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Abstract

Recently, there have been numerous studies on feature learning with neural net-
works, specifically on learning single- and multi-index models where the target is a
function of a low-dimensional projection of the input. Prior works have shown that
in high dimensions, the majority of the compute and data resources are spent on
recovering the low-dimensional projection; once this subspace is recovered, the
remainder of the target can be learned independently of the ambient dimension.
However, implications of feature learning in adversarial settings remain unexplored.
In this work, we take the first steps towards understanding adversarially robust
feature learning with neural networks. Specifically, we prove that the hidden di-
rections of a multi-index model offer a Bayes optimal low-dimensional projection
for robustness against /5-bounded adversarial perturbations under the squared loss,
assuming that the multi-index coordinates are statistically independent from the rest
of the coordinates. Therefore, robust learning can be achieved by first performing
standard feature learning, then robustly tuning a linear readout layer on top of the
standard representations. In particular, we show that adversarially robust learning
is just as easy as standard learning. Specifically, the additional number of samples
needed to robustly learn multi-index models when compared to standard learning
does not depend on dimensionality.

1 Introduction

A crucial capability of neural networks is their ability to hierarchically learn useful features, and
to avoid the curse of dimensionality by adapting to potential low-dimensional structures in data
through empirical risk minimization (ERM) [Bac17, SH20]. Recently, a theoretical line of work has
demonstrated that gradient-based training, which is not a priori guaranteed to implement ERM due to
non-convexity, also demonstrates similar behavior and efficiently learns functions of low-dimensional
projections [WLLM19, DLS22, BBSS22, BEG™22, BEST22, MHPG 23] or functions with certain
hierarchical properties [AAM22, ABAM23, DKL "23]. These theoretical insights provided a useful
avenue for explaining standard feature learning mechanisms in neural networks.

On the other hand, it has been empirically observed that deep neural networks trained with respect
to standard losses are susceptible to adversarial attacks; small perturbations in the input may not be
detectable by humans, yet they can significantly alter the prediction performed by the model [SZS™ 14].
To overcome this issue, a popular approach is to instead minimize the adversarially robust empirical
risk [MMS ™ 18]. However, unlike its standard counterpart, achieving successful generalization of
deep neural networks on robust test risk has been particularly challenging, and even the standard
performance of the model can degrade once adversarial training is performed [TSE™ 18]. Therefore,
one may wonder if robust neural networks are still adaptive to certain problem structures that improve
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standard generalization. By focusing on hidden low-dimensionality as a well-known example of such
structure, we aim at answering the following fundamental question:

Can neural networks maintain their statistical adaptivity to low dimensions
when trained to be robust against adversarial perturbations?

We answer this question positively by providing the following contributions.

* When considering ¢5-constrained perturbations, Bayes optimal predictors can be constructed by
projecting the input data onto the low-dimensional subspace defined by the target function. In this
sense, the optimal low-dimensional projection remains unchanged compared to standard learning.

» Consequently, provided that they have access to an oracle that is able to recover the low-
dimensional target subspace, neural networks can achieve a sample complexity that is inde-
pendent of the ambient dimension when robustly learning multi-index models. This is achieved
by minimizing the empirical adversarial risk with respect to the second layer.

* An oracle for recovering the low-dimensional target subspace can be constructed by training
the first layer of a two-layer neural network with a standard loss function, as demonstrated by
many prior works. By combining our results with two particular choices of oracle implemen-
tation [DLS22, LOSW24], we provide end-to-end guarantees for robustly learning multi-index
models with gradient-based algorithms.

1.1 Related Works

Feature Learning for Single/Multi-Index Models. Many recent works have focused on proving
benefits of feature learning, allowing the neural network weights to travel far from initialization,
as opposed to the fixed kernel regime of freezing weights around initialization [JGH18, COB19].
When using online SGD on the squared loss, [BAGJ21] showed that the complexity of learning
single-index models with known link function depends on a quantity called information exponent.
Gradient-based learning of single-index models has been studied in [BEST22, MHPG 23, BBSS22]
among others. [DLS22] considered multi-index polynomials where the equivalent of information
exponent is at most 2. The counterpart of information exponent for multi-index models, the leap
exponent, was introduced in [ABAM?23]. Considering SGD on the squared loss as an example of
a Correlational Statistical Query (CSQ) algorithm, [DNGL23] provided CSQ-optimal algorithms
for learning single-index models. Further improvements to the isotropic sample complexity were
achieved by either considering structured anisotropic Gaussian data [BES™23, MHPG 23], or the
sparsity of the hidden direction [VE24].

More recently, it was observed that gradient-based learning can go beyond CSQ algorithms by reusing
batches [DTAT24, LOSW24, ADK124], or by changing the loss function [JMS24]. In such cases,
the algorithm becomes an instance of a Statiscal Query (SQ) learner, and the sample complexity is
characterized by the generative exponent of the link function [DPVLB24].

While the above works exist in a narrow-width setting where the interaction between neurons is
ignored, another line of research focused on the mean-field or wide limits of two-layer neural net-
works [CB18, RVE18, MMN18] for providing learnability guarantees [WLLM19, CB20, AAM?22,
Tel23, MZD ™23, CG24]. In particular, the mean-field Langevin algorithm provides global conver-
gence guarantees for two-layer NNs [Chi22, NWS22], leading to sample complexity linear in an effec-
tive dimension for multi-index models [SWON23, NOSW24] and multi-index models [MHWE24].

Adversarially Robust Learning. The existence of small worst-case or adversarial perturba-
tions that can significantly change the prediction of deep neural networks was first demonstrated
in [SZS™14], Among many defences proposed, one effective approach is adversarial training intro-
duced by [MMS™18], which is based on solving a min-max problem to perform robust optimization.
However, adversarial training tends to decrease the standard performance [TSET18]. Therefore, the
following works studied the hardness of robust learning and established a statistical separation in a
simple mixture of Gaussians setting [SST™ 18], or computational separation by proving statistical
query lower bounds [BLPR19]. Further studies focused on exact characterizations of the robust and
standard error, as well as the fundamental and the algorithmic tradeoffs between robustness and
accuracy in the context of linear regression [JSH20], mixture of Gaussians classification [JS22], and
in the random features model [HJ24]. Closer to our work, [JM24] show that this tradeoff is mitigated
when the data enjoy a low-dimensional structure. However, the focus there is on binary classification



and generalized linear models, where the features live on a low-dimensional manifold. Here, we
consider a multi-index model wherein the response depends on a low-dimensional projection of
features. In addition, in [JM24] it is assumed that the manifold structure is known and the focus is on
population adversarial risk (assuming infinite samples with fixed dimension), while here we consider
algorithms for representation learning, and derive rates of convergence for adversarial risk.

In this work, we provide an alternative narrative compared to the line of work above, by showing
that in a high-dimensional regression setting, learning multi-index models that are robust against /5
perturbations can be as easy as standard learning. We achieve this result by focusing on the feature
learning capability of neural networks, i.e. their ability to capture low-dimensional projections.

Notation. For Euclidean vectors, (-, -) and ||-|| denote the Euclidean inner product and norm respec-
tively. For tensors, ||-|| and ||-|| denote the Frobenius and operator norms respectively. We use S¥~1
for the unit sphere in R¥, and 7, denotes the uniform probability measure on S¥~1.

2 Problem Setup: Feature Learning and Adversarial Robustness

Statistical Model. Consider a regression setting where the input & € R? and the target y € R are
generated from a distribution (x,y) ~ P. For a prediction function f : R¢ — R, its population
adversarial risk, where we assume the adversary can perform a worst-case perturbation on the input
with a budget of € measured in {5-norm, before passing it to the model, is defined as

AR(f) = E| max (f(x +8) —y)°|. @1
where the expectation is over all random variables inside the brackets. Given a (non-parametric)
family of prediction functions JF, our goal is to learn a predictor that achieves the optimal adversarial
risk given by

AR" := min AR(f), 22
min AR(f) 2.2)

We focus on learners of the form of two-layer neural networks with width N, given as
f(z;a,W,b) =a ' c(Wz +b), (2.3)

where @ € RY is the second layer weights and W € RV*4 and b € R are the first layer weights
and biases. To avoid overloading the notation we use AR(f(-;a, W, b)) = AR(a, W, b). Given
access to n i.i.d. samples {z("), y(¥}7_, from P, the goal is to learn the network parameters a, W,
and b in such a way that the quantity AR(a, W, b) is close to the optimal adversarial risk AR

A long line of recent works has shown that neural networks are particularly efficient in regression
tasks when the target is a function of a low-dimensional projection of the input, see e.g. [Bac17]. We
also make the same assumption that the data follows a multi-index model,

]E[y|w]:g(<u1aw>7"'ﬂ<ukvw>)7 (24)

for all x € R?, where g: R* — R is the link function, and we assume U1, ..., U are orthonormal
without loss of generality. Let U € R**9 be an orthonormal matrix whose rows are given by (u;);
we use the shorthand notation g({uy, ), ..., (ug,x)) := g(Uz). In this paper, we consider the
setting where k < d, and in particular k£ = O(1

3 Optimal Representations for Robust Learning

In this section, we demonstrate that under ¢5-constrained perturbations, the optimal low-dimensional
representations for robust learning coincides with those in standard setting, both of which are given by
the target directions U. Crucially, our result relies on the following assumption on input distribution.

Assumption 1. Suppose U e R-F)xd jg any orthonormal matrix whose rows complete the rows of
U into a basis of R%. Then, y and Uz are jointly independent from U .
The above assumption is quite general. For example, with the notation x| := Uz and x| = U, it

~ T ~
holds when y = g(x) + ¢ where ¢ is independent zero-mean noise, and x = U'Uz +U Uz,
for independent vectors z1, zo € R%. We present a central result below along with its proof.



Theorem 1. Suppose Assumption I holds and (2.2) admits a minimizer. Then, there exists a function
f* :R? = R of the form f*(x) = h(Uzx) for some h : R* — R such that

AR(f") < AR”, (3.1
with equality when f* € F. Further, h is represented as h(z) = E[f(x) |Ux = z| for some f € F.

Remark. To understand the significance of the above result, define the function class H = {z —
E[f(x)| Uz = z] for f € F}, and observe that the last statement of the theorem reads

min AR(h(U")) < AR".

hEH
Thus, to achieve the optimal adversarial risk AR*, one only needs to (7) learn the target directions U,
and (74) approximate real-valued functions in a k-dimensional subspace rather than d. For two-layer
NN, the first layer W recovers U, and the remaining parameters a and b are used to approximate
the optimal h. While this recipe is general, we provide specific implications in the next section.

Proof. We will show that for every f € F, h(z) = E[f(x) |Uz = z] gives AR(R(U-)) < AR(f).
Then, choosing f to be some minimizer of AR yields the desired result.

