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ABSTRACT

This paper shows that gradient boosting based on symmetric decision trees can be
equivalently reformulated as a kernel method that converges to the solution of a
certain Kernel Ridge Regression problem. Thus, we obtain the convergence to a
Gaussian Process’ posterior mean, which, in turn, allows us to easily transform
gradient boosting into a sampler from the posterior to provide better knowledge
uncertainty estimates through Monte-Carlo estimation of the posterior variance.
We show that the proposed sampler allows for better knowledge uncertainty esti-
mates leading to improved out-of-domain detection.

1 INTRODUCTION

Gradient boosting (Friedmanl [2001) is a classic machine learning algorithm successfully used for
web search, recommendation systems, weather forecasting, and other problems (Roe et al., 2005;
Caruana & Niculescu-Mizil, |2006; Richardson et al.l 2007; Wu et all 2010; Burges| 2010 Zhang &
Haghani, 2015). In a nutshell, gradient boosting methods iteratively combine simple models (usually
decision trees), minimizing a given loss function. Despite the recent success of neural approaches in
various areas, gradient-boosted decision trees (GBDT) are still state-of-the-art algorithms for tabular
datasets containing heterogeneous features (Gorishniy et al., 2021} [Katzir et al., 2021).

This paper aims at a better theoretical understanding of GBDT methods for regression problems
assuming the widely used RMSE loss function. First, we show that the gradient boosting with
regularization can be reformulated as an optimization problem in some Reproducing Kernel Hilbert
Space (RKHS) with implicitly defined kernel structure. After obtaining that connection between
GBDT and kernel methods, we introduce a technique for sampling from prior Gaussian process
distribution with the same kernel that defines RKHS so that the final output would converge to a
sample from the Gaussian process posterior. Without this technique, we can view the output of
GBDT as the mean function of the Gaussian process.

Importantly, our theoretical analysis assumes the regularized gradient boosting procedure (Algo-
rithm [2)) without any simplifications — we only need decision trees to be symmetric (oblivious) and
properly randomized (Algorithm|[T). These assumptions are non-restrictive and are satisfied in some
popular gradient boosting implementations, e.g., CatBoost (Prokhorenkova et al., [2018]).

Our experiments confirm that the proposed sampler from the Gaussian process posterior outperforms
the previous approaches (Malinin et al.| [2021) and gives better knowledge uncertainty estimates and
improved out-of-domain detection.

* A major part of the work was done while working at Yandex Research.
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2 BACKGROUND

Assume that we are given a distribution p over X x Y, where X C R is called a feature space and
Y C R — a target space. Further assume that we are given a dataset z = {(z;,5;)}Y, C X x Y
of size N > 1 sampled i.i.d. from . Let us denote by p(dz) = [, do(dz,dy). W.Lo.g., we also

assume that X = suppp = {z € R?:Ve > 0,p({2/ €R?: |z — 2/||ra < €}) > 0} which is a

closed subset of R?. Moreover, for technical reasons, we assume that ﬁ Zf\il yf < RZ? for some
constant R > 0 almost surely, which can always be enforced by clipping. Throughout the paper, we
also denote by x and y - the matrix of all feature vectors and the vector of targets.

2.1 GRADIENT BOOSTED DECISION TREES

Given a loss function L : R2 — R, a classic gradient boosting algorithm (Friedman|2001) iteratively
combines weak learners (usually decision trees) to reduce the average loss over the train set z:
L(f) = EZ[L(f(z),y)]. Ateach iteration 7, the model is updated as: f(z) = fr_1(x) + ew,(x),
where w,(-) € W is a weak learner chosen from some family of functions W, and ¢ is a learning

rate. The weak learner w. is usually chosen to approximate the negative gradient of the loss function
(z,y) = OL(s,y) .
I Y) = T s =i (a)

. 2
w; = argminE, [( — g-(z,y) —w(z))]. (1)

wew
The family WV usually consists of decision trees. In this case, the algorithm is called GBDT (Gradient
Boosted Decision Trees). A decision tree is a model that recursively partitions the feature space into
disjoint regions called leaves. Each leaf R; of the tree is assigned to a value, which is the estimated

response y in the corresponding region. Thus, we can write w(z) = Zj‘:l 0;1¢zer;y, so the
decision tree is a linear function of the leaf values 0;.

A recent paper |Ustimenko & Prokhorenkoval (2021) proposes a modification of classic stochastic
gradient boosting (SGB) called Stochastic Gradient Langevin Boosting (SGLB). SGLB combines
gradient boosting with stochastic gradient Langevin dynamics to achieve global convergence even
for non-convex loss functions. As a result, the obtained algorithm provably converges to some
stationary distribution (invariant measure) concentrated near the global optimum of the loss function.
We mention this method because it samples from similar distribution as our method but with a
different kernel.

2.2  ESTIMATING UNCERTAINTY

In addition to the predictive quality, it is often important to detect when the system is uncertain
and can be mistaken. For this, different measures of uncertainty can be used. There are two main
sources of uncertainty: data uncertainty (a.k.a. aleatoric uncertainty) and knowledge uncertainty
(ak.a. epistemic uncertainty). Data uncertainty arises due to the inherent complexity of the data,
such as additive noise or overlapping classes. For instance, if the target is distributed as y|z ~
N(f(z),0%(x)), then o(z) reflects the level of data uncertainty. This uncertainty can be assessed if
the model is probabilistic.

Knowledge uncertainty arises when the model gets input from a region either sparsely covered by
or far from the training data. Since the model does not have enough data in this region, it will
likely make a mistake. A standard approach to estimating knowledge uncertainty is based on ensem-
bles (Gal, 2016; Malinin, 2019). Assume that we have trained an ensemble of several independent
models. If all the models understand an input (low knowledge uncertainty), they will give similar
predictions. However, for out-of-domain examples (high knowledge uncertainty), the models are
likely to provide diverse predictions. For regression tasks, one can obtain knowledge uncertainty by
measuring the variance of the predictions provided by multiple models (Malinin, 2019).

Such ensemble-based approaches are standard for neural networks (Lakshminarayanan et al.l[2017).
Recently, ensembles were also tested for GBDT models (Malinin et al.,2021). The authors consider
two ways of generating ensembles: ensembles of independent SGB models and ensembles of inde-
pendent SGLB models. While empirically methods are very similar, SGLB has better theoretical
properties: the convergence of parameters to the stationary distribution allows one to sample models
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from a particular posterior distribution. One drawback of SGLB is that its convergence rate is un-
known, as the proof is asymptotic. However, the convergence rate can be upper bounded by that of
Stochastic Gradient Langevin Dynamics for log-concave functions, e.g.,|Zou et al.| (2021}, which is
not dimension-free. In contrast, our rate is dimension-free and scales linearly with inverse precision.

2.3  GAUSSIAN PROCESS INFERENCE

In this section, we briefly describe the basics of Bayesian inference with Gaussian processes that is
closely related to our analysis. A random variable f with values in L (p) is said to be a Gaussian pro-

cess f ~ GP(fo, 02K +6%1d,, ) with covariance defined via a kernel K(xz,2") = cov (f (), f(z))
and mean value fy € Lo(p) iff Vg € Lo(p) we have

[ 1@at@tan) ~ N ( [ p@a@ptde).o? [ gk al@)olde) © plde’) + 8al )

A typical Gaussian Process setup is to assume that the target y|« is distributed as GP (0 La(p)s o’ K+
6%1dy,, ) for some kernel functio K(z,z") with scales ¢ > 0 and § > 0:

ylo = f(x), f~GP(OLyp,0°K + 6°1dz,).

The posterior distribution f()|z, X,y is again a Gaussian Process GP(f., 02K + 62Id, ) with
mean and covariance given by (see Rasmussen & Williams| (2000)):

@) = K(z,xn) (K(xn, xn) + AIN)_IYN,
K(z,z) = K(z,z) — K(z,xn) - (/C(XN, xn) 4 AN) T K (xn, 2).

with A = g—z. To estimate the posterior mean f}(z) = [; fp(f|z,xn,yn)df, we can use the
maximum a posteriori probability estimate (MAP) — the only solution for the following Kernel
Ridge Regression (KRR) problem:

Ao
2NZ v)+ g I i

where H = span {K(-,z)|z € X} C La(p) is the reproducing kernel Hilbert space (RKHS) for

the kernel /C(+, -) and L(f) — min <y means that we are seeking minimizers of this function L( f).
We refer to Appendix D] for the details on KRR and RKHS.

To solve the KRR problem, one can apply the gradient descent (GD) method in the functional space:

fro1= (1—— , Z Yi)Ka,» fo=0Ly(p) )

where € > 0 is a learning rate.

Since this objective is strongly convex due to the regularization, the gradient descent rapidly con-
verges to the unique optimum:

£ = lim fr = K(,xn) (K, xn) + M)y,
see Appendices[C|and [E]for the details.

Gradient descent guides f, to the posterior mean f7' of the Gaussian Process with kernel o2k +
521dz,. To obtain the posterior variance estimate K(z,x) for any x, one can use sampling and
introduce a source of randomness in the above iterative scheme as follows:

1. sample [ ~ GP(0p, (), 02K + 6%1d.,);

new

2. set new labels yi" = yn — f™"(xy);
3. fit GD f,(-) on y" assuming Fo(-) = Op,(p)

4. output £ () + f,(-) as final model.

