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ABSTRACT

Accelerator memory and network constraints are dominant bottlenecks when train-
ing large language models (LLMs) with billions of parameters. Recently, Low-rank
gradient estimators have been successfully applied by methods such as GALORE
and FLORA for LLM training on consumer hardware, by compressing gradients
and optimizer tensors. However, the underlying gradient estimation methods are
biased or subject to a high variance. Moreover, low-rank optimizer states, such
as the first and second moments under the previous subspace, become misaligned
whenever the projection is updated. This misalignment can lead to instabilities
during training with low-rank gradients. We propose PLUMAGE: Probabilistic
Low-rank Unbiased Minimum-vAriance Gradient Estimator. PLUMAGE can be
applied as a drop-in replacement for low-rank LLM training without introducing
new hyperparameters beyond the chosen rank r and the update interval τ . In
addition, we resolve the misalignment of low-rank statistics. We apply PLUMAGE
as a drop-in replacement for the fixed top-k components estimate used in GALORE
to observe how the gradient bias-variance trade-off impacts the optimization of
LLMs. The resulting PLUMAGE+ADAM shrinks the full-rank optimization’s gap
in the pre-training evaluation loss by 33% on average across models, with a 34%
improvement on the commonsense benchmark for the 1B models. In finetuning
tasks, the average training loss gap across the GLUE benchmark is shrunk by 28%
— without retuning the full-rank learning rate and within a similar computational
and memory footprint as GALORE. Alternatively, in our 1B pretraining benchmark
PLUMAGE+ADAM surpassed the terminal loss of GALORE within 30% fewer steps.

1 INTRODUCTION

Natural language modeling has benefited from training large language models (LLMs), which consist
of billions of parameters on massive amounts of unsupervised data. This requires distributed training
algorithms employing thousands of interconnected high-end accelerators to speed up the training
time. Moreover, some of the largest state-of-the-art models do not fit in a single device’s memory.
Meanwhile, the historical progress of scaling the capabilities of high-bandwidth memory and device
connectivity lags behind progress in scaling the compute capabilities of modern accelerators (Gholami
et al., 2024). Thus, significant engineering and research efforts have been made to improve large
model training efficiency. For example, distributed computing (Shoeybi et al., 2019; Rajbhandari
et al., 2020; Zhao et al., 2023), structured sparsity (Hubara et al., 2021; Chmiel et al., 2022), and
applications of low-precision numerical formats Courbariaux et al. (2016); Banner et al. (2018);
Chmiel et al. (2020); Dettmers et al. (2021); Blumenfeld et al. (2024); Chmiel et al. (2025).

As models grow in size, the memory and connectivity limitations of modern accelerators emerge
as a critical bottleneck, impeding the ability of the research community to train and fine-tune state-
of-the-art models without relying on access to expensive hardware and infrastructure. Addressing
these constraints is essential for reducing entry barriers for future research. One recent avenue of
work aims to enable the training and fine-tuning of large models with limited accelerator memory
overhead. A common strategy is Parameter-Efficient Fine-Tuning (PEFT), where trainable adapters
are inserted into frozen large models to learn a new task. For example, Hu et al. (2021) proposed
attaching low-rank parametrized adapters to the linear layers of a given model. This approach lowers
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the optimizer’s state memory requirements compared to full model training, while reducing the risk of
overfitting on small datasets. This strategy can also incorporate memory and computation gains using
low-bit numerical formats (e.g., Dettmers et al. (2023)). However, PEFT methods rely on having a
pre-trained model and are less suited when one wishes to train the entire model.

Recently, Zhao et al. (2024) (GALORE) proposed projecting gradients to a low-rank subspace. The
method projects the dense linear layers’ weight gradients, reducing the optimizer’s state memory –
without enforcing a low-rank weight structure. This method was also shown to yield a potentially
better compression rate and lower terminal loss compared to other PEFT methods. More importantly,
the authors showed how LLMs can be trained from scratch on widely available consumer-grade
hardware with limited memory. Notably, the projection at the core of the method can be viewed as a
low-rank gradient estimation based on the top-k singular vectors, periodically computed via Singular
Value Decomposition (SVD, Eckart & Young (1936)) of the linear weight gradient.

These results led us to question whether there is a better low-rank gradient estimation alternative for
training neural networks, given that the gradients are not necessarily of low rank. Moreover, fixing
the projection to the span of the top-k singular vectors can lead to a significant accumulation of bias
during the optimization process, which is known to be detrimental (Gupta et al., 2015; Chmiel et al.,
2020; 2025). Our contributions can be summarized as follows:

• We derive a novel k-sparse probabilistic low-rank unbiased minimum-variance gradient
estimator (PLUMAGE). Our approach relies on an efficient and fixed-rank sampling strategy
without replacement. In addition, it requires permanent storage of only a one-sided projection
matrix per weight, similar to the top-k gradient estimator used in Zhao et al. (2024).

• We develop an alignment method for the first and second moments used by stateful opti-
mizers such as ADAM. Our alignment strategy mitigates the adverse effects of periodic
projection subspace updates during training, enhancing training stability with low-rank
gradient estimators.

• We demonstrate a significant improvement in convergence rate, terminal validation loss,
and in the post-training evaluation metrics, when using our low-rank gradient estimator as a
drop-in replacement for the top-k estimator — without tuning the full-rank learning rate or
adding hyperparameters other than the rank of choice and projection update interval.

2 RELATED WORK

This section reviews the foundational and closely related work necessary to contextualize our approach.
We will also explain why it is important to distinguish between memory-efficient gradient estimation
and memory-efficient optimization.

Momentum and Adaptive Optimizers. Given the learning rate η and the gradient Gt = ∇Lt in step
t, the vanilla stochastic gradient descent (SGD) updates the weight matrix in each layer according to

Wt+1 = Wt − ηGt. (1)

Adding a momentum term with coefficient β1, to dampen stochastic gradient noise (SGDM, Rumelhart
et al. (1986)) yields the following.

Mt = β1Mt−1 + (1− β1)Gt and Wt+1 = Wt − ηMt . (2)

Adaptive methods precondition the update by incorporating second-order information. For example,
ADAM uses a diagonal preconditioner (i.e., a per-coordinate scale), by tracking the second moment
estimate Kingma & Ba (2017),

Vt = β2Vt−1 + (1− β2)G
◦2
t , (3)

where □◦2 denotes an element-wise square. ADAM’s update rule (bias correction factors omitted for
brevity) is

Wt+1 = Wt −
ηMt√
Vt + ϵ

. (4)

Memory-Efficient Optimizers. Despite its popularity and advantages, ADAM incurs a high com-
putational and memory overhead. State compression is an alternative, straightforward approach to
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reduce the optimizer’s state without changing the optimizer (e.g., quantization Dettmers et al. (2021)).
Other preconditioning strategies can lead to lower state memory. For example, Adafactor tracks a
factorized estimate of the second moment with sublinear memory in the size of the matrix parameters
Shazeer & Stern (2018). Other optimizers do not use or store a second-moment/preconditioner. For
example, Chen et al. (2023) used updates that are computed as the sign of the current gradient and
the momentum. The sign operation normalizes the coordinate-wise magnitude. It was shown that
the extended Lion-K family solves a constrained optimization of the loss under l∞. This family
includes the recent promising MUON optimizer (Jordan et al., 2024; Chen et al., 2025; Liu et al.,
2025) that employs semi-orthogonal updates by applying Newton-Shults iterations before applying
weight updates. In general, such methods are orthogonal to our low-rank gradient approximation.

