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Abstract

Deep neural networks exhibit improved train-
ing and generalization performance as the
number of parameters grows well beyond the
size of the training set, contradicting classi-
cal intuitions about overfitting. In order to
gain a better understanding of this “benign
overparameterization”, we analyze the repre-
sentational capacity of a random one-hidden-
layer perceptron with Gaussian weights, no
bias and threshold activations. More pre-
cisely, we investigate the following question:
when does a hidden layer of dimension n
maps k input vectors with pairwise angles
at least θ, to a full-rank activation matrix,
thus ensuring that a simple linear classi-
fier can perfectly fit those inputs in feature
space? This problem has an immediate im-
pact on memorization capacity at initializa-
tion and we frame it as a question about hy-
perplane arrangements on the unit sphere,
and we prove new isoperimetric-like inequali-
ties. This allows us to derive non-trivial lower
bounds on the probability that a random
embedding avoids the arrangement’s zero-
measure regions. Our results show that once
the hidden dimension exceeds a threshold
(depending on θ and the input dimension),
hidden representations are linearly indepen-
dent with high probability. While the case
we consider is challenging due to the sparsity
of the solution space, this setting highlights
crucial, underlying geometric problems and
connections to related questions in spherical
geometry and linear algebra.
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1 INTRODUCTION

Overparameterization is a hallmark of modern ma-
chine learning. Neural networks trained with more
parameters than data points not only fit the train-
ing set perfectly, but often generalize surprisingly well
(Zhang et al., 2021).

To better understand their effectiveness, it is useful
to ask which structural properties of neural networks
are already present at random initialization. In this
work we focus on one such property: the rank of the
hidden representation at initialization. Specifically, we
ask under which conditions a single random hidden
layer maps a set of k well-separated input points into
linearly independent feature vectors. Having linearly
independent feature embeddings at initialization is a
strong form of separation capacity: it guarantees that
any labeling of the inputs can be interpolated by a
linear classifier in feature space, hence the training set
can be shattered regardless of the distribution of the
labels.

This phenomenon is closely tied to the ability of
overparameterized models to interpolate data (Zhang
et al., 2021). Studying this property directly at ran-
dom initialization is natural for several reasons. For
example, recent work has shown that highly per-
forming subnetworks (“strong lottery tickets”) already
exist within untrained, randomly initialized models
(Frankle and Carbin, 2018; Ramanujan et al., 2020),
suggesting that expressivity can be present before
training. Moreover, randomly initialized, untrained
neural networks have been successfully used in other
two ways: first, as feature maps that enable accu-
rate downstream linear classifiers (Rahimi and Recht,
2008; Huang et al., 2006); and second, as initial ran-
dom embeddings that feeds into further architectures:
this has been investigated in the context of RBF net-
works (Igelnik and Pao, 1995), feedforward neural net-
works (Schmidt et al., 1992), extreme learning ma-
chines (Huang et al., 2006), and reservoir computing
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(Lukoševičius and Jaeger, 2009; Jaeger, 2001).

This highlights the importance of understanding which
structural properties of randomly initialized networks
already provide expressive feature representations
prior to training.

The study of rank properties of randomly initialized
feature maps thus offers a potentially fruitful perspec-
tive on several aspects of “benign overparameteriza-
tion” observed in practice.

It is worth noticing that the wide limit of many net-
work architectures is well understood in terms of neu-
ral tangent kernels (NTK) (Jacot et al., 2020; Domin-
gos, 2020; Arora et al., 2019). This connection shows
how training in the limit becomes a convex optimiza-
tion problem, and gives some understanding on the
generalization capacity. On the other hand it is still
not clear what happens outside of the NTK regime
(Xiao et al., 2020; Chizat et al., 2020), i.e. when,
like in our case, the number of parameters is bounded
from above, nor what happens when hidden param-
eters are initialized randomly and fixed during train-
ing. In the latter case, it is known that networks with
random gaussian features converge to gaussian pro-
cesses (Neal, 1996; Lee, 2013; Basteri and Trevisan,
2023), a.k.a. NNGP, as their dimension grows, and
their behaviours can be studied at the asymptotic or
finite scale (Bowman and Montufar, 2022; Lillo et al.,
2025). Nonetheless, feature embeddings are not inde-
pendently distributed, and their linear independence
is equivalent to the positive definiteness of their Gram
matrix. To our knowledge this is an open problem
to which we answer positively in our setting. Unlike
NTK/NNGP, which capture asymptotic behavior, we
give finite-width guarantees showing that random hid-
den layers can already produce linearly independent
embeddings, revealing expressivity before training or
infinite limits.

Our contributions. We analyze shallow networks
with Gaussian weights and sign activations, and es-
tablish conditions under which the hidden representa-
tion of a set of input points achieves full rank with
non-negligible probability. Note that this immediately
implies that with the same probability, the class of hy-
perplanes shatters the input points in feature space.
Our results can be summarized as follows:

• For d = 2 and d = 3, we prove high-probability
guarantees: the required hidden dimension grows
only linearly (resp. polynomially) with the num-
ber of inputs.

• In general dimension, we reduce the problem to
estimating volumes of regions in a conical tessella-
tion of the sphere, obtaining explicit lower bounds

on the probability of having a full rank embedding
matrix.

• Beyond the immediate probabilistic bounds, our
geometric formulation highlights structural con-
nections between random neural networks, spher-
ical geometry, and problems of convexity and tes-
sellation.

• Experimental results on both real and synthetic
data, while qualitatively consistent with our the-
ory, suggest that the theoretical analysis is not
tight and that a deeper understanding of the un-
derlying mechanisms is required to close the gap.

Our results isolate a minimal geometric mechanism,
the independence of pre-activation weights, that helps
explain the ability of overparameterized networks to
interpolate arbitrary training labels. In particular, our
focus on the sign activation enables a clear connection
between the problem we study and the geometry of
conical tessellation in input space. At the same time,
intuitively it represents a worst case scenario, given its
binary codomain, as we elaborate further upon in Sec-
tion 6. This perspective complements existing work
on separation margins (Dirksen et al., 2022; Ghosal
et al., 2022), while being strictly stronger, since full
rank implies shattering of the input set. Moreover,
the geometric tools we develop highlight both obvious
and less obvious connections to a number of related
areas, including Gaussian processes, spherical geome-
try and the algebra of covariance matrices. We briefly
elaborate on some of these connections in Appendix
D.

2 RELATED WORK

The approximation capabilities of neural network
models have been the focus of extensive research over
the past four decades, beginning with the pioneering
works of (Cybenko, 1989) and Hornik (1991).

The problem we are considering is a special case of
the accuracy-related problem of interpolation, i.e., the
ability of (large) models, with more parameters than
training points, to fit arbitrary functions of the in-
put, in particular arbitrary dichotomies over the input
points.

Baum (1988) was the first to show that ⌈k
d⌉ hidden

neurons are sufficient to interpolate k points in general
positions, i.e., with no more than d points belonging
the the same hyperplane, using simple threshold acti-
vations. Bubeck et al. (2020) extended this results to
the case of ReLU activations with arbitrary real labels.

In general, it is known that, as soon as n ≥ k, it is
possible to choose the weights of a hidden layer W , so
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that its output Y = f(X) has rank k, where X ∈ Rd×k

is the matrix of k input vectors in dimension d (see
for example (Sartori and Antsaklis, 1991; Huang and
Babri, 1998; Pinkus, 1999)). This means that any
downstream hyperplane-based classifier, such as (Sup-
port vector machine ) SVM or even the perceptron al-
gorithm, will shatter the points Y and thus correctly
classify those in X, however labelled they are.

It is important to note that ability to interpolate de-
pends on the total number of parameters rather than
width of the network. In particular, a number of
previous works propose deep architectures that can
achieve interpolation with a total number of param-
eters that is linear in the number k of input points
using O(

√
k) neurons (see for example (Vardi et al.,

2021; Rajput et al., 2021)) when the points satisfy mild
separability conditions, while O(kd) parameters suffice
when points are assumed to be distinct (Huang and
Huang, 1991) and biases are used. All these (mostly
recent) contributions provide constructive proofs. On
the other hand, it is well-known that (k−1)/2 param-
eters are necessary to shatter a sample of k distinct
points (Sontag, 1997), a result that has been refined
over the recent past, to account for its dependence on
the minimum separation between points of the sample
(see for example (Siegel, 2023)).

One should also note that the results above simply im-
ply that, if the number of parameters is large enough,
for every training set of size k with given labels, there
exists a setting of the parameters that will fit the de-
sired labelling with zero error. The question we are
interested in is different: if f denotes a random (non-
linear) map from Rd to Rn implemented by one (or
more) randomly initialized hidden layers, what is the
probability that f shatters a set X ⊂ Rd of points in
feature space?
While the idea of using randomly initialized shallow
networks as pre-processing maps for downstream ap-
plication of well-understood classification models in
feature space is not new (Huang et al., 2006), related
rigorous results are relatively recent. In Dirksen et al.
(2022), the authors consider the ability of a randomly
initialized, two-layer ReLU network, to separate two,
possibly infinite, sets of points with a minimum mar-
gin in feature space, under the assumption that any
two points from different sets are at (euclidean) dis-
tance at least δ. These results have been extended in
Ghosal et al. (2022) to the case of a single, randomly
initialized hidden layer, improving dependence on the
number of dimensions. The problem studied in Dirk-
sen et al. (2022); Ghosal et al. (2022) is clearly related
to the one considered here, albeit with some impor-
tant differences. On the one hand, the problem we
consider is fundamentally harder than the ones con-

sidered in Dirksen et al. (2022); Ghosal et al. (2022).
In particular, achieving full rank implies shattering the
input points and being able to interpolate any possible
dichotomy over the dataset, something way stronger
than achieving separability of a dataset according to
one fixed dichotomy, which is the problem studied
there. On the other hand, differently from Dirksen
et al. (2022) we generally assume bias is zero, consis-
tently with many initialization schemes used in prac-
tice, while our analysis becomes somewhat simpler if a
uniform bias is introduced. Finally, the approaches are
technically very different. For example, Dirksen et al.
(2022) investigates the random tessellations of Sd−1

induced by the random, affine hyperplane associated
with the weights and bias of every neuron, whereas
we study the distribution of vectors chosen uniformly
on Sd−1 on the regions defined by the tessellation of
Sd−1 induced by the input points themselves, which
we think is a very natural way to look at the prob-
lem we consider. Another related work is the seminal
paper Cover (1965), which analyzes the determinis-
tic capacity of decision surfaces, showing how many
dichotomies can be realized under a general position
assumption on inputs. Our work studies the prob-
abilistic capacity of random neural networks, assum-
ing θ-separated inputs and asking when random fea-
tures yield full-rank representations. In essence, Cover
(1965) counts what can be separated in principle, while
our work measures how likely random networks are to
achieve separation.