N,N

'K(z,2') is a kernel function if [K(z;,z;)] =11

> 0 forany NV > 1 and any x; € X almost surely.
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This method is known as Sample-then-Optimize (Matthews et al.,[2017) and is widely adopted for
Bayesian inference. As 7 — 0o, we get fi" 4 f_ distributed as a Gaussian Process posterior with
the desired mean and variance. Formally, the following result holds:

Lemma 2.1. fi" + f_ follows the Gaussian Process posterior GP(f2, 2K + §21dy,, ) with:

@) = K(@,xn) (K(xn, xn) + M)y
K(z,z) = K(z,x) — K(z,xn) (K(xn, xn) + /\IN)_llC(xN,x) :

3 EvoOLUTION OF GBDT IN RKHS

3.1 PRELIMINARIES

In our analysis, we assume that we are given a finite set )V of weak learners used for the gradient
boostingE] Each v corresponds to a decision tree that defines a partition of the feature space into
disjoint regions (leaves). For each v € V, we denote the number of leaves in the tree by L,, > 1.
Also, let ¢, : X — {0,1}1~ be a mapping that maps = to the vector indicating its leaf index in

the tree v. This mapping defines a decomposition of X into the disjoint union: X = U {a: €

X|¢),, = 1}. Having ¢,,, we define a weak learner associated with it as z +— (6 ,qSV( ))REw

for any choice of § € REv which we refer to as ‘leaf values’. In other words, 6 corresponds to
predictions assigned to each region of the space defined by v.

Let us define a linear space J C Lo(p) of all possible ensembles of trees from V:
F = span{(b,(jj)(-) : X = {0, 1}‘u eV,jef{l,....L}}.

We note that the space F can be data-dependent since ) may depend on z, but we omit this depen-
dence in the notation for simplicity. Note that we do not take the closure w.r.t. the topology of Lo(p)
since we assume that V is finite and therefore F is finite-dimensional and thus topologically closed.

3.2 GBDT ALGORITHM UNDER CONSIDERATION

Our theoretical analysis holds for classic GBDT algorithms discussed in Section 2.T|equipped with
regularization from |Ustimenko & Prokhorenkoval(2021). The only requirement we need is that the
procedure of choosing each new tree has to be properly randomized. Let us discuss a tree selection
algorithm that we assume in our analysis.

Each new tree approximates the gradients of the loss function with respect to the current predictions
of the model. Since we consider the RMSE loss function, the gradients are proportional to the
residuals r; = y; — f(x;), where f is the currently built model. The tree structure is defined by
the features and the corresponding thresholds used to split the space. The analysis in this paper
assumes the SampleTree procedure (see Algorithm [T, which is a classic approach equipped with
proper randomization. SampleTree builds an oblivious decision tree (Prokhorenkova et al., 2018)),
i.e., all nodes at a given level share the same splitting criterion (feature and threshold)l To limit
the number of candidate splits, each feature is quantized into n + 1 bins. In other words, for each
feature, we have n thresholds that can be chosen arbitrarilyf_f] The maximum tree depth is limited by
m. Recall that we denote the set of all possible tree structures by V.

We build the tree in a top-down greedy manner. At each step, we choose one split among all the
remaining candidates based on the following score defined for v € V and residuals 7:

L& (S e )
Ng SV, 6 ()

*The finiteness of V is important for our analysis, and it usually holds in practice, see Section

3In fact, the procedure can be extended to arbitrary trees, but this would over-complicate formulation of the
algorithm and would not change the space of tree ensembles as any non-symmetric tree can be represented as a
sum of symmetric ones.

*A standard approach is to quantize the feature such that all n + 1 buckets have approximately the same
number of training samples.

3)
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Algorithm 1 SampleTree(r; m,n, ) Algorithm 2 TrainGBDT(z; ¢, T, m,n, 3, \)
input: residuals r = (r;)Y ; input: dataset z = (Xn,yn)
output: oblivious tree structure v € V hyper-parameters: learning rate ¢ > 0,
hyper-parameters: number of feature splits n, regularization A > 0, iterations of boost-
max. tree depth m, random strength /5 € [0, 00) ing T, parameters of SampleTree m,n, 8
definitions:
S = {(j,k)|j e{l,....d},ke{l,...,n}} — instructions:
indices of all possible splits initialize 7 = 0, fo(-) = Op,(p)
instructions: repeat .
initialize i = 0,9 = 0, S =S rr =y~ — fr(xn) — compute residu-
repeat als

sample (u;(s)) es ~ U([0,1]7477) v; = SampleTree(r,;m,n, ) — con-

choose next split as {s;y1} = struct atzre;,ve 69 (1)r Lor
— (&= Pu T
arg maX(D((Vi7s),r) — Blog(—logui(s))) 07 = ( SN oY) (20) )j:l
s.(eisﬁ') ( ) ues in leaves
update tree: viy1 = (Vi, Sit1 4 fra) = (1 — 29)f() +
update candidate splits: SC+1) = SO\ {5} v

— set val-

e<¢w (), 07>RLV, — update model

1=1+1 T=7+1
until i > mor S = until 7 > T
return: v; return: fr(-)

In classic gradient boosting, one builds a tree recursively by choosing such split s that maximizes
the score D((v;, s),r) (Ibragimov & Gusev, 2019)E] Random noise is often added to the scores to
improve generalization. In SampleTree, we choose a split that maximizes

D((Vi, ), r) + &, where ¢ ~ Gumbel(0, ) . ()]

Here (3 is random strength: 5 = 0 gives the standard greedy approach, while 5 — oo gives the
uniform distribution among all possible split candidates.

To sum up, SampleTree is a classic oblivious tree construction but with added random noise. We do
this to make the distribution of trees regular in a certain sense: roughly speaking, the distributions
should stabilize with iterations by converging to some fixed distribution.

Given the algorithm SampleTree, we describe the gradient boosting procedure assumed in our
analysis in Algorithm It is a classic GBDT algorithm but with the update rule f,i1(-) =
(1 = Xe/N) f7(+) + ew-(x). In other words, we shrink the model at each iteration, which serves
as regularization (Ustimenko & Prokhorenkoval 2021). Such shrinkage is available, e.g., in the
CatBoost library.

3.3 DISTRIBUTION OF TREES

The SampleTree algorithm induces a local family of distributions p(-|f, §) for each f € F:
p(av]f, 8) = P({SampleTree(yn — f(xn);m,n, 8) € dv}).

Remark 3.1. Lemmaensure that such distribution coincides with the one where we use f.(xx)
instead of y . This is due to the fact that D(V, YN — f(xN)) = D(V7 fe— f(XN)) YveV, feF.

The following lemma describes the distribution p(dv|f, 3), see Appendix [E for the proof.
Lemma 3.2. (Probability of a tree E]

D(vg ism)
B

m
plf.B) = > 11 - B0

SEPm i=1 ZSES\Vg‘i—l €

SMaximizing (@) is equivalent to minimizing the squared error between the residuals and the mean values
in the leaves.

SNote that for oblivious decision trees, changing the order of splits does not affect the obtained partition.
Hence, we assume that each tree is defined by an unordered set of splits.
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where the sum is over all permutations ¢ € Pp, Vei = (5¢(1);- - 8¢(i)), and v = (81,...,5m).

Let us define the stationary distribution of trees as 7(-) = limg_,o p(:|f, 3). It follows from Re-
mark [3.1]that we also have 7 (-) = p(-| f+, 3).

Corollary 3.3. (Stationary distribution is the uniform distribution over tree structures)
We have w(dv) = ‘dy‘/(if)’ where (TTL:) _ __ (nad)!

(nd—m)!m!"
3.4 RKHS STRUCTURE

In this section, we describe the evolution of GBDT in a certain Reproducing Kernel Hilbert Space
(RKHS). Even though the problem is finite dimensional, treating it as functional regression is more
beneficial as dimension of the ensembles space grows rapidly and therefore we want to obtain
dimension-free constants which is impossible if we treat it as finite dimensional optimization prob-
lem. Let us start with defining necessary kernels. For convenience, we also provide a diagram
illustrating the introduced kernels and relations between them in Appendix

Definition 3.4. A weak learner’s kernel k,, (-, ) is a kernel function associated with a tree structure
v €V which can be defined as:

; N
Zw VD ()¢ ("), where w() = o) N = Z¢(]) (7).
max{ Ny,

This weak learner’s kernel is a building block for any other possible kernel in boosting and is used
to define the iterations of the boosting algorithm analytically.

Definition 3.5. We also define a greedy kernel of the gradient boosting algorithm as follows:

Ky(z,2") Zk x, 2 \p(v|f,B).

veV

This greedy kernel is a kernel that guides the GBDT iterations, i.e., we can think of each iteration
as SGD with a kernel from [3.5] and [3.4] is used as a stochastic gradient estimator of the Fréchet
derivative in RKHS defined by the kernel from

Definition 3.6. Finally, there is a stationary kernel K(z, 2") that is independent from f:

= Z ky(z, 2" )7 (v)

veV
which we call a prior kernel of the gradient boosting.

This kernel defines the limiting solution since the gradient projection on RKHS converges to zero,
and thus 3.5 converges to

Note that /' = span {IC )| x e X } Having the space of functions F, we define RKHS
structure H = (]: (e >7.[) on it using a scalar product defined as

(f;KCo0))n = f(a)-

Now, let us define the empirical error of a model f:

1 A
L(f,2) = 5 llyw = Fxn) gy + ﬁ”f”%—t'
Then, we define V(f, \) = L(f, ) —infrc 7 L(f’, A). Let us also define the following functions:
2 carg min ;. » V(f, A) and
fo= hm f2 € argmin V(f), where V(f) = V(£,0).
fer

It is known that such f, exists and is unique since the set of all solutions is convex, and therefore
there is a unique minimizer of the norm || - ||%. Finally, the following lemma gives the formula of
the GBDT iteration in terms of kernels in Lemma [3.7) which will be useful in proving our results.
See Appendix |D|for the proofs.