Sparse Gradients. Sparse gradient methods focus on updating only a subset of model parameters,
reducing compute, communication, and memory costs (e.g., Aji & Heafield (2017); Chmiel et al.
(2022)). Recently, Muhamed et al. (2024) proposed GRASS that leverages structured gradient
sparsity to reduce its optimizer state memory and computational cost. GRASS is constructed as
an unbiased and minimum variance row-sparse gradient estimator by sampling rows in proportion
to their norms. However, its optimal variance is established under a multinomial sampling with-
replacement. This allows high norm rows to be sampled multiple times and thus leads to a higher
variance vs. non-replacement sampling. Moreover, the authors suggest that computing the optimal
sampling probabilities without replacement is not tractable. In addition, a row-sparse approach leads
to instabilities during training, prompting the usage of heuristics such as momentum restarts and
periodic learning-rate warm-ups when the sampled row indices are updated.

Low-Rank Gradients for Communication Compression. In distributed settings, low-rank gradients
are applied to compress the data transfer during gradient synchronization between the distributed
collective workers, before each optimization step. For example, Wang et al. (2018) (ATOMO) proposed
a min-variance unbiased low-rank gradient estimator that reduces communication by sparsifying the
gradient’s singular values and transmitting only the surviving SVD components. ATOMO’s sampling
strategy produces a rank-k gradient on average and requires communication of both the left and
right projections. Later, PowerSGD (Vogels et al., 2020) leveraged the power-iteration method to
maintain an approximation of the top-k gradient singular vectors, reducing the cost of applying SVD
on the gradients before each communication, while adding a feedback mechanism to incorporate the
previous step error in the next gradient communication.

Low-Rank Gradients for Memory-Constrained Optimization. GALORE and FLORA exploit the
low-rank gradient structure to reduce device memory costs (Zhao et al., 2024; Hao et al., 2024) when
training and finetuning large models that do not fit in the device memory. Recall that GALORE, as
previously mentioned, uses a biased fixed top-k singular-vector projected gradient estimator. In
contrast, FLORA utilized reconstructible random Gaussian projections (via random generator seed
reuse). FLORA authors also use ADAFACTOR instead of ADAM to further reduce the low-rank
optimizer state memory footprint. While FLORA’s gradient estimation is unbiased, the random
projection matrices yield an additive variance proportional to the number of trainable parameters.
Thus, it is less suited for training large models from scratch. The authors address this caveat by
setting a low update frequency, trading off bias for variance while focusing on small model training
and fine-tuning tasks. Recently, Shamshoum et al. (2024) (DROPACT) proposed applying a random
projection (similarly to FLORA) to the linear layer’s inputs during the forward phase before storing
them for the backward phase to further reduce input memory for the weight gradient. This approach
reduces activation, gradients, and optimizer state memory as the gradients are only projected back for
weight update. We will later show (Section 4.3) that FLORA typically leads to a higher loss than both
GALORE and our method. Moreover, attempts to find a comparable regime to pretrain large models
with FLORA+ADAM were unsuccessful. We attribute this primarily to the high variance incurred by
sampling high-dimensional random projections.

Full-Rank Training with Low-Rank States. A recent line compresses the optimizer states while
utilizing a full-rank gradient for the weight update. FIRA (Chen et al., 2024) stores low-rank moments
in a projector-defined subspace (e.g., top singular subspace as in GALORE), but applies the gradient
residual so that updates remain full-rank. APOLLO (Zhu et al., 2024) computes channel-wise (or
tensor-wise) adaptive factors from random projected moments and applies them to the full-rank
gradient. Since both methods require instantiating a full-rank gradient, they cannot reduce gradient
memory or communication volume in distributed training. Thus, they are closer to memory-efficient
optimizers and are orthogonal to our proposed gradient estimation framework.
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In contrast, a low-rank gradient estimator reduces the dimensionality of the gradient signal and is
optimizer-agnostic. This approach results in simultaneous savings in gradient-related memory while
enabling a lower communication overhead, which is critical for training large models on lower tiers
of accelerator hardware.

3 PLUMAGE: A PROBABILISTIC LOW-RANK UNBIASED MINIMUM
VARIANCE GRADIENT ESTIMATOR

Figure 1: “Wheel-of-Fortune" sam-
pling with k = 5 arms

In this section, we develop our gradient estimator frame-
work following similar Minimum Variance Unbiased Estima-
tor (MVUE) considerations as in Alain et al. (2015); Wang
et al. (2018); Chmiel et al. (2022). In addition, we require
a fixed-rank estimator constraint, leading to a deterministic
computational and memory cost that is essential for practical
applications. Moreover, we seek a compact one-sided projec-
tion matrix to reduce the required storage and match GALORE.
Finally, we establish PLUMAGE’s efficient sampling strategy
and develop the tools for deploying PLUMAGE in stateful op-
timizers such as ADAM.

3.1 LOW-RANK MIN-VARIANCE UNBIASED ESTIMATOR

Given the matrix G ∈ Rm×n and its singular values decomposition G =
∑n

i=1 σiuiv
⊤
i , where

n ≤ m and σ = {σi}ni=1 is ordered from largest to smallest singular values. The classic low-rank
estimator based on the top-k singular vectors with k ≤ n is given by Ĝtop−k =

∑k
i=1 σiuiv

⊤
i and

is known to have the minimal mean square error Eckart & Young (1936). However, the truncation
of the tail components results in gradient bias, which is detrimental to the optimization process, as
errors are accumulated over multiple training iterations (see Appendix D). Therefore, we consider a
low-rank gradient estimator with the general form

Ĝ =

n∑
i=1

1

pi
Iiσiuiv

⊤
i , (5)

where Ii denotes a random 0/1 variable which determines the inclusion of the ith component, while
pi is a scalar constant. We aim to find a distribution for Ii such that the following properties hold:

1) Unbiased gradient estimator:
EĜ = G⇔ pi = EIi (6)

2) Deterministic rank k:
n∑

i=1

Ii = k ⇒
n∑

i=1

pi = k (7)

3) Minimal variance:

min
Ĝ

E
[
Var

(
Ĝ
)]

(8)

We solve the constrained optimization to minimize the variance with the following results (a complete
derivation is given in Appendix A).

The variance for a low-rank estimator from Eq. (5) is

E
[
Var

(
Ĝ
)]

=

n∑
i=1

[(
1

pi
− 1

)]
σ2
i . (9)

Next, to obtain the optimal sampling probabilities, one must first compute the fixed-rank budget,

r∗ (k,σ) = argmin
r∈{0,..,n}

r s.t.
(k − r)σr+1∑n

i=r+1 σi
< 1. (10)
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Then, the minimum-variance unbiased sampling probabilities are given by

pi =

{
1 , if i ≤ r∗

(k−r∗)σi∑n
j=r∗+1 σj

, if i > r∗
. (11)

We observe that Ii need not be independent. Thus, we can employ any sampling strategy that satisfies
the k-sparse condition in Eq. (7) under Eq. (11). Formally, let k ≤ n and {pi}ni=1 a series of inclusion
probabilities, with pi ∈ (0, 1] and

∑n
i=1 pi = k. We wish to sample without replacement exactly k

distinct indices I ≜ {i1 . . . ik} such that ∀i ∈ {1 . . . n} : P(i ∈ I) = pi.

