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Abstract

Conducting experiments to estimate total effects can be challenging due to cost, ethical con-
cerns, or practical limitations. As an alternative, researchers often rely on causal graphs to
determine whether these effects can be identified from observational data. Identifying total
effects in fully specified causal graphs has received considerable attention, with Pearl’s front-
door criterion enabling the identification of total effects in the presence of latent confounding
even when no variable set is sufficient for adjustment. However, specifying a complete causal
graph is challenging in many domains. Extending these identifiability results to partially
specified graphs is crucial, particularly in dynamic systems where causal relationships evolve
over time. This paper addresses the challenge of identifying total effects using a specific and
well-known partially specified graph in dynamic systems called a summary causal graph,
which does not specify the temporal lag between causal relations and can contain cycles.
In particular, this paper presents sufficient graphical conditions for identifying total effects
from observational data, even in the presence of cycles and latent confounding, and when
no variable set is sufficient for adjustment.

1 Introduction

Causal questions arise when we seek to understand the effects of interventions, such as asking, "If we
administer today a hypertension treatment to a patient with kidney insufficiency, will the kidney func-
tion (represented by the creatinine level) improve tomorrow?". These questions, often referred to as total
causal effects or simply total effects (Pearl et al., 2000), are denotedE] as Pr(Creatinineiomorrow = € |
do(hypertensiontoday = h)) where the do() operator denotes an intervention. They differ from associa-
tional relationships, Pr(Creatininesomorrow = ¢ | H ypertensionieday = h), as they isolate the effect of an
intervention, disregarding other influencing factors such as sodium intake or protein intake or stress level.
Experimentation is known as the traditional approach across various fields to estimate the total effect of
interventions free from bias (Neyman et al [1990). However, conducting experiments is not always feasible
due to cost, ethical considerations, or practical limitations. Consequently, scientists often resort to estimat-
ing effects of interventions from observational data. This process relies on specific assumptions and typically
involves two sequential steps: identifiability and estimation (Pearl, 2019)). The identifiability step refers to
the question of whether the total effect of interest can be uniquely determined from the available data and
the assumptions made about the causal model. This step usually also include finding a way to express the
total effect in terms of the observed data distribution, i.e., using a do-free expression. On the other hand,
the estimation step refers to the process of calculating the value of a total effect, once it has been identified,
from finite observational data using statistical methods. This paper focuses on the first step.

Graphical models, provide a framework for identifying total effects from causal graphs which encode variables
as vertices and causal relationships as arrows, allowing researchers to visualize and analyze complex causal

Tn a nonparametric setting, the total effects is a specific functional of Pr(Creatininetomorrow = ¢ | do(hypertensionioday =
h)) for different values of h. However, for simplicity, the total effect is often reffered to as Pr(Creatininetomorrow = ¢ |
do(hypertensionioday = h)).
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structures (Pearl et all [2000). Identifying total effects in fully specified non-temporal causal graphs has
been a subject of considerable attention (Pearl, [1993b} (1995} [Spirtes et al., 2000; [Pearl et al., 2000; Shpitser|
|& Pearl, [2008; |Shpitser et all 2010)). Adjusting for covariates is one method among several that allow us
to identify causal effects and the back-door criterion is one of the most known methods that
allow us to find covariates using causal graphs. [Pearl| (1993a; |1995) has provided examples where no set
of variables is sufficient for adjustment, yet the causal effect can still be consistently estimated through
multi-stage adjustments. Pearl’s front-door criterion offers a graphical method for identifying total effects
despite the absence of an adjustment set due to latent confounding, assuming the causal graph is a directed
acyclic graph (DAG). Initially criticized for its limited practical application, this criterion has recently gained
recognition and is now employed in epidemiology (Inoue et al. [2022} |Piccininni et al [2023]).

The above identifiability methods are directely applicable to fully specified temporal graphs
which represent causal relations in dynamic systems where causal relationships evolve over time. How-
ever, constructing a fully scpecified temporal graph requires knowledge of all causal relationships among
observed variables, which is often unavailable, especially in many real-world applications. However, experts
may know that one variable causes another without knowing the exact temporal lag. For example, under-
standing the transmission of SARS-CoV-2 from younger to older individuals, and vice versa, can help define
interventions most likely to reduce the number of deaths. Indeed, it has been shown that younger adults
tended to be highly infected during the first wave of the pandemic, while older individuals faced a higher risk
of death if infected (Carrat et all, 2021} [Lapidus et al| 2021} |Glemain et al.l [2024). Considering sufficiently
large time intervals (several weeks) as in repeated serosurveys, like in Wiegand et al| (2023), it is not clear
if the number of new infections in one age group during a time interval (incidence) may be influenced by
incidence in the other age group during the same interval. Incidence in an age group can also be influenced
by incidence during the previous time interval in any age group. Therefore, constructing a fully specified
causal graph is difficult. In such cases, partially specified causal graphs can be useful. A very well known
and useful partially specified causal graph is the summary causal graph (SCG) which represents causal re-
lations without including temporal information, i.e., each vertex represents a time series. Both medical and
epidemiological examples given above can be represented by an SCG with a cyclic relationship representing
the interplay between creatinine and hypertension in the first example and between the two age groups in
the second example.

Recently, there has been new interest in extending identifiability results to partially specified graphs
& Didelez| (2007); Maathuis & Colombo (2013)); [Perkovic| (2020); Wang et al.| (2023)); |[Anand et al.| (2023);
Ferreira & Assaad| (2024); |Assaad et al| (2024). Most of these partially specified graphs represent Markov
equivalence classes, where the partial specifications differ conceptually from those in SCGs. For instance, in
these graphs, partial specification typically manifests as undirected edges or edges with specific endpoints
indicating uncertainty about the orientation. Additionally, each vertex in these graphs corresponds directly
to an observed variable, maintaining a straightforward one-to-one relationship. As a result, the extensions of
identifiability results for these graphs (Maathuis & Colombol, 2013; Perkovic} 2020; Wang et al., [2023)) are not
applicable to SCGs. Another important type of partially specified graph is the cluster graph, which represents
causal relationships between clusters of variables rather than individual variables. This means that, unlike
graphs representing Markov equivalence classes, the skeleton of a cluster graph does not correspond to the
skeleton of true causal graph. SCGs are a specific type of cluster graph, where each cluster represents a time
series. Most works extending identifiability results to cluster graphs have focused on extreme multivariate
cases, where the goal is to identify the total effect of one entire cluster on another entire cluster
. The few studies that consider the total effect of a single variable within a cluster on another single
variable within a different cluster have been conducted on SCGs. For instance, assuming no instantaneous
relations, Eichler & Didelez] (2007) demonstrated that the total effect is identifiable, while Assaad et al.
2023)) established identifiability in the presence of instantaneous relations for acyclic SCGs. |Assaad et al.
2024)) addressed the identifiability of total effects under more general conditions in SCGs that includes cycles
and instantaneous relations. However, none of these works considered the case where the total effect is not
identifiable by adjustment due to latent confounding.