3 PRELIMINARIES AND
PROBLEM

In this section, we introduce the problem we study,
some important definitions and concepts, along with
the notation that will be used throughout this work.

Problem Definition. We investigate the rank of
the matrix formed by the hidden representations pro-
duced by a randomly initialized, shallow feed-forward
network.

In the remainder, vectors are columns. IfM is a matrix
and f a function, f(M) means that f is applied to M
entry-wise. We use Id to denote the identity matrix of
dimension d.

Consider a single hidden layer with n neurons and the
sign activation function. We assume pre-activation is
described by a matrix W ∈ Rn×d, where d is the di-
mension of the input space. The hidden layer is a
non-linear map

f : Rd → Rn.

Assume thatWij ∼ N (0, 1) for every i, j and all entries
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are independent. We consider a θ-separated family of
k samples x1, . . . , xk from some input space X ⊆ Rd.
I.e., for every i ̸= j, the angle θij = ∢(xi, xj) satisfies
θij ∈ [θ, π − θ]. Let X = [x1, . . . , xk] ∈ Rd×k, be the
matrix whose columns are the vectors xi ∈ Rd. The
output of the input layer applied to X is Y:

Y = f(X) = sign(WX) ∈ {±1}n×k.

We assume d < k < n to make the math relevant.

The main questions we address in this study are the
following: What is the probability that Y has rank k?
How does this probability depend on the value n ≥ k
of the number of neurons? How does it depend on
properties of the input, in particular, the dimension
d of the input space and the minimum angle between
input points?

We note that when points are collinear, full rank can-
not be achieved, since the images f(x1) and f(x2) of
any two collinear points are themselves collinear. We
elaborate briefly on this in Section 4.3.

Our analysis turns algebraic questions about rank to
geometric questions on the sphere; in the following we
introduce some of the fundamental concepts we will
use.

Hyperplane arrangements. A hyperplane ar-
rangement in Rm is a collection of hyperplanes A =
{Hi ⊂ Rm}, the corresponding regions of A are the
connected components of Rm \

⋃
i Hi. If we fix a sub-

space V ⊂ Rm, the arrangement A induces by inter-
section an arrangement A ∩ V = {Hi ∩ V } in V .
Let {Hi1 , . . . ,Hil} ⊂ A be l distinct hyperplanes of
the arrangement A, and let us denote Al := A \
{Hi1 , . . . ,Hil} and Vl := Hi1 ∩ · · · ∩ Hil . A face (of
codimension l) of A is a region of Al ∩ Vl.
A hyperplane arrangement is generic if every l-tuple of
hyperplanes intersect at a different subspace of codi-
mension l, and central if every hyperplane contains the
origin. A central hyperplane arrangement is generic if
every l-tuple of hyperplanes, with l < m, intersects at
a different subspace of codimension l, and essential if
the intersection of all hyperplanes is exactly the origin.
A hyperplane arrangement is oriented if it is endowed
with the choice of an orientation for each hyperplane
Hi ∈ A, i.e. an orthonormal vector hi ⊥ Hi. Let
H1, H2 be two oriented hyperplanes with perpendic-
ular vectors hi ⊥ Hi, then ∢(H1, H2) = ∢(h1,h2),
so consistently we say that a hyperplane arrangement
is θ-separated if their perpendicular vectors are θ-
separated. The interested reader can find additional
details in Appendix A.

Conical tessellations. Let Sm ⊂ Rm+1 be the unit
sphere of dimension m, with its usual Riemannian
structure (cf. Appendix A.2). We denote ωm := |Sm|
is total measure. A central hyperplane arrangement
A = {Hi ⊂ Rm+1} defines by intersection a family of
diameters D = {Sm ∩Hi} of Sm, called a conical tes-
sellation of Sm. The regions of a conical tessellation
are the closed connected components of the comple-
ment Dc in Sm. It is easy to check that each region of
a conical tessellation is a convex spherical polytope.
All the terminology for hyperplane arrangements ex-
tends to the conical tessellation in the same way: the
faces of D are defined analogously by intersection, is
defined in the same way; if D ⊂ Sm is a diameter of
Sm, D induces by intersection a conical tessellation
D∩D on it; and D is θ-separated if the corresponding
hyperplane arrangement is θ-separated. In our formu-
lation of the problem, each region will correspond to
a consistent sign pattern of inner products with the
input vectors. In dimension 2, for instance, k input
vectors define 2k arcs on the circle; in dimension 3,
they cut the sphere into a collection of spherical poly-
thopes. In higher dimension the picture is harder to
visualize, but the key idea persists: input vectors carve
the hypersphere into regions.

4 RANK LIFTING

As stated before, our goal is to determine when the
hidden representation matrix

Y = sign(WX) ∈ {±1}n×k

attains full rank. If Y is not full rank, we denote

S = span(yT1 , . . . , y
T
n ) ⊂ Rk,

and let u ⊥ S be any nonzero vector orthogonal to this
subspace.

Each input vector {xi}ki=1 defines an oriented hyper-
plane Hi = {y | ⟨xi, y⟩ = 0} and a θ-separated fam-
ily of vectors xi induces a θ-separated arrangement
A = {Hi}. Intersecting A with the unit sphere Sd−1

yields a tessellation C where each region inherits the
sign pattern. We define by z the map that makes
this correspondence explicit: z : Rd → Rk such that
z(v)T = sign(vTX).

For each vector v, the output z(v) records on which
side of each hyperplane Hi, v lies (positive side, nega-
tive side, or on the hyperplane if the product is zero).1

z acts as a labeling function: it encodes the position
of a vector v relative to the arrangement A.

1We note that since we assume v ∼ N (0, Id), the event
that the product is zero has probability measure zero.
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Two vectors v1, v2, have the same value under z if
and only if v1 and v2 belong to the same region of C.
This map is essentially a coordinate map that encodes
which conical cell of the tessellation the vector belongs
to.

Incremental construction. To prove Theorem 4.2,
we analyze the process of increasing the rank of Y in-
crementally, by adding new neurons and, correspond-
ingly, new rows of the pre-activation in sequence, with
the latter sampled independently from a standard nor-
mal distribution. Specifically, assume we add one more
neuron with associated random weights w ∼ N (0, Id).
Extending the weight matrix to W ′ = [WT |w]T pro-
duces an updated hidden representation

Y ′ = sign(W ′X),

whose last row is exactly z(w)T . By definition,

rank(Y ′) > rank(Y ) ⇐⇒ z(w)Tu ̸= 0,

for some vector u ∈ Rk orthogonal to S, the subspace
spanned by Y ’s rows. Thus, considered any u ⊥ S, the
probability that the rank increases by one is at least
the probability that the new random row added to Y
is not orthogonal to u:

Pw∼N⊗d (rank(Y ′) > rank(Y )) ≥ Pw∼N⊗d

(
z(w)Tu ̸= 0

)
.

The key technical result of our work is a quantitative
estimate of the probability of the event above. The fol-
lowing lemma is the building block to prove our main
theorem; it quantifies how likely rank lifting is at each
incremental step.

Lemma 4.1. Let x1, . . . , xk ∈ Rd be θ-separated. Let
w be a vector with i.i.d. components wj ∼ N (0, 1) and
z(w) = sign(wTX). Then, for any vector u ⊥ S we
have:

P
(
z(w)Tu ̸= 0

)
>

θ

2k

√
2

dπ
.

The previous lemma is the key technical ingredient of
our work, and the proof will be given in Section 4.2.
Given that, we now present and prove our main result.

Theorem 4.2. Let X = [x1, . . . , xk] ∈ Rd×k and as-
sume the angle between any two vectors xi and xj is
at least some constant θ. Let Y = sign(WX), with
W ∈ Rn×d. Assume that Wij ∼ N (0, 1) independently
for every i, j. Then:

P (rank(Y ) = k) ≥ 1− e−(2−ln 3)k,

whenever n ≥ 3 k
α with α is the probability estimated

in Lemma 4.1, i.e. α = θ/2k
√

2/dπ.

Proof. We sequentially add neurons to the hidden
layer (and the corresponding rows to the activation
layer) until rank(Y ) = k, as described by the follow-
ing algorithm:

Sample w ∼ N (0, Id); W = wT ;
Y = sign(WX); Z = 1;
while rank(Y ) < k do

Add new neuron;
Sample w ∼ N (0, Id);

W = [WT |w]T ;
Y = sign(WX);
Z = Z + 1

end

Algorithm 1: Incremental Construction.

The value of Z when Algorithm 1 terminates is the
number of neurons we need to add to the hidden layer
for Y to achieve rank k. In the remainder of this proof,
for i = 1, . . . , k, we denote by Zi the number of new
rows (and associated neurons) we need to sample, for
the rank of Y to increase from i − 1 to i. Note that
we have Z1 = 1 deterministically and Z =

∑k
i=1 Zi

by definition, so that E [Z] =
∑k

i=1 E [Zi]. We next
focus on E [Zi], for i > 1. Assume rank(Y ) = i − 1

and let α = θ
2k

√
2
dπ as above. Then, considered any

u ⊥ S,2 if we sample a new row w, we have z(w)Tu ̸= 0
with probability at least α from Lemma 4.1, i.e., the
matrix Y ′ obtained by adding the new row z(w)T to
Y satisfies rank(Y ′) = rank(Y )+1 with probability at
least α. This immediately implies that E [Zi] <

1
α and

E [Z] < k
α .