We employ a “wheel-of-fortune” sampling trick with k equidistant arms (Fabian, 2024) to efficiently
sample and construct the projection matrix in linear time complexity over the number of singular
values. In essence, we first shuffle the order of pi, then each pi is represented by a sector that is
proportional to pi∑n

k=1 pk
. Finally, the arms are randomly rotated with a uniformly distributed shift,

selecting all the indices in a single step. The sampling algorithm is illustrated in Fig. 1. Computing p
and sampling can be implemented efficiently in O(min(m,n)) and is negligible compared to SVD
computation (see Algorithms 2 and 3 in the appendix).

3.2 ONE-SIDED PLUMAGE

Next, we construct an estimator using only a one-sided projection and show that our one-sided
estimator maintains the MVUE properties. Without loss of generality, we assume our gradient
estimator is based on a left-sided projection P. The projection matrix is constructed by stacking the
sampled singular vectors,

P =

 u1I1︸ ︷︷ ︸
column 1

. . . unIn︸ ︷︷ ︸
column n

 . (12)

Similarly, right-sided projections stack vi singular vectors as rows. The left-side projection of matrix
G is given by

P⊤G =

n∑
k=1

σkP
⊤ukv

⊤
k =

n∑
k=1

σkIkδkv⊤
k , (13)

where δk ∈ {0, 1}n , δk[i] =
{
1 i = k

0 else
.

Given the diagonal scaling matrix D = Diag(p1, p2, ..., pd), the left sided PLUMAGE estimator is

Ĝ = PD−1P⊤G =

n∑
k=1

σkIkPD−1δkv
⊤
k =

n∑
i=1

1

pk
Ikσkukv

⊤
k . (14)

Since Eq. (14) is equivalent to the original formulation from Eq. (5), the one-sided projection has the
same properties as the two-sided variant.

3.3 INCORPORATING PLUMAGE IN OPTIMIZERS

We apply PLUMAGE to compress the optimizer’s first and second momentum, which are common
statistics tracked by optimizers such as ADAM and SGDM.

3.3.1 LOW-RANK MOMENTS AND ADAM WEIGHT UPDATE

The low-rank moments are given by

M
⌊t
t = β1M

⌊t−1
t−1 + (1− β1)P

⊤
t Gt and V

⌊t
t = β2V

⌊t−1
t−1 + (1− β2)

(
P⊤

t Gt

)◦2
, (15)

where Pt ∈ Rm×r denotes the left projection matrix composed from the singular vectors of Gt, and
□⌊t denotes the low rank moment from time step t. The simplified low-rank ADAM update rule is

Wt+1 = Wt − ηPtD
−1
t

M
⌊
t√

V
⌊
t + ϵ

, (16)

where Dt is the diagonal matrix containing its sampled singular values, as explained in Section 3.2.
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3.3.2 PERIODIC PROJECTION UPDATE

We aim to amortize costly SVD operations by reusing the same projection across multiple optimizer
steps, similarly to Zhao et al. (2024). Given the hyperparameter τ ∈ N+, the interval length between
subsequent SVD. For convenience, we define the index mapping kt = ⌊t/τ⌋. We define the optimizer
statistics as

M
⌊kt

t = β1M
⌊kt

t + (1− β1)PktGt and V
⌊kt

t = β2V
⌊kt

t + (1− β2) (PktGt)
◦2

. (17)

The projection Pkt
and scaling factors Dkt

are sampled once after computing SVD over Gkt

according to the probability pkt
computed according to Eq. (11). Moreover, PLUMAGE needs only to

store the diagonal elements in Dkt
up to the chosen rank, contributing to minor memory overhead

compared to the baseline GALORE memory cost. Note that in this case, pkt
is no longer proportional

to Gkt
’s singular values. Thus, we lose the minimum variance promise of PLUMAGE, yet the estimate

remains unbiased. However, if the gradient subspace changes slowly during optimization, we can
still benefit from variance reduction.

One can also define a resampling interval κ ∈ N+ hyperparameter to refresh the projection and
scaling coefficients without recomputing the SVD (i.e., κ ≤ τ ). This can help balance subspace
exploration and SVD compute overhead under the uncertainty of how well the sampled subspace
retains the information from the observed gradients. In our experiments, sampling projection once
throughout the SVD update interval works well. Yet, we found that overly frequent projection updates
may hurt the utility of the moment statistics in the optimization process. We leave the exploration of
this tradeoff for future work and set κ = τ in our experiments. In addition, we explored methods for
measuring and utilizing the subspace correlation with the recent gradients in Appendix B.

3.3.3 STATISTICS REALIGNMENT OF THE FIRST AND SECOND MOMENTS

Stateful optimizers such as ADAM, when using low-rank estimators such as GALORE, suffer from
a crucial subspace alignment issue when the gradient’s projection is updated during training. In
essence, the low-rank statistics represent moment estimates tracked in different subspaces. Formally,
let G⌊t = P⊤

t G then, we aim for M⌊t = E
[
G⌊t] and V⌊t = E

[(
G⌊t)◦2]. However, given

two arbitrary projection metrices P1 ∈ Rm×r1 and P2 ∈ Rm×r2 , it is clear that M⌊1 ̸= M⌊2

and V⌊1 ̸= V⌊2 For instance, if P1 ⊥ P2, then M⌊1 has no information on M⌊2. Moreover,
misalignment can occur even if the subsequent projections span the same subspace (e.g., a rotation of
the singular vectors). Therefore, updating the projections without statistics realignment may lead to
spurious weight updates in the following weight updates (until the new data is sufficiently represented
in the first and second moment estimators). Similarly to Hao et al. (2024), one can initialize M⌊2,
after updating the projection, by projecting the previous estimate onto the shared subspace between
the two projections to realign the first-moment statistics,

M⌊2 ≈ P⊤
2 P1M

⌊1 (18)

Notably, unlike Hao et al. (2024), under PLUMAGE’s Pi are orthonormal matrices. Thus, B = P⊤
2 P1

projects M⌊1 onto the intersection of subspaces induced by the projections Pi. The resulting M⌊2

magnitude will be proportional to the cosine of the principal angle between the two subspaces since
∥B∥ ≤ 1. Moreover, when Pi spans the same subspace, the transformation rotates the moment
without distortion since ∥B∥ = 1. For V⌊2, one cannot simply initialize V⌊2 = BV⌊1 after the
change in projections, since it will produce negative entries. Since finding the optimal inverse
projection is not trivial, we approximate V⌊2 as an initial guess.

V
⌊2
ij = E

[
BG⌊1

]2
ij
=
∑
k,l

BikBilE
[
G

⌊1
kjG

⌊1
lj

]
≈
∑
l,k

BikBilE
[(

G
⌊1
kj

)2]
=

[
B◦2V⌊1

]
ij

, (19)

where in the ≈ step we approximated the gradient’s second-moment matrix to be diagonal, i.e.,
E [GkjGlj ] ≈ 0 for k ̸= l. Such a diagonal approximation is commonly used in both theory and
practice (Kingma & Ba, 2017; ichi Amari et al., 2018). In Section 4.1, we empirically demonstrate
that our initialization produces better results than simply assuming M⌊1 ≈ M⌊2 and V⌊1 ≈ V⌊2

when updating the gradient projection. The full definition of PLUMAGE+ADAM with momentum
realignment is given in Algorithm 5 of the appendix. In the experiment section below, we refer to this
combination as PLUMAGE for brevity.
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(a) Llama 130M Ablation: perplexity vs. tokens. (b) Llama 350M C4 loss, w/o second moment.