The previous paragraph underscores the novelty of this work: in the setting where a fully specified temporal
causal graph is not available, this paper is the first to address the challenge of identifying total effects
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of one wvariable within a cluster on another variable in a different cluster when having access to an SCG
while allowing instantaneous relations, cycles, and latent confounding. It shows that the standard front-door
criterion (Pearl, [1993a; 1995) is not sound when applied to SCGs. Nevertheless, by leveraging this criterion,
it introduces sufficient conditions to identify total effects from observational data in scenarios where latent
confounding prevents identifiability through standard adjustment methods.

The remainder of the paper is organized as follows: Section [2]introduces necessary terminology and tools and
it formalizes the problem. Section [3| demonstrates that the standard front-door criterion is unsuitable when
applied to SCGs. Section [4] presents the main result of this paper and Section [§] discusses several examples
of non-identifiability. Finally, Section [f] concludes the paper.

2 Preliminaries and problem setup

This section, first introduces some terminology and tools which are standard for the major part and then,
formalize the problem that this paper is going to solve. In the remainder, the set of all integers is represented
by Z. We start by defining the causal model that is considered.

Definition 1 (Discrete-time dynamic structural causal model (DTDSCM)). A discrete-time dynamic struc-
tural causal model is a tuple M = (L,V,F, P(l)), where L = LY U---ULY such that Vi € {1,---,d},
LY = {(L”z)tez}, is a set of sets of exogenous variables, which cannot be observed, but which affect the rest
of the model . V =V U---UV? such that Vi € {1,---,d}, Vi = {(Vi)iez}, is a set of sets of endogenous
variables, which are observed and which are functionally dependent on LV and some subset of V. F is a set
of functions such that each f{ is a mapping from LYt and a subset V\{V}} to V. P(I) is a joint probability
distribution over L.

A DTDSCM implicitly assumes that an effect cannot precede its cause. This assumption is explicitly stated
as follows.

Assumption 1. Consider a DTDSCM M = (L,V,F, P(l)). Suppose Vi is an endogenous variable which is
functionally dependent on W C V\{V;'}, i.e., Vi := f¥"(W,LV). For all V] € WU L, it is assumed that
t' <t.

Furthermore, we assume stationarity.
Assumption 2. Consider a DTDSCM M = (L,V,F,P()). Vf¥', fo €F, ' = fy.

Assumption entails that if V; = f/(X;—1,W;_1), then V¢ € Z, Y,y = f/(X¢—1-¢, Wi—_1_¢). Furthermore,
Assumption [2] allows us to fix the maximum temporal lag between a cause and an effect, denoted as Ymax-
Note that in case Assumption [2]is violated then finding a unique total effect would be ill-posed, as this paper
assumes a dynamic system with only one multivariate observational time series. Violating this assumption
would imply that the total effect changes over time. However, this assumption can be relaxed if multiple
observations of each temporal variable in V are available, for example, in cohorts.

It is also supposed that the DTDSCM can be qualitativly represented by full—timeﬂ DAG (FT-DAG), com-
monly known as a full-time causal graph (Peters et al., [2013). To check the identifiability of a total effect,
it is standard to first transform the FT-DAG to a full-time acyclic directed mixed graph (FT-ADMG)
(Richardson, 2003|) which is naturally derived from FT-DAGs with latent variables via an operation called
latent projection (Tian & Pearl, 2002)). In our setting, FT-ADMGs can also be obtained directly from the
DTDSCM, as shown below.

Definition 2 (Full-Time Acyclic Directed Mixed Graph). Consider a DTDSCM M. The full-time acyclic
directed mixed graph (FT-ADMG) G = (V,E) induced by M is defined in the following way:

E' ={Xy =Y, |VYi€V, Xy € X such that Yy := f/(X,LY) in M and X C V\{V;}},
E? ={Xy <Y, |VXu,Y; €V such that L% j LY},

2The term "full-time" underscores that the graph represents the entirety of a dynamic system over time. This representation
can extend infinitely, suggesting that any segment of a full-time DAG depicted in a figure should be viewed as merely a snapshot
of the larger graph. Under Assumption E it is sometimes possible to extrapolate the entire graph from such a snapshot.
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(d) FT-ADMG 1.

(g) SCG.

Figure 1: Three full-time directed acyclic graphs in (a), (b) and (c) where Ymax = 1, three full time acyclic
directed mixed graph in (d), (e) and (f) respectively compatible with (a), (b) and (c) and where L;_o, L;_1
and L; are eliminated and replaced by dashed edges, and a summary causal graph in (g) compatible with
(d), (e) and (f). Each pair of red and blue vertices represents the cause and the effect of interest and green
vertices are those that interpect all paths from the cause to the effect of interest. In the SCG in (g), {W}
does not satisfy Definition E for the total effect Pr(y;|do(x¢—1)) since Cycles(X,G*) # 0 and v # 0.

where E = E! U E2.

FT-ADMG notions For an FT-ADMG G, a path from X, to Y; in G is a sequence of distinct vertices
(Xyr,...,Y;) in which every pair of successive vertices is adjacent. A directed path from Xy to Y; is a path
from X to Y; in which all edges are directed towards Y; in G, that is Xy — ... = Y;. A backdoor path
between X and Y; is a path between X and Y; with an arrowhead into Xy in G. If X — Y, then Xy is a
parent of Y;. If there is a directed path from X to Y;, then Xy is an ancestor of Y;, and Y; is a descendant
of Xy. A vertex counts as its own descendant and as its own ancestor. The sets of parents, ancestors and
descendants of Xy in G are denoted by Par(X;,G), Anc(Xy,G) and Desc(Xy, G) respectively. If a path 7
contains Xy — Wy < Y; as a subpath, then Wy is a collider on w. A path 7w from X to Y; is active
given a vertex set W, with X, Y; ¢ W if every non-collider on 7 is not in W, and every collider on 7 has
a descendant in W. Otherwise, W blocks m. A set of vertices W intercepts all directed paths from Xy to
Y; if every directed path from X to Y; passes through at least one vertex in W. Lastly, each vertex in an
FT-ADMG is called a temporal vertex or a micro vertex.
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The FT-ADMG is supposed to be a DAG with bidirected edges representing latent confounding. If all vari-
ables representing latent confounding become observed then the FT-ADMG becomes a FT-DAG. Figures
and [Id present three FT-DAGs and Figures and [If] present their corresponding FT-ADMGs.