More precisely, each Zi is stochastically dominated by
a geometric random variableGi with parameter p = 1

α ,
in the sense that P (Zi ≥ x) ≤ P (Gi ≥ x) for every
x. Likewise Z is stochastically dominated by G =∑k

i=1 Gi. We therefore have, for every ε > 0:

P
(
Z > 3

k

α

)
≤ P

(
G > 3

k

α

)
≤ e−(3−ln 2)k,

where the result follows since G is the sum of identical,
independent geometric random variables with param-
eter p = α, so that its expectation is k

α . We can thus
apply Chernoff-like tail bounds for the sum of geo-
metric random variables. In particular, (Janson, 2018,
Thm. 2.1) yields the result above. This concludes the
proof of Theorem 4.2.

The rest of this section is devoted to the proof of
Lemma 4.1. Particularly, in Section 4.1 we analyze

2In order to keep notation simple, we use S to denote
the span of Y ’s rows during the current iteration, which is
understood from context.
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Figure 1: A region has
small area if an angle is
small...

Figure 2: ...but a re-
gion can have small area
also with big angles!

the low dimensional case and referred the general case
to Section 4.2.

4.1 Warm-up: Low dimensional cases

To build up the geometric intuition, in this section
we show how to prove Lemma 4.1 in dimension 2 and
3. Let us denote C the conical tessellation associated
to the samples, and Fu : Sd → R the function defined
by Fu(w) = z(w)Tu, which is constant on the regions
of C. The main idea is that since Fu only depends on
the direction of w, and w is isotropic, it suffices to
bound from below the measure of the regions where
Fu ̸= 0. The key observation is that Fu attains strictly
different values on adjacent regions of C, implying
that, if A and B are adjacent regions in C, then
z(a)Tu = 0 for a ∈ A implies z(b)Tu ̸= 0 for any
b ∈ B (cf. the proof of Lemma 4.3 for a detailed
discussion).

In dimension 2 the problem is straightforward. In fact,
since the points xi are θ-separated, the associated con-
ical tessellation of S1 has exactly 2k regions of length
at least θ. Then there are at least k regions, of total
length at least kθ, where Fx ̸= 0. So

Prob(Fx = 0) ≤ 2π − kθ

2π
, and Prob(Fx ̸= 0) ≥ kθ

2π
.

In higher dimension a region can have arbitrarily small
area also (cf. Fig 2), so we need a better strategy. We
pick a diameter D ∈ C of the conical tessellation of
S2, and we look at all regions adjacent to it. The

Figure 3: The horizontal line depicts the diameter
D.The other diameters intersect D at angle θ, and cut it in
a finite number of regions. Some regions can be arbitrarily
small, but collectively their measure is bounded from below.
The same is true for their adjacent regions (in peach).

diameter D is cut into N = 2(k − 1) segments sj by
all the other diameters of the tessellation, and each of
the two regions R±

j adjacent to any segment contain

a triangle T θ
j with base sj and the angles between sj

and the other two sides θ. The area of these triangles
is approximately3 s2j tan θ/4. It holds Fx ̸= 0 at least

on one region among R±
j for each j, so we deduce

Prob(Fx ̸= 0) ≥ min∑
sj=2π

∑
j

s2j
tan θ

4
=

π2 tan θ

2(k − 1)

where the last equality follows from Jensen’s inequal-
ity and the fact that D intersect each of the k − 1
remaining diameters in exactly two antipodal points.
In general we will follow exactly this approach, but
more effort will be needed to estimate the measure of
the regions adjacent to the faces sj .

4.2 Arbitrary number of dimensions

To prove Lemma 4.1 in the general case, we proceed
following the same geometric intuition as in the previ-
ous section, obtaining the following formulation.

Lemma 4.3 (Geometric reformulation). Let C be
the conical tessellation of Sd−1 associated to vectors
x1, . . . , xk. There exists a conical tessellation C′ asso-
ciated to a subset of the vectors x1, . . . , xk and a family
F of pairwise non-adjacent regions of C′, such that

Pw∼N⊗d

(
z(w)Tu ̸= 0

)
≥ |C′ \ F|

ωd−1
(1)

Proof of Lemma 4.3. Since w is a gaussian vector, it is
isotropic, i.e. w/ ∥w∥ ∼ Unif(Sd−1). Let Fu : Sd−1 →
R be defined as w → z(w)Tu, and notice that by con-
struction it is constant on each region of C.
So it is sufficient to prove that the regions of C on
which Fu = 0 are pairwise non-adjacent.
Step 1) Assume that the vector u has no null compo-
nents, i.e. ui ̸= 0 for i = 1, . . . , k. If two regions A and
B of C are adjacent it means that they intersect on
some diameter Di = {v ∈ Sd−1 | v ⊥ xi}, and if a ∈ A
and b ∈ B the components of z(a) and z(b) satisfy
z(a)j = z(b)j if and only if j ̸= i. In particular, since
zi = ±1, it holds Fu(a) = Fu(b) ± 2ui, and the result
follows because ui ̸= 0.
Step 2) In general we proceed by induction on k. The
case k = 2 is easy. Recall u1 ̸= 0, and u ⊥ S
means uTyi = 0 for i = 0, . . . , n. Since yi = z(wi)
with wi ∼ N⊗d(0, 1) it holds yij = ±1 for j = 1, 2.
Suppose by contradiction that u1 = 0, then uTyi =

3We are using Euclidean trigonometry for simplicity. To
be precise we should use spherical trigonometry, as we will
in the actual proof (cf. the proof of Lemma 4.5 in Section
B.3 of the Appendix).
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u1yi1 + u2yi2 = ±u2 = 0, so u2 = 0, hence u = 0
which is a contradiction. So the case k = 2 follows
from step 1.
We assume the lemma holds for k− 1 and we prove it
for k. If u has no null components the result follows
from step 1. If uj = 0 for some j we can consider the
family {xi}i̸=j of samples vectors from which we have
removed the vector xj (hence with cardinality k − 1),
and the associated vectors and function u′, z′, F ′

u′ . By
construction F ′

u′
∼= Fu, and the result follows by in-

duction.

The following theorem provides a quantitative lower
bound on the measure of families of non adjacent re-
gions in a conical tessellation.

Theorem 4.4 (measure of non adjacent regions). Let
D = {Di ⊂ Sm}i=1,...,k be a generic θ-separated coni-
cal tessellation of Sm, with regions C, and let F ⊂ C
be a family of pairwise non-adjacent regions. Then

|C \ F| ≥ ωm−1θ

mN
,

where N = 2
∑m−1

i=0

(
k−2
i

)
is the constant coming from

Zaslavsky’s Theorem A.3.

To prove this theorem we need the following prelimi-
nary lemma, in the spirit of isoperimetric inequality.

Lemma 4.5 (Surface-Volume inequality). Let R be a
region of a θ-separated conical tessellation in Sm, with
a face ξ of (m− 1)-dimensional measure |ξ|. Then

|R| ≥ 2|ξ|2θ
ωm−1m

.

Due to length constraints, the proof of Lemma 4.5—to-
gether with the geometric tools needed—is contained
in Appendix B.

Proof of Theorem 4.4. Let D1 ∈ D be a diameter of
the tessellation, D1

∼= Sm−1.
We proceed by finding a lower bound for the total mea-
sure of all regions adjacent to D1 that are not in F .
Let D1 := {D \ D1} ∩ D1 be the tessellation of D1

defined by diameters {Di ∩ D1}i=2,...,k, and let 2t be
the number of regions of D1. We denote ξi the regions
and |ξi| their measure. Notice that |ξi| ≤ ωm−1/2 be-
cause each region |ξi| is an intersection of hemispheres
in D1. Each region ξi is the common face of exactly
two regions R±

i of C, and at most one of them belongs
F , because F contained non-adjacent regions. Then
we have

|C \ F| ≥ min

2t∑
i=1

2|ξi|2θ
ωm−1m

≥ ωm−1θ

tm
≥ ωm−1θ

Nm
. (2)

The first inequality follows from Lemma 4.5, the sec-
ond follows by convexity of x2 from Jensen’s inequality,
and the last from the fact that a generic arrangement
has maximal number of regions N .

We are now prepared to prove Lemma 4.1, building on
the results derived above.

Proof of Lemma 4.1. By Lemma 4.3, and Theorem
4.4, we have

Pw∼N⊗d

(
z(w)Tu ̸= 0

)
≥ ωd−2θ

ωd−1(d− 1)N
.

By Gautschi’s inequality (Elezović et al., 2000)

x1−s <
Γ(x+ 1)

Γ(x+ s)
< (1 + x)s,

hence setting s = 1/2 and x = d/2 we get

ωd−2

ωd−1
=

(d− 1)Γ(d2 + 1)

d
√
πΓ(d+1

2 )
>

d− 1√
2πd

,

from which follows

Pw∼N⊗d

(
z(w)Tu ̸= 0

)
>

θ

N
√
2dπ

.

Now recall that N = 2
∑d−1

i=0

(
k−2
i

)
≤ 2k−1, so we get

Pw∼N⊗d

(
z(w)Tu ̸= 0

)
>

θ

2k

√
2

dπ
.

which concludes the proof.

4.3 Collinear vectors

If the input {x1, . . . , xk} contains collinear vectors,
Y = sign(WX) cannot have full rank. In more de-
tail, if two input vectors xi and xj are collinear, then
it is immediate to see that sign(Wxi) = ± sign(Wxj),
depending on whether θij = 0 or θij = π.