Define the residuals r, (x|, d)) =y — h(x| + &), and r¢(x, d) = f(x + 6) — h(x| + J)). Then,
by a decomposition of the squared loss and the tower property of conditional expectation,

AR(f)=E|E H%1”a<xsry(wu,5u)2 + rf(:c,é)2 — 21y (), 8))rs (2, 0) ‘w|,y”

>E ”rglﬁgsry(wnﬁnf +E[rs(2,0)* |2, y] - 2ry(z), 8)) El[rs(, 6) |‘”I7yﬂ

>E

Ty(SCH,(sH)Q +E[Tf(58,5)2 |mH,y} — ZTy(:ICH,(sH)E[Tf(m,J) ’.’1}|,y]:|.

max
L{lld]|<e,6.=0}

Since y|z is independent from 1 , for any fixed 8, we have E[rf(x,8) |z, y] = E[rs(z,0) |z|].
Thus, using the notation f(x) = f(x |,z ), provided that § | = 0, Assumption 1 yields

h(z + 5H) = E[f(il:) |£L‘H =z + 6“] = E[f(z +6”,:J:J_ + 61_)] = E[f(a: +5) ‘ T = z],
for all z € R*. Plugging in z = x| gives E[r(x, §) | x| ] = 0. Therefore,

AR(f) > E[ J(@),8))? + E[rs(, 6)? |m|,y]}

max T
{lid]|<e,6..=0}

\%

B leglfgi—()}(y —h(U(x + 5)))2} = AR(h(U")),

where we dropped the constraint § | = 0 as it does not contribute, which concludes the proof. [

A discussion on robust/non-robust feature decomposition. Many prior works in classification
assume that features can be divided into robust and non-robust groups (see e.g. [TSET18, IST+19,
KLR21, LL24].) Unlike previous studies, we do not rely on this robust/non-robust decomposition.
Instead, the k relevant features for predicting y can be either robust or non-robust. The robust training
of the second layer ensures the model utilizes the robust subset of these k features, if such a subset
exists, while the first layer performs dimensionality reduction. Crucially, applying robust training
to all layers in high-dimensional settings can fail to achieve dimensionality reduction, which may
deteriorate the generalization performance in the setting we consider, as illustrated in Figure 1.

Before moving to the next section, we provide the following remark on proper scaling of €.Since
E[||z||] grows with v/d, it may seem natural to scale the adversary budget ¢ with dimension as
well. However, we provide a simple argument on the contrary. Consider the single-index case
y = g({u, x)), and let h be the optimal function constructed in Theorem 1, providing the prediction
function  — h((u,x)). One can then observe that even a constant order ¢ is sufficient to incur a
large change in the input of h, e.g., choosing § = cu perturbs the input of the predictor by €. Thus,
this justifies the regime where ¢ is of constant order compared to the input dimension, which is the
focus in the rest of the paper.



4 Learning Procedure and Guarantees

As outlined in the previous section, to robustly learn the target model, standard representations U
suffice. In this section, we consider concrete examples of how a standard feature learning oracle
combined with an adversarially robust second layer training leads to robust learning. We assume
access to the following feature learning oracle to recover U. We will provide instances of practical
implementations of this oracle using standard gradient-based algorithms in Section 4.1.

Definition 2 (DFL). An a-Deterministic Feature Learner (DFL) is an oracle that for every ¢ > 0,
given nprr,(¢) samples from P, returns a weight matrix W = (w1, ..., wy)" € RNX? ywith
unit-norm rows, such that for all u € span(uy, . .., uy) with ||u|| = 1, we have

{i: <wi>'lj\>72 1—(} > a¢k-1/2,

An a-DFL oracle returns weights such that roughly an a-proportion of them align with (and suffi-
ciently cover) the target subspace. By a packing argument, we can show that the best achievable ratio
is a = ¢(k) for some constant ¢(k) > 0 depending only on &, which is why we use the normalizing
factor ((*~1)/2 above. We show in Section 4.1 that the definition above with a constant order « is
attainable by standard gradient-based algorithms. That said, in the multi-index setting, it is possible
to improve our learning guarantees by considering the following stochastic oracle.

Definition 3 (SFL). An («,f3)-Stochastic Feature Learner (SFL) is an oracle that for every ¢ > 0,
given nspr, () samples from P, returns a random weight matrix W = (wy, ..., wy)" € RN with

2
unit-norm rows, such that there exists S C [N] with |S|/N > « satisfying ’ w; — U Uw;|| <¢

fori € S. Further, (Ilgigl\l)ze;‘lv( u, and c(llTli > B, where 1 is some measure and Ty, is uniform, both
p :

supported on SF~1.

The above oracle essentially defines a random features model in the smaller target subspace, where a
subset of the weights are sampled independently from a distribution that supports all target directions.
We note that an («,3)-SFL oracle can be used to directly implement an «-DFL oracle; by a standard
union bound argument, one can show N = ©(1/(aA¢*~1)/2)) guarantees the output of (cv,3)-SFL
satisfies Definition 2 with high probability. Therefore, while its definition is slightly more involved,
(a,8)-SFL is a more specialized oracle compared to «v-DFL.

Once the first layer representation is provided by above oracles, we can fix the biases at some random
initialization, and train the second layer weights a by minimizing the empirical adversarial risk

_— 1 &

AR(a,W.b) = — | max (f(2D + 69 a, W, b) —y)2, (4.1)
n- s || <e
=1 =

We formalize the training procedure with two-layer neural networks in Algorithm 1. We highlight

Algorithm 1 Adversarially robust learning with two-layer NNs.
Input: ¢, rq, 7, {x(i),y(i)}?jf(CH", FL € {a-DFL, (a,3)-SFL}.
1: Phase 1: Feature Learning

2

3: Phase 2: Robust Function Approximation

4 by " Unif(—ry, ) for 1 < j < N.

5 4 = argmin « AR(a, W,b).
N

6

lall< A
: return (a, W, b)

that keeping biases at random initialization while only training the second layer a performs non-
linear function approximation, and has been used in many prior works on feature learning [DLS22,
MHWSE23, OSSW24]. Further, while @ — AR(a, W, b) is a convex function for fixed W and
b since it is a maximum over convex functions, exact training of @ in practice may not be entirely



straightforward since the inner maximization is not concave and does not admit a closed-form
solution. In practice, some form of gradient descent ascent algorithm is typically used when training
a [MMS™18]. In this work, we do not consider the computational aspect of solving this min-max
problem, and leave that analysis as future work.

We will make the following standard tail assumptions on the data distribution.

Assumption 2. Suppose x has zero mean and O(1) subGaussian norm. Furthermore, for all ¢ > 1,
it holds that 1E[|y|q]1/q < O(qP'?) for some constant p > 1.

Note that the condition on y above is mild; for example, it holds for a noisy multi-index model
y = g(Ux) + ¢, where ¢ has O(1) subGaussian norm and g grows at most polynomially, i.e.,
lg()] < 1+]-|P. Similarly, we also keep the function class F quite general and provide our first set
of results for a class of pseudo-Lipschitz functions which is introduced below.

Assumption 3. We assume F is a class of functions that are pseudo-Lipschitz along the target
coordinates. Specifically, using the notation f(x) = f(x|,x L) and defining €, := 1V ¢, we have

[f(zr21) = flz2,20)] < Li@L) (e Pzl + e llze )" + 1) 21 — 2o
forall f € F, all z1,z5 € R¥, and some constants L and p > 1 such that E[L(z )] < L.
Remark. The prefactor E%_p is justified intuitively since the optimal function of the form h(z) =
E[f(z)| Uz = z] should satisfy E[maxs<-(y — h(U(z + 8)))?] = AR*, which is bounded,
and does not grow with € beyond a certain point. This implies that » must be sufficiently smooth

while its input is perturbed, and in particular, its (local) Lipschitz constant should remain bounded
while e grows, hence the introduction of the prefactor.

In Appendix B.1 we focus on a subclass of predictors that are polynomials of a fixed degree p to
achieve finer results. The following theorem presents the first result of this section, which holds under
access to the a-DFL oracle.

Theorem 4. Suppose Assumptions 1,2,3 hold and the ReLU activation is used. For a tolerance € > 0
define é := ¢ A (2 /AR"), and for the adversary budget € recall €1 := 1V . Consider Algorithm 1
with FL = a-DFL oracle, o = O((e1/VE)* '+ 1V/k /o) and ry, = O(e1(e1/VE) /). Then, if
the number of second phase samples nga, the number of neurons N, and oo -DFL error ( satisfy

- 511 €1 O(k) - 1 €1 o) %) € o
”M“(w(ﬁ) ) NZQ(W(ﬁ) ) “@«ﬁ) )

we have AR(a, W ,b) < AR™ + ¢ with probability at least 1 — ng; where ¢ > 0 is an absolute
constant. The total sample complexity of Algorithm 1 is given by Niotal = nra + nprL(€).

The above theorem states that once the feature learning oracle has recovered the target subspace, the
number of samples and neurons needed for robust learning is independent of the ambient dimension
d. Thus, in a high-dimensional setting, statistical complexity is dominated by the feature learning
oracle, implying that adversarially robust learning is statistically as easy as standard learning.

Arguing about computational complexity is more involved. While the number of neurons required
is independent of d, in its naive implementation, Phase 2 of Algorithm 1 needs to solve inner
maximization problems over R?, which may be costly. However, once U € R**? is estimated in
Phase 1, we can reduce the input dimension of the network from d to k by projection onto U, i.e.

N N
> ajo((wj,x) +b;) & Y a;o(Uw;,Uz) +b;).
j=1 j=1

With this modification, we only need to consider worst-case perturbations over R¥, thus the computa-
tional complexity of Phase 2 will also be independent of the ambient dimension d.

It is possible to remove the dependence on ( in the number of neurons by instead assuming access to
an («,()-SFL oracle, as outlined below.



Theorem 5. Consider the same setting as Theorem 4, except that we use the («,3)-SFL oracle in

Algorithm 1 with r, = @((El/ﬁ)k““/k/(aﬁ)). Then, the sufficient number of second phase
samples nga, neurons N, and oracle error (, are given as

~ el - O(k) _ 1 1 O(k) [ € O(k)
>Q ——— | —= N>Q| —=| —= <O — .
(o)) Ve (3)™) o)
The total sample complexity for this oracle reads niota) = nra + nsrr(C).

We restate Theorems 4 and 5 in Appendix B.2 with explicit exponents. As mentioned earlier, under a
Gaussian data assumption, there exist a.-DFL, and more generally («,3)-SFL oracles which only
use standard gradient-based learning, such that npp1,(¢) typically scales with some polynomial of
d, where the exponent depends on properties of the activation such as the information or generative
exponent. In the following, we will provide specific examples of prior work implementing either of
the oracles, along with their corresponding sample complexities.

4.1 Oracle Implementations of the Feature Learner

The task of recovering the target directions U is classical in statistics, and is known as sufficient
dimension reduction [LD89, Li91], with many dedicated algorithms, see e.g. [KKSK11, DHI1S,
CM20, YXKH23] to name a few. Here, we focus on algorithms based on neural networks and
iterative gradient-based optimization.

While we will consider the case where « is an isotropic Gaussian random vector, recovering the hidden
direction has also been considered for non-isotropic Gaussians [BES™23, MHWSE23] where the
additional structure in the inputs can provide further statistical benefits, or non-Gaussian spherically
symmetric distributions [ZPVB23]. Our results readily extend to these settings as well.

First, we present the case of single-index polynomials.

Proposition 6 ([LOSW24]). Suppose x ~ N(0,1,), k = 1, and g is a polynomial of degree p where
p is constant. Then, there exists an iterative first-order algorithm on two-layer neural networks
(Algorithm 2) that implements an («,3)-SFL oracle and an o-DFL oracle, where 8 = 1 and

o = O(1). Furthermore, we have ngpr,(¢) = nprL(¢) = O(d/¢?).

When considering Gaussian single-index models beyond polynomials, we must introduce the concepts
of information and generative exponent to characterize the sample complexity of recovering the target
direction. Let v = N(0,1) for conciseness. For any g : R — R in L?(7), let g = > j>0 ajHe;
denote its Hermite expansion, where He; is the normalized Hermite polynomial of degree j. The
information exponent of g is defined as s(g) := min{j > 0 : a; # 0}. The generative exponent on
the other hand, is defined as the minimum information exponent attainable by any transformation
of g, i.e. s*(g) = miny s(7T(g)), where the minimum is over all 7 € L?(g#~). As a result,
s*(g) < s(g), and in particular, s* = 1 for all polynomials.