Lemma 3.7. Iterations f. of Gradient Boosting (Algorithm[2)) can be written in the form:

frai=(1~ %)ff + %kVT(.7XN)[f*(XN) - fT(XN)]vVT ~p(v|f-, B)-
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3.5 KERNEL GRADIENT BOOSTING CONVERGENCE TO KRR

Consider the sequence { f; }-en generated by the gradient boosting algorithm. Its evolution is de-
scribed by Lemma([3.7] The following theorem estimates the expected (w.r.t. the randomness of tree
selection) empirical error of fr relative to the best possible ensemble. The full statement of the
theorem and its proof can be found in Appendix

Theorem 3.8. Assume that 3, Ty are sufficiently large and € is sufficiently small (see Appendix|G).
Then, VT > T7,

_o(«Z-T) )\26 A
EV(fT,)\)SO<€ ( N )+W+G+W>
Corollary 3.9. (Convergence to the solution of the KRR problem) Under the assumptions of the
previous theorem, we have the following dimension-free bound:

[ e(T=Ty) 22 A
Ellfr — f2I7, < O(e o(«51) +W6+Ne+B—N).

This bound is dimension-free thanks to functional treatment and exponentially decaying to small
value with iterations and therefore justifies the observed rapid convergence of gradient boosting
algorithms in practice even though dimension of space H is enormous.

4 GAUSSIAN INFERENCE

So far, the main result of the paper proved in Section [3.5]shows that Algorithm 2] solves the Kernel
Ridge Regression problem, which can be interpreted as learning Gaussian Process posterior mean f2

under the assumption that f ~ GP(0, 02K+ 621dy,, ) where \ = ‘g—j Le., Algorithmdoes not give
us the posterior variance. Still, as mentioned earlier, we can estimate the posterior variance through
Monte-Carlo sampling in a sample-then-optimize way. For that, we need to somehow sample from
the prior distribution GP(0, 02K + §%1dy,).

4.1 PRIOR SAMPLING

We introduce Algorithm [3| for sampling from
the prior distribution. SamplePrior generates an ~ Algorithm 3 SamplePrior(T, m, n)

ensemble of random trees (with random splits hyper-parameters: number of iterations 7,
and random values in leaves). Note that while parameters of SampleTree m, n

being random, the tree structure depends on the

dataset features x, since candidate splits are Fn'st'ru.ctlons:
based on x initialize 7 = 0, ho(z) =0
repeat

We first note that the process hp(-) is centered

with covariance operator K: vy = SampleTree(Ogv;m, n, 1) — sample

random tree
Ehp(z) =0 Vo € X, 6, ~ N(ORLVT,diag(

) 1 j €
Ehr(z)hr(y) = K(z,y) Y,y € X.

____ N
max{N 1}

{1,...,L,. })) — generate random values

Then, we show that hr(-) converges to the in leaves
Gaussian Process in the limit. hei1(s) = he(0) + %<¢, (), 0 >RL —
T T T \Pv, ) Ur vy
Lemma 4.1. The following convergence holds update model
almost surelyinx € X: T=7+1
until 7 > T

hr(-) m gP(OLz(p)”C) : return: hp(-)

4.2 POSTERIOR SAMPLING

Now we are ready to introduce Algorithm [4| for sampling from the posterior. The procedure is
simple: we first perform Ty iterations of SamplePrior to obtain a function A, (-) and then we train a
standard GBDT model fr, (-) approximating yn — ohr, (xn) + N (On, 821 ). Our final model is
ohr, (1) + fr. ().
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Figure 1: KGB on a synthetic dataset.

We further refer to this procedure as
SamplePosterior or KGB (Kernel Gra-
dient Boosting) for brevity. Denote
hoo = lim hTo afoo = 1iInf'lﬁ 5
To—o00

where the first limit is with respect to
the point-wise convergence of stochas-
tic processes and the second one with
respect to Lo(p) convergence.

The following theorem shows that KGB

Algorithm 4 SamplePosterior(z; €, T1, Ty, m, n, 8, 0,0)

input: dataset z = (xn,ynN)

hyper-parameters: learning rate € > 0, boosting iter-
ation 77, SamplePrior iterations 7§, parameters of Sam-
pleTree m,n, 3, kernel scale ¢ > 0 (default ¢ = 1),
noise scale 6 > 0 (default: 6 = 0.01)

instructions:

hz, () = SamplePrior(Ty, m, n)

YNy =yn — ohp,(xn) + N(On, 0% 1n)

fr,() = TrainGBDT ((xn, y3)s €, T1, m,n, B, £5)

indeed samples from the desired poste-
rior. The proof directly follows from

Lemmas @ Tland 211

Theorem 4.2. In the limit, the output of Algorithm{d|follows the Gaussian process posterior:

Thoo(-) + foo ) + N(0,6%) ~ GP(f.K)

return: ohr, () + fr,(*)

with mean f(z) = K(z,xy)(K(xn,xn) + /\IN)_lyN and covariance K(z,z) = 02 +
o (K(z,z) — K(z,xn) (K(xn,xn) + )\IN)fllC(XN,x)) .

5 EXPERIMENTS

This section empirically evaluates the proposed KGB algorithm and shows that it indeed allows for
better knowledge uncertainty estimates.

Synthetic experiment To illustrate the KGB algorithm in a controllable setting, we first conduct
a synthetic experiment. For this, we defined the feature distribution as uniform over D = {(z,y) €
0,12: L <(@—-3)P2—-(y—3)P2<3A@<Eva>2)A(y<ZVvy>32)} Wesample 10K
points from U([0,1]?) and take into the train set only those that fall into D. The target is defined
as f(x,y) = = + y. Figure illustrates the training dataset colored with the target values. For

evaluation, we take the same 10K points without restricting them to D.

For KGB, we fix € = 0.3, Ty = 100, 77 = 900,0 = 1072, = 107* 8 = 0.1, m = 4, n = 64, and
sampled 100 KGB models. Figure[1(b)|shows the estimated by Monte-Carlo posterior mean zi. On
Figure we show log o, where o is the posterior variance estimated by Monte-Carlo. One can
see that the posterior variance is small in-domain and grows when we move outside the dataset D,
as desired.

Experiment on real datasets Uncertainty estimates for GBDTs have been previously analyzed
by|Malinin et al.|(2021)). Our experiments on real datasets closely follow their setup, and we compare
the proposed KGB with SGB, SGLB, and their ensembles. For the experiments, we use several
standard regression datasets (Gal & Ghahramanil [2016). The implementation details can be found
in Appendix [H} The code of our experiments can be found on GitHubﬂ

Thttps://github.com/TakeOver/Gradient-Boosting-Performs-Gaussian-Process-Inference
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Table 1: Predictive performance, RMSE Table 2: Error and OOD detection
Dataset Single Ensemble Dataset PRR AUC
SGB SGLB KGB | SGB SGLB KGB ; SGB SGLB KGB | SGB SGLB KGB
Boston 3.06 312 281 | 3.04 310 2.82 Boston 36 37 43 30 30 38
Concrete | 5.21 511 436 | 521 510 430 Concrete | 29 29 37 92 92 93
Energy 0.57 054 033 | 057 054 033 Energy 36 31 60 100 100 99
Kingnm | 0.14 0.14 011 | 0.14 0.14  0.10 Kin8nm 18 19 20 45 45 41
Naval 0.00 0.00 000 | 0.0 0.00  0.00 Naval 55 56 35 100 100 100
Power 3.55 356 348 | 3.52 354 343 Power 8 9 31 72 73 76
Protein 3.99 399 379 | 3.99 3.99 376 Protein 30 29 35 99 99 100
Wine 0.63 063 061 | 0.63 0.63  0.60 Wine 25 19 37 74 72 87
Yacht 0.82 084 052 | 083 0.84  0.50 Yacht 74 78 86 62 60 69
Year 8.99 896 897 | 897 893  8.94 Year 30 30 32 67 57 7

We note that in our setup, we cannot compute likelihoods as kernel K is defined implicitly, and
its evaluation requires summing up among all possible trees structures number of which grows as
(nd)™ which is unfeasible, not to mention the requirement to inverse the kernel which requires
O(N?**+%) operations which additionally rules out the applicability of classical Gaussian Processes
methods with our kernel. Therefore, a typical Bayesian setup is not applicable, and we resort to the
uncertainty estimation setup described in|Malinin et al.[|(2021)). Also, the intractability of the kernel
does not allow us to treat o, § in a fully Bayesian way, as it will require estimating the likelihood.
Therefore, we fix them as constants, but we note that this will not affect the evaluation metrics for
our setup as they are scale and translation invariant.

First, we compare KGB with SGLB since they both sample from similar posterior distributions.
Thus, this comparison allows us to find out which of the algorithms does a better sampling from the
posterior and thus provides us with more reliable estimates of knowledge uncertainty. Moreover, we
consider the SGB approach as the most “straightforward” way to generate an ensemble of models.