The total effect (Pearl et all 2000) between two micro variables is written as P(Y; = y;|do(Xi—y = x1—+)).
Y, corresponds to the response and do(X;_, = x;_,) represents an intervention (as defined in [Pearl et al.
(2000) and [Eichler & Didelez| (2007, Assumption 2.3)) on the variable X at time ¢ — -y, with v > 0. Unlike
Ymaz (Which represents the maximum possible lag between a cause and effect), v simply specifies the lag of
interest for the query posed by the user. In the remainder of the paper, v is considered to be in {0, Ymax}»
and, with a slight abuse of notation, P(Y; = y; | do(X;—y = z4_+)) is written as P(y, | do(zt—~)). The
identifiability of the total effect in FT-ADMGs is defined as follows.

Definition 3 (Identifiability of total effects in FT-ADMGs). Let Xy, and Y; be distinct vertices in an
FT-ADMG G = (V,E). The total effect of X;— on 'Y, is identifiable in G if Pr(yi|do(xi—~)) is uniquely

computable from any positive observational distribution consistent with G.

A total effect is uniquely computable if Pr(y, | do(x;—-)) can be expressed using a do-free formula. Given
a fully specified FT-ADMG, there exists many tools to identify the total effect. For example the standard
backoor criterion (Pearl,1993b;(1995) can be used to find a set of covariates B that is sufficient for adjustment;
in such case the do-free formula of the total effect is written as ) p Pr(y; | 2;—~, b) Pr(b). When such a set
does not exist due to latent confounding, the standard front-door criterion, as introduced by Pearl| (1995)),
can sometimes enable the derivation of an alternative do-free formula.

However, in many real-world applications such as medicine or epidemiology, experts often cannot provide the
FT-ADMG. Furthermore, discovering (Spirtes et al,2000) the true FT-ADMG from real observational data is
often not satisfactory (Ait-Bachir et al.,|2023) due to the additional non-testable strong assumptions (Assaad
et al.L|2022)). Therefore, experts typically rely on a partially specified representation of the FT-ADMG, known
as a summary causal grap

Definition 4 (Summary Causal Graph with possible latent confounding). Consider an FT-ADMG G =
(V,E). The summary causal graph (SCG) G* = (S,E?®) compatible with G is defined in the following way:

s ={Y VY € V},
El! ={X =Y |VX,Y €S, I <tcZsuch that X, — Y; € E},
E®? ={X+«+—Y |VX,Y €S, X#Y and 3t' <t & Z such that Xy < Y; € E},

where ES = ES1 U ES2,

SCG notations For an SCG G?, a directed path from X to Y and the edge Y — X form a directed cycle in
G*. Cycles(X,G*) denotes the set of all directed cycles containing X in G°. A directed path between X and
Y is a path between X and Y which starts by X — and does not contain any arrow on the path pointing
strictly towards X. A backdoor path between X and Y is a path between X and Y which starts by either
X+—or XS If X —>Yor X SY, then X is a parent of Y. The notions of ancestors and descendants
are defined similarly as in the case of FT-ADMGs. A path in an SCG is blocked given a set W if it contains
a strict collider at W (i.e., = W <, and not = W «+ or — W ) such that WN Desc(W,G*) = () or if
it contains strict non-collider at W (i.e., = W — or <~ W — or <~ W & | and not &= W <) such that
W € W and there exists a directed edge pointing from W to a vertex on the path that does not form a cycle
with W. A path in an SCG is activated if it is not blocked. In particular, a path is activated by an empty
set if it does not contain any strict collider. The notions of interception is defined similarly as in the case of
FT-ADMGs. Lastly, each vertex in an SCG is called a cluster or a macro vertex.

30ne key motivation for employing summary causal graphs stems from the current limitations of causal discovery methods,
which often struggle in practical applications due to their reliance on non-testable strong assumptions. Particularly in fields
like medicine and epidemiology, researchers tend to prefer graphs built from prior knowledge rather than those inferred purely
from data. However, fully specified graphs are very complicated to construct and validate manually and that is why it is
important to work with (and ask experts to build) partially specified graphs such as summary causal graphs. That being said,
recent studies have demonstrated that inferring summary causal graphs from data is more feasible than inferring FT-ADMGs
from data (Wahl et all [2024]). This supports the relevance of our work even if researchers choose to utilize causal discovery,
suggesting that our approach remains applicable when taking a data-driven approach to get the summary causal graph.
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Many FT-ADMGs might share the same compatible SCG. For example, Figure [Ig] presents the SCG com-
patible with the three FT-ADMGs in Figures and [lf] . For a given SCG G*, any FT-ADMG from
which G® can be derived is called as a candidate FT-ADMG for G*. The set of all candidate FT-ADMGs for
G* is denoted by C(G*).

This paper focues on identifying the total effect when the only knowledge one has of the underlying DTDSCM
consists in the SCG derived from the unknown, true FT-ADMG. In this setting, the identifiability of the
total effect in SCGs is defined as follows:

Definition 5 (Identifiability of total effects in SCGs). Consider an SCG G®. Let X;_, and Y; be distinct
vertices in every candidate FT-ADMG in C(G®). The total effect of Xi— on Y is identifiable in G° if

Pr(y:|do(x—~)) is uniquely computable from any positive observational distribution consistent with any FT-
ADMG in C(G?).

Obviously, when the true FT-ADMG is unknown but the compatible SCG is accessible, it is possible to
enumurate all candidates FT-ADMGs and then search for a do-free formula applicable for each of those
FT-ADMGs. Within this approach, it is possible to identify the total effect if it is possible to find a set of
micro vertices that satisfies the front-door criterion for each FT-ADMG in C(G®). However, enumerating all
candidate FT-ADMGs is computationally expensive (Robinson} [1977)), even when considering the constraints
given by an SCG. Therefore, this paper addresses the following technical problem:

Problem 1. Consider an SCG G* and the total effect Pr(y:|do(xt—~)). The aim is to find sufficient condi-
tions for identifying Pr(y:|do(z¢—~)) using an SCG with latent confounding without enumerating all candidate
FT-ADMGs in C(G*).