There exists an algorithm based on estimating partial traces that implements a 1-DFL (or a 1,1-SFL)
oracle with nppr, (¢) = O(d* /% 4 d/¢?) [DPVLB24]. While it may be possible to achieve a similar
sample complexity when training neural networks with a ReLU activation, the state of the art results
for ReLU neural networks so far are only able to control the sample complexity with the information
exponent s, e.g. [BBSS22] provides a gradient-based algorithm for optimizing a variant of a two-layer
ReL.U neural network that implements 1-DFL with nprr, = O(d?® poly(¢™1)).

Recovering U with k£ > 1 is more challenging, and the general picture is that the directions
in U are recovered hierarhically based on each direction’s corresponding complexity, such as
in [ABAM23]. For simplicity, we look at a case that is sufficiently simple for all directions to be
learned simultaneously, while emphasizing that in principle any guarantee for learning the subspace
U can be turned into an implementation of the oracles introduced in the section above.
Proposition 7 ((DLS22]). Suppose x ~ N (0,1y), g is a polynomial of degree p, and p and k > 1
Omax 2
Tmin ((325))
minimum and maximum singular values respectively. Then, there exists a first-order algorithm
on two-layer ReLU neural networks (Algorithm 3) that implements an («,3)-SFL and an o -DFL
oracle, where B > c,, for some constant c,; > 0 depending only k, and o = 1. Further, we have

nsrr(¢) = norL(¢) = O(d? + d/¢?).

are constant. Further assume > K for some k > 0, where Owin, Omax denote the
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Figure 1: The adversarial test error of a two-layer ReLU network as a function of number of
adversarial training iterations to learn a single-index model, where each iteration is performed on a
batch of independent 300 samples, except S00 samples for He2 with unknown direction to reduce
variance. Full AD training performs adversarial training on all layers from random initialization.
SD training is standard training, which provides a better initialization for W before performing
adversarial training. We use € = 1 for all experiments. Experiments are averaged over 3 runs. See
Appendix E for details.

5 Conclusion

In this paper, we initiated a theoretical study of the role of feature learning in adversarial robustness
of neural networks. Under ¢5-constrained perturbations, we proved that projecting onto the latent
subspace of a multi-index model is sufficient for achieving Bayes optimal adversarial risk with respect
to the squared loss, provided that the index directions are statistically independent from the rest
of the directions in the input space. Remarkably, this subspace can be estimated through standard
feature learning with neural networks, thus turning a high-dimensional robust learning problem into a
low-dimensional one. As a result, under the assumption of having access to a feature learning oracle
which returns an estimate of this subspace, which can be implemented e.g. by training the first-layer
of a two-layer neural network, we proved that robust learning of multi-index models is possible with
number of (additional) samples and neurons independent from ambient dimension.

We conclude by mentioning several open questions that arise from this work.

* Stronger notions of adversarial attacks such as ¢.,-norm constraints have been widely considered
in empirical works. It remains open to understand optimal low-dimensional representations under
such perturbations.

* While our work demonstrates that standard training is sufficient for the first layer, it is unclear
what kind of representation is learned when all layers are trained adversarially. In particular,
Figure 1 suggests that adversarial training of the first layer may be suboptimal in this setting, even
with infinitely training many samples.

* Since our main motivation was to show independence from input dimension, the dependence
of our bounds on the final robust test risk suboptimality e are potentially improvable by a more
careful analysis. It is an interesting direction to obtain a sharper dependency and investigate the
optimality of such dependence on e.
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A Gradient-Based Neural Feature Learning Algorithms

In this section, we will provide examples of implementations of the feature learner oracles introduced
in Section 4 using gradient-based training of two-layer neural networks. First, we look at the algorithm
provided by [OSSW24] for the case where g is a polynomial of degree p. Consider the following
two-layer neural network with zero bias

(z;a, W) Z a;o;((wj,x
Note that we allow the activation to vary based on neuron. Specifically, we let o; = Z?Zl B Hey,

where He; is the jth normalized Hermite polynomial, /3;; bLd Unif({=+r; }) for appropriately chosen
ry, and ¢ > C,,, see [OSSW24, Lemma 3] for details. Now, we consider the following algorithm.

Algorithm 2 Gradient-Based Feature Learner for Single-Index Polynomials [OSSW24, Algorithm 1,
Phase I].

Input: 7, step size (n')]_,', momentum parameters (), ra-
1wl "~ - Unif(S?71), -“d Unif({xr,/N}), Vj€[N].

2 (@0, y0) ~ P
3. fort=0,...,T—1do

4 if t > 0 and ¢ is even then

5 Draw (m(t/z) yt/2)) ~p

6: wh — wh — (Hwh —w'” %), VjeIN]

7 'w<—H i” Vj € [N]

8: endif

9: t+1 « ,w _ UtVS (f(ac(wzj);a,Wt) _ y(Lt/2J))2
10: endfor

11: return (wl,... wi)7"

Note that V¥ f(w) = (I — ww ")V f(w) denotes the spherical gradient. Essentially, Algorithm 2
takes two gradient steps on each new sample, and in the even iterations performs a certain interpolation.
Proper choice of hyperparameters in the above algorithm leads to Proposition 6.

Next, we consider the algorithm of [DLS22] for the case where g is a multi-index polynomial.

Algorithm 3 Gradient-Based Feature Learner for Multi-Index Polynomials [DLS22, Algorithm 1,
Adapted]

Input: {x® y@}1reL )

1 a; K Unif({£r,}), w? "X Unif (Sd‘l) N—J =—a;,wy_; =w], Vje[N/2.
. n g 1

2: af—nTL_Zi:Ff v, B o Y

040 S0~ (00 Vi o

4 W =V L S0 (f(2ia, W) —y)”

5: w; < HwbH, V’L € [N]

6: return (wo,...,wy)"

After performing a preprocessing on data, Algorithm 3 essentially performs one gradient descent
step with weight decay, when the regularizer of the weight decay is the inverse of step size, thus
cancelling out initialization and leaving only gradient as the estimate. [DLS22] prove that, with a

sample complexity of npr, = O(d? 4 d/¢2), the output of Algorithm 3 satisfies

(1 Hgﬂvw>< vie
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witi high probability, where H = E [V2 g(U:c)} . Thus, for a full-rank H, the output of Algorithm 3
satisfies the definition of a (1,8)SFL oracle for a constant 5 > 0 depending only on the conditioning
of H and the number of indices k.

B Additional Details of Section 4

Throughout the appendix, we will assume the activation satisfies 0(0) = 0 for simplicity of presenta-
tion, without loss of generality. We will also assume that

jo(21) = 0(22)| < Lo (I1"" + |22 "7 + D)]z1 — 22, (B.1)
for all z1, zo € R and some absolute constant L. In the case of ReLU, we have g = 1 and L, = 1.
For polynomial activations, ¢ is the same as the degree of the polynomial. For a set of parameters 1)

(e.g. ¥ = g, k), we will use Cy, to denote a generic constant whose value depends only on ) and may
change from line to line.

B.1 Competing against the Optimal Polynomial Predictor

In this section, we restrict F to only polynomials, which allows us to derive more refined bounds on
the number of samples and neurons. Speicifcally, we make the following assumption.

Assumption 4. Suppose F is the class of d-variate polynomials of degree p for some constant
p > 0. Further, o is either a polynomial of degree q > p, or the ReLU activation for which we define

¢g=(p-1)VL

While the ReLU activation is sufficient for approximation purposes, we also consider polynomial
activations in Assumption 4 since recent works have been able to achieve sharper guarantees of
recovering the target directions under such activations. We provide a more detailed discussion in
Section 4.1. Note that a priori we do not require a growth constraint on the coefficients of the
polynomials in F. The optimal function % in Theorem 1 automatically chooses a polynomial with
suitably bounded coefficients in order to avoid incurring a large robust risk.

The following result establishes the sample and computational complexity for competing against
polynomial predictors when having access to the o -DFL oracle.

Theorem 8. Suppose Assumptions 1,2,4 hold. For a tolerance € > 0 define € := ¢ A (¢2/AR"), and
for the adversary budget < recall £1 = 1V €. Consider Algorithm 1 with a-DFL oracle, r, = (7)(1),
Ty = @(51). Then, if the number of second phase samples nya, neurons N, and o-DFL error (

satisfy
_ 7 Ae+1) . g+1 N :
nFAEQ<€1 >7 NEQ <C:)clfl ) CSO ; ’
ate? al 7z e gf(q"'l)

we have AR(a, W,b) < AR™ + e with probability at least 1 — n~° where ¢ > 0 is an absolute
constant. The total sample complexity of Algorithm 1 is given by notal = nra + nprL(C).

Consequently, when restricting F to the class of fixed degree polynomials, there is no curse of
dimensionality for sample complexity, even in the latent dimension k. This is consistent with the
setting in standard learning, see e.g. [CM20]. Further, similar to the general case above, it is possible
to remove the ¢ dependence from N when having access to an SFL oracle, thus also achieving
computational complexity as a fixed polynomial independent of the latent dimension.

Theorem 9. In the setting of Theorem 8, consider using Algorithm 1 with an («,3)-SFL oracle.
Then, the sufficient number of second phase samples and neurons are given as

. ei(q-&-l) _ E?(q-i-l) [ p
nra > {1 W , N>Q ape |’ (<0 W

The total sample complexity is given by niotal = nra + nsrL(C) for ¢ as in Theorem 8.

Remark. We note that the guarantees provided in Theorem 9 are generally better than those in
Theorem 8 for large k; yet, they are strictly worse for £ = 1. That said, both Theorems 9 and
8 respectively achieve better sample complexity guarantees compared to their counterparts in the
previous section, namely Theorems 4 and 5, simply by restricting the function class  to polynomials.
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B.2 Complete Versions of Theorems in Section 4

We first restate Theorem 4 with explicit exponents.
Theorem 10. Suppose Assumptions 1,2, and 3 hold. For any € > 0, define € :== € A\ (e2/AR¥), and
recall €1 := 1V e. Consider Algorithm 1 with the o-DFL oracle, 7, = O((e1/Ve)* 11k /o), and

ry = @(61 (51/\@)1“/’“). Then, if the number of second phase samples nga, number of neurons N,
and o -DFL error ( satisfy

< et €2 oktata/k ~ 1 E1 \k+3+2/k ~ (1 € \k+2+1/k
nea > Q5 (F) ). NZQ(W(f) ). CSO((Q) ):

we have AR(a, W ,b) < AR" + € with probability at least 1 — ng where ¢ > 0 is an absolute
constant. The total sample complexity of Algorithm 1 is given by nyotal = Nra + nprL(€).

Similarly, we can restate Theorem 5 with explicit exponents.

Theorem 11. Consider the same setting as Theorem 10, except that we use the (a,3)-SFL oracle
in Algorithm I with ro, = O((e1/VE)* 1+ /(aB)). Then, if the number of second phase samples
nga, number of neurons N, and o-DFL error ( satisfy

4 2 2 =
~ €l €T\ 2k+4+4/k =~ 1 el \k+3+2/k ~( o, € \k+2+1/k
e 2 0L ()T), M2 0(CE )T, cso(B ) ),
The total sample complexity in this case is given by Nota1 = nra + nsrr(C).

The proof of both theorems follows from combining the results of the following sections. Since both
proofs are similar, we only present the proof of Theorem 10. The proof of Theorems 8 and 9 can be
obtained in a similar manner.