In Table[I] we compare the predictive performance of the methods. Interestingly, we obtain improve-
ments on almost all the datasets. Here we perform cross-validation to estimate statistical significance
with paired ¢-test and highlight the approaches that are insignificantly different from the best one
(p-value > 0.05). Then, we check whether uncertainty measured as the variance of the model’s pre-
dictions can be used to detect errors and out-of-domain inputs. Detecting errors can be evaluated via
the Prediction-Rejection Ratio (PRR) (Malinin,|2019; Malinin et al.,|2020). PRR measures how well
uncertainty estimates correlate with errors and rank-order them. Out-of-domain (OOD) detection is
usually assessed via the area under the ROC curve (AUC-ROC) for the binary task of detecting
whether a sample is OOD (Hendrycks & Gimpel, [2017). For this, one needs an OOD test set. We
use the same OOD test sets (sampled from other datasets) as Malinin et al.| (2021)). The results of
this experiment are given in Table[2] We can see that the proposed method significantly outperforms
the baselines for out-of-domain detection. These improvements can be explained by the theoretical
soundness of KGB: convergence properties are theoretically grounded and non-asymptotic. In con-
trast, for SGB, there are no general results applicable in our setting, while for SGLB the guarantees
are asymptotic. In summary, these results show that our approach is superior to SGB and SGLB,
achieving smaller values of RMSE and having better knowledge uncertainty estimates.

6 CONCLUSION

This paper theoretically analyses the classic gradient boosting algorithm. In particular, we show that
GBDT converges to the solution of a certain Kernel Ridge Regression problem. We also introduce
a simple modification of the classic algorithm allowing one to sample from the Gaussian poste-
rior. The proposed method gives much better knowledge uncertainty estimates than the existing
approaches.

We highlight the following important directions for future research. First, to explore how one can
control the kernel and use it for better knowledge uncertainty estimates. Also, we do not analyze
generalization in the current work, which is another important research topic. Finally, we need to
establish universal approximation property which further justifies need for functional formalism.
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A NOTATION USED IN THE PAPER

For convenience, let us list some frequently used notation:

X c R? — feature space;
d — dimension of feature vectors;
Y C R — target space;
p — distribution of features;
N — number of samples;
z = (xy,yn) — dataset;
Y — set of all possible tree structures;
L, : V — N — number of leaves for v € V;
D(v, r) — score used to choose a split (3));
S — indices of all possible splits;
n — number of borders in our implementation of SampleTree;
m — depth of the tree in our implementation of SampleTree;
B — random strength;
€ — learning rate;
A — regularization;
JF — space of all possible ensembles of trees from V;
¢y : X — {0,1}1 — tree structure;
(yj ) indicator of j-th leaf;
V(f) — empirical error of a model f relative to the best possible f' € F;
k,(-,-) — single tree kernel;
K(-,-) — stationary kernel of the gradient boosting;
p(+|f, B) — distribution of trees, f € F;
m(-) = limg_,00 p(:| f, B) = p(+| f+, B) — stationary distribution of trees;

o — kernel scale.

The following diagram illustrates the kernels introduced in our paper:

Weak learner’ kernel &, : X x X - Ry ------—-—--T=--~ 2

actsas fr=ky f(xN)

lexpected vawe T

T—00

<
Iteration kernel ¢, : X x X - Ry ———— Stationary Kernel £ : X x X — Ry

Iused in dot product

H = (]:7 <'7 >H)

B ADDITIONAL RELATED WORK

expected value f

DI

-

Let us briefly discuss some additional related work. Mondrian forest method (Balog et al., [2016)
and Generalized Random Forests (Athey et al.l [2019), besides having links to the kernel methods,
in fact, have the underlying limiting RKHS space that is much smaller than the space of all possible
ensembles built on the same weak learners due to the independence of the trees that are added to
the ensemble. Therefore, there is an issue of high bias when comparing plain gradient boosting with
the plain random forest method. Also, these two methods are built from scratch to obtain an RKHS
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interpretation while we provide a link between the existing standard gradient boosting approaches
to the kernel methods, i.e., we do not create a novel gradient boosting algorithm but rather show that
the existing ones already have such a link to derive convergence rates and to exploit such linkage
to obtain formal Gaussian process interpretation of the gradient boosting learning to get uncertainty
estimates using well-established gradient boosting libraries.

Let us mention that there are approaches that study kernels induced by tree ensembles through
the perspective of Neural Tangent Kernel (Kanoh & Sugiyamal [2022), though this analysis is not
applicable for classical gradient boosting, while ours is.

Let us also briefly discuss the papers on Neural Tangent Kernel, e.g., Jacot et al.| (2018)); Li & Liang
(2018)); |Allen-Zhu et al.[ (2019); Du et al.| (2019), that study deep learning convergence through the
perspective of kernel methods. Though such works share similarities with what we do, there are
fundamental differences. First, our work is not in the over-parametrization regime, i.e., our kernel
method correspondence works for tree ensembles with fixed parameters, but the correspondence
is achieved as the number of iterations goes to infinity. It is worth noting that the kernel method
perspective on deep learning basically establishes that each trained deep learning model is a sample
from Gaussian Process posterior (Lee et al., [2020; 2018} |Yang, [2019; [Cho & Saul, 2009), i.e., is
sample-then-optimize. For boosting, we achieve this only by introducing Algorithm [4| relying on
Algorithm[3] which in its essence, is random initialization for gradient boosting. The classic gradient
boosting (Algorithm [2)) can be considered as the mean value of the Gaussian Process, which has no
analogs in the world of deep learning, and to achieve convergence to posterior mean there, one needs
to average among many trained models. This can be considered as an advantage of gradient boosting
over deep learning that we derive in our paper.

C CONVEX OPTIMIZATION IN FUNCTIONAL SPACES

In this section, we formulate basic definitions of differentiability in functional spaces and the theo-
rem on the convergence of gradient descent in functional spaces. For the proof of the theorem and
further details on convex optimization in functional space, the reader can consult|Luenberger|(1969).

We consider H to be a Hilbert space with some scalar product (-, -).

Definition C.1. We say that /' : 4 — R is Fréchet differentiable if for any f € # there exists a
bounded linear functional Ly : H — R such that Vh € H

F(f+h)=F(f)+ Lg[h] + o(|[n]]) -
The value of Ly : H — R is denoted by Dy F'(f) and is called a Fréchet differential of F" at point
f. So, Fréchet differential is a functional Dy F' : H — B(H,R), where B(X,Y") denotes a normed
space of linear bounded functionals from X to Y.
Definition C.2. Let F' : 4 — R be Fréchet differentiable with a Fréchet differential D, F(f)
that is a bounded linear functional. Then, by the Riesz theorem there exists a unique h such that
(DyF(f))[h] = (hs, h)3 Yh € H. We call such element a gradient of F in H at f € H and denote
itby Vy F(f) = hy € H.
Definition C.3. I’ : H — R is said to be twice Fréchet differentiable if Dy F' is Fréchet dif-
ferentiable, where the definition of Fréchet differential is analogous to Definition with the
only difference that D;F' takes values in B(#,R). The second Fréchet differential is denoted
by D}F : H — B(H,B(H,R)). As there is an isomorphism between B(H,B(#,R)) and
B(H x H,R), we can consider the second Fréchet differential to take values in B(H x H,R).
Henceforth, we will not differentiate between B(#H, B(H,R)) and B(H x H,R).
Definition C.4. A linear operator P : H x H — R is said to be semi-positive definite (denoted by
P = 0)ifVf € H we have P(f, f) > 0. P is said to be positive definite (P > 0) if Vf € H \ {0}
we have P(f, f) > 0.
Definition C.5. Given two linear operators P,G : H x H — R we write P = G if P — G > 0 and
P>=GifP—-G>0.

Let I € B(H x H,R) be a linear operator defined as I(g, h) = (g, h)x.

Theorem C.6. Let F' be bounded below and twice Fréchet differentiable functional on a Hilbert
space H. Assume that ’DJ%F (f) satisfies 0 < mI =< DJ%F (f) = ul. Then the gradient descent
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scheme:
frr1 = fo — eVuF(fr)

converges to f, that minimizes F.

Proof. For the proof see Luenberger (1969). O

D KERNEL RIDGE REGRESSION AND RKHS

Definition D.1. £ : X x X — R is called a kernel function if it is positive semi-definite, i.e.,

VN € NT Vxpy € XN /C(XN,XN) > 0.

Definition D.2. For any kernel function we can define a Reproducing Kernel Hilbert Space (RKHS)
H(K) = span {K(-,z)|z € X}

with a scalar product such that

(fs G2y = flz).

Consider the following Kernel Ridge Regression problem:

1 A
V(f,\) = ==y~ — 2+ =|fl3 ) — min V(f,A i
(£ 0 = g lyw = Fomllrs + 57 1l = 2oin V(A = min

and the following Kernel Ridgeless Regression problem:

1
V(f) === - Zv — min V in .
(F) = g llyn = FOen)llw = poin V(f) = min

Lemma D.3. miny ) V(f, \) has the only solution

[ =K(xn) (K(xn,xn) + M) lyn

Proof. First, let us show that f} € span{K(,z;)}. Let H(K) = span{K(-,z;)} @
span {K(-, ncl)}L and consider the projector P : H(K) — H(K) onto the space span {K(-, z;) }.
It is easy to show that P(f)(xy) = f(xy) for any f € H(K). Indeed,
(f = P(f)xn] = (f = P(f),K(,xn)) =0.
If f) does not lie in span {IC(-7 xz)}, then Hf*)\”H(IC) > ||P(fj‘)||H(;C) and V(P(f)),\) <
V(f2, \). We get a contradiction with the minimality of f?.
Now, let us prove the existence of f,f‘ Consider f = K(-,xn)c, where ¢ € RY. Then, we find the
optimal ¢ by taking a derivative of V(f, \) with respect to ¢ and equating it to zero:
Kxn,xN)(K(xXn,xn)c —yn) + A(xn, xn)c =0.
Then,
co = (K(xn,xn) + M) " yn +v),

where v € ker K(xy,xy). Note that all (-, xy)c, are equal. Then, we have the only solution of
the KRR problem:

2 =K(,xn)(K(xn,xn) + M) Ly
O

Lemma D.4. miny ) V(f) has the only solution in span {K(-,x;)} and it is the solution of min-
imum RKHS norm:

fo = K(xn)Kxn, xn)yn

14
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Proof. Consider f = K(-,xy)c, where ¢ € RY. Now consider V(f) and differentiate it with
respect to c. If we equate the derivative to zero, we get:

1

N’C(XN,XN)(K:(XN,XN)C —yn)=0.

