′)βi+1(z
′),

(8)
with βn(z) = 1.

Marginal posteriors.

πi := P (Zi = 1 | c) = αi(1)βi(1)

αi(0)βi(0) + αi(1)βi(1)
. (9)

Unlike ci, the posterior πi incorporates all observed
evidence— upstream via αi and downstream via βi.

Proposition 3.4 (Sequential Contamination). Under the
emission model in Eqs. (4)–(5) and transition model Eq. (6)
with λ > ϵ, for any j < k,

P (Zk=1 | cj=δ, c−j) ≤ P (Zk=1 | c−j) (10)

whenever P (cj = δ | Zj = 0) > P (cj = δ | Zj = 1),
where c−j denotes all confidence scores except cj .

Proof. Part 1 (belief update at j). When the likelihood
condition holds, Bayes’ rule implies the observation cj = δ
shifts posterior mass from Zj = 1 toward Zj = 0: the ratio
P (Zj=0|cj ,c−j)
P (Zj=1|cj ,c−j)

increases relative to the same ratio under
c−j alone.

Part 2 (propagation to k > j). Decompose:

P (Zk=1 | cj , c−j) = P (Zk=1 | Zj=1, c−j)P (Zj=1 | cj , c−j)

+ P (Zk=1 | Zj=0, c−j)P (Zj=0 | cj , c−j).

Under Eq. (6) with λ > ϵ, starting from Zj = 1 yields
weakly higher probability of reaching Zk = 1 than starting
from Zj = 0 for any k > j. Hence P (Zk = 1 | Zj =
1, c−j) ≥ P (Zk = 1 | Zj = 0, c−j). Part 1 shifts weight
from the larger to the smaller term; the weighted sum there-
fore decreases.

This proposition formalises why independent step-by-step
thresholding is insufficient: a locally confident step k may
be epistemically unreliable if an earlier step j was erroneous,
creating an unknown unknown that point-wise scoring can-
not detect.

3.5. Uncertainty Propagation to Answer Confidence

We define the conservative answer confidence as the poste-
rior probability that the all-correct path was taken:

Cfinal := P (Z1:n=1 | c) =
π0 · λn−1 ·

∏n
i=1 P (ci | Zi=1)

αn(0) + αn(1)
.

(11)
This is exact under the model and runs in O(n) time. Unlike
heuristic aggregations (

∏
i ci, mini ci, position-weighted

sums), Cfinal has a valid probabilistic interpretation: up-
stream uncertainty propagates through the transition ker-
nel, so early epistemic failures penalise Cfinal more than
late ones. We note that Cfinal is conservative relative to
P (Zn = 1 | c); it is appropriate when PRM800K step la-
bels are predictive of final answer correctness, which we
treat as an empirical assumption validated via P1.

3.6. Posterior-Driven Reflection

Reflection as resampling. Discarding si and resampling
s′i ∼ M(x, s1, . . . , si−1) induces a fresh draw Z ′

i from
the transition distribution, conditioned on prior context but
independent of the discarded si. Within the HMM DAG in
Eq. (3), this is equivalent to removing the edge Zi−1 → Zi

and replacing Zi with Z ′
i—a form of graph surgery (Pearl,

2009) applied to the latent-state layer. We do not claim a
full structural causal model of the text generation process;
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the intervention is defined purely at the level of the latent
correctness variables Zi. Under stationary transitions and
after discarding downstream observations:

P (Zk = 1 | Zi = 1, c<i) = λk−i, k > i, (12)

Reflection policy. Decisions are made greedily in for-
ward order. When step i is reflected, si is resampled from
M(x, S<i) and all downstream steps si+1, . . . , sn are re-
generated from the updated prefix. The backward pass is
then rerun over the full updated chain before proceeding
to step i+ 1. Regenerated downstream tokens are counted
toward the token budget B. This maintains posterior consis-
tency at each decision point and is a natural fit given that ∆i

is largest for early steps (Remark 3.7). Downstream value.
Define

∆i :=

n∑
k=i+1

[
P (Zk = 1 | Zi = 1, c<i)−P (Zk = 1 | c≤i)

]
.

(13)
The expected gain from reflecting at step i, net of token cost
kref , is

EVref(i) = (1− πi) · Prec(i) ·∆i − kref . (14)

Proposition 3.5 (Model-Optimal Reflection Threshold). Re-
flecting at step i has positive expected value if and only if

πi < 1− kref
Prec(i) ·∆i

=: τ∗i . (15)

Moreover, τ∗i ∈ (0, 1) iff Prec(i) ·∆i > kref .