In this case, consider the equivalence relation ∼ over
{x1, . . . , xk} induced by collinearity so that, for any
i, j = 1, . . . , k, xi ∼ xj if and only if θij ∈ {0, π}.
Denote by m the number of equivalence classes and
consider a subset xi1 , . . . , xim , obtained by including
exactly one member from each equivalence class. Let
X ′ ∈ Rd×m denote the corresponding matrix. Since
vectors from different classes are not collinear, X ′ sat-
isfies the assumptions of Lemma 4.1 and Theorem 4.2
for some minimum angle θ, so that Theorem 4.2 again
holds with m replacing k.
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Figure 4: Rank vs. number of neurons (FashionM-
NIST, k = 1024). Plotted is the numerical rank of Y (ver-
tical axis) against hidden-layer width n (horizontal axis)
for a fixed subset of 1024 flattened FashionMNIST images
(d = 784). The dashed line marks the bisector (y = x),
shaded band denotes ±std over repeated trials, and a ver-
tical marker indicates n = 1024

5 EXPERIMENTAL ANALYSIS

In this section, we present the results of experiments
designed to validate our theoretical findings. For all
experiments, we fix a subset of k = 1024 data points
and arrange them as a data matrix X ∈ Rd×k. For
FashionMNIST(Xiao et al., 2017), each sample is flat-
tened to d = 28 × 28 = 784; for the synthetic exper-
iments, d equals the dimension used to sample points
on the unit sphere (see the Appendix C for the ex-
act sampling procedure and the distribution of pair-
wise angles). To produce hidden representations, we
draw a random weight matrix W ∈ Rn×d with entries
Wij ∼ N (0, 1). Then, we compute the corresponding
feature matrix Y = sign(WX) and measure the nu-
merical rank of Y . We repeat the procedure for a grid
of different n values and different initialization seeds,
to observe how the rank and its variability evolve as
the number of neurons increases.

5.1 FashionMNIST

In Fig. 4, we show the measured rank of Y for Fash-
ionMNIST (Xiao et al., 2017) in relation to the num-
ber of neurons (n). Two regimes are visible. In the
neuron-limited regime (k < n), the rank is essentially
upper-bounded by n (shown as the bisector line) and
grows approximately linearly with it. Once n passes
k (n ≥ k), the rank continues to grow with n and the
curve slowly approaches full interpolation. In our runs,
the representation achieved rank = k after around 100
additional neurons were added beyond k.
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Figure 5: Rank vs. number of neurons (synthetic spher-
ical data, k = 1024). Plotted is the numerical rank of
Y (vertical axis) against hidden-layer width n (horizontal
axis) for multiple synthetic point clouds sampled on the unit
sphere (d = 784). Each curve corresponds to a different av-
erage pairwise angle (θ̄); legend shows also minimum and
maximum angles (Θ). The dashed line marks the bisector
(y = x), shaded band denotes ±std over repeated trials,
and a vertical marker indicates n = 1024.

5.2 Synthetic Dataset

We show in Fig. 5 the rank curves for various syn-
thetic point clouds that have been sampled on the unit
sphere. Each curve corresponds to a different angu-
lar regime. The minimum and maximum angles be-
tween any two lines are also reported in the legend.
All curves display an initial, approximately linear in-
crease in rank with n, similar to the FashionMNIST
case. Differently from it, the number of neurons re-
quired to reach interpolation depends strongly on the
angular distribution of the points. Point clouds with
larger average pairwise angles reach interpolation with
fewer neurons. As the average angle decreases, the
curves shift downwards, meaning more neurons are re-
quired to attain the same numerical rank. In fact,
quasi-collinearity slows rank growth so much that, for
average angles below 20◦, we do not observe interpo-
lation, even when n is as large as 1.5k. Moreover, we
deliberately included cases with the same average an-
gle but different angle ranges. This is to show that,
although there is a strong correlation with the average
angle, there is also a dependence on the distribution of
angles. For cases with angles of 18◦ and 22◦, it can be
seen that it is easier to interpolate points with a wider
range than with a smaller one.

The synthetic curve with an average angle of around
35◦ (roughly the same as our subset of FashionM-
NIST) closely resembles the Fig. 4’s curve obtained
above. This suggests that the average pairwise angle
is a strong predictor of the rank trend, but it is not
the full picture: the full distribution of angles (vari-
ance and tails) also affects how quickly rank increases
with n, as the four plots corresponding to angles 18◦

and 22◦ suggest.
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6 DISCUSSION AND OUTLOOK

We studied the rank of the embedding matrix produced
by a perceptron under random initialization using sign
activations, as a minimal geometric mechanism for
shattering in overparameterized networks. Our anal-
ysis establishes explicit probabilistic bounds in terms
of input separation, number of dimensions and hidden
width. The model we studied is simple yet rich enough
to clearly elucidate key geometric mechanisms under-
pinning interpolation and shattering. Our results sug-
gest that these phenomena are typical in overparam-
eterized regimes even under elementary models that
induce discrete feature spaces.

To many readers, our contribution might at first ap-
pear to be a theoretical exercise of little practical im-
port. While this may sound a reasonable criticism,
we argue below that there actually is more to it than
meets the eye. A first aspect is our focus on sign ac-
tivations. The main reason behind our choice is that
sign activations enable a clean and in our opinion elu-
cidating connection between rank in feature space and
the properties of conical tessellations produced by a
set of vectors in input space. At the same time, far
from being an easier case to study, the sign activation
intuitively represents a worst case scenario, given its
binary codomain, as opposed to continuous codomains
of activations typically used in practice. As a first,
anecdotal example, two collinear vectors with oppo-
site directions will be mapped to orthogonal vectors
in feature space using ReLU, while collinear vectors
are always mapped to collinear images under sign ac-
tivations, something we discuss and analyze in detail
in Section 4.3. Further empirical evidence from a fo-
cused experiment comparing the behaviours of sign
activations versus ReLU on small, “hard” instances
characterized by small average pairwise angles, sup-
ports this intuition and is reported in Appendix C.3.
Moreover, the absence of a bias, another seemingly
marginal difference with respect to previous work on
related topics (notably, (Dirksen et al., 2022; Ghosal
et al., 2022)), actually seems to make the problem
significantly harder, resulting in a one-to-one corre-
spondence with the problem of estimating the prob-
ability mass associated to different regions of conical
tessellations of the sphere, itself an important prob-
lem in high-dimensional linear algebra and spherical
geometry. Finally and in a more practical perspective,
a number of commonly used activation functions are
continuously differentiable approximations of non lin-
ear step functions. For example, just like the sigmoid
can be seen as a continuously differentiable approxi-
mation for the Heaviside function, so is the hyperbolic
tangent for the sign.

In a more general perspective, the study of randomly
initialized neural layers has a practical bearing in sev-
eral areas, from properties of the initialization that
may affect subsequent training to properties of models
that are explicitly used for classification. For example,
even the case of the sign function (or Heaviside) can be
of interest for models that are only partially trained,
such as extreme learning machines, where the ability
to achieve full rank is a feature that is considered in
some approaches to these models (Huang et al., 2006).
Moreover, relatively recent work has made the case for
the existence of strong lottery tickets, whereby ran-
domly initialized, overparameterized neural networks
contain subnetworks that may well classify unknown
inputs. These are clearly properties of the representa-
tions resulting from randomly initialized layers and in-
tuition at least suggests that they should be related to
their ability to interpolate arbitrary inputs. Finally, as
we remarked before, initialization plays a crucial role
in the training of deep models in general, and under-
standing its theoretical aspects may have repercussions
on future work and practical developments that might
be hard to anticipate.

While our results shed light on one mechanism
whereby overparameterization can enable perfect fit-
ting, gaps remain between our theory and empirical
observations. Our experiments indicate that rank be-
havior is influenced not only by minimum separation
but by the full distribution of pairwise angles among
inputs. In practice, we observe that mean angle serves
as a reliable proxy for predicting when full rank is
likely to occur. Moreover, experiments suggest that
the true probability of increasing rank is substantially
larger than our analysis predicts and is hardly consis-
tent with the dependence on the number of points and
dimensions resulting from Lemma 4.1.

A first direction of further research clearly concerns
closing the aforementioned gap, something that could
shed light on finer mechanisms of rank growth. A num-
ber of potential approaches are possible. For exam-
ple, increasing rank of the feature matrix should be
easier at the beginning of the idealized construction
described in Algorithm 1, something that is not ad-
equately captured in our analysis. Further, potential
approaches are purely geometric and exploit properties
of the conical tessellations that could be investigated
and modeled with finer detail.

A further, broader research direction concerns con-
necting this type of results to generalization. Full rank
guarantees shattering, but not generalization per se.
Understanding how the rank profile of random features
impacts margins, implicit bias, or stability could help
connect our results to the “benign overfitting” regime
of modern practice.
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Checklist

1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
[Yes] The setting, problem definition, and rel-
evant preliminary concepts can be found in
Sections 3 and 4 and Appendix A. However,
we do not introduce new algorithm or mod-
els: the contribution of this paper lies in pro-
viding a proof of the probability of being full
rank. For the experimental part, the algo-
rithm used is solely for obtaining the results.

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Yes] We do not introduce new algorithms
this paper. We only used shallow network,
the number that we do not train. The num-
ber of neurons is cited. The only algorithm
presented is Algorithm 1, which serves as an
incremental construction to guide the proof
of the main theorem.

(c) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Yes] The source code is
included in the supplementary materials.

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. [Yes] The assump-
tions, problem definition, and relevant con-
cepts are presented in Sections 3 and 4
and Appendix A.

(b) Complete proofs of all theoretical results.
[Yes] Some proofs are included in Section 4;
the remainder are provided in the supplemen-
tary materials, specifically in Appendix B.

(c) Clear explanations of any assumptions. [Yes]
See Sections 1 and 3.

3. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed to
reproduce the main experimental results (ei-
ther in the supplemental material or as a
URL). [Yes] The code is included in the sup-
plementary materials.

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). [Yes]
We do not train models, as our focus is on ini-
tialization. However, the provided code and
Appendix C provide complete information for
running the experiments and reproducing the

plots, including synthetic dataset generation
and the random seeds used to initialize the
networks.