Proof. [Proof of Theorem 10] The proof is based on decomposing the suboptimality into generaliza-
tion and approximation terms, namely

AR(a,W,b) — AR* = AR(a,W,b) — AR(a", W,b) + AR(a*, W,b) — AR",
where a* = min\la\l <ro/VN AR(a, W b), thus we can see the first term above as generalization
error, and the second term as approximation error.
From Proposition 20, we have AR (@, W,b) — AR(a*, W,b) < ¢/2 as soon as n > Q(ri(e? +
r1)/€?) (recall that ¢ = 1 here, since we are considering the ReLU activation). For the approximation

error, we can use Proposition 34, which guarantees there exists a* with ||a*|| < 7,/v/N such that
AR(a*, W ,b) — AR* < ¢/2 with r, < O((g1/V&)*1+1/% /o), as soon as

~( € \k+2+1/k ~ 1 €1 \k+3+2/k
csO((5)"), ad N2 (G (),

provided that we choose 7, = O (e (£1/v/€)'+1/¥). Plugging the value of r, and r, in the bound for
n completes the proof. O

C Generalization Analysis

We will first focus on proving a generalization bound for bounded and Lipschitz losses, and then
extend the results to cover the squared loss. In this section, we will typically use n to refer to nga,
the number of Phase 2 samples.

C.1 Generalization Bounds for Bounded Lipschitz Losses

Let us focus on a general C; Lipschitz loss ¢(f(-; a, W, b) — y) for now. Later, we will argue how
to extend the results of this section to the squared error loss. Our uniform convergence argument
depends on the covering number of the family of adversarial loss functions. Let © C R¥ be the set
of second layer weights, to be determined later. This family is given by

LW,b) ={(z,y) —» max {(f(x+ §;a,W,b) —y) : a € O}.

lléll<e
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For brevity, we will also use £ to denote £L(W, b), but we highlight that W and b are fixed at this
stage. We define the following metric over this family
-~ - - 1S - . ) - )
VLI € LW.b), de(ll)? = =3 (U, y @) — 0D,y D))
n

i=1
We say S C L is an e-cover of L if for every [ € L, there exists I € S such that dz(I,1') < €
The e-covering number of L is the least cardinality among all e-covers of £, which we denote
by C(L,d¢,¢€). Note that since £ is paramterized by a, constructing such a covering reduces to
constructing a finite set over ©.

Therefore, we define the following metric over O,
1

Va,a' €0, deo(a,a’)?=— max (f(:c(i)Jr(s(i);a, W,b)ff(a:(i) +69:a/, W,b))Q.
n
i=1

n

We can similarly define the e-covering number of © with respect to the metric dg as C(0O, do, ¢€).
The following lemma relates the covering numbers of £ and ©.

Lemma 12. We have C(L,d.,€) < C(0,de,€¢/Cy) forall e > 0.

Proof. We will use the following fact in the proof. For any F}, F5 : S — R, we have

max F(d1) — max Fy(62)

d.€8

< max|F1(8) — F2(9)]. (C.

This is true because

max Fi(61) - Jax Fy(d2) < mnax {F1(61) — F2(81)},

and the other direction holds by symmetry. This trick is used to relate the adversarial loss to its
non-adversarial counterpart, e.g. in [XLST24, Lemma 5].

Now, we will show that an €/C} cover for © implies an e cover for £. We will supress dependence
on the fixed W and b in the notation. Let Sg be an ¢/C; cover of © with respect to the dg metric.
Then, we define S via

={(z,y) — Hm‘fgj(f(m +d;a)—y):ac€Se}.

To show S is an e cover of £, consider an arbitrary /(x, y) = max| s < £(f(x +d;a) —y). Suppose
a’ is the closest element to a in Se, and let /(x, ) = max| s|<c £(f(z + d;a’) — y). Then,

i , , , N2
dg(ﬂ,é’)szz( max ((f :c—l—égl);a)—y(’))— max €(f(:c+6g);a')—y(z))>

1857 11 << 857 lI<e
1 & ) . . .
< -y max ((Jf(@+8a) — @) — (f(@+65a) —y))*
n i 18W)<e
@, @). ")
max (f(z+6";a) - f(x+6%;a"))
=1 169 |<e
S ng@(a’7a ) S 627
where we used (C.1) for the first inequality. O

To construct an e-cover of ©, we depend on the Maurey sparsification lemma [Pis81], which has been
used in the literature for providing covering numbers for linear classes [Zha02] and neural networks
via matrix covering, see e.g. [BFT17].

Lemma 13 (Maurey Sparsification Lemma, [Zha02, Lemma 1]). Let H be a Hilbert space with norm
= Z;TIzl a;v;, where a; > 0 and ||v;|| < bforall j € [m], and
a= Z;nzl o < 1. Then, for every k > 1, there exist non-negative integers k, . . ., kny, such that
Sy kj < kand

1 & ab? — ||lulf?
o 3 S =
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Then, we have the following upper bound on the the covering number of ©.

Lemma 14. Suppose o satisfies (B.1), © = {||a||; < rq}, and additionally ||w;|| < ., and |b;| < 1y
forall 1 <i < N. Then we have

C7L2r2 log N{T‘(,QX +1r2de2a 7"?‘7 + T‘(,‘Q,),X +r2e? + rf}

2 i

logC(@, d@a 6) S

(@ . 1
where Ty x = maxi<;j<n 3 Yy (Wj, Ti)

€
2q9

Proof. Given some positive integer k£ > 0, let Sg be given by the following

N N
Tq -
Seo = { k(/ﬁ — K ko — kb, kN — EN) T VL kg KL >0, Zki—FZkZ’.:k}.
=1 i=1

Let X, A € R"*? be the matrices with (x;) and (8;) as rows respectively. Let A = o((X +
AW +1,b") € R"*N_ Then,

2

i , . , . 1
LS (@480 a, W, b) - f(a0 460 0!, W, B)” = L Afa - a) =
n n
=1

)

N
Z Al(al — ai)
i=1

where A; = o((X + A)w; + 1,,b;) is the ith column of A. We are going to choose a’ from Sg. To
that end, define

Ai = sign(ai)Ai.
By Mauery’s sparsification lemma [XLS™24, Lemma 13], there exist k; > 0 with Dy k; = k such

that
2

<

N Y N
;lazlAz i ;/@Az
where || A;|| < b for all i. We will then choose

s — {]%27 sign(a;) > 0, W - {0, sign(a;) > 0,

0, sign(a;) <0’ ‘ ki, sign(a;) <0

r2b2
k )

Therefore, we have Zf\il k; = k. Finally, with the constructed (k;) and (k/), let

a' = %(kl Kk — k)T,

and also note that Zf\il |as| A; = Zi\il a; A;. Consequently, given a, we have constructed @’ € Sg
such that

212
rab”

N 2
!

Z Ai(a; —a))|| < yat

=1

Next, we provide a bound on b. By the assumptions on o, we have

2 2q 2q 2q 2 2
A7 SCaL2 (I X will 33 + | w35+ b2 + | Xwil* + | A|” +nb?)

1
n

ganL?, (T‘(,{?,)’X + 2020 4 qu + T‘(,‘Q,)}X +rie? 4+ rf).
Consequently, we can choose
CaL2r2 (T4 x + 13062 + 137 + TSy +72e? +13)

k= 5

€

Finally, we need to count |Sg|. Note that

|Se| = <2N +kk - 1) < <6(2N ;k - 1)>k < (3eN)F,

which concludes the proof. O

We can now turn the above covering number into Rademacher complexity via a chaining argument,
as follows.

17



Lemma 15. Let R(L(W, b)) denote the Rademacher complexity of the class of adversarial loss
Sfunctions L(W . b), defined via

where &; are i.i.d. Rademacher random variables and © = {a : ||a||, < r,}. For simplicity, assume
Cy,rq 2 1. Then we have

CiCyL,rqlognlog N (E [\ /T‘(f,{X] +73el +1]+E {\ / T‘(,[Q,)VX} + ryE + rb>

vn

Proof. Let 93,,(L(W, b)) denote the empirical Rademacher complexity by
where the expectation is only taken w.r.t. the randomness of £ and is conditional on the training set.
For simplicity, define

B = C’qLJ<\/Té§)’X +72e +rl+ \/T‘(,‘z,)’x + 7 ye? —|—7’b).

Then, by a standard chaining argument, we have for all o > 0,

R (LW, b)) < a+ / \/ wde

n

1 . ) )
~> & max ((f(zV+8a,W.b),y)
=1

sup
[ERIES

acO

R(L(W,b)) = E

R(L(W,b)) S

n

1 X ) ,
R, (L(W.b)) = Eg |sup|— > & max ((f(z" +6Y:a,W.b),y")
i=1

aco |6 <e

«Blog N 1
<a+ CeraBlog N log ( )
Vn !
By choosing o = 1/4/n, we obtain
CyrqeB1 log N
R, (L(W, b))  —raZ C8NIO8 T
Vvn
Taking expectations with respect to the input distribution completes the proof. [

Note that it remains to provide an upper bound for T‘(f,)’w introduced in Lemma 14. This is achieved
by the following lemma.

Lemma 16. Suppose |w;|| < ry,. Then, for all § > 0 and N > e, we have

Ly @\
= S (w2l

=1

E < Cqrl (log N)7,

where Cy is a constant depending only on g.

Proof. For conciseness, let Z; = %Z?ﬂ(wj,w(i)fq. By non-negativity of Z; and Jensen’s
inequality, for all ¢ > 1 we have

1/t N 1t i
Lo a] <slama] = (e e Gyt
]:

Further, by Jensens’s inequality

t
1 N2
E[z!] =E (n (wj,2) )
=1
1
n




where C' > 0 is a absolute constant, and we used the moment bound of subGaussian random variables
along with the fact that (w;, ) is a centered subGaussian random variable with subGaussian norm
O(ry). As aresult,

< O2AN/83T < (v ,2T q
E[lr%a}NZ } < Carid N1 < Caril(log N9,
where the last inequality follows by choosing ¢ = log V. O

As a consequence, if the loss is also bounded, we get the following high-probability concentration
bound.

Corollary 17. Suppose |{| < By forall £ € L(W ,b). Then, with probability at least 1 — & we have

sup E[ ] %igm(z ()

leL(W,b) i=1

C’graRlognlogN—l— Byy/log(1/9)
vn ’

where ) ) B
R = CyL(r% (log?? N + &%) + i+ ro(log/? N 4¢) + ).
C.2 Applying the Generalization Bound to Squared Loss

To apply the generalization argument above to the squared loss, we bound it with a threshold 7, and
define the loss family

L.(W,b) = {(z,y) »—>{|I§1”a<x (f(x+8;a,W,b)—y)> AT : a € O}

We similarly define AR, and K?{T. Recall that our goal is to show
AR(a, W,b) < AR(a, W,b) + e1(n, N, d).
We readily have ﬁT(d, W,b) < KIF\{(&, W, b). Further, Corollary 17 yields

VTreRlognlog N log(1/4)
oy
Vn n

with probability at least 1 — §. Thus, the remaining step is to bound AR (&, W, b) and ﬁ(d, W,b)
with their clipped versions. To do so, we first provide the following tail probability estimate.