Figure 2: Qualitative evaluation of PLUMAGE

4 EXPERIMENTS

4.1 PLUMAGE ABLATION STUDY

Table 1: Llama 130M Ablation: terminal
loss and accuracy after 2.6B tokens.

Loss Acc
Train Eval

ADAM 3.256 3.256 38.7
GALORE 3.473 3.471 36.5
PLUMAGE 3.402 3.400 37.1
PLUMAGEMP 3.386 3.385 37.3
PLUMAGES/MP 3.378 3.377 37.4

As in Zhao et al. (2024), we evaluate the optimization
performance of our PLUMAGE+ADAM optimizer by pre-
training LLaMA with varying sizes on the C4 English
dataset from scratch. In all C4 English experiments, we
rely on the processed version of the “Colossal Cleaned
Crawl”, which is readily available in the Huggingface
datasets library (Wolf et al., 2019; for AI, 2020; Raffel
et al., 2019). As in Zhao et al. (2024), we use a sequence
length of 256 with the T5 tokenizer from Raffel et al.
(2019); however, shorter sequences are stringed together
to yield 256 tokens instead of padding.

The ablation results are presented in Table 1 with a token vs. loss curve in Fig. 2a. We include the
base PLUMAGE (Eq. (17)), add the projection realignment methods: The ‘first Moment Projection
(Eq. (18), □MP), and the ‘Second moment realignment’ (Eq. (19), □S/MP). An optimization gap
between the low-rank gradient optimizers and the full-rank ADAM is still apparent. However,
PLUMAGES/MP shrinks the gap between the GALORE and Adam baseline by a factor of ∼ 2 when
the hyperparameters are set according to the full-rank ADAM training regime (that Zhao et al. (2024)
found to be optimal). Additional ablations over the rank and projection update interval and other
qualitative experiments can be found in Appendix C.

4.2 PLUMAGE DEBIAS IMPACT

While PLUMAGE is unbiased, applying it to ADAM does not produce unbiased gradients due to the
use of the non-linear adaptive scaling factor based on the V statistic. The V term contributes to
gradient bias with the ADAM update as well, thus degradation observed in Table 1 is expected. To
better understand how bias impacts optimization with low-rank gradients, we train a medium-sized
Llama variant with 350M parameters on 2.6B tokens from the C4 English dataset as before. However,
since the adaptive step size is biased, we use stochastic gradient descent with momentum (SGDM).
This is achieved by disabling the second-moment term in Adam and comparing it with the adapted
versions of PLUMAGEMP and GALOREMP variants. We use momentum β = 0.9 for all optimizers
and a learning rate of 0.1. In addition, we fix the projection intervals to 200 steps and the rank to
128, while the hidden dimension of the model is 1024. In Section 4.2, we observe the training loss
on a log scale. Our version of SGDM+PLUMAGEMP convergence rate is on par with the full-rank
SGDM optimizer, while it is clear that SGDM+GALOREMP bias is impeding the optimization. For a
self-contained read, we include a simple quadratic scaler biased optimization example from Chmiel
et al. (2025) in Appendix D.
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4.3 FINE-TUNING WITH LOW-RANK GRADIENTS

4.3.1 GLUE BENCHMARK

Following Zhao et al. (2024) and Hao et al. (2024), we evaluate low-rank optimization on GLUE
natural understanding benchmark (Wang et al., 2019). We fine-tune all parametrized layers in
the Roberta base model (Liu et al., 2019) except for its embedding layers, while low-rank gradient
estimators are used for all linear layers’ weights. We fix the rank r = 8, and reuse the hyperparameters
as suggested in Zhao et al. (2024). In particular, the update interval τ = 100 and the recommended α
scales for GALORE (recall that PLUMAGE does not use α). We optimize the model for 30 epochs to
ensure the loss has converged. Learning rates are tuned per task for each method to yield the best
possible results, as done in Zhao et al. (2024). This allows us to compare the terminal loss and to
evaluate the estimators’ impact on the optimization gap. The results are reported in Table 2, where
we present the best metrics for accuracy and loss for each method in every task. It is also notable
that using PLUMAGE leads to lower or equivalent terminal loss and next token prediction accuracy
compared to both FLORA and GALORE.

Table 2: Fine-tuning RoBERTa-Base on GLUE benchmark: best terminal accuracy (loss).
MNLI QQP QNLI SST-2 CoLA STS-B MRPC RTE Mean

ADAM 87.60 (4e-3) 89.35 (2e-3) 92.86 (2e-3) 94.27 (4e-3) 63.58 (4e-3) 90.92 (0.03) 92.93 (1e-3) 75.81 (3e-3) 85.91 (4e-3)
FLORA 87.07 (0.25) 87.77 (0.15) 92.33 (0.15) 94.84 (0.07) 59.31 (0.13) 89.95 (0.22) 91.42 (0.16) 71.84 (0.24) 84.32 (0.16)
GALORE 85.78 (0.29) 85.46 (0.21) 91.95 (0.11) 92.78 (0.08) 62.32 (0.07) 90.75 (0.09) 91.36 (0.02) 78.70 (0.04) 84.89 (0.11)
PLUMAGES/MP 87.58 (0.22) 88.23 (0.13) 92.62 (0.06) 94.72 (0.05) 61.57 (0.03) 90.94 (0.09) 91.29 (5e-3) 78.34 (0.02) 85.66 (0.08)

4.3.2 FINE-TUNING LARGE LANGUAGE MODELS

Table 3: Training statistics for Llama
3.1-8B SFT on Tulu3

Acc Loss Ppl

Baseline1 70.7 1.31 3.71
ADAM2 79.2 0.77 2.16
GALORE 74.2 1.05 2.86
PLUMAGES/MP 75.2 0.97 2.64

To demonstrate the impact of low-rank gradient estimators
on LLM finetuning. We employ supervised fine-tuning
on Llama 3.1-8B (Grattafiori et al., 2024) on Tulu-3 SFT
mixture following the regime from Lambert et al. (2025).
Specifically, we used a sequence max length of 4192 and
a 128 global batch size. The maximal learning rate was
5·10−6 with 3% warmup steps budget followed by a linear
decay schedule. In addition, we use the open-sourced SFT
script from Huggingface with a standard ChatML template
(Werra et al., 2020). The final training statistics are reported in Table 3 with a significant advantage
for PLUMAGE in both training loss/perplexity and next-token accuracy. In Table 5, we also evaluate
each model on popular commonsense and reasoning benchmarks (Storks et al., 2020; Hendrycks
et al., 2021; Jin et al., 2020; Cobbe et al., 2021) using EleutherAI LM Evaluation Harness (Gao
et al., 2024). Results show a small downstream accuracy improvement over GALORE in most tasks,
possibly due to the relatively small number of weight update steps and the small learning rate used in
the SFT regime, which may limit the impact of bias in gradients on the downstream accuracy.

4.4 PRE-TRAINING LANGUAGE MODELS FROM SCRATCH

Table 4: Validation perplexity for C4 pre-training.