(c) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). [Yes] Error bars are included
in our plots, representing the standard devi-
ation of the rank, as described in Section 5.

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Yes] The computing infras-
tructure is described in Appendix C.

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses ex-
isting assets. [Yes] We cite the datasets and
libraries used in our experiments.

(b) The license information of the assets, if ap-
plicable. [Yes] The license are reported in
Appendix C.

(c) New assets either in the supplemental ma-
terial or as a URL, if applicable. [Yes] We
introduce synthetic datasets in our experi-
ments; details are included in the supplemen-
tary materials (code and Appendix C).

(d) Information about consent from data
providers/curators. [Not Applicable]

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Not Applicable]

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to partic-
ipants and screenshots. [Not Applicable] We
did not used crowdsourcing or conducted re-
search with human subjects.

(b) Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable. [Not Appli-
cable]

(c) The estimated hourly wage paid to partici-
pants and the total amount spent on partic-
ipant compensation. [Not Applicable]
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A BACKGROUND ON HIGH-DIMENSIONAL AND SPHERICAL
GEOMETRY

In this section, we go more in detail with respect to the geometric background introduced in 3. Sections A.1 and
A.2 introduce key definitions and notions in high-dimensional and spherical geometry that will be needed in the
technical sections. A reader already familiar with these topics can skip this section.

A.1 Hyperplane arrangements

Remark A.1. An oriented hyperplane arrangement is generic if and only if its perpendicular vectors are in
general position. This is a stronger condition than being θ-separated, in fact there are θ-separated families of
vectors that are not in general position for any θ. However:

1. For any θ-separated family of vectors {vi} and any ϵ > 0, there exist a (θ− ϵ)-separated family of vectors v′i
in general position with d(vi, v

′
i) < ϵ for all i.

2. If the vectors are sampled uniformly on the sphere, then they are in general position with probability 1.

3. In general, we will be interested in estimating from below geometric quantities that decrease as the number
of regions of the arrangement increase, and the number of regions is maximal for generic arrangements. So
if we assume that the vectors are in general position we will find valid (although possibly weaker) estimates.

Example A.2. A generic central hyperplane arrangement in Rm with at least m elements is essential.

The adjacency graph of A has the regions of A as vertices, and two vertices are connected by an edge if and only
if the corresponding regions share a face of codimension 1.

To any hyperplane arrangement A corresponds also a ranked poset P(A) whose elements are non-empty inter-
sections of sets of hyperplanes, ordered by reverse inclusion, and with rank function rk(f) = codim(f).
The Möbius function µ is defined inductively on P(A) by setting

µ(0̂, 0̂) = 1 and µ(0̂, x) = −
∑
y<x

µ(0̂, y),

and the characteristic polinomial of A is defined as

χA(t) =
∑

x∈P(A)

µ(0̂, x)trk(x).

Theorem A.3 (Zaslavsky). The number #R of regions of a hyperplane arrangement is equal to sum of the
absolute values of the coefficients of χA(t).

Corollary A.4. Let A = {Hi}i=1...,k (resp. Ac) be a generic, non-central (resp. central) arrangement of k
hyperplanes in Rm, then

#R(A) =

m∑
i=0

(
k

i

)
, and #R(Ac) = 2

m−1∑
i=0

(
k − 1

i

)
.

Proof. For a generic non-central hyperplane arrangement A in Rm with k hyperplanes one can check that
µ(0̂, x) = −1rk(x)4, from which follows #R =

∑m
i=0

(
k
i

)
. For a generic central arrangement #R = 2

∑m−1
i=0

(
k−1
i

)
follows easily by choosing V ∈ A, considering two hyperplanes V ± parallel to V and on the two opposite sides
of V , and noticing that #RA = #R{A\V }∩V + +#R{A\V }∩V − .
Another way to see this is by computing the characteristic polynomial of a generic central hyperplane arrange-
ment, which is

χ(t) =

m−1∑
i=0

(−1)i
(
k

i

)
ti + (−1)m

(
k − 1

d− 1

)
tm.

4In fact this property holds for the Möbius function of any hyperplane arrangement.
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A.2 Spherical geometry

We denote Sm = {x ∈ Rm+1 | ∥x∥ = 1} the m-dimensional unit sphere, which is a Riemannian manifold with
the geodesic distance

dSm(x, y) = ∢(x, y) = arccos
⟨x, y⟩
∥x∥ ∥y∥

= arccos(xTy).

A diameter D of Sm is a submanifold of codimension 1 given by the intersection of Sm with a hyperplane
H ⊂ Rm+1, and clearly D ∼= Sm−1. We say that a diameter D = Sm ∩ H is orthogonal to a point x ∈ Sm if
x ⊥ H.
We denote BSm(x, r) = {y ∈ Sm | dSm(x, y) ≤ r} the closed ball in Sm of radius r and centered in x. To
any point x ∈ Sm is associated the hemisphere Ex = BSm(x, π/2) = {y ∈ Sm|⟨x, y⟩ ≥ 0}, whose boundary
Dx = ∂Ex

∼= Sm−1 is the diameter of Sm orthogonal to x.
The distance dSm induces a distance dHSm on closed subsets of Sm, called the Hausdorff distance, namely

dHSm(A,B) = max{min{r ≥ 0 |B ⊂ Ar},min{r′ ≥ 0 |A ⊂ Br′}},

where Ar = ∪x∈ABSm(x, r) denote the set of points at distance ≤ r from A.
Let x, y ∈ Sm be two points with ∢(x, y) < π/2. Then for two diameters Dx, Dy we have
dHSm(Dx, Dy) = dSm(x, y) = ∢(x, y), i.e. the Hausdorff distance of Dx and Dy is equal to the geodesic
distance of x and y, which is also equal to the angle between the two diameters. Hence, if d(x, y) ≥ θ we extend
the terminology by saying that Ex and Ey are θ-separated.

A geodesic triangle ∆(A,B,C) is the union of three geodesic segments connecting the points A,B,C. Angles
between the geodesic segments are defined via the tangent space.
The following is a classical result of spherical trigonometry.

Lemma A.5. [(Todhunter, 1886) Art. 62] Let ∆(A,B,C) be a right spherical triangle with height h = B̄C, base
b = ĀB and angles ∢B(C,A) = π/2 and ∢A(B,C) = θ. Then

tanh = tan θ sin b.

Spherical cones A cone C(A, p) from a point p over a set A is defined as the geodesic convex hull of A∩{p}.
The subset A and the point p are called respectively base and apex of C. Notice that the notion of convexity
here depends on the godesic structure of the space, not on its embedding into some ambient space.
In Rn, if A is a compact subset contained in some hyperplane V and p is contained in some parallel hyperplane
W with dH(V,W ) = h, then C(A, p) could be called a cone (or pyramid) of base A and height h.
For our purpose we define a spherical cone to be a cone in Sm, with base A contained in some totally geodesic
hypersphere Sm−1 ⊂ Sm and apex p whose projection on A is contained in the interior of A, i.e. πA(p) ∈ A◦ =
A \ ∂A. Then the height of C is simply the distance d(p,A).
For brevity we will not specify that a cone is spherical when it is clear from the context.

Spherical polytopes A family of hemispheres {Ei}i∈I defines by intersection a region C = ∩i∈IEi, and we
call it minimal if there is no j ∈ I such that ∩i∈I\{j}Ei = C, i.e. if every hemisphere Ei is necessary to define
the region C.
A spherical convex polytope C ⊂ Sm is the non-empty intersection of a finite minimal family of hemispheres
{Ei}. A side of codimension l of C is a non-empty intersection C ∩Di1 ∩ · · · ∩Dil , where Dil = ∂Eil . Notice
that the minimality condition on the family of hemispheres is important to properly define the sides of C. A
polytope with exactly two sides of codimension 1 is called a ditope.
The inscribed radius of a convex polytope C is the maximum radius of a ball contained in C, namely

rin(C) = max{r ≥ 0 |BSm(r, x) ⊂ C, x ∈ C},

and any ball Bin ⊂ C of radius rin(C) contained in C is called inscribed ball of C.

If A ⊂ Rm is a subset of (Hausdorff) dimension l we will denote by |A| = |A|l the (l-dimensional) Hausdorff
measure of A. To simplify the notation we will avoid to specify the dimension of the measure, and will always
write |A| instead of |A|l, since there is only one choice of l that makes the measure positive and finite, namely
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when l matches the (Hausdorff) dimension of A.
We denote

ωm−1 = |Sm−1| = mπm/2

Γ(m2 + 1)

the measure of the (m− 1)-sphere of radius 1.

B PROOF OF THEOREM 4.4

This appendix collects the technical results that support the main theorems in Section 4. In particular, we develop
the geometric machinery needed to analyze measures of regions in conical tessellations. Section B.1 establishes
a cone volume comparison theorem, providing explicit lower bounds for spherical cones by comparison with
Euclidean cones. Section B.2 introduces an “isoinradii inequality” for spherical polytopes, showing that ditopes
maximize volume under fixed inradius, and develops auxiliary lemmas (covering and symmetrization arguments)
that are needed to prove the isoinradii inequality. Section B.3 put these results together finally proving the
lemmas needed to provide the quantitative bounds on non-adjacent regions that Theorem 4.4 uses.

B.1 Cone volume comparison

Comparing geometric properties of objects in curved and Euclidean spaces is a fruitful and well established
research area in geometry, and the Bishop-Gromov comparison theorem is a cornerstone in this field, comparing
the volume of balls under lower Ricci curvature bounds.
As we have seen in the low dimensional examples, a central part of our approach is estimating the measure of
θ-separated convex polytopes given the measure of one of their sides. To do so we constructed triangles with
sides that form an angle θ with the face and measured their area. In higher dimension the analogue of this
construction involves the construction of cones, but the measure of harder to compute. In order to appreciate
a readable lower bound in our final result, we prove here the following explicit estimate of the measure of a
spherical cone, which is reminiscent of Bishop-Gromov’s comparison theorem, by comparing it with the measure
of an appropriate Euclidean comparison cone.