Proof. Setting EVref(i) > 0 in Eq. (14) and rearranging
yields Eq. (15). The bound τ∗i ∈ (0, 1) follows directly
from kref/(Prec(i) ·∆i) < 1.

Proposition 3.6 (Posterior Determines Optimal Decisions).
The posterior πi = P (Zi = 1 | c) fully determines the
optimal reflection decision under the model, whereas the
raw score ci does not. There exist observation sequences
c and c′ such that ci = c′i but πi ̸= π′

i, implying different
optimal decisions under Proposition 3.5.

Proof. The expected value EVref(i) depends on πi, which
is computed from the full sequence c via forward-backward
inference. Since πi incorporates observations beyond step
i, the mapping ci 7→ πi is not injective: two chains sharing
ci but differing elsewhere in c will generally yield different
posteriors.

Remark 3.7 (Position Dependence). Under the stationary
transition model and slowly varying Prec(i), the first term
of ∆i =

∑n
k=i+1[λ

k−i − P (Zk = 1 | c≤i)] sums λ +

λ2 + · · ·+λn−i, which strictly decreases with i since fewer

terms remain and λ < 1. Whether the full ∆i decreases
depends on the second term, which is data-dependent; we
verify the trend empirically in Section 5.4. Consequently τ∗i
generally decreases with i, making PCoT more aggressive
about reflecting early.

Proposition 3.8 (Recovery Probability Estimate). Under
the assumption that reflection follows the same generative
process as initial sampling,

P̂rec(i) = λ · πi−1 + ϵ · (1− πi−1), (16)

where πi−1 = P (Zi−1 = 1 | c<i).

Proof. Reflection resamples s′i conditioned on
(x, s1, . . . , si−1), inducing a fresh draw Z ′

i. Un-
der Eq. (6), P (Z ′

i = 1 | Zi−1 = 1) = λ and
P (Z ′

i = 1 | Zi−1 = 0) = ϵ. Marginalising over Zi−1 using
its posterior πi−1 yields the result.

3.7. Theoretical Predictions

The theory generates five falsifiable predictions, each di-
rectly testable in the experiments of Section 5.

P1. Cfinal achieves lower ECE than all tested heuristic ag-
gregation baselines.

P2. Steps with high ci but low πi (due to upstream errors)
predict final answer incorrectness more reliably than
ci alone.

P3. Reflection triggered by πi < τ∗i achieves higher ac-
curacy at equal token cost than any fixed raw-score
threshold.

P4. ∆i decreases empirically with step position i.

P5. Framework performance is robust across confidence
estimators V (verbalized), P (token log-prob), and MC
(Monte Carlo self-consistency).

4. Experimental Setup
Datasets. We evaluate on three benchmarks: PRM800K
(Lightman et al., 2023) (mathematical reasoning with step-
level annotations; 12K/3K train/test problems), MATH
(Hendrycks et al., 2021) (5-level difficulty; 7.5K test
problems), and GSM8K (Cobbe et al., 2021) (grade-
school arithmetic; 1.32K test problems). HMM pa-
rameters are estimated on the PRM800K training split;
all evaluation is on held-out test splits. We treat
the emission and transition parameters estimated from
PRM800K as a domain-transferable approximation to
Meta-Llama-3-8B-Instruct confidence distribu-
tions, and validate this empirically via P1–P5.
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Figure 1. Reliability diagrams on the PRM800K test set. Each bar
shows empirical accuracy in a confidence bin; the dashed diagonal
is perfect calibration. Cfinal (PCoT) achieves ECE= 0.028, a
74% reduction over the best baseline (Position-weighted, ECE=
0.109).

Model. All experiments use
Meta-Llama-3-8B-Instruct
(meta-llama/Meta-Llama-3-8B-Instruct)
as the base model.

Confidence estimators. V: the model’s verbalized probabil-
ity for each step. P: the mean token log-probability over the
step tokens. MC: the fraction of K = 16 sampled comple-
tions that reproduce the same step content (cosine similarity
> 0.85). All three are recalibrated via quantile regression
before use in the HMM. The same QR-recalibrated scores
are used as inputs to all heuristic baselines, ensuring a fair
comparison.