130M 350M 1B
ADAM 25.95 19.02 14.3
GALORE 30.18 24.08 17.03
PLUMAGES/MP 28.73 21.81 16.29

Rank/Hidden 256/768 256/1024 512/2048
Tokens Seen 2.6B 7.9B 26.2B
Optimizer Steps 20K 60K 100K
Warmup Steps 2K 6K 10K

The pre-training process of LLMs involves di-
gesting trillions of tokens, setting a high bar
for model quality. It is challenging to repli-
cate such experiments, particularly on consumer-
grade equipment. However, exploring the dy-
namics of training large models from scratch is
crucial for facilitating research into more effi-
cient methods for training at scale. Thus, we
attempt to train the models to a point where we
can gain insight into the performance of differ-
ent low-rank gradient optimizers.

We follow Zhao et al. (2024) and pre-train several Llama variants with 130M, 350M, and 1B
parameters on the C4 English dataset as in Section 4.1. We reuse the training regime and the best
hyperparameters for GALORE and ADAM. To confirm the choice of the learning rate for PLUMAGE,
we run a learning rate grid search for the 130M and 350M models and find that 10−3 (same as ADAM)
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Table 5: Commonsense: Llama 3.1-8B before and after Tulu-3 SFT

BoolQ PIQA SciQ HellaS WinoG ARC-E ARC-C OBQA MMLU MedQA GSM8K Mean
Baseline1 60.43 50.54 22.4 26.3 46.33 26.01 26.62 27.4 23.88 27.34 50.34 35.24
ADAM2 82.54 82.10 95.30 80.48 74.11 83.12 55.80 46.80 63.77 56.95 72.10 72.10
GALORE 83.46 81.39 94.80 79.76 74.35 82.07 53.92 44.80 64.12 59.94 56.10 70.43
PLUMAGES/MP 83.00 81.50 95.00 79.90 73.80 82.20 54.01 45.80 64.09 59.94 58.15 70.67

Table 6: Commonsense3: Llama 350M and 1B pretrained variants (C4 dataset)

Size BoolQ PIQA SciQ HellaS WinoG ARC-E ARC-C OBQA MMLU MedQA Mean
ADAM

350M
58.99 68.44 64.80 39.77 51.93 43.64 26.11 28.40 22.94 27.73 43.28

GALORE 60.15 64.64 59.80 33.19 50.20 39.56 22.27 29.00 23.02 27.65 40.95
PLUMAGES/MP 55.93 66.49 62.10 35.22 50.75 40.61 24.49 27.80 22.95 27.65 41.4

ADAM
1B

57.58 73.01 71.10 54.63 56.27 51.52 26.88 33.00 24.58 28.67 47.72
GALORE 46.79 68.93 65.9 45.12 52.41 44.32 25.34 29.4 23.18 28.12 42.95
PLUMAGES/MP 56.48 70.46 66.90 47.09 51.62 47.35 25.26 29.60 23.17 27.97 44.59

consistently produces close to the best result. Both GALORE and PLUMAGE use the same fixed
projection update interval of τ = 200 steps and a fixed rank for each model as in Zhao et al. (2024).
The results in Table 4 show that PLUMAGE consistently outperforms GALORE — without having
to sweep over additional hyperparameters and without impacting the total train time. Moreover,
training PLUMAGE was stable over multiple seeds, while in our experiments, GALORE suffers from
sharp fluctuations in the training loss, with the loss diverging in some seeds. The training curves can
be found in Fig. 8 of the Appendix. Notably, while PLUMAGE has a similar run time, it surpassed
GALORE’s loss within 50% and 70% of the training steps budget for 350M and 1B models. In
Table 6, we evaluate the pretrained models on the commonsense and reasoning benchmark suite as
in Section 4.3.2 with a maximal sequence length of 256 tokens. These results suggest that Plumage
gains may become significant with model size and more optimization steps.

5 DISCUSSION

Summary. We presented PLUMAGE under a low-rank gradient estimation framework. Our method
samples single-sided projections without replacement and yields a k-sparse and unbiased minimum
variance estimator of the gradient. We also showed how to improve the accumulated projected
statistics used by optimizers during training, when the projection is updated. We demonstrate
PLUMAGE superiority in memory-efficient optimization against other low-rank estimators, such
as the top-k estimator used by GALORE with similar computational and memory costs. Notably,
PLUMAGE can improve storage and communication in a wider context. The following applications
follow a similar optimization process as in our experimental setup, yet we leave their in-depth
exploration to future work.

Gradient and activation memory compression. Similar to Shamshoum et al. (2024), applying
strictly right-sided PLUMAGE projections to linear layers’ inputs during the forward phase can reduce
the storage of activation, gradient, and optimizer state. This is mathematically equivalent to Eq. (17),
albeit the projection cost is added to each forward pass instead of just once per optimizer step (while
the periodic gradient for SVD requires instantiating a full-rank gradient).

Communication reduction. The gradient’s size can become a bottleneck in common LLM training
scenarios. For example, in a fully-sharded distributed setting, gradient buffers are often distributed
across the collective’s devices’ memory, resulting in a significant communication overhead (Rajb-
handari et al., 2020; Zhao et al., 2023). Even with mixed precision training, gradient accumulation
buffers are often kept in full-precision to avoid truncation errors. In such cases, low-rank gradients
reduce communication and memory overheads. Notably, PLUMAGE can also recover the full-rank
estimate in a data-parallel setting (i.e., via independently sampled projection matrix per-worker). This
is appealing when the communication bottleneck is significant (e.g, federated learning McMahan et al.
(2023)). Moreover, PLUMAGE fixed-rank budget is also crucial for practical applications sensitive to
compute and memory variance.

LLM usage disclosure. LLMs were primarily used as a writing aid, polishing specific segments,
providing notation suggestions, initial reference lookup, etc.

1pretrained only, no SFT
2using SFT reference checkpoint
3GSM8K is omitted from Table 6 since 256 sequence length is too short for the standard 8-shot test
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TECHNICAL APPENDICES AND SUPPLEMENTARY MATERIAL

A PROBABILISTIC LOW-RANK UNBIASED MIN VARIANCE DERIVIATION

We wish to minimize the expected variance given by,

min
Ĝ

E
[
Var

(
Ĝ
)]

= min
p={p1,...,pn}

ETr
[(

Ĝ− EĜ
)⊤ (

Ĝ− EĜ
)]

. (20)

We plug the estimator definition from Eq. (5) into Eq. (20) and use the orthogonality of singular
vectors to obtain u⊤

i uj = viv
⊤
j = δij ,

ETr

( n∑
i=1

(
1

pi
Ii − 1

)
σiuiv

⊤
i

)⊤
 n∑

j=1

(
1

pj
Ij − 1

)
σjujv

⊤
j

 (21)

E

 n∑
i,j=1

(
Ii
pi
− 1

)(
Ij
pj
− 1

)
Tr
(
viu

⊤
i ujv

⊤
j σiσj

) = E

[(
n∑

i=1

(
Ii
pi
− 1

)
σ2
i

)]
(22)

=

d∑
i=1

E

[(
Ii
pi
− 1

)2
]
σ2
i =

d∑
i=1

[(
1

pi
− 1

)]
σ2
i (23)