Theorem B.1 (Cone volume comparison). Let C = C(A, p) ⊂ Sm be a cone with convex base A ⊂ Sm−1 of
measure |A| and apex p of height h = d(A, p) ∈ (0, π/2]. Let Ĉ = Ĉ(|A|, h) be a comparison euclidean cone, i.e.
a cone in Rn with base of measure |A| and height h. Then |C| ≥ |Ĉ|.

As one may notice, in our theorem the inequality is reversed with respect to the classical Bishop-Gromov’s
comparison theorem. While balls can indeed be seen as cones (from any interior point over their boundary), our
setting has a couple of slight differences. First of all, we assume the base to be totally geodesic, which is not the
case for the boundary sphere of general balls. Secondly, and most importantly, we are fixing the measure of the
base, i.e. the perimeter of the ball, rather than its radius. Since both the perimeter and the area of the balls
scale with the radius, we see how our estimates is independent on the classical one.
Before proving the theorem let us recall the following

Proposition B.2 (coarea formula). Let (M, g) be a (m-dimensional) Riemannian manifold, A ⊂ M a Borel
subset, and f : M → R a 1-lipschitz map. Then

|A|m ≥
∫
x∈R

|f−1(x) ∩A|m−1dx

Proof of Theorem B.1. Let us fix notation. We call D0 = q⊥ the diameter containing A, A ⊂ D0 = q. The
function f : Sm → R defined as f(x) = dSm(x,D0) is clearly 1-lipschitz, and we denote Hs := f−1(s). If we
represent Sm = {x ∈ Rm+1 | ∥x∥ = 1} so that q = e0, then Hs is simply the intersection of the sphere with the
hyperplane orthogonal to q at distance sin(s) from the origin, Hs = Sm ∩ {x0 = sin(s)}. In particular Hs is an
(m− 1)-dimensional sphere of radius cos(s).
The proof will proceed as follows. By the coarea formula

|C| ≥
∫ h

0

|As|ds =
∫ h

0

σ(s)m−1|A|ds,
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where in the last passage we expressed |As| proportionally w.r.t. |A|.5
Furthermore

|Ĉ| =
∫
h

(
1− s

h

)m−1|A|ds.

To conclude the proof we proceed by computing the proportional factor σ(s) and showing that σ(s) ≥ (1− s/h).

Let b = b0 ∈ A be the projection of the apex p to the base, and let bs be the point along the geodesic segment
pb at distance s from b. We can write the measure of As as an integral in exponential coordinates of cos(s)Sm−1

centered in bs. For s = 0 we have

|A| =
∫
Sm−2

∫ ρmax(ω)

0

sinm−2(ρ)dρdω

where ρmax : Sm−2 → [0, π/2] is the profile function describing the distance of b from ∂A in direction ω. For
s > 0 we have

|As| =
∫
cos(s)Sm−2

∫ ρs
max(ω)

0

sinm−2(ρ)dρdω

Let a be the point on ∂A in direction ω from b, and let us denote α = α(ω) the angle ∢a(p, b) be the angle in a
formed by the apex and its projection b.
On As we denote rs the point on ∂As in the same radial direction ω from bs. The point rs project to some point
r ∈ ab and all these points lie in the same totally geodesic 2-sphere on which lie a, b, p.
For s > 0 the section As is not totally geodesic, so in particular the lenght of the radial segment bsrs is longer
than the spherical distance of its endpoints, i.e. ρsmax(ω) > dSm−1(bs, rs). Let us denote |xy| the length of the
segment xy. We now proceed to determine the lenght of the segment bsrs. Recall that by spherical trigonometry
we have

sin |ab| = tan(α− π) tan(h) and sin |ar| = tan(α− π) tan(s),

from which follows

Figure 6: We want to integrate the m− 1-measure of the horizontal slices along the height.

sin(|ab|)
tan(h)

=
sin(|ar|)
tan(s)

Furthermore |rsbs| = cos(s)|rb| and |br| = |ab| − |ar|, so putting all of this together we get

|bsrs| = cos(s)

(
|ab| − arcsin

( tan(s)

tan(h)
sin(|ab|)

))
5e.g. if h = π/2 its easy to see that σ(s) = cos(s)
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Recall that by definition the lengths of the segments ab and bsrs are respectively ρmax and ρsmax, so we found

ρsmax = cos(s)

(
ρmax − arcsin

( tan(s)

tan(h)
sin(ρmax)

))
which gives the following rescaling factor

ρsmax = ρmax cos(s)

1−
arcsin

(
tan(s)
tan(h) sin(ρmax)

)
ρmax

 = ρmaxσ(s).

Then we can write

|As| =
∫
cos(s)Sm−2

∫ ρmax(ω)σ(s)

0

sin(ρ)m−2dρdω ≥ (3)

≥ σ(s)m−1

∫
Sm−2

∫ ρmax(ω)

0

sin(ρ)m−2dρdω = σ(s)m−1|A|. (4)

The inequality follows by convexity of sin(x) which implies∫ σR

0

sinm−2(ρ)dρ = σ

∫ R

0

sinm−2(σρ)dρ ≥ σm−1

∫ R

0

sinm−2(ρ)dρ.

To conclude the proof we claim σ(s) ≥ (1− s/h).

For t ≤ 1 we have arcsin(tx) < t arcsin(x) by convexity, so it follows

σ(s) = cos(s)

(
1− arcsin

( tan(s)

tan(h)
sin(ρmax)

) 1

ρmax

)
≥ cos(s)− sin(s)

tan(h)

=
cos(s) sin(h)− cos(h) sin(s)

sin(h)
=

sin(h− s)

sin(h)

By convexity of sin(x), we have sin(h− s) ≥ (1− s
h ) sin(h), so we find

σ(s) ≥ sin(h− s)

sin(h)
≥

(1− s
h ) sin(h)

sin(h)
= (1− s

h
)

which concludes the proof.

B.2 Isoinradii inequality and extremal spherical polytopes

Another ingredient we need in our proof to estimate the measure of a region, will be to know the minimal
height of a θ-separated cone that we can construct on their faces. This is equivalent to asking which is the
minimal inscribed radius of a face with fixed measure. Or equivalently, which are the convex spherical polytopes
that maximise the ratio |C|/rin(C). Clearly it is the same to either fix the measure and find the polytope of
minimal inscribed radius, or to fix the inscribed radius and maximise the measure. We shall do the latter, and
we conjecture that the extremal polytopes are ditopes associated to 2rin(C)-separated diameters.

Theorem B.3 (Extremal polytopes). Let C be any convex polytope in Sm. If D is a convex ditope in Sm with
rin(C) = rin(D), then |D| ≥ |C|.

From now on we denote C ⊂ Sm a convex polytope, Bin be a inscribed ball of C, and Sin = ∂Bin its boundary
sphere. rin(C) is the inscribed radius of C, so is also the radius of Bin, and we assume that rin(C) < π/2.

Lemma B.4. Let {ti} = ∂C ∩ Bin the points where Sin is tangent to ∂C. Then Sin is covered by hemispheres
(i.e. balls of radius πrin(C)/2) centered in ti:

Sin ⊂
⋃
i

BSin

(
πrin(C)

2
, ti

)
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Proof. Suppose by contradiction that there exist a point

y ∈ Sin \
⋃
i

BSin

(
πrin(C)

2
, ti

)
.

Then By := BSin

(
πrin(C)

2 , y
)
contains no ti, hence we can translate Bin by some ϵ > 0 in direction y and obtain

a translated ball B′
in which is contained in C but does not intersect ∂C, which contradicts the hypotesis that

Bin has maximal radius among balls in C.

Before proving our main result we also need the following symmetrization lemma (many thanks to G. for helping
with the proof).
For a function f : Sm → R we say that f is p-radially symmetric if f is invariant under the action of the
p-stabilizer subgroup of isometires of Sm, i.e. if f = f ◦ σ for any isometry σ that fixes p.
Recall that the group of isometries of the sphere is the group of orthogonal matrices Isom(Sm) = O(m+ 1) and
the stabilizer of a point p is the normal subgroup of isometries that fixes p, Stab(p) := {g ∈ Isom(Sm) | g.p =
p} ∼= O(m) (cf. (Lee, 2013), Chapter 7, for a detailed treatment of the subject).
If f is p-radially symmetric, the quotient of Sm \ {±p} by Stab(p) ⊂ Isom(Sm) it induces a map f̄ : (0, π) → R,
such that f̄(r) = f(q) for any q with d(p, q) = r. We say that f is p-radially non-decreasing if X[f ] ≥ 0,
where X[f ] denotes the derivative of f with respect to the vector field X = ∇xd(x, p). Clearly, for a p-radially
symmetric function f it is equivalent to saying that the radial component f̄ is non-decreasing.
Finally, a region R that contains a point p is star-shaped with respect to p if, for any point q ∈ R there exists a
unique geodesic from p to q contained in R. In particular a convex region that contains p is star-shaped with
respect to p.
If q is a point in a region R star-shaped with respect to p, and t ∈ [0, 1], we denote tq := γq(t), where γq is the
unique geodesic contained in R such that γ(0) = p and γ(1) = q.

Lemma B.5 (Symmetrization). Let B = BSm(p, π/2) denote the hemisphere of Sm centered at p.
Let f : B → R+ a positive, continuous, p-radially symmetric, p-radially non-decreasing function on B, and let
Ri ⊆ C be star-shaped regions with respect to p such that

∑
i |Ri| = |B|. Then∑

i

∫
Ri

f(x) dx ≤
∫
B
f(x) dx.