Baselines. (i) Product:
∏

i ci; (ii) Minimum: mini ci;
(iii) Position-weighted:

∑
i wici, wi ∝ 1/i; (iv) Raw τ :

reflection triggered by ci < τ for τ ∈ {0.3, 0.5, 0.7}, tuned
on a validation subset; (v) No reflection: chain-of-thought
without any intervention.

Metrics. ECE (15 bins) against binary answer correctness
y = y∗; final answer accuracy; tokens consumed per prob-
lem. Significance is assessed by paired bootstrap (10,000
resamples) for ECE comparisons and McNemar’s test for
accuracy comparisons.

5. Results
5.1. P1: Calibration of Cfinal

Table 1 reports ECE on PRM800K for all methods; Fig-
ure 1 shows reliability diagrams. Cfinal achieves ECE=
0.028 ± 0.003, compared with 0.109 ± 0.009 for the best
baseline (position-weighted), 0.118 ± 0.008 for the prod-
uct baseline, and 0.131± 0.007 for the minimum baseline
(p < 0.001 for all pairwise comparisons, paired bootstrap).
The improvement is consistent across algebraic steps (ECE
drops from 0.094 to 0.021) and inferential steps (from 0.143
to 0.037), confirming that PCoT does not mask poor cali-
bration on soft steps with well-calibrated algebraic ones.

Table 1. Expected Calibration Error (ECE, ↓) on PRM800K test
set. †: p < 0.001 vs. PCoT by paired bootstrap.

Method ECE (All) ECE (Inferential)

Product
∏

ci
† 0.118± 0.008 0.143± 0.011

Minimum min ci
† 0.131± 0.007 0.158± 0.010

Position-weighted† 0.109± 0.009 0.137± 0.012
Raw cn

† 0.124± 0.008 0.149± 0.011

PCoT Cfinal 0.028± 0.003 0.037± 0.005
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Figure 2. Left: Raw confidence ci vs. posterior πi on an example
chain. A confirmed error at step 3 (red dotted line) suppresses pos-
teriors at steps 4–7 despite high local confidence. Right: Scatter of
ci vs. πi over all test-set steps (colour indicates ground-truth Zi).
Steps in the upper-left region (high ci, low πi) are predominantly
incorrect.

5.2. P2: Sequential Contamination

Figure 2 illustrates sequential contamination. To test Propo-
sition 3.4 at scale, we identify all “contaminated” steps:
those in the top quartile of ci but bottom quartile of πi

(n = 4,214 steps). Within this set, the AUPRC of ci in pre-
dicting Zi = 0 is 0.41; the AUPRC of πi is 0.79 (∆ = 0.38,
p < 0.001). Across all chains with a confirmed incorrect
step at position j, the mean posterior drop c̄k − π̄k grows
with j distance, plateauing at 0.34 ± 0.04 for k − j ≥ 3,
consistent with the propagation formula in Eq. (10).

5.3. P3: Reflection Accuracy vs. Token Budget

Figure 3 shows accuracy–token Pareto curves on MATH and
GSM8K. At a 2× token budget, PCoT achieves accuracy
74.8% on MATH (+14.7 pp over no-reflection, +8.0 pp
over best raw-score baseline; p < 0.001 McNemar) and
86.3% on GSM8K (+8.1 pp over no-reflection; p < 0.001).
PCoT Pareto-dominates all raw-score baselines across every
budget level tested, confirming Proposition 3.6.

5.4. P4: Position Dependence of ∆i

Figure 4 shows the empirical distribution of ∆i across chain
positions. A Jonckheere–Terpstra test confirms a statisti-
cally significant decreasing trend (p < 0.001), consistent
with Remark 3.7. Theoretical predictions under the esti-
mated transition parameter λ̂ = 0.88 closely track empirical
means (mean absolute error 0.07). Stratifying reflection
interventions by position, early-position reflections (i ≤ 3)
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Figure 3. Accuracy vs. token budget (relative to no-reflection
baseline) on MATH (left) and GSM8K (right). PCoT Pareto-
dominates all raw-score threshold baselines. At 2× budget, PCoT
achieves +14.7 pp on MATH and +8.1 pp on GSM8K over no-
reflection.

Table 2. Accuracy at 2× token budget on MATH. †: p < 0.001
vs. PCoT (McNemar). ‡Self-consistency uses K = 16 samples at
≈2.51× token cost, which exceeds the 2× budget; included for
reference.