Then, K(xn,xn)c—(yn+v) = 0forsome v € ker K(xn,xy). Note that yy +ker (xn,xn)N
Im K(xn, %) # 0. Then, for any v such that y ;y +v € Im KC(x v, xv) there exists a solution ¢, =
K(xn,xx) (yn + v) + ker K(xx, xn). This follows from the fact that K(xx, x5 ) K (X, xn) T
is an orthoprojector onto Im K(x v, x ). Note that

fo=KCxn)(Kxn,xn) (yn +v) + ker K(xn, xn)) = K(-, xn)K(xn, xn5) Ty n.
Then, the existence and uniqueness of f, follow. [
Now, consider a linear space F C L2 (p) of all possible ensembles of trees from V:

F=span{¢Y(): X - {0,1}veV,je{l,...,L,}}.

Define the unique function:

{fs} = lim argminV(f,\) C argmin V(f).
A=04 feF feF

Then following two lemmas hold:
LemmaD.5. (yy — f«(xn), f(xn))ry = 0 forany f € F.

Proof. Assume that (yn — f«(xn), f(xn))ry # O for some f € F. Then, for some f € F,
(yn — f«(xn), f(xn))ry > 0. We have:

Iy = (e + af) (xn) Iz
= llyn — felxn)lzy — 2a{yn — fulxn), f(xn))ry + || f(xn)|[Rn
<llyn = fo(xn)lzn

for small enough o > 0, which contradicts with the definition of f,.

Lemma D.6. ) \
V(f,A) = ﬁ”f*(xjv) — f(xn)E~ + ﬁ”f”g-t —C\
where C)\ = inffep L(f, )\) — inffep L(f) Z 0

Proof. We need to prove it only for V' ( f) without regularization as for regularized it follows imme-
diately (note that f, is minimizer of not regularized objective). By definition,

1 1
V() = gy = Fen) = 5o lyn = foGe) [
Now, let us prove that
Iy = fGen)llew = llyw = fo(xn)lzn = I1f«(xn) = f(xav) [l = 0.
Indeed,
lyn = Fxn) g = lyw = Felxen)lzn = I1fo(xn) = f(xn)llzw

= =2(fu(xn), fe(xn))ry = 2(y N, f(XN) — fu(xN))ry 4+ 2(fu(xXN), f(XN))RN
= =2(yn — f«(xn), f(xN) = fu(xn))ry =0,

where the last equality follows from the previous lemma. O

LemmaD.7. V(f,A) = 55|/ (xn) — f(xn) 3y + 512 — fII3
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Proof. f7 is optimum for V (f, \). Then Fréchet derivative at f equals 0:
DV (£, N) = 0.
Consider then writing:
1 A
= ﬁ”ff(XN) — [(xn) IRy + ﬁ“fﬁ(xzv) — F(xn)llRw-
The explicit formula for the Fréchet Derivative of V'(f, \) can be found in Appendix O
E GAUSSIAN PROCESS INFERENCE

In this section, we prove Lemma [2.1| from Section [2.3]of the main text.

Firstly, consider the following regularized error functional:

N
1 2 A 9
/, 2N2 o1~ min n (a3 20 (10 =) + 551115
With this functional we can consider the following optimization problem:
min V(f,
;i V),

which is called as Kernel Ridge Regression.

We will show that this functional satisfies the conditions needed for Theorem We will also
deduce the formula of the gradient of V' in order to show that gradient descent takes the form (2).

Lemma E.1. V(f, \) is Fréchet differentiable with the differential given by:

N

A 1
i=1
where ev,, : H(K) — R is a bounded linear functional such that ev,,(f) = f(z;) =

(.fv K(xza ))'H(KZ)

Proof. As Fréchet differential is linear, we only need to find Fréchet differential for (f(z;) — ;).
Note that (f(x;) — y;)? is a composition of two functions:
F:H(K) =R, F=evy, —yi,
G:R—R, G(x) =27.
The differential of the composition can be found as:

DyG(F()) = 5-CFNDSE),

DyG(F(f)) = 2(f (i) — yi)eva, ,
where Dy F'(f) = ev,, because

€Vg, (f + h) —Yi = €Vg,; (f) —Yi + ev@i(h) .

O
Lemma E.2. The gradient of V(f, \), Riesz representative of the functional above, is given by:
ALl
ViV(f,A) = Nf TN Z;(f(l"z) = ¥i)Ka, -

8We further use the notation Ky, := K(-, z;).
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Proof. Follows from the previous lemma. O

Lemma E.3. V ([, \) is twice Fréchet differentiable with the differential given by:
DiV: H(K) — B(H(K), B(H(K),R)),

N

2V(f,N)[h] = %(h, VHc) + % Z h(x;)evy, .

i=1
Proof. Due to the linearity of Fréchet differential and lemma we need to find only Fréchet
differential for (f(x;) — yi)evy,.

Consider S(f) = (f(x;) — yi)evs,. Then we need to find Vy € B(H(K), B(H(K),R)) such that
S(f +h) = S(f) + Vilhl + o([[A]]).

It is easy to show that h — h(z;)ev,, € B(H(K), B(H(K),R))and S(f+h) = S(f) +h(x;)evy,.
Thus, we get that D¢S(f)[h] = h(x;)ev,,. From this the statement of the lemma follows. O

Given all the above lemmas, as a corollary of Theorem[C.6} we have the following.
Corollary E.4. Gradient descent, defined by the following iterative scheme

f7'+1 (1 - a7 Z fT xl - z M’ fO OLQ(p)
converges to the optimum of V (f, \). Thus,
-1
2= aim fr = K(xn) (K xn) +AIv) -y ©)

Proof. By LemmalE.2] our update rule has the form
f'r+1 = fT - EV'HV(fT’)‘)'
Then, we will find 1, 1 such that 0 < mI < D3V (f,\) < ul. By Lemma
A 1
V(Mg b = 579, hhwe) + NQ(XN)Th(XN%

Then, we can take m = % Let us also write

A 1
2 _ 2 2 _
DiV(f, Mg, 9] = 5 19lBu) + w5 l9Gem) ™ =

A 1 A 1
*||9||gr¢ ) + N||<97 K(xn))naoll? < (N N gleaglc(% 2)9l3ix)

Then, we can take ;1 = N + = maxwe x K(z,z). By theorem and lemma the corollary
follows.

O

Lemma E.5. Consider the gradient descent:

N
fT—O—l:(l*i T € Z Kai s

Jo=0r,(),
Joo = lim f:
T—>00

and the following randomization scheme:
1. sample ™" ~ GP(0r,(,), 0°K + 6°Idp,);
2. set new labels yi*" = yn — 7 (xn);
3. fit GD f-(-) on y N assuming fo(-) = O, (,);
4. output f(-) = ™ () + foo(-) as final model.
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Then, f from the scheme above follows the Gaussian Process posterior with the following mean and
covariance:

Ef(x) = IC(:E,XN)<IC(XN,XN) + )\IN>_1yN ,

-1

cov(f(x)) =624 42 (IC(:U,JC) — IC(x,XN)(IC(XN,XN) + )\IN) IC(XN,ac)) )

Proof.
foo = KCoe) (KGewoxn) FALY ) 36 = K(xen) (KGew x4 ) (S (xn) .
Let us find the distribution of f at x € R™. It can be easily seen that:
Ef(z) = K(z,xn) (IC(XN,XN) + )\IN> _1yN :
Let us now calculate covariance:

covf(z) = E(f(x) — Ef(2))(f(z) — Ef(z))"

= (/" (@) — Ko, xx) (Kxn,xn) + Ay ) F™ (xx)

() — Kol ) (Koo ) + AT 7 )

_ Efinit(x)finit(z)T o Efinit(x)finit(XN)T (IC(XN, XN) —+ /\IN) _IIC(XN, x)
— K(z,xn) (/C(XN, xy) + )\IN> TR () I ()T
K 30) (Ko ew) + M) EF7 o) 4 o)™ (Koew3ev) + Ay ) Ky, 2)
=42 + o? (IC(:L’,:I?) — ZIC(m,XN)(’C(XN,XN) + /\IN)illC(XN,I))
+ 0’2’C(I, XN)(IC(XN, XN) + A[N)illc(XN, IE))
=62+ 02 (IC(ZZ?,JJ) — K(z,xn)(K(xn,xn) + )\IN)71]C(XN,I)),

which is exactly what we need. O

F DISTRIBUTION OF TREES

Lemma F.1 (Lemma[3.2]in the main text).

m eD(VEiJ“)
p(V|f7 /8) = E H D((vg,i—1,5),7)
GEPm i=1 Zs@S\ug,i,l e B
where the sum is over all permutations ¢ € Py, Ve i = (5¢(1), -+, 5¢3i)), and v = (81, .., 8m).