3 Unsuitability of the standard front-door criterion when applied to SCGs

This section elucidates why the standard front-door criterion does not straightforwardly apply to SCGs. The
standard front-door criterion consists of three conditions. Initially, the criterion was introduced for ADMGs
(which means it can also be correctly applied to FT-ADMG), but in order to illustrate its unsuitability in
the context of this paper, it is presented here with few modification (in blue) given Definition @

Definition 6 (Standard front-door criterion naively applied to SCGs). Consider an SCG G*. A set of macro
vertices W in G° satisfy the front-door criterion relative to a pair of micro vertices (Xi—~,Y;) compatible with
a pair of macro vertices (X,Y) in G° if:

1. W intercepts all activated directed paths from X to Y;
2. there is no activated backdoor path from X to W;
3. all backdoor paths from W to Y are blocked by X ;

To obtain the standard front-door criterion for FT-ADMGs, the terms in blue need to be modified as follows:
since the variables of interest (X;_,,Y;) are already vertices in the given graph (FT-ADMG), there’s no need
to map these vertices to their compatible counterparts in the SCG. Therefore, the phrase "compatible with a
pair of macro vertices (X,Y’) in G*' should be removed. Next, replace all remaining instances of "SCGs" with
"FT-ADMGs" and "G*" with "G". Additionally, since FT-ADMGs do not include macro vertices, the term
"macro" (in purple) should be replaced with "micro". Finally, replace all remaining instances of "X" and "Y"
with "X,_," and "Y;". Pearl’s insight is that if there exists a set W that intercepts all directed paths from
Xi—~ to Y; and there is no hidden confounding that cannot be blocked by X;_.,, the total effect of X;_., on
Y; can be identified. This is achieved by: (i) identifying the effect of X;_, on W (which is identifiable because
the unobserved confounders influence X;_., but not W); (ii) identifying the effect of W on ¥; conditional on
X¢— (which is identifiable because the unobserved confounders affect Y; but not W); and (iii) multiplying
the do-free formulas Pr(z,_., | W) and Pr(y, | z;—, W) Pr(z,_,). Intuitively, in the context of an FT-ADMG
(or an ADMG), the standard front-door criterion enables the identification of a total effect that cannot be
identified through adjustment alone, by decomposing it into two identifiable total effects.

However, it turns out that directly applying the standard front-door criterion as introduced in [Pearl| (1995))
to SCGs is not suitable. The main reason for this unsuitability is that not having a backdoor path between
two macro vertices in the SCG does not imply that there is no backdoor path between two compatible micro
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(d)
Figure 2: Five SCGs satisfying Definition |7| for W relative to the pair of micro vertices (X;—+,Y;), Vy €
{0, -, Ymax}. Each pair of red and blue vertices represents the total effect of interest and green vertices are

those that intercept all directed paths from the cause to the effect of interest.

vertice in any FT-ADMG in C(G*). Which means that even if Conditions 2] and [B]of Definition [6] are satisfied
in the SCG G*, this does not guarantee that Conditions [2] and [3] of the standard front-door criterion are met
for any FT-ADMG within C(G®). Sometimes, this would imply that even if the standard front-door criterion
is satisfied when applied to SCGs, the total effect of interest might be non identifiable. For illustratation
consider the total effect P(y; | :—1) and the SCG in Figure [lg| where W satisfies the standard front-door
criterion with respect to X and Y. However, the total effect is not identifiable using W because in the
FT-ADMG in Figure (which is assumed to be unknown), there is a backdoor path between X;_; and W;
passing by X; which should not be blocked by X; (since X; is a descendant of X;_; and ancestor of W;).

In other cases, the unsuitability of the standard front-door criterion when applied to SCGs might imply that,
even if the total effect of interest is identifiable, the corresponding do-free formula could be more complex
than the one associated with the front-door criterion (Pearl, [1995)). For example, consider the total effect
P(y; | x;—1) and the SCG in Figure where W satisfies the standard front-door criterion with respect to
X and Y. Now, consider an FT-ADMG compatible with this SCG, similar to the FT-ADMG in Figure
but where X; 1 4 X;. In this FT-ADMG, the micro vertices (i.e., {W;_1, W;}) corresponding to the macro
vertex W, which intercepts all directed paths from X;_; to Y}, do not satisfy the standard front-door criterion
for (X;,Y}:), since there exists a backdoor path X;_; «--» X; — W;. However, this backdoor path can be
easily blocked by adjusting for X;. Doing so results in a do-free formula similar to the one derived using the
front-door criterion, but with the additional step of adjusting for X;. These types of do-free formulas are
derived by combining the back-door criterion with the front-door criterion, as discussed in (Pearl, [1995) and
subsequently applied by other authors (Fulcher et al., [2019).

4 The identifiability of total effects in SCGs with latent confounding

This section, presents the main results of the paper, with some of the corresponding proofs omitted and
provided in the appendix. We start by giving the extension of the front-door criterion for SCGs.

Definition 7 (SCG-front-door criterion). Consider an SCG G*. A set of macro vertices W in G* satisfy
the SCG-front-door criterion relative to a pair of micro vertices (X,—~,Y:) compatible with a pair of macro
vertices (X,Y) in G if:

1. W intercepts all activated directed paths from X to Y;
2. there is no activated backdoor path from X to W;

3. all backdoor paths from W to Y are blocked by X ;

4. one of the following holds:
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(a) Cycles(X,G%) =0 ; or
(b) v=0.

Conditions in Deﬁnition correspond to the three conditions in the standard front-door criterion (Pearl,
1995). For an illusrtation of Definition |7} Figure [2| provides several examples of SCGs where Definition [7]is
satisfied for W relative to (X;_.,Y;). Notice that Definition |7| remains satisfied for W relative to (X4, Y?)
if a cycle is added on X that does not involve any other vertex in the presented SCGs, as illustrated in
Figure[3] Note that in these SCGs, W is not necessarlty the only vertex satisfying Definition[7], for example,
in Figure 2¢] U, also satisfied the SCG-front-door criterion. In contrast, Figure [4] provides several examples
of SCGs where Definition [7| is not satisfied for any vertex relative to (X;_.,Y}).

In the following, we present lemmas that form the building blocks for the theorem introduced at the end of
the section. The first lemma asserts that if a set of macro vertices intercepts all directed paths between X and
Y in an SCG, then there exists a finite set of micro vertices that intercepts all directed paths between X;_,
and Y; in any candidate FT-ADMG. This mirrors the first Condition of the standard front-door criterion for
ADMGs.

Lemma 4.1. Consider an SCG G°. If a set of macro vertices W intercepts all directed paths from X toY
in G° then {(Wi—yte)o<e<~} intercepts all directed paths from X,_~ to Y in any candidate FT-ADMG in
C(G®).

For an illustration of this lemma, consider any FT-ADMG depicted in Figure [T] or Figure [§] where in the
corresponding SCG, all directed paths from X to Y are intercepted by W. Observe that any directed path
from X; 7 to Y; must pass through a micro vertex W;_, that corresponds to W. If A > ~, then all active
paths from X;_; to Y; passing through W;_, are not directed paths since W;_, is temporally prior to ¢t and
t — . Conversely, if A < 0, all paths from X;_; to Y; that pass through W;_, are blocked, as W;_) would
always act as a collider due to its temporal positioning after both ¢ and t — 7.

The second lemma asserts that given Conditions along with Condition it is guaranteed that there
exists a finite set that blocks all backdoor paths from X;_, to any vertex in any set of micro vertices that
intercepts all directed paths from X;_, to Y; in any candidate FT-ADMG. Furthermore, this finite set does
not contain any descendants of X;_.. This mirrors the second Condition of the standard front-door criterion
for ADMGs.