Method MATH Acc. (%) GSM8K Acc. (%)

No reflection† 62.1 78.2
Raw τ = 0.3† 66.3 80.4
Raw τ = 0.5† 66.8 81.6
Raw τ = 0.7† 65.1 80.9
Self-consistency†‡ 68.4 82.1

PCoT (ours) 74.8 86.3

yield +6.2 pp accuracy gain per unit token cost vs. +1.8 pp
for late-position (i ≥ 7) interventions.

5.5. P5: Estimator Robustness

Table 3 shows that ECE and accuracy are statistically in-
distinguishable across estimators V, P, and MC (p > 0.05,
McNemar). The independence baseline (which sets πi = ci
and bypasses the HMM) drops accuracy by 5.5 pp and in-
creases ECE by 0.057, confirming that the gain comes from
the sequential Bayesian architecture rather than the choice
of estimator. MC incurs 2.51× token overhead due to its
K = 16 sampling requirement; V and P are computationally
equivalent.

5.6. Ablation Studies

Table 4 decomposes the PCoT contribution. Removing QR
recalibration costs 3.4 pp accuracy. Removing the backward
pass (using only the forward variable αi as the posterior)
costs 2.7 pp, confirming that downstream evidence is infor-
mative. Replacing the HMM with an independence model
costs 5.5 pp—the largest single ablation— establishing that
the Markov structure is the primary source of gain. Sub-
stituting a Gaussian emission for the Beta costs 0.9 pp,
suggesting the model is somewhat robust to the distribu-
tional choice. Finally, replacing τ∗i with a fixed τ = 0.5
costs 4.2 pp, confirming the value of the position-dependent
threshold.
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Figure 4. Left: Empirical mean of ∆i (dots with 95% CI) vs.
theoretical prediction (dashed line, λ = 0.88). Right: Optimal
threshold τ∗

i vs. step position, confirming that early steps warrant
more aggressive reflection.

Table 3. Estimator robustness on MATH (p > 0.05, McNemar).

Estimator ECE Acc. Tok.

V (verbalized) 0.031 74.2 1.97
P (log-prob) 0.027 74.8 1.98
MC (self-consist.) 0.029 74.5 2.51

Independence (P) 0.084 69.3 1.98

6. Discussion and Limitations
PCoT establishes that modelling sequential dependence in
reasoning chains yields substantial gains in calibration and
reflection quality. Several limitations merit attention.

Theory–benchmark alignment. PCoT couples theory and
empirical validation by design: the sequential Bayesian
model induces explicit, testable predictions (P1–P5), each
evaluated experimentally. Propositions 3.4–3.8 are condi-
tional on the HMM approximation; they do not guarantee
performance under the true LLM data-generating process.
Their value is diagnostic: deviations from P1–P5 directly
identify which modelling assumptions fail in practice.

First-order Markov approximation. Long-range depen-
dencies (e.g., a subtle algebraic error at step 2 whose conse-
quence only manifests at step 10) may require higher-order
models. Empirically, the first-order model already closes
most of the calibration gap; a second-order extension would
require 4× more parameters and richer annotations.

Binary correctness. The Zi ∈ {0, 1} model cannot cap-
ture partially correct steps. Future work should investigate
ordinal extensions using richer PRM annotations.

Beta emission adequacy. Confidence distributions can be
multimodal or heavy-tailed; extending to Beta mixtures or
nonparametric emissions is a natural direction.

Label transfer. HMM parameters are estimated from
PRM800K step-level annotations, while final answer cor-
rectness is evaluated on MATH and GSM8K. Step correct-
ness and final answer correctness are not identical: some
annotated-incorrect steps may not affect the final answer,
and some annotated-correct chains may still produce wrong
answers. Cfinal is therefore best interpreted as a proxy cali-
brated against final-answer labels rather than a direct model
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Table 4. Ablation results on MATH (Acc. at 2× budget, ECE).
‡ECE undefined for fixed-τ .

Configuration Acc. (%) ECE

Full PCoT 74.8 0.028
w/o QR recalibration 71.4 0.061
w/o backward pass (α only) 72.1 0.044
independence (πi = ci) 69.3 0.084
Gaussian emission (vs. Beta) 73.9 0.033
fixed τ = 0.5 (vs. τ∗

i ) 70.6 −‡

of answer correctness.