AR, (@, W,b) — AR.(a, W,b)| <

Lemma 18. Suppose (zj)évzl are non-negative random variables with subGaussian norm r. Then,
forany § > 0 and 7 > Cyr9 where Cj is a constant depending only on g, we have

where ¢ > 0 is an absolute constant.
Proof. For any ¢ > 1, we have the following Markov bound,
E|(L ZN a ' 1 N _gt
1, T Ao, N Zej=1%] E[ﬂfEijléj}
P NZZJZT = (NZ%) =T | = Tt = s )

j=1 =1

where the last inequality follows from Jensen’s inequality. Further, by subGaussianity of z;, we have
E [z;?t] < (Cr2qt)a/2, where C' > 0 is an absolute constant. As a result,

i (Cr qt)qt/ 2
¢

b»Q\

2 \

T
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#2/a

The above bound is minimized at ¢t = ror=r

choice of ¢ in the above bound yields

iz

J=1

. Note that t > 1 requires 7 > Cyr?. Plugging this

72/q
=7 p(— 20r26>’

which completes the proof. O

h»m

2=

Lemma 19. Suppose Assumption 2 holds. Let © = {a :
foralli € [N]. Assume o satisfes (B.1). Define 1 := 1V ¢, and let

N < 7oy and |b;| < 1y

3= Ogr2 L2 (r23e3 4 riq +r2ed + 1) + Cp,
where Cg and C), are constants depending only on q and p respectively. Then, for all
T>C{%\/L2 22 Jog? \/logpﬁ}7
5 0
we have

AR(a, W,b) — AR(a, W, b)’ g’ART(a, W,b) — AR, (a, W, b)‘

‘ O%<exp (~o(Zr))+ exp<_g(,1/p))>,

with probability at least 1 — § uniformly over all a € ©.

Proof. Since W and b are fixed, we use the shorthand notation f(x;a) = f(x;a, W, b).

In the first section of the proof, we will upper and lower bound AR(a, W, b) with AR (a, W, b).
Note that the lower bound is trivial as AR (a, W, b) < AR(a, W, b), thus we move on to the upper
bound. Let

U(z,y) = max (f(e + 6;a) - y)>.

Then,

AR(a, W, b) = E[i(a, y)1[{(z,y) < 7|] + B[l i [i(z,) > 7]|

< 0.0 5] (2 7)

Further, we have the following upper bound for the adversarial loss,

U(z,y) = max (f(e + 6;a) - y)?

< max f(x +d;a)? + 32

I8]I<e
S HI?&XHGH llo(W(z +8) +b)|* +
1Y 1 Y
2 i 95 | 27 2
Sr2C,L2 N;@vj,:c)q—i—riqs?q—l—rbq—i—ﬁjz_:l(wj,w) +r2e? 402 | 492

Moreover, by Jensen’s inequality,

E

| /\

N
E ’U)J,

< (Crw)4q(4(1)2(7 < COgrid

Z\H

N
E 'w],

=l
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for all ¢ > 0, where C'is an absolute constant and we used the subGaussianity of (w;, ) to bound
its moment. As a result,

7 2 1/2< 2 2,24 2g 27 2 471/2
E[l@y)?] " S r2CLR0 1+ ) + 13+ 12 (1+ %) +0]) + E[y'] %,

By assumption 2, we have E [yﬂ 1/2 < C,.

To estimate the tail probability of £(, ). Using the assumption on 7 and the upper bound on ¢(x, 1)
developed above, via a union bound we have

~ L2 N 2q L2 N 2 2 T
]P’(E(w,y)zT)gP szz:l(wj,w) —i—W;('wj,w) +y 25
L?, N 2 T L?, N 5 T 9 T
SP\ W 2w 2 g | P 2 twne) 2 g +7(y 2 5)
1/q )
< >
2o ) 4Rl 2 )

where we used Lemma 18, the fact that |(w, x)| is subGaussian with norm O(r,,), and that ¢ > 1.
Furthermore, using the moment estimate on y in Assumption 2 along with the technique developed in

Lemma 18, we have
(1> 5) <o -er).

for 7 > C, where ¢ > 0 is an absolute constant.

As a result, we obtain

AR(a, W,b) — AR, (a, W,b) < %(exp ( -

forall a € ©.

In the next part of the proof, we will show that with probability at least 1 —J, we have Kﬁ(a7 W,b) =
AR, (a, W, b) uniformly over all a. Note that this is equivalent to asking (2", y(*)) <  for all
1 <4 < n. For any fixed ¢, using the upper bound on E(w(i), y(i)), we have

5 ) ) L2 N L2 N
P(Ua,y®) 2 7) <P 223 (w;,0)* + 22 Y (w; @) +y > 2
j=1 j=1
—erl/a
< _ 1/1))
S exp (Lg/qr?u + exp( cT .

Consequently, by a union bound we have

®, 40 —cr!/i Vp
P(llgfzxné(a: )27’) <n|exp i —|—exp<—c7’ ) .

4 w

Choosing
T > C{L?yri‘j log’ig Vv log? %}
with a sufficiently large constant C' ensures the above probability is at most J, finishing the proof.

O

We are now ready to present the main result of this section.
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Proposition 20. Suppose Assumption 2 holds and o satisfies (B.1), © = {a : |a| < 74/VN},
||lw;]] <1, and |b;| <7y foralll <i < N. Let

s = CqriLE(1 + % + r{7) + Oy,
where Cy and C,, are constants depending only on ¢ and p respectively. Then we have

~(
AR(a b) — min A b) < —
R(a,W.b) - mig AR(a, W.b) < O( 7).
with probability at least 1 — O(n~¢) for some constant ¢ > 0.

Proof. We can summarize the generalization bound of Corollary 17 as

AR (&, W,b) — AR, (a, W,b)‘ < \/7+ ; w’

= COgr2L2(1 + €% 4+ 17%) + O,
is obtained from Lemma 19 by letting r,, = 1. Thanks to Lemma 19, we arrive at

— ~ —Q Tl/(? 1/p
AR(a, W,b) — AR(a, W,b) < O(,/T” Loy fl0800) () | ool )>.
n n

Note that s > L2. Choosing 7 = C»log”"(3en/5) with a sufficiently large absolute constant
C > 0 satisfies the assumption of Lemma 19. By letting 6 = n~¢ for some constant ¢ > 0, we obtain

where

—_— ~ %
. - _of =
AR(a,W,b) — AR(a, W,b) < o(\/ﬁ)

which holds with probability at least 1 — n~° over the randomness of the training set.

Recall a* = argmin, g AR(a, W, b). Similarly, Lemma 19 guarantees

AR(a*, W,b) — AR(a*, W, b) < O(”)

Vvn
on the same event as above. Finally, we have KP\{(&, W.b) < Kﬁ(a*7 W, b) by definition of a,
which concludes the proof of the proposition. O

D Approximation Analysis

Let Myw = %7%’”" denote the projection of w € S~ onto span(uy, . .., u,) NS (if |Uw| =
0 we can simply let IIyw = w;). Suppose (w,u) > 1 — ( for some ¢ € (0,1) and u €
span(uq, ..., uy) with ||u|| = 1. Then, we have the following properties for this projection:

* <HU’UJ,U> Z 1 _C9
¢ flw - Tyw|| < v2(.

Let h : R¥ — R be the function constructed in the proof of Theorem 1. Then,

AR* =E ||r§1|\a<x (h(U(x+9)) — y)Z} .
Let us denote f(x) = f(x;a*, W, b) for conciseness. Then,

AR(a*,W,b) — AR* =E H%lllaﬁxs(f(m +8) —y)? — ”r(rsluagxs(h(U(ac +9)) — y)Q]

< E| max {(f(m +6)—y)* — (h(U(x +9)) — 9)2}}

LI18]l<e

=E| max (f(x+8) — hU(z +8))(f(z + ) + h(U(z + 9)) — 2y)

=z
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Let IlyW = (Hywy,...,lywy)". Then, we have the decompositions
fle+6;a*,W,b) = f(x+6;a", W,b) — f(x+d;a*, Iy W,b) + f(x + §;a”, Iy W, b),
and

Z=f(x+0d;a",W,b) — f(x+ ;0" IyW,b) + f(z + 0;a", Iy W,b) — h(U(z + 9))
+2h(U(x + 8)) — 2.

Plugging this decomposition into the above and using the Cauchy-Schwartz inequality yields

AR(a*,W,b) — AR* < (V& + V&) + /E3(& + &), (D.1)
where
& =E L%llaé(f(m +8;a*, Iy W, b) — h(U (x + 5)))2] : (D.2)
E=FE Lrglaé(f(m +8;a* Ty W,b) — f(x + 5;a*, W, b))Q] , (D.3)
E3=4F Lr(lsllaéia(h(U(m +6)) —y)?| = 4AR". (D.4)

Under Definition 3, we have a set of good neurons S to work with. To continue, we introduce a
similar subset of good neurons under Definition 2.

Definition 21. Suppose the weights W = (w1, ..., wy) " are obtained from the a-DFL oracle of
Definition 2. Fix a maximal 2+/2C-packing of S¥=1 with respect to the Euclidean norm, denoted by
(0:))M,. Definev; == %for all j € [N), and

S; = {j € [N] : |lv; — v:]| < \/2C},

for all i € [M]. Note that (S;) are mutually exclusive. Define S = Uf\il Si. By upper and
lower bounds on the surface area of the spherical cap (see e.g. [WMHC24, Lemma F.11]), there
are constants ci,Cy, > 0 such that cx(1/¢)*~1/2 < M < Cyp(1/¢)*=1/2. Therefore, using
Definition 2, we have |S|/N > Q(«).

Note that when considering the («,3)-SFL oracle, we leave S unchanged from Definition 3. In either

case, for every j ¢ S, we will choose a; = 0. Then, we then have the following upper bound on &;.

Lemma 22. Suppose a = 0 for j ¢ S and ||a*|| < 7o /+/|S|- Then,

E| max (f(x + §;a*, iy W, b) — f(x + &§;a*, W, b))?| < L2072 (1+rb(q D ye2a- DY (14£2)¢,

llll<e
where Cy is a constant only depending on q.

Proof. To be concise, we define s := x + § and hide dependence on a* and b in the following
notation. By pseudo-Lipschitzness of o,

f@s;TIyW) = f(@s; W) =Y _ al(o((Myw;, s) + by) — o((w;, Es) + b))
jeES
< Lo Y a3 | (I(Muw;, &s) + b1 + [(wj, &5) + ;|7 + 1) [(Myw; — wj, &5)|.
jes
Let

.Aj = ‘<HUU)j7§ZJ> + bj|qil + |<wj'7£i,§> + bj|(jil + 17
and
Bj = |<HU’LU] — w]'7.’f}5>‘.
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Then by the Cauchy-Schwartz inequality,

22
LO'TG

2
& SLi]E max( a*.AlBl) < E | max A%B?
? 8l <e Z’ ]| I |S] l8]l<e 4 773
JjES JjES
L3272
72N R 22
R e A5

L2572 . 1/2 . 1/2
<22 aN"E ' OE B .
< ] E| s

IN

Additionally, we have

fmax Aj < Cq(|<1_Iij,90>|CF1 + [wy, @) T T 4l 1),
<e

and
lgluagij <ellMpw; — wi|| + [(Tyw; —wj, z)|.

Further, by Assumption 2, for all v € RY, (v, x) is a centered subGaussian random variable with
subGaussian norm O(||v|]), therefore E[|(v, z)|?] < Cyllv||? for all g > 0. In summary,

1/2 ) i 1/2
E Lrgllaéc Aﬂ < Cz(1+ rg(qfl) + e%(‘rl))’ and E [Hrtrsllaéc Bﬂ < (1+€3),
<e <e

where we used the fact that || IIyw; — w; |* < 2¢ forall j € S. This completes the proof. O

While the term £; defined in (D.2) is an expectation over the entire distribution of &, most approxi-
mation bounds support only a compact subset of R?. The following lemma shows that approximation
on compact sets is sufficient to bound &;.