Proof. By the intermediate value theorem there exists a radius rm ∈ [0, 1] such that
∫
B f = |B|f̄(rm). For the

same reason there exist radii ri such that for each region
∫
Ri

f = |Ri|f̄(ri). It is sufficient to show that ri ≤ rm
for each i. In fact it would imply∑

i

∫
Ri

f =
∑
i

|Ri|f̄(ri) ≤
∑
i

|Ri|f̄(rm) = |B|f̄(rm) =

∫
B
f

Let C ⊂ B be a star-shaped region with respect to p. Consider the regions A = C ∩ {x ∈ B | d(x, p) ≥ rm} and
G = {tx ∈ B |x ∈ A, t ∈ [0, 1]}. Finally let Q = {x ∈ B | ∃t ∈ [0, 1] s.t. tx ∈ A} be the sector of B generated by
A. Notice that G ⊆ Q, and also that G ⊆ C since C is star-shaped with respect to p.
By construction we have

d(x, p) ≥ rm, ∀x ∈ Q \G and d(x, p) ≤ rm, ∀x ∈ C \G,

hence it clearly holds ∫
Q\G

f ≥ |Q \G|f(rm) and

∫
C\G

f ≤ |C \G|f(rm). (5)

Furthermore, since Q is a conic sector and f is radially simmetric, we have
∫
Q
f = |Q|f(rm). Then we can write

|C|f(rc) =
∫
C

f =

∫
Q

f −
∫
Q\G

f +

∫
C\G

f ≤

≤|Q|f(rm)− |Q \G|f(rm) + |C \G|f(rm) = |C|f(rm)

Since f is radially non-decreasing we get rc ≤ rm, which concludes the proof.
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Proof of Theorem B.3. Let o be the center of Bin = BSm(o, rin(C)), the inscribed sphere of C. We begin
expressing the measure of a polytope by integration of radii along its inscribed sphere.
For a tangent point ti ∈ ∂C ∩ Sin consider the diameter Ti ⊂ Sm tangent to Sin in ti. Equivalently Ti is the
diameter which contains the face fi of C that intersect Sin in ti. For a point y ∈ Sin, the visual projection σi(y)
of y to Ti is the first intersection of the geodesic ray from o in direction y with Ti (in total there are two such
intersections: σi(y) and its antipode). We define the visual distance from y to Ti as ρi(y) = dSm(o, σi(y)), the
geodesic distance between o and σi(y).

Given y ∈ Sin we can also consider σC(y) to be the visual projection of y to the polytope boundary ∂C, which
is the first intersection of the geodesic ray from o in direction y with ∂C (again, by convexity of C, there are
exactly two such points). Again, we define the visual distance ρC : Sin → R+ as ρC(y) = dSm(o, σC(y)). Then
the measure of the polytope can be expressed as

|C| =
∫
Sin

ρC ≤
∫
Sin

min
i

ρi

where the equality is achieved exactly when all sides of C are tangent to Sin, since i is counting the sides of C
that are tangent to the inscribed sphere Sin, as depicted in Fig. 7.
We can express the measure of a ditope L with inscribed sphere Sin in the same way. Let ±p ∈ Sin be two

Figure 7: The blue area is the true measure of the polytope, which is smaller than the area of the polytope obtained by
only considering tangent sides.

antipodal points, Tp the diameter of Sm tangent to Sin at p, and ρp the visual distance to Tp, then the measure
of L is

|L| =
∫
Sin

ρL =

∫
Sin

min{ρp, ρ−p} = 2

∫
Ep

ρp.

Now we can compare the measures |L| and |C| of the two polytopes.
The points ti in Sin define a Voronoi partition of Sin =

⋃
i Ri into convex subsets Ri = {x ∈ Sin | d(x, xi) ≤

d(x, xj)∀j ̸= i} with pairwise null-measure intersection. So the upper bound for |C| can be decomposed as

|C| ≤
∫
Sin

min
i

ρi =
∑
i

∫
Ri

ρi

By Lemma B.4 each of this regions is contained in a hemisphere, so they can be translated with a spherical
isometry so that ti ∼= p. We still call Ri these translated regions. Clearly it holds

∑
i |Ri| = 2|Ep| and it is

sufficient to prove that ∑∫
Ri

ρp ≤ 2

∫
Ep

ρp.



Rank Lifting and Random Non-Linear Maps

Notice that by Bolzano’s theorem we can split every region Ri along a hyperplane through p into R+
i and R−

i in
a way that |R+

i | = |R−
i |. Then by Lemma B.5 we get∑∫

R±
i

ρp ≤
∫
Ep

ρp

for each of the two families, which concludes the proof.

On the role of isoperimetric inequality and concentration of measure As a final note, let us concede
ourselves the following evocative remark, concerning the role of concentration of measure and isoperimetric
inequalities in this work. The question of randomly embedding some vectors into a high dimensional vector
space might be reminescent of an inverse version of the Johnson-Lindenstrauss lemma. Indeed, in our proof we
look at the total measure of a family of regions along a diameter D, so arguments involving concentration of
measure on the sphere are in the air. But the family we consider in our proof does not contain any neighbourhood
Dϵ of D, so we cannot use arguments involving concentration of measure. On the other hand, the two volume
inequalities for convex polytopes on the sphere that we use were strongly inspired by isoperimetric inequalities,
and their proof does in fact use a symmetrization argument. In the light of Lévy’s first proof of concentration
of measure using isoperimetric inequality on the sphere, the presence of these two concepts in the inception of
this proof does not seem completely random. While we are not able to express a formal nor organised thought
about their relation in this context, we believe it is worth to mention it and invite the reader to bring us their
point of view on the matter.

B.3 Maximal measure of independent regions

We are now ready to prove our main result, which has been reduced to the problem of finding the maximal
measure of a family of pairwise non-adjacent regions in a conical tessellation. This problem can be also
understood as finding a weighted maximum independent set (WMIS) in the adjacency graph of the conical
tessellation, weighted by the measure of each region. The WMIS problem is known to be NP-hard for many
classes of graphs, including for geometric intersection graphs (Chan and Har-Peled, 2011),(Thomas Erlebach
and Seidel, 2005). The fact that this problem is a hard one, makes it more acceptable to find a lower bound
that is not optimal. To follow the idea of proof sketched in Subsection 4.1 we need to be able to bound from
below the d-measure of a region knowing the d − 1-measure of a face, and the fact that the tessellation is
θ-separated, i.e. its faces form angles ≥ θ; this is the content of Lemma 4.5. The central ingredient in the proof
is a quantitative estimate of the fatness of the face in terms of its measure, which is the content of Lemma B.6.

Lemma B.6 (Volume-Radius inequality). Let R be a region of a conical tessellation in Sm with measure V .
Then its inscribed radius is bounded from below by rin(R) ≥ πV/ωm.

Proof. By Theorem B.3 a ditope with measure V has minimal inscribed radius among all spherical convex
polytopes of equal measure. So rin(R) ≥ rin(D), where D is a ditope with measure V . Then the result follows
from the fact that a ditope with inscribed radius r has measure Vr = ωmr/π.

Lemma B.7 (Surface-Volume inequality). Let R be a region of a θ-separated conical tessellation in Sm, with a
face f of (m− 1)-dimensional measure |f |. Then

|R| ≥ |f |h(f)
m

≥ 2|f |2θ
ωm−1m

,

where h(f) = arctan
(
sin rin(f) tan θ

)
≥ arctan

(
sin( π|f |

ωm−1
) tan θ

)
.

Notice that the right hand side only depends on the dimension m, the angle θ, and the measure |f | of f .

Proof. By Lemma B.6 the inscribed radius rin(f) of f is at least |f |π/ωm−1. The angle between any two faces
of R is equal to the angle between the two corresponding diameters, and since the tessellation is θ-separated,
the angle is ≥ θ. Then R must contain the cone C(f, θ) with base the inscribed sphere of f and angle θ.
By A.5, if we denote by c the center of the inscribed sphere and by v the apex of the cone C(f, θ) its height is
given by

h(f) := d(c, v) = arctan
(
sin rin(f) tan θ

)
.
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In fact, by convexity, R contains the cone C = C(f, v) from v over f (i.e. the convex hull of f ∪ {v}).
By Theorem B.1 we obtain

|R| ≥ |C| > |C̃| = |f |h(f)
m

.

Finally we derive the last estimate, which has better convexity properties. Notice that by convexity it follows

h(f) = arctan
(
sin(

π|f |
ωm−1

) tan θ
)
≥ arctan

( 2|f |
ωm−1

tan θ
)
≥ 2|f |θ

ωm−1
,

which concludes the proof.

Remark B.8. If k > 2d we can obtain a much better bound than the one in Theorem 4.4 by using the fact that

d−1∑
i=0

(
k − 2

i

)
≤ 2(k−2)H( d−1

k−2 ),

where H(x) = −x log2(x) − (1 − x) log2(1 − x) is the binary entropy function (c.f. (Flum and Grohe, 2006),
Lemma 16.19). In particular H(x) ≤ 1, and we can write

Pw∼N⊗d (rank(Y ′) > rank(Y )) >
θ

2kH( d−1
k−2 )

√
2

dπ
.

C EXPERIMENTAL SETTING AND FURTHER RESULTS ON RELU VS
SIGN ACTIVATION

C.1 Synthetic dataset generation

We generate point clouds on the unit sphere using two control parameters: minimum angle θmin and maximum
angle θmax. Angles are defined between lines (i.e., θ ∈ [0◦, 90◦], computed from the absolute value of the cosine),
not oriented vectors. Here’s the complete sampling procedure:

1. Given target sample size n and space dimension d, draw n vectors xi ∼ N (0, 1)d and normalize each to unit
norm.

2. Select the first vector as the anchor u (angle 0◦ with itself).

3. Compute the angles θi = arccos(|xTi u|) between u and all other vectors, then linearly rescale the set θi so
that its minimum becomes θmin and its maximum becomes θmax/2. θmax is divided by two so that points
that have an angle θmax/2 with u, will have at most an angle of θmax between themselves.

4. Reorder the vectors in ascending order of angle from u; u is first. We have the list V = [v1, v2, v3, . . . , vn],
with v1 = u.