Lemma 4.2. Consider an SCG G° = (S,E®) and the pair of micro vertices (X¢_.,Y;) compat-
ible with the macro wvertices (X,Y).  Suppose W is a set of macro wvertices that statisfies Con-
ditions @ and @ of Definition m in G° relative to the pair of micro wvertices (X;—,,Y:). If
Cycles(X) = 0 then for any Wi_x € {(Wi—yie)o<e<~}, the set {(Bi—y_1)o<i<ryn..|B € Par(X,G%)} U
{(Bi—y—t)1<t<ya | B € Anc(W,G%) N Desc(X,G°)} U{ (X 10)1<e<~} blocks all backdoor paths from X,
to Wi_x and does not contain any descendant of Xy_ in any candidate FT-ADMG in C(G®).

For a visual explanation of why the selected set in Lemma blocks all backdoor paths, refer to the FT-
ADMG in Figure In the figure, the vertices corresponding to {(Bi——¢)o<i<~,..|B € Par(X,G*)} are
highlighted in brown, the vertices corresponding to {(B;——_¢)1<t<~,..|B € Anc(W,G*) N Desc(X,G*%)} are
highlighted in purple, and the vertices corresponding to {(X; .. /)<<~ } are highlighted in gray.

Notice that if Cycle(X, G®) # 0, then there could exist an FT-ADMG in C(G*®) where micro vertices related
to X that temporally succeed X;_- can be descendants of X;_,. Additionally, these descendants can share
a latent confounder with X;_., and the path responsible of this latent confounding cannot be blocked. For
example, in the FT-ADMG in Figure [Id] compatible with the SCG in Figure [Ig] that contain a cycle of size
1 on X, it is clear that X; is a descendant of X;_; and that the backdoor path X;_; «---» X; cannot be
blocked by any vertex. Thus, X; cannot be used to intercept the relationship between X;_ 1 and Y; for
identification using the front-door criterion. However, it turns out this is not the case when v = 0, as stated
in the following lemma.

Lemma 4.3. Consider an SCG G°* = (S,E®) and the pair of micro wvertices (X, Yy) com-
patible with the macro wvertices (X,Y). Suppose W is a set of macro wvertices that stat-
isfies  Conditions [Q and [J of Definition [ in G° relative to the pair of micro wver-
tices (X, Yz). Then for any W, € Wi, {(Bi—t)o<t<ym..|B € Anc(X,G*)\Desc(X,G)} U
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(d) (e)

Figure 3: Five SCGs satisfying Definition E for W relative only to the pair of micro vertices (X;,Y:). Each
pair of red and blue vertices represents the total effect of interest and green vertices are those that intercept
all directed paths from the cause to the effect of interest.

{(Bi—0)1<t<rmur| B € (Anc(X,G°) U Anc(W, G%)) N Desc(X,G)} blocks all backdoor paths from X, to
Wy and does not contain any descendant of Xy in any candidate FT-ADMG in C(G*®),

To visually see why the selected set in Lemma [.3 blocks all backdoor paths, re-
fer to the FT-ADMG in Figure [5h In the figure, the vertices corresponding to
{(Bi—t)o<t<rmar| B € Anc(X,G%)\Desc(X,G)} are highlighted in brown and the vertices corre-
sponding to {(Bi—¢)i1<t<ryp..|B € (Anc(X,G%) U Ane(W,G*)) N Desc(X,G)} are highlighted in pur-
ple. Notice that, compared to Lemma [£2] in Lemma [43] two key replacements are made
regarding the selected conditioning sets: {(Bi—r)o<i<ymax|B € Par(X,G%)} is replaced with
{(Bi—r)o<t<ymax|B € Anc(X,G°)\Desc(X,G)} and {(Bi——¢)i<i<ymax|B € Anc(W,G") N Desc(X,G%)}
is replaced with {(B;_/)1<t<ymax|B € (Anc(X,G°) U Anc(W,G")) N Desc(X,G)} to account for potential
cycles involving X. For example, in the FT-ADMG shown in Figure conditioning only on the parents,
specifically U; and U;_; (without conditioning on Z; and Z;_1), would be sufficient to block all backdoor
paths. However, there exists another FT-ADMG compatible with the SCG in Figure BB which is almost
identical to the FT-ADMG in Figure except that now Vt € Z, X; — U; (which means U; /A X;). In this
FT-ADMG, U; becomes a collider between X; and Z;, so conditioning on it would activate a new path that
cannot be blocked unless the ancestors of X; are also included in the conditioning set.

The last lemma asserts that given Conditions it is guaranteed that there exists a finite set that blocks all
backdoor paths from some micro vertices (that intercept all directed paths from X,;_., to ¥; in any candidate
FT-ADMG) to Y;. Furthermore, this finite set does not contain any descendants of the micro vertices

that intercept all directed paths. This mirrors the third Condition of the standard front-door criterion for
ADMGs.

Lemma 4.4. Consider an SCG G* = (S,E®) and the pair of micro vertices (X¢,Y:) compatible with the
macro vertices (X,Y). Suppose W is a set of macro vertices that statisfies Conditions @ and@ of Defi-
m'tionm in G° relative to the pair of micro vertices (X;,Y:). Then, for any Wi_x € {(Wi—y1e)o<e<~}, the
St {(Bi—~n—t)—y<t<ymax | B € Anc(W, G*)\Desc(W, G%) JU{(Bi—~—t)1<t<rmae | B € Anc(W,G*) N Desc(W, G*)}

blocks all backdoor paths from Wy_y to Yy not passing by {(Wi—+¢)o<i<~ \{Wi=a} and it does not contain
any descendent of Wi_.

max

To visually see why the selected set in Lemma blocks all backdoor paths not passing by
{(Wi—y10)o<r<~ \{Wi=a}, refer to the FT-ADMGs in Figures [5¢| and In these FT-ADMGs, the ver-
tices corresponding to {(B; /) y<i<y,..|B € Anc(W,G°)\ Desc(W,G?)} are highlighted in orange, the
vertices corresponding to {(B; ~_¢)1<r<+, .. |B € Anc(W,G°) N Desc(W,G*)} are highlighted in pink, and
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(a) (b) (c)

// ~ // ~
- N , N

y 4 ¢ !
@ O T 6
(d) SCG. (e) SCG.

Figure 4: Five SCGs not satisfying Definition |7| for any vertex relative to the micro of vertices (X;—,Y:).
Each pair of red and blue vertices represents the total effect of interest and green vertices are those that
intercepts all directed paths from the cause to the effect of interest.

the the vertices corresponding to {(W;_~is)o<s<~} are highlighted in green. The vertex X, - is high-
lighted in red and in orange since it is the main cause of interest and at the same time it is in the set
{(Bi—ry—t) —y<t<rymar | B € Anc(W, G*)\Desc(W, G*) }.