Taking into account the sparsity condition in Eq. (7), we define p as the indicator probabilities vector
that minimizes the variance in Eq. (23). We find p by solving the following problem

min
p

n∑
i=1

[(
1

pi
− 1

)]
σ2
i s.t.

n∑
i=1

pi = k , pi ∈ [0, 1] (24)

which is equivalent to

min
p

n∑
i=1

σ2
i

pi
s.t.

n∑
i=1

pi = k, pi ≤ 1 (25)

Note that we cannot allow for pi = 0 since then the optimization objective is undefined. To solve
Eq. (25), we write the Lagrangian

n∑
i=1

σ2
i

pi
+ µ

n∑
i=1

pi +

n∑
i=1

λipi (26)

where µ > 0, λi > 0 are the Lagrangian factors, and after differentiating by pi we get

0 = −σ2
i

p2i
+ µ+ λi ⇒ pi =

σi√
µ+ λi

(27)

Note that λi > 0 only if we hit the inequality constraints, i.e., pi = 1. To satisfy the constraints, we
first solve

r∗ (k,σ) = arg min
r∈{0,..,d}

r s.t.
(k − r)σr+1∑n

i=r+1 σi
< 1 (28)

Then, we return the following solution

pi =

{
1 , if i ≤ r∗

(k−r∗)σi∑n
j=r∗+1 σj

, if i > r∗
. (29)

B MEASURING PROJECTION FITNESS VIA PRINCIPAL ANGLES AND ADAPTIVE
PROJECTION INTERVALS

Since applying SVD to each gradient at every step is costly, similarly to GALORE, we amortize
the cost of SVD over multiple optimization steps, reusing the projection from an old gradient and
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updating it within some interval. However, since projected state optimizers (Zhao et al., 2024;
Liang et al., 2024) converge despite using uncorrected statistics with alternating projections, we
hypothesize that the dominant directions are relatively stable at least in some layers. Zhao et al.
(2024) also suggested that some layers require less frequent updates than others and proposed a
per-layer adaptive interval controller to reduce the computational overhead of SVD. Specifically,
the controller computes the cosine similarity between the first singular vectors of two subsequent
projections to determine if the interval can be extended based on a fixed threshold. We argue that the
suggested metric can be sensitive and unreliable. For example, if the ordering of singular vectors
changes while the subspace remains unchanged, the proposed metric will return 0. In addition, when
the correlation between subsequent subspaces breaks, the metric cannot be used to shrink the interval
to reflect uncertainty.

We devise an alternative approach based on the framework of principal angles Zhu & Knyazev (2013).
Namely, we calculate the cosine of the principal angle between the spanning subspaces by computing
the singular values of P⊤

1 P2 ∈ Rr1×r2 as follows,

σ ← SVD
(
P⊤

1 P2

)
. (30)

Finally, we take the mean cosine angle to represent the intersection between the two induced
subspaces.

ρ = Mean(σ) (31)

Table 7: Token-level validation perplexity for pre-
training with low-rank gradient estimators.

Method 130M 350M 1B
ADAM 25.95 19.02 14.3

GALORE 30.18 24.08 17.03
PLUMAGES/MP 28.73 21.81 16.29

PLUMAGES/MP/A 29.26 21.79 16.24
Rank/Hidden 256/768 256/1024 512/2048
Tokens Seen 2.6B 7.9B 26.2B

Optimizer Steps 20K 60K 100K
Warmup Steps 2K 6K 10K

This approach offers a principled and robust
measure for the overlap between subsequent pro-
jections during training. This approach allows
our controller to manage the period between pro-
jection updates reliably. One specific advantage
is the ability to reduce the interval when the as-
sumptions regarding subsequent overlap break
during training. In practice, we define a simple
hysteresis controller with 3 threshold hyperpa-
rameters, γshrink, γexpand, γreset that can be set
by observing how well the training loss with a
low-rank gradient estimator follows the loss of
a standard optimizer and the recoded values of
the principle angles with some fixed interval. The adaptive controller is given in Algorithm 1. In
practice, the overlap can be approximated well with only the top 64 singular vectors from the old
sampled projection matrix and the top 64 singular vectors from the freshly computed singular vec-
tors of the new gradient (without sampling) to reduce the computational overhead of SVD when
extracting the mean cosine principal angles. In addition, we find that allowing the interval to grow
unconstrained undermines the original purpose of accelerating training, as it leads to degradation
in the loss convergence rate and terminal value. Thus, we set a τmax = 5% of the total steps
while τmin = τinitial = 200. Finally, we set γshrink, γexpand, γreset ← 0.4, 0.6, 0.3 by observing the
statistics during training, as can be seen in Figs. 5 and 6. We report the results in Table 7. Using our
conservative adaptive interval hyperparameters, the equal-weighted average interval length over all
layers in the models grew from the initial interval of 200 steps to ∼ 425 steps and ∼ 1000 steps for
the 1B and 350M models. We observed minor terminal loss improvements in 1B and 350M models,
potentially due to improved moment estimation with longer intervals. Ultimately, this avenue requires
significant manual tuning to produce real train time gains while avoiding degradation in loss. Thus,
we leave further exploration of this topic for future study utilizing larger models where the SVD
overhead dominates the computation time.

C ADDITIONAL QUALITATIVE EXPERIMENTS

C.1 RANK AND INTERVAL ABLATION STUDIES

We perform additional ablation experiments on the rank and SVD interval impact on the Llama 130M
variant. The results are presented in Fig. 3. Similar to Zhao et al. (2024), we find that setting the gap
interval too short or too wide leads to degradation in the optimization process. The short intervals
potentially lead to poor first and second-moment estimates due to frequent projection updates. In
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(a) Impact of τ (SVD interval) (b) Impact of rank budget

Figure 3: Ablation studies comparing validation loss Llama 130m on C4

(a) Training loss (b) evaluation loss

Figure 4: Ablation studies comparing Uniform and Plumage sampling loss of Llama 130m on C4
over 5 different seeds
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Algorithm 1 Adaptive projection interval

inputs: subsequent projections Pt−1,Pt ∈ Rm×r, interval configurations τmin, τmax, τinitial, and
thresholds γreset ≤ γshrink < γexpand ∈ [0, 1]
initialize: τ0 ← τinitial,t← 0
ρt ← mean_cosine_principle_angle(Pt−1,Pt) ▷ Eqs. (30) and (31)
if ρt < γreset then
τt ← τmin

else if ρt < γshrink then
τt ← max(τt−1/2, τmin)

else if ρt > γexpand then
τt ← min(2 · τt−1, τmax)

else
τt ← τt−1

end if
t← t+ 1
return:τt

Figure 5: Tracking r∗ (deterministic rank) and ρ (mean cosine principal angle) during pretraining of
Llama 1B on C4 with PLUMAGES/MP/A

addition, since B = P⊤
2 P1 ≤ 1 (see Section 3.3.3), the effective learning rate is also reduced.

Finally, the choice of rank should be as large as one can fit onto the device memory, as can be seen in
Fig. 3b. In Fig. 4 we show how sampling accodding to Plumage yields lower variance and better loss
compared to using a uniform sampling distribution over the projection components.