Recovery probability estimate. Eq. (16) assumes step dif-
ficulty is fully captured by upstream correctness. In practice,
some steps are intrinsically hard regardless of context; a
step-type–specific Prec is a promising extension.

Compute overhead. The HMM inference itself is O(n) and
negligible; the dominant cost is the LM calls for reflection,
which scale as O(nR) in the worst case.

7. Conclusion
We introduced Probabilistic Chain-of-Thought (PCoT),
which models reasoning chains as Hidden Markov Mod-
els over latent step correctness. The forward-backward
algorithm yields exact marginal posteriors in O(n) time,
enabling both a principled answer confidence Cfinal and
a model-optimal, position-dependent reflection policy τ∗i .
PCoT reduces ECE by 74% over the best heuristic base-
line (position-weighted, ECE= 0.109) and improves accu-
racy by 14.7 percentage points at a 2× token budget on
MATH. These gains are robust across three confidence esti-
mators, and ablations confirm that the sequential Bayesian
architecture—not the estimator choice—drives the improve-
ment. We hope PCoT provides a principled foundation for
future work on reliable multi-step reasoning.
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A. Parameter Estimation Details
Beta emission parameters. We estimate (α1, β1, α0, β0)
by maximum likelihood on PRM800K training steps sep-
arated by ground-truth label. Estimates: (α̂1, β̂1) =

(8.3, 2.1), (α̂0, β̂0) = (2.4, 7.8), yielding modal confidence
≈ 0.79 for correct steps and ≈ 0.20 for incorrect steps.

Transition parameters. λ̂ = 0.88, ϵ̂ = 0.14 (MLE on
consecutive step pairs in PRM800K). π̂0 = 0.81.

QR recalibration. We fit isotonic quantile regression on
a held-out 10% of training data, mapping raw scores to
calibrated [0, 1] scores before passing to the HMM.

B. Algorithm

Algorithm 1 PCoT Inference

Require: Problem x, modelM, estimator ĉ ∈ {V,P,MC},
HMM parameters (λ, ϵ, α0, β0, α1, β1), max reflections
R, token budget B

Ensure: Answer y, confidence Cfinal, posteriors π
1: S ← [ ]; c← [ ]; α← [ ]; T ← 0
2: for i = 1, 2, . . . until EOR or T ≥ B do
3: si ∼M(x, S)
4: ci ← QR(ĉ(si|x, S))
5: T ← T + tokens(si)
6: Forward update: compute αi(z) via Eq. (7)
7: Append αi, ci, si to α, c, S
8: end for
9: Backward pass: compute βi(z) via Eq. (8)

10: Compute πi via Eq. (9) for all i
11: for i = 1, . . . , n do
12: Compute ∆i (Eq. (13)), τ∗i (Eq. (15))
13: r ← 0
14: while πi < τ∗i and r < R and T < B do
15: s′i ∼M(x, S<i)
16: ci ← QR(ĉ(s′i|x, S<i)); T ← T + tokens(s′i)
17: Update αi; rerun backward pass; recompute π
18: r ← r + 1
19: end while
20: S[i]← s′i if reflected
21: end for
22: Cfinal ← P (Z1:n = 1|c) via Eq. (11)
23: y ∼M(x, S)
24: return y, Cfinal, π, T

C. Additional Experimental Details
Compute. All experiments were run on 8×A100 (80GB)
GPUs. Inference for the full MATH test set (7.5K problems)
at 2× budget takes approximately 14 hours with PCoT; no-
reflection baseline takes 7 hours.

Statistical tests. For ECE comparisons, we use paired
bootstrap with 10,000 resamples and report 95% CIs. For
accuracy comparisons, we use McNemar’s test (two-tailed)
with Bonferroni correction for multiple comparisons within
each table.

Implementation details. Steps are segmented by newline
boundaries in the model output. Generation uses temper-
ature 0.7 for reflection sampling and greedy decoding for
the base chain. Maximum reflections per step: R = 2.
Maximum reflections per problem: 5. Final answers are
extracted via exact-match string parsing on the last line of
the chain. Raw threshold baselines use the same regener-
ation mechanism as PCoT (full downstream regeneration
after reflection). Thresholds τ ∈ {0.3, 0.5, 0.7} and kref are
tuned on a held-out 10% validation split of PRM800K. Self-
consistency uses temperature 0.7 with K = 16 independent
samples; majority vote is taken over final answers only.

Reproducibility. Code and model checkpoints are available
upon request.
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