In the following, a sound theorem is introduced for identifying total effects using SCG, even in the presence
of cycles and latent confounders.

Theorem 1. If a set of vertices W satisfies the SCG-front-door criterion (i.e., Definition @ relative to
(Xt—+,Y2) and if Pr(zi—v,y:) > 0 then Pr(y: | do(x:—)) is identifiable and is given by the do-free formula:

Pr(y; | do(x—)) =Y > Pr(f | 2;_,,b") Pr(b®) (1)
f b=

X Z Pr(y, | f,b7 2, ) Pr(b’ 2) )
bf,aréfﬂ{

where F = {(Wi—40)o<e<~} such that \p—1 < Mg ;

B ={(Bi_ tJocrrnn B € Anc(X, G*)\ Desc(X,6)}
U {(Bi—y—t)1<t<ryma| B € (Anc(X,G%) U Anc(W, G%)) N Desc(X, G)} U {(Xi—y4e)1<o<~ 1

and

Bf ={(B,_+_¢) _y<i<y,..|B € Anc(W,G*)\Desc(W, G*))}
U {(Bi—y—t)1<t<ymae | B € (Anc(W, G*) N Desc(W, G%)) I\ {Xi—~ }-

Proof. By Lemma since W intercepts all directed paths from X to Y in the SCG, then {(W;_~+¢)o<e<~}s
i.e., F, intercepts all directed paths from X;_, to Y; in any candidate FT-ADMG in C(G®).  Given this
result, by the law of total probability, the total effect Pr(y; | do(z:—~)) can be computed in two steps: first,
by computing Pr(f | do(x;—~)) and Pr(y; | do(f)), and subsequently multiplying the two quantities together
while summing over f.

Notice that the set {(Bi—y—r)o<t<yma|B € Par(X,G%)} used in Lemma is a subset of B* and at the
same time when v > 0, B” cannot contain any descendant of X;_,. Therefore, by Lemma @ and 4.3] B*
statisfies the standard back-door criterion relative to (X;_.,F) which means that bh
(1995, Theorem 1), Pr(f | do(x;—)) = > p. Pr(f | z,—,, b") Pr(b®).

By Lemma Bf U {X,—} blocks all backdoor paths from W;_, to ¥; for all 0 < A < ~, except those
passing by {(W;_1¢)o<r<~ \{Wi—2} and it does not contain any descendant of W;_y. Therefore, since it is

10
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(a) A candidate FT-ADMG of the SCG in Figure (b) A candidate FT-ADMG of the SCG in
showing the set introduced in Lemma [£:2] to block Figure [3b] showing the set introduced in Lemma [.3]
all backdoor paths from X;_1 to Wi_1 and W;. to block all backdoor paths from X; to Y;.

(c) A candidate FT-ADMG of the SCG in Figure (d) A candidate FT-ADMG of the SCG in
showing the set introduced in Lemma [£:4] to block Figure [3d showing the set introduced in Lemma [4:4]
all backdoor paths from W;_1 and W; to Y;. to block all backdoor paths from W; to Y;.

Figure 5: Here are four FT-ADMGs that correspond to the SCGs in Figures and In each
graph, the red and blue vertices represent the total effect of interest, while the green vertices are those that
intercept all directed paths from the cause to the effect of interest. In FT-ADMGs (a) and (b), all backdoor
paths from the red vertex (in bold) to the green vertices (in bold) are blocked by the brown, purple, and
gray vertices. In FT-ADMGs (c) and (d), all backdoor paths from each green vertex (in bold)to the blue
vertex (in bold) are blocked by the brown, purple, and other green vertices that are temporally prior to the
selected green vertex.

11
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intervened on F = {(W;_1¢)o<s<~}, B U {X:_+} satisfies the back-door criterion relative to (F,Y;), which
means that by [Pearl (1995, Theorem 1), Pr(y; | do(f)) = be@i, Pr(y: | f, bf,gcifw ) Pr(bf). O

The sets used in Equation [I] of Theorem [I] are applicable whether Condition [4a] or Condition [b| of Def-
inition [7] is statisfied. Moreover, by Lemma the set B? in Theorem [lf can be reduced to B*f =
{(Bt_')’_é)OSZS'Ymax‘B € PaT(X, gs)} U {(Xt_"/_é)lgeg'}/max} U {(Xt_'YJl‘e)lSéS’Y} When Conditlon Is sat-
isfied.

Note that a bidirected dashed edge (dashed loop) on a single vertex in an SCG does not affect the result of
Theorem [I] Therefore, it is up to the modeler to decide whether or not to represent these types of bidirected
dashed edges in an SCG in this context. However, it is important to recognize that these edges can be
valuable in other scenarios not considered by Definition [7]

5 Towards non identifiability results

This section explains why the total effect Pr(y; | do(x;—~)) is not identifiable in any of the SCGs shown in
Figure

Consider any SCG in Figure 4, Pr(y; | do(x¢—~)) is not identifiable by the back-door criterion (Pearl, 1995)
because the backdoor path X;_. «--»Y; cannot be blocked by any observed micro vertex. In the following,
it is demonstrated that for each SCG, the total effect cannot be identified by decomposing it into other total
effects and then multiplying them together.

Consider the SCG G* in Figure @ We need to show that if X & W in G*, then there exists at least one A
where 0 < A < Ymax such that Pr(w;_y | do(x—~)) is not identifiable. For v = A, there exists an FT-ADMG
Gy € C(G®) such that X, € Par(Wy,G;) and another FT-ADMG G, € C(G*®) where Wy € Par(X;, Gs). Thus,
the total effect is not identifiable. The same logic can be applied to the SCGs in Figure [4c| and a similar
logic for Figure [4b|to show that Pr(y; | do(w;)) is not identifiable.

Consider the SCG G* in Figure [ddl We need to demonstrate that if X — W — U — X exists in G%,
then there exists at least one A where 0 < A < 7max such that Pr(w,—x | do(z¢—)) is not identifiable.
Let’s take v = A. Since there is a backdoor path 7 = (X, U, W), there exists an FT-ADMG G; with the
backdoor path m = X; < U; < W, which would need to be blocked by conditioning on U;. However,
there is also a directed path 7% = (X, W, Z), which corresponds to an FT-ADMG G, with the directed path
mo = Xy — W — Uy, where conditioning on U; would bias the estimation of the total effect. This ambiguity
around U, implies that the total effect is not identifiable. A similar argument can be made for the SCG in
Figure [4€] to show that Pr(y; | do(w;)) is not identifiable.