Lemma 23. Suppose a = 0 for j ¢ S and ||a*|| < 7o /+/|S|. Further, supposer, > 1V 2¢. Let

€approx =  SUp \f(zc, a*anwv b) - h(UCC)‘
IUz||<r-

Assume h satisfies |h(z)| < Ly, (1 + ||z||) for all z € R* and some constant p > 0. Then,
E1 S Epprox + (L2CGT2(L+ €27 4 137) 4+ LECy (1 + %) )=,
Proof. For brevity, define

As = (f(&@s; 0", Iy W, b) — h(U (z + 8)))°

where 5 := x« + 4. Then,

E{max Ag:l < E[max Asl[||Uzs|| < rz]] +ELI§1”3<X Asl[||Uzs|| > 7‘2]}

lol<e ll8li<e
r 11/2 1/2

<e E A2l E I[|U R
< ypnoe + B 23] E| o 11Us] > 1]

2 [ 2— e 1/2
< Capprox T2 tax A5 P(Uz]| > 7. —e)

2 E [ Ag_ 1/2P U 7\ 1/2
< - .
= €approx + _HI?HaSXE | (” 13” > 9 )

Furthermore, we have

E[max A?;] < E{max f(@s;a" Iy W, b)4] + ]E[max h(U(x + 6))4} .
lléll<e léll<e ll6ll<e
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Recall the notation v := o

= T and z := U=z. Then, by Cauchy-Schwartz and Jensen inequalities,

E| max f(&s:a* MyW, b)4] < E[max la*||*|lo(My W (z + &) + b)||4]
I8]l<e I8l <e

7’;4

< 2 FE| max o((v;,z+ U8 +b;)*
S| |5|Se(j§g ({v; ) J))
~4L4c_ _ B _
R e
jes

< CaLiFi(1+ €'+ 1, 7).

Similarly we can prove

E [I??X h(U (x + 5))4} < CpiLi(1+ ).

In summary,
1/2 ) )
B 23] 5 Gt M) 4 Gt ),
Finally, the probability bound

P(|Ua| > 5 ) <7D

follows from subGaussianity of « and the fact that k = O(1). O

D.1 Approximating Univariate Functions

In this section, we recall prior results on approximating univariate functions with random biases in
the infinite-width regime under ReLU and polynomial activations.

Lemma 24 ([DLS22, Lemma 9, Adapted]). Let o be the ReLU activation, a ~ Unif({—1,+1}),
and b ~ Unif(—ry, rp). Then, there exists f : {—1,4+1} x [—ry, 5] — R, such that for all |z| < 1y
we have

Eop[2rpf(b)o(az 4+ b)] = h(z).
Additionally, if h is a polynomial of degree s, we have sup,, | f(a, )| < TIES_Q)VO.

Proof. From integration by parts, namely
Ty
Eq of2rs(1 — a)h" (D)o (az + b)) = / B (b)(— = + b)db
Ty
W () (=2 1) — / B (b)db

=N (rp) (=2 + 1) + h(z) — h(rp).

Therefore, it remains to approximate the constant and linear parts. It is straightforward to verify that

6b
Eop [2 co(az + b)] =1, E,u2a0(az+0b)] =z
Ty

Thus, we let
h/(Tb) Sb(h/<7‘b>’l“b — h(rb))
b) = (1—a)h"(b) + = =
fla.b) = (1= a)h"(5) + = 3 7
which completes the proof. O

Furthermore, we have the following result for infinite-width approximation with polynomial activa-
tions.
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Lemma 25 ([OSSW24, Lemma 30, Adapted]). Let o be a polynomial of degree q and suppose
b ~ Unif(—ry, ry) and h is a polynomial of degree p such that q > p, and in particular satisfies
|h(2)| < Lp(1 + |2|"). Suppose r, > q. Then, there exists a function f : [—ry, 7] — R such that

Ey[2ry f(b)o(z +b)] = h(z), VzeR.

Furthermore, we have |f(z)| < Cy., for all z, where C, j, only depends on the activation and Ly,.

Proof. In order for o to approximate arbitrary polynomials of degree at most g, it is sufficient to show
that o can approximate at least one polynomial per degree, ranging from degree 0 to g. Defining
the corresponding polynomial with degree i as g;(z), then h will be in the span of {g;}7_,. More

specifically, suppose h(z) = Z?:o a;z?, and g;(z) = ZJ _0 7,7 Then there exist {3;}7_ such

that .

> B = 3> i = Z a;2.

i=0 j=0i=j
Indeed, we can let 8; = 0 for all ¢ > p. Additionally, note that 7i,i # 0 for all i < ¢ by definition.
Therefore, the solution to the above equation is given iteratively by 5, = «, /7, and

By = Zz 0'717 i,p— Jﬂpﬂ"

Yp—3j.p—j

for 1 < j < p. Importantly, |53;| for all ¢ can be bounded polynomially by {«;};, {vi ;}:; and
i }i. Further, |a;| can be bounded polynomially by L, for all i. Thus, it remains to construct

{gi}-
Following [OSSW24], we define

0
gq(2) = / o(z + b)db.

—q
It is straightforward to verify that g, has degree (exactly) q. We then iteratively define
9q-i(2) = gg—(i-1)(z +1) —gg—-1)(2), V1<i<q.

Using the definition above and by induction, one can verify g; has degree exactly ¢. Furthermore,
expanding the definition above yields

gq_i(Z):ZCIngZ+] ZQ]/ Z+b+] db
7=0

where Cij = (—1)t7 (J) i.e. the coefficients that satisfy (z — 1)* = = ;=0 Ci,j#’ . In particular, we
can write

J
gq_xz):zcm/ oo+ )b = By |23 Mg+ < b < flo(4b)|.
=0 —q+j =0

Therefore, we can define

q [
b) =Y Bai > cijll—q+35 <b<
i=0 j=0

which completes the proof. O

D.2 Approximating Multivariate Polynomials

We adapt the approximation result of this section from [DLS22], modifying the proof to be consistent
with our assumption on the first layer weights.

First, we remark that for any fixed v € S¥~! and any degree 0 < s < p, we can approximate the
function z — (v, z)” with random biases as established by Lemma 24 for the ReLU activation and
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Lemma 25 for the polynomial activation. Therefore, our main effort will be spent in approximating a
polynomial A (z) using monomials (v, z)°. Note that we can represent h by

P
h(z) =Y T®[z%],
s=0
where T is a symmetric tensor of order s, and we use the notation

s

k
T [22%] = vee(T™) Tvec(2®°) = Z Tgf)lzl1 e Z
i15eeio=1

The approximation result relies on the following fact.
Lemma 26. Let v ~ 7. Then, the matrix Eqy.r, [vec(v®*)vec(v®*) | is invertible.

Proof. Let T' be an arbitrary symmetric tensor of order s with |||, = 1. We need to find a constant
Cs,; > 0 such that

vec(T) " Eyr, [vec(v®*)vec(v®*)|vec(T) > cq .
Note that

T Rs ®s ®s12 T[w®s]2
vec(T) " Eymr, [vec(v®*)vec(v®?)]vec(T) = Eynr, [T[v**]?] = Ewprno.1p) W .
Furthermore, [DLS22, Lemma 23] implies that

B (0,1 [Tw
for some constant c's’ . > 0. Therefore, for any » > 0, we have
Ew~no.1) [T PI[wl]| > 7] + EBwenro,r,) [Tlw® PIJw] < r]] > ¢ .

Note that the first term on the LHS above can become arbitrarily small by choosing r sufficiently
large (depending on s and k). Thus for sufficiently large  we have

®S]2] 2 c;,k7

‘ o
Ew~n(013) [T[w&s}ZH[HwH <r]] > 2’ )
Finally, we have
T[w®s}2 . C/S’k
Buwnaron [|wll2 > 55 Buwn o1 [TIw PIlJw| <] > 575
Therefore, taking ¢, , = 55 completes the proof. 0

The following lemma establishes how we can use monomials of the form (v z)* to approximate

each term appearing in h(z).

Lemma 27 ([DLS22, Corollary 4, Adapted]). There exists f : S*=1 — R such that for all z € RF
and non-negative integers s > 0,

[ I dne) =TV

Further, | f(v)| < Ck,SHT(S) Ffor allv € SF—1.

Proof. Note that by definition, (v, z)° = vec(v®*) Tvec(z®*). Therefore,

.
/f(v)(v,z)Sdi(v) = (/f(v)vec(v®s)d7k(v)) vec(z2%9).
We need to match the first vector on the RHS above with vec(T®*), thus our choice of f is

f(v) = vec(v®*) T Eyor, [vec(v®®)vec(v®*) ] 71vec(T(S)).
The proof is then completed via the lower bound of Lemma 26 which gaurantees the existence of
some constant ¢, ;; > 0 such that Ay (Ey~r, [vec(v®*)vec(v®*) T]) > ¢4 k. O

The above result along with the univariate approximations proved earlier immediately yields the
following corollary.
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Corollary 28. Suppose h is a polynomial of degree p denoted by h(z) =" _ T [2%3). Further
assume the activation o is either ReLU or a polynomial of degree q > p. Then, there exists

h: ¥V % [=ry, 1] — R such that for every ||z|| < 1y, we have

/Sklx[ | ﬁ(vv b)o((v, z) + b)dr,(v)db = h(z).

Furthermore, ‘h('v,b)‘ < C,g MaXs<p

Ckrl(}p72)\/0

T(S)HF for the polynomial activation and ’ﬁ(v, b)‘ <

’T<s>

for the ReLU activation.
F

Proof. First, we consider the case where we use polynomial activations. Let

p
h(v,b) = > f1,5(v) fa,5(b),
s=0
for (f1,s) and (f2,s) which we now determine. We choose f> s according to and Lemma 25, then

/brb f278(b)0(<v’z> +b)db: <v7z>s7

=—7

for all ||z|| < rp/2, and | fo,5(b)| < Cs 4 for all b. Then, we choose f1 , according to Lemma 27,
which yields

/ f15(0) f2,5(b)a (v, 2) + b)dTi (v)db = / frs(v) (v, 2)°dry(v) = T [2%9),
Sk=1x [—7p,7m)

for all ||z]| < rp/2. Additionally |f; s(v)| < CS”“HT(S)HF’ which completes the proof of the
polynomial activation case.

Now, consider the case where we use the ReLU activation. Let

P
h(v,b) = ga(v,b).
s=0
where . 1
gs(vv b) = ifl,s(v)f;,s(l, b) + ifl,s(_'v)f;,s(_]-a b)

with f; s given above and f27s introduced below. Since v and —wv have the same distribution, we have
1 ~ -
/gs(va b)O‘((’U, Z>)db di(’U) = / 5 (flts(v)fQ,s(la b) + f17s(_v)f2,s(_17 b))O’(<’U, z>db di(’U)
1 HLI -
= f1.s(v) {/ f2,5(1,0)0((v,2) +b) + fo s(—1,b)o(—(v, z) + b)db}di(v)
b

§d—1 5 ——ry
_ / Frs(®) (v, 2) dry (v) = TG [259].

As a result, it suffices to choose fg,s according to Lemma 24, which completes the proof of the
corollary.

O

As a last step in this section, we verify that one can indeed control max,<, HT (s) H with an absolute
= F
constant when h is the minimizer of the adversarial risk.

Lemma 29. Suppose F is the class of degree p polynomials on R, Let H = {z
E[f(z)|Ux =z] : f € F}, and define

h = argmin E| max (' (U(x + §)) — y)Z} .
h'EH l16]]<e

28



Denote the decomposition of h by h(z) = >"_, T)[29%]. Then, HT(S)

a constant depending only on k and the target second moment E [yﬂ (thus an absolute constant in

our setting). As a consequence, we have |h(z)| < Ly, (1 + || 2||") for all z € R¥, where Lj, > 0 is an
absolute constant.