C.2 LOW-RANK COVERAGE QUALITY

During training, we monitor the development of r∗ and ρ for different layers. In Fig. 5, we show
the progress of the metrics over time, and in (Figs. 6 and 7), we show the average values per-layer
throughout the entire training. By tracking r∗ in proportion to the total rank. We find that some layers,
such as the attention projection layers, are more suitable for rank reduction. In contrast, the attention
MLP down-projection layer parameters are the least amenable. This invites further exploration of
rank budget allocation between different layers. For instance, stacking the QKV linear layers into a
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Figure 6: Mean ρ observed during LLama2-1B pretraining on C4 with rank=512
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Figure 7: Mean r∗ observed during LLama2-1B pretraining on C4 with rank=512
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single matrix allows us to share a single low-rank projection matrix without impacting convergence
while reducing SVD computational overhead. Moreover, the memory savings can be translated
to increasing the rank of the less amenable layers, such as the MLP down layer, to improve the
convergence within the same memory budget. We leave this topic to be explored in future work.

D GRADIENT BIAS ACCUMULATION

We include this section from Chmiel et al. (2025) for completeness to exemplify the problem with
biased quantization schemes, in a simple scalar optimization problem with a quadratic loss

L(θ) = 1
2 λ(θ − θ∗)2, =⇒ ∇L(θ) = λ(θ − θ∗) , (32)

and a step size update with quantization noise ε whose mean is µε = E[ε] ̸= 0:

θt+1 = θt − η
(
∇L(θt) + ε

)
=⇒ E[θt+1] = E[θt]− η

(
λ(E[θt]− θ∗) + µε

)
. (33)

Define the error
et ≜ E[θt]− θ∗. (34)

Then
et+1 = E[θt+1]− θ∗ =

[
E[θt]− η(λet + µε)

]
− θ∗ = et − ηλet − ηµε . (35)

Therefore,

et+1 = (1− ηλ) et − η µε. (36)

Unrolling this recursion gives, for a = 1− ηλ,

en = ane0 − η µε

n−1∑
k=0

ak. (37)

Since
∑n−1

k=0 a
k = 1−an

1−a and 1− a = ηλ,we get

en = ane0 −
η µε

ηλ

(
1− an

)
= ane0 −

µε

λ

(
1− an

)
. (38)

The loss at step n is

Ln = L(E[θn] ) = 1
2 λ e2n =

λ

2

(
ane0 − µε

λ (1− an)
)2
. (39)

As n→∞, an → 0 (for a < 0, which is required for successful optimization), yielding the stationary
error and residual loss

e∞ = −µε

λ
, L∞ =

µ2
ε

2λ
. (40)

Thus, instead of converging to θ∗ with zero loss, biased SGD settles at

E[θ∞] = θ∗ − µε

λ
, (41)

and leaves a residual loss

L(E[θ∞] ) =
µ2
ε

2λ
. (42)
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E ALGORITHMS

E.1 AUXILARY ALGORITHMS

In this subsection, we present the algorithms for computing the PLUMAGE probabilities (Algorithm 2)
and sampling from it exactly k indices (Algorithm 3) and constructing the projection matrices
(Algorithm 4) as discussed in Sections 3 and 3.2. Note that all algorithms can be computed in
(O(min(m,n))). This includes the reverse lookup via sorted search in Algorithm 3 that in case of
naive implementation, requires O(rlog(min(m,n))); however since both arm pointers and target
array are sorted, the implementation can continue to iterate over the target array as it locates the arm
positions in sub-linear time.

Algorithm 2 COMPUTE_SAMPLING_PROBABILITIES(σ, k, ε)

1: Inputs: σ ∈ Rn (singular values, descending order), target rank k, numerical tolerance ε
2: Output: deterministic rank r∗, inclusion probabilities p ∈ Rd

3: t← reverseCumSum(σ) ▷ ti =
∑d

j=i σj

4: t← max(t, ε) ▷ clip to avoid division by 0
5: i← (0, 1, . . . , n− 1) ▷ rank indices
6: s← k − i ▷ scaling factors (k − rt)

7: q← (s⊙ σ)⊘ t ▷ test scores qi =
(k−i)σi∑

j>i σj

8: c← |{i | qi < 1}| ▷ count how many ranks pass the test
9: r∗ ← n− c ▷ minimal rank that always enters (r∗ = d− c)

10: p0:r∗−1 ← 1 ▷ deterministic inclusion for top r∗ modes

11: pr∗:n−1 ←
(k − r∗)σr∗:n−1

tr∗
▷ stochastic inclusion for remaining modes

12: return: r∗,p

Algorithm 3 “Wheel of Fortune”: SAMPLE_INDICES(p, k)

1: Inputs: inclusion probabilities p ∈ Rn, target sample size k
2: Output: index set I ⊆ {0, . . . , n− 1}, |I| = k
3: τ ← randPerm(n) ▷ shuffle the indices
4: psh ← p[τ ] ▷ permute the probabilities
5: c← cumSum(psh) ▷ ci =

∑i
j=0 p

sh
j

6: ∆←
∑n

i=1 psh
i

k ▷ step size = total mass divided by k
7: β ← Uniform(0,∆) ▷ random offset
8: u← (0,∆, . . . , (k − 1)∆) + β ▷ k equally spaced pointers
9: j← searchSorted(c,u) ▷ first index with cj ≥ u

10: I ← τ [j] ▷ map back to original indices
11: return I

Algorithm 4 SAMPLE_PROJECTIONS(U,p, r)

1: Inputs: U ∈ Rm×n all singular vectors, column-stacked matrix (assuming m ≤ n), p ∈ Rn

sampling probabilities, target rank r
2: Output: projections P ∈ Rm×r and D ∈ Rr×r

3: I ← sample_indicies(p, r)
4: P← U[:, I]
5: D← Diag(p[I])
6: return P,D
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Table 8: Wall run-time comparison for PLUMAGE, GALORE and ADAM in GPU hours

350M 1B
AdamW 53.9 466.7
Galore 65.8 684.3

Plumage S/MP 65.3 687.2

Table 9: rational improvement: optimization gap compared to full-rank optmization and number of
steps to surpass the terminal evaluation loss of Galore.

Method PT-130M PT-350M PT-1B FT∗-8B
ADAM 25.95 19.02 14.30 2.16
Galore 30.18 24.08 17.03 2.86
Plumage S/MP 28.73 21.81 16.29 2.64
Improvement rate 34.28% 44.86% 27.11% 31.43%
Steps 15K/20K 30K/60K 70K/100K 2K/13K

E.2 PLUMAGE ALGORITHM AND COMPUTATIONAL COMPLEXITY

The main plumage algorithm is given in Algorithm 5. The computational cost is dominated by
SVD (O(d3) assuming gradients are Rd×d similarly to GALORE), which is hard to accelerate in
hardware compared to matrix-matrix multiply (GEMM) since it requires sequential matrix-vector
products. As mentioned in the previous section, the complexity of computing p and sampling from it
(Algorithm 4,Algorithm 2) is O(d). We perform both algorithms after each SVD. Thus, the baseline
PLUMAGE computational overhead is marginal compared to that of GALORE. In addition, State
update methods (S/MP , Eqs. (18) and (19)) are dominated by GEMM operations with complexity
M⌊ : O(d2r),B and V⌊ : O(d2r). These operations are easy to accelerate on modern GPUs and are
done once per SVD, amortizing their cost. Furthermore, in our experiments using A100/A6000 GPUs,
we found that the total training time of our method, using unoptimized implementations, is unaffected
by sampling and aligning of moments due to the dominance of SVD overhead. The memory footprint
is similar to GaLoRE. It differs by the additional r sampling scale factors per layer. These can be
offloaded to the host and prefetched before optimizer weight updates to maintain GaLoRE’s memory
footprint. Finally, the adaptive SVD interval method (S/MP/A) requires computing the correlation
matrix P⊤

2 P1 ∈ Rr2 : O(r2d) and SVD over the smaller matrix O(r3). This is done every time the
SVD is computed on a new gradient, and the additional SVD step on the small r × r matrix can be
done asynchronously to leverage underutilized compute time since it does not impact the weight
update without concurrently storing the old and the fresh projection matrices.