6 Conclusion

This paper focuses on identifying total effects from summary causal graphs with latent confounding. Def-
inition [7] establishes graphical conditions that are sufficient, under any underlying probability distribution,
for the identifiability of the total effect. Additionally, in cases where identifiability is established, Theorem
provides a do-free formula for estimating the total effect. These results contribute to the ongoing effort
to understand and estimate total effects from observational data using summary causal graphs. The main
limitation of our result is that, while it is sound, it is not complete for identifying total effects using sum-
mary causal graphs. Consequently, future work should aim to develop a complete identifiability result that
accounts for latent confounding and cycles, along with a corresponding do-free formula that does not require
any information about the distribution.
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A Appendix

Lemma 4.1. Consider an SCG G°. If a set of macro vertices W intercepts all directed paths from X toY
in G° then {(Wi—~q0)o<e<~} intercepts all directed paths from X;_~ to Y: in any candidate FT-ADMG in
C(G*).

Proof. Let G be a candidate FT-ADMG in C(G®). Consider a directed path = from X; ., to Y; in G.
Suppose 7 does not contain any vertex from {(W;_~4¢)o<¢<y}. Then, 7 must include at least one vertex
from {(W;—+1e)eez\ {0, 7} }» as all paths from X to Y are intercepted by W in G°. Consider the case where
there exists W;_,4, in 7 such that £ < 0. In this case, notice that W;_,, is temporally prior to X;_, which
means that by Assumption |I|7 m cannot be a directed path because there exists no directed path from X;_,
to Wi—y4¢. Consider the case where there exists W;_1¢ in 7 such that £ > . In this case, notice that Y; is
temporally prior to W;_,4, which means that by Assumption[I] 7 cannot be a directed path because there
exists no directed path from W;_, ¢ to Y;. Therefore, it must be the case that 7 includes at least one vertex
from (Wy—+4¢)o<e<y. Since G and 7 are arbitrary, this conclusion applies to all directed paths between from
Xi—~ to Y; in any candidate FT-ADMG in C(G®). O

Property 1. Consider an SCG G®. If there is no backdoor path from X to W in G, then each active backdoor
paths from X,_., to Wy_x in any FT-ADMG in C(G®) has to pass by another vertex X,_ with A" # ~.

Proof. Consider an SCG G* and a given candidate FT-ADMG G in C(G*). First, note that a backdoor path
from X;_- to Y; in G cannot consist solely of edges pointing toward X, - because if this were the case,
there would be a backdoor from X to W path in G°. This would contradict the assumption that there
is no backdoor path from X to W. Therefore, the only possible backdoor path, is a path containing at
least one ancestor of X;_- and W;_). Consider an active backdoor path in G: X;_ < Uy, -+ ,Upr, -+ <
S oo Quir —> -+ Dy + o Ly — Wiy, Let’s assume that X;_y does not belong to the path. Since
the path does not pass through another instance of X, the compatible of the path considered in G° is the
following path: X «+ U---+ S---Q — -+, Z — W where each subpath of micro vertices with the left and
right endpoints shares the same macro vertex are replaced by this macro vertex. The path we’ve identified
corresponds directly to a backdoor path in G®. This contradiction implies that the assumption we took must
be false. Moreover, if we assume that X;_)- belongs to the path then if we replace Qu by X;_»/ then the

compatible path in G* would be X — Z — W which is not a backdoor path. O
Lemma 4.2. Consider an SCG G° = (S,E®) and the pair of micro vertices (X;—~,Y;) compat-
ible with the macro wvertices (X,Y).  Suppose W is a set of macro wvertices that statisfies Con-

ditions @ and @ of Definition @ in G° relative to the pair of micro wvertices (Xi—,,Y:). If
Cycles(X) = 0 then for any Wi_x € {(Wi—yie)o<i<~}, the set {(Bi—y_1)o<i<ryn..|B € Par(X,G%)} U
{(Bi—y—t)i<t<rym | B € Anc(W,G%) N Desc(X,G°)} U (X4 0)1<i<+ | blocks all backdoor paths from X;_,
to Wi_»x and does not contain any descendant of X,_., in any candidate FT-ADMG in C(G®).

Proof. By definition of Ymax, the set {(Bi——¢)o<i<rn..|B € Par(X,G*)} contains all observed parents of
Xi—~ in any FT-ADMG in C(G®). Given that Cycles(X,G*) =0, if B € Par(X,G*®), then B ¢ Desc(X,G?),
implying that {(Bi—y—r)o<t<vm.|B € Par(X,G%)} cannot include any descendant of X;_.. Therefore, this
set blocks all backdoor paths from X;_, to W;_, that begin with an undashed left arrow, i.e., "X;_, <"
without activating a new path between X;_. and W;_,. Again, since Cycles(X, G*) = 0, the only backdoor
paths from X;_ - to W;_, that is not blocked or becomes activated by {(B;_—¢)o<i<ymax|B € Par(X,G*)}
are those that are those starting with "X;_, <—--»". By Property [1 all backdoor paths from X;_, to W;_,
in any FT-ADMG @ in C(G*) has to pass by another vertex X;_, with A\’ # ~. Let us consider three cases:

Case 1 If ) < 0 then obviously, by Assumption [1} the backdoor path is necesserly blocked by the empty
set since X;_» cannot be an ancestor of W;_, nor an ancestor of X;_.

Case 2 If X > ~, then by Condition [2, {(X¢—y—¢)¢<1} can blocks the backdoor path, however this set
is unbounded and therefore unpratical. So instead, we can replace it by {(B,__¢)1<¢<~,..|B €
Ane(W,G%) N Desc(X,G%)} (remark that {(X;—~—¢)1<r<vyma } 18 included in that set) to blocks the
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B e ATZ(J(W’ g“) N Desc(X, gs)}

backdoor path. Furthermore, by Assumption [T} {(B,—_/)1</<-,..
cannot contain descendants of X;_..

Case 3 If 0 < X <+, then by Condition [2 {(X,_-1¢)1<s<~} blocks the backdoor path. Furthermore, since
Cycles(X,G°) =0, {(X;_++/)1<r<~} cannot contain descendants of X;_-. o

Lemma 4.3. Consider an SCG G°* = (S,E®) and the pair of micro wvertices (X, Yy) com-
patible with the macro wvertices (X,Y). Suppose W is a set of macro wvertices that stat-
isfies  Conditions [Q and [] of Definition [ in G° relative to the pair of micro wver-
tices (X, Y:). Then for any W, € Wi,  {(Bi—t)o<t<ym..|B € Anc(X,G*)\Desc(X,G)} U
{(Bi—t)1<t<ymur | B € (Anc(X,G°) U Anc(W, G?)) N Desc(X,G)}  blocks all backdoor paths from X, to
Wy and does not contain any descendant of X in any candidate FT-ADMG in C(G®),

Proof. Condition [2| implies that there exists no active backdoor path 7% = (V! = X,... . V" = W) from X
to W in G* such that (V2,...,V"~1) C Desc(X,G*) which means that there are no cycles that contain X
and another vertex on a path from X to W. Furthermore, by Property [T} all backdoor paths from X; to W;
in any FT-ADMG G in C(G®) has to pass by another vertex X;_, with A’ # 0. Let us consider three cases:

Case 1 If M < 0, then obviously, by Assumption [I} the backdoor path is necesserly blocked by the empty
set since X;_ / cannot be an ancestor of W; nor an ancestor of X;.