< Chy, where Cl, y is
P ; ;

Proof. By comparing with the zero function, we have
E[(h(Uz) —y)*] <E pax (A(U (x +8)) - y)g] <E[y*].
<e

Furthermore, by the Cauchy-Schwartz inequality,

E[(h(Uz) — y)?2] > E[h(U=)?2] + E[y?] - 2E[n(U=)?] *E[y?]"*.

Combining the two inequalities above, we obtain E[h(Ux)?] < 4E[y?|. Let z := Uwx, and let i
be the marginal distribution of z. Then

E[h(z)?] = /h(@?%(z)w(o,@lk)(z).

Further, by subGaussianity of  and subsequent subGaussianity of z, we have % (z2) <Cp <
oo for all z, when Cy, C}, are sufficiently large constants depending only on k. Therefore,

E.no,0010) [1(2)?] < 4ACLE[Y?].

The proof is completed by using the Hermite decomposition of h. O

D.3 Approximating Multivariate Pseudo-Lipschitz Functions

We now turn to the more general problem of approximating pseudo-Lipschitz functions. Specifically,
when F satisfies Assumption 3, functions of the form h(z) = E[f(z) | Uz = z] will be L-pseudo-
Lipschitz. The following lemma investigates approximating such functions with infinite-width
two-layer neural networks.

Lemma 30. Suppose h : R*¥ — R is L-Lipschitz on || z|| < r. and o is the ReLU activation. Then,
for every A > Cy, there exists h:Sk-1 x [—7p, 7p) — R such that

AN A AL 2k Tk
gOker{(LTZ) g o+ (2 () }

h(z) — / (0, ) (v, 2) + b)d(v)db
Sk=1x[—rp,mp]

forall ||z|| < r,. Furthermore, we have ‘ﬂ(v, b)’ < CRLL(A/Lr, )%/ 1) [y for all v and b, and

/ h(v,b)?dr(v)db <
Sk_l X [77‘17,7”&,]

Proof. Let z := (27,7,)" € R¥*!, By [Bacl7, Proposition 6], we know that for all A > C}, there

exists p : S¥ — R, such that 1Pl 2, ) < Aand

i) - [ @02 )anae

z

A
Lr,’

< CyLr, (%) w1 log

for all || z|| < r,. Furthermore, the proof of [MHWE24, Proposition 19] demonstrated that

- A
p(@)] < CuLr: (7

ka

1 -

) , Voest
z

Let® = (9., Ux+1) " be the decomposition of @ into its first k and last coordinate. Then, we will use

the fact that for & ~ Unif(S*) when conditioned on @, 1, by symmetry Hf}ii:” is uniformly distributed

on S¥~1, In other words, let v ~ Unif(S¥~1) and b~ pk+1 independently, where we choose pyt1
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such that

m has the same marginal distribution as vy;. Since the marginal distribution of
1+

Ur+1 is given by dP(Tp11) o (1 — 07 )F2)/2 D1, we have pr1(D) = Zi(1 + %)~ (+1/2,
where Zj, is the normalizing constant. Then, v = (v b) is distributed uniformly on S*, where

: SF=1 x R — S* is given by T (v, b) = m( ) As aresult,
/p(f))a(<ﬁ7:f>)d7-k+1 <1~J) = / o‘(%)dﬂg( )dpk+1(?))

p(T(v,b)) 1 i ~
& T o((v, z) + br.)dry(v)db
Floonm /T 52 (14 52D/ (v, 2) + br2)dri(v)

rip(T(v,b/r2))
Zk /Sk,71><R WU(<U7 Z> + b)di('U)db

Therefore, our choice of h will be

; rip(T(v, b/r-))
h('U, b) = Zk (rg I b2)(k7+2)/2 .

Next, we bound the following error term due to cutoff of bias,

rip(T(v,b/r2))
£ A /sk1x<R\[ ) 2 o227 (©:2) F D)dm(w)db.
—Tb,Tb z
We have
+ b))
<
£< Cker er /b>n, + bz 2 4 2\ (k12)/2
k
r

< z
< CkLTZ />Tb (r2 + b2)(k+1)/2 IR TN TR

-k
<C AT Z_db
k /b|>rb pE+1

A k T (Tz\k
S Gl (2) 7T ()"

Finally, we prove the guarantees provided for h. The uniform bound on ’ﬁ(v, b)‘ follows directly by
plugging in the uniform bound on p. For the L? bound on h, we have

/ h(v,b)2dr,(v)db < / h(v,b)?dr,(v)db
Sk—1x [—’r‘b,’l‘b]

Sk—1xR
ZirZp(T(v, b/r2))?
- o

/Z’%p(T(})’E))szk(v)dl;

r3(1 4 b2)k+2

A »(T(v,b))? ]
B 7/ (14(rb(2)(’“)r?3)/2 7 (v)dpr 1 (b)
Z Y ~
- rf (1= 32, )+ 2p(5)2drs1 (8)

2
. Zelplz2cry, ) _ LA

3 - 3 7
Tz Tz

completing the proof. O
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D.4 Discretizing Infinite-Width Approximations

In this section, we provide finite-width guarantees corresponding to the infinite-width approximations
proved earlier. Define the following integral operator

Th(z) = /S - ]ﬁ(v,b)a((v,z)+b)d7k(v)db. (D.5)

The type of discretization error depends on whether we are using the a.-DFL or the («,3)-SFL
oracle. We first cover the case of a-DFL oracles.

Proposition 31 (Approximation by Riemann Sum). Suppose o satisfies (B.1). Let (w1, ..., wy) be
the first layer weights obtained from the o.-DFL oracle (Definition 2), and define v; = ”gigz”for
i € [N]. Suppose (bj) v RN Unif(—ry, 13), and let ||h| o0 = SUP,, 5 h(v, b)’ Then, there exists

a* such that o’ = 0 for j ¢ S and |a}| < Cillh||sers log(aN/(C5))/(aN) for j € S (where S is
given by Definition 21), and

rp log(N/0) ) D.6)

> aso((v),2) +bj) = Th(2)| < Cqll bl Lo (Tzf+ D3N )

j€s
for all z € R¥ where ||z|| < r, < ry, with probability at least 1 — § over the randomness of biases.

Proof. The proof is a multivariate version of the argument given in [OSSW24, Lemma 29]. Let
{v;}M, be the maximal 2/2{-packing of S*~! from Definition 21, which is also a 2y/2(-covering
of S¥~1. Recall from Definition 21 that M < C’k(%)(k_l)p.

For every i € [M], define

Si={j € [N], [lv; — vil| < v/2¢}-
Note that by definition of packing and Definition 2, each v; can only belong to exactly one of .S;
when j € S, meaning that (S;) are disjoint and U, () Si = S. In particular, [S;|/N > ¢*=1/2q,
and |S;|/N < 1/M < (=172 /¢y,
We want each group of biases (b;);es, to cover the interval [—r, 73]. We divide this interval into 24
subintervals of the form [—r;, (14 £), 7y (1+ ”71)) for0 <1 <2A—1. When b, £, " Unif(—7ry, 7p),
by a union bound, the probability that there exists some subinterval and some S; such that the
subinterval contains no element of {b; : j € S;} is at most 24 Zi]\il(l — 5)1%i. Thus, taking
A< LWJ for all ¢ € [M] guarantees that all subintervals have at least one bias from every
S, inside them with probability at least 1 — 4.
Next, we define II; : SF¥=! — S¥-! as the projection onto the packing, i.e. II;(v) =
argmingg ;ciayl|v — 04|, Further, we define ITy : [M] x [=ry, 73] — [=1, 73] by Ta(i,b) =
argming bjjeS:} |b — b;|. Tie braking can be performed by choosing any of the answers. By defini-
tion, we have ||v — II; (v)|| < 24/2(, and additionally |b — II5(4, b)| < /A for all ¢ € [M] on the
event described above.

We are now ready to construct a*. Specifically, let

o [ h(v,b)I[i = Ty (v), b; = Ta(i, b)]d7 (v)db if j € S; for some i,
70 ifj ¢ S.

Note that by definition,

Z = H1 ) b HQ(Z,b)] =

o.»M

M
For conciseness, we define (
E(v,i,j) we have

]) I[i = IT; (v),b; = II3(4,b)]. When j € S;, on the event
v = vl < [lv =04l + [|v; — v; <3v/2C¢
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Moreover, since Py, [||[v — ;]| < 21/2(] < Cx¢F~1/2 for j € S we have

Cillilloc S0, _ Cullhllsors log(N/6)
A

3| < < Gelltlere

As a result,

> aio((v), 2) +b;) = Th(z)| = Zajo((’vj,z>+bj)f/iz(v,b)a(@,z)+b)d7k(v)db

JjES JES

M
=y /ﬁ(v,b)E(v,i,j)(a((vj,z) +b;) — (v, z) + b))drg(v)db

i=1jeS;

~ _ T
S Cq”h”ooLarg(TZ\/ZﬂL Z)»

for all ||z|| < r,, where we used the fact that o(z) is O(Lgrgfl) Lipschitz when restricted to
|z| < rp. This concludes the proof. O

Next, we provide a discretization guarantee when using («,3)-SFL oracles.

Proposition 32. Consider the same setting as Proposition 31, except the first-layer weights
(w1, ..., wy) are obtained from the («,3)-SFL oracle (Definition 3). Then, there exists a* such

that a = 0 fori ¢ S and |at| < ||h||eers/(BaN) fori € S, and

* 7 C‘LUHEHOOT(HJ log(aN/d)
D asol(v5,2) 4 by) — Thiz)| < ~r et o

jES

for all z € R¥ with || z|| < ry, with probability at least 1 — § over the randomness of (v;,b;)ie[n]-

Moreover, suppose B, .z @Unif(—=ry,ry) [ﬁ(v, b)Q} < MQ(E)Q. Then, assuming ;T’Z < B, we have
2 o 2B Ma(h)?

ol I log(1/6)
~  af?N

, provided that, N > 5 -
016/ Mg(h)4

~ I

which also holds with probability at least 1 — 6.

Proof. By definition,

Tﬁ(z):/S]H . ]fz(v,b)a(<v,z>+b)d7-k(v)db

- / 2w, ) Y (0)0 (0, 2) + b)du(w)db
Sk—1x [—Tb,’l‘b] d:u
A7k

Ty @o((v.2) b)),

= Ev,bw,u@Unif(—rb,rb) |:2rbiL(/U’ b)

R i ® Unif(—ry, rp) from Definition 3. Let

Til’Uz‘,i T LA
o = 2roh(vi.bi) \(SI b)dd—lf('vi) ifi € .S,
0 ifi ¢ S.