Proof. Let us fix some permutation ¢ € P,,. Wlo.g, let¢ = idp, , i.e. (i) = ¢Vi. It remains

to derive the formula for the fixed permutation. The probability of adding the next split given the

previously build tree is:

e%D(lmT)

P(vi—1 Usslvi—q) = T
ZsES \Vi—1 e?

which comes from (@) and the Gumbel-SoftMax trick. Then, we decompose the probability P(v) of
a tree as:

D((Vifl’s)ﬂﬂ) ’

m

P(v) = HP(Vi—l U silvie1),
i=1
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and so for the fixed permutation we have

m %D(Vi/")

Pw) =11 LD 1,8)7)

3
i=1 2:968\u7 1 e?

Then we sum over all permutations and the lemma follows.

O
Now, let us define the following value indicating how different are the distribution of trees for f and
fa:
Ts(f) = Inax{max p(v|f, B) p 1/|f 3) ’}
VeV V|f7 B) I s ‘fh B)

Lemma F.2. The following bound relates the distributions.

Ls(f) <e

2mV (f)
B

Proof. Consider ™ = p(+|f«, 8) and the following expression P(v,<):

m %D(Vs‘ i;T)

P(v,q) := H ID((veri1,9),7)

B
i=1 ZSES\V& i—1 er

Then,

m

Z Pl < Z eﬁD(M)H; Se%i(f)ﬂ(l/).

gE’Pwn <E7’m =1 ZSGS\VS,”I:*I 1
where in second inequality we used D(v, 1) < 2V(f) which straightly follows from the definition.

By noting that the probabilities remain the same if we shift D(-,r) « D(-,7) — 2V (f) which
becomes everywhere non-positive and allows us to do the above trick once more but in reverse
manner: if we formally replace the D with such modified function and repeat the steps with reversing
the inequalities which is needed since the new function is everywhere negative then the lemma
follows.

m

m 1 mV (f)
O S L D | B )
SEPm SEPm i=1 SES\v;—1

G PROOF OF THEOREM [3_§]

G.1 RKHS STRUCTURE

In section 3.4l we defined RKHS structure on F as:

(f (s 2))n) = o)

and we introduced the kernels k,,, IC¢, K. Let us also define a kernel /Cp, (-, ) => ey k(- )p(v)
for arbitrary distribution p on V. This way, taking p as §,(-), p(v | f, B), 7(-) we get K,, equal to
ky,, Ky, IC, respectively.

For each kernel, we define the operator associated with it denoted similarly:

Kp: F—=F,

f|—>/IC )p(dz).

Lemma G.1. Consider two positive semidefinite operators on a finite dimensional vector space V' :
A:V - Vand B :V — V suchthat A = B. Then, Im A > Im B.

Lemma G.2. K, : F — F is invertible for p non-vanishing on V.
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Proof. Note that Im k,, = span{¢J, | j = 1,...,L,} and p(v)k, < K,. Then, ImK,, = F follows
from lemma|G.1] Thus, C, is invertible. O

Lemma G.3. F = span {K,(-,z) | x € X'} for p non-vanishing on V.
Proof. From lemma @, ImK, = JF. From the definition of the operator, Im/C, C
span{K,(-,z) | z € X}. Then, the lemma follows. O

Lemma G.4. For non-vanishing distribution p on V

<Icpf7 g>7‘l(l(:p) - <f7 g>L2(p)~

Proof. 1t is sufficient to check on the basis. So, we take g = /ICp,(+, z). Then,

<ICPfa ’Cp('a I)>7~L(K:p) = K:p[f](x) = <f7 IC[)(7 JC)>Lz(p)7
where the second equality holds by the definition of the operator /C,,. O

For a weak learner v, we define a covariance operator:

1
N
Also, for an arbitrary probability distribution p over V, we denote ¥, = > ., ¥,p(v). These
operators are typically referred to as covariance operators.

Eof] = ko (oxn) f(xN), By H = H.

Let us formulate and prove several lemmas about the RKHS structure and operators 3, X ¢, 3.

Lemma G.5. (Courant-Fischer) Let A be an n. X n real symmetric matrix and A\ < ... < X\, its
eigenvalues. Then,

M= it g8 Rale):
Ap = max  min Ry (x),

dimU=n—k+1 xc€U

where Ra(z) = {A2.2) s the Rayleigh-Ritz quotient.

(z,z)

Lemma G.6. p(k,(xn,xn)) = ||k, (xn,xN)|| = N foranyv € V.

Proof. Ttis easy to see that
L, (i
ku (XNa XN) == @¢:1w£1)]1N; XNE»

where 1,,,, is a matrix of size n x n consisting of ones. Then, we note that ||1,,x,,|| = n and now
the statement of the lemma follows. O]

Lemma G.7. (Covariation majorization) The following operator inequality holds for probability
distributions p,p’ over V, where p is arbitrary and p' does not vanish at any v € V:

Amax(zp) < 1a

1
AIﬂin(zp’) Z N

Proof. Consider the following operators:
A:F—=>R" f— f(xn),
B:R" =5 F, v Ky(-,xn)v.

Then, ¥, = %BA and Ky = %’CP(XN,XN) = %AB. As AB and BA have the same spectra,
we further study the spectrum of K.

We have Ky = %K, (xn,xXn) = Y, ey ko (Xn,xn)p(v) and Apaz (Kn) < 1 follows from
lemma Then, Ayyaq () < 1 follows.
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Now we need to show that Apin(3,/) > % Consider the following formula:

N
1
Yy = NZ’C#("%‘) @ (K, Kp (- 2i)
i=1
N
1 Kp (-5 i) Ko (-, 23)
S = Y Ky (@i, 1) (e @,y — e )
TN g Sl Ky @iz ) icp/m,xi))

where (a ®y(xc,,) b)[c] = (b, c)w(k,)a. If a = band [lally,,) = 1. then 1 and O are the only
eigenvalues of a ®4( K,/) @

Denote by S = span{K, (-,z;) | i = 1,...,N} C H(K,) and m = dimS, n = dimH (K, ).
Then,
Amin(zp’) - /\n_m+1(zpl) - d’i'mUril}LIim-‘rl Iajcﬂea[}]{ RZP/ (x)’

(Ep/ﬂ?@)n(ch,)

where Ry, , (z) = .AsdimU =n—m+1,then U NS # &. Suppose Kpy (-, z;) €

(@2) 90,
U NS, then
Kp(ozi) X Kp(zi,x) _ 1
max Ry, ,(z) > Rs , LA R > P v —,
zeU Zp ( )_ p ( ’Cp’(fiafi)) - N - N

where (*) is fulfilled as a @4, K,) @ is a positive semidefinite operator and the last inequality follows
from I,y (z, ) > 1Vx € X.

O

G.2 NORM MAJORIZATION

The following lemmas relate the norms Lo, H,R™ with respect to each otherﬂ Indeed, by these
lemmas we can consider the bound || - ||z, < || - ||x < || - ||r~. Further, in the main theorems we
will use these relations extensively.

Corollary G.8. || f(xn)|| > ||f||n for f € span{K(,x;) |i=1,...,N}.

Proof.

1 1

TG = (EF, flu = IF15
as ¥ = 11 on span{K(-,z;) |i=1,...,N}. O
Lemma G.9. )\, (K) < max,cx K(z, x).

Proof. Consider K as an operator on (F,Lx(p)). We will prove that ||K|g((F 1.(0))) <
maxex K(x,2) and the lemma will follow. Consider the inequality

K[f](x) = <}Ca:af>L2 < ||K$HL2Hf||L2
Then, ||K[f]llz, < maxzex |Kallr,llfllL,- Note also that K(z,z’) < min(K(zx,z), K(2',z"))
which can be easily seen from the definition. Then, ||| L, < K(z,z) and the lemma follows. [
Corollary G.10. (Expected squared norm majorization by RKHS norm) The following bound holds
VfeH:
1170 < maxc K, 2)|| £ [5

Proof. We have
)\maz(,C)”f”’zH Z <1Cfa f>'H = <f7 f>L2 = ||f”%2

Then, from the previous lemma the bound holds. O

Note that || - ||z~ indeed becomes a norm once we restrict our space to span{/K(-,z;) | i =1,...,N}.
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G.3 SYMMETRY OF OPERATORS

In this section, we establish symmetry of various operators with respect to the norms Ly, H,RY.
These results are mainly required to claim that the spectral radii of these operators coincide with their
operator norms in various spaces: B(F, Ly), B(H), B(span{K(-,z;) | i = 1,...,N} | - |lr~).
Though, we use symmetry of operators not only this way.

Lemma G.11. (Universal symmetry of covariance operators in H) The operator ¥, for any p is
symmetric w.r.t. the dot product of H(IC,) for any non-singular p'.

Proof. First, let us prove the statement for non-singular distribution p. To see that, we consider the
following quantity:

Then, we use the following trick: (Kp (-, 2:), fluc,) = (Kp Ky Ky (-, 24), fraec,)- Itallows us
to rewrite:

N
1 _ _
Epf b, = D KKy Ky (i), Plage, ) Ko Ky Kop (5 24), 9D, )-
=1

From this, it immediately follows:

2p = ]bi (le/IC;IICp(.7xi)> On(K,) (’Cp’/C;IICp(',xi)).