Case 2 If X > 0 and if the second micro vertex U;_, on the backdoor path we are considering is com-
patible with the macro vertex U ¢ Cycles(X,G*®) then the backdoor path can be blocked by
{(Bt—0)o<t<ra|B € Anc(X, G*)\Desc(X,G)}.

Case 3 If X > 0 and if the second micro vertex U;_) on the backdoor path we are considering is com-
patible with the macro vertex U € Cycles(X,G*) then the backdoor path can be blocked by
{(Bi=r)o<t<rmax| B € Anc(X,G*)\Desc(X,G)} U {(Bi—r)1<t<ymae | B € Anc(X,G*) N Desc(X, G)}.

In addition, by construction and by Assumption {(Bi—2)0<t<ymax | B € Anc(X, G*)\Desc(X,G)} U
{(Bi—0)1<t<ymue | B € Anc(X,G%) N Desc(X,G)} cannot contain any descendant of X;. Which means that
{(Bi—2)o<t<rymax | B € Anc(X,G*)\Desc(X,G)} U {(Bi—r)1<t<rymuc| B € Anc(X,G%) N Desc(X,G)} blocks all
backdoor paths from X; to W; starting with an undashed right arrow, i.e, "X; <". This means that the only
backdoor paths from X; to W; that are not blocked are the ones statring with "X; «---»". Let us consider
two cases:

Case 1 If M < 0, then obviously, by Assumption [I} the backdoor path is necesserly blocked by the empty
set since X;_ s cannot be an ancestor of W; nor an ancestor of X;.

Case2 If N > 0, then by Condition {(X¢—y—¢)e<1} can blocks the backdoor path,
however this set is unbounded and therefore unpratical. So instead, we can re-
place it by {(B;_¢)i<r<...|B € Anc(W,G%) N Desc(X,G)}.  Furthermore, by Assumption
{(Bi—r)1<t<ymui| B € Anc(W,G°) N Desc(X, G)} cannot contain any descendant of X, in any can-
didate FT-ADMG in C(G?®). L)

Property 2. Consider an SCG G*. Given Condition[3, if all backdoor path from W to'Y in G are blocked
by X, then each active backdoor paths from Wy_y to Yy in any FT-ADMG in C(G*®) has to pass either by a
vertex Xy or a vertexr Wy_x» with A" # \.

Proof. Consider an SCG G® and a given candidate FT-ADMG G in C(G*). The proof that there might exists
an active backdoor path from W;_) to Y; that does not pass through any X;_,, must pass through a vertex
Wi follows a similar reasoning to that used in the proof of Property m Let’s assume there is an active
backdoor path between W;_y and Y; that does not pass through W;_,.. If the path between W;_, and Y; is
active and does not pass through W;_,,, then this path must be relying on connections in the SCG. Consider
such an active backdoor path in G: Wy_y <= Uy, -+ ,Upr, -+ <= Spor -+ [ Qurr =+~ Ly -+ Zpn — Y.
The compatible of the path considered in G* is the following path : W« U.--- < S---Q — --- | Z =Y
where each subpath of micro vertices with the left and right endpoints shares the same macro vertex are

16



Under review as submission to TMLR

replaced by this macro vertex. The identified path corresponds to a backdoor path in G*. If X is not on this
path, it would lead to a contradiction, as in that case, not all backdoor paths would be blocked by X. This
implies that our initial assumption—that there exists a backdoor path between W;_» and Y; that does not
pass through W;_,s—must be false. Consequently, under our assumption, X must be on the path in G*,
and X;_ ) must be on the corresponding path in G.

Now, under a similar scenario, let us assume that the backdoor path between W;_, and Y; does pass through
W, _xn. For instance, suppose W;_x» = Q- on this path. In this case, the compatible path in G° would be
W — -+ — Z — Y, which is not a backdoor path in G*. O

Lemma 4.4. Consider an SCG G* = (S,E®) and the pair of micro vertices (X, Y:) compatible with the
macro vertices (X,Y). Suppose W is a set of macro vertices that statisfies Conditions @ and@ of Defi-
m'tionn in G° relative to the pair of micro vertices (X;,Y:). Then, for any Wi_x € {(Wi—y1e)o<e<~}, the
set {(Bi—n—t) —y<t<ymax| B € Anc(W, G*)\Desc(W, G*) JU{(Bt—y )1 << | B € Anc(W, G%) N Desc(W, G*)}
blocks all backdoor paths from Wi_y to Yy not passing by {(Wi—+¢)o<i<~ \{Wi=a} and it does not contain
any descendent of Wi_y.

Proof. If there is a cycle that includes W and any other vertex not in W on a directed path from X to Y that
is intercepted by W and that is closer than W to Y on the path, then there exists an active backdoor path
from W to Y that does not pass through X (which means cannot be blocked by X). By Conditions [2| and
this cannot be true. Therefore, it must be the case that all cycles containing W do not include any other
vertex on a directed path from X to Y that are neither in W nor closer to Y on the path. By Property 2]
all backdoor path from W;_y to Y; in any FT-ADMG in C(G®) has to pass by either by X;_» or by W;_~
with X/ # A

Let’s consider one of these backdoor paths that pass by a vertex X;_ - but does not pass by any ver-
tex Wi_y» such that X’ # A. By Condition 3| {(Bi—~—¢)—y<i<ryma | B € Anc(W,G*)\Desc(W, G*)} block
this path, however it can activate a path of the form W;_, <+ ...X;_x ¢-- Y; where N > v + Ymax.
Since A < v and X > v + Ymax then the parents of W;_, which are temporally prior to t — A can
block this path. Notice that these parents are in {(B;—~—¢)1<i<n..|B € Anc(W,G°) N Desc(W,G*)}. Fur-
thermore, by construction and by Assumption {(Bt—y—t) —y<t<ymae | B € Anc(W, G*)\Desc(W,G%)} U
{(Bi—ry—0)1<t<my | B € Anc(W,G*) N Desc(W, G*)} does not contain any descendant of Wy_.

Now let’s consider one of the remaining backdoor paths that pass by a vertex W;_y». Let us consider two
cases:

Case 1 If )N/ > v,  then obviously the backdoor path can be blocked by
{(]))L*’Y*f)lﬁfﬁ”/max B e AYL(Z("V, g“) n ])65(‘,(”/, g“)}

Case 2 If X <~ then the backdoor path pass by {(W;_+/)o<r<-}\{Wi—r} which means it does not need
to be blocked.

O
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