Consider (v;,b;)ics

Consequently

27 |
BIS|

for all i € S. Given z, define the random variable

Th(z) =Y _ajo((vi, ) +b;).

i€S

la7| <
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Our next step is to bound the difference between 7 h(z) and Th(z) uniformly over all || z| < 7.
Let (25)}, be a A-covering of {z : || z|| < 1}, therefore M < (3r;/A)*. Note that for any fixed
z with || z]] < 7, we have ‘fﬁ(z)‘ < | AllooLoritt /8. Thus, by Hoeffding’s lemma,

lillooLory ™ [log(1/6)
B 5]

with probability at least 1 — ¢ for a fixed z. By a union bound,

Th(z) - Th(z)| <

lllooLorg ™ [log(D1/6)
B 5]

with probablhty at least 1 — §. For any z with ||z|| < 7y, let 2 denote the projection of z onto the
covering (2;)}Z,. Then,

max
JE[M]

Th(z;) — Thiz;)| 5

sup |Th(z) — Th(z)| < max Th(z) — Th(z)

Thiz;) = Thzy)| + |Th(2) - Th(z)| +

Izl <ro/2 A
< |Alls Lori ™t [log(M/5) ||iLHooLngA_
~ B S| B
< [Alloo Lot [log(rs/(A)) IIfLIIooLar?:A_
~ B S| 5

Choosing A = r;,/+/|S| implies

L . hl|so LorI™™
wp [Fi(s) - Tige)| g VleLort™ foe(51/0
=< /2 B N

with probability at least 1 — & over the randomness of (v, b; )ie[n]-

The last step is to bound ||a*||*. Note that,

47”1; vl, i)
a
1" < Gy 2~

€S

Further, by the Hoeffding inequality,
h(vi, bi)? ; ; log(1/6)
> TG~ Bosenouniorn [1(0:0)°] S 1A% <
ies

with probability at least 1 — §. Moreover,

. “ dp
Ev,bwu@Unif(—rb,rb) |:h(’U, b)z] = Ev,b~7k®Unif(—7*b,rb) |:h('vv b)g(v):|

dry,
< B'Ms(h)?.
Thus, when |S| > %%, we have |la*||® < r 23" My(h)?/(B2]S]) with probability at least
1 — 6, which completes the proof. O

D.5 Combining All Steps

We can finally bound our original objective of this section, i.e. AR(a*, W,b) — AR". Let us begin
with the case where F is the class of polynomials of degree p.
BN Unif(—rp,75). Recall

thatey, = 1Ve, and € =€ A Ae—;*for any € € (0,1). Using the simplification k,q,p, L, < 1 and

Proposition 33. Suppose F and o satisfy Assumption 4 and (b;);e[n

recalling €1 = 1V €, there exists a choice of 1, = ©(e1) such that:
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cIfW = (wy,...,wy)" are given by the a-DFL oracle, there exists a* such that |a}| <
O(e1/(aN)) foralli € [N], and AR(a*, W,b) — AR" < € as soon as
- € ~ eIt
¢s O<E§(q+1)) and Nz Q(ag(k—m/gﬁ)'
o IfW = (w1,...,wy) " are given by the (o,3)-SFL oracle, there exists a* such that |a}| <

O(e1/(BaN)) foralli € [N], and AR(a*, W ,b) — AR* < € as soon as
ai(cﬁ-l)

af?ée )

Jﬁi)

CS@( (et D) and NZQ(
€1

Both cases above hold with probability at least 1 — n™¢ for some absolute constant ¢ > 0 over the
choice of random biases (b;);c|n) (and random weights (w;) in the case of SFL).

Proof. Recall from (D.1) that

AR(G,*, W, b) — AR® S E1+E + \/53(51 + 52)
By definition, £3 < AR*. By Lemma 22, we have

& S L1+, 120142,

a

Further, thanks to Lemma 29 we have |h(z)| < 1 + ||z||”. Therefore, by Lemma 23 with r, = 7y,
we have ) i .
&1 S € pprox T (L2F2(1+ %1 + rfT) + 1 + e2P) e,

approx

Let us now consider the case of a-DFL. Define p = (p — 2) V 0 if the ReLU activation is used and
p = 0 if the polynomial activation is used. Notice that by the definition in Assumption 4, we have
d + p = q. By Proposition 31, we know there exists a* with |a}| < O(r;ﬂ'/(a]\f)) (we used the

fact that max8<pHT(s) < 1 from Lemma 29) such that
= F

. 1
€approx < 0<Tg+l (\/EJ'_ m))’

provided that r, = €7 where we recall €7 = 1V ¢, and the above statement holds with probability
at least 1 — ¢ for any polynomially decaying J, e.g. § = n~¢ for some absolute constant ¢ > 0.

Therefore, we have 7, < @(T;Jrﬁ ). Further, it suffices to choose 7, large enough such that r, 2

g1V \/log(NL?,?’?Lri‘7 +&27) = O(e1) to have

g < @(Tg(wl)(g n #))

(k12 N2
Plugging in the values of 7, and 7}, we obtain,
5 2(gt1) = ( 2(qt1) {—:?((H_l)
52 SO(Slq C), and 51 < O(Elq C+W>
Hence, choosing
<o(=f a Nea(—d
= <Ef(q+1))’ an - (ag(k—n/zﬁ)

which concludes the proof of the a-DFL case.

In the case of («,3)-SFL, we instead invoke Proposition 32, thus obtain |a}| < ré“V(BaN), and

_/Lritt
€approx S O( % )a
BV aN
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which holds with probability at least 1 — ¢ for any polynomially decaying § such as § = n™¢ for
some absolute constant ¢ > 0. Consequently, with the same choice of r;, = ©(e1) as before, we have

(q+1)< _, 22(q+1)
52<(9( 7 ) and & O(BQQN)
which completes the proof. O

We can also combine approximation bounds for the more general class of pseudo-Lipschitz F.
Proposition 34. Suppose F and o satisfy Assumption 3 and (b;);e[n r~a Unif(—r,75). Recall
thatey =1V e, and € := e A Af—é*far any € € (0,1). Using the simplification k,p, L < 1, there
exists a choice of T, = © (e1(e1/VE'™®) such that:

IfW = (wy,... ,wy) ' is given by the a-DFL oracle, there exists a* such that |a}| <
O((sl/\@)k““/k/(aN))for alli € [N], and AR(a*, W ,b) — AR" < € as soon as
k+2+1/k ~ 1 €1 \k+3+2/k
c<o ) e Nea(l (G
(8%) <(k—1)/2a(ﬁ)
cIfW = (wy,... ,wy) ' is given by the (o,3)-SFL oracle, there exists a* such that
la| < O((er/VE)F 1TV /(aBN)), and AR(a*, W ,b) — AR* < e as soon as
< @( 2 k+2+1/k)7 J N> Q( el k+3+2/k)'
C_ ﬂ(‘sl) an aﬂz(g)

Both cases above hold with probability at least 1 — n™° for some absolute constant ¢ > 0 over the
choice of random biases (b;);c|n) (and random weights (w;) in the case of SFL).

Proof. Our starting point is once again the decomposition
AR(CL*, W,b) — AR* S 51 + 82 + \/53(51 —|—52)
Given Assumption 3, it is straightforward to verify that |h(z1) — h(z2)| < (g1 P|lz1||P" +
1P| 20]|P~" + 1)||z1 — 22| for 21,2z, € RF. As a consequence, we have |h(z)| < 1+ ||z
for all z € R*. Therefore, by Lemma 23 with a choice of r, = ©(g1), we have £ < egppmx. In the
rest of the proof we will fix 7, = O(e1).

We begin by considering the case of «-DFL. Unlike the proof of Proposition 33 where Th=h,in
this case we have an additional error due to 7 h only approximating /. From Lemma 30, we have

Hh”oo < (9( 1 (A)2k/(k+1))

€1 €1
Thus,
approx < sup | ao((v5,2) + by) = Th(z)| + [Th(z) - h(z)|
Iz]| <r. jes
<O(ZE)H T+ ) +0(51(5) T e (2 ()
- €1 k 1)/2 N ! €1 ! €1 Ty ’

where we bounded the first term via Proposmon 31 with ¢ = 1, and the second term via Lemma 30.
Additionally, we have

n A
|aj|7€104]\7(€1) )

for all j € [N]. To obtain AR(a*, W,b) < AR* + ¢, we must choose A = O (g, (e1/v/€)kT1)/2),
Next, we choose 7, = O (g1 (e1/v/€)*T1/F). This combination ensures ’Tﬁ(z) - h(z)‘ < Ve To

make sure ‘Tﬁ(z) — Tﬁ(z)‘ < V€, we should let

k4+2+41/k A 1 €1 \k+3+2/k
¢<O((2 1) ). and N_G(igwlwa(\/g) ).
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The above guarantees that €approx S V€ and consequently &1 + v/E3&1 < €. Note that the above
choices imply |a*| < 7, /|S| forall i € S with 7, = O((e1/v/€)* /%), From Lemma 22 with
g = 1, we have & < 72&2(. Therefore, if we let

= é((%)k+2+1/k>7

&1
we have £ < € and consequently &2 + +/E3&1 < e. This concludes the proof of the «-DFL case.
Next, we consider the case of («,3)-SFL. Note that the error ’Tﬁ(z) - h(z)‘ remains unchanged.
However, this time we invoke Proposition 32 for controlling "f’fz(z) — Th(z) ‘ Therefore,

Cappros £ 5D | S a3 ((v5,2) + by) = Thiz)| + | Th(z) - h(z)|

Izl <r.|5cs
2

Al T (AvEs [ 1N sl A2 A2k ek

SO(B{:‘l (81) : OzN) 0(51(61) i +El(€1) ! (Tb) )

Since the second term is unchanged, we have the same choices of A = @(51 (51/\@)(’““)/2) and
r, = O (51 (e1/ \/é)lﬂ/ k) as in the oo -DFL case. However, for the finite-width discretization, we

should choose )
~ 1 el k+3+2/k
N=0(—(2 ). D.7
=) ©.7)
Moreover, Proposition 32 implies ‘aﬂ < 7o /|S| with 7, = @((61/\@)’“““/’“/5). As aresult, to
get & < 72e3¢ < € from Lemma 22 with ¢ = 1, we let

¢ = 6(52(%)k+2+1/k)7

completing the proof.

E Numerical Experiments

We perform the following small-scale experiment to support intuitions from our theory. We consider
a single-index setting, where the teacher non-linearity is given by either ReLU, tanh, or He2(z) =
(22 —1)/+/2 which is the normalized second Hermite polynomial. The student network has N = 100
neurons, and the input is sampled from = ~ N(0,1;) with d = 100. We implement adversarial
training in the following manner. At each iteration, we sample a new batch of i.i.d. training examples.
We estimate the adversarial perturbations on this batch by performing 5 steps of signed projected
gradient ascent, with a stepsize of 0.1. We then perform a gradient descent step on the perturbed
batch. To estimate the robust test risk, we fix a test set of 10, 000 i.i.d. samples, and use 20 iterations
to estimate the adversarial perturbation. Because of the online nature of the algorithm, the total
number of samples used is the batch size times the number of iterations taken.

The first row of Figure 1 compares the performance of three different approaches. Full AD training
refers to adversarially training all layers from random initialization, where first layer weights are
initialized uniformly on the sphere S?~!, second layer weights are initialized i.i.d. from A/(0,1/N?),
and biases are initialized i.i.d. from A/(0, 1). In the two other approaches, we initialize all first layer
weights to the target direction u. In one approach we fix this direction and do not train it, while in the
other approach we allow the training of first layer weights from this initialization. As can be seen
from Figure 1, there is a considerable improvement in initializing from w, which is consistent with
out theory that this direction provides a Bayes optimal projection for robust learning.

In the typical setting where we do not have knowledge of u, we consider the following alternative. We
first perfrom standard training on the network, i.e. assume € = 0 (denoted in Figure 1 by SD training).
We can then either fix the first layer weights to these directions, or further train them adversarially
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from this initialization. Note that for a fair comparison with the full AD method, we provide the
same random bias and second layer weight initializations across all methods at the beginning of
the adversarial training stage. Even though this approach is not perfect at estimating the unkown
direction, it still provides a considerable benefit over adversarial training of all layer from random
initialization, as demonstrated in the second row of Figure 1.
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