1=

This shows that 3, is indeed symmetric w.r.t. the dot product of H(K,/). Finally, we can use the
continuity argument, which we can use due to intrinsic finite dimension, to conclude that symmetry
must hold for arbitrary distributions, in particular for p = 4,, which corresponds to 3,,. O

Lemma G.12. (Universal symmetry of covariance operators in La) The operator ¥, for any p is
symmetric w.r.t. the dot product of L.

Proof. We consider similarly the following quantity:

1 N
(Epfs D, = N ZUCP(" i), e, Ko mi), 9)rk,)-
=1

Then, we use the following trick (K, (-, 2:), f)2(x,) = (K ' Kp (- 2i), f) L, Itallows us to rewrite:

N

<pr7 g>’H(le) = % Z<K;1Kp(ﬂ ‘ri)a f>L2 <’C;IIC;D(" ‘ri)ag>L2'

=1

From this, it immediately follows:

Which shows that ¥, is indeed symmetric w.r.t. the dot product of L. O

Lemma G.13. (Universal symmetry of kernel operators in H) The operator K, for any p is sym-
metric w.r.t. the dot product of H.

Proof. We consider decomposing K, as:

(Kofrg) i = / Ky (. 9) £ (2)9(4)p(dx)p(dy).

XXX
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Then, we use the following trick: f(x) = (IC(-, z), f)x. It allows us to rewrite:
Ko frg) = /X Ky ) (K. ) 9).g)plde)o(a).
From this, it immediately follows:
K= [ Kyla)(Kla) @ K)ol

This shows that /C,, is indeed symmetric w.r.t. the dot product of # since both (-, ) ® (-, y) and
K(-,y) @u K(-, z) are present with the same weight K, (x, y)p(dx)p(dy) = K, (y, z)p(dy)p(dz).
O

G.4 ITERATIONS OF GRADIENT BOOSTING

Lemma G.14. Foranyv € V, we have k, (-, xn)[yn — f«(xn)] = 0.

Proof. Follows from Lemma|[D.3] O

Lemma G.15 (Lemma [3.7]in the main text). Irerations f, of gradient boosting (Algorithm2)) can
be written in the form'

Fron = (1= 3 ) Foob b Comyn = £ on)] = (1= G008+ b Cooen) [ o) = £ )],
e (011, ).

Proof. According to Algorithm 2}

N () T T() V.
f7—+1(') — (1 _ %)ﬂ_() + €<¢V7(')707>RLV7 for 0, = (Zz 1 Pu~ ( z) )L

AR ACH I
Thus,
f‘r+1 ( f7+eizw Z Ti'
i ¢vf,r (zi)=1
Now note that k,, (-, ;) = wj, ¢], (-), where j is such that ¢/, (x;) = 1. From this the lemma
follows. O

From Lemmas [G.15] [D.4] it is easr to show that f., f. € span{K(-,z;) | i = 1,...,N}. Then,

hereafter we can use Corollary [G.8[to bound # norm with R" norm.
Lemma G.16. The iterations of gradient boosting can be represented as:

6_1E(f7' - f7'+1) | fT = ICfTD[fT — f*] + %fﬁ

where D : F — F is bounded linear operator defined as Riesz representative with respect to Lo
scalar product of such bilinear function <; f(xn)"h(xn) = (Df, h)r,. Similar decomposition

holds for V.V (f,\) = KD[f — f.]+ & f-

Proof. First, observe that Ef, 1 | f- = fr — eVV (f;, A) where gradient here is taken with respect
to H(K¢,). Keep in mind that in the definition of V'(f-, A), the norm in the regularizer term is
taken with respect to H(/Cy, ) instead of H(KC). Thus, we need only to prove that V4V (f,A) =

KD[f = f.]+ % f-

Consider Fréchet differential DV (f)[h] = % (f(xn) — f«(xn))Th(xn) = (D[f — f.], h) L, By
Lemmal|G.4] we deduce

DV (f)[n] = %(f(XN) = felxn))Thixn) = (KD[f = f], i)
which implies VV (f) = KD[f — f.] and the lemma follows.
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G.5 MAIN LEMMAS

Lemma G.17. Let A, B € B(H,H) be two PSD operators such that (B — A and A — B are PSD
for some £ € (1,00). Let g, h € H be two arbitrary vectors and \ € R, be a constant. Then,

(Alg] + Agh, Blg] + Mhb > 3 (67| Alg] + Agh][%, — €€ ~ )RR, ).

Proof. Consider the following equality:
(e Alg) + M, Blo] + My = 5 ((l€7 Algl + M2, + || Blg] + M| [ (B — € gl ).
which is basically the classical decomposition of the dot product (z,y) = % (||z[|* + [ly[|* — ||z —
y||2) Then, we note that (1 — 5*2)B — (B — 5’1A) = ¢72(¢A — B) is PSD by assumption and
since (B — {1 A) is PSD it implies that (1 — {72)B > (B — {1 A), which implies:
(Alg] + Xéh, Blg] + Ms > 5 (€7 Alg] + €%, + || Bla] + M[)%, — (1 — €2 Blgl[)-
¢ 1 = &«

Finally, note that TogT — %:;)2 < 52 — 1. Then, the result directly follows from the

following equality:
[Blg) + Ml = (1= ]| Blgll,

=|l¢7' V2 - ¢2Blg] +

¥t )l

;hH?
¢&y2—g2

O

Denote x(A, B) = |[Idy — BA™Y|ga,20) = (B — A)A™ |33, 20)-
Lemma G.18. If¢7'K < Ky < EK for € > 1, then k(K,Kf) <& — 1.

Proof. First, we note that both operators are symmetric semi-positive definite in Lo. Now, let us
look at the Rayleigh quotient:

(K = KK flle =2 (K — KK fl,

K—KHK! = max = m
106 = KR sown = 1w 17l £ 7l

In the last equality we used fact that IC is symmetric positive definite and therefore Kz is too and

hence we can substitute f <« K2 f and use the explicit formula for the dot product in H via the
product in Lo. Now we observe that

—(—1DId, =K 2(K—¢K)K 2 K 3(K—Kp)K ™2

<K (K—¢70OKT2 = (1— & HIdy, < (§—1)dy,,

which implies that the spectral radius p(K~2 (K — K f)IC’%) is bounded by £ — 1. Therefore, we
obtain:

o IR (K =KK™ 3 f|1,
reF\{o0} [

=p(K2(K-KpK™2) <&-1.

Lemma G.19. Let A, B € B(H,H). Then, the following inequality holds:

(Alg] + Ah, Blg) + M) > (3 — (A, B)|Alo] + M}, — 52(A, B) -]
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Proof. Let us rewrite the left part as
(A[g]+Ah, Blg|+Ah)y = (Alg]+Ah, (Idp, +(BA™'—1dy.,)) (Alg]+Ah)+A(Id L, —BA™ " )h)»
= || Alg]+Ahll3, — (Alg] + M, (Idz, — BATY)(Alg]+ b)) + (Alg] + Mo, A(Id g, — BA™ )y
Then, we use the equality (a,b) = % (||al|* + [|b]|*> — ||a — b]|?). Also, we use
(Al + M. (Tdy, — BA™)(Alg] + M)
< || Alg] + Mlll(Idr, — BA™")(Alg] + Ah)[|o
< k(A B)[|Alg] + Mnl%,
to obtain

(Alg)+ M Blal = M > (3 = (4. 3)) 4] + Ml
+ 20z, — BAYI, — SI(Alg] + M) — A(lds, — BA™)h[3,
> (5~ w(4.3) 1410+ Ml = AL+ A0 - 5 10, — BA~ 1l

1 (A, Alg 2 _ 2 By g
2> i_K B H +Ah||7{_"<‘ ( 7B)?Hh||?~£

O
The following lemma holds.
Lemma G.20. If ( + 1)e < 1 and fy = Oy, then V1 the following holds almost surely
fornorms || - ||, || - |11, and || - ||rw~-
Proof. Note that
A€ A€
frrr = fo = (1, = S0de, — 5, ) [fr = £] = S fe

Now observe that S := (IdL2 —21dy, —EZVT) is symmetric with eigenvalues 0 < A(S) <1-%¢
therefore its operator norm in B(Lz), B(H), and R¥* is less than 1 — 4¢. Taking the norm of left
and right sides and using the sub-additivity of the norm, we obtain:

A€ Ae

T T J* < ]- T XT T 7 J* NT * || -
frsn = Foll < (0= 500 = £ll + S04

Since || fo — f«|| = ||f«|| that recurrent relation inductively yields the statement of the lemma.  [J
Corollary G.21. | < 2| fell-
G.6 MAIN THEOREMS
Let us denote R = ||f«|[rv. We argue that it is a constant value since the kernel A and f, are

convergent as N — oo which makes it bounded by some constant with probability arbitrary close to
2m ol e —F 2N

m 2
one. By Lemma F.2L T'5(f) < ¢ F . Then, I'z(f;) <e P < ¢"¥5 and we denote
Mﬁ =e NB > 1.

Theorem G.22. Consider an arbitrary €, 0 < 6(% +1) < 1and % > €. The following
inequality holds:

2 14+MgX

(fT) iN T 2MgN

Te

4M, A 4 2X 2)2
T M D5+ +Ms(1+ 555

+M‘3A(7+ N 1+Mg)\(N2

2N 14 Mg
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Proof. To prove the theorem, we will bound V' (f) < V(f, Mg\) + const. It will allow us to invoke
Lemma After that by using strong convexity we obtain a bound on EV'(f, Mg) and then a
bound on EV( f,) will follow straightforwardly.

To get the result for V' (f., MgA), we expand V (f;11, Mg)) by substituting the formula for f, 4
and first dealing with the term V' (f-1):

sl Gon) = FuGen) i = - 0e) = fuean) o+ o ()
— o), £ Gew) — ey + ﬁ||ﬂ+1<xN> — F el

= V() — €fSu,lfr — )+ 5 F KDl — Fl o+ SIS e — £+ ol

262
S V) = S0, [ = £+ 3 Fr KDz = Flba + 22V (1) + S5 1 o)

where we used the inequality [|a + b||> < 2|al|? + 2||b]|* and Lemma|G.7| which allows us to bound
12, (fr = f)llry < ||(fr = f«)|lr~. Then, we analyze the regularization:

A A Ao
T - Eu T * AT ST
2NM/:?Hf +1ll3 = ON QNMBH L= fu]+ f 13

A e\ 2 e2N3
<NMﬁf‘r7ZV7[f f*]+ fT>H+WMﬁHfT f*||7—t+ N3
< Ml = M fo B = £+ o+ S Mo+ 2 113
= 9N BllJTIIH € N Bl Zve | JT * T)H N B * || H -
where in the first inequality we used |, [fr — f«]llx < || fr — f«|l3 which is due to Lemma|G.7]

Summing up the expectations of those two expressions, we obtain:

A Ae?
MBHfT”’H""<fT+1 fﬂﬁMBfT)HJ'_

A
Mﬁ”fTHH

2 M| fs
SoN 5||f 1%

Mg
V(fr1, MpA) = BV (frin) + 5Bl froa [ — Capn

S EV(f) = B(S [ = L]+ 207, KDIf = ]+ 02 e + 2PV (1)

)\2 2 A ) 4>\2
X o) [ + e MBI+ M1+ 213, — Cay
< (1+262)(Ev(f7')+LMBEH]{F”H CM/i)\) E<Efﬂ'[f7'_f*]+7fT7ICD[fT_f*]

A A2¢e2 e\ 472
S22 fob o+ S S )l + SEMa (14 )l + 26Cann

< ( +2€° )EV(fr>Mﬁ>\) — eE(Ky, D [fT — 14

A Mg 2¢2\ /7 2\ 2)2
+NfTvlCD[fT_f*] B f7-> N <7+Mﬁ(1+7)>R2

N2

Here we used

A A

_ . < . _ N 2 N 2'
Cy = inf LX) = inf L() < L(fusX) = L(12) = S0 < 5o R

Then, by applying Lemma|G.16|for ¥ = K¢, D and applying Lemma|G.17|with { = Mg, A = K,

B =Ky.,9=D[f- — f«], and h = f, we obtain the following bound:

A Mg
— (K, DIfr = £ + 5:F7 KDLfr = £.] + ﬁ e Y
)\2
S*WEHVHV(JET,MB)\)HHJF MB(Mg 1) 2E||f7||31
2
< (Fr MM+ 26M (M3 — 1) 25 R
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Then, by using Polyak-Eojasiewicz inequality 1|[VV|l¢ > pV for p-strongly convex function V
(restricted on span{K(-,z;) | i =1,...,N}) with p > 1+M’3’\ > 0, which is due to Corollary ,

we obtain:
By, DIz — 2]+ 352 KDIfr — £+ 222 )

M, 1 A2
—eiE

2 A p2
S MsN V(fﬁMg)\)-i-QeMg(Mﬁ 1)N2R .

Substituting it into the bound on V' (f;41, Mg)) gives:

V(fT+17 MﬂA)

1+ MgA 26)‘ )\ )\ /\2 2
Lt M) 2e\ A 2 2)? 2
< L MpA 2eA A it
< (1= egpiy WV Un Mad) + 5 (Mp(a13 - 1)N+€(N2+Mﬂ(1+N2)))R’
which yields

R? MM po 40

A 2\ 2)\2
< 2Mg N _mpn 2 _ 1\~ = 2
V(fr,Mg)) < e 1T > (MQ(M[, )~ +e(~5 + Ms(1+ )R ,

v Tl Nz

where we used the bound

1 R?
V(fo, MgA) = V(0, MgA) = ﬁllf*(XN)H?w —Cupar < N

Next, we use the following inequality:
V(f) = L(f) —min L(f) < L(f, Mg)) — min L(f, Ms)) + min L( f, Ms)) — min L(f)
<V, MoX) + L(Jo, Ms) = (1) = V(f, Ms\) + S22,
which finally gives us the following bound on EV ( fr):

2 1+Mg A

R
V(fT) < ﬁe 2MgN

I R
ov t 1+ Mgh" 7 /N " 14 Mg) N2

Te

A 4e 2A 22
+ MpA (5 +Mﬂ(1+ﬁ)))R2.
L]
Theorem G.23. (Theorem in the main text) Let C = Mﬁ)‘(QN + 1_;4_%‘3)\(]\4; - 1)% +
>

1+4}L&B>\( + Mg( + 3\%2)) R2. Assume that 0 < €e(% + 1) < 1 and %

(1+X)
8N

2 .
Ty = | iy 108 5| + 1. Then VT = Ty it holds that

)

> € ¢ < % (this bound can be achieved by taking 3 arbitrary large) and define

A oy _lta(ro 8\ (AMj 2A(1+ )
< A e(T-T1) B 2
V(fr,2) <2(C+ LR s (G e = )R

Proof. First, we apply the previous theorem to obtain a bound on V' ( f,.) which we will use to claim
that the kernels Ky and K are close to each other in expectation. If we take

[ 2MgN R?
h= [6(1 M) 8 sen )t

then the following inequalities hold V7 > T7:
V(f,) < 20,
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A
BV (fr,)) <2(C + L R?).
Then, analogously with the previous theorem, we estimate:

EV(frs1,A) < (1+26)EV (£, ) — eE(Ks, D[fr - [.]

+ 20 KDIf ~ ]+

Further, we bound —eE(Ks, D[f; — f.] + 3 f-. KD[f; —
Lemma|[G.T7] which we used in the previous theorem:

Y1 ZTl

e\ A A
w0+ o (1 e

A
N
f + % f-) by Lemma|G.19| instead of

- E<KfrD[fT - f*] + %fT”CD[fT — f*} + %f_,_)

2mV (fr) 1 2mV (fr) 22
<E((e” 7 =)= ) IVaV(F N5 +Ele 7 =12l %
2 2N
2mEV (f1.0) 3\ 1+ )\ 2)\2M5 5
< e _2)\ 4
2(@ ] 2) N EV(f-,\)+ N2 R
1+ A amc 14+ A\ )\QM/B
< |(2—= -3— " |E 2
< (2% BV +
14X ame 14 2N M5,
< _g- "2
< (2 N € 3 ~ ) V(fr, A e R
14\ 2\2 M2
<77+ EV(f,,A) + 2 R?

Substituting this in the formula, we get:

VT ZTI

14+ A
2N

eV + 2 (AU (g 20N

- ey 2 o DU e

V(frr1N) < (1= ¢

Iterating the bound yields

2
— LA (r-1 8\ (AMj 2A(1 4+ M) )
BV (fr, ) < BV (Ve W0 4 5 (S el =) )R
A o o~ SR e(T-T1) 8\ (AM 2201+ X) 2
2(C + L RYe +1+A(N +e(l+ = ))R.

Corollary G.24. (Convergence to the solution of the KRR / Convergence to the Gaussian Process
posterior mean function). Under the assumptions of both previous theorems we have that.m

A 142
A EEES
Ellfr— f2II7, < max K(z, 7) (4N(C+ NRz)e v e(T-T1)

16N\ f AM3 AL+ A\ 1o
+1+A(N+E(1+ N2 ))R>'

Proof. By Lemma [D.7] V(f,)\) = ﬁllf(XN) FAxN)2x + 53 lf = f2112, Then, by the

previous theorem, we get abound on 75-E| fr(xn) — f2(xn)||3~, and by Lemmas and.
we majorize our Ly norm by Ry norm. Lemma then follows.

O

YWhen N — oo, K converges to a certain kernel. Thus, maxzecx K(x, z) can be estimated with a constant
with probability arbitrary close to one.
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Lemma G.25 (Lemmad.Tjn the main text). The following convergence holds almost surely in x €
X:
hr () ——— GP(0Ly), K) -

T—o0

Proof. From @ we have that the covariance of hp is K independently from 7". Thus, it remains to
show that the limit is Gaussian almost surely which essentially holds due to the central limit theorem
almost surely in z € X:

T
1
hr(z) = —= Y hri(z) = N(0r,,K(z,2)),
7(z) \/T;T’() (Or,, K(z, ))
where each individual tree h7 ; is centered i.i.d. (with the same distribution as h1). O

H IMPLEMENTATION DETAILS

In the experiments, we fix o = 1072 (scale of the kernel) and § = 104 (scale of noise), which
theoretically can be taken arbitrarily. As a hyperparameter (that is estimated on the validation set),
we consider 3 € {1072,107%, 1}. We use the standard CatBoost library and add the Gumbel noise
term in selecting the trees for the “L2” scoring function, which is implemented in CatBoost out of
the box but is not used by SGB and SGLB since it is not the default one for the library. Moreover,
we do not consider subsampling of the data (as SGLB does also), and differently from SGB and
SGLB, we disable the “boost-from-average” option. Finally, we set [2—lea f—reg value to 0, as
SGLB does.
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