We observed no meaningful wall-clock time difference between the methods, which is expected
since we simply replaced the estimation method without changing the optimizer. Our sampling and
realignment strategies are much lighter than the SVD operation and are amortized over the SVD
interval, leading to negligible overhead. We extended. Moreover, the optimization improvements
naturally imply that our method can reach Galore terminal loss much earlier (and without tuning the
full-rank optimizer hyperparameters), as can be seen in Fig. 8.

In Table 8, we present a comparison table showing the unoptimized wall runtime on dgx-A100-40GB
in total GPU hours (torch compile enabled, using cuda pytorch docker 24:08 and 8-way distributed
data parallel training).

In Table 9 we present relational gains in the optimization gap (where the improvement ratio = 1
- PPLPlumage−PPLAdam

PPLGalore−PPLAdam
). Additionally, we compare the efficiency of the training in terms of the

number of steps required to reach the terminal loss of the original method (since we showed that the
computational cost difference is negligible Table 8). We measure the eval statistics every 5k steps
for pretraining and every 2k steps for FT. These results demonstrate a consistent and significant gain
across model sizes.

F EXPERIMENTAL SETTINGS

24



1296
1297
1298
1299
1300
1301
1302
1303
1304
1305
1306
1307
1308
1309
1310
1311
1312
1313
1314
1315
1316
1317
1318
1319
1320
1321
1322
1323
1324
1325
1326
1327
1328
1329
1330
1331
1332
1333
1334
1335
1336
1337
1338
1339
1340
1341
1342
1343
1344
1345
1346
1347
1348
1349

Under review as a conference paper at ICLR 2026

Algorithm 5 Adam with PLUMAGE

inputs: linear layer weight W ∈ Rm×n with m ≤ n, scalar loss function: L : Rm×n → R1, first
and second moment decay rates β1, β2, learning rate η, target rank r, number of optimization steps
N , τ0 number of steps between SVD, κ number of steps to resample projection.
initialize: M0,V0 ∈ Rn×r,P0 ∈ Rm×r ← I ,← 0, t← 0.
repeat

Gt ← ∇WL(Wt)
if t mod τt = 0 or t mod κ = 0 then

if t mod τt = 0 then
Ut,σt,Vt ← SVD(Gt)
r∗t ,pt ← compute_sampling_probabilities(σt, r, ε = 1e− 12)

else
Ut,σt,Vt ← Ut−1,σt−1,Vt−1

end if
Pt,Dt ← sample_projection(Ut,pt, r)

▷ Algorithm 4
Mt,Vt ← update_state(Mt,Vt,Pt,Pt−1)

▷ Eqs. (18) and (19)
τt+1 ← update_interval(τt,Pt,Pt−1)

▷ Algorithm 1
else
Pt,Dt ← Pt,Dt−1

end if
Rt ← P⊤Gt

Mt ← β1 ·Mt−1 + (1− β1) · Rt

Vt ← β2 · Vt−1 + (1− β2) · R◦2
t

Zt ←
√

1−βt
2

1−βt
1
· Mt√

Vt+ϵ

Wt ←Wt − η · PtD
−1Zt

t← t+ 1
until t = N

(a) LLama-130M train loss (b) LLama-350M train loss (c) LLama-1B train loss

(d) LLama-130M validation loss (e) LLama-350M validation loss (f) LLama-1B validation loss

Figure 8: Pretraining loss plots of Llama on C4 datasts.
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Table 10: Model configurations.

Configuration 130M 350M 1B
Depth 12 24 24

Rank/Hidden 256/768 256/1024 512/2048
Intermidiate 2048 2736 5461

Heads 12 16 32

Our pre-training experiment models are variants
of Llama (Touvron et al., 2023), as suggested
by Zhao et al. (2024). These models utilize
the same meta-architecture as Llama, except
for RMS normalization layers (Zhang & Sen-
nrich, 2019) and SWIGLU activation functions
(Shazeer, 2020). The exact model configuration
is given in Table 10. In all experiments, we used a single-node GPU server with 8xA100-40GB GPUs
or 8xA100-80GB GPUs. The total compute time per experiment varied from ∼ 9 GPU hours for the
small 130M parameter model pre-training to ∼ 620 GPU hours for the larger 1B model. We used a
slightly modified version of Huggingface transformers Wolf et al. (2019) causal model training and
GLUE finetuning code examples. We keep the model weights, gradients, and projections in the FP32
data type while using the BF16 mixed-precision support. In Fig. 8 we present the full validation and
pre-training loss plots for pre-training experiments.

G IMPLEMENTATION DIFFERENCES WITH GALORE PRETRAINING CODE

Data pre-processing. The reference implementation uses padded/truncated sequences that contain
about 30% padding tokens per batch from the allenai/c4-en dataset. In contrast, the run_clm.py
script from HuggingFace examples (Wolf et al., 2019) uses continuous text chunks of 256 tokens,
potentially from different documents for training and evaluation. This can lead to higher perplexity
overall due to the challenge of accurately predicting the first tokens of a new sequence with unrelated
context.

Included layers. Zhao et al. (2024) reports results with the final classification layer training in
full-rank, while we state that all linear layers are using low-rank optimization (including the final
layer). This is a significant difference resulting in a more challenging setting where the final layer
cannot compensate for earlier layers.

Evaluation loss implementation. In the reference implementation, loss is reported as the average
per batch loss, and not the average loss of the evaluation set. Moreover, we use a larger set of 67M
tokens vs. 10M tokens. We find that batch-averaged is constantly lower than the global token average
loss.

To show the comparability of our results, we confirmed that the reference code can produce Galore’s
results on Llama-350M. Then, we trained new models using the reference code with Plumage and
Galore estimators, while including lm_head weights, which were omitted from the low-rank parameter
set in Galore. The results are presented in Table 11.

Table 11: Training results using Galore’s reference code including lm_head weights.

Estimator Eval Token Loss Eval Token PPL
Full-Rank (Adam) 2.93 18.80
Galore + Adam 3.099 22.18
Plumage + Adam 2.993 19.95

Thus, the optimization gap improvement ratio is 65% compared to 44% we presented in Table 4 of
the paper. Next, we fix the evaluation loss metric discrepancy in the reference implementation (so
metrics accurately represent the full evaluation data). Then, we compare our original checkpoints
(from Table 3) over the reference dataset construction (i.e., with padding). These comparisons are
shown in Table 12.

Table 12: Comparison of the original checkpoints from Table 4 on Galore’s reference dataset (with
padding).

Estimator Eval Token Loss Eval Token PPL Reported PPL (Table 4 )
Galore + Adam 3.069 21.53 24.08
Plumage + Adam 3.008 20.26 21.81
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These findings support the described results and the associated conclusions.
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