5. For each vector vi, compute its angles αij with all previously fixed vectors vj,j<i. Iterating over j, if
αij ≤ θmin, the constraint is respected with vj . Otherwise, incrementally increase the angle between vi and
u by applying small orthogonal perturbations and renormalising, and recheck the constraints. Repeat until
the constraint is satisfied or θi, the angle between vi and u surpasses θmax/2; in this case, drop v.

Note that, because feasible placements can become impossible when d is small, n is large and/or the angular
interval is highly restrictive (e.g. when θmin is high and θmax is low), the algorithm may produce fewer than n
points even if a tessellation exists mathematically. In our experiments, we used d = 128 and did not encounter
any dropped points.
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Code and computing infrastructure The implementation, parameter choices and code are provided in the
referenced repository. All experiments were implemented in Python(Python Software Foundation, 2024) using
PyTorch(Paszke et al., 2019). Reproducibility was ensured by fixing random seeds. The code and exact scripts,
including seed values, are available at https://anonymous.4open.science/r/rank_lifting-4524/.

The experiments were run on a Linux machine (Ubuntu 24.04.2 LTS, kernel 6.14.0-27-generic) with an AMD
Ryzen 9 7950X 16-Core Processor, 128 GB of RAM, and two NVIDIA GeForce RTX 4090 GPUs.

Here is the license information of the assets used in this work: Python (Python Software Foundation License,
PSF-2.0), PyTorch (BSD 3-Clause License), Fashion-MNIST (MIT License, Zalando SE) (Xiao et al., 2017).

C.2 FashionMNIST
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Figure 8: Density of pairwise angles for the sampled subset of 1024 FashionMNIST images (flattened). The vertical
lines indicate the sample mean, minimum and maximum angles.

Fig. 8 shows the density of pairwise angles for the 1024 sampled images from FashionMNIST, flattened into a
784-sized vector. The vertical lines in the plot show the sample mean (approximately 35◦), and the observed
minimum and maximum angles (6.5◦ and 83.37◦, respectively). The distribution is slightly left-skewed, with
higher mass at smaller angles.

C.3 ReLU vs Sign Activation on Hard Instances

Fig. 9 reports the interpolation behavior of networks with Sign activation on hard spherical instances. As the
number of points increases, the required width grows rapidly, especially for configurations characterized by
smaller minimum pairwise angles. The dependence on angular separation is pronounced, with narrower angular
distributions requiring substantially larger widths to achieve perfect interpolation.

Fig. 10 shows the corresponding experiment for ReLU networks. While the qualitative dependence on the
number of points and angular separation is similar, the required width is consistently lower across all regimes.
In particular, ReLU exhibits a more favorable scaling with respect to both sample size and decreasing angular
separation. Please note that the set of angles [0.1, 0.25] is not displayed in Fig. 9 for the sake of graph readability,
since it is characterized by a very pronounced growth.

Overall, the comparison highlights a clear expressive advantage of ReLU over Sign activation on hard instances:
for the same geometric configuration of the data, ReLU achieves interpolation with significantly fewer neurons.

https://anonymous.4open.science/r/rank_lifting-4524/
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Figure 9: Number of data points vs. required width (synthetic spherical data, k = 1024, Sign activation). Plotted is
the average number of hidden neurons required to perfectly interpolate the dataset (vertical axis) against the number of
data points (horizontal axis), for synthetic point clouds sampled on the unit sphere (d = 128). Each curve represents a
minimum and maximum angles (Θ).
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Figure 10: Number of data points vs. required width (synthetic spherical data, k = 1024, ReLU activation). Plotted
is the average number of hidden neurons required to perfectly interpolate the dataset (vertical axis) against the number of
data points (horizontal axis), for synthetic point clouds sampled on the unit sphere (d = 128). Each curve represents a
minimum and maximum angles (Θ).

D RELATED PROBLEMS IN HIGH-DIMENSIONAL PROBABILITY

In this section, we briefly touch on connections to related problems, highlighting some consequences of our results.

D.1 Covariance matrices

Consider again the representation of input points in feature space: Y = sign(WX), where X ∈ Rd×k is the
matrix representation of the input points and W ∈ Rn×d is the weight matrix, so that Y ∈ {−1, 1}n×k. In
this study, we were interested in P (rank(Y ) = k) = P

(
span(Y T ) = Rk

)
, where the equality follows since we

assume n ≥ k. Our key technical result to prove this is Lemma 4.1. While the claim of this lemma is formulated
consistently with its use in the proof of Theorem 4.2, its proof does not require u’s orthogonality to any given
subspace. In fact, Lemma 4.1 can be restated in this more general form as follows:

Lemma D.1. Let x1, . . . , xk ∈ Rd be θ-separated. Let w be a vector with i.i.d. components wj ∼ N (0, 1) and let
y = z(w) = sign(wTX)T . Then, however one chooses u ∈ Sk−1 we have:

P
(
yTu ̸= 0

)
> α,
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where α = θ
2k

√
2
dπ .

This result immediately implies that the covariance matrix of the generic row of Y is positive definite.

We outline the proof of this obvious fact for the sake of completeness. Consider the generic row of Y , i.e.,
y = sign(wTX)T , where w ∼ N (0, Id). The associated covariance matrix is A = E

[
yyT

]
−E [y]E [y]

T
= E

[
yyT

]
,

since the expected value of each entry of y is ±1 with probability 1/2. Assume P
(
yTu ̸= 0

)
= P

(
(yTu)2 > 0

)
=

α > 0 for every u ∈ Sk−1. Denote by S(u) the hyperplane orthogonal to u in the remainder of this section
and let m(u) = miny∈{−1,1}k\S(u) x

TyyTu. Finally, given a square matrix M , denote by λmin(M) its smallest
eigenvalue. Then, for every u we have:

uTAu = uTE
[
yyT

]
u =

∑
y∈{−1,1}k\S(u)

uTyyTuP (y)

≥
∑

y∈{−1,1}k\S(u)

m(u)P (y) = m(y)P
(
uTyyTu > 0

)
= αm(u),

where m(u) > 0 by definition. This immediately shows that E
[
wwT

]
is positive definite, i.e., λmin(A) > 0.

On the other hand, a simple application of Markov’s inequality to the random variable ∥u∥2−uyyTu = 1−uyyTu
implies P

(
(yTu)2 = 0

)
≤ 1− α, whenever λmin(A) = λmin(yy

T ) ≥ α. Overall, the following holds:

Fact D.2. P
(
wTx ̸= 0

)
> 0 for every x ∈ Rk ⇐⇒ λmin(A) > 0,

D.2 Covariance matrix and geodesic distance

We next take a closer look at A = E
[
yyT

]
. The generic entry of A is easy to compute:

Aij = E [yiyj ] = E
[
sign(wTxi) · sign(wTxj)

]
= 1− 2

θij
π

,

where the last equality is Grothendieck’s equality (Vershynin, 2018, Lemma 3.6.6). It may be useful to highlight
two distinct components of A:

A = J − 2

π
Θ,

where J = 11T and Θ = {θij}ki,j=1. Here, J has rank one and (largest) eigenvalue λmax(J) = k, while Θ is a
distance matrix (Steinerberger, 2023), namely, its entries are the pairwise spherical distances between the points
x1, . . . , xk.

The structure of Θ provides further insights into the geometric and algebraic aspects of the problem we study
in this work. In particular, since Θ is a distance matrix, it has properties that are not necessarily shared by all
symmetric matrices with non-negative entries. For example, the main eigenvector 1 of J is provably close (i.e., it
forms a small angle) to the main eigenvector of any distance matrix (Steinerberger, 2023), something that might
possibly be leveraged in a spectral approach to this problem.6 As for Θ we have:

1TΘ1 =

k∑
i,j=1

θij .

The sum above is maximized when the vectors are distributed as evenly as possible among the coordinate axes
of an orthonormal basis in Rk (Bilyk et al., 2018). In this case, the largest possible value for the sum above is
(Bilyk et al., 2018, Theorem 3.1):7

k∑
i,j=1

θij =
k2π

2
, k even, (6)

k∑
i,j=1

θij =
k2π

2

(
1− 1

k2

)
, k odd. (7)

6Though outside the scope of this work, it is worth noting that many classes of distance matrices (including geodesic
distance matrices) have long been completely characterized in terms of PSD quadratic forms (Schoenberg, 1935).

7It should be noted that the authors of Bilyk et al. (2018) use a normalized geodesic distance, with normalization
factor 1/π.
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The case in which the “true” angles between the vectors are replaced by the acute angles between the corre-
sponding directions is known as the Féjes - Tòth conjecture and is still an open problem. In this case, the

corresponding upper bound is conjectured to be k2π
2 · d

d+1 Bilyk and Matzke (2019) and it has only been proved
for specific values of k (e.g., k = 1, 2).

It should be noted that the upper bound in (Bilyk et al., 2018, Theorem 3.2) is achieved when the xi’s form
a centrally symmetric set, implying the presence of collinear vector pairs, something we exclude. A natural
question is therefore:

Question D.3. How do the results from (Bilyk et al., 2018, Theorem 3.2) generalize when vectors share a
minimum angle?

Fact D.2 allows us to prove the following:

Lemma D.4. Assume x1, . . . , xk ∈ Rk are θ-separated. Then

k∑
i,j=1

θij ≤ (k2 − kα)
π

2
,

for some α > 0 that depends on x1, . . . , xk.

Proof. The separation condition on the vectors x1, . . . , xk implies the results from Section 4 and hence positivity
of A = J − 2

πΘ. Hence, assume that λmin(A) = α > 0. In this case we have the following:

1TA1 = 1T
(
J − 2

π
Θ

)
1 = k2 − 2

π

k∑
i,j=1

θij .

But since λmin(A) = α we also have 1TA1 ≥ kλmin(A) = kα. Together, these inequalities imply

k2 − 2

π

k∑
i,j=1

θij ≥ kα,

which in turn yields
k∑

i,j=1

θij ≤ (k2 − kα)
π

2
,

Lemma D.4 thus generalizes (Bilyk et al., 2018, Theorem 3.2) when vectors may not be collinear and (hence)
the matrix A is positive